MAXIMAL EQUILATERAL SETS

KONRAD J. SWANEPOEL AND RAFAEL VILLA

ABSTRACT. A subset of a normed space X is called equilateral if the distance between any two
points is the same. Let m(X) be the smallest possible size of an equilateral subset of X maximal
with respect to inclusion. We first observe that Petty’s construction of a d-dimensional X of
any finite dimension d > 4 with m(X) = 4 can be generalised to show that m(X &1 R) = 4 for
any X of dimension at least 2 which has a smooth point on its unit sphere. By a construction
involving Hadamard matrices we then show that both m(¢,) and m(é‘;,) are finite and bounded
above by a function of p, forall 1 < p < 2. Also, for all p € [1,00) and d € N there exists
¢ = c(p,d) > 1 such that m(X) < d +1 for all d-dimensional X with Banach-Mazur distance
less than ¢ from Eg. Using Brouwer’s fixed-point theorem we show that m(X) < d + 1 for

all d-dimensional X with Banach-Mazur distance less than 3/2 from ¢%. A graph-theoretical
argument furthermore shows that m(¢%,) = d + 1.
The above results lead us to conjecture that m(X) < 1+ dim X.

1. INTRODUCTION

Vector spaces in this paper are over the field R of real numbers. Write [d] := {1,2,...,d}
for any d € IN and (Z) = {ACV: |A|l =k} for any set V and k € IN. Consider d-di-
mensional vectors to be functions x : [d] — R denoted using the superscript notation
x = (x(l),...,x(d)). Similarly, write x = (x(”))ner for any scalar-valued function defined
on a set I'. Write o for zero vectors and the zero function. For any v € I, let e, denote
the indicator function of {7}, ie., e,(y) = 1 and e,(d) = 0 for all 6 € I'\ {y}. Given
a—= (a(l), ., a(d)) € R and b € X whith X any vector space, define the Kronecker product
a®bby (a(l)b, .. .,a(d)b) e X4,

Let X denote a real normed space with norm ||-|| = ||-||x. Denote the multiplicative
Banach-Mazur distance between two isomorphic normed spaces X; and X, by

d(X1,Xp) := inf { |T||- [T~ : T is alinear isomorphism from X to Xz} .

Here, as usual, the notation ||T|| doubles as the operator norm. Let I be any set. For p €

[1,00) let £,(T') denote the Banach space of all functions x: I' — R such that }_, .1 ‘x(”) ‘p < o0

1/p
with norm ||x||, = <Zn€r ‘x(”)‘p) . Let £,(I') denote the Banach space of all bounded

scalar-valued functions on I' with norm ||x|| := maxuer ‘x(”)‘. As usual, write £, for the

sequence spaces /,(IN) and E;l, for £,([d]). If X and Y are two normed spaces, their £,-sum

X @, Y is defined to be the direct sum X @ Y with norm ||(x,y)||, := || ([|x]|x, [[¥|]¥)|l,- Also,
write ¢ for the subspace of /., of convergent sequences, and cy for the subspace of null
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sequences. Denote the sphere in X with center ¢ € X and radius r > 0 by
S(c,r) =Sx(c,r) :={xeX: |[x—c| =r}.

Definition 1. A subset A C X is A-equilateral if |x — y|| = A for all {x,y} € (?) Aset ACX
is equilateral if A is A-equilateral for some A > 0. An equilateral set A C X is maximal if there
does not exist an equilateral set A’ C X with A ; Al

It is clear that a A-equilateral set is a maximal equilateral set if and only if it does not lie
on a sphere of radius A.

For a survey on equilateral sets, see [8]. See also [9] for recent results on the existence of
large equilateral sets in finite-dimensional spaces. This paper will be exclusively concerned
with maximal equilateral sets.

Definition 2. Let m(X) denote the minimum cardinality of a maximal equilateral set in the normed
space X.

By a simple continuity argument, any set of two points in a normed space of dimension at
least 2 can be extended to an equilateral set of size 3. It is also easy to find a maximal equi-
lateral set of size 3 in any 2-dimensional X. It follows that m(X) = 3 for all 2-dimensional
X.

Using a topological result, Petty [7] showed that if the dimension of X is at least 3, any
equilateral set of size 3 can be extended to one of size 4. He also constructed, for each
dimension d > 3, a d-dimensional normed space with a maximal equilateral set of size
4. Below we modify his example to show that ¢4 also has this property. Petty showed
furthermore that an equilateral set in a d-dimensional normed space has size at most 24,
attained by E‘io. Thus his results may be summarized as saying that 4 < m(X) < 29 when
dim X = d > 3, with equality possible in the first inequality in each dimension.

A simple linear algebra argument shows that m(ﬁg) = d + 1. Brass [2] and Dekster [3]
independently showed that if d(X,¢4) < 1+1/(d + 1), then m(X) = d + 1. In particular,
since d(ﬁi,ﬁg) = dIt/r=1/2| it follows that

1
2dInd’

Even though #4, has an equilateral set of size 27, it has a maximal equilateral set of size
d + 1. More generally, we show the following;:

Theorem 3. If d(X, (%) < 3/2, then m(X) < d + 1. In addition, m(¢%) = d + 1.

1 1
p 2

m(l) =d+1 if (1)

Theorem 3 will follow from Propositions [ and [I0lbelow. A similar result holds for the Eg
spaces.

Theorem 4. For each p € (1,00) and d > 3 there exists c = c(p,d) > 1 such that m(X) < d+1
for any d-dimensional X with d(X, 6‘;) <c

Theorem [ will be proved in Section 5 below. Our main result is the following surprising
property of £, where p < 2.

Theorem 5. For each p € [1,2) there exist C = C(p) € N and dy = do(p) € N such that for any
normed space X, any d > dy, and any q € [1,00), m(ﬁf, @©4 X) < C. For p close to 1, upper bounds
are given in Table[ll When p — 2, C(p) = O(1/(2 —p)) and do(p) = O(1/(2 — p)).

Note that the bound on C(p) in the above theorem for p close to 2 is close to optimal, as

implies that
1
<0 =0 (=g =)
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Range of p C(p) | do(p) | Reason
1<p< 0852 43 5 | 4 |Prop.O7
log 2

log5/2 log 3
<

log2 — Ps log2

log 3 log13/4

< it = Rt

log2 — P< log 2

log13/4 <p< log7/2
log2 — log 2

log7/2 <» log29/8
log2 log 2

log29/8 <p< log15/4
log2 log 2

log15/4 < log91/24
log2 — P log?2

log91/24 log23/4

ot > Bl el ot > Bt
log2 — P< log 2

~ 1.58 8 6 | Prop.2ZIlwith (ki,k2) = (2,2)

~ 1.70 12 10 | Prop.R2Ilwith (ki,k2) = (2,4)

~ 1.81 16 14 | Prop.2Iwith (ki,k2) = (4,4)

~18 | 24 | 22 |Prop.Zlwith (ki k) = (4,8)
~1907 | 32 | 30 |Prop.Zlwith (ki k) = (8,8)
~1.923 | 40 38 | Prop.RIlwith (ki,ky = (8,12)

~1939 | 48 | 46 |Prop.Rllwith (ki k) = (12,12)

TaBLE 1. Values of C(p) and do(p) in Theorem 5]

Theorem [5] will be proved in Section [6] below.
We do not know of any d-dimensional space X for which m(X) > d + 1. The above
theorems give some evidence for the following conjecture:

Conjecture 6. For any d-dimensional normed space X, m(X) < d + 1.

2. GENERALISING PETTY’S EXAMPLE

Petty [7] showed that m (¢4 &1 R) = 4 for all d > 2. In his argument ¢4 can in fact be
replaced by any, not necessarily finite-dimensional, normed space which has a smooth point
on its unit sphere. By a theorem of Mazur [6] any separable normed space enjoys this

property.

Proposition 7. Let X be a normed space of dimension at least 2 with a norm that is Gateaux differ-
entiable at some point. Then m(X &1 R) = 4.

Proof. Since X & R is at least 3-dimensional, m(X) > 4, as mentioned in Section[Il For the
upper bound, let u € X be a unit vector such that the norm of X is Gateaux differentiable at .
Let A:={(0,1),(0,—1),(1,0),(—u,0)}. Then A is 2-equilateral. If there exist (x,7) € X ®1 R
at distance 2 to each point in A, then it easily follows that r = 0, ||x|| = 1 and ||x £ u| = 2.
Then j:%x + %u are all unit vectors, which implies that the unit ball of the subspace generated
by u and x is the parallelogram with vertices +u, £x. In particular, u is not a point of Gateaux
differentiability of the norm. 0

As special cases, m({1) = m(ﬁ’f) = 4 for d > 3. However, if I is an uncountable set,
then the norm of ¢;(T') is nowhere Gateaux differentiable. It will follow from the results in
Section [A that m(¢1(T)) < 5.



MAXIMAL EQUILATERAL SETS 4

3. USING BROUWER’S FIXED POINT THEOREM

Proposition 8. If d(X, (%) < 3/2, then there exists a maximal equilateral set with d + 1 elements.
As a consequence, m(X) < d+ 1.

Proof. As preparation for the proof, we first exhibit a 2-equilateral set A of d + 1 points in /o
such that S(o,1) is the unique sphere (of any radius) that passes through A. Fori € [d + 1]
and n € [d], let

-1 ifn=i,
pfn) =<0 ifn>1i,
1 if n <1,

and set A = {p1,...,pi+1}. Suppose that A C S(x,r) for some x € X and r > 0. Then for
each n € [d], x(n) + 1‘ < r, hence ‘x(”) <r—1andr > 1. If we can show that r = 1, we

would also get x = 0. Suppose for the sake of contradiction that r > 1.
We first show that x = (r —1,r — 1,...,r — 1). If not, let m be the smallest index such

that x(") # r —1. Then for all n < m, ‘x(”)—p,(,?) =|r—1-1] < r, and for n > m,
‘x(m _ p;*;)‘ _ (x(m

<r—1. Itfollows thatr = ||x — pm || = ‘x(’”) + 1‘. Thus ") = —1+7,

which contradicts ‘x(”) < r —1 and the choice of m. Therefore, x = (r —1,r —1,...,r —1).

Since r = [|[x — pyi1ll = |[r —1 —1| < r, we have obtained a contradiction. Therefore, A
lies on a unique sphere. Since this sphere has radius 1, A is maximal equilateral. This shows
that m(¢4,) <d +1.

We now prove the general result. Let D := d(X, Ego) < 3/2, and assume without loss of
generality that X = (R, ||-||) such that

x| < ||*]|ec < DJ|x|| for all x € R?. ()

We will prove that m(X) < d+ 1 by finding a perturbation of the above set A that will
be maximal equilateral in X. We use Brouwer’s theorem as in [2] and [9]. Consider the

space R(“?") of vectors indexed by unordered pairs of elements from [d + 1]. Write z{i/}
[d+1]) [d+1] [d+1]
2

for the coordinate of z € R( indexed by {i,j}. Forz € I :=[0,1]0"2) ¢ R("2), define
p1(2),...,par1(z) € R? as follows. Fori € [d+1] and n € [d], let

-1 ifn=i,
pl(n)(z) =<0 ifn>i, 3)
14z ifn <.

Define the mapping ¢ : I — I by
9 (2) = ||pi(2) = pi(2)lleo = Ipi(2) = pi(2) || = 2+ 21 — ||pi(=2) — pi(2)]|
for each {i,j} € ([d;’”). Then by @), ¢!/} (z) > 0 and

9 (2) < lIpi(2) ~ (D)l — 5 Ipi(2) ~ pi(2) I
= <1 - %) (2 + 2l

< (1-%) 241)=1.
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Thus ¢ is well-defined. It is clearly continuous, and so has a fixed point zg by Brouwer’s
theorem:

; i ; i .. d+1
2+zél']} — ||pi(z0) — p]-(zo)H = zél’]} for all {i,j} € <[ 5 ]>

Therefore, {p1(z0), ..., pa+1(z0)} is 2-equilateral in X.
From now on, write p; for p;(zo). We have to show that {p1,...ps41} is maximal equi-
lateral. Suppose for the sake of contradiction that x € X satisfies ||x — p;|| = 2 for each

i € [d+ 1]. We first show that ‘x(”)
By (@),

< 2 for all n € [d], and then obtain a contradiction.

2<|lx = pillo <2D foreachi € [d+1].
In particular, = ‘x(”) + 1‘ < 2D, which gives x(MW <2D—1<2foralln e d].
Also, ,(1’1)1 < 2D, i.e., ‘x(”) —-1- z{”'”“}‘ < 2D, which gives x> 1 4 Zlnntl}
2D > —2. It follows that x(”)‘ < 2forall n € [d].
Since ||x — pill > 2 for each i € [d + 1], by the pigeon-hole principle there exist a coor-
dinate n € [d] and two points p;, pj, {i,j} € ([d;rl]), such that ‘x(”) - pf”) x(m) — p](n) > 2.

Without loss of generality, i # n. Then p(n) > 0 from (3), and it follows that ‘x(”) — pf”)‘ <2,

i

X — )

MO

7

a contradiction.
We have shown that {p1,...ps.1} is maximal equilateral. O

4. USING GRAPH THEORY

In their studies of neighborly axis-parallel boxes, Zaks [10] and Alon [1] considered cov-
erings of complete graphs by complete bipartite subgraphs. We will also use graphs in the
proof that an arbitrary equilateral set of at most 4 points in ¢4 can be extended to a larger
equilateral set. Our proof shows in fact that any collection of at most d pairwise touch-
ing, axis-parallel boxes in R? can be extended to a pairwise touching collection of d + 1
axis-parallel boxes.

As usual, the edges of a graph are considered to be unordered pairs. Let Ki denote the
complete graph with vertex set [k] and edge set ([g}). For A,B C [k] such that ANB = Q,
AUB # @, define their unordered product to be A X B := {{a,b} : a € A,b € B}. Thus
A X B is the set of edges of a complete bipartite subgraph of Kj, where we allow one, but
not more than one, of A or B to be empty. As the definition implies, A X B = B X A.

Lemma 9. Let d > k > 1 be integers. Suppose that the edges of the complete graph Kj are covered
by d (not necessarily distinct) unordered products A9 X AL, n € [d], where for each n, AS, A} C [k],
AYNA) =@, and ASU A}, # @. Then there exist o1, ...,04 € {0,1} such that A7 U--- U AT =
[k].

Proof. We use induction on k € IN. The case k = 1 is trivial, so we assume that k > 2 and
that the theorem holds for K;_;. If for each j € [k], some A% X Al = @ X {j}, take 0, such
that A7" = {j} for each of these n. Then choose all remaining ¢,, arbitrarily to obtain the
required covering of [k].

Thus assume without loss of generality that @ X {k} does not occur as a A9 X Al. The
edge {1,k} is covered by some Ag X A}l (note k > 2). Without loss of generality, n =4, i.e.,
k € A% for some gy € {0,1}. Set BY := AJ\ {k} and B} := Al \ {k} for each n € [d]. Then
BY M Bl, n € [d — 1], cover the edges of Kj_;. Since all A} X Al # @ X {k}, we still have
BY U B # @, so we may apply the induction hypothesis to obtain B, n € [d — 1], that cover
[k — 1]. Together with A we have obtained the required covering of [k]. O
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Proposition 10. m(¢%,) > d + 1.

Proof. We show that any 1-equilateral set {p1,...,px} C 0% of size at most k < d can be
extended. Without loss of generality, k > 1.

Since ‘pfn) — p](”) <1 for all {i,j} € (['2(}) and n € [d], we may assume after a suitable

() — 0} and Al :=

i

translation that all p; € [0,1]?. For each n € [d], define A} := {i tp

{i : pl(n) = 1}. Again by making a suitable translation we may assume that each A U A} #

Q.
Since {p1, ..., pr} is l-equilateral, the edges of Ky are covered by A X AL, n € [d]. Indeed,

" —p"| =1

Since 0 < pfn),p](.n) < 1, it follows that pfn),p](") = {0,1}, which gives {i,j} € A) X Al.
By Lemma [9 we may choose Aj, 0, € {0,1}, such that A" U---UAJ = [k]. Define
g=(1,1,...,1)— (01,...,04). We show that for each i € [k], ||p; — ql/c = 1. Since g € [0,1]%,

lpi — gllo < 1. There exists n € [d] such that i € A}, ie., pf”) = 0,. It follows that
p" — g
1

since for any edge {i,j} of K, ||p; — pjllc = 1, there exists an n € [d] with

=1, which gives ||p; — q|| = 1. O

5. A CALCULATION

We omit the simple proof of the following lemma.

Lemma 11. For any p > 1and A > 0 the function f(x) = |x + A|f — |x|?, x € R, is increasing,
and strictly increasing if p > 1.

Proposition 12. For any p > 1, m(ﬁg) <d+1

Proof. We have already observed above that m(X) = 3 for any two-dimensional X, so we
may assume that 4 > 3. We have also observed that m(ﬁﬁl) < 4 for all 4 > 3, so we may
assume that p > 1.

The set of standard unit basis vectors S = {ey,...,e;} in R? is 21/7P-equilateral in K%. We
show that S can be extended, and if S is extended in two ways SU {p} and SU {q}, then the
distance ||p — q||, > 21/P. Thus both SU {p} and SU {gq} will be maximal equilateral. (In
fact S has exactly two extensions, but we don’t need this for the proof.)

Let p be equidistant to all points of S, say ||p; —e;||, = c for all i € [d] where ¢ > 0 is fixed.

It then follows that ‘p(i) — 1‘]0 - ‘p(i)‘p = c? — ||p||} for all i. By Lemma[T] ptV) = --- = p(@),

ie., pisamultipleof j = (1,1,...,1) € R4,
Suppose now p = xj satisfies ||p — e;||, = 21/7 for all i € [d]. It follows that

lx = 1|7 +(d—1) x|’ =2. 4)

Consider the function f(x) = |[x =1/ + (d — 1) |x|P. It is clearly strictly decreasing on
(—00,0], and since f(0) = 1 and f(—1) > 2, equation (@) has a unique negative solution
—H, say, in the interval (—1,0). Let A be any other solution to @). Then A > 0 (there is
in fact a unique positive solution to (4), but we don’t need to show this), and we have to
show that ||—pj — Aj||, > 21/7,ie, A+ u > (2/d)'/P. Since A is a solution to (@), it follows
that 2 = (1 —A)P + (d — 1)AP < 1+ dAP, hence A > (1/d)Y/P. Tt remains to show that
u > (217 —1)/d"YP. Suppose then that

21/r —1

©)
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Since x = —y is a solution of @),
2=+ pu)Pf+d-1)u?
<AHp)y -+ @7 -1 by @,
hence
(142V7 1) = @7 1P < (14 )7 — .
By Lemma [11] 2U/p 1< 1, which contradicts (). O

Proposition 13. Let 1 < p < 0o, d > 3,0 < e < (d—2)"V=V gand R = (1+ pT_ls)l/P.
Suppose that X = (R?, ||-||) is given such that

Il < %]l < Rlx| forall x € R

Then X has a A-equilateral set {p1,..., pa}, where A = (2+ (d — 2)e?)"?, such that pfi) =1 for
all i € [d), —e < p) < 0 forall i,j € [d) with j < i, and p) = 0 for all i,j € [d] with j > i.
Proof. LetR > 1and B,y > 0 be arbitrary (to be fixed later). Fori € [d] define p;: R(Y) — R
by setting for each n € [d],

iy ifn <,

P (z) = -y ifn=i,

0 ifn >i.

That is,
pi(z) = (W, 7V 0,00 0).

Let I =0, [5]([2’]) and define ¢: I — I by

qﬂﬂ@>:1+ﬁwh+wxa—pxﬂHfwe“h“4}€<@>'

It is clear that ¢ is continuous. We next show that ¢ is well defined if R, 5, and v are
chosen appropriately. Let z € I. Then 0 < z{¥} < B for all {i,j} € ([g}). We first bound
|pi(z) — pj(z)]|p- Without loss of generality, i < j. Then

i—1 ) ) o
Ilpi(z) = pi(2)lp = ) (z{"'l} - z{"'f}(p + (7 + z{”}(p
k=1

+ E ‘Z{k,j}‘p +,YP

k=i+1
<=1+ (42 (-1 i) 497
= (j—2)B" + 9" + (v + )P 6)
and
Ipi(z) — pi(2)|lh > 97 + (v +21)P. (7)
Thus

N g Y
olidt > 14 2000} — ((j —2)BP 9P + (7 +Z{w})p) P
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Let f(x) =14 x— ((j —2)BP + 9 + (7 +x)")"/?,0 < x < B. Then
1,
f1x) = 1= 2 (= DB +2"+ (v +)") 7 ply +x)

L (DB (yx)P\ T
=1 < (v +x)P )

>1—-1=0 since%—1<0.

It follows that f is strictly increasing, which gives that
U 2 f(20) 2 £(0) =1 (G- 28" +29)"7
>1—((d=2)p" +29")""7.
If we require that
(d—=2)pF +297 =1 ©)
then go{i'j} >0 forall z € I. Also,

ij iy 1
ol (z) <1420 — zIPi(2) = pi(2)ll

. 1 . 1/p
{jy _ 2 (np {ij}\p
<14z R(’y +(y+z )) )

Letg(x):1+x—%(7p+(’y+x)”)l/p,0§xgﬁ. Then

g(x)=1- % (77 + (y + x)P)7 " p(y + x)P L

Therefore, g is strictly increasing, which gives that

- - 1
ot (z) < g} <g(B) =1+ p— 5 (1 + (v +p)"".
To derive ¢li/}(z) < B, it is sufficient to require that
Y+(r+p)P =R ©)

If we can find 8,y > 0 and R > 1 such that (8) and (9) are satisfied, then ¢ is well defined,
and by Brouwer’s fixed point theorem ¢ has a fixed point, that s, for some zg € I, ¢(zo) = zo,
which implies that {p;(zo) : i € [d]} is 1-equilateral. Since pfl) = pgl)(zo) = —v, we have to
divide each vector in this set by —v. This means we have to set v = 1/A and /vy = ¢. We
can then rewrite (8) as

(d—2)eF +2=AF
and (@) as

P

1+(1+¢) S RP.

2+ (d—2)er —
Now assume that ¢ < (d —2)~ 1/ (=1 and R? =1+ pT_ls. Sincep > 1, (1+¢)P > 1+ pe+
%2&2 for all ¢ > 0, and it is thus sufficient to show that

2+ pet e >14+ P21

2+ (d—2)er ~ 2
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However,

2+p€+%282—(2+(d—2)8p) <1+p;18>

=—(d—2)e" +e— %(d —2)(p—1)ePt + @82
1 1
— _ _ p—1 - _ _ _ p—1 2 - _ 2.2
(1 (d—2)e >€+2(p 1) (1 (d—2)e )s +5(p—1)%

>0 sincel—(d—2)e¥"1 >0and p > 1.

We have shown that if we choose v = 1/A = (2+ (d—2)£p)71/p, B = ey, and R =
1/

(1 + pTAS) p, then (8) and (9) are satisfied, which finishes the proof. 0

Proof of Theoremd Suppose that the theorem is false. Then for some p € (0,00) and d > 3
and for all ¢ > 1, there exists a d-dimensional X such that d(X, K%) < cand m(X) > d+2.

Choose a sequence X, = (R?, ||-||(,)) such that m(X,) > d +2 and

1 1/p ;
HxH(n) < Hpr < <1+ E) ||x||(n) for all x € R“.

If n is sufficiently large, in particular,
2(d —2)V/ (=1

n > b1 p
and if we choose ¢ = ﬁ, then 1 = prls and ¢ < (d —2)"V(r=1, and we may apply

Proposition I3 to obtain an equilateral set {p;(n) : i € [d]} in X,, such that pfl)(n) =1 for
all i € [d] and —¢ < pl(])(n) < 0forallije€ [d],i#j. Since m(X,) > d+ 2, there exist
points py.1(n), par2(n) € X, such that {p;(n) : i € [d+2]} is equilateral. By passing to a
subsequence we may assume without loss of generality that p;.1(n) — p and py2(n) — ¢
asn — 0. Since p;(n) — e;and d(||-||(n), [||lp) — 0as n — oo, it follows that {ey, ..., es, p, q}
is equilateral in Eg. However, in the proof of Proposition [12] we have shown this to be
impossible. O

6. UsING HADAMARD MATRICES

Before introducing the properties of Hadamard matrices that will be needed, we first do
a special case to illustrate the construction.

Lemma 14. Let 1 < p < 2. For each A € [2171/7,21/P] there exist unit vectors u,v € E% such that
|u+op=u—2ol,=A

Proof. Let u = («, ) and v = (—p,a) where o, > 0 and a” + ¥ = 1. Then |lu £ v||, =
la + B|” — |a — B|?, which ranges from 2 when a = 0 and § = 1, to 2’1 whena = g =
21/;’)‘ O

Lemma 15 (Monotonicity lemma). Let u and v be linearly independent unit vectors in a strictly
convex 2-dimensional normed space. Let p # o be any point such that u is between m p and v on

the boundary of the unit ball. Then ||p — ul| < ||p — v||.

For a proof of the above lemma, see [5, Proposition 31]. For non-strictly convex norms
the above lemma still holds with a non-strict inequality. On the other hand, the following
corollary of the monotonicity lemma is false when the norm is not strictly convex, as easy
examples show.
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Lemma 16. Let u and v be linearly independent unit vectors in a strictly convex 2-dimensional
normed space. Suppose that x is such that ||[x —u|| = ||x + u|| and ||x — v|| = ||x + ©|. Then
x=o.

Proof. Without loss of generality, x = au + pv with a, > 0. If x # o, then by Lemma [15]
lx =0l < llx +ull = [lx —u| < [x+of|,

a contradiction. O
<

Proposition 17. Let X be any normed space, g € [1,00), and 1 < p < lci(g);éz. Then m (£}, 4 X)

5. Ifp = 1%522, then m(ﬁ‘; ®y X) <6.

Proof. Consider the following subset of E;ﬁ By X:

S={(1 1, 1, 0, 0),
( 1,-1,-1, 0, o),
(-1, 1,-1, 0, o),
(-1,-1, 1, 0, o),
(0 0 0 A 0)}

By setting A = (27+! —3)1/7, S becomes a 2'*!/P-equilateral set. We show that S is maximal
equilateral. Suppose that (a1, @, a3, a4, x) has distance 214177 to each pointin S.
Then (a1, ap, a3) has the same distance in K?,; to the points

(1,1,1),(1, -1, 1), (~1,1,—1), (-1, -1,1).
Then
(a1, 02) = (L[| = [[(a1,22) = (=1, =)

and
[(@1,a2) = (L, =1y = [[(ar,22) = (=1, D) -
It follows (from Lemma [16]if p > 1) that (a1,a2) = (0,0). Thus |az3 — 1| = |as + 1|, which
gives a3 = 0.
It follows that 3 + |as|? = |ag — A|P. By Lemma [T} the function f(x) =3+ |x|/ — |x — A|¥
is increasing (strictly increasing if p > 1). Since f(as) = 0 and f(—A) = 2P"1(3 —2°) > 0
(> 01if p = 1), it follows that a4 < —A. Then by assumption,

21417 =1(0,0,0,a4,x) — (1,1,1,0,0)

1/q
= (G+ ") +|Ix])
> (3_|_/\p)1/p _ 21+1/p’

and equality holds throughout, which implies that p = l(ig g éz, «y = —A and x = o. Therefore,
S is maximal equilateral unless p = %, in which case SU{(0,0,0,—A,0)} is maximal
equilateral. 4

An n x n matrix H is called a Hadamard matrix of order n if each entry equals +1 and
HH' = nl. Ttis easy to see that if a Hadamard matrix of order n exists, thenn =1, n = 2 or
n is divisible by 4. It is conjectured that there exist Hadamard matrices of all orders divisible
by 4. This is known for all multiples of for 4 up to 664 [4]. The next lemma summarises the
only (well-known) results on the existence of Hadamard matrices that we will use.

Lemma 18. There exist Hadamard matrices of orders 1,2, 4, 8, 12.
Let x > 1. The interval (x,2x) contains the order of some Hadamard matrix iff x ¢ {1,2,4}.
Let H(x) be the largest order n of a Hadamard matrix with n < x. Then lim,_,.c H(x)/x = 1.
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Proof. Given Hadamard matrices H; of order n; and H» of order ny, the Kronecker product
H; ® H, will be a Hadamard matrix of order nin,. Starting with the unique Hadamard
matrices of orders 2 and 12, we obtain Hadamard matrices of orders 2¥ and 12 - 2k, k € IN.
This is sufficient to cover every interval (x,2x) except for (1,2), (2,4) and (4, 8).

The Paley construction gives a Hadamard matrix of order g 41 for any prime power q = 3
(mod 4). The prime number theorem for arithmetic progressions states in particular that the
number of primes less than x that are congruent to 3 modulo 4 is (1+0(1))x/(2Inx). This
implies that the largest such prime less than x is > (1 + 0(1))x, which gives H(x)/x — 1 as
X — o0. U

A Hadamard matrix is normalised if its first column are all +1s. If

1

1 h
H=1. .

1 hn

is a normalised Hadamard matrix we say that {hy,..., h,} C R" ! is a Hadamard simplex.
Note that a Hadamard simplex is equilateral in E’;fl for any value of p and lies on a sphere
with centre 0. Note that the next lemma shows in particular that a Hadamard simplex cannot
lie on any other sphere of 52*1 if p e [1,0).
Lemma 19. Let hy, ..., hy, be a Hadamard simplex. Let X be a normed space and let u € X. Suppose
that

x=(x1,...,%-1) EX®p---Dp X

—_——
n — 1 summands

has the same distance in the p-norm to each h; @ u, i € [n|. Then ||x; — u|| = ||x; + ul| for all i € [n].

Proof. Let h; = [hj1,hia, ..., hi,—1] for i € [n]. We may assume without loss of generality that
hy = [-1,-1,...,—1]. Since x = (x1,x2,...,x,-1) is equidistant to all h; ® u, there exists
D > 0 such that 2]7-’:_11 |xj — hiju||P = D? for each i € [n]. Subtract the first of these equations
from the others to obtain the system

hz—hl |\x1—u|\p—||x1+u|\p 0

h3—h1 |‘X2—MHP—||X2+MHP 0
. . =|. (10)

Byt —hi] [ [lxe—1 —u|P” — [|x—1 +ul[P 0

The Hadamard matrix H is invertible. If we subtract the first row from all the other rows,
the resulting matrix

o
hy — hy

S O

0 hy-1—hy
is still invertible. It follows that (10) has the unique solution
|xj — ul|P — ||xj +u||P =0 forallje [n—1].
O

Lemma 20. Let u and v be linearly independent unit vectors in a strictly convex 2-dimensional
normed space X. Let hy, ..., h, be a Hadamard simplex. Suppose that

Xx=(x1,...,%1) €EXDp---Dp X
—_———

n — 1 summands
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has the same distance in the p-norm to each h; ® u, i € [n], and the same distance to each h; @ v,
i € [n]. Then x = o.

Proof. Combine Lemmas [16land O

Proposition 21. Let p € (1,2), g € [1,00), and X any normed space. Let ky1,k, € IN be such that
there exist Hadamard matrices of orders ki and ko and such that

1 1
22071 < — <4-2F, 11
S (11)
5 1 1
Z _op—1_9l-p ~ 1-p
5 2 2P <(1-2 )k1+k (12)
5 1 1
Z _op-1 I=r < — _ol=p
5 2P =2 I +(1-2 )k2 (13)
. 41 1
and if ky = ky, then 2 = 2P < — + —. (14)
ki ko
Then m(63517° ™) @, X) < 2(ky + ky).
Proof. It is sufficient to construct an equilateral set S of cardinality 2(k; + k2) in /), 2tk =1)
that does not lie on any sphere. Then S @ {o} will be maximal equilateral in Ep(kﬁkz D ®y X
for any q € [1, ).
Let a1,a5,A1, A2 € R to be fixed later such that
w00 >0 and 27VP < Aq A, < 2VP. (15)

By Lemma [14] there exist u1, u, v1,v; € 62 such that ||u; £ v;||, = A;, i = 1,2. Consider the
following subset of £, aithl) — R Dply (kl Y ©p R @) L 2k 1),

Sy ={ (a1, k;Pgi@u, 0, 0):ic k],
ST:{( al/k;l/pgi(gvl/ O/ ) [k]}/
Sy ={( o0, 0,—t, hi@u) ek},
sy={( o, 0, w,hi®v) i€ lk]}.

We would like to choose a1,a2, A1, A2 so as to make S = S U S;’ us, u S;’ equilateral and
non-spherical. Note that |S| = 2(k; + k2).
The ph power of the distance between points

e in the same set Sf is k21k12p =2r-1

e in the same set S?_jE is k22k1 2p =2r-1

inS; and S is

1 1
(201)? + (kg — 1)E|\u1 +v1||) = 2a1)P + (1 — E)A”

in S, and S5 is similarly (2a,)” + (1 — ,(1—2)/\5,
inS; US{ and S, US; is

k=1 k-1 11
of +ab + 1k1 +2k2 :af+a§+2—<—+—>.
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For S to be equilateral, we need

(2061);7 + <1 — kl> )\f = 2?’*1, (2“2)17 + (1 _ kl) )\g _ zpfl (16)
1 2
p p 1 1 1
oy oy +2— | —+ — — op—1 (17)
ki ko

The set S will lie on some sphere iff some (B, x, v, y) is equidistant to S. This implies that x is

equidistant to all kl_l/p &i ® uq and also equidistant to all kl_l/pgi ® v1. By Lemma20] x = o.
Similarly, y = o. Then |—a3 — B| = |a1 — B|, which gives p = 0. Similarly, vy = 0. Thus S can
only lie on a sphere with centre o. It follows that S lies on a sphere iff ®; = ap. Therefore,
for S not to lie on a sphere, we need

a1 # . (18)
It turns out that the three simultaneous equations (I6) and (I7) have a solution in a1, a2, 1, 72
given the constraints (13) and (18), iff the hypotheses (11)), (12), (13), (14) are satisfied. This
can be seen as follows. First use ([{6) to eliminate a; and a, from ([16), (I7) and (I8), and set
x| = )\f and x, = /\g to obtain that the condition is equivalent to the existence of x1, x, € R

such that
-1
2P~1 < x; < min {2,2P—1 <1 — %) } i=1,2 (19)
i

1 1 1 1

_ - _ —op (3 _op-1_ [ 4
(1 k1>x1+<1 k2>x2 2 (3 2 <k1+k2>> (20)
X1 # X2 (21)

This means that the line in the x1x, plane described by (20) should intersect the axis-aligned
rectangle with bottom-left corner (2°~1,27~1) and top-right corner

<min{2, 2P 1(1 - k1_1>_1}’mm{2’ 2011 - klz)_l}> /

and if this line intersects the rectangle in a single point (x1,x2) which is then necessar-
ily either the bottom-left or top-right corner, then x; # x;. Define the linear functional

fx1,x2) = <1 - kl—l) X1+ <1 — ,(1—2) x2. That the line intersects the rectangle is equivalent to

< min{f(Z,Z),f 2zta-H7). (2 a-H2),

fta-prra-pH)l

which is easily seen to be equivalent to (II) (with weak right-hand side inequality), (I2), (L3).
If there is only solution (x1, x2) to ([9), (20), and it fails to satisfy 1)), it follows that x; = x»
and (x1,x7) is either the bottom-left corner or the top-right corner of the rectangle. In the

first case, x; = x, = 2P~!, and f(2r~1,2r71) = 27 (3 —or—1_ <k1_1 + ]3—2)), which implies

kl—l + kl_z = 4 — 27, contrary to assumption. In the second case, one of the following four
possibilities occurs:

First:

2° (3 —2r 1 (% + 13_2>> = f(2,2) (22)
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and

1\ ! 1\
< opr—1 _ p—1 e .
2<2 <1 k1> 2 <1 k2> (23)

The equation (22) implies that 2 — 2/~1 = % + é Then 3) implies that 1 —2/~2 < %, é,
which shows that equality has to hold in both inequalities of (23), hence k; = k, contrary to
assumption.

Second:

1 1 1\ !
p _op-1_ [ = 4 = — p—1 _ =
2 <3 2 <k1+k2>> f<2'2 <1 kz) )l
1\ ! 1\ !
< op—1 S p—1 S <
2<2 <1 k1> , 2 <1 k2> <2,

1 —1
x1 =2 and x2:2P1<1—E> .

Again equality holds in both inequalities of (@), which again gives that 2 —2P~! = kll + klz
and k; = kp, contrary to assumption.

Third:

This gives a contradiction as before.

Fourth:
op (3 _op-1_ l+l =f op—1 1_l - op—1 1_l -
ki ko kq ’ ko ’
1\ ! 1\ !
2r-1 (11— = 2r-1(1-—) <2
(1-%) #(-%) =2
-1 -1
x; = 2P~ 1 (1 — k%) and x, =2°7! <1 — k1—2> .

This gives a contradiction as before. O

Proof of Theorem Bl The last column of Table [Illindicates how each line in that table is obtained:

log5/2 . . o .
(iggé , and in the remaining cases Proposition 21] is

applied with Hadamard matrices of various orders k; and k. To derive the asymptotic upper
bound of O(1/(4 —27)) as p — oo, we may assume without loss of generality that p is close
to 2. Let ky = kp = k be the largest order of a Hadamard matrix with k < 4 —2P. This ensures
that 2/k < 4 — 2. By Lemma [18] there is a Hadamard matrix of some order in the interval
(2/(4—2F),4/(4 —27) if p is sufficiently large. It follows by maximality that2/(4 —27) < k,

Proposition [I7] covers the case 1 < p <
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giving that (L)) and (14) are satisfied. The equivalent conditions (I2) and (13) are equivalent
to k < 4/(4 —2P), so they are also satisfied. Proposition 21] gives the upper bound

NS

9.

8 2

4= " 2-p)In2’ =

2<k1 =+ kz) = 4k ~
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