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Abstract
We consider the four-graviton amplitudes in CHL constructions providing four-dimensional N =
4 models with various vector multiplet. We show that in these models the two-loop amplitude
factorizes a 9*?R*. This implies a non-renormalisation theorem for the R* term, which forbids the
appearance of a three-loop ultraviolet divergence in four dimensions in the four-graviton amplitude.

We connect the special nature of the R* term to the U(1) anomaly of pure N = 4 supergravity.



I. INTRODUCTION

N = 4 supergravity in four dimensions has sixteen real supercharges and SU(4) for R-
symmetry group. The gravity supermutiplet is composed of a spin 2 graviton and two spin
0 real scalars in the singlet representation of SU(4), four spin 3/2 gravitini and four spin
1/2 fermions in the fundamental representation 4 of SU(4), and six spin 1 gravi-photons in
the 6 of SU(4).

The only matter multiplet is the vector multiplet composed by one spin 1 vector which
is SU(4) singlet, four spin 1/2 fermions transforming in the fundamental of SU(4), and six
spin 0 real scalars transforming in the 6 of SU(4). The vector multiplets may be carrying
non-Abelian gauge group from a N = 4 super-Yang-Mills theory.

Pure N' = 4 supergravity contains only the gravity supermultiplet and the two real
scalar can be assembled into a complex axion-dilaton scalar S parametrizing the coset space
SU(1,1)/U(1). This multiplet can be coupled to n, vector multiplets, whose scalar fields
parametrize the coset space SO(6,n,)/SO(6) x SO(n,) [1].

N = 4 supergravity theories can be obtained by consistent dimensional reduction of
N = 1 supergravity in D = 10, or from various string theory models. For instance the
reduction of the N' = 8 gravity super-multiplet, leads to N' = 4 gravity super-multiplet four
spin 3/2 N = 4 super-multiplet, and six vector-multiplet
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Removing the four spin 3/2 A/ = 4 supermultiplet leads to N' = 4 supergravity coupled to
n, = 6 vector multiplet.

In order to disentangle the contributions from the vector multiplets and the gravity su-
permultiplets, we will use CHL models [2-4] that allow to construct N' = 4 four dimensional
heterotic string with gauge groups of reduced rank. In this paper we will work at a generic
point of the moduli space in the presence of (diagonal) Wilson lines where the gauge group
is Abelian.

Various CHL compactifications in four dimensions can obtained by considering Zy orb-

ifold [3, B, 6] of the heterotic string on 7% x S*. The orbifold acts on the current algebra
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and the right-moving compactified modes of the string (world-sheet supersymmetry is on
the left moving sector) together with an order N shift along the S direction. This leads
to four-dimensional models N' = 4 with n, = 48/(N + 1) — 2 vector multiplets at a generic
point of the moduli space. Models with (n,, N) € {(22,1), (14,2), (10, 3), (6,5), (4,7)} have
been constructed. No no-go theorem are known ruling out the n, = 0 case although it will

probably not arise from an asymmetric orbifold constructionE]

One important point about the CHL model is that orbifold action does not alter the left
moving supersymmetric sector of the theory and the fermionic zero mode saturation in these
models will be identical as in the toroidally compactified heterotic string. It was shown in 7
9] that the tgtr(R?) and tgtr(R?)? are half-BPS statured couplings, receiving contributions
only from the short multiplet of the N/ = 4 super-algebra, and without perturbative contri-
butions beyond one-loop. These non-renormalisation theorems were confirmed in [10] using

the explicit evaluation of the genus-two four-graviton heterotic amplitude derived in [T1HI3].

We show in this paper that the genus-two four-graviton amplitude in CHL model sat-
isfy the same non-renormalisation theorems, since the genus-two four-graviton amplitude
factorizes the mass dimension ten 9?R* operator in each kinematic channel. By taking the
field theory limit of these amplitudes in four dimensions no reduction of derivative is found
for generic numbers of vector multiplets. Since this result is independent on the number of
vector multiplets in the model, we conclude that this rules out the appearance of a R* ultra-
violet counter-term at three-loop order in four dimensional pure N' = 4 supergravity. Thus

the four-graviton scattering amplitude is ultraviolet finite at three loops in four dimensions.

The paper is organized as follows. In section [[I] we will give the form of the one- and
two-loop four-graviton amplitude in orbifold CHL models. In section [[T]] we evaluate their
field theory limit in four dimensions. In section|lV|we discuss the implication of these results

for the ultraviolet properties of pure N' = 4 supergravity.

Note: As this paper was being finalized, the preprint [14] appeared on the arXiv. In this
work the absence of three-loop divergence in the four-graviton amplitude in four dimensions

is obtained by a direct field theory computation.

1 We would like to thank A. Sen for a discussion on this point.



II. ONE- AND TWO-LOOP AMPLITUDES IN CHL MODELS

Our convention are that the left-moving sector of the heterotic string is the supersym-
metric sector, while the right-moving contains the current algebra.

We evaluate the four-graviton amplitude in four dimensional CHL heterotic string models.
We show that the fermionic zero mode saturation is model independent and similar to the

torus compactification.

A. The one-loop amplitude in string theory

The expression of the one-loop four-graviton amplitude in CHL models in D = 10 — d

dimensions is an immediate extension of the amplitude derived in [15]
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Where N is a constant of normalisation, F := {7 = 7 + i, |7| > 1,|7| < 3,72 > 0} is a
fundamental domain for SL(2,7Z) and the domain of integration 7 is defined as T := {v =
v [t < 5,0 <P <l Z™) i the genus-one partition function of the CHL model.

The polarisation of the rth graviton is factorized as hlj) = €1’ &, We introduce the
notation tgF* := g He H WT L e,(u)r The quantity W) arises from the contractions of

the right-moving part of the graviton vertex operator

w .— —
<H?:1 etk; x(zj)> .

with £ the quantity evaluated in [15]

e e (I1.2)
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where

4
Qf =" k"M OP(vy,|r);  T(v) =0 P(v|7).
r=1
We follow the notations and conventions of [16] [I7]. The genus one propagator is given by
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P(v|r) = ~2 log Z}lig;g

In the o/ — 0 limit relevant for the field theory analysis in section with all the radii

. 11.4
27'2 ( )

of compactification R? ~ o/, the mass of the Kaluza-Klein excitations and winding modes
go to infinity and the genus-one partition function Zf"”) has the following expression in
g = exp(—2inT)

Zm) = é +ch +0(G). (11.5)

The 1/ contribution is the “tachyonic” pole, C}LU depends on the number of vector multiplet
and higher powers of ¢ are massive string contribution that will not contribute in the field

theory limit.

B. The two-loop amplitude in string theory

By applying the technics of [10-13], for evaluating the heterotic string two-loop amplitude

we obtain that the four gravitons amplitude in the CHL models is given by

4 30|12 4 o
./\/l(n“) =N, = /( - Zénv) /HdQI/i w® Vs e~ Ligicj<a 20'kHK P(vig)
i=1

harloor 6474 ) (det SmQ)P~2
(IL.6)

where N3 is a normalization constant, ZQ("”) (€2,€) is the genus-two partition function and

€t (I1.7)
The tensor ;™ is the genus-two equivalent of the genus-one tensor given in (L 3))

2 4
thy "= Q7 - QL + JQTQZQT(VM)(S”?’”‘* + —— 020 T (112) T (v34) + perms,  (11.8)

(o)?

this time expressed in terms of the genus-two bosonic propagator

Vo Vo
P(vy — 1|Q) := —log | E(v1, 15|Q)* + 27(SmQ) ;5 (Sm/ w[)(%m/ wy) . (I1.9)
V1 1

where E(v) is the genus-two prime form, € is the period matrix and the w; with I = 1,2 are
the holomorphic abelian differentials. We refer to [13, Appendix A] for the main properties
of these objects.



The Vs quantity, arising from several contributions in the RNS formalism and from the

fermionic zero modes in the pure spinor formalism [I8], [19], is given by
3Vs = (k1 — k) - (k3 — ka) A12A34 + (13)(24) + (14)(23) (11.10)
with
Az, w) = wy(2)wa(w) — wy(w)wa(z) . (I1.11)
Using the identity Ai19Ass + A13A4 + A14As3 = 0 we have the equivalent form Ys =
—3 (sA14003 — tA12A34).
We use a parametrisation of the period matrix reflecting the symmetries of the field

theory vacuum two-loop diagram considered in the next section

Q.= [T (I1.12)
T3 T2+ T3
With this parametrisation the expression for ZQ("”)(Q,Q) is completely symmetric in the
variables q; = exp(2im7;) with I =1,2,3.
In the limit relevant for the field theory analysis in section [[II, where r, R; — 0 with

r?, R? > o/, the partition function of the CHL model has the following g-expansion [20]

1 1

1
+ba, > =+, +0(q). (I1.13)

q149293 1<i<j<3 q:q; 1<i<3 qi

z™) =

ITII. THE FIELD THEORY LIMIT

In this section we extract the field theory limit of the string theory amplitudes compacti-
fied to four dimensions. We consider the low-energy limit o/ — 0 with the radii of the torus
proportional to v/a/ so that all the massive Kaluza-Klein states, winding states and excited
string states decouple.

In order to simplify the analyzing we make the following choice of polarisations (171, 27+ 37~ 477)
and of reference moment q1 = q2 = k3 and g3 = g4 = ki, such that 2tgF* = (k; k2)2 k3 k4]2,
and 4tgts R = (ky k) [ks ks]*. With these choices the expression for W©@ reduces to

2 Qur conventions are that null vector k> = 0 is parametrized as keaq = koks. The spin 1 polarisa-
: iys : CpO : + - qake — o _katgs
tions of positive and negative helicities are given by € (k, q)as = Jotah € (k,Q)aa = Jolak
where ¢ is a reference momentum. One finds that tgFW*... M+ = ¢ pM+. .. W+ = 0 and

tsFO=FO=FO+FO+ = L (5 k) [y kg



W) = tts R (OP(v19) — OP(v14))(OP(va1) — OP(v24))(OP(v32) — OP(134)) (0P (vas) — OP(va3))

+ tats 1 O P(134) (0P (112) — OP(v14)) (0P (v32) — OP(v34)) - (IIL.1)

u

where s = (k; + k)%, t = (k1 + k4)? and u = (k; + k3)®. We introduce the notation
W@ = tts R (W 4w W),

The main result of this section is that the one-loop amplitudes factorizes a tgtgR* and
that the two-loop amplitudes factorizes a 9?tgtgR* term. A more detailed analysis will be

given in the work [20)].

A. The one-loop amplitude in field theory

In the field theory limit o/ — 0 with 7 — oo and t = o/7» fixed, we define v? = 7 w for
v=uvl+ir2

Because of the 1/ pole in the partition function the integration over 77 yields two
contributions

1
/‘%Zﬁwﬁﬂzﬂ+%ﬂ, (111.2)

1

2
where F(7,7) = Fy + @F; + c.c. + O(¢?) represents the integrand of the one-loop amplitude.
The bosonic propagator can be split in an asymptotic value for 75 — oo (the field theory

limit) and a correction [16]

P(v|t) = P*(v|r) 4+ P(v|7) (I11.3)
where
9 . 2
- _ w1 |sin(7v)
P>(v|T) = o7 4:lm .
m <2
P@hy—_§:<1f¢fmSZ“”+QQ)+0@% (I1L.4)
m>1

where ¢ = exp(2in7) and C(7) is a zero mode contribution which drops out of the amplitude
due to the momentum conversation [16].
We decompose the asymptotic propagator P®(v|r) = 27, P""(w) + (v) into a piece

that will dominate in the field theory limit



P (w) = w” = |wl,
and a contribution §(v) from the massive string modes [16, appendix A]
(S(V) — Z L e2i7rm1/1727r\m1/2\
4fml| '
m#0
The expression for Q% and T in (IL.4) become

4
Qf = Q"' +0Q —m 3 K" sin(2m71,) 7+ 0(7")

r=1

T(v) = T (w) + 6T (v) + 27 cos(270) § + o(G?)

where
FT m
I H = —E (2K#+q/;>
4
K* .= Z kTR g,
r=1
4
¢ = Z kM sign (w; — w,)
r=1
/
T (w) = ==(1 = 6(w)),
and

4 4

5Q(7) = Y K 30(mn) = = > sign(v, )k Y et e,
r=1

r=1 m>1

5T(l/) — 625(5) — _71'2 Z mefsign(u%) 2imrmuy, )

m>1

We introduce the notation

Q(l)(w) — Z ki - k; PFT(Wij)7

1<i<j<4

such that 9,,QW = k; - QFT.

(111.5)

(I11.6)

(111.7)

(111.8)

(111.9)

(I11.10)

(IL.11)

(I11.12)

(I11.13)



In the field theory limit o/ — 0 with all the radii of compactification R? ~ o’ the integrand
of the string amplitude in (II.1)) becomes

. © g 1
M) = Ny tgtsR* / 721 / Hd et QM) (I11.14)
2B =1
% % 4 11+qu+0( ) (1) 1 (1)
X / dTl/ Hdu@ s W7+ —W,7) x
-3 ~3 =1 q 513
X exp ( Z 20 k; - k; ( Vij) Z g sin®(7i;;) + O(q )))
1<i<j<4 m>1

here N is a constant of normalisation. The domain of integration A,, = [0, 1] is decomposed
into three regions A, = Ay U Asu) U Ay given by the union of the (s,t), (s,u) and
(t,u) domains. In the A(,; domain the integration is performed over 0 < w; < wy < wsy <1
where QM (w) = —sw; (w3 — wa) — t(wy — wy)(1 — ws) with equivalent formulas obtained by
permuting the external legs labels in the (¢, u) and (s, u) regions (see [16] for details).

The leading contribution to the amplitude is given by

n *d
MY = Ny tgts R / Lk / Hd et QW) 5 (111.15)
Aw =1
3 1
/ deil ( (Wl(l) + —WQ(I)) ‘ (el — Z 20/ k; - kj sin®(7i;)) + (Wl(l) + —W2(1)> ) :
2 i=1 u 0 1<i<j<4 u 1
where (W + (1))|0 and (W) + %Wé”)h are respectively the zeroth and first order in

the ¢ expansion of W(l)

Performing the integrations over the v} variables leads to the following structure for the
amplitude reflecting the decomposition in (|I.1)

N=4 spin %)

4
M = Nl% (C}LU M matter NS g€ (IIL.16)

The contribution from the N = 8 supergravity multiplet is given by the quantity evaluated
in [21]

M8 = tsts R / Bwl (24 €) (QW)=2, (I11.17)
Ay,

where we have specified the dimension D = 4 — 2e and Q) is defined in ([I1.13). The

contribution from the A" = 4 matter fields vector super-multiplets
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4
Mﬁ:4 matter _ t8t8R4 7T_ / d3w|:1—w (1 + 6) (Q(l))flfe WZ(I) +T (2 + 6) (Q(l))727e Wl(l)]
Ay

16
(IT1.18)
where I/Vi(l) with ¢ = 1,2 are the field theory limits of the WZ-(l)’s
1
W2(1) = (2w — 1 4+ sign(ws — w2))(2wy — 1 4 sign(wy — wy)) (1 — d(way))
Wl(l) = 2(wy — ws)(sign(wy — wy) + 2ws — 1) X
X (sign(wg — wy) 4+ 2wy — 1)(sign(ws — we) + 2ws — 1). (II1.19)
Finally, the N' = 4 spin 3 /2 gravitino multiplet running in the loop
=4 spin 2 ~
My RS = g R / PwT (24 €) W (QW) 2, (111.20)
Ay
where
V~V2(1) = (2wy — 1 + sign(ws — wsy))(2ws — 1 + sign(w; — ws)) . (IT1.21)

Using the dictionary given in [22, 23], we recognize that the amplitudes in (III.18)
and are combinations of scalar box integral functions LED:ZL_%) [0"] evaluated in
D = 4 — 2¢ with n = 4,2,0 powers of loop momentum and I\°=%7%9[¢"] with n = 2,0
powers of loop momentum evaluated in D = 6 — 2¢ dimensions. The N = 8 supergravity
part in ([I1.17]) is only given by a scalar box amplitude function I iD:4726)[1] evaluated in
D = 4 — 2¢ dimensions.

In [20] we show the presence of rational terms in these N’ = 4 amplitudes in agreement

with the analysis of [24H27].

B. The two-loop amplitude in field theory

We will follow the notations of [28], section 2.1] where the two-loop four-graviton ampli-
tude in V' = 8 supergravity was presented in the world-line formalism. In the field theory
limit o/ — 0 the imaginary part of the genus-two period matrix 2 becomes the period matrix
K := o/SmQ of the two-loop graph in figure

Ly+ Ly  Ls

K = . (111.22)
Ly  Ly+ Ly
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FIG. 1. Parametrisation of the two-loop diagram in field theory. Figure (a) is the vacuum diagram
and the definition of the proper times, and figures (b) and (c) the two configurations contributing

to the four-point amplitude.

We set L; = o/ 7, and A = det K = LiLo + L1L3 + LyL3s. The position of a point on the
line [ = 1,2,3 of length L; will be denoted by t). We choose the point A to be the origin
of the coordinate system, i.e. t) = 0 means the point is located at position A, and t©) = L,

on the [th line means the point is located at position B.

)

It is convenient to introduce the rank two vectors v; = tgl" ul®) where

u = u? = ,oul® = . (I11.23)

The v; are the field theory degenerate form of the Abel map of a point on the Riemann surface
to its divisor. The vectors u(® are the degenerate form of the integrals of the holomorphic
one-forms w;. If the integrations on each line is oriented from A to B, the integration element
on line i is du' = dt; u"). The canonical homology basis (4;, B;) of the genus two Riemann

surface degenerate to (0,b;), with b; = L; U Ls. Lz means that we circulate on the middle
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line from B to A. With these definitions we can reconstruct the period matrix ([11.22)) from

Ly Ls
j{du-u(l):/ dt1+/ dts = Ly + Ly
b1 0 0
Lo Ls
j{du-u@):/ dt1+/ dts = Lo+ Ly
bo 0 0
L3
}I{ du~u(2):/ dts = L3
b1 0

L3
]{ du - ut) = / dts = Ls, (111.24)
b2 0

in agreement with the corresponding relations on the Riemann surface fB[ wy = Qr5. In the

field theory limit of Vg (II1.10) becomes

3Ys = (k1 — ko) - (ks — kyg) ALTALL +(13)(24) + (14)(23) (I11.25)
where
AET = {0 (I11.26)

Notice that AZT = 0 when the point ¢ and j are on the same line (i.e. |; = [;). Therefore
Ys vanishes if three points are on the same line, and the only non-vanishing configurations
are the one depicted in figure [[b)-(c).

In the field theory limit the leading contribution to Yy is given by

s forly=Ilorls=1
Ys=19t forly=1liorly=1l - (IIL.27)
uw forly=l3o0rly =1

The bosonic propagator in (I1.9) becomes

1
5 (’UZ‘ — Uj)T Kil (Ui — Uj) s (11128)

if the two points are on the same line [; = [; or

1
PzFT(Ui — 'Uj) = —5 d('UZ — U]) +

where d(v; — v;) is given by ) — tg-lj)|

t) 4 tyj ) is the two point are on different lines I; # .
We find that
sign(t( — 497y it 1, =1
OijPQFT(vi — ’Uj) = (Ul — Uj)TK_l(Ui - Uj) + s (11129)
0 otherwise
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and

20(t) — )y if g =1
2Py (v — vy) = (s — uy) " K (w; — uy) + ( ;) T (111.30)

0 otherwise

We define the quantity

QD = 3 ki ks PET (0~ vy). (I11.31)

1<i<j<4
In this limit the expansion of CHL model partition function Zz(n”) is given by in (|[1.13])
where O(g;) do not contribute to the field theory limit. The integration over the real part

of the component of the period matrix projects the integrand in the following way

1
2 _
/ PReQ ZSF(Q,Q) = ¢, Fo+ Fiog+an, (Fia+ Fis+ Fo3)+ by, (Fi+ Fo+ Fy) (111.32)

N|=

where F(Q,Q) = Fo + 30 G F; + Y i<icj<s GdiFi + 1323 Fras + c.c. + O(qig;) represents
the integrand of the two-loop amplitude.
When performing the field theory limit the integral takes the formﬂ

3L,
A2+e

M5 = Ny tsts R* / 7{ d't; Yo W2 + WP e (111.33)
0

The contribution Wl(Q) leads two-loop double-box integrals I, égﬁ;ﬁ?x 0" with n = 4,2,0
D=4—2¢)

up to four powers of loop momentum and s/u I (gouble_box

[ with m = 2,0 with up to two
powers of loop momentum evaluated in D = 4 — 2e. Everything multiplied by s x tgtgR*

or t x tgtgR* or u x tgtgR* depending on the channel according to the decomposition of Yy

in (TIT.27).

The contribution WQ(Q) leads to two-loop double-box integrals 12702 [0"] with n = 2,0

double—box

up to two powers of loop momentum evaluated in D = 6 — 2¢ multiplied by £ x tets R4
or % x tgtgR* or tgtgR* depending on the channel according to the decomposition of Yy

in ([I1.27)).
We therefore conclude that the field theory limit of the four-graviton two-loop amplitude
of the CHL models with various number of vector multiplet has a 9>R?* term factorizing the

D = 4 — 2¢ amplitudes.

3 A detailed analysis of these integrals will be given in [20].
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IV. NON RENORMALISATION THEOREMS

The analysis performed in this paper shows that the two-loop four-graviton amplitude
in N' = 4 pure supergravity factorizes a 9>R* operator in each kinematical sectors. This
implies a non-renormalisation theorem for the R?* term, which forbids the appearance of a
three-loop ultraviolet divergence in four dimensions in the four-graviton amplitudef_f]

Since a fully supersymmetric R* three-loop ultraviolet counter-terms in four dimensions
has been constructed in [29] one can wonder why no divergence occur. We provide a few
arguments that could explain why the R* term is a protected operator in N' = 4 pure
supergravity.

It was argued in [7H9] that the R* is a half-BPS protected operator and does not re-
ceive perturbative corrections beyond one-loop in heterotic string compactification. These
non-renormalisation theorems were confirmed in [I0] using the explicit evaluation of the
genus-two four-graviton heterotic amplitude derived in [ITHI3]. In D = 4 dimensions the
CHL model with 4 < n, < 22 vector multiplets obtained by the asymmetric orbifold con-
struction satisfy the same non-renormalisation theorems. For these models the moduli space
is SU(1,1)/U(1) x SO(6,n,)/SO(6) x SO(n,). Since the axion-dilaton parametrizes the
SU(1,1)/U(1) factor it is natural to conjecture that this moduli space will stay factorized
and that one can decouple the contributions from the vector multiplets. If one can set to
zero all the vector multiplets, this analysis shows the existence of the R* non renormalisation
theorem in the pure N' = 4 supergravity case.

It was shown in [29] that the SU(1,1)-invariant superspace volume vanishes and the
R* super-invariant was constructed as an harmonic superspace integral over 3/4 of the full
superspace. The structure of the amplitudes analyzed in this paper and the absence of
three-loop divergence points to the fact that this partial superspace integral is an F-term.

The existence of an off-shell formulation for N' = 4 conformal supergravity and linearized
N = 4 supergravity with six vector multiplets [30-32] makes this F-term nature plausible
in the Poincaré pure supergravity.

What makes the N = 4 supergravity case special compared to the other 5 < A < 8
cases is the anomalous U(1) symmetry [33]. Therefore even without the existence of an

off-shell formalism, this anomaly could make the R* term special and be the reason why

4 This has been confirmed by the recent field theory evaluation in [14].
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it turns out to be ruled out as a possible counter-term in four-graviton amplitude in four
dimensions. Because of the U(1)-anomaly full superspace integrals of functions of the axion-

dilaton superfield S = S + - -+ are allowed [29]
I= /5(14) /d4xd169 E(x,0) F(S) = Ky /d4:c V=9 f(S) R* + susy completion, (IV.1)

suggesting a three-loop divergence in the higher-point amplitudes with four gravitons
and scalar fields. Since one can write full superspace for 9?R* in terms of the gravitino
[ d*0 E(x,0)(xx)?, one should expect a four-loop divergence in the four-graviton amplitude

in four dimensions.
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