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Abstract

We study vacuum states and symmetric fermions in equivariant dimensional reduction of Yang—
Mills-Dirac theory over the six-dimensional homogeneous space SU(3)/U(1) x U(1) endowed
with a family of SU(3)-structures including a nearly Kéahler structure. We derive the fixed tree-
level scalar potentials of the induced Yang-Mills—Higgs theory, and compute the dynamically
generated gauge and Higgs boson masses as functions of the metric moduli of the coset space.
We find an integrable subsector of the Higgs field theory which is governed by a sine-Gordon
type model whose topological soliton solutions are determined nonperturbatively by the gauge
coupling and which tunnel between families of infinitely degenerate vacua. The reduction of
the Dirac action for symmetric fermions yields exactly massless chiral fermions, containing
subsectors which have fixed tree-level Yukawa interactions. We compute the dynamical fermion
masses and compare them at differents points of the moduli space, some of which support
consistent heterotic flux vacua.
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1 Introduction

Superstring compactifications with fluxes along the internal manifold are believed to provide a
means of connecting superstring theory to observable low-energy physics while evading the un-
favourable features of the more common Calabi—Yau compactifications. The presence of fluxes
deforms the compactification manifold and requires the introduction of non-Kéhler geometries in
six dimensions [22, 18]. In particular, in heterotic string theory the relevant flux is the Neveu—
Schwarz three-form background H which is usually taken as a source for torsion on six-dimensional
manifolds with SU(3)-structure. One of the main goals in the study of heterotic string compactifica-
tions is to understand how the dimensional reduction of the ten-dimensional ' = 1 supersymmetric
Yang—Mills gauge sector can be used to fix the multitude of free parameters present in the Higgs
and Yukawa sectors of the Standard Model, and its extensions.

The pioneering dimensional reduction schemes are the Scherk—Schwarz reduction [21] and coset
space dimensional reduction (see [11] for a review). Coset space dimensional reduction of heterotic



supergravity over nearly Kéhler homogeneous spaces is considered in [3]. Of the four known compact
six-dimensional nearly Kéhler manifolds, only the flag manifold F3 := SU(3)/U(1) x U(1) seems
to produce interesting non-trivial consistent heterotic string vacua, see e.g. [15, 13]. Coset space
dimensional reduction of the supersymmetric Yang—Mills gauge sector is considered in e.g. [10].
An alternative dimensional reduction scheme over homogeneous spaces is provided by equivariant
dimensional reduction (see [16] for a review); this scheme was applied to the internal space Fs
in [17, 19].

In this paper we will study the equivariant dimensional reduction of Yang—Mills—Dirac theory
over the coset space F3, focusing attention on the Higgs and Yukawa sectors of the induced field
theory. Our field theory should be regarded as a toy model which is the first step in describing
the full gauge sector of heterotic string theory, in the sense that it involves two important omis-
sions. Firstly, we start with unitary gauge groups, rather than the desired Eg gauge group of the
N = 1 supersymmetric gauge theory. Secondly, we do not demand supersymmetry of our initial
lagrangean. Incorporating both of these restrictions would be an important test of the viability of
equivariant dimensional reduction in producing realistic physical relatives of the Standard Model,
our preliminary analysis in this paper demonstrates that indeed an interesting vacuum structure
and physical masses are induced by this scheme.

We consider the most general family of quasi-Kahler SU(3)-structures on F3, one member of
which is its standard nearly Kahler structure. This extends the analysis of [6, 7] to non-Kéhler
compactification manifolds, and of [19] to incorporate symmetric fermions. We will study the
vacuum structure of the induced Higgs sector, and compute the Higgs and gauge boson masses,
induced by dynamical symmetry breaking, as functions on the moduli space of SU(3)-structures.
We will also describe in detail the structure of the Yukawa couplings at various points of the moduli
space, and compute the induced fermion masses after dynamical symmetry breaking. We will see
that the nearly Kéhler member of the family of SU(3)-structures is naturally singled out, as has
been observed previously from considerations based on supersymmetry.

The present paper is structured as follows. in §2 we review some standard facts about the
geometry of the coset space Fs, including the construction of homogeneous gauge fields, a three-
parameter family of SU(3)-structures, Dirac operators associated to the torsional connections of the
SU(3)-structures twisted by homogeneous background fields, and the structure of their harmonic
spinors. In §3 we review the construction of SU(3)-invariant gauge fields on product manifolds
M x Fg associated to irreducible representations of SU(3), and extend the construction to SU(3)-
symmetric fermion fields. In §4 we study the vacuum structure of the induced Yang—Mills—Higgs
theory on M, and compute the tree-level Higgs potential and the induced boson masses after
spontaneous symmetry breaking. In particular, we identify a subsector of the Higgs field theory
which contains infinitely degenerate vacua which are connected by sine-Gordon type soliton field
configurations, and we completely classify the physical field content associated to an arbitrary
irreducible SU(3)-module. In §5 we classify those representations of SU(3) that allow for non-trivial
tree-level Yukawa interactions between symmetric fermions in the reduced Yang-Mills-Higgs—Dirac
theory on M. We show that at the nearly Kahler locus of the moduli space a natural class
of Yukawa couplings can be obtained via reduction using constant harmonic spinors on F3, and
that non-zero fermion masses are induced by dynamical symmetry breaking. We also compare the
Yukawa couplings at other points of the quasi-Kéhler moduli space and with those associated to the
standard Kéhler geometry of the homogeneous space F3. Two appendices at the end of the paper
contain some technical details of the constructions that are used in the main text: In Appendix A
we summarise the relevant data for the SU(3) representations that we use, while in Appendix B we
list the SU(3)-invariant field strengths.



2 Geometry of the homogeneous space SU(3)/U(1) x U(1)
The coset space F3 := SU(3)/U(1) x U(1) is a reductive but not symmetric homogeneous space. In

this section we describe the quasi-Kéhler geometry of F3, refering to [19] and [17] for further details.
We will also describe the spin geometry of Fg and the construction of SU(3)-invariant spinor fields.

2.1 Bimonopole fields

The projective plane CP? and the complete flag manifold F3 on C? are related through the fibrations

SU(3) (2.1)

with fibres U(1) x SU(2), SU(2)/U(1) and T := U(1) x U(1) for the bundle projections 7y, ms and
73, respectively. The CP'-bundle 7y has structure group SU(2) and describes F3 as the twistor
space of CP2. In the following we will exploit this description to construct natural gauge potentials
on IF3

With ¢!, y? local complex coordinates on the base space CP?, we define

5 1 _
T = (yl) , Wi=yly— ——TT" and Y=VI1I+TIT=\1+y>yg*. (2.2

y 7+1

Let us introduce one-forms on CP? given by
1 1 1 1
b:W(TTdT—dTTT) and B:W(WdW+TdT*—§dTTT—§TTdT), (2.3)

together with

0 ) 2A 2A <d372 > 2A (2?2 ) I B Jep
= = S wWdr = = - dy' +y*dg?) 2.4
(91 72 5 \at) "Gy ) 0 YA (24)

where the real parameter A characterizes the “size” of the base CP?. Here §' and #? form a
local SU(3)-equivariant orthonormal basis of (1,0)-forms on CP?, with respect to the natural right
isometric action of G = SU(3) on the coset. In this frame, the one-form b is an anti-self-dual u(1)-
connection (monopole potential) on a complex line bundle over CP?, while the gauge potential B is
the (canonical) u(2)-valued Levi-Civita connection on the tangent bundle of the coset space CP2.
The corresponding field strengths are given by

1 1 i 5
f ::db:W@M&:—W(elwl—e?/\e?) (2.5)
and 1 1 2 2 1 2
1 (0'AG +621N0 201 A6
Ft*:=dB"4+B*"ABt = —— . . 2.
dB=+ B A 8A? ( _26! A 92 —01/\91—92/\92> ’ (26)
where _
Bt = <Zi :Zi) =B +bly (2.7)
and ]
F::dB+BAB:m9A9T=F+—f*12. (2.8)
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The one-form B is a self-dual su(2)-connection (instanton potential) on a complex vector bundle
of rank two over CP2.

A representative element of the fibre space CP! = SU(2)/U(1) = S? is a local section of the
Hopf fibration S® — S? given by the matrix

_ 11— ~ o3
h—mQ 1) € SU(2) =S8, (2.9)

where ( is a local complex coordinate on CP'. We may then define one-forms on F3 by the fibrewise

gauge transformations

and
5 gt t A+ iy g0’
B=h"Bh+hidh=B"—b1y= [ [, "22° | _p1,, (2.11)
EH —Q4
with
1 s g -
iy = 1+<5((1—<<)a++46+—<b++§(Cdc—cdc)) (2.12)
and
~ oR _
3 (¢ + by —2Cas + (% by ) . (2.13)

T 1+(C
Here b, ay and by are given by (2.3) and (2.7), while R is the radius of the fibre two-sphere
S2 = CP!. Note that the restriction of the one-form (2.12) to the fibre is the usual Dirac monopole
potential on CP'. The corresponding field strengths are given by

P L 21,51 72,52 Lot ol g2, p2
and
~ s = 1 (6 A0 +62702 2601702
Ft=dBT"+B"ABT = —— PO PO A 2.15
* sA2 | —281A02 9 G -§2r02) (2:15)
together with the Cartan—Maurer equation
dg+ (B—-2b1) AO=0. (2.16)

The gauge fields f_ =m5f and F+ = 743 FT are pull-backs of the monopole and instanton gauge
fields f~ and F* on CP? to the flag manifold F3 by the twistor fibration o from (2.1); in this
setting F3 = CP(E) is the split manifold of the tangent bundle of CP?, regarded as a complex
vector bundle E of rank two over CP? with structure group U(2). We call the pair (=@, b) of u(1)-
valued gauge potentials on F3 a bimonopole potential; it will play an instrumental role throughout
this paper.

2.2 SU(3)-structures

The metric and a corresponding almost Kéahler structure on Fg read

G- 01001482002 10°907 and D=4 (0 ABT 482002 48°007), (217)



where 8 with a = 1,2, 3 are given in (2.10) and (2.13). The SU(3)-invariant one-forms 6 define
a compatible integrable almost complex structure J; on Fs, i.e. a complex structure, such that
T = 10 so that 8 are (1,0)-forms with respect to J,. From (2.14)~(2.16) we obtain the
Cartan structure equations

dg* +T5n0% =0, (2.18)
which define the Levi-Civita connection
~Gd4 —3b 0 .k
I'=(Ig)= 0 ~ay +3b 0T (2.19)
&2.02 et oG,

on the tangent bundle of F3. From (2.18)—(2.19) it follows that & is Kéhler, i.e. dw = 0, if and
only if
R? = 2A% . (2.20)

Then the connection matrix I' in (2.19) takes values in the Lie algebra su(3), i.e. the holonomy
group is SU(3).

Let us now introduce the forms
ol :=0", 0% :=§2 and 0% =03, (2.21)

which are of type (1,0) with respect to an almost complex structure J_, i.e. J_ 0% = iO°.
The almost complex structure J_ is obtained from J, by changing its sign along the CP!-fibres
of the twistor bundle my, i.e. J2042 = i012, 7,03 = Fi03. It is never integrable, i.e. the
corresponding Nijenhuis tensor is non-vanishing. Using the redefinition (2.21), we obtain from
(2.18)—(2.19) the Cartan structure equations

de° +1§A0° =H*  and  dO"+TINEO7 = HT (2.22)

where the left-hand sides define the (torsional) metric connection

—ay —3b 0 0 )
I=(Ig) = 0 —ay +3b 0 and  T'§=-Tj (2.23)
0 0 20y

with holonomy U(1) xU(1) € SU(3), while the right-hand sides define the Nijenhuis tensor (torsion)
with components HE‘;Y given by

f 67 007
(H*) = (3 H3, ©° n©7) = o5 | enet | (2.24)
L IR
We also have
1 1 2 2
db:_W(@ A" —O°ANO ) (2.25)
and 1
~ 1 1 2 2 3 3
for the abelian gauge fields on Fj3.
The pair of forms (w,2) given by
w=41(0'A01+027A0%°+0°A0%)  and Q=0'7A0°A0° (2.27)
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defines a one-parameter family of invariant SU(3)-structures on F3, parametrized by the ratio f—z.
From (2.22)—(2.24) it follows that the homogeneous manifold 3 is nearly Kéahler, i.e. dw =
%Wl Im and dQQ = Wy w A w with W7 € R, if and only if

R? = A%, (2.28)

in which case W7 = %. In this instance we will fix the scales of the fibre CP! and the base CP? in
F3 as
R=A=V3, (2.29)

in order that the connection I' in (2.23) coincides with the canonical connection on the principal
torus bundle 73 from (2.1). The (1,1)-form w is almost Kéhler for the metric

g=0've' 10200’ +0°we’. (2.30)

We obtain from the nearly Kéahler structure a three-parameter family of invariant quasi-Kéhler
SU(3)-structures by rescaling the one-forms ©“ by constant metric moduli ¢, € R as

0% — 0% =l e (2.31)

for « = 1,2,3. The metric and the fundamental two-form become
§=0'00'+10?200%+0°20° and G=4(0'A0'+0270%1+0°A0%). (232

The three-form dw has only (3,0) and (0, 3) components with respect to the almost complex struc-
ture J_, i.e. w is quasi-Kéhler. The associated family of connections I on the tangent bundle
T3 corresponds to different regularization schemes which are related by field redefinitions of the
underlying worldsheet sigma-model in heterotic string theory. In particular, at the nearly Kéhler
locus ¢1 = ¢ = ¢3 = ﬁ of the moduli space we can restore the fibre CP! radius R, while for
Sl =¢ = i, g3 = i we can restore both of our original base and fibre size parameters A and R,
with the Kéhler locus in the moduli space given by (2.20). Notice that the Kahler and nearly
Kahler loci correspond not only to different choices of almost complex structures Jy and J_ on
3, but also to metrics g and g which differ by a factor of 2 along the fibre direction CP' — Fs.

The generic case of an SU(3)-structure is classified by intrinsic torsion [4] which can be character-
ized by the decomposition of the torsion H into irreducible SU(3)-modules (see Appendix A); they
are refered to as the five torsion classes W1, ..., Ws5. For an almost Kahler manifold all five intrinsic
torsion classes can be generically non-vanishing. For a Kéahler manifold H € W5 = V0 g 170’1,
while in the nearly Kéhler case H € W = 17070@‘70’0. Quasi-Kéhler structures have H € W1 @ Wa.
Calabi—Yau manifolds correspond to the vanishing of all five intrinsic torsion classes.

2.8 Dirac operators with torsion

The homogeneous space F3 is a spin manifold with an SU(3)-invariant spin structure. Its main
feature as a six-dimensional SU(3)-structure manifold is that its first Chern class vanishes and the
canonical bundle is trivial. This implies the existence of a metric connection (the canonical con-
nection) with totally skew-symmetric torsion and holonomy contained in G = SU(3) which admits
a covariantly constant spinor without coupling to gauge fields. We will describe invariant fermion
fields via the index theorem for the twisted Dirac operator on F3 corresponding to these torsional
connections, which gives the chiral asymmetry of zero modes of the Dirac operator. Torsion does
not affect the principal symbol of the Dirac operator, hence the index is the same at every point in
the moduli space; the torsion part can be regarded as a continuous deformation of the Dirac oper-
ator constructed from the Levi—Civita spin connection, and the index is invariant under compact



perturbations. Nevertheless, the presence of intrinsic torsion can affect the fermion counting, as
fermions of different chirality can become intertwined and the usual chirality operator cannot be
used to define the index.

In our three-parameter family of quasi-Kéhler SU(3)-structures, we choose a basis of 8 x 8
gamma-matrices 7,5 % = —(”vvo‘ ) for the Clifford algebra on F3 compatible with the metric g in

(2.32) and the orthonormal one-forms ©%, ©%. In this basis the Clifford relations read

7*. 3% =61 and  {7°.5°} =0={3%.7%} (2:33)

with a, 8 = 1,2, 3 (complex) orthonormal indices with respect to the metric g. The map identifying
differential forms on F3 with elements of the Clifford algebra is given by

1= oy by g O A - AOY NG A AP (2.34)
— = Non...cnBr... B :y[m ..ﬁar:yﬂl . ..:yﬂs] 7

where the square brackets denote antisymmetrization over all indices with weight one; this map

defines the G-equivariant Clifford module A\°* T*Fs.

SU(3)-equivariant bundles over the coset space F3 are homogeneous vector bundles induced
by representations of the maximal torus 7' = U(1) x U(1) in SU(3); they are parametrized by
charges (¢, m), € W*! C Z? which lie in the weight lattices of irreducible representations VEL of
SU(3) (see Appendix A). Every such bundle is thus a sum of line bundles of the form Op,(q, m) :=
(L£1))®1 @ (L2))®™, where the line bundles L, ) [F5 for i = 1,2 correspond to the generators of
H?%(F3; Z) = Z.© Z; the fibre restriction L) ‘C p1 18 the Dirac monopole line bundle corresponding to
the generator of H?(CP';Z) = Z, while L(2) is the pullback by the twistor fibration my from (2.1) of
the monopole line bundle corresponding to the generator of H?(CP?;Z) = Z. The Dirac operator
acting on eight-component spinor fields on Fj3, in the background bimonopole field corresponding
to weight vector (q,m), € WH! is given by

Dy =g, +mp—qds . (2.35)

Here (,?91;3 is the Dirac operator on F3 involving only the (torsional) spin connection; it can be written
as

Pg, = e, +30H (2.36)

where @133 is the Dirac operator associated to the (torsion-free) Levi-Civita connection for the
metric g, while H = /3 Im Q is the skew-symmetric torsion three-form of the canonical connection
on 3 and we have used the structure constants (A.6); the intrinsic torsion of the coset space F3
can be identified with the three-form H-flux of heterotic supergravity. The real parameter

0= Fm (G es) (2.37)

formally interpolates between the Dirac operator corresponding to the canonical connection (2.23)
at 0 = 1 and the Levi—Civita connection at 0 = 0. The former limit defines a surface of quasi-Kéhler
structures in the moduli space which contains the nearly Kahler point ¢, = #, a =1,2,3, whereas
the latter limit cannot be reached by any continuous variation of the metric moduli. The one-
parameter family of Dirac operators (2.36) is a special subclass of the more general families studied
in [1] (see also [9]). The volume form @"3/3! determines a Zs-grading of the eight-dimensional
spinor module A, = AI—FZ, &) AIEB on g such that the chirality operator

=33 =337 [7%.7°] [7%. 7°] (2.38)



acts as multiplication by =1 on Aﬁ%. In a suitable basis for the Clifford algebra, the operator (2.35)
correspondingly has a chiral decomposition

.
gpq,m:< 0 6’7”) , (2.39)

q?m
with the twisted Dolbeault—Dirac operators Jpjm acting on four-component positive/negative chi-
rality spinor fields on [Fj.

The (reduced) K-theory of the homogeneous space Fs is generated by the two monopole line
bundles L;y — F3 together with L) ® L(9) and L) ® L9y ® L9 for i = 1,2. The index of the
Dirac operator (2.35) is computed by the Atiyah—Singer index theorem

Vgm = index(D, ) = /]F ch((ﬁ(l))®q®(£(2))®m)/\A\(IF;;)

1 1
= [ (§fam A am A am = 5 am APUTED) ) L (240)
F3
where
fqm =mdb—qday (2.41)
is the curvature of the bimonopole line bundle O, (g, m). For F3 the first Pontrjagin class of the
tangent bundle vanishes, p;(TF3) = 0, and using (2.25)—(2.26) we find explicitly [5, 17]
Vgm = 54 (m2 - q2) . (2.42)

The index v, is an integer since ¢ and m have the same parity for (¢, m), € W+l

2.4 Harmonic spinors

For each weight (¢,m), € W*! the vector space ker(p, ,,) of harmonic spinors on F3 is also
independent of the choice of connection on the tangent bundle; the irreducible SU(3) representation
VK isomorphic to ker(]p when non-zero, is described in e.g. [14, Thm. 8.4]. However, this is
not true in general of the chiral subspaces ker(lZ)f;m). There are two members of the family of Dirac
operators (2.36) where the SU(3)-module structure of these subspaces is also known explicitly.

Q:m)7

o =1. The Dirac spectrum was computed in [5] from the canonical spin connection on F3 with
torsion associated to (2.23); in this case the four operators occuring in the Weitzenbock formula for
(ip q,m)2 mutually commute and hence simultaneously diagonalise to quadratic Casimir invariants
for the Lie algebras su(3) and u(1) @ u(1) (see also [1, Prop. 3.4]). For ¢ < 0 the chiral case
ker(l]);m) = {0} corresponds to background gauge field configurations on F3 with ¢> > m?2, for

which ker( ;m) is isomorphic to the SU(3)-module V¥ having |q| = k' + U, |m| = k' — I The
corresponding dimension d*" from (A.10) coincides with minus the index (2.42) after shifting

g — q £ 2. The antichiral case ker( ;rm) = {0} corresponds to ¢®> < m?, for which the Dirac

kernel ker(J0, ) is isomorphic to the SU(3) representation VUV with |q| = K, |m| = k' 4 2I'. The
corresponding dimension dk agrees with (2.42) after the shifts ¢ — ¢ £ 1, m — m £ 3. In both
cases the charge shifts account for the contributions of the intrinsic spin of the fermions to the
U(1) monopole charges. A similar description applies to the ¢ > 0 case, with chiral and antichiral

interchanged. On the other hand, for ¢ = 0 the index (2.42) is zero and it is possible for an



equal number of chiral and antichiral harmonic spinors to coexist. In this case we correspondingly
decompose the set of weights W*! into disjoint subsets

W = Lgm), e WH | m?>¢?,g>0 or m?<q®, q<0},
whkt — {(q,m)neWk7l}m2<q2,q>O or m*>¢q*, q<0},
Wit = {(g,m), e Wk | m?>=¢*> or ¢=0}. (2.43)

Note that for some choices of (k,1), the index vanishes on all weights (q,m), € WF!, ie. Wkl =
Wé“’l. For example, the fundamental representation with (k,7) = (1,0) has weights (¢, m), = (1, 1)1,
(—1,1); and (0, —2)o, for each of which either ¢ = 0 or ¢ = m? and the index (2.42) evaluates to
vgm = 0. This also happens for the six-dimensional representation of SU(3) with (k,l) = (2,0).
On the other hand, there are zero eigenspinors of the Dirac operator for the adjoint representation
with (k,l) = (1,1) and for the ten-dimensional decuplet representation with (k,l) = (3,0). The
canonical connection naturally appears in the supersymmetry condition for heterotic supergravity.

1/3 . . . A
o= % . The operator (%Fg/ is a geometric realization of Kostant’s cubic Dirac operator (see

e.g. [1, 14]) for the coset G/T', whose square may be expressed in a simple way in terms of Casimir
operators and scalars alone. When restricted to an irreducible representation of T', the eigenvalue of

(. 1/3

i dp, )2 is the difference of quadratic Casimir invariants for the Lie algebras su(3) and u(1)®u(1).
Moreover, @I;:{ % is the unique Dirac operator which also respects the sign decomposition in the

homogeneous Weyl formula for G = SU(3), and hence the SU(3) representation Ve isomorphic

. . .. . 4 )
to ker(p in this case can occur in just one of the chiral subspaces ker(),,,). From these facts
one may identify the vector spaces ker(lZ);Em) with irreducible SU(3)-modules of dimension given by
the index (2.42), analogously to the o = 1 case above. The appearence of the cubic Dirac operator
in the gaugino Dirac equation of heterotic supergravity was observed in [12], as was the completing

‘Lm)

of squares in the Weitzenbock formula for (uﬂg 3 )2 (see also [2, 9]).

o € R. For parameter values (2.37) which represent generic points in the moduli space, a type of

Parthasarathy formula for (1@53)2 involving invariant operators on the coset G /T is derived in [1,
Thm. 3.2]; its form is rather complicated and does not seem to provide any useful information
about the kernels ker(@f;m) beyond the cases 0 = 1 and 0 = % above. By analogy with these latter
two cases, we will assume that the total number of zero eigenspinors of qum for a given weight
(g, m)n € WPl is the same as the index, i.e. |y, = dim ker(D, ,,), but this need not be true. In
the generic quasi-Kéahler case there are two free parameters (apart from an overall scale), and it
could happen that extra zero modes emerge at specific parameter values. Although the index of
the Dirac operator (2.42) cannot change, being a topological invariant, it is possible for an equal
number of positive and negative chirality states to appear or disappear at some points ¢, of the
moduli space without changing the value v, ,,. If this happens then the summation formulas of
§3.2 and §5 below have to be extended to incorporate any extra eigenspinors; while these extra zero
modes come in SU(3) representations, they cannot have weights in W*!. For simplicity we shall
ignore this complication here and assume that there are no such extra spinor harmonics; amongst
other things this will simplify some of the notation in already cumbersome formulas.

We fix a basis of chiral/antichiral harmonic spinors Xj:,m; ¢ € ker (quim), t=1,...,|vgm| on F3
for each weight (¢, m), € Wi’l. They may be chosen to be orthogonal and normalised such that

~ N3 a/\S

w + £ _ +  _
/ 31 Xq’m;el“‘ Xq’m;g = 5[,@’ and / 31 X;F’m;Z/T qum;e =0 5 (244)
Fg . Fs !
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where the second equality follows from Wfl NWH = (. Note the vector space ker(]p
harmonic spinors is independent of the multiplicity label n of the weight state (g, m),.

) of

q7m

To explicitly construct the spinor harmonics, following [7] we associate the Clifford generators
7% and 5 @ respectively with creation and annihilation operators acting on a fermionic Fock space
with vacuum vector |2) such that 7 *|Q2) =0 for « = 1,2,3. A general Fock space state

x(2,2) = xo(z2) @) +x (15)®7“\Q>
+5Xa5(22) @7 TP + § xap,(2,2) @7 FPFPI0) (2.45)

corresponds to a Dirac spinor field on F3, where 2%, 2% denote local complex coordinates on F3 and
the component of x(z, z) obtained from k creation operators is a (0, k)-form. This identifies the
space of spinors on [F3 with the space of anti-pseudo-holomorphic differential forms /\0" T*F3. The
chirality operator on F3 is given by (2.38), and we see that xo and x4 5 are the four components
of a positive chirality spinor, while x5 and xj33 are the four components of a negative chirality
spinor.

3 Equivariant dimensional reduction over SU(3)/U(1) x U(1)

In this section we describe the reduction of SU(3)-equivariant vector bundles with connection over
the flag manifold F3, again refering to [19] and [17] for further details. We also present the SU(3)-
equivariant dimensional reduction of twisted spinor fields over [F3.

3.1 Invariant gauge fields

We are interested in the structure of G-equivariant gauge fields on manifolds of the form
M:=M x Fs | (3.1)

where M is a closed oriented manifold of dimension d; the group G = SU(3) acts trivially on M
and in the standard way by isometries of the coset space F3 = G/T. By standard induction and
reduction, there is an equivalence between smooth G-equivariant vector bundles £ over M and
smooth T-equivariant vector bundles E over M, where the maximal torus 7" = U(1) x U(1) of
SU(3) acts trivially on M. Let €4 — M be a rank N hermitean vector bundle over the space
(3.1), associated to an irreducible representation V¥ of SU(3), with structure group U(N). Given
a T-equivariant bundle E¥' — M of rank N associated to the representation ‘A/k’l‘T of T, the
corresponding G-equivariant bundle over M is defined by induction as

EM = @ xp ERL. (3.2)

The action of the maximal torus T on E*! is defined by the isotopical decomposition

EM = @ Eqm), © Vigm)a, with  Eg), = Homp (Vigm), » Ek’l) ’ (3-3)
(qvm)newk’l
where V(4 ), = C are the irreducible T-modules occuring in the decomposition of the restriction

Vk’l}T and as before W*! C Z?2 is the set of weights for the irreducible SU(3) representation vk
(see Appendix A). The vector bundles E(, ), — M have rank N, ), and trivial T-actions. The
rank N of E*! is given by

N= > Nygm., - (3.4)
(g,;m)n €Wkl
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The action of the SU(3) operators I, I1 for a = 1,2,3 is implemented by means of bifunda-
mental Higgs fields

e )
¢(q7m)n S HOm(E(q—l,m—3)ni1 ) E(q,m)n) ) ¢(q,m)n S Hom(E(q-i-Q,m)n , E(q,m)n)
3 (&
and ¢(‘]7(m))n € Hom(E(qfl,m+3)nj:1 ) E(q,m)n) ’ (35)

together with their adjoints. These bundle morphisms realize the G-action of the coset generators
which twists the naive dimensional reduction by “off-diagonal” terms. This construction defines
a representation of the quiver Q*! with vertex set W¥! and arrow set I;, a = 1,2,3, whose
underlying lattice is just the weight diagram of the representation vkl ; it explicitly breaks the
gauge group of the bundle E*/ as

U(N) — I Wem.) - (3.6)
(g;m)neWk:!

The structure group of the principal bundle associated to (3.2) is then

U xUW)x [ UWgm.) - (3.7)
(gm)neWk:!

The generic form of a G-equivariant connection one-form A on the vector bundle ¥ — M
is determined by specifying a unitary connection A@™n on each bundle Egm),- Let Igm),

be the hermitean projection of the T-restriction of VRl onto the one-dimensional representation of
T = U(1)xU(1) with weight vector (¢, m),, € W, and let I(4,m),, be the hermitean projection onto
the sub-bundle E, ), of the bundle (3.3) over M. Then an SU(3)-equivariant gauge connection
A on the corresponding bundle (3.2) over M is given by

A = Z [A(q,m)n @ Igm),, + Wgm), @ (mb - q6+) g myn
( ) EWkl

i B -
+ Z S1 ( h ( T® H(q 1,m—3)n+1 I (q’m)n o'

@ o f = ~
+ gb(q,m)n ® H(qvm)n I:"_ H(q—l,m—S)nil @ )
52 (Sym, T®ﬁ(q+2 o T3 Mgy O+ 6%y, @ gy, 1 g2y, 67)

+ Z S ( ) @Mt mee 5 Higm), ©°

3 (:l:) = = ~3
+ ¢(q7m)n ® H(qvm)n Ig_ H(q_17m+3)nj:l @ ) :| N (38)

The corresponding fields at the Kéhler locus of the moduli space can be obtained from (3.8) by
setting ¢1 = ¢ = ﬁ, g3 = ﬁ, and interchanging the generators I;” < I{r and ©% < ©° (see
Appendix A).

The explicit expressions for the matrix elements of the curvature two-form
F=dA+ANA (3.9)

of the connection (3.8) are somewhat complicated; they are listed in Appendix B. Here we content
ourselves with displaying the example corresponding to the antifundamental 3 x 3 representation
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VOl of SU(3); the underlying quiver Q%! is

(0,2)o (3.10)

(—1,—1)1 Iy (1,—1)1

Using the generators (A.4) we obtain an SU(3)-invariant gauge connection A as

A'@1+1y, ®2b G o) © 62 —c1 ¢ ® O1
A= —G ¢hr ® ©2 A2®1+ 1y, ® (@4 — b) ook ® 0P , (3.11)
gléﬂ@él —§3¢53®ég A3®1—1N3®(a++b)

where A!, A2 and A3 are u(Ny)-, u(Nz)- and u(N3)-valued gauge potentials on hermitean vector
bundles F,, E5 and F3 over M with ranks N7, No and Ns, respectively, such that

Ni + Ny + N3 = N = rank(E%) | (3.12)

while 15, denotes the N, x N, identity matrix. The bundle morphisms ¢; € Hom(Ej3, F1),
¢2 € Hom(E, Ey) and ¢3 € Hom(Es, E3) are bifundamental scalar fields on M (rescaled by a
factor 21/3 compared to those of (3.8)). The bundles E, are sub-bundles of the quiver bundle

F''=FE ®C @& E20C @ F30C (3.13)

over M, where the factors C denote trivial T-equivariant line bundles over M arising from the
decomposition of the representation V%! =2 C? into irreducible representations of 7' = U(1) x U(1).
For the curvature F = dA + AA A = (F*8) of the invariant connection (3.11) we obtain

FR o= F'— 3 (1n, — 1 6]) O A O + 2 (1n, — 6) ¢2) O3 N O?
F2 o= F? =G (v, — 620}) 2107 + 63 (1, — 0l 63) ©° A 67,

FB = P2 (1n, — d30L) O° AO% +¢F (1, — ¢l 1) O A O,

FB = i (ddr+ Al ¢ — ¢1 A%) A O — 623 (61 — 6 b)) O2 A OP
FU = o (dga+ A2y — dp A) N O — i 3 (02 — 0 ]) OF N O,
f32 = —G3 (d¢3 + A3 o3 — ¢3 AQ) A ég —S162 (¢3 - ¢]; ¢£) él A (:52 ) (314)

plus their hermitean conjugates F7¢ = —(F*)t for o # 3. In (3.14) the superscripts «, 3 label
N, x Ng blocks in F, and we have suppressed tensor products in order to simplify notation. Here
Y =dA%+ A% A A® is the curvature of the connection A® on the complex vector bundle E, — M.

8.2 Invariant spinor fields

We assume henceforth that M is a spin manifold of even dimension d for simplicity, together with
a fixed metric. The equivariant dimensional reduction of Dirac spinors on M = M x F3 is defined
with respect to (twisted) symmetric fermions on M. They act as intertwining operators connecting
induced representations of the maximal torus 7" = U(1) x U(1) in the U(NN) gauge group, and also
in the twisted spinor module A over M which admits the isotopical decomposition

A= B Aum®Vigmy,  with Ay, =Homy (Vg » A™) (3.15)
(g;m)n €Wk
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obtained by restricting A to induced representations ki
reciprocity, the multiplicity spaces may be identified as

o of T C Spin(d). Using Frobenius

A = Homg (AR, L2 (Fy; (£0)™ @ (£02))°")) . (3.16)

and hence the isotopical decomposition (3.15) can be realized explicitly by constructing symmetric
fermions on M as SU(3)-invariant spinors on M xF3. They are associated with the spinor harmonics
of the twisted Dirac operator on F3. Dirac zero modes can be used to construct an SU(3)-equivariant
spinor field ¥ on M = M x [F3 which decomposes into two invariant subspaces as ¥ = ¥+ ¢ U,
where

Vq,m
+ o + : + _ +
S @ \Il(q,m)n with \Il(q,m)n - Z V(gminit @ Xgmie »
(‘Lm)neWi’l =1
|vg,m
\IJ_ = @ \Ij(_‘lvm)n Wlth \Ij(_q:m)n = Z n(q’m)";g ® X;m§£ ’ (317)
(gm)new™! =1

with ¥ gm),:e and 7 m),.e Dirac spinors on M, and X;m;f the positive/negative chirality zero
modes on Fjs.

To describe the Dirac operator acting on the invariant spinor fields (3.17), we need to choose
bases for the pertinent Clifford algebras. For the Clifford algebra of M we first choose 242 x 24/2
anti-hermitean gamma-matrices v* obeying the anticommutation relations

{2 =20 15002 (3.18)

with p,v = 1,...,d (real) orthonormal indices. The basis of gamma-matrices on F3 obeys the
Clifford relations (2.33). Then a suitable basis for the Clifford algebra on M x I3 is given by the
gamma-matrices {4 } = {T* T T'%} for p=1,...,d, a =1,2,3 defined as

' =+"®1s, l:a:'y@)?a and 1:5‘:7(8)55‘, (3.19)
where v = (—1)4(4=1/241... 44 i5 the chirality operator on M which anticommutes with all gen-
erators v*, and satisfies v = 4T and (7)? = 1,4/2.

The E*!-twisted Dirac operator on M is given by

D= (Py+ A DT m), (3.20)

(‘Lm)newk’l

where @,, is the Dirac operator on M involving only the Levi-Civita spin connection. Together
with the Dirac operators (2.35) on F3 and the map (2.34), the £¥!-twisted Dirac operator P on
M = M x F3, corresponding to the equivariant gauge potential 4 in (3.8) and acting on the spinor
fields (3.17), can be written as

P=DP@1s+7®@ Py, + Y (3.21)

where

¢F3 = Z lpq,m ® 1/_I(q,m)n (3.22)

((Lm)neWkJ
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is the SU(3)-equivariant twisted Dirac operator acting on eight-component spinor fields on F3, and

- N N
V= X S e ey I T, 7
(g;m)n €Wk +
1 (%) = = ~1
+ (z)(q’m)n v ® H((Lm)n I;_ H(qflamfg)n:tl v 1)
T <¢% m)n TV ® H(q+2 m)n Iy H(q m)n §2 + ¢2q (g;m)n T ® H(q,m)n IQJF H(q+2,m)n 72)

+Z§3( qm)n 7®H(q Lm+3),a1 13 H(qm) o

3 (£ - - ~3
+ (z)(q,(m))n e H((Lm)n Ig_ H(‘]*l,m+3)nﬂ:1 v 3) :| : (3:23)

This construction also demonstrates that there is a bijective correspondence between states
(2.45) of the eight-dimensional spinor module Ap, and the weight space of the adjoint representation
of SU(3): From (3.23) it follows that the action of the gamma-matrices ¥ on the quiver lattice
Wk is given by

=l

i (gmn — (@—1Lm—=3)ns1,

73 (@mn — (gt 2m)

33 (qm)n — (=1, m—+3)ns1 , (3.24)
and hence

T2 (gm)n — (@+1,m—=3)nar

T gmn — (g=2,m)

2 (gm)n — (g 1L,m A+ 3t (3.25)
while 5123 and the identity 1g both leave a state with weight (g, m), fixed. These transformation

properties reflect the U(1) x U(1) charges of the Clifford algebra generators, which fill out the weight
lattice W11 of the adjoint representation Vl’l‘T. In particular, there is a natural correspondence
7% ¢ 24317 and 74P - 24/3e%87 I;j . The significance of the adjoint representation here
will become clear in §5.2; recall from §2.4 that it is the smallest irreducible SU(3)-module that
accomodates harmonic spinors on Fg.

4 Vacuum structure of induced Yang—Mills—Higgs theory

In this section we study the quiver gauge theory on M obtained by dimensional reduction of Yang—
Mills theory on M = M x F3 over Fs.

4.1 Reduction of the Yang—Mills action

We will begin with the case of the antifundamental representation VOl The dimensionally reduced
action SYM A on M is obtained by integrating the Yang-Mills action SYM v on M over the coset space
F3. The (d + 6)-dimensional lagrangean on M is the (d + 6)-form

3
ym _ 1 oty L o A 1 Tha
L = TN (F AR = - 5 (a@f NEFP) (4.1)
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where Try is the trace in the fundamental representation of U(N), % is the Hodge duality operator
on M compatible with the orthonormal frame ©%, and a dimensionful Yang—Mills coupling constant
g € R has been included. Using (3.14) this gives

3
oy = 4;2 > Ten, (~F*A*FY + 62 (Dga) A* (Do)t + <3y (Doas1)! A (Do)
a=1
VM)A 1T, (4.2)

where throughout we read the indices o = 1, 2,3 modulo 3 and
D¢ = dde + A o — o A*T2 (4.3)

are bifundamental covariant derivatives of the Higgs fields ¢, € Hom(Fq+2, Fy). The Higgs po-
tential is given by

3
~ 1
VM) = gz D T () (W = 60 6l)” + i (Lo, = 0L Gar)’

a=1

2
+ §c2v+2 §2 ’Cboﬂrl - ¢L+2 ¢Ta| > ) (4.4)

where we use the matrix notation |¢|? := % (QZ)T o+ ¢>¢T)

The action SXAM =/ M E}/wM is made dimensionless here by taking the coupling g to have mass

dimension —% — 1 and the metric moduli ¢, mass dimension 1, so that ¢, are then dimensionless

while A% have mass dimension 1. This gives the dimensionally reduced lagrangean d-form

oyt o= iy
F3
1 & e’ « 2 T 2 T
= 4792 Z Tr, (_F ANXF + 65 (Dpa) AN*(Dga)" + 6541 (Ddar1)' A *(Dd)aJrl))
a=1
+ VM) A %1 (4.5)
with
1 3 2 2
ViM(g) = 12 Z Try, <§§ (1Na — Pa ¢L) + §§+1 (1Na — ¢L+1 <75a+1)

2
+ a5 |Gat1 — ¢L+2 L | ) ) (4.6)

where g2 := Vol(FF3) g2 with Vol(F3) = leg @ "3 /3! the volume of 3, so that the coupling constant

g has dimension 2 — %, and x is the d-dimensional Hodge duality operator on M.

4.2 Reduction of the Chern—Simons torsion coupling

As a subsector of heterotic supergravity, the Yang—Mills gauge theory also contains a coupling to
a torsional three-form flux H on M. Here we will take

H =*dE = xp, dw with X :=w A%, (4.7)
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where *p, is the Hodge duality operator on F3 with respect to the orthonormal frame ©%. The
torsion coupling is then given via the Chern—Simons three-form of the gauge potential A through
the lagrangean (d + 6)-form

LG =RTIN(FANA-LANANA) NFH (4.8)

where the coupling constant # € R has mass dimension d. We may compute the reduction of (4.8)
over the coset space F3 by first observing that integration by parts of this form yields the equivalent
form £§§ = & Try (FAF)AY when M is closed, and then substituting (2.32) and (3.14). After
integration over F3, this becomes solely an additional contribution to the Higgs potential (4.6)
given by

K

3
VeS(e) = 53 T, (2636 (Ln, = 0a @h) (Ln, — 6L das1)

a=1

21052 |Gat1 — 0lia h]) (4.9)

where the coupling constant x := Vol(FF3) & has dimension d —6. The effects of this torsion coupling
disappear in the classical field theory at both the K&hler locus (where dw = 0) and the nearly Kéhler
locus (where dw is a sum of (3,0)- and (0, 3)-forms) of the moduli space.

4.8 Vacuum states

We will now study the dynamical symmetry breaking patterns in the Yang—Mills—Higgs theory
derived above. For this, it is convenient to rescale

1
J=2 g =g, and A=A (4.10)

07

2 g
so that the scalar field ¢/, and the gauge potential A’ both have the conventional physical mass
dimension ¢ — 1. Then (4.5) becomes

3
1
LXM =7 Mo, (=5 B A*F 4 (D'6l) AR(D' 8!+ (D) A(D 1) ) + VM) AL,
a=1

(4.11)
with

3

2 2

VYM<¢/) = 492 Z Try, <(§é ? 1N, — ¢, ¢:1T) + (gc,1+12 1y, — ¢:1+1T (b:x—&-l)
a=1

2) . (4.12)

Every term in (4.12) is non-negative, hence the absolute minimum is achieved by the field config-
urations satisfying

SR
a+ « / / /
+ §, ¢a+1 - gboz—&—?Jf d)aT

a+1

¢>/a &T = 9/1 2 1N, , ¢&+1T ¢/a+1 = §&+12 1N, and 9’1+1 §&+2 ¢; = §£x Qb,cwrlT ¢&+2T (4.13)
fora=1,2,3.

Rather than exhibiting the full complication of the most general case, which rapidly becomes
notationally very cumbersome, for illustrative purposes we shall only consider the case N = 0

16



mod 3 with N, = p := % for o = 1,2,3. The gauge group is then U(p)3, with 3p? gauge bosons.
The vacuum solution which minimises the Higgs potential and kinetic energies is then given by

P =S Ve » (4.14)
with V, € U(p) constant unitary matrices satisfying the condition
VaVaVi=1,. (4.15)

As in [7], the Higgs vacuum thus provides a representation of the relations of the double quiver Q %'
associated to the antifundamental representation V%! of SU(3), obtained by adding an arrow in
the opposite direction to each arrow of the quiver Q%!, which ensure that there are no non-trivial
oriented cycles in Q%! (and hence that finite-dimensional quiver representations are possible); it
defines a flat connection of U(p) lattice gauge theory on the finite quiver lattice.

We obtain the mass matrix for the gauge bosons by substituting this vacuum solution into
the bicovariant derivative terms D’'¢,, in (4.11) and extracting the part quadratic in the gauge
potentials A’® from the Higgs field kinetic terms. The mass matrix M is then given by

g2+ —h? —¢12
M? = 44° —4% b+l —g42 ) (4.16)
—¢12 —42 % +¢L2
There is a single zero eigenvalue, corresponding to the massless diagonal combination % (Al +
A% + A3), and two non-zero eigenvalues
m@:am2(q2+§2+é2i <4*+§4+g4—(q2§2+é2%2+%2ﬁ%)' (4.17)

Thus the gauge group U(p)? is broken to its diagonal subgroup U(p)diag and the remaining 2p?
gauge bosons acquire the masses Mi. In the nearly Kéhler and Kéhler reductions of the general
SU(3)-structure on F3 these masses become

V3

Nearly Kéhler: My =M_= 3R
V6 1
Kahler: My =— M_=—. 4.18
ahler + =55 i (4.18)

Note that the nearly Kahler locus in the moduli space yields degenerate mass eigenvalues.

At a generic point in the moduli space one should also incorporate the potential (4.9) arising
from the torsion coupling in the supergravity equations. The main effect of this addition is that it
generally introduces non-positive terms in the potential and leads to a larger vacuum moduli space
of solutions. In particular, at the special coupling value

1
K=——s 4.19
the first lines of the potentials (4.6) and (4.9) complete to a perfect square and the total potential
is a sum of non-negative terms; the vacuum equations (4.13) are then modified to

¢Ia (%T - <ZSIa+1Jr <Z5/a+1 = (g; 2 - §é+12) 1n, and géwrl §;+2 <Z5/a = §é¢ ¢;+1T ¢;+2T . (4.20)

These equations represent respectively the moment map equations and relations of the double
quiver Q%! [19]. Any solution of (4.13) is also a solution of (4.20), but not conversely. The
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relationship (4.19) between the Yang—Mills and Chern—Simons coupling constants also appears in
heterotic supergravity, wherein both couplings are proportional to g2 o’ with g, the string coupling
constant and o’ the Regge slope.

N=3. To understand the structure of the Higgs potential, we first consider the case p = 1
which gives rise to an abelian gauge theory: U(1)? is broken to U(1)giag. There are three complex
Higgs fields, two gauge bosons acquire a mass and, of the six real scalar fields in the Higgs sector,
four are physical. The Higgs vacuum is of the form

P = €%, (4.21)

where (o, a = 1,2,3 are three phases constrained by the condition (1 4+ (3 + (3 = 27 k for some
k € Z. A general configuration can be parameterized as

$o = ¢ (o + ha) (4.22)

with he, a = 1,2, 3 real scalar fields. The fourth physical degree of freedom is encoded into the
U(1)giag invariant combination § = (i + (2 + (3. The Higgs potential is then

2 (§£, + ha)z
B
2

3
VM (hi,ho,hs,0) = 4g° Y <2h3 (26 + ha)” + (5] shh)
a=1

+ (s + ha)” (Shyt + hat)
2616565 (s 4 ha) (s34 ha) (s + ha)
cl?

cos 9) . (4.23)

Expanding (4.23) to second order in h,, the Higgs field mass matrix m is read off as

8c!2 S126h2 4602 h2 462612 Gh26h2—ch2gl2—g12 412 G126h2—¢126h2 -2 42
gl —"_ 712 ! 7
12 12 12 /21 12 12 12 /§21§2/2 12 12 12 12 12 /gig:/iQ 12 12
2 _ 4 2 176 =S 637 =617 63 ] 12 S17 6 67 637 +$37 ¢ G 63617 63" =17 G5
m-==g <l <} Sl 52 <Gk
3
§{2<§2—<{5<§2—<§2§§2 b2 k2612 gt2—g12 )2 8c!2 <{2§§22+§§2<§2+<§,2 612
77 77 §3 + 72
o<k bk t

(4.24)
The eigenvalues of (4.24) at generic points ¢/, of the moduli space are symmetric under permutations
of the indices o = 1, 2, 3, but the explicit expressions are not very instructive. At the nearly Kéahler
and Kahler loci they reduce to

V3 3

Nearly Kahler: mi = mg = — msg =

Kahler: m4 =

(4.25)

Incorporating the torsional Chern—Simons coupling with (4.19) is easily seen to yield a qualitatively
similar mass matrix.

The fourth physical Higgs degree of freedom associated with the scalar field 6 introduces de-
generate vacua: The true vacuum state is a linear superposition of (4.21) with different integers
k € Z in the flatness condition § = 6}, := 27 k for the U(1) quiver lattice gauge theory. Let us look
more closely at the effective field theory for this scalar. We turn off the gauge fields A® and the
Higgs fields h,, and use a U(1) x U(1) gauge transformation to choose a gauge in which all three
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phases (, are equal; this gauge choice preserves the symmetry under permutations of ¢}, ¢5 and .
Then we obtain from (4.11) and (4.23) the lagrangean

La(0) =3dI Axdd + A (1 —cosBY) Axl, (4.26)
where 19 = 6 with
5 3 ___ b (4.27)
\/2(<{2 + 42 +¢4?) \/Mi + M?
and 5 o
A=8¢" (12 ” + 57 5° + 57 ¢1%) = Mgg]y_ (4.28)

On M = RY!) this is just the lagrangean of the sine-Gordon model [20]; in this case the gauge
coupling ¢ has dimensions of mass and the metric moduli ¢/, are dimensionless. Expanding the
potential in (4.26) for § — 0 shows that the perturbative spectrum consists of scalar particles of
mass

pert - \fﬁ - \[MJF M-

\/ M2+ M2

which, like the gauge and Higgs boson masses (4.17) and (4.24), is independent of the gauge coupling

g%>. On the other hand, this field theory admits well-known nonperturbative soliton solutions of

mass
v _ \f /
Msoy = — = -5 My M_ M? + M? 4.30

which is dynamically determined by the mduced gauge theory. Since all soliton solutions 6 = 0(t, =)
must approach a vacuum solution 6, at spatial infinity |z| — oo, one can associate to each of them
a topological charge

(4.29)

Q= / g 00 _Fo0) Zbltmo0) i ke ez, (4.31)
o Ox 27

corresponding to the conserved topological current J = % *df with dxJ = % d?0 = 0. Such a field
configuration tunnels between the degenerate vacua 0, and ¢;_. Note that the critical coupling of
the sine-Gordon model 32 = 87 (where the renormalized coupling has a simple pole) corresponds
to gauge boson masses My with M2 + M? = %; at the nearly Kédhler and Kéhler loci (4.18) of
the moduli space, the base CP! radius R may then be regarded as being dynamically induced and
is inversely proportional to the gauge coupling g, i.e. large radius corresponds to the perturbative
regime of the induced Yang—Mills—Higgs theory.

N > 3. Now we consider the case p > 1. We start with 3p? complex Higgs fields, giving 6p? real
scalar fields, 2p? of which are absorbed by the Higgs mechanism thus leaving 4p? physical Higgs
fields.

The physical Higgs masses can be obtained by using a polar decomposition of the Higgs fields ¢/, :
Any square complex matrix ¢ can be uniquely decomposed into a unitary matrix U and a hermitean
matrix H as ¢ = U H. To compute the masses it is sufficient to use constant matrices, thus
minimising the Higgs field kinetic energy, so we can expand about the vacuum solution and write

d),a = Va (g; ]-p + ha) s (432)

with h, hermitean. We are free to use a U(p) x U(p) gauge transformation to choose a gauge in
which all three fields V,, are equal, V, = U for o = 1, 2,3, while at the same time leaving the
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diagonal subgroup U(p)giag intact. The physical degrees of freedom are now the 3p? fields in the
hermitean matrices ho together with the p? angular variables in the hermitean matrix @ defined
by U =: exp(i60). The Higgs potential is now much more involved than in the abelian case, since
the fields h, do not commute with € in general. Nevertheless, one can easily expand it to second
order in h, about the vacuum solution with U? = 1, to find the mass matrix m? ® 1,, with m?
the mass matrix of the abelian case (4.24).

The p? angular variables in the hermitean matrix field @ lead to a very interesting vacuum
structure, in analogy to that of the sine-Gordon solitons for the abelian case above. In particular,
with all other fields turned off there is a matrix Higgs potential given by )\Trp(lp — cos 0); gauge
equivalence classes of vacuum states are obtained by setting the eigenvalues of 8 to 8; = 0, , :=
2rk; for ky € Z, i = 1,...,p. On M = RY! soliton field configuations are parametrized by a
sine-Gordon soliton 8; for each @ = 1,...,p, together with an element P € S}, of the Weyl group of
U(p)diag Which permutes the eigenvalues of the matrix 8; such a soliton carries a topological charge
vector Cj € 7P with entries

= Oik, —Opu)k

Gi = e HOk (4.33)

interpolating among the p families of infinitely degenerate vacuum sectors.

4.4 Flat connections in quiver lattice gauge theory

For any pair of non-negative integers (k, 1), the dimensional reduction of Yang—Mills gauge theory on
M to a Yang-Mills—Higgs theory on M associated to the irreducible SU(3) representation VR can
be described using the formulas of Appendix B; the general expression for the induced quiver gauge
theory action on M is rather lengthy and not very informative. We will therefore satisfy ourselves
with studying the solutions of the vacuum equations with constant Higgs fields and vanishing gauge
potentials. The Higgs potential is a sum of squares, one for each term multiplying the © A © forms
n (B.1)-(B.3). The vacuum equations are thus obtained by setting each of these terms to zero,
and after rescaling the Higgs fields analogously to (4.10) they read as

n + +
S | AL 0 L4 3 (47 g, — 04,5 0
+

 nFgFLNTF 2( 12 1 (%) t 1 ()7 _
TL+1 A ( ) (gl 1N(q,7n)n ¢(q+1 m+3 n:Fl ¢ qul m+3)n¥l - 0 )

(0 =) (0 + 4+ 2) (52 I, = Gty Ooama’)

—(n+q)(n—q+2) (gé IN gy _¢q 2,m)n ¢(q 2,m) ) =0, (4.34)
nFqtl \+ 2( 12 3.(£)7 3 (£)/
Z [ ﬁl Ak (n, m) (g{)’ INGumyn gb(q,m)n ¢(qam)nT>
T
ntq1+1 3 (£ 3 (£
- A (T 1L,m - 3)° (<§2 INtgmyn — d’(q(ﬂ)?/n 3)nzmT ¢ q(“)’;"‘ 3)’@1) ] -
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together with

\/((n+1i1)2—q2)< §é¢ i)/ (ZS?q—(i-:'im 3ni1T¢(q 1,m— 3n:|:1T>

1(
—Vn+q) (n—q+ 2) (§2§ qb( 1 ¢ (a— 2m)nT ¢(q—1,7;1—3)ni1T) =0,
nFg+1Fl y+ 1 (£)/ 3 (F)
Z |: :F;’]L-I-I:F )\ ( ) ( gil’) (b(qm 2¢ (g+1,m+3 n:F1T¢(l1+2,7TL)nT) (4.35)
+
n 3 (£)/
- ﬂﬁ;l AJF (nElm = 3)° ( & qb(qm qb(‘l-(‘rl)m 3 n;1T¢(q+2 m)nT>:| -0

3 (£)/
Vn+q) (n—q+2) <ci S ¢>(q,(m)n B Bg—2myn| ¢(q 1);1+3)ni1T>

3 () 1 () _
- \/((n +1+1)2—¢?2) (<{ S5 Blammyn — 5 Vgt Lot 3)nss | Pla—Lmt3 nilT) =0

and
Batm3ss Vs’ = Pl Glam -
¢:(3‘1(_$1?7f’1_3)ni1 ¢§q(—il?7/n+3)n¢1T - ¢éq7m)n d)(q,m)n’
¢(q+277;1)n ¢%q/_1,m+3)ni1T = 2q/,m)nT ¢ qm)n (4.36)

for each weight (¢, m),, € Wk,

When N(g ), = p for all weights (¢, m), € Wk the gauge symmetry reduction is given by
U(N) — Up)®™  with N=pd", (4.37)

where d"! = }Wk’l‘ is the dimension (A.10) of the irreducible SU(3) representation VEL In this
instance an explicit solution of (4.34) is given by

1 (k) 1 (%) 2 _ 2 3 () 3 ()
Bgamrn =1 Vigmyn » Plamin =2 Vigmy,  8d S =5 Vigm), (4.38)

with unitary degrees of freedom V( ( )) ’V(?z ) V(?; fni)zl € U(p) for each (g, m), € WL Substitut-

ing into (4.36) yields the commutation relations

1(+) 7,2 _ 12 L (%)
Vv(q,m)n (¢=1,m—=3)n+t1 — Vv(%m)n (g+2,m)n °

Vl (£) V3 (#)

3 (F) 11 (H)
(¢m)n ~ (q—=1,m=3)n+1 V V

(Q7m)n (q—17m+3)n$1 ’

2 3 (£) _ 3@ 2
(qam)n (q+2,m)n - ‘/((Lm)n Vv(q—17m+3)ni1 9 (439)
and then (4.35) leads to the conditions
L(£) 2 3 (F) _
V(q,m)n V(q—17m—3)ni1 V(q—i—l,m—?))nil =1, (4.40)

for each (g, m), € W*!. In contrast to the BPS equations derived in [19] (which do not involve
the curvature matrix elements (B.3)), the requirements (4.40) are much stronger than the set of
relations (4.35) of the double quiver @ ¥! associated to V’” as before they specify a flat connection
of U(p) lattice gauge theory on the finite quiver lattice Q" l, which is a tesselation of the plane R?
by equilateral triangles associated to the vector representations VOl and V10 of SU(3). Including
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a Chern—Simons coupling at the special value (4.19) removes the conditions (4.36) and modifies
(4.34) into a single set of equations representing the moment map equations of QFt [19].

See [17, §2.2] for the explicit construction of the nodes and arrows for a generic quiver Q*';
below we use these results in the combinatorics of physical fields.

Triangular quivers. To enumerate the physical degrees of freedom remaining after the dynam-
ical symmetry breaking mechanism, we first consider the representations ko0 (and their complex
conjugates VOF) of dimension db0 = 2 (k+1)(k+2). In this case the boundary of the weight
diagram W50 is an inverted equilateral triangle, the weight states are all unique, and there are
k+1 hypercharge levels (see Appendix A and Fig. 1). Starting at the lowest hypercharge eigenvalue

Figure 1: Weight diagram W49,

m = —2k, we tesselate the interior of the boundary triangle with equilateral triangles of the form
(3.10) (and its inversion representing the quiver Q°); at level 4 there are 2i — 1 triangles with 3i
edges in total for ¢ = 1,... k. Hence the solution (4.38) involves 3 k (k + 1) unitary degrees of
freedom, one for each link of the quiver lattice Q¥Y. We can use a gauge transformation in the
U(p)dk’o_1 subgroup of (4.37) for I = 0 to set d*% — 1 of these lattice gauge fields all equal to a
constant unitary matrix U on the lattice with U? = 1,, and then solve for the remaining fields
using the k? plaquette relations (4.40). Thus the solution (4.38) breaks the gauge symmetry of the
d-dimensional field theory on M to the diagonal subgroup U(p)diag, leaving in this case 3 k (k+3) p?
massive gauge bosons (with physical masses proportional to % at the Kahler and nearly Kahler loci
of the moduli space) and % k (5k 4 3) p? real physical Higgs fields. Of these scalar fields, p? of them
reside in the U(p)giag invariant hermitean field 6 defined by U =: exp( i), whose vacuum structure
is qualitatively analogous to that associated with the antifundamental representation V01 before.

For example, the quiver Q*° associated to the six-dimensional representation V20 is

(—2,2) I (0,2)2 I (2,2)2 (4.41)
~ ~ ™~ ~
Iy Iy Iy Iy
™~ V' N Ve
(_L _1)1 Iy (L _1)1
~ ~
I3y I;
™~ e
(07 _4)0

and the vacuum field content consists of 5p? massive gauge bosons plus 13p? real physical scalar
fields.

Hexagonal quivers. For a generic representation VR with k,0 # 0, k > 1 (or its complex
conjugate V'F), the boundary of the weight diagram W*! is a hexagon, symmetric about (0,0) € Z2,
with k& + 1 weights on the upper edge, [ + 1 weights on the lower edge, and k + [ 4+ 1 hypercharge
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Figure 2: Weight diagram W73,

levels from the lower to the upper edge (see Fig. 2). The outer [ layers are all hexagonal, while
inner layer [ + 1 is triangular (and hence so are all of its interior layers). The counting of physical
degrees of freedom is further complicated now by the existence of degenerate weight states: States
in the i-th hexagonal layer have multiplicity ¢ for ¢ = 1,...,[, while states in the inverted triangular
layers all have multiplicity [ 4 1. In the corresponding quiver diagram, diagonal links around layers
of fixed multiplicity ¢ are mapped to ¢ arrows between the nodes, and diagonal links from a layer
with multiplicity ¢ to a layer with multiplicity ¢+ 1 are mapped to 2¢ arrows; horizontal links always
map to single arrows. Starting from the lowest hypercharge eigenvalue m = —2k — [, the tip of
the first inverted triangular layer starts [ levels up at m = —2k + 2[. The enumeration within the
interior triangle is thus that of the triangular representation VF=10 a5 derived above, adjusted by
the multiplicity factor [ 4 1; in particular, it contains d*~%0 = 2 (k — 1 + 1) (k — [ + 2) nodes and

Sh—0k—1+DI+1)—21k—Dk—-1+1)=2(k-D(k—-1+1)(2+3) (4.42)

complex Higgs fields, where the subtraction compensates the overcounting of horizontal arrows in
the quiver diagram. The boundary of the weight diagram is generated by k applications of the SU(3)
operators I, and [ applications of I} for a = 1,2, 3; hence there are 3(k-+1) boundary nodes (each of
multiplicity one). The i-th hexagonal layer contains 3(k+1—2i+2) weights each of multiplicity 7 for
1=1,...,l. By suitably compensating the enumeration of horizontal arrows and the two “corner”
nodes, it is straightforward to see that there are 3i (k +1—2i +2) — (k+1—2i+2) (i — 1) arrows
around layer i, 3(k+1—2i+2) — (k+1—2i+4) additional horizontal arrows, and 8i (k+1—2i+1)
diagonal arrows to layer ¢ + 1. Adding everything, there are altogether

l
ST (100 +3) (k+1—2i+2) — 2(4i + 1)) (4.43)
=1

complex Higgs fields on the outer [ hexagonal layers. The total number of unitary matrices
parametrizing the vacuum solution (4.38) is then the sum of (4.42) and (4.43) which is

TP QU43)+ 3k (2P +41+1) — 21(1+1) (4 —13) . (4.44)

Again, we eliminate these lattice gauge fields in favour of a unitary matrix U = exp(i@) with
U® =1, by using a U(p)dk’l_1 gauge transformation and the plaquette relations (4.40). The gauge
symmetry is broken to U(p)diag, leaving (dk’l — 1) p? massive gauge bosons and a total of

TE*(31+5) + 2k (111% + 200 + 3) — 21 (81% — 151 — 17) (4.45)
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real physical Higgs fields.

For example, the quiver Q1! associated to the eight-dimensional adjoint representation VLlig

(1.3 — i — (1,3 (4.46)
L s N0 U ~
(_270)2 I; (070)0,2 I; (270)2
_ - ~ _
~ i - \I 5 -
~. L .h i N

(=1,-3)n Iy (1,-3)

leading to 7p? massive gauge fields and 25p? real physical scalar fields.

5 Induced Yukawa interactions of symmetric fermions

In this section we will describe the SU(3)-equivariant dimensional reduction of Yang-Mills-Dirac
theory on M = M x 5 for invariant spinor fields over the flag manifold 3, and the induced Yang—
Mills-Higgs—Dirac theory on M. We will focus particular attention to the possible emergence of
Yukawa couplings between the Higgs and fermion fields.

5.1 Reduction of the Dirac action

Consider the minimally-coupled Dirac lagrangean (d + 6)-form on M given by
LY =TT A XDU (5.1)

on the space of massless L2-spinors (3.17), where the fermion field ¥ has canonical dimension
% (d+5). For simplicity, we take a euclidean signature metric on M; for lorentzian signature the
adjoint spinor ¥T should be replaced with the appropriate lorentzian adjoint ¥. We also assume for
definiteness that the spinor field ¥ transforms under the fundamental representation of the U(N)
gauge group, but other fermion representations can be similarly treated. For representations V7
that give rise to a non-zero index for the Dirac operators on F3, and hence to harmonic spinors,
dimensional reduction of this lagrangean yields a non-trivial fermionic field theory on M coupled
to the Yang-Mills—Higgs theory of §4.

By integrating this lagrangean over the coset space 3, we arrive at a dimensionally reduced
lagrangean d-form
: LR =LY+ Y, + Ly, (5.2)
3
on M. The second term from (3.21) vanishes on harmonic spinor fields on [F3, while the first term
yields a series of massless twisted Dirac kinetic terms for the various fermion fields on M; with
the same rescalings of the bosonic fields and the metric moduli as in §4, using the orthogonality
relations (2.44) this gives

Vg,m
E% - Z Z Q’Z)(Q:m)n%T A *(aM +g A, (@m)n )w(%m)n;f
(gm)newit =1
lvg,ml
Y D gt AX@ar g A ) 0 my e (5.3)

(@m)newh!t =1
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The fermion fields 1(q m),.;c and 71(¢,m),.;¢ transform in the fundamental representation of U(N(g m),)
for each £ =1,..., |vgm].

Zero modes of the Dirac operator on F3 can also give rise to Yukawa couplings when the theory
is reduced to M. Upon reduction to M, Yukawa couplings between ¢y ,,),..c and 7 m),.;¢ can arise
from integrating the off-diagonal terms from the operator (3.23), involving the Higgs fields, in

VIAFPO =0 TAZPUT + 0T TA PO (5.4)

over F3, and they depend crucially on the zero mode structure. The projectors ﬁ(q,m)n pick out
specific zero modes in the expansions (3.17). Using the explicit matrix elements from (A.17), upon
integration over [F3 only the singlet parts of the fermion bilinears Xim; ET ﬁo‘xjm/;g, can survive and

generate Yukawa coupling coefficients ﬂiqo;?e,) n(@mn o given by

~(q_17m_3)n:t1 > (q,m)n

~ A3
_ [nEq+1ltl ¥ _ w - tA~1 +
erl;Z,Z’ - 24(n+14£1) Ak,l(nil’m 3)/18‘ 3! qul,mf?);@ gl Xq,m;f”
5 !
(:)/\3 _
~(g+2,m)n, (gm)n  _ (n—q) (n+q+2) - Tx~2, +
Yyoue - 48 ] Xgt+2,mse T Xgmser
5 !

~ A3
~(q=1,m+3)nx1, (@m)n  _ [nFqtlEl y+ w - ~3 4
Yy s ' - n2421n+1) Ahl(n,m)/ﬂi‘ 31 Xq_17m+3;gT'7 Xq,m:p! (55)
1
; : ~(q'm ) s (@m)n .
on M, plus a completely analogous set of coupling coefficients 3", € C which are

obtained from (5.5) by interchanging chiral and antichiral spinor labels x* < x~. Not all of
these couplings are expected to be non-zero, and in fact it is possible to immediately eliminate
a number of them using some simple combinatorial arguments based on the index formula (2.42)
and the decomposition of the quiver lattice given by (2.43), without any explicit knowledge of the
structure of the harmonic spinors. Note that a Yukawa coupling between two weights connected by
a quiver arrow (q, m), — (¢’,m’ ),/ can only arise if the corresponding indices are of opposite sign,
due to the change in spinor chirality induced by multiplication with the gamma-matrices 7 %; we
claim that this occurs if and only V(g m), | = [V(¢m’),, |, thereby eliminating a number of potential
couplings (5.5) associated to a given quiver Q"!. For illustration, let us consider the coefficient

gjiq;;Z’;q’)"’(q’m)”. Firstly, it is non-vanishing only when ¢ # —2,4+m, or else (¢ + 2,m), € Wg’l.

Secondly, suppose that ¢ > 0; then m? > ¢2, and (q + 2, m), € WL if and only if m? < (g +2)2
From (2.42) one sees that |vg | = |Vg+2,m| if and only if the bimonopole charges (g, m) are related
by the quadratic equation

¢ +2(g+1)(g+2)=m*. (5.6)

The quadratic formula shows that the only integer solutions of this equation occur for m? = 22 +1
with r € N, in which case ¢ = 2r — 1 and one easily has m? < (¢ + 2)?, as claimed; the other cases
and couplings can be treated in a completely analogous manner. In Fig. 3 we depict some examples
of this result. Using Wf’l N = (), the d-dimensional Yukawa interactions on M are then given
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Figure 3: Nodes of lowest SU(3) weight diagrams accomodating harmonic spinors, with the index
Vgm in square brackets attached to each weight (g, m), € Whl.
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generically by

Vq,m

Ly =2 Y (Ziqulén D I gyt A RO | Vgt

(gm)newit LU=1

+ y (q+2’m)n’ (Q7m)n /(Z;

21/
1200 (g+2, m)n;ZT A *¢ (q, m)nT w(q m)n ;¢!

"’( 1 +3n a( ) )’L :t)/
+Z T A G gyt A g )

|qu|
1 3n s n i
+2 >, D (Z Ry A P SRS (A TR
(gm)newkl LO=1
~ 2’ ny 5 n v
+ yﬁq;e g/n) (@m) Dig+2mynst] N *¢%q/,m)nT Y(gm)nst! (5.7)

~ 1m+3 Ynt1, (¢;Mm)n 3 (£ Y
+ Z £(13 0,0 = lam) w(Q*1,m+3)ni1§eT A *gb(q,(m)),iT w(‘]:”)n;” >

where Pg.m), 0 7= Y gm)se-

Without an explicit construction of the harmonic spinors we cannot evaluate the Yukawa cou-
pling coefficients (5.5) explicitly, nor indeed say which of them will be generally non-zero for a
given choice of SU(3) representation VEL In the case of equivariant dimensional reduction of
Yang—Mills—Dirac theory over the projective spaces CP" with n = 1,2, which are K&hler mani-
folds, it was observed in [6, 7] that Yukawa couplings only arise in the contributions from harmonic
spinors which are constant on the coset space; for CP! = SU(2)/U(1) such spinors exist in every
even-dimensional irreducible representation of SU(2), while for CP? there is a unique choice of
spin€ structure for each irreducible SU(3) representation VkL which accomodates constant spinor
harmonics. Moreover, when they exist, the constant spinor harmonics are unique and hence lie in
states of index 4+ 1. In the following we will demonstrate that an analogous construction applies to
the nearly Kéahler coset space Fs3, and compare the Yukawa interactions (5.7) at different points of
the moduli space.

5.2 Symmetric spinors of torsion class W1

We will begin by classifying the SU(3) representations V! which permit non-vanishing Yukawa
couplings (5.7), and lead to dynamical mass generation for the fermion fields via spontaneous
symmetry breaking, at the locus ¢ = 1 of the moduli space; recall that this surface contains the
nearly Kéhler point (2.29). In this case the Dirac operator @1;3 from (2.36) is associated to the
canonical connection (2.23). We will explicitly construct harmonic spinors of the corresponding
Dirac operators (2.35).

For this, we decompose the complex (1,0)-forms 0% into an invariant, local real orthonormal
basis e®, a = 1,...,6 of the cotangent bundle T*[F3 as

0% =271 4 je2 (5.8)
for @« = 1,2,3. Similarly, we decompose the corresponding complex gamma-matrices 4% into
hermitean gamma-matrices v*, a =1,...,6 as

o =1 (v 4+ iy (5.9)
for « = 1,2, 3; they obey the Clifford relations

(v, 7"} =26%"15 . (5.10)
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Then the canonical torsion three-form can be expressed as

H— _§ Fape €206 = i (6135 4125 4 416 6326) : (5.11)
where generally e 1= e A---Ae* with a; = 1,...,6 and we have used the structure constants
(A.2). Using the map (2.34) we define the corresponding hermitean matrix

H — i (,7135 _1_7425 4 7416 4 ,7326) ’ (512)

where generally 4919 := 4lo1  ~y]  Using the Clifford algebra (5.10) it is straightforward to
check that

H2 _ % (18 12343456 ,71256) and H4 _ HQ . (5.13)

Hence H? is a projector, and Trg(H?) = 2 so it is of rank two. The matrix H itself is traceless
with real eigenvalues, so it has six zero eigenvalues and two non-vanishing eigenvalues + 1 each of
multiplicity one. The eigenspinors of i are easily determined. Going back to the complex basis
(5.9) we can write

H=i(5123 1512 (5.14)

Expanding spinors on F3 as in (2.45), one then has
H(I) +171230)) = + (|0) + 17 12%)0)) (5.15)

and

H(792) =0=H(77|2) . (5.16)

The Dirac operator (2.35) for the canonical connection on the non-symmetric coset space F3
squares to [5]

. 2 i
(lpq,m) = ngm + % Scal 18 - % Rabcd 7ab0d ) (fq,m)ab 'Yab 5 (517)

where ng is the spinor laplacean including both the canonical spin connection and the bimonopole
gauge connection, and f, ,, is the U(1) x U(1) field strength (2.41). The structure constants (A.2)
and the explicit expression for the Riemann curvature tensor of the canonical connection [5]

Rabed = fab7 fear + fabs feds (5.18)
yield curvature two-forms
Ry, = % (2 pl2 _ 34 _ 656) 7
Ry = %(7612+2634 7656) ’
Ross = 2 (—e?—e*+2€%). (5.19)

The Ricci tensor is then Ricy, = %5@, the scalar curvature is Scal = 2, and

Rabcd ,yabcd — _% (71234 4 73456 + ’Y1256) ) (520)

Combining these expressions we find that the square of the Dirac operator (5.17) can therefore be
written as

(1Dg)? = V2, + 2 (1s = H?) — & (faum) 7™ - (5.21)

Let us now look at the zero modes of (5.21), beginning with the case where there are no monopole
backgrounds, i.e. (g,m) = (0,0) and Py, = @%3 is the untwisted canonical Dirac operator from
(2.36). By [8, Thm. 10.8] every harmonic spinor is also parallel for the canonical connection. Now
the matrix 1g — H? is a projector of rank six, with a two-dimensional kernel spanned by the Fock
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space states (18 +iy123 ) |©2). Since the background flux vanishes, fpo = 0, these states generate
harmonic modes which comprise two covariantly constant spinors Xafo? ie. VO,OX(j)Eyo = 0. By [1,
Thm. 4.2] a spinor field is parallel with respect to the canonical connection if and only if it is
constant, whence there are two constant zero modes with opposite chirality given by

Xgo=19) and x50 =7"2%) . (5.22)

These states are unique, consistently with the index theorem (2.42) in this case which gives 199 = 0,
as then dim ker(wato) = dimker(f; ) = 1. The states (5.22) correspond to the doubly degenerate
weight (0,0)0,2 of the adjoint representation, as discussed in §3.2; these states are represented by
the red nodes in the (k,1) = (1,1) diagram of Fig. 3. They form the components of the canonical
covariantly constant spinor o0 = XE{ 0 ® X o associated to the family of SU(3)-structures on F3 at
the nearly Kéhler point (2.29) of the moduli space.

For (¢,m) # (0,0), the constant spinors (5.22) are no longer zero modes, because of both
the inhomogeneous field strength term in (5.21) and the bimonopole connection featuring in the
Dirac laplacean ng. However, by the above analysis there are also six constant eigenspinors of
i(?lés with eigenvalues 4 +/2/3 each of multiplicity three from (5.16). Moreover, from (2.41) and
(2.25)—(2.26) we find

(fam) 7™ = =31 ((m— )7 = (m+ )72 +2¢7°%) . (5.23)

Hence by choosing the background bimonopole charges (g, m) appropriately we can cancel both the
flux 2 (1g— H?) in (5.21) and the corresponding contribution to (2.35) of the canonical connection;
note that this cancellation relies crucially on the fact that the canonical connection (2.23) is valued
in the Cartan subalgebra u(1)@u(1), like the background bimonopole gauge potentials. From (2.23)
it follows that these charges are precisely the non-zero weights of the adjoint representation, and
for each such charge there is a unique constant harmonic spinor Xéc,m§ these states are represented
by the blue nodes in the (k,1) = (1,1) diagram of Fig. 3. Each of these charges will turn one of the
six constant but non-zero modes of the untwisted Dirac operator i@lﬁ}S into a constant zero mode,
while at the same time turning the two constant zero modes of i@ﬁg into constant non-zero modes.
From the U(1) x U(1) charge assignments given by (3.24)—(3.25), the three positive chirality zero
modes are

XTs=7710 .,  x5He=7710  and  xi5=771Q), (5.24)

while the three negative chirality zero modes are

X:1,73 = AVJIIQ) ) Xio = 62’Q> and X_13= ?3|Q> . (5.25)

)

In fact, these are the only bimonopole fields which give rise to twisted spinor bundles that admit
unique, constant chiral harmonic modes: For a given representation V!, it is straightforward to
show from the index formula (2.42) that there are only six possible weights (¢, m),, € W*! yielding
index vy, = £1, given as

(g,m)=1(1,3), (-2,0), (1,-3) with vy, =+1 (5.26)

and
(g;m)=(-1,-3), (2,0), (-1,3) with vy m = -1, (5.27)
consistently with the U(1) x U(1) charge assigments in (5.24)—(5.25).

We can completely classify all representations VR which give rise to such spinor harmonics.
For a given irreducible representation of SU(3), one can work out the index for each weight using
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(2.42) (see Fig. 3); note that for triangular quivers Q% the index (2.42) can be parametrized using
(A.15) as
Vi = 5 ¢ ((2k = 3n)* = ¢*) (5.28)

wheren = 0,1,..., k labels the hypercharge levels and ¢ € {—n, —(n—2),...,n—2,n}. The smallest
irreducible representation in which the weights (5.26)—(5.27) appear is the adjoint representation of
SU(3) with (k,1) = (1,1), while the next one is the decuplet representation with (k,l) = (3,0); in
both cases these six possibilities represent the only zero modes which arise. They can also occur in
higher irreducible representations ‘A/k’l, but only in those with weight diagrams W*! which have the
Zs-symmetry that allows them to contain the outer hexagonal layer of the adjoint diagram W1
(Fig. 3). From the explicit construction of the weights (¢, m),, given in (A.15), it is straightforward
to see that the only weight diagrams W*! which contain the weights (5.26)(5.27) correspond to
representations

VAL with k—1=0 mod 3 . (5.29)

Each of the blue nodes in Fig. 3 corresponds to a twisted spinor bundle over F3 which admits a
unique constant zero mode of either positive or negative chirality.

For a generic representation in the class (5.29) with k > [, the bottom edge of the adjoint
hexagon has nodes with hypercharge m = —3. Recall from our analysis of the combinatorics of
weight diagrams from §4.4 that the inverted triangular layer of a weight diagram W*! starts at
level m = —2(k — 1) (see Fig. 2). Hence for k > [ the adjoint hexagon lies inside the triangle and
each of its weight states therefore has multiplicity [ + 1, while for £k = [ there are no triangular
layers and the states have multiplicity /; in both cases the node (0, 0),, in the centre of the hexagon
has degeneracy [+ 1. For a fixed weight (g, m),, in the adjoint hexagon, from (A.15) it follows that
the isospin labels can be parametrized as n = n; where

nj=2j+2(k-0)+% with j=0,1,...,1 (5.30)

for k > [, while for k = we have j # 0 when m = -3 or m =0,¢q = +2 and j # [ for m = 3.

It turns out that the only non-vanishing coupling coefficients around the adjoint hexagon are
of the form 'yqua’,?e,) ""(q’m)”, which are obtained by interchanging x™ <> x~ in (5.5). We normalise

the fermionic Fock vacuum [Q) such that
(QQ) = 3 Vol(F3) " . (5.31)

Then all the corresponding fermion bilinears in (5.5) evaluate to 1 for the constant spinor harmonics
(5.24)—(5.25), and the relevant couplings are denoted

_ (=2.0)n 41, (~1,3)n, :
+ . ( ’ G+ ) i n]+1 _ A
Ty = Yo1a =\ 24(n;+2) )‘k,z(ny +1,0),
_ (=2.0)n 41, (~1,-3), ;

+ o~ C20nn (P18 3\t (o
Ui = Ulsaga =\ 21tm, 1y Ak =3)

— ~(1,-3)n;-1,(2,0)n, n;—2
I J J_ J + R _
T; = Y11 =\ 2, )‘k,l(nj 1,-3),

_(13)n;—1,(2,0)n; —7 ._
Ui = Yoz i #ﬁn)‘k,l(”ﬁo) (5.32)

for the diagonal links, while

~ _(1,-3)n.,(—1,-3)n. 41 ~(1,3)n.,(—1,3)n.
yjo =Y 911 J 7 = Z]\/g = y—Z;l,lj 7 (533)
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for the horizontal links. On the other hand, using the spinors (5.22) we find that the non-vanishing
coupling coefficients corresponding to arrows to the centre nodes (0, 0),, of the adjoint hexagon are
given by

gji — giz;ll,f)njil,(o,o)nj _ ﬁ)‘il("jilv_?’)’

G = B TR 0.

GF = T = o N £1,0)

§* = Ty = g A (5.3
for the diagonal links, while

for the horizontal links, where the signs in (5.34) are both included in the k = [ cases to account
for the doubling of arrows between layers of different weight multiplicities, and we have utilized the
combinatorial counting of physical fields from §4.4.

In the following we abbreviate ¥ (;m), = Y(gm),;1 and w (@m)n "= lz(q,m)n;l- Then with the
above notation the constant spinor contributions to the Yukawa interaction lagrangean (5.7) read
as

£Y° = 292(90 V(- 20041 A*¢1 (+)/ W C13)n w(lj_g)j /\*¢1( )/ ¢(2o)nj

v

+37 (V-3 A*¢<—1,—3>njw<—1,—3>nj 3., A*O ) T%Z?(—ls)n.)

/

+@VJ~+¢(—2,0)TL.H*/\*QS?_H)_;),) T15(—1—37,+§f¢(13)n 1 /\*¢ (2,0). T7/}20
+ G130 /\*¢1(i)/w}00 G E D0 AL wmn

+¢0 (w@,on.TAwoo T 0,0, +T/100)nT/\*¢ a0, Vz0),,)  (5:36)

+f ¢ —1,3)p; 41 /\*¢30$ “ﬁoo)n +§J %Z)(oonil /\*¢1_3) ¢(1,—3)n].)

with an implicit sum over + for the real representations with £ = [. Thus the quiver gauge theory
contains Yukawa interactions for every quiver derived from an SU(3) representation of the form
(5.29). If the Higgs fields appearing in (5.36) acquire a non-zero vacuum expectation value through
dynamical symmetry breaking, then the 8(I 4+ 1) — 6Jx; fermion fields occuring in (5.36) acquire a
mass matrix. In the special case (4.38), the eigenvalues of this mass matrix, like the perturbative
induced gauge and Higgs boson masses, are independent of the gauge coupling g and determined
entirely by the metric moduli ¢, of the coset space F3.

As an explicit example, let us consider the simplest non-trivial case of the adjoint representation
with (k,1) = (1,1). The relevant symmetric spinors in this case can be organised into a ten-
dimensional vector

(Y200 » Y(1-3)1 » Y301 > P0.0)0 » V(0,002 » P (2002 » P(-1,-3)1 » V(—1.3)1 » P(0.0)0 » P(0,0)2) - (5.37)

Using (A.18) the Yukawa coupling coefficients (5.32)—(5.35) can be computed explicitly, and after
substituting the Higgs vacuum (4.38) the induced 10 x 10 fermion mass matrix g can be read off
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from the sum of (5.36) and its complex conjugate as

0§ = o0 0
0 0 So gé «;é
05 1 , 2\//§ 2\//6 22
“:<MT oc) with ., = 2g ;\% 0 % 2% 0o | . (5.38)
© 0 glf S0 0
24/2
S S _Sh 0 0
V6 2v6 26

together with the constraint ¢; ¢o¢3 = #ﬁ; here 0,, denotes the n x n zero matrix. The matrix
(5.38) can be diagonalised and its eigenvalues determined as functions of the metric moduli ¢,
a = 1,2,3; the mass eigenvalues come in charge conjugate pairs £ u;, ¢ = 1,...,5, where ,u? are
the eigenvalues of the positive matrix p. ) . Here we just note that the determinant of the mass
matrix is given by

2 g* o4 SHRY
det(p) = — det(ps,) :‘w(ﬁ‘g ﬁ) , (5.39)

and hence away from the lines ¢} = % 12 in the moduli space all fermion masses y; are non-zero;

this is true, in particular, at the nearly Kahler point where ¢, = ﬁ fora=1,2,3.

We should stress that our analysis does not necessarily classify all possible Yukawa interactions,
as we have not precluded the possibility that the coupling coefficients (5.5) may be non-vanishing
for fermion bilinears associated to pairings between weight states (¢,m), € Wkl associated to
indices of equal magnitude |vg,,| > 1 and opposite sign (see Fig. 3); however, we have shown that
such harmonic spinors are necessarily non-constant, and the explicit determination of the integrals
in (5.5) requires their explicit construction, which we will not attempt here. Nevertheless, we have
classified all couplings associated to constant harmonic spinors, equivalently symmetric fermions
corresponding to unique Dirac zero modes, and found a large class of quasi-Kéhler SU(3)-structures
including the nearly Kahler point which admit chirally paired fermion mass generation.

5.8  Symmetric spinors of torsion class Wy & Wo

It is interesting to study how the Yukawa couplings vary as we move around the moduli space.
Unfortunately, the situation is far less under control for generic values of the metric moduli ¢,,
as the constant spinor fields x on 3 are no longer zero modes of the untwisted Dirac operator
@%’3. By [1, Thm. 4.2], constant spinors are eigenspinors of the square (1@1?3)2 with the eigenvalue
equation

(i@§3)2x =2(1- o) x for x = constant . (5.40)

Hence in the generic case the adjoint octet of constant spinors (5.22), (5.24)—(5.25) play no role
in the construction of symmetric fermions, and an explicit determination of the Yukawa coupling
coefficients (5.5) requires a more detailed understanding of the non-constant spinor harmonics. The
Yukawa couplings in this case come from weight states (¢,m), € W" corresponding to higher-

dimensional Dirac kernels ker(lD;m), and because they can only arise on links between nodes of the

same index =+ v, ,, we expect that for a given SU(3)-module VEL there will be far fewer Yukawa
interactions between symmetric fermions, if any (see Fig. 3). One might regard this feature as a
further physical vindication for specifically constraining the heterotic flux compactification to the
nearly Kéahler locus of the moduli space, a requirement that usually follows from supersymmetry
considerations [13].

A representative class of quasi-Kéhler SU(3)-structures which does not include the nearly Kéhler
point ¢, = ﬁ, a = 1,2,3 occurs on the surface o = % in the moduli space. Recall that this is
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the only other known case where the index |vg,,| corresponds to the dimension of the vector space

ker(lpq,m) of harmonic spinors. Moreover, in this case any constant spinor is a zero mode of the
operator (i 1;3/ 3)2 — 1g. The complexity of the change in structure of the harmonic spinors in
this case is further exemplified by noting that the analog of the relation (5.21) for o = % is given
by [12, 9]

(1Pgn)” = Vo = 3 H* + 5 (1 + Kapear"™™) = § (fam) 7" - (5.41)

The torsional curvature K := dH = V3 ImdQ can be computed by using the Cartan structure
equations for the frame ©% from §2.2 to get

dQ=WiwoAw+ Wy AW, (5.42)
where
Wimd(A+L+3) (5.43)
and

Wo=i ((3-5-2)8 A8 - (3-2-5)8n&+(3-5-15)818%), (5.44)

together with the constraint ¢j o3 = % While the canonical connection I' at ¢ = 1 on F3

appears in the supersymmetry condition which demands that the supersymmetry parameter be

a covariantly constant spinor with respect to it, and hence equal to xo,0 from (5.22), the two-
= 1

parameter family of connections I' at ¢ = 5 is the one that appears in the Dirac zero mode

equation for the d-dimensional gaugino field on M.

5.4 Symmetric spinors of torsion class Wo

Finally, let us consider the Yukawa couplings for the standard Kahler geometry of the homogeneous
space F3. The relevant connection in this case is the Levi-Civita connection I' from (2.19) at the
locus (2.20), and hence it formally corresponds to the o = 0 member of the family of Dirac operators
(2.36) on F3. Hence the same remarks concerning the o = % case of §5.3 apply here as well, but
with two further complications. Firstly, there is no nice simplification for the square of the Dirac
operator (iqu,m)2 in this case, such as that in (5.21) for 0 = 1 and that of (5.41) for 0 = 1;
the rather cumbersome formula can be found in [1, Thm. 3.2]. The issue here is that F3 is a
non-symmetric coset space, and moreover the Levi-Civita connection (2.19) is valued in the Lie
algebra su(3) so there is no way to cancel its off-diagonal components using solely the background
bimonopole fields which take values in the Cartan subalgebra u(1) @ u(1); as we saw explicitly in
§5.2, the presence of torsion gets around the Lichnerowicz theorem which would otherwise forbid
the construction of harmonic spinors as parallel spinors. Secondly, strictly speaking, the K&hler
structure on F3 does not really live in the family of quasi-Kéhler SU(3)-structures parametrized
by the metric moduli ¢,, @ = 1,2, 3; passing to the Kéhler locus corresponds to a discontinuous
change of complex structure Jy <+ J— on T*F3 which cannot be implemented by smoothly varying

any continuous parameters like o or ¢,.

Let us briefly spell out how discrete changes in the complex structure on F3 induce discrete
changes in the Yukawa couplings. For the almost K&hler structure on F3 given by (2.17), suitable
gamma-matrices on M x F3 are constructed as in (3.19) but now using gamma-matrices 7,5 %
with complex orthonormal indices a = 1,2,3 with respect to the metric g. We then use (3.8)
with O = %@a = %5‘1 for a« = 1,2 and 03 = %@3 = %53, together with the obvious
modification of the Clifford map (2.34), to replace the orthonormal one—formsﬁa by To = TR
Note that the discrete change of complex structure J, « J_ sends 73 <+ 73 and hence changes
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the Yukawa couplings, and also I; < Ifr = —(If )T and so it further changes the group theory
coefficients determining the dynamical fermion masses. The d-dimensional Yukawa interactions on
M are again of the form (5.7) but now with the set of Yukawa coupling coefficients (5.5) replaced
by

~ A3
~(g—1,m—=3)nx1,(¢;m)n

— [ntqtlEl 3 F R toT +
y-l-l;f,@’ = A 72(n+1) Ak,l(n’Tn)/IF 3! Xq—l,m—3;€ v Xq,m;ﬁ”
3 !

~ A3 _

plar2zmn, (gm)n  _ p [ (n=q) (n+q+2) W - o2+

y+2;€,€’ - 144 F 3! Xq+2,m;€ v Xq,m;f’ )
3

~ A3
A(q_l)m+3)nﬂ:l 5 (qvm)n

— Fq+1£1 y+ w - ~3 4+
y+3;€,f' = R m >‘k7l(n7 ’I?’L) /IF T qul’erg;gT Y Xq’m;gl . (545)
3

It is probable that some Yukawa couplings which are zero in the quasi-Kéhler case will become
non-zero in this case, and vice-versa. Again, without an explicit construction of the non-constant
spinor zero-modes on [F3 it is not possible to be more specific, but the important point here is that
the choice of almost Kéhler structure on the internal coset space influences the Yukawa interactions
in the dimensionally reduced field theory. Whether or not the choice of nearly Kahler structure
described in §5.2 leads to phenomenologically more viable heterotic string vacua will require further
detailed investigation.
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A Representations of SU(3)

Generators and relations. Choose a basis set {I4} for the Lie algebra su(3) with A =1,...,8
in such a way that Ir, I3 yield a basis for the Cartan subalgebra u(1)@®u(1). The structure constants
ng are defined by the Lie brackets

[Ia,15] = fiplc with gap:= fic fop=04B, (A.1)

where we have further chosen the basis so that it is orthonormal with respect to the Cartan—Killing
form on su(3). Then fapc = f EB dpc is totally antisymmetric in A, B, C. The structure constants
completely determine the geometry of the homogeneous space Fs.

The non-vanishing structure constants which conform with the nearly Kéhler structure of Fj
and the structure equations (2.22) are given by [19]

_ _ _ — 1
f135 = fa25 = fa16 = f326 = 33

for=far=5z,  fus=-fus=-5 and  frr=—. (A2)
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Correspondingly, we choose the basis for 3 x 3 matrices of the antifundamental representation of
su(3) given by

L (00 -1 L0 0 i L (0 10
L=——1]00 0], = — o, L=—1[-10 0],
2v3 \1 o o 2v3 \; o o 23 \ o 0 o
L0 i 0 L (0 0 0 L (000
L=——1i 00|, L=—-10 0 1|, IL=——1[00 i),
2v3 \o 0 o 2v3 \o _1 o 2v3 \o i o0
. [0 0 0 L2000

I; = 0 -1 0 and Igs=—10 -1 0 ] . (A.3)
23 \op o 1 6\ 0 -1
The matrices
L (000 L (00 1
Iy =3 —iL)=—= (0 0 0 : IF=3(Lh+ilh)=—= 10 0 0],
2v3\1 0 0 2v3 \o 0 o
L (010 L [0 00
Iy =1I3—ily)=—= [0 0 0 : Io=3Is+ily)=—= -1 0 0],
2v3 \o 0 o 23 \ o 0 0
00 0 0 0 0
Ig::%(k—ifﬁ):i 00 1 : I;::%(I;,HIG):L 0 0 0],
2v3\p 0 o 2v3 o _1 o
L (0 0 0 L2 0 0
—iL=——1{0 -1 0 and —ils==- {0 -1 0 (A.4)
2v3 \o 0 1 6\ 0 -1

form a basis for the complexified Lie algebra sl(3,C) in the antifundamental representation. Here
complex conjugation acts by interchanging barred and unbarred indices.

The non-vanishing structure constants C§p of sl(3,C) in the basis (A.4) are given by

1 2 3 1l 2 3 1
Cops=C5 =01y =0y =C51 =05 = —55
1 2 1 _ 2 _ 1 3 _ 3 1
Ch=Ch=-Ch=-Ch=55, O3=-05=-7,
. _ (A.5)
1 _ 11 2 _ 21
Ca=-Chag=—-5, Chu=-Cu=35,
T 7 — 1 7 1 8 _ 1 8 _ _ 1
Cli—CQQ——m s 033—7 y Cli—z and 022——1 .
After the rescaling (2.31), the structure constants (A.5) are rescaled as
~a S8 S a _  SBSy _@&
Cg'y - 2\/§ ga’y Cg’)’ - S‘oe’y E%’Y )
0%1:0711:#7 032:032:#7 05’32033:—%,
C§1 - 0811 = —% ) 0822 - C§2 = % ) (A.6)
Cli=12Cl = V3, Ch=124Ch=-V3g, C=12¢Ch =2V3q
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CP =120 CY =37, 5y =123 C, = 345 ,

plus their complex conjugates. The non-vanishing structure constants 5’23 of the Lie algebra su(3)
for the complex basis of one-forms 6% adapted to the Kéhler structure on F3 and the structure
equations (2.18) are given by

GL_¢r__ 1 gy
23 13 26 12 /6
~ ~ ~ . R (A.7)
T _ AT AT 1 8 _ 1 8 _ _ 1
Ci1=Cp=C=—175" Cii=1 and Cp =1,
and their complex conjugates, plus
6711:532:#, @;3:_L’ 62%1:—%a 632:%,
e R e R (A.8)
C?o’z - _C%x and Cg& = _08aa
for a = 1,2, 3. Here we have chosen R? = 2A? = 6.
In the basis (A.4), the Chevalley generators are given by
Eo =2V3I; ,  Ea=2V3I; and  Eaja, = —2V3I], (A.9)

where a1, ay are the simple roots of SU(3). Compared to the representations pertinent to the
holomorphic Kéhler loci of the moduli space [17], the change in Chevalley generator I; — I{r
corresponds to the change in sign of the almost complex structure along the CP'-fibre direction
of Fg.

Irreducible modules.  For each fixed pair of non-negative integers (k,1) there is an irreducible
representation V%! of SU(3) of dimension

=1k +1)I+1)(k+1+2). (A.10)

The integer k is the number of fundamental representations V10 and [ the number of antifun-
damental representations yol appearing in the usual tensor product construction of VEL Al
irreducible T-modules are one-dimensional, and the collection of weight vectors of the maximal
torus T = U(1) x U(1) in SU(3) label points in the weight diagram W*! for V. We denote
them by (g, m),, where ¢ = 2I, and m = 3Y are respectively isospin and hypercharge eigenvalues,
and the label by the total isospin integer n = 2I is used to keep track of multiplicities of states
in the weight diagram. They may be conveniently parameterized by a pair of independent SU(2)
spins ji, with 254, = 0,1,...,k and 25 = 0,1,...,[, and the corresponding component spins
my € {—ji,—j+ +1,...,j+ — 1,7+ }, which are defined in terms of Young tableaux as follows.
Represent the irreducible T-module V(, ,,), with weight vector (g,m)n = (1,1)1 by &, that with
(g,m)n, = (—1,1)1 by [, and that with (¢, m), = (0,—2)p by [&. Then the SU(3) — U(1) x U(1)
decomposition of the fundamental representation

VL = Ve, @ Viciy, @ Vo2, (A.11)

is depicted by
] — @ o] @ [o]. (A.12)

In terms of SU(3) Young tableaux, the irreducible representation Vhi corresponds to the diagram

— (A.13)
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and this contains all U(1) x U(1) representations

x|-|xlo]--lolo]--]olo]--[o|x]--[x]e][-]e] (A.14)
N ———A—— .

® --|® X|-| X @®|-|@® . . :
; k=254 jy+tmg jy—my

1-2j— j—+m_ j_—m_

of dimension 2j4 + 2j_ + 1, isospin charge 2m, + 2m_, and hypercharge 2(I — k) + 6(j+ — j—),
with multiplicity one. This gives

g=20mi+m), m=6(s—j)—2(k—1) and n=20s+j).  (A.l5)

The SU(2) spin ji (vesp. j-) is the value of the isospin contributed by the upper (resp. lower)
indices of the SU(3) tensor corresponding to the irreducible module V%!, The integers (q,m),, all
have the same even/odd parity.

Biedenharn basis.  To explicitly represent the coset generators of F3, we use the Biedenharn
basis for the irreducible representation V%! of SU(3) [17]. The generators of the complex torus
TC = C* x C* for the irreducible module corresponding to the weight vector (g, m), in this basis
are given by

— i = 1

while the non-vanishing off-diagonal matrix elements of the remaining generators of SL(3,C) are

— (q=1,m=3)nx1, (g;m)n +qt+1+
_[1 (¢ m—3)n+1,(g,m) — \/%)\il(nil7m_3)’

(n=q) (n+g+2)
3

_ iféq’m)" _

and , (A.16)

o3

I; (¢+2,m)n, (g;m)n

)

4
— —1,m 3 n s M) n
[y @ tmSn @mn \/%Aiz@a m) (A.17)

where
Mamm) = o JERE g2 (g ) (B -5 -%).
Nog(nom) = L J(E_mpmy gy (GE g my (kg m gy (ALS)

The latter constants are defined for n > 0 and we set A, ;(0,m) := 0. The analogous relations for

I can be derived by hermitean conjugation of (A.17) using the property (Ig)Jr =1

o

B Matrix elements of invariant curvatures

The diagonal matrix elements of the curvature (3.9) of the gauge potential (3.8) at each vertex
(g, m), € Wk of the weight diagram for V*! can be computed by substituting (A.17) and are



given by
J—.'(qvm)n (Q7m)n — F(q,m)n (Bl)

2
ST 31,31 nEg+lEl \F 2 () 1 (E) ¢t
59 N0 zi: [ ST (£ 1m +3) (I, = g Ol

— 1) Fol)
— PR AL (n,m)? (1N<q,m>n = DL, m+3) e ¢(q+1,m+3)n11)}
2 02 2 2
48 6 AO [(n —q)(n+q+2) (1N(q’m)n — Plgm)n ¢(q,m)nT)
0+ 0= 0+ 2) (130, — G, Foar,)|

2
$3 ~3  ~3 nFqtl \+ 2 3(£) 43 ()
+ 24 ©°NO Zi: [ Iqul Ak ( m) <1N(q,m>n - ¢(q,m)n (b(q m)nT)

)

_ ntgtldl v+ 92 _ 43 (£) T 43 ()
n—?—l:l:l )\ (n:F 1,m 3) <1N(q,m)n ¢(q+17m_3)n:‘:1 ¢(q+17m_3)n¢1):|

where F(@m)n = qA@mn - A(@m)n A A(@7)n ig the curvature of the vector bundle Em), = M, and
we suppress tensor products to simplify the notation. The remaining non-vanishing off-diagonal
matrix elements of the curvature two-form F are given by

+ ,
am)n (q—1,m=3)n _ ApulnElm=3) [2(ntq+141) ~1
Flamn ( Jnkl = S e D(;S (@ m)n A O

o~ - e
+600*A0° [\/« +1i12)4(nq+%j(d;_tq+m)

2
(¢(q m)n ¢ q+1 m—3)n+1 ¢(q_1vm_3)nilT)

n+q) (n—q+2) (n£q+1£1) (1 (%)
_\/( a) ( 24‘(1n+)1i1)‘1 ) <¢>(qm —¢q gm)nT ¢(q 1m— 3)nilT):|} ’

ISy [Wﬁﬂxi (n,m)’ (B.2)
+

2 & t3 (Pt
X (¢(q,m)n ¢(q+1,m+3)n;1 ¢(q+2 m)n )

ntq+1£1 2 3 (£) L (¥
~ N Lm =3 (6, — Ot Ol o T)] :
AE n,m n ~5
Flamn @-tmt e i) {% WECEE) g (9 ) &

+ 12 él A\ é2 |: (n+q) (n—Qli-é-j—)i_(Sq:q-g-lel)

3 (£) 2 t gl () t
X (¢(q7m)n o ¢(q_27m)n ¢(q—1,m+3)ni1 )
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and

(g+1,m=3)ng1 (g+1,m+3)nt1  _ <163 _ nFGHIFL  + + Al A3
F 5 ) (o) r(nm) A, (nF1,m—3)0" A O

3 (+ 1 (F) t_1(F) T
<¢(q+1 m—3)nFx1 ¢(q+1,m+3)nil ¢(q+2 m) ¢ q+2 m) )

Flg=2m)nz1 (g+1,m+3)n % \/((n+1)(;_€1)1(711):,:q+1) )\i (n F1,m) él A éi

2 1 (F T 2
X <¢(q—27m)n¢1 qb(q-i-l,m-i-f%)n ¢(q—1,m+3)n ¢(q—1,m+3)"> )

Flat2m)n (q=1m+3)ns1 28 \/(n ) (n+2q(-;2£1(;1¢q+1i1) )\i (n m) 92 A O3
3 (i 2 3 (ﬁ:
plus their hermitean conjugates F(@m )n (¢mIn — —(]—"(‘17m)"(‘1,’m/)n’)T for (¢',m' ) # (g, m)n.

Here

(Z)l (:l: q 17m_3)ni1
(g;m) )

1 (:t) . 1 (:I:) ( 7m)n
Do = Ay + AT g

(g, m)n

2 _ 2 M) n 2 +2,mn
D&lymy, = A0y m), + AT 0 —¢<q7m>n14(q e

((Lm)n

3 ()

3(E) _ gt @ (¢:m)n _ 3(E) 4(g-Lm+3)n
D¢(Qam)n - d¢(q,m)n+Aq ¢(q7m)" ¢(q7m)nAq +1 (B.4)

are bifundamental covariant derivatives of the Higgs fields on M.
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