GROUND STATES FOR A STATIONARY MEAN-FIELD MODEL
FOR A NUCLEON
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ABSTRACT. In this paper we consider a variational problem related to a model
for a nucleon interacting with the w and ¢ mesons in the atomic nucleus. The
model is relativistic, and we study it in a nuclear physics nonrelativistic limit,
which is of a very different nature than the nonrelativistic limit in the atomic
physics. Ground states are shown to exist for a large class of values for the
parameters of the problem, which are determined by the values of some physical
constants.

1. INTRODUCTION
This article is concerned with the existence of minimizers for the energy func-

tional
|0"V<P|2 a/ 4
5(,0:/ ———dr — = o|* dx 1.1

(©) rs (1 —|el?)+ 2 ]R3| | D

under the L%-normalization constraint
/Rs lo|? do = 1. (1.2)

More precisely, for a large class of values for the parameter a, we show the existence
of solutions of the following minimization problem

Iinf{S(cp); o€ X,/ l|? do = 1} , (1.3)
R3

where
- Vol
X ={¢pe L*R3C? ;/ |0-7cl,7:<—|—oo . 14
{permons [ o 14

We remind that o denotes the vector of Pauli matrices (o1, 02,03),

(01 (0 —i (1 0
91=41 0) 27\ o) 7 \o -1/

The Euler-Lagrange equation of the energy functional £ under the L2-normalization
constraint is given by the second order equation

o-Vp ) o - Vol? 2
—o-V + p—alp|*p+bp=0, (1.5)
((1 = lel?)+ (1—1]e?)z

where b is the Lagrange multiplier associated with the L2-constraint (1.2). Hence
a solution of the minimization problem (1.3) is a solution of the equation (1.5).
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Moreover, Lemma 2.1 below proves that any ¢ € X satisfies [p|? < 1 a.e. in R3.
So, a minimizer for (1.3) is actually a solution of

U'Vw) o Vl? 2
—o-V + p —ale|“p +bp =0. 1.6
(F3R) + o ol (19

Solutions of (1.6) which are minimizers for I are called ground states.
The equation (1.6) is a equivalent to the system

io - VX + |x|*¢ — alp|*e + by = 0,
{ Ix| ] w7)

—io - Vo+ (1—|¢*)x =0.

As we formally derived in a previous paper ([1]), this system is the nuclear physics
nonrelativistic limit of the o-w relativistic mean-field model ([9, 10]) in the case of
a single nucleon.

In [1], we proved the existence of square integrable solutions of (1.7) in the
particular form

sin Ye'?

- cos ’ (1.8)
o (220.)

where f and g are real valued radial functions. This ansatz corresponds to particles
with minimal angular momentum, that is, j = 1/2 (for instance, see [8]). In this
model, the equations for f and g read as follows:

F4 25 =g~ ag? +b),
g/:f(lig2)7

where we assumed f(0) = 0 in order to avoid solutions with singularities at the
origin, and we showed that given a,b > 0 such that a —2b > 0, there exists at least
one nontrivial solution of (1.9) such that

(1.9)

(f(r),g9(r)) — (0,0) as r— +o0. (1.10)

In this paper, we prove the existence of solutions of the above nuclear physics
nonrelativistic limit of the o-w relativistic mean-field model without considering
any particular ansatz for the nucleon’s wave function.

Note that (1.6) is the Euler-Lagrange equation of the energy functional

lo - Vl? a/ 4
F :/ ——dx — — dx 1.11
R e (111)

under the L? normalization constraint. In the Appendix, we prove that the energy
functional F is not bounded from below. So, trying to find solutions of (1.6) which
minimize the energy F is hopeless and the definition of ground states for (1.6) based
on this functional is not clear.

In our previous work ([1]), we showed that for all the solutions of (1.9) which
are square integrable, ¢g%(r) < 1 in [0,+00). Hence, according to this result, we
conjecture that a solution of (1.6) has to satisfy |¢|? < 1 a.e. in R3. As we prove in



GROUND STATES FOR A RELATIVISTIC MODEL IN THE NONRELATIVISTIC LIMIT 3

the Appendix, this assumption is also justified when we consider the intermediate

model
o= ( g > (1.12)

with v : R3 — R and a > b. Moreover, in the physical literature finite nuclei are
described via functions ¢ such that, in the right units, |¢|?> < 1 and |¢| is rather
flat near the center of the nucleus, and is equal to 0 outside it, see [5, 2].

Note that if || < 1 a.e. in R?, then F(¢) = £(¢), and the ground states of
(1.6) can be defined without further specification as the minimizers of &.

The main result of our paper is the following

Theorem 1.1. If I < 0 there exists a minimizer of (1.3). Moreover, I < 0 if and
only if a > ag where aqg is a strictly positive constant. In particular, 10.96 =~ % <
ag < 48.06, where S the best constant in the Sobolev embedding of H(R3) into
LS(R3).

Remark 1. The upper estimate for ag is obtained by using a particular test function
and is probably not optimal .

The proof of the above theorem is an application of the concentration-compactness
principle ([3, 4]) with some new ingredients. The main new difficulty is due to the

lo-Vo|?
presence of the te'rm Jzs A-To s, '
to rule out the dichotomy case in the concentration-compactness lemma we have
to choose ad-hoc cut-off functions allowing us to deal with possible singularities of
the integrand. This is also necessary in order to show the localization properties of

lo-Vo|?
Jes oo de

In the next section, we will establish a concentration-compactness lemma in X
and then apply it to prove our main result. The Appendix contains some auxiliary
results about various properties of the model problem that we consider here.

dz in the energy functional. As we will see below,

2. PROOF OF THEOREM 1.1

To prove this theorem, we are going to apply a concentration-compactness lemma
that we state below. The reader may refer to [3] and [4] for more details on this
kind of approach. The particular shape of the energy functional, where the kinetic
energy term is multiplied by a function which could present singularities as || gets
close to 1 creates some complications in the use of concentration-compactness, that
we deal with by using very particular cut-off functions.

Let us introduce

I, = inf {5(@ ;P € X,/ lo|? dx = y} (2.1)
R3
where v > 0 and I; = I, and we make a few preliminary observations.

Lemma 2.1 ([6]). Let ¢ € X. Then, ¢ € HY(R3,C?) and |¢|?> < 1 a.e. in R3.

Proof. First, by a straightforward calculation, we obtain
-Vol|?
/ |V<p|2dz:/ lo - Vo|* dv §/ %dm < 400.
RS R3 re (1= o)+
Hence, ¢ € H'(R3,C?). Next, let n € C? such that |n| = 1. Note that for ¢ € X,
IRefn-p}>1(0 - Vo) = 0, a.e. in R®. Define the functions f = (Re{n - ¢} — 1)1
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and ¥ = fn. (Note that for 2 complex vectors A,B € C% A - B denotes the
scalar product %2_, A; B, where Z stands for the complex conjugate of any complex
number z).

We have f € H'(R3,R) and ¢ € H'(R3,C?). Moreover, for k = 1,2, 3,

ak’l/) = 8kfn and 8kf = Re {TL . 8k<p} ]]-Re{n»ga}21: n- 8k1/)

Hence, we obtain

3
/RS |Vf|2dac:/RS |V1/J|2d:v:/RSZRe{Re{n-akgo}n-(')kw} dz

3
/ ZRe{n Okp} Re{n - Ok} dxf/ ZRe{@kfn~8k<p} dx
R3 R? =1

k=1

:/ Re{V -V} dx:/ Re{(o - V) (o -Vo)} dx
R3 R3

:/]RS Re {(O’ . V1/)) . ]].Re{nwp}zl(o' . VQO)} dr =0

As a consequence, f = 0 a.e. in R3 that means Re{n - ¢} < 1 a.e. for all n € C?
such that |n| = 1. This clearly implies that || < 1 a.e. in R3. O

In what follows, we say that a sequence {¢,}, is X-bounded if there exists a
positive constant C' independent of n such that

o Vul?

||<Pn||22+/ T dr < C. (2.2)
B Jes (1= lenl?)+

Lemma 2.2. Let {¢n}n be a minimizing sequence of (2.1), then {on}n is X-

bounded, bounded in H'(R3) and I, > —oc.

Proof. Indeed, since {®,, }, is a minimizing sequence, there exists a constant C' such

that

|O"V(Pn|2 a / 2 a
C>E&(pn 2/ —_———dr — —v > o-Vou|*der — v
( ) R3 (1 - |80n|2)+ 2 R3 | | 2

a a
= Vo |?de — —v > —=v.
/Rs' oul"dr —35v ==V

As a conclusion, ||@y,||g1 is bounded independently of n and I, is bounded from
below. m

Lemma 2.3. For all v € (0,1), I, < 0. Moreover, the strict inequality I < 0 is
equivalent to the strict concentration-compactness inequalities

I<I,+hL_, , WYwe(0,1). (2.3)
Proof. Indeed, let ¢ € D(R?) such that [o4|@]* = v and [, (|1” hvafl) dr < +oo0,
and let o, (z) = 7y~ 3/2p(y~1x) for v > 1. Then
1 o Vyp|? / 4
I, <¢& = — -_— d
< E(py) VQ/RS(IW| 32 lo|” da,

and letting v — +o00, we prove I, < 0.
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By a scaling argument, we obtain

2
Iy, < inf{ﬂ1/3 /]R (|1" ET" / lp|* dz|p € X, / lp|? dx = 1/}

and, if I, < 0, we may restrict the infimum I, to elements ¢ satisfying

lo - V|
K(p) = / 1T VP >8>0,
)= f TRy

for some 6 > 0. Indeed, if there is a minimizing sequence {¢, }, of I, such that
K(pn) — 0, then, by Sobolev embeddings, ¢, — 0 in LP(R?) for 2 < p < 6 and

I, > 0. As a conclusion, if I, < 0, then, for all ¥ > 1 and for all v > 0,
Iy, < Jinf {5(90)|50 € X,K(p) > 0,/ lo* de = y} =9I, . (2.4)
RS

Hence, a straightforward argument (see lemma I1.1 of [3]) proves that (2.3) is equiv-
alent to I < 0. O

In order to prove Theorem 1.1 we need to analyse the possible behaviour of
minimizing sequences for I. This is done in the following lemma.

Lemma 2.4. Let {¢n}n be a X-bounded sequence such that [4s |¢n|® dz =1 for
all n > 0. Then there exists a subsequence that we still denote by {¢n}n such that
one of the following properties holds:

(1) Compactness up to a translation: there exists a sequence {y,}n C R? such
that, for every € > 0, there exists 0 < R < oo with

[ iz
B(yn,R)

(2) Vanishing: for all 0 < R < oo

sup / lon|? dz — 0;
yER® JB(y,R) "

(3) Dichotomy: there exist o € (0,1) and ng > 0 such that there exist two X -
bounded sequences, {@1 }n>n, and {@8 }n>n,, satisfying the following prop-

erties:
ln = (1 +@3)l[Lr — 0, for 2 <p <6, (2.5)
and
/R3|<p’1’|2d$:>a and /]RS |<p’2’|2dx:>1—a, (2.6)
dist(supp ', supp ¢5) — +o0. (2.7)

Moreover, in this case we have that

liminf €(pn) — E(e7) — E(p3) 20, (2.8)

n—-+oo

which implies I > I + I1_4.
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Proof of Lemma 2.4. Let {¢n}r, be a X-bounded sequence such that [, |¢n|* dz =
v for all n > 0. We remind that X-bounded means that there exists C' > 0 such
that o Ve
2 g V¥
lenlie [ ooy
Moreover, thanks to Lemma 2.1, if {¢, }, is a X-bounded sequence then {p,}, is
bounded in L> (by the constant 1) and in H(R?). Then, along the lines of [3], we

introduce the so-called Lévy concentration functions

dr < C.

Qu(R) = sup / (o2 d, (2.9)
yeR3 J|z—y|<R
lo - VSﬁn|2
K, (R) = sup / LA 1 N (2.10)
yeR3 J|z—y|<R (1 - |(Pn|2)+

for R > 0. Note that @, and K,, are continuous non-decreasing functions on
[0, 4+00), such that for all n > 0 and for all R >0

Qu(R) + Kn(R) < C
since {¢n }n is X-bounded. Then, up to a subsequence, we have for all R > 0
Qu(R) — Q(R), (2.11)
K, (R) — K(R), (2.12)
where () and K are nonnegative, non-decreasing functions. Clearly, we have that

a= lim Q(R)€0,1]

and we denote [ = limp_, o0 K(R).

If o = 0, then the situation (2) of the lemma arises as a direct consequence
of Definition (2.9). If a = 1, then (1) follows, see [3] for details. Assume that
a € (0,1), we have to show that (3) holds.

First of all, consider € > 0, small, and R. > 0 such that Q(R.) = a — ¢ and
K(R.) <l —e. Then, for n large enough,

Qn(Re) —Q(R:) < 1/n, K,(R:)—K(R:)<1/n,

and by definition of the Lévy functions @, extracting subsequences if necessary,
there exists y,, € R? such that

/ (ol? dz — Qu(R.)
|I*yn|<Ra

) 2
/ oVl W’;' dz — K, (R.)
lz—ynl<i. (1= lonl?)+

1
S_v
n

<

S|

Next define R,, > R, such that

3
/ |¢n|2dz:_+5-
R.<|z—yn|<Rn n

Necessarily, R, — +00 as n — +o00. Indeed, if R, < M for some M > 0, then
Q(M) > «, which is impossible. We then deduce that for n large enough,

3
/ lonl?de < = +¢
an§|x7'gn‘SRn n

8
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Let £, ¢ be cut-off functions: &, ¢ € D(R?) such that

1 lz] <1
fx)=q 1—exp| 1= 1<z <2
1—exp (1 - %m)
|z| > 2
7] <1
¢(x) exp | 1 ! 1<zl <2
x) = - )
1 —exp (1 — 271|I|)
1 |z| > 2
and let &, ¢, denote & (;) ¢ (ﬁ) We define
Pr() =Era (- —yn)on() =&ra , (Jon() (2.13)
05 () = Caa (- —yn)Pn() = Crn \, (Deon(") (2.14)

with R,, — +o0. (2.7) follows easily from these definitions. Furthermore, (2.5) and
(2.6) are obtained in the following way:

tin [ Jou = (6 + D)P e = lim (0~ Enp — G il
R

n—-4o0o n—-4o0o %S\E*yTJSRn

< lim |gan|2dx§5,
n=te0 JEn Clp—y, |<R,

Now by taking a sequence of ¢ tending to 0, and by taking a diagonal sequence of
the functions ¢,,, and calling it by the same name, we find

/ |ion? dz — 0,

En <|z—yn|<R,

and, since {¢}}, and {¢4}, are bounded in H!(R3), we also obtain

tim_flen — (@7 +¢D)lls =0,

n—-+oo

for 2 < p < 6. Next, we have to prove that {7 }r>n, and {5 }n>n, are X-bounded.
To this purpose, we show that

| 2

. n|2 6%%_71 |U : V(pn
lim / No-Veil” 4, 7/ e dz =0 (2.15)
oo Jpa (1= [97]?)+ w (L=[e7 )+

and
2

lim

2
n - Ven
o VeB]? | Bl Vel o e
n—+oo Jps (1 — |@5 %)+ R3 -

- 1e5P)s
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Indeed, if (2.15) and (2.16) hold, we obtain that for all € > 0, there exists ng > 0
such that for all n > ng, we have

. n|2 gLn o - VSﬁn|2
/Rg 7(“’ Vet dxg/RB s o dz 4+ 0(1)n— 400

L —|e7]?)+ (1 =[P *)+
lo - Vion|?
< —— T d 1), o < C 1)y )
< [y e oo <€ ol
and
" YV ion?
o Vi |2 / (i, 1o Veon
— = dr< dx + o(1)p—1to0o
I B e (D
</ de—i—o(l) <C+o(1)
= - (1 — |S0n|2)+ n—+oo > n—-+oo-

To prove (2.15) we proceed as follows. We remark that

. n|2 §2R_n |0' . Vgﬁn|2
/ 7|0- V(p1| dZC—/ 8 Un dx :An+Bna
Rs ( R3

1 — et )+ (1 —Je7?)+
where
o (Véra . lo - (V€ ,, Jnl®
A, :=/ / = da
R3 (1- |<P1 Bo <Jzp—y,|<En (1- |801| )+
IU : (Véﬂn s )enl?
< / dx .= Cy,
Tnglz Yn S 1- ﬂ Yn
and )
2 3
1B,| <2(C < o= Vnl” dz> .
(1= Tenl®)+

Let us now prove that C), tends to 0 as n goes to +o00. Using spherical coordi-
nates, we obtain

C, </8” / /Qﬂ e @"1(_ ?('S)(g?( ))232 sin 0 ds df dep

21 |on(s, 0, ¢)]? (‘E (Ris))2 2
_R2 /Tn // 1752( ) s° sinfdsdf do

64 +oo 2 2 2
=R 1@301752 lon(s,0,8)|? s> sinfds df dp = O R2

since Jpax (gr) < C. Indeed, since €2 (r) = 1 if and only if r = 1 (GIG)

1-€2(r) T 1-€%(7)
is a continuous function on (1,2). Moreover, by a straightforward calculation, we
obtain hm (Em) ™) _ 0 = lim M Hence, we can conclude, that M is
o1y 1620 ro— 1-62(1)° ’ ’ 1-¢2(r)
bounded in [ ,2]. As a conclusion, since R,, — +00, we obtain
lo - Vl|? &y yn|a Venl”
lim A oy / S o=
n—+oo Jrs (1 —[7[?)+ re (1= o7 )+
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With the same argument, we prove (2.16).
Finally, it remains to show that
im i — ) — >) > 0.
liminf &(pn) — E(pY) — E(wz) 2 0
First of all, using the definitions (2.13) and (2.14), we obtain

i lo - Vion|? . lo - Vn
im PR T dr > lim e e
n—+oo Jps (1 — |pnl?)+ n—+oo Jps (1 — |72 — |5 ]?)+

Next, we remark that

. 2 . n|2 . n|2
re (1= o7 = | ?)+ e (1= 7 ?)+ e (1 =[5 ?)+
|2

2 .
:/ o Viou|? dzi/ Eap o Veul”
e (- [P — [95P) s  Jre (L= 191D+

2o o V|
/ 2 2dn dx + o(1)
- n n—00
e (- TAP)

:/ (1 B %Tnvyn B Qh%‘Tnvyn) |a- . V(‘DWI'Q
R3

| 2

dx.

AR R
> 0(1)n~>oo-
As a conclusion,
v 2 Vool 2
lim % dr > lim % dx
n—+oo Jps (1 — |@nl?)+ n—+oo Jps (1 — |@7]2)+
VI 2
+ lim o - V| dx

3

oo Jpa (1= |95 [?)+
and, using (2.5) and the localization properties of ¢} and ¢4, we have

I= lim E(py) > liminf E(p7) + liminf E(py) > Lo + fi—a -

n—-+oo

O

Proof of Theorem 1.1. Assume that I < 0. By Lemma 2.2, any minimizing sequence
{¢n}n is X-bounded, and then we can use Lemma 2.4 to it. It is easy to rule out
vanishing and dichotomy whenever I < 0.
Vanishing cannot occur. Indeed, If vanishing occurs, then, up to a subsequence,
VR < 400 we have
lim sup / lonl? = 0. (2.17)
B(y,R)

n—-+o0o yER3

This implies that ¢, converges strongly in LP(R3) for 2 < p < 6 and, as a conse-
quence, I > 0. Clearly, this contradicts I < 0.
Moreover, if dichotomy occurs, we have

I'= lm &(pn) 2 liminf &(py) +liminf E(pz) 2 Ja + 1-a

which contradicts Lemma 2.3, since I < 0.
Hence, for n large enough, there exists {y,}, € R? such that Ve > 0, IR < +o0,

/ a2 > 1 2.
B(yan)
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We denote by @y, (+) = @n(-+¥yn). Since {@, }n is bounded in H!, {3, },, converges
weakly in H!, almost everywhere on R and in L for 2 < p < 6 to some . In
particular, as a consequence of weak convergence in H', o - V@, converges weakly
to o - V@ in L?2. Moreover, thanks to the concentration-compactness argument,
{@n}n converges strongly in L? and in L? for 2 < p < 6.

Lemma 2.5. Let {f,}n and {gn}n be two sequences of functions such that f, :
R3 - R, g, : R3 = C?, f, converges to f a.e., g, converges weakly to g in L? and
there exists a constant C, that does not depend on n, such that fRS falgnl?dx < C.

Then
/ flgl? dx < liminf/ frlgn|? d.
R3 n—-4o0o R3

Proof. Given a function h : R?* — R, let Ty be the function defined by
T h(z) ifh(z) <k
EME@ =3 ) > &

for all k € [0,00). Hence, the following properties are satisfied for all k € [0, c0):

Ti(fn) — Ti(f) ae. in R3, (2.18)
Ti(fa)lgl* — Ti(f)lgl* in LY, (2.19)
Ti(fn)g = Ti(f)g  in L? (2.20)
1 T(fr)glle — ITe(f)gll L2, (2.:21)

where to obtain (2.19) and (2.21), we use Lebesgue’s dominated convergence theo-
rem. Moreover, as a consequence of (2.20) and (2.21), we have

Tr(fn)g — Tw(f)g in L*. (2.22)

Next, we have
0 <liminf [ Tx(fn)|gn — g*dz =liminf [ Ti(fn)lgn|?d
—éﬁli&/m k(fn)lgn — gI” dw ;gg;o/w k(fn)lgnl” da

+1iminf/ Tk(fn)|g|2dzfliminf (/ Tk(fn)§n~gdz+/ Tk(fn)gn~§d:c)
R3 n—-+00 R3 R3

n—-+o0o

:hminf/3Tk(fn)|gn|2dx+/RB Tk(f)|g|2dx—2/RS Ti(f)|g|* dz

n—-+o0o R

thanks to (2.19), (2.22) and the fact that g, converges weakly to g in L?. As a
consequence,

/ To(f)|gl? de < liminf / Ty (fu)lgn|? d (2.23)
R3 —+0o0 Jr3

n

Since
1iminf/ Ti(fn)lgn|? dz < liminf/ fulgnl?dz < C,
n—+00 Jp3 n—+00 [p3

we can pass to the limit for k that goes to +oo in (2.23) and we obtain

[ oo <timint [ folgnf? .
R3 n—+00 [p3
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By applying Lemma (2.5) to f, = er and g, = |o - V@,|, we obtain
Vo2 V@ |?
/ % dr < hmlnf/ wdm.
e (1—[@%)+ n—+o0 Jga (1 —|@nl?)+

Hence, ¢ € X, [gs |¢]* dz =1, and
£(p) < liminf £(20) < £(7).
n—-+oo

As a conclusion, the minimum of I is achieved by ¢.

Finally, it remains to prove that there exists ag > 0 such that for all a > ag we
have I < 0.

It is clear that I < O for a large enough. Since I is non-increasing with respect
to a, we may denote by ag the least positive constant such that I < 0 for a > ag.

We have to prove that ag > 0 or in other words I = 0 for a small enough. Using
Sobolev and Holder inequalities, we find, for ¢ € X such that fR3 lo|? dx =1,

s 1/3
= 6d — = / 6d
([erar) =5 ([ e

Hence, if a < &, I = 0. This implies ag > <. According to [7] the best constant
for the Sobolev inequality

lullLam) < ClIVul| L @m)
With1<p<mandq:% is given by

CZFAMmAm(ﬁzi)F”p((ru+numnm>))”m.

m—p L(m/p)I'(1+m —m/p

In particular,
1 4 1/3
()"
37 \ /T
2 3743

5o
To obtain an upper estimate for ag, we consider the following test function

o(z) = ( fR(()|$|) )

and

~ 10.96.

where fr(|z|) = f(m),

=

and R € (0,1) is such that [ |fg|?>dz = 1. This implies

9\ 2/3 3 1/3
R= |- —_— .
T T —6
Next, we denote by a the positive constant such that &£ ( ) = 0. By definition,

o Vol? |V Fl
. 2 Jos a0 _ 2o 10 s d

[lel* [l
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and, by a straightforward calculation, we obtain

|V.}FR|2 ot 710/3
By ="R= ,
w I |fP T 6 BRRE - 6)

4 m(27%—15) 5 3(2w% —15)
/'fR| =T ;. T T smr e

As a consequence,

]7r10/3 (g(ﬂz . 6))2/3
3(2m2 — 15)
Since the energy functional £ is decreasing in a, if @ > @ then I < £(@) < 0. As a

conclusion, ag < a + ¢ for all € > 0.

a =

~ 48.06

APPENDIX A

A.1. We begin this section by proving that if (¢, x) a solution of (1.7) with ¢ €
H(R3) of the form (1.12), then |p|?> < 1 a.e. in R3. As we saw before, ¢ is a
solution of

o-Vop lo - Vo|?
o V(o) + (e el b =0 (A
or equivalently,
Agp o - v‘P|2 2
PP =1 (P —1p? ~elelerte=0,
or still,
Vel

2 2
¢ — (alpl"p = bp)(lp|” = 1) =0,
e — (el o) (lof 1)
because for functions ¢ of the form (1.12),
lo- V> =|Ve|? and o-(VpAVyp)=0 a.e.

For any K > 1, we define the truncation function Tk (s) by Tk (s) = sif 1 < s < K,
and Tk (s) = 0 otherwise. Multiplying the above equation by ¢ Tk (|¢|?) € L?(R?),
we obtain

V@Q
— [ Vel Tl - [ (Vo o) Vo) - | A2 Y LS
R3 R3 R3 |<P| 1

- /}RS(GISDI2 = b)(l¢l* = Dlel* T (|¢l*) = 0. (A.2)
Moreover, for all K > 1,
20-Vop 1<|o]? <K
VTx(l¢l*) = 2 2 -
0 [l <1 or [p]" = K

Therefore, if a — b > 0 the Lh.s of (A.2) is negative and this implies that either
lo|> < 1or|p|> > K ae. As a conclusion, taking the limit K — +o0, if a —b >0
then any solution ¢ of (A.1) of the form (1.12) satisfies |p|?> < 1 a.e. in R?, and
in the equation (A.1) we can replace the term (1 — |¢|?) by (1 — |¢|?)+ without
changing its solution set. The same happens for solutions of the form (1.8).
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A.2. Let us next prove that the functional F, defined by (1.11), is not bounded
from below. Consider the function £ introduced in the proof of Lemma 2.4. Let us
denote A := [, [£(2)|? d.

Then, let us define the radially symmetric function

£lr) = e(T’VIHQ)Z, 0<r<+vIn2,
Er+1—+vm2), r>+VIn2,
where £(|z]) = £(z) for all x, and take a := [5, f(|#])* dz. Note that supp(f) C
0,1+ +vIn2] and  max Sf )(;)(Z < C, for some constant C' > 0.
0<r<1+vIn2
Next, for all integers n > 0, define the rescaled functions &,(x) := n3/2£(n$).

This change of variables leaves invariant the L?(R3) norm. Then for n large, con-
sider the function

gn() = max{€, £

Note that the measure of the set {z € R ; g, = &,} tends to 0 as n goes to
+00. This function satisfies [ps |gn(2)|*dz = A+ a + o(1), as n goes to +oo. In
order to normalize it in the L? norm, let us finally define the rescaled function
92 (z) = gn (—) R > 0 and choose R,, such that [, |gf" (z)* dz = 1. As n goes
to +o0, R, — R:= (A+a)~'/3 > 0. We compute now the energy F of the vector

function ¢~ defined by
(@
ﬁ%m(gé)).

We find
2
(5711%)/ (T)) an® R3
F Rny ( dr — n 4 d
() Lw»ml@%m2x 2 wamm ’
(f' () aR} 4
+R, /Rn<fRn . f2 B dx 5 /Rn<fRn f(z)*dx

an® R} 4 ) a R} 4 3
S_T/ |€]* dx + Ry, / 0 dm— 5 RBf(:I:) dx + o(n”),
because whenever ¢ftn > flin) (55")2 > 1 and because the sequence {R,}, is
bounded. This clearly shows that F is unbounded from below.
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