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ABSTRACT. The solution X, to a nonlinear stochastic differential equa-
tion of the form dXn(t) + An(t)Xn(t)dt — 3 33 (B} ())> X (t) dt =
Z;.V:l B} () X (t)dB] (t) + fu(t) dt, Xn(0) = x, where 57 is a regular ap-
proximation of a Brownian motion 3;, Bj (t) is a family of linear contin-
uous operators from V' to H strongly convergent to B;(t), An(t) — A(t),
{An(t)} is a family of maximal monotone nonlinear operators of subgra-
dient type from V to V', is convergent to the solutlon to the stochas-
tic differential equation dX (t) + A(t)X (¢t)dt — 3 EN B} ()X (t)dt =
SOy Bi(t)X () dB;(t) + f(t)dt, X(0) = . Here VCcCH=H cV
where V is a reflexive Banach space with dual V’ and H is a Hilbert
space. These results can be reformulated in terms of Stratonovich sto-

chastic equation dY (t)+A(t)Y (¢) dt ZJ L Bi()Y (t)odB;(t)+ f(t) dt
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1. INTRODUCTION

Consider the stochastic differential equation

dX(t)+ A)X dt—fZBQ
7j=1

N
> Bi(t)X(t)dp;(t) + f(t)dt, te[0,T]

J=1

[ X(0) ==
(1.1)

where A(t): V' — V' is a nonlinear monotone operator, Bj(t) € L(V, H),
Vt € [0,7] and f; are independent Brownian motion in a probability space
{Qa t957 {yt}tZ(]’ ]P)}

Equation (1.1) is of course equivalent with the Stratonovich stochastic
differential equation

(L1 dY(t) + A@)Y (1) dt = XN Bi(t)Y (1) 0 dB;(t) + f(t)dt, t € [0,T).
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Here V is a reflexive Banach space with dual V'’ such that V. ¢ H C V’
algebraically and topologically, where H (the pivot space) is a real Hilbert
space. (The assumptions on A(t), B;(t) will made precise later on.)

We associate with (1.1) the random differential equation

dy +A(t)y = g(t), t €[0,7], P-as.
dt (1.2)
y(0) =z,

where ¢(t) = ezyzlﬁj(t)B;(t)f(t), B:(t) is the adjoint of Bj(t) and A(t) is
the family of operators

Aty =e" Z;’V:I B; (1) Bj(t)A(t)eZ?f:l Bi(t) Bj(t)y 4
+ Z/ e Bt B (1)es Bi®)y ds, VyeV (1.3)

where Bj is the derivative of t — Bj(t) € L(V, H) and (e*5i(®) g is the
Co-group generated by B;(t) on H and V.

It is well known (see e.g., [17, pag. 202], [14], [21] ) that assuming that
B;By(t) = By(t)Bj(t) for all j, k, at least formally equations (1.1) and (1.2)
are equivalent via the transformation

X(t) _ ezle B () Bj(t)y(t), P-as, t € [O’T]7 (1.4)

and this is indeed the case if (1.2) has a strong, progressively measurable
solution y: [0,T] x Q — H.
We consider also the family of approximating stochastic equations

%Xn—FA Xn_ZB" B + fult),  P-as.
(1.5)
X,(0) = x.

where {ﬁjn} is a sequence of smooth stochastic processes convergent to 3;,
that is A7 (t) — B;(¢) uniformly on [0,7], P-a.s. and A, — A, B} — B,
fn— f as n — oo in a sense to be made precise below.

Equation (1.5) is just an approximation of Stratonovich equation (1.1)
where S} is a regularization of ;. One must emphasize that {Bn} might be
adapted to a filtration different of {.%;}.

Equation (1.5) reduces via (1.4), that is

(1) Xa(t) = X B OO, )
to a random differential equation of the form (1.2) that is

dyn
(12),{
yn(0) =

+ Ap(t)yn = gn(t), t € 10,7, P-a.s.



where g, (t) = eXimt B?(t)B?*(t)fn(t) and A,, are given by
An(t) = e Zim B O B (0) 4 (t)ezj-il By (1) By () 4

+Z/ —s Bt (t)eSBﬂn(t)y ds.

The main result (see Theorems 2.1, 2.2, 2.3 below) is that under suitable
assumptions equations (1.2), (1.2),, have unique solutions y and y, which
are progressively measurable processes and for n — oo, we have y, — v,
X, — X in a certain precise sense. In the linear case such a result was
established by a different method in [14], (we refer also to [18], [21] to other
results in this direction.) The variational method we use here allows to treat
a general class of nonlinear equations (1.1) possibly multi-valued (On these
lines see also [5, 6].)

The applications given in Sect. 4.1 refer to stochastic porous media equa-
tions and nonlinear stochastic diffusion equations of divergence type but of
course the potential area of applications is much larger.

Notation. If Y is a Banach space we denote by LP(0,7;Y), 1 < p < oo the
space of all (equivalence classes of) Y-measurable functions u: (0,7) = Y
with [Ju|ly € LP(0,T) (here || - ||y is the norm of Y'). Denote by C([0,T];Y)
the space of all continuous Y-valued functions on [0, T’ and by W1?([0, T]; Y)
}

the infinite dimensional Sobolev space {y € LP(0,T;Y), ‘212’ € LP(0,T,Y)
d
dt
that W1P([0,T];Y) coincides with the space of absolutely continuous func-

tions y: [0,7] — Y, a.e. differentiable and with derivative y/'(t) = fft’ (t) a.e.

t€(0,T) and % € LP(0,T;Y )(see e.g., [4].) If p € [1,00] is given we denote
by p’ the conjugate exponent, i.e., % + 1% =1.

(1.3)n

where is considered in sense of vectorial distributions. It is well known

2. THE MAIN RESULTS
We shall study here equation (1.2) under the following assumptions

(1) V is a separable real reflexive Banach space with the dual V' and H
is a separable real Hilbert space such that V. C H C V' algebraically and
topologically.

We denote by |- |, || - |lv and || - ||y+ the norms in H, V and V’, respectively
and by (-,-) the duality pairing on V' x V'’ which coincides with the scalar
product (-,-) of H on H x H.

(i) A(t)y = 0Y(t,y), a.e. t € (0,T), Vy € V, P-a.s., where ¢: (0,T) x V x
Q — R is convex and lower-semicontinuous in y on V and measurable in t
on [0, T]. There are a; >0, 1, € R, i=1,2, 1 <p; < pa < o0

i+ o [y <t y) <y +aollyllf?, VyeV. (2.1)

(iii) There are Cy, Cy € RT such that
Uit —y) <Cri(ty) +Ca  VyeVite(0,T). (2.2)
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(The constants Cj, i, «; are dependent on w.)

(iv) For eachy € V' the stochastic process 1 (t,y) is progressively measurable
with respect to filtration {F}i>0.

(v) Bj(t) is a family of linear, closed and densely defined operators in H such
that B;(t) = —Bj(t), vt € [0,T], B;(t) generates a Co-group (esBi®) cr on
H and V. Moreover, Bj € C'([0,T); L(V, H)), B;(t)B(t) = Bi(t)B;(t) for
all j, k.

(vi) f:[0,T] x Q — V' is progressively measurable and f € LP1(0,T;V"),
P-a.s.

We note that by (ii) A(t,w): V +— V' is, for all ¢t € [0,7] and w € Q,
maximal monotone and surjective (see [4]) but in general multi-valued if 1
is not Gateaux differentiable in y.

Theorem 2.1. Let yg € H. Then under assumptions (i) ~ (vi) there is for
each w € Q a unique function y = y(t,w) to equation (1.2) which satisfies

y € LPY(0,T; V)N C([0,T); H) n W52 ([0, T); V'), (2.3)
%(t) FAMYE) 5 gt), ae. te (0,7T),
(2.4)
y(O) = Yo

Moreover, the process y: [0,T] x Q — H 1is progressively measurable with
respect to the filtration { % }i>0.

If A,(t,-) and A, 1(t,-) are multi-valued we mean by A, (t,y) and A, (¢, 2)
single valued sections.
By & e denote the variational or I'-convergence. This means that for each
y € V and £ € A(t)y there are y,, and &, € A(t)y such that y, — y strongly
in V, &, — & strongly in V’ and similarly for A;1(t) — A71(¢). Assumption
(2.5) implies and is equivalent to: ¥y, (t,z) — ¥(t, 2), ¥} (t, 2) — *(t, 2) for
all z € V, 2 € V' and ¢ € [0,T] where ¥* is the conjugate of 1) (See e.g.,

1)

Theorem 2.2. Assume that for each n, An, B} and f, satisfy (i) ~ (iv).
Then for any yo € V there is a unique function y, = yn(t,w) which satisfies
(2.3) and equation (2.4) with A, instead of A. Moreover, assume that for
n — 0o

Ault) S AW, te[o,T] 25)
A7) S AT, te (0T
fa(w) = f(-w),  strongly in LP2(0,T; V'), P-a.s. in Q. (2.6)
Bir — Bjz, in cl([0,T]; H), Ve e H.
Then for n — oo
yn(-w) = y(w) (2.8)

P-a.s. weakly in LP*(0,T; V'), weakly-star in L>°(0,T; H).
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Assumption (2.5) implies and is equivalent to: ¥, (t,z) — ¥(t, 2), ¥} (¢, 2) —
*(t,2) for all z € V, 2 € V' and t € [0,T] where ¢* is the conjugate of ¢
(See e.g., [2].)

Coming back to equation (1.1) we say that the process X : [0,7] — H
is a solution to (1.1), if it is progressively measurable with respect to the
filtration {.%; };+>0 induced by the Brownian motion,

X € O([0,T], H) N LP'(0,T; V), P-as. (2.9)

and

B t 1 Nt )
X(t) = :c—/o A(S)X(s)ds+2;/0 B2(s)X (s)ds (2.10)

N t
+;/0 Bj(S)X(S)dﬂj(S)Jr/O F(s)ds, Vtel0,T], P-as.

By Theorem 2.1 and Theorem 2.2 we find that

Theorem 2.3. Under the assumptions of Theorem 2.1 there exist unique
solutions X and X, to (1.1) and (1.5) respectively given by

X(t) = Zm BB yr) X, (1) = eZimt OB Oy 1y (2.11)
where y and y, are solutions to (1.2) and (1.2),,. Moreover, we have
X,Xn € LPY(0,T;V),  P-a.s. (2.12)
X, Xy [0,T] = H are P-a.s. continuous and

X, — X weakly in LP*(0,T;V), weakly-star in L>=(0,T; H), P-a.s.
(2.13)

The precise meaning of Theorem 2.2 and Theorem 2.3 is the structural sta-
bility of the Ito6 stochastic differential equation (1.1) and of its Stratonovich
counterpart (1.1)’. As a matter of fact, as mentioned earlier, all these results
can be reformulated in terms of Stratonovich equation (1.1)’.

One of the main consequences of Theorem 2.2 is that the Stratonovich sto-
chastic equation is stable with respect to smooth approximations of the
process B(t)Xdf(t). On the other hand, the general existence theory for in-
finite dimensional stochastic differential equations with linear multiplicative
noise (see e.g., [16, 17]) is not applicable in present situation due to the fact
that the noise coefficient x — B(t)x is not bounded on the basic space H.
The approach we use here to treat equation (2.4) relies on Brezis-Ekeland
variational principle [12], [13] which allows to reduce nonlinear evolution
equations of potential type to convex optimization problems. (On these
lines see also [5]-[7], [22], [24]).

The more general case of nonlinear monotone and demicontinuous operators
A(t): V — V' is ruled out from present theory and might expect however
to extend the theory to this general case by using Fitzpatrick function for-
malism (see [22], [24]).

As in [14], see Corollary on p. 438, we can define a solution to problem
(1.1) for any deterministic continuous function 8 : R, — RY. The result
from [14] was a generalisation of a analogous result from Sussmann’s well
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known paper [23], see also Doss [19]. We will formulate our result in the
same fashion as in [14], i.e. the result contains implicitly a definition. Let us
observe, that in this case, we prove the existence for any multidimensional
continuous signal, thus a signal more general than a rough signal from the
theory of rough paths. However, this is due to the assumption of the com-
mutativity of the vector fields Bj, j = 1,--- , N. In the result below, we need
deterministic versions of assumptions (ii), (vi). Note that the assumption
(iv) is now redundant.

(ii’) A(t)y = oY(t,y), a.e. t € (0,T), Vy € V, where ¢: (0,T) x V — R
is convex and lower-semicontinuous iny on 'V and measurable in t on [0,T].
There exist a; >0, v; e R, 1 =1,2, 1 < p1 < po < 00, such that

v+ Y|P <Yt y) <+ anllylfE, VYye V. (2.14)

(vi) f € LP1(0,T; V"),

Theorem 2.4. Assume that the assumptions (i), (iil), (v) as well as (ii’)
and (vi’) are satisfied. Then for every x € V and every 8 € C([0, T]; RY),
the problem
N
dX(t)+ A(t)X () dt = Z B;(t)X (t)dp;(t) + f(t)dt, te[0,T]
j=1

X(0)==x

(2.15)
has a unique solution X € LP*(0,T;V)NC([0,T); H) in the following sense.
(i) For every B € CY([0,T];RY), the problem (2.15) has a unique solution
X € LP(0,T;V) N C([0,T]; H).
(ii) If B, € CH([0, T|;RN) and B3, — B in C([0, T); RN) and X,, € LP1(0,T; V)N
C([0,T]; H) is the (unique) solution to the problem (2.15) corresponding to
Bn, then X, — X in weakly in LP*(0,T; V), weakly-star in L>°(0,T; H), P-a.s.

From Theorem 2.4 we infer that in the framework of Theorem 2.4 but
with 8 being a Brownian motion, the problem (1.1) generates a random
dynamical system on H. In an obvious way we have the following Corollary

Corollary 1. Assume that the assumptions (1), (iii), (v) as well as (ii’)
and (vi’) are satisfied. Assume that (3 in a standard canonical two-sided RY -
valued Brownian motion on a filtered probability space {, F,{F#}t>0,P},
where Q = {w € C(R,RY) : w(0) = 0}. Let us define a map

V:Rx Q3 (tw) = dw=w(-+1t) —w(0) € N
Then there exists a map
:RT xQx H> (tw,z) = ¢(t,w)z € H

such that a pair (¢,9) is a random dynamical system on H, see for instance
Definition 2.1 in [15], and, for each s € R and each x € H, the process X,
defined for w € Q andt > s as

X(t,s;w, ) = @(t — s;0sw)x, (2.16)
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is a solution to problem (1.1) over the time interval [s,00) with an initial
data given at time s.

Remark 2.1. Theorem 2.4 provides a solution to problem (2.15) for every
continuous path. Our main result provides a natural interpretation of this
solution in the case when § is a Brownian motion. One can also provide a
similar interpretation when (3 is a fractional, see for instance [20].
Corollary allows one to investigate the existence of random attractors, see
[15].

These questions will be investigated in the future works.

3. PROOFS

Proof of Theorem 2.1
For simplicity we consider the case N = 1, that is B; = B, 3; = (8 for all j.
We note first that though the operator A(t) = A(t,w) is P-a.e w € Q,
maximal monotone from V' to V' the standard existence theory (see e.g.,
[4, pag. 177]) does not apply here. This is, however, due to the general
growth condition (2.1) on (¢, -) and implicitly on A(t) as well as due to the
multivaluedness of A(t).
So we shall use a direct approach which makes use of the variational structure
of problem (1.2). (On these lines see also [5], [7, page 280]). Namely, we can
write

A(t) = 0p(t,) +T(t), Vtel0,T]. (3.1)
Here ¢: [0,7] x V — R is given by
plt,y) = y(t, O Oy) (32)

and

B(t) )
Tty = / e *BOB(1) e BMy ds, Yy € H,t € (0,7
0

where B = L B(t). We fix w € Q.
By the conjugacy formulae (A.3) and (A.4) we now may equivalently write

(1.2) (or (2.4)) as

{80( y(t) + " (¢, ()) {y(
)+ L@yt

= (y(t),u(t)), a.e. t €[0,T]
"(t) + T(0)y(t) = —u(t) + g(

);
t), a.e. t €[0,T]

(3.3)

while
p(t,9) + ¢ (t,u) > (y,u)

for all (7,a) € LP*(0,T; V) x LP2(0,T;V").
Thus following a well known idea due to Brezis and Ekeland (see e.g.,
[?, 12, 13]) we are lead to the optimization problem

Min{ / )+ o (L u(t)) — (u(t), y()) dt

y +T(t)y = —u+g, ae t€[0,T]; y(0) = yo,
ye LPH(0,T;V),u € LP2(0,T;V')}. (3.4)
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Equivalently

T
Min{/o (ot y(t) + @*(t, ut) — (g(t), y(1))) dt + 5 (Jy(T)* = |yol?) :
v +T(t)y=—-u+g, ae. t€0,T]; y(0) = o,
y € LPY(0,T;V),u € LP>(0,T;V')}. (3.5)

Here we have used (for the moment, formally) the integration by parts for-
mula

T
_/0 (u(t), y(t)) dt = L (|y(T) > — [yol?)
T T
+ [ wovo.vor - [ o). a

and hypothesis (v) which implies that (I'(¢)y,y) = 0. Of course the equiva-
lence of (3.4) and (3.5) is valid only if the above equality is true which is not
always the case in absence of some additional properties of minimizer ¥ to
allow integration by parts in fOT<u(t), g(t)) dt. In the following we shall prove
however that equation (3.5) has at least one solution and show consequently
that it is also a solution to equation (2.4).

Lemma 3.1. There is a solution y* € LP*(0,T;V) N WbhP2([0,T]; V') to
equation (3.5).

Proof. We note that by standard existence theory of linear evolution equa-
tions for each u € L/p/2(07 T; V') there is a unique solution y € LP2(0,7;V) N
WP ([0, T); V') € C([0,T]; H) to equation

Y +T(ty) = —utg, ae te0,T], y(0)=ryo.
By assumptions (2.1) and (2.2) we have

1 +ar iy <elty) <A +azlyly?,  VYyeV (3.6)
and
T4 ar lyltz < et(ty) <A +anyllih,  VyeV’ (3.7)

where 7;,7%; € R, p%_ + 1% =1 and &;,a; > 0,7 =1,2. (Recall that esB®) is
invertible).

Then the infimum m* in (3.5) is > —oo and there are the sequences {y;} C
LPY(0,T;V), {u;} € LP2(0,T; V') such that for all y

' 1
" /0 (ot 95) + 9" (8 ) = (9:5)) dt + 3 (Jy; (D) = Iyol*) <m” + =

(3.57%)
{ g;j<—(i)—)F:(t;gé] = —u; + g, in [0, 7] (3.9)

Clearly y; € W'P2([0,T]; V') and by assumption (2.1) and inequality (3.8)
it follows that

31273 00) + 150 0y < C (3.10)



because as easily seen by assumption (v), [I'(t)y|g < C|ly|lv, Yy € V.
Hence on a subsequence, again denoted y;, we have for j — oo

yj —y* weakly in LP1(0,T; V)
uj — u*  weakly in LP2(0,T; V") (3.11)
y; = (y*)' =g —u* = D(t)y* weakly in LP2(0,T; V).

Since the functions y +— fOT o(t,y) dt and u fOT ©*(t,u) dt are weakly
lower-semicontinuous on LP1(0,T;V) and LP2(0,T;V’) respectively, letting
j tend to infinity we obtain that

T
w = [ () + )~ ) e+ 3 T~ ) (312)

and
*\/ 1—\ * - _ * T
{ (y* ) '1'_ (t)y u” +g, t€[0,7] (3.13)
y*(0) = o

Therefore (y*, u*) is a solution to optimization problem (3.5) as claimed. O
Proof of Theorem 2.1 (continued). We shall show now that y* given by Lemma
3.1 is a solution to (2.4). To this end we notice just that without any loss of
generality we may assume that yg = 0. Indeed we can reduce the problem
to this case by translating in problem 2.3 y in y — yg.

We prove now that m* = 0. For this purpose we invoke a standard duality

result for infinite dimensional convex optimal control problems, essentially
due to R.T. Rockafeller. Namely, one has (see [7, Thm. 4.6, pag. 287])

m* + min (3.5) =0 (3.14)

where (3.5)" is the dual control problem

sy N[ (A0 0 00) + (00),000)) di+ Hp()
P+Tt)p=v+yg,  te0,T]}
If (p*,v*) € LP*(0,T;V) x L”/Z(O,T; V') is optimal in (3.5)’, we have
((p),p*) € L'(0,T) (3.15)

T
/0 (). 9" dt = L(p* (D) — [p*(0)?). (3.16)

Here is the argument. First, note that p’ solves p’ +T'(t)p = v + g. We have
by the identities (A.3) and (A 4) and the fact that (I'(¢)p*, p*) =0,

—((P" (1)), p" (1)) < " (t, 0" (1) +e(t, —p" (1)) —(g(t), *(t)> ae. t€(0,7)

and

("), p™(1)) < @™ (t, 0" (1) + @(t,p" (1) + (g(t),p" (1)),  ae t€(0,T).
Since o(t, —p*) € L'(0,T) and by assumption (2.2), o(t,p*) € L*(0,T) too,
we infer that (3.15) holds. Now since p* € WLP2([0, T]; V') N LP1(0,T; V")
we have

1 d

3 p ()P = (") (1), p*(t)),  ae te(0,T)
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and by (3.15) we get (3.16) as claimed.
By (3.5)" and (3.16) we see that

T
min (3.5) = /0 (0t —p") + 0" (t,0%) + (0, p)) dt + L[ (O) > 0.

Similarly, by (3.12), (3.13) and by

T
Sy @E =1y O)F) = [ ()
(the latter follows exactly as (3.16)) we see that

T
m* = /0 (") + 9" (6, u") — ', ")) dt > 0,

Then by (3.14) we have that m* = 0 and therefore again by (3.12) we have
that
o(t,y") + ¢ (t,u’) = (u,y"),  ae in [0,7]
()Y +Tt)y* =g —u* a.e.in [0,T]
and therefore y* is a solution to (2.4).
On the other hand, as seen earlier, we have

sy @17 =1y (s)1%) = / ()(r),y"(r))dr, YO<s<t<T. (3.17)

Hence y* € C([0,T]; H). The uniqueness of y* is immediate by (3.17). It
remains to be proven that y* is progressively measurable.

To this end we note as minimum in (3.5) the pair (y*,u*) is the solution to
Euler-Lagrange system (see e.g., [7, page 263])

(v*) +T(t)y* = —u* +g, ae. t€(0,7), weQ

¢ —T'(t)g=—g+ A(t)y*, a.e. t € (0,7)

u*(t) = A(t)q(t), ae. te (0,7T), weQ

y*(0) =0, a(T)=—y* (D).
Since the latter two point boundary value problem has a unique solution
(y*, q) and is of dissipative (accretive) type it can be solved by iteration or
more precisely by a gradient algorithm (see [7, page 252]). In particular,
we have y* = limg_ 00 Yk, ¢ = limg 00 g weakly in LP1(0,7;V) and u* =
limy,_yo0 uy; weakly in LP2(0,T; V') where

v +TWye = —ur +9g 1 €[0,7),
upsr = up — AT Qug +qr, L €[0,T],
yk(O):y07 Qk(T):O7 k:O>1727""

Hence, if we start with a progressively measurable ug, we see that all uy are
progressively measurable and so are u* and y*. O

Proof of Theorem 2.2. As in the previous case it follows that equation (1.2),
has a unique solution y, € W2([0,T]; V') N LP*(0,T; V) given by the min-
imization problem (3.5) where g = g, and ¢ = ¢, ¢* = ¢}. Here ¢, is
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given as in (3.2) where ¢ = 1, and § is replaced by f, while ¢ is the
conjugate of ¢,,. We have, similarly, 0¢,, = A,, and ¢, (t,y) = ¥n(t, eﬁn(t)y)

T
(g un) = arg nnn{jjﬁ onlty(t)) + Gt ult)) — (gn(t), u(t)) dt
Ay~ wl?); Y +Tay=—u+gn  y(0)=yo}

Here Ty (t)y = %@ =3B B, (#)esBr Dy ds.
We see that

dyn,
Y + |y (T)| < C,

lnllzoan + Il 0y + | G s oz
and this implies that on a subsequence, again denoted {n}, we have

u, — @ weakly in L”IQ(O, T; V')
yn — ¢ weakly in LP1(0,T;V)
yn —> y  weakly-star in L>(0,T; H) (3.19)

dyn

a i% weakly in LP2(0,7; V")

yn(T) — g(T) weakly in H.

By (2.5), (2.6) we see that ¢/ + 'y = —a + g.
Moreover, we have

T
A (0t 4 (8)) + &t un(t)) — (ga(t), ya(8))) dt + Llyn (T)[?
T
A (ont, 5 (1)) + @4t 0" (1)) — {gn(t), () dt + L]y* (D)2

where (y*,u*) is the solution to (3.5). Now by assumptions (2.5) and (2.6)

we have
en(t,y* (1) = oty (1))

on (b, up (1)) = @(t, u (1)) vt € (0,71,

gn(t) = g(t)
and this yields

T
limsup/ (n(tsyn) + @5t un) = (gnsyn)) dt + 5lyn(T)1* = 3lyol* = 0.
0

n—oo
(3.20)
In order to pass to limit in (3.20) we shall use (3.19) and the convergence

of {¢,} and {¢*} mentioned above. We set 2(t) = W BWOG(t), 2,(t) =
P Bty (). We have
Un(t, 2(t) < thn(t, 2n(t)) + (An(t; 2(1)), 2(8) — 2 (1)),

and since 9y = A1 we have also that

Ut 0() < (L, 0n(t) + (AL (O)(E,0()),0(t) — (1)), ae. t € (0,T).
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where 0(t) = g(t) = §'(1), On(t) = gn(t) — yp(t).
Then by assumption (2.5) and equation (3.20) we have that

T
lim sup/O ((pn(t,gj(t)) + @5 (t,g(t) — 7' (t)—

n—oo
—{g(8),5'(1))) dt + 517" (T)* = 3lyol* = 0,
and so, since as seen earlier (2.5) implies that ¢, (t,2) — ¢(t,2), Vz € V,
©E(t, 2*) = p*(t, 2%), Vz* € V/, by the Fatou lemma, we have

T
/O ({6, 5) + 9" (6,) — (9, 5)) dt + L5 (D) - Lwol? < 0,

which implies as in the previous case that ¢ is a solution to (3.5) and therefore
to (2.4) as claimed. O

4. EXAMPLES

The specific examples to be presented below refer to nonlinear parabolic

stochastic equations which can be written in the abstract form (1.1) where
A(t) are subpotential monotone and continuous operators from a separable
Banach space V to its dual V.
We briefly present below a few stochastic PDE to which the above theorems
apply. We use here the standard notations for spaces of integrable functions
and Sobolev spaces Wy P(0), W= (6) = (W, ?(0)), H*(0), k = 1,2 on
open domains ¢ C R%.

4.1. Nonlinear stochastic diffusion equations. Consider the stochastic
equation

dXy —divea(t, Ve Xy) dt — % b(t, &) - Ve(b(t,€) - VeXy)dt

=b(t,€) - VeXidp(t), in(0,T)x 0 (4.1)

Xo=x in0

X;=0 on (0,7)x 900
Here a: (0,T) x R? — R? is a map of gradient type, i.e.,

at,y) =0j(t,y),  VyeRte(0.T)

where j: (0,7) x RY x Q — R is convex in y, progressively measurable in
(t,w) € [0,T) x Q and

oo fylPt <Gt y) < v+ gyl Vy e R, we Q,t € (0,T) (4.2)

j(t’ _y) < j(tvy) + c2, Vy € Rdvt € (OvT) (43)
It should be emphasized that the mapping r — a(t,r) might be multivalued
and discontinuous. As a matter of fact if a(t,-) is discontinuous at r = 7,
but left and right continuous (as happens by monotonicity) it is replaced by
a multivalued maximal monotone mapping a obtained by filling the jumps
at r =ry.
Equation (4.1) is of the form (1.1) where H = L?(0), V. = W' (0),
A(t) = 0Y(t,"), 2 < p1 < p2 < 00,

bt u) = / J(t, V) dE,  Yue WEP(6)
%
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and
B(tyu = b(t,€) - Veu = dive(b(t,E)u),  Yu € WyP'(6). (4.4)
As regards the function b(t,7): [0,7] x R? — R? we assume that
ob _\d
r — b(t,-) + ar is monotone for some o > 0, (4.6)
diveb(t,€)) =0, b(t,&)-v() =0 VE€0O (4.7)

where v is the normal to 9¢. (The boundary 00 is assumed to be of class
ch)

Here diveb is taken in the sense of distributions on &.

Then (4.4) defines a linear continuous operator B(t) from V to H = L?(0)
which as early seen is densely defined skew-symmetric, that is —B(t) C B*(t)
vt € [0,T]. Moreover, B(t) is m-dissipative in L?(&), that is the range of
u — u — B(t)u is all of L?(0). Indeed for each f € L?(0) the equation
u — B(t)u = f has the solution

u(§) = /000 e °f(Z(s,€))ds, VEeO,

where s — Z(s,£) is the differential flow defined by equation
az
ds
(By assumptions (4.6), (4.7), it follows that ¢ — Z(¢,€) is well defined on
[0,00).)
Hence, for each t € [0,T], B(t) generates a Co-group (e2®)),cg on L?(0)
which is given by
(ePU21)(€) = f(Z(5,€)), V[ EL*(O), sER

It is also clear that eB®sV < V for all s > 0.

=b(t,Z), s>0,Z(0)=¢. (4.8)

Remark 4.1. Assumptions (4.5)-(4.7) can be weakened to discontinuous
multivalued mappings § — b(t, ) satisfying (4.6), (4.7) and such that the
solution Z = Z(s,&;t) to the characteristic system (4.8) is differentiable in
t. The details are omitted.

The corresponding random differential equation (1.2) has the form

9 _ (B0BO dive (a(t, Vee PHBy)

ot
80 .
+/ e POB(t)e > PWyds =0, i (0,7)x 0,  (49)

y(0,6) = (¢ in 0,
y(t, ) =0 on (0,T) x 00.

Then by theorem 2.1 we have

Theorem 4.1. There exists a solution X to (4.1) such that P-a.s. X €
LPL(0, T; Wy P (6)) N LP2 (0, T; W=P2(6)) N L2 (0, T; LA(6)).
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We also note that in line with Theorem 2.2 if X,,, n € N, are solutions to
equations

dXT — divea™ (£, VeXP) dt — L, (,€) - V (by(t, ) XT) dt =
—ba(t€) - VeXPdBUD),  (£,6) in (0,T) x O,

Xy =zin O,

X{*= on (0,T) x 00,

(4.10)

where b, — b uniformly on [0,T] x € and a,(t,y) — a(t,y), a,'(t,y) —
a=(t,y), Bn(t) — B(t) for all y € Re, ¢ € [0,T), then X" — X weakly in
LPr(0,T; VVO1 PL(0)). Standard examples refer to structural stability, PDEs
as well as to homogenization type results for equation (4.1). In latter case
an(t,z) = a(t,nz) where a(t, ) is periodic (see e.g., [2].)

Equation (4.1) is relevant in the mathematical description of nonlinear
diffusion processes perturbed by a Brownian distribution with coefficient
transport term b(t,&) - Ve X.

The assumption p; > 2 was taken here for technical reason required by the
functional framework we work in and this excludes several relevant examples.
For instance, the limit case py = 1 which corresponds to the nonlinear
diffusion function a(t,y) = pﬁ, p > 0, which is relevant in material science

and image restoring techniques (see e.g. [3, 4]) is beyond our approach
and requires a specific treatment (see also [9] for the treatment of a similar
problem with additive and continuous noise.)

In 2-D the appropriate functional setting to treat such a problem is V' =
BV (0) the space of functions with bounded variation on ¢ with the norm
¢(y) and H = L*(0). Here ¢(y) = ||Dy|| + [, 0o(y)ldA#, y € V, ||Dy] is
the variation of y € V', vo(y) is the trace on 0€ and d.77 is the Hausdorff
measure on 00. We recall that the norm ¢ is just the lower semicontinuous
closure of the norm of Sobolev space Wol’lﬁ) (see e.g., [1, pag. 438].) Then
the approach developed in section 3 can be adapted to present situation
though V is not reflexive. We expect to treat this limit case in a forthcoming
work. (On these lines see also [6].)

4.2. Linear diffusion equations with nonlinear Neumann boundary
conditions. Consider the equation

dX; — AX;dt — %b(t, ) - Ve(b(t, &) - VeXy)dt =
b(t,&) - VeX; dB(t) in [0,T] x O
gth +¢(t, X:) 20 on[0,T] x 00
Xo==x in 0
where ((t,7) = 9jo(t,r), YVt € (0,T), r € R and jj(t,-) is a lower semicon-
tinuous convex function on R such that
oyl <jolty) <2+ aslyl, Yy eRte(0,T)

and a; >0, v, € R 1 =1,2.
Assume also that (4.3) holds and that b = b(t, -) satisfies conditions (4.5)—
(4.7).

(4.11)
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Then we may apply Theorems 2.1, 2.2, and 2.3, where V = HY(0), H =
L?(0) and

w,y):;/ﬁmﬁdu/wj(t,y)ds, VeV

It follows so the existence of a solution X € L2(0,T; V)N W1H2([0,T]; V') to
(4.11) and also the structural stability of (4.11) with respect to b. Problems
of this type arise in thermostat central. In this case

_ J(aa(®)H(y) + aa(t)H(—y))y ify #0
¢hy) = {[—042(75), aq(t)] ify=20

where «; > 0, Vt € [0, T and H is the Heaviside function.

4.3. Nonlinear stochastic porous media equation. Consider the equa-
tion

dXy — Deg(t, Xy) dt — 2 b(t,€) - Ve(=A) 1t €) - Ve((—A) 1 Xy) dt

=b(t,€) - Ve(=A) X, dB(t), in (0,T)x 0O
Xo=x in0
X;=0 on (0,00) x 00
(4.12)

Here ¢ C R?, d = 1,2,3 is a bounded open domain and (—A)~! is the
inverse of the operator Ag = —A, D(Ag) = H}(0) N H?(0). The function
#: (0,T) x RY — R is assumed to satisfy the following conditions

(k) ¢ = o(t,r) is monotonically decreasing in r, measurable in t and its
potential

jlt,r) = / o(t, ) dr, te(0,T)
0
satisfies the growth conditions
v+ aq Pt <Gt r) < 92+ ag |r|P?, Vre Rwe N tel0,T] (4.13)
jlt,—r) <c1j(t,r) + ca, VreR,t e (0,7) (4.14)
whereggpl <pp<ooifd=3,1<pi<pr<ooifd=1,2.
Then equation (4.12) can be written as (1.1), where H = H™1(0), V =
LPY(0) and A(t) = 0y(t,-) where ¥(t,-): H — R is defined by

blt,y) = /ﬁj(t,y) d¢ ifye H1(0),jt,y) € L'(0)

400 otherwise,
and B(t), t € RT is defined by
B(t)u = b(t, &) -V((-A)"lu), weV. (4.15)

The space V' is in this case the dual of V = LP*(&) with H~1(0) as pivot
space. By the Sobolev embedding theorem it is easily seen that since p; > g
we have V' C H~ (). The scalar product on H is defined by

(ua U>H—1(ﬁ) = u(z)) z = (_A)ilv'
It is well known that A(t)X = —Ag¢(t, X) is indeed the subdifferential of
(t,-) in H71(0) (see e.g., [4, pag. 68]).
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As regards b: [0,T] x 0 — R? we assume that conditions (4.5)—(4.7) hold.
We note that for each t € [0,T], B(t) € L(V,H (0)) is densely defined
and skew-symmetric on H (&) = H. Indeed we have

(Bt = [ vt 6)(-2) ") (~4)ude -

=4 [ 009 I-a) R ds = o

because diveb = 0 and b(t,€) - v(£) =0 on 00.

Moreover, for each ¢ € [0,T], B(t) is m-dissipative on H~!(&). Indeed for
each f € H™1(0), the equation u — B(t)u = f can be equivalently written
as v = (—A)"tu, where

—Av—=0b(t,-)-Vv = f in0,
v = 0 ond0o.

By Lax-Milgram lemma the latter has a unique solution v € Hi (&) and
therefore u € H~!(0) as claimed. Moreover, if f € LP'(€) and 90 is of class
C? then by the Agmon-Douglis-Nirenberg theorem v € W?2P1(0) ﬂWol’pl (0)
and sou € V.

Hence, B(t) generates a Cop-group (e*P®)) cp on H = H~'(&) which leaves
V = LP*(0) invariant.

Then we may apply Theorem 2.1 as well as the approximation Theorem 2.2
to the present situation. We obtain

Theorem 4.2. There is a unique solution X to (4.12) such that P-a.s. X €
LPY(0,T; LPL(0)) N L>®(0,T; H-Y(0)). Moreover, the solution X is a limit
of approximating solutions when the Brownian motion [ is approzimated by
a sequence of smooth processes.

Moreover, if ¢, = ¢ and ¢} — ¢*, b, — b we find by Theorem 2.2 that
the corresponding solutions X,, to (4.12) are convergent to solution X to
(4.11). The details are omitted.

Existence for stochastic porous media equation of the form

dX; — Aedp(Xy) dt = o(Xy)dW(t) in (0,T) x O
Xo=x in0O
X;=0 on(0,T)x 90,

when W; is a Wiener process of the form

W(t,€) =) ex(€) Br(t)
k=1

with Y20, u2 A2 < oo, Aep, = —Apex in O, e, € HJ(O), and 0 = o(x)
is a linear continuous operator, were studied in [8, 9]. Note that in this
case the noise term can also be written in our form with commuting and,
contrary to our paper, bounded operators B;. Here the multiplicative term
o(X;) =b-V(—A)"1X; is however discontinuous on the space H (&) and
so Theorem 4.2 is from this point of view different and in this sense more
general.

Equation (4.12) models diffusion processes and the motion of fluid flows
in porous media. The case considered here (p; > 1) is that of slow diffusion.
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Remark 4.2. Theorem 2.4 and Remark 2.1 are also valid in the current
setup.

APPENDIX A. CONVEX FUNCTIONS

We summarize in this paragraph some facts about convex functions, which
we have used in our paper.

Given a convex and lower-semi continuous function ¢ : Y — R = (—00, oq]
we denote by 9¢ : Y — Y’ (the dual space) the subdifferential of ¢, i.e.

0p(y) ={z €Y 1 ¢(y) — d(u) < {y —u,z), VueY}. (A1)
(Here (-, -) is the duality paring between Y and Y”). The function ¢* : Y/ —
Y defined by

¢*(z) = sup{(y,2) —o(y) :y €Y}, (A2)
is called the conjugate of ¢ and as ¢. Similarly to it is convex lower semi con-

tinuous function on Y’. Also we notice the following key conjugacy formulae
(see e.g. [T, p. 89]). Ifye Y, and 2 € Y’

o(y) +9%(2) > (y,2) (A.3)
o(y) +¢"(2) = (y,2) iff 2 €99(y), (A.4)

A vector x* is said to be a subgradient of a convex function ¢ at a point
x if

¢(2) = ¢(x) + (2%, 2 — x). (A.5)
Moreover, straightforward calculations give
9™ (") = oy (a") — (y,27), (A.6)

whenever ¢(z) = ¢y(z +y).
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