Properties of magnetic flows are described using high dimensional
configuration spaces. Arnold asymptotic ergodic invariant of magnetic lines
is the basic example. Asymptotic invariants of magnetic lines are related to
stable homotopy groups of spheres, are detected by Postnikov k-invariants.
Anosov flows on 3D homology spheres are models of stable magnetic
knots. Finite-type invariants of magnetic line are required to describe
properties of turbulent flows and determine constraints in magnetic feld
relaxation with free boundary.
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Introduction

V.I.Arnold formulated the following problem [[Arn|, Problem 1984- 12]:
”To transform the asymptotic ergodic definition of the Hopf invariant of
divergence-free vector fields to the theory of S.P.Novikov which generalizes
the Whitehead product of homotopy groups of spheres”’. In the paper we
recall and simplify (a partial) solution of the problem from the [A4] and
present new results, which generalize the problem to non-simply connected
manifolds. In July 2008 at the International Conference on Differential Equa-
tions and Dynamical Systems (Suzdal’) V.I. Arnol’d told that the solution
of this problem would be practically interesting and could help to solve en-
gineering problem in plasma dynamics.

In the first section we present an additional motivation of the Arnold
Problem, which is based on mean magnetic field theory. We use geometrical
considerations due to K.Moffatt and formulate properties of invariants in
ideal MHD, which are asymptotic and ergodic properties.

Then we introduce an asymptotic ergodic invariant, which is called M-
invariant. We present a simpler new proof (in part) that the M-invariant
is ergodic. The M-invariant is a higher invariant, this means that for the
magnetic field with closed magnetic lines the invariant is not a function of
pairwise linking numbers of the magnetic lines. This property is based on
the following fact: an arithmetic residue of the M-invariant for a triple of
closed magnetic lines, which is a model of a link with even pairwise linking
numbers, coincides with the Arf-invariant (about the Arf-invariant, or, the
Rokhlin-Robertello invariant, see [G-M], [Co]).

The new results concern magnetic fields on closed 3-dimensional manifolds
and use the M-invariant. The manifolds with magnetic field, that we consider
are not, generally speaking, simply-connected. This manifold is assumed
homogeneous and is a rational Poncaré sphere. One can try to transform
results on the asymptotics and ergodicity of the M-invariant for the magnetic
fields on the standard sphere S? to an arbitrary rational homology sphere .
To make this idea precise we generalize the Arf-invariants of classical semi-
boundary links (including the Arf-Brown Z/8-invariant) (see [G-M]) and we
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introduce a new Arf-invariant, called the hyperquaternionic Arf-invariant.

This generalization could clarify the relationship between the M-invariant
and homotopy groups of spheres. It is well-known that the helicity invariant
is a specification of the Hopf invariant, see [A-Kh] for details. The Hopf
invariant determines the homotopy group m3(S5?), the stabilization of this
homotopy group is denoted by II;. The group II; contains the only non-
trivial element with the Hopf invariant one.

The Arf-invariant describes the stable homotopy group Ily via the ge-
ometrical approach due to L.S.Pontrjagin. The Arf-Brown invariant de-
scribes the 2-torsion of the stable homotopy group I3, this result follows
from V.A.Rokhlin’s theorems. The hyperquaternionic Arf-invariant describes
the 2-torsion of the stable homotopy group II;. The hyperquaternionic Arf-
invariant is introduced in Appendix I. This invariant could be useful to
generalized M-invariant and to estimate the complexity of the generalized
M-invariant for links and knots in rational homology spheres ¥.

Are complicated constructions related to stable homotopy groups re-
quired? The author assumes that this is a way to introduce a well-presented
statistics of magnetic lines complicity. Near magneto-static configuration val-
ues of invariants of magnetic lines have to minimized. By small alterations
we get configurations with greater complicity. This implies that transforma-
tions to a magneto-static configuration require magnetic reconnection, which
decrease magnetic energy. This could prove stability of several explicit mag-
netic configurations (let us call such configurations generalized Kamchatnov-
Hopf magnetic solitons) at least, for magnetic fields in non-simply connected
domain, using well-presented invariants of magnetic lines.

The present paper was presented at the conference ”‘Knots and Links in
Fluid Flows. From helicity to knot energies”’ April 27 - 30, 2015 Independent
University, Moscow. Preliminary results were presented at the A.B.Sossinsky
Topological Seminar in IMU September-October 2014. A preliminary re-
sult was presented at the conference on differential equations, organized by
V.P.Leksin in Kolomna, June 2014, and at the conference ”Nonlinear Equa-
tions and Complex Analysis” 2009-2012 Bannoe Lake.

The author is grateful to D.D.Sokolov and A.B.Sossinsky for discussions,
to Russlan Valikhanov for pictures.



Chapter 1
MHD

1.1 The mean magnetic field equation

Let us consider, as in [R], the domain Q in R3, which is compact for sim-
plicity, with a conductive liquid. In Q a velocity field u of the liquid and
a magnetic field B are well-defined. Moreover, the following decomposition
of the considered vector-fields into a mean part and a random part is well
defined:

B=B+B, u=1ia+u.

Assume that the mean velocity field u(t) is done, then the equation for
the mean magnetic field is following:

rot(nrotB) — rot(a x B+ E) + 22 =0,

E=B xu, div(B)=0. (1)

The equation (1.1) is called the kinematic dynamo equation. Assuming n =
0, E = 0 this equation means that the magnetic field is frozen-in.
Assume that the following equation is satisfied:

E = aB — Brot(B). (1.2)

Then, using the condition that o changes the sign with respect to the mirror
symmetry and using additional simplifying assumptions we get:

a ~ (u,rot(w)), (1.3)

where the function (u’,rot(u’)) is called the density of (a small-scaled)
the hydrodynamic helicity. Denote the hydrodynamic helicity by xw =
J (', rot(u))d€Q2.
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Take the scalar product of the both sides of the equation (1.2) with the
vector B, assuming for simplicity that n = 0, and take the integral over
the domain 2. We get, using E = %, the equation, which describes the

transport of the magnetic helicity xg = [(A, B)dS:
%B :2a/(B dQ—Zﬁ/ (B, rot(B))dQ. (1.4)

The integral Ug = 2 [(B,
field), the integral x,o:3 =
the mean field).

B)
Q is called the magnetic energy (of the mean
B,r

B,B)d
2 ))dSY is called the current helicity (of

)d
J(

1.1.1 Topological considerations concerning the trans-
port equation of the magnetic helicity

In the paper [M] by K.Moffatt the equation (1.4) is discussed from the point of
view of geometry of magnetic lines, see also [S-S] for another one application.
Assume that a support of a magnetic field consists of a finite set of magnetic
tubes, see [B-F]. This means that the magnetic fields B, B’ are inside the
tubes and are tangent to the surfaces of the tubes. Additionally, let us assume
that the same collection of the tubes is a support of a velocity field u’. With
this assumption the vorticity field points along the central axis of the each
tube.

The magnetic and hydrodynamic tubes may be defined as the following
condition, called ”‘force-free”’ condition is satisfied: rotu’ ~ u’, rotB’ ~ B’.

With the considered assumption it is not hard to prove, using the formula
(1.3), that the mean magnetic field B in the collection of tubes tends |a/-
exponentially to 400, if the absolute value of « is sufficiently large. This is
called the a-effect.

The contribution of the second term in the right side of the equation (1.4)
could be clarified using the Calugareanu formula, see [M-R], [A-K-K].

In principal, the asymptotic ergodic invariant M, which is introduced in
the present paper, can be applied to get analogous results. Practically this
is impossible, because the formula of M is extremely complicated. Probably,
the equation (1.1) can be investigated using the simplest higher invariants,
called quadratic helicity invariants, introduced in [A], and the g-monomial
helicity, and but this problem is complicated and is not a subject of the
paper.

In the paper [C] the problem of magnetic field relaxation is investigated.
The author assumed that the third and the forth order topological invariants
of magnetic fields, which are not extracted from the linking number of mag-
netic lines, can be applied to study the slowed down decay of the magnetic
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energy. The invariant M is of the asymptotic order 12, and is more compli-
cated. But it is the simplest asymptotic invariant, which is not a function of
the pairwise asymptotic linking numbers of components! This invariant can
be applied, probably, in the considered problem as a constraint in magnetic
field relaxation with free boundary. At least, closed to force-free field configu-
rations, f.ex., closed to Kamchatnov-Hopf magnetic solitons, see [T-S-W-B],
properties of magnetic lines are sufficiently simple and M-invariant (and
other higher invariants of similar type) can be calculated. An example, using
Lemma (4), shows that M is non-degenerates for Kamchatnov-Hopf solitons.
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Chapter 2

Ergodic integrals

2.1 Asymptotic invariants

For simplicity assume that magnetic lines in a magnetic tube € are closed.
The magnetic tube € is characterized by the magnetic helicity integral, this
integral equals to the mean pairwise linking number of magnetic lines is
the magnetic tube €2, which is normalized by magnetic flows thought the
collection of infinitesimal magnetic lines €).

The magnetic tube € is also characterized by various combinatorial invari-
ants I(Ly, Lo, L3), which are calculated for various collections { L1, La, L3} of
k magnetic lines (we assume k = 3 for simplicity). In this case we may
assume that lines of collections are inside the magnetic tubes €21, s, 23 cor-
respondingly, some magnetic tubes could coincide. In a particular interesting
case we have the only magnetic tube, magnetic lines of the collections are
inside of this tube.

What are required conditions for a combinatorial invariant 7, which can
be applied to describe magnetic fields? From the consideration above of the
equation (1.4) we have to assume the following conditions:

e Cl1. The invariant [ is of a finite-type invariant of an order ¢ in the
sense of V.A Vassiliev.

e C2. The invariant I is characterized by a positive integer s, which
is called the asymptotic denominator. Take a link (Li, Ls, L3), which
is formed by central lines of disjoint magnetic tubes 1,25, Q3. Denote
by (rLi,rLs,rL3) the r-time spinning link, which is constructed from
(L1, Lo, Ls) by the r-fold spinning along the central line of the corresponding
magnetic tubes €1, {25, Q3. The following equation is satisfied:

73 I(Ly, Ly, Ls) = I(rLy, 7Ly, 7Ls) + O(r*71).

e (3. Assume we have two disjoint magnetic tubes 5,23 and we have

11
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two parallel magnetic lines, which is a 2-component link (Lq, Ly) in €5, and
a magnetic line Ls is a central line in 3. Take a magnetic tube Q*, which
is obtained from the magnetic tube 5 by a twist, Qy — Q¥ Tw(Qy) =
Tw(Q4") + const. Take two parallel magnetic lines L1, LY in Q4. Take
the r-time spinning link (rL;,7Ls), each commponent of this link is rotated
along the central line Ly = Ly of £y r times. Take the r-time spinning
link (rLi¥, rL4), each commponent of this link is rotated along the central
line Li¥ = L& of Q% r times. Take 3-component links (rL;,rLy,rL3),
(rLt rL% rL3). The following formula is satisfied:

I(TLM rLo, T‘L3) — I(TL?‘", TL%"", T’Lg) _ O(?”35),

o C4 (Condition-Definition). Assume that the invariant I is not a function
of pairwise linking numbers of components of the link (for a 3-component link
we get 3 pairwise linking numbers). In this case we say that I is a higher
invariant.

twist

Figure 2.1: Condition C3.

2.2 Why are Higher Ergodic Invariants pos-
sible?

In [B-M] (Theorem 1) the authors prove that the asymptotic of Vassiliev
invariants (see [P-S] for definition and properties) of magnetic lines is com-
pletely determined by the helicity of the vector field.

This means that the asymptotic limit of a Vassiliev order-¢g invariant v of
knots for almost arbitrary pair of magnetic lines of B is calculated by ax (),
where x(I) is the asymptotic value of the Gauss integral of B on the line I,
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« is a constant not depended of B. This result is generalized for a pairs of
magnetic lines. The asymptotic g-Monomial helicity, defined in Section 2, is
an example.

Higher asymptotic invariant M satisfies the Baader-Marché Theorem with
a = 0. M is of the order ¢ = 7, the asymptotic denominator (the condition
C3) of the invariant M is 3s = 12.

The invariant M is well-defined by a complicated integral expression (4.5).
An idea to express integrals of magnetic fields by similar integrals exists in
[M-R], [B]. This idea was used by A.Ruzmaikin and the author in [A-R1],
[A-R2]. The integral invariant of magnetic tubes, introduced in the above
papers, is called the Sato-Levine invariant. The Sato-Levine invariant admits
a natural extension, which is called the Generalized Sato-Levine invariant.
This is an order 3 Vassiliev invariant, this invariant is well-defined for an
arbitrary 2-component link in R®. The Generalized Sato-Levine invariant is
not an asymptotic invariant of links. This is proved in the Appendix I1.

The ergodic property of the main term of the expression is proved in
Theorem 4. The extra terms satisfy a weaker condition of almost-ergodicity
(introduced by the author). This means that the asymptotic values of the
terms for generic B, generally speaking, are multivalued. A priori M is an
invariant of volume-preserved diffeomorphism of the domain in which B is
frozen-in, this implies that the gauge of M is well-defined.

We conjecture that for magnetic lines of hyperbolic magnetic knots (gen-
eralized Kamchatnov-Hopf solitons in non-simply connected domain), which
are generated by Anosov’s almost geodesic flows [D-P], generalized ergodic
integral invariants (analogs of M) are well-defined as single-valued integral
invariants with stability properties. The present paper could be used towards
the Conjecture.
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Chapter 3

Momenta of the magnetic
helicity

3.1 Configuration spaces

Definition 1. Let B, div(B) = 0, is a smooth magnetic field in R® with a
compact support Q C R3, which is a manifold with a boundary. We assume
that the magnetic field B is tangent to the boundary 02 and is not vanished
inside ). In this case we say that the support 1 is called a magnetic tube.
All the C*~magnetic fields in tubes are formed a space, equipped with C*
topology. We do not assume that magnetic lines of B are closed.

The configuration space K., is defined as following. Assume that a
collection of r magnetic lines Ly, ..., L, of the magnetic field B, which is
parametrized of the segments [0, T, started at the prescribed points {l1,...,1,}
of the domain Q correspondingly. The subcollection {l1;211,...,21,4} of the
full collection consists of q points, which are on the first magnetic line Ly of
the magnetic field B, the subcollection {la; 21, ..., %24} consists of ¢ points,
each point belongs to the second magnetic line Ly of B, e.t.c., the last sub-
collection {l,;x,1,...,2rq} of the full collection consists of q points, each
point belongs to the r-th magnetic line L, of B. Each point z;;, 1 <i <,
1 < j < q is well-defined by the time-variable t; ;, 0 < t; ; < T, which is the
time of the evolution of the point l; into the point x;; by the magnetic flow.

Let a real-valued functional I : Q — R be well-defined. Let us say the func-
tional I is of a finite-order, if it is defined as the average I = I(l, 1o, ... 1,)
over the all collections {l1,...,l.} of the asymptotic limits for T — 400
(called Cesaro averages) of integrals [ fdz11 ...dx,q of a function f: K, —
R over all finite collections {l1;211,...,%q,} € Kqr with fied {ly,...,1.}.
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.

.
K2,1
K2,3

Figure 3.1: Configurations of configuration spaces K1, K 3.

3.2 Asymptotic Hopf Invariant

Let us recall the definition of the asymptotic Hopf invariant by V.I. Arnol’d.
Let {g" : @ — Q} be the magnetic flow, which is determined by the magnetic
field B with a support inside a ball @ C R3. Define the Gaussian linking
number of the magnetic lines of B by the times 77, T correspondingly, issued
from the points Iy, [y correspondingly, by the following formula:

/Tg T fll 1'2 t2 (tl) — 'LZ(tQ»dtldtQ(gl)

A (T4, Ts; 11, 1s)
(T, To; lh, 1o) |z1(t1) — za(ta) |3

471'T1 TZ

Ag(li,lo) = TthZiglJrooAB(ThTz% l,l2), (32)
where z;(t;) = g (ll) is the magnetic line, issued from the point I;, i = 1,2,
and ;(t;) = dt L gtiz; are the corresponded velocity tangent vectors (= the
vectors of the magnetic field).
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(Lemma 2, [A-Kh], p. 158, Lemma 4.12.)

The limit Ag(z1,72) exists almost everywhere on Q x Q C R® x R3. The
function Ag(zy,r3) belongs to L (the absolute value is integrable) and the
following equation f A (1, 22)dx1dry = xB is well-defined, where the right
side of the equation is given by the formula xyg = [(A,B)dD, rotA = B.

The value is called the asymptotic Hopf invariant, or, the helicity integral.
This invariant has the dimension G?sm*, and the corresponding combinato-
rial invariant of links, the linking number, has the topological order 1.

Lemma 1. For a generic magnetic field B with inside S) the asymptotic Hopf
mvariant is an asymptotic functional in the sense of Definition 1.

Proof of Lemma 4

Assume that Q C R?® be a magnetic tube (or a finite collection of magnetic
tubes), which is the support of the magnetic field B. Let us prove that the
asymptotic Hopf invariant xg is a local functional as in Definition 1. Let us
define a configuration space K ;(B), which is diffeomorphic to  x R! x Q x
R'. Let us define a mapping, which is called the evaluation mapping

Fy Ky — QxQ, (3.3)
by the following formula:

Fl(lh t1, l27t2) = (gtl(ll)7gt2(l2))v

where ¢' is the magnetic flow. Therefore, the space K»; is well-defined as
the configuration space of ordered pairs of points, where each point is on the
corresponding magnetic line, which is issued from the point I, or 5. The
space K3 is a particular example of a configuration space, see Definition 1.
On the configuration space K5, the standard volume form dKy; = dQ2 A
dR A dQ2 A dR is well-defined. Let us define an integral kernel as following:

Ky, - R, (3.4)

using the subintegral function in the Gauss integral (3.1) (the factor (4m)~!
in the formula (6.29) provides the asymptotic linking number for two closed
curves is an integer. The restriction of the function (6.29) to an arbitrary
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compact subspace in K is integrable, and, moreover, belongs to the space
L? (an integrable function with the integrable square). Let us consider two
flows on the space K5 1, which are commuted. Each flow is defined by the shift
along the corresponding coordinate R,,, or R,,. By the Birkhoff Theorem
(see [H]) the asymptotic Hopf invariant yp is well-defined as the time average
number of the function T of this pair of the flows. Lemma 4 is proved.

Assume B € Q. Denote by K,,r C K,, a compact subspace in the
configuration space, for which each time-variable coordinate belongs to the
segment [0, T]. Let us formulate the definition of limiting tensor.

Definition 2. Assume a function
A K., —R (3.5)

is integrable for each subspace K, gr C K,4. Let us say that an integrable
non-negative function

a? ()" > R, (3.6)

which, possibly, tends to +o0o, when a point in the origin tends to the thick
diagonal Diag C (Q9)", is called a limiting tensor for (3.5), if there exists
Ty > 0, such that for an arbitrary T > Ty the function ald o F, : K(r,q) —
(Q9)" — Ry (this function is integrable, because the function (3.6) is inte-
grable) and |A| : K, , — Ry satisfies the following equation:

/ |A|dEK, gr < / dbo F, dK, .. (3.7)

In the diagram above the evaluation mapping is used:
Fy ,
Ko 25 (). (3.8)

The evaluation mapping F, for ¢ > 1 is defined analogously to Fi, see the
formula (3.9) below for the case r = 2. The evaluation mapping is used to
investigate what’s happening if we omit all the coordinates Ry ;, Ry ; of points
of the configuration spaces.

The following statement is the Main Theorem of the section.
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Theorem 1. Let I(ly,z11,...,%,4) is defined as a polynomial A(fi,..., fy)
of functions f; o Fy(j) « Kpg(lj,zja,...,x54) = R, f; 1 Q4 = R, Fy(j) :
K., — Q.
~1. Assume that for an arbitrary j the function f; : Q" - R, 1 < j<gq
is integrable.
2. Assume that there exists a limiting tensor (3.6) for I in the sense of
Definition 2.

Then the asymptotic mean value I(ly,...,1.) of I(ly, 211, .., Trg) with
respect to the coordinates Ry ;, Ry ; is well-defined except, possibly, a subset
of {ly,...1,} in Q" of zero measure, the function I(ly,....1,) : Q" — R is
integrable (belongs to L') and invariant with respect to the magnetic flow on

Qr.

Proof of Theorem 1

We will prove the theorem in the case r = 2, this case is used for applications.
In a general case the proof is analogous.

Let us define the configuration space Ky, = Q x R* x Q x R¥ and the
evaluation mapping;:

Fy: Ky — ()7 x (Q), (3.9)

where (Q29) is the Cartesian product of ¢ exemplars of a magnetic tube Q2 (or,
a finite number of magnetic tubes), by the formula:

Fyli,t1a .. tig lo,tar .. tag) =

(g™ (L), - g™ (1), g (12)), - - g™ (I2))
where ¢' is the magnetic flow. The mapping F, for ¢ = 1 coincides with
the mapping (3.3), defined above. Therefore, the configuration space K, is
defined as the space of two ordered collections of ¢ points, each collection on
the corresponded magnetic line.

On the space Ky, a collection of 2¢q flows (each two flows are commuted)
along the coordinates Ry ;, Ry, 1 <i < ¢, 1 < j < ¢ are well-defined. This
coordinates are denoted by ¢;;, t2 ;, the images g"i(z1), g'*7(x2) are denoted
by @1:(t1,i), Z2,j(t2,;), or, briefly, by @1, x5 ;. The standard volume form on
K, 4 is denoted by dK, .

Prove Statement 1. This is a corollary of the Birkhoff Theorem followed
the argument by V.I.Arnol’d as in Lemma 4.

Prove Statement 2. Let us consider the function (3.6) and apply for each
of 2¢q flows on the space (22)? the the Birkhoff Theorem by the induction.
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In each step of the induction we get an integrable function on the Cartesian
product of one less copies of . At the last step of the induction we get an
integrable function, denoted by A : Q2 — R, as in (3.5), which is well-defined
almost everywhere and which is a constant along each of the two magnetic
flows on Q2.
The inequality (3.7) implies the following inequality:
a?(ly, 1) > 1(1, 1) (3.10)

Because the left side of (3.10) is integrable, the right side is also integrable.
Statement 2 is proved. Theorem 1 is proved.

3.3 qg-Monomial helicities

Apply Theorem in the case of the g-power of the helicity density, defined by
the equation (3.2).

Let us start to define the asymptotic g-monomial linking coefficient Ag]
and the asymptotic crgodlc invariant X[ 9 which is called g-helicity. Define
g-linking coefficient AB (T4, T3; 14, 15) of the magnetic lines of B by the times

T1,Ts, which are issued from the points l1, 5, as follows:
AT Ty 1) = (3.11)

/T1 /T1 /T2 /T2 F11(t11), B2 (t21), @11 (t11) — 2,1 (t2,1)) L
4q7FqTqTq |I1’1(t171) — Igﬁl(tZl)”g

(@1 (t0); Ta2(tag)s T14(trq) _,x2’q(t2’q)>dt1 Lty gdtsy . dlyg.
171,4(t1q) — Toq(t2,0)[1? ' T '
In this integral we may put 77 = T, = T, this gives a little simplification.
For almost arbitrary pair of initial points l1,ls by the Arnol’d Theorem
there exists a limit

A9y 1) = Llim AT 1, 1), (3.12)

where the function in the right side of the equation is integrable on €2 x €2,
see .

Let us define (at least a formal) functional on the space €, which generates
the g-helicity by the formula:

XE = / AL 11, 1,)d0d0, (3.13)

where A[B“](ll7 l5) is defined in (3.12).

Theorem 2. The integral at the right side of the formula (3.13) is well-
defined.
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Corollary

The g-monomial helicity XB] depends continuously on a C*°-small perturba-
tion of magnetic fields in €. The proof is following: for an arbitrary ¢ > 0
there exists 7', such that the term A (T l1,13) in the right side of the for-
mula (3.12) is distinguished from the lcft side of the equation less then §. The
term Ag] (T;1y,12) depends smoothly on a perturbation of B. This gives the
required result. In [A2] is proved using Stokes lemma a modification of XE
in the case ¢ = 2 depends Lipschitz continuity on a C'*°-small perturbation
of B.

Remark

The dimension of X[Bq] is G's?2sm™*. The order of the corresponding topological
invariant equals to q.

Let us define the configuration space Ky, = Q x R¥ x Q x R*. Let us
denote

. K, — R (3.14)

by the integral kernel in (3.23). The function T'¥ determines a functional
(3.25) (probably, a formal functional). Define a smoothing of the subintegral
kernel T4 using a small finite parameter € > 0, over this additional time-
parameter the integration of I'l as following. Each time-variable vary by
additional small alterations in the interval [—¢, +¢]. Denote the result of the
smoothing of T by K.(x11,291,...,%14,T2)-

Replace the integral kernel T'9 into the smoothed kernel K. in the right
side (below the limit of the equation (3.24). The mean value over the time-
variables over the segment [0,7] at the left side of the non-equality (3.7),
which is used for Al = K, is the following:

A(q)(Th T by, lyse) (3.15)

Ty Ty Ty T
2q7quqTq / / / /

Ko(z11, 201, ., @1, T2,q)db1y .. dbygdiay ... dtag,

where the integral kernel K. is calculated by the formula:

Ka(l'l,h T2,15- -+, T1,qs l'z,q) = (3~16)
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/ / / / 11(t11), @21(te), w11(t11) — 221 (t21)) '
|z1,1(t11) — I211(t2,1)\3
<Tq1(f1 ) Tg2(tag), T1e(tig) — x2,q(t2>q)>dt

[214(t1q) — $2.q(t2,q)|3
Put is the right side of the non-equality (3.7) the expression AlY = Tl

1. dﬁ)thgy] N dt?,q~

/ [T d K g (3.17)
Put in the same formula the expression Ald = Kg[q]:

/ | K9 Ky g (3.18)

Obviously, the integrals (3.17), (3.18) distinguishes by its absolute value by a
real, which is non-depended of 7" and is arbitrary small, if ¢ — 0. The differ-
ence of this two integrals are given by boundary conditions, when one of the
parameter belongs to {0,7}. Therefore for the proof of the required state-
ment is sufficient to construct a limiting tensor for K for an appropriate
finite € > 0.

The smoothed integral kernel (3.16) is equal to a product of the integrals
as following:

Ko (211,201, .., X1, T2yq) = (3.19)

q . . .
—a 1‘[/s /8 (1,5 (tg)s B (f2), Try(try) — xQ’j(tz’j»dtl,jdt”.
0

|1(t1g) — wa,(t2y)|’

Let us apply the elementary non-equality between arithmetic and geo-

metric mean values. Then we get:
(@1,5(t15), B2 (ta), 21,5 (1 5) — B,5(tay)) dty sty )
J J

qE" / / lz1,5(t1;) — zo,(t2) 1P

Let us fix an arbitrary small constant 1 >> &, > 0, such that at the
prescribed scale the magnetic field and its partial derivatives are of a small
variation. Assume that points x4 j, 5 ; are distinguished not more then to a
positive small constant dy, then the corresponding term in (3.20) is absolutely
estimated by the following term

Ko (z11, 201, ..., T1,q,Toq) < (3.20)

C'n(pg (21, 22)), (3.21)
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where pg(z1,;,22,;) is the distance from the point z1; to the magnetic line,
which contains the point x5 ;. The coeflicient C' < 0, in the case ¢ = 25 + 1,
and C' > 0, in the case ¢ = 2s, depends of first and second order partial
derivatives of B and of the prescribed constant d.

If the distance between points x1;, %o is greater then dy, the corre-
sponding term in the expression (3.20) is absolutely estimated by a positive
constant, which is not depended of ¢y and of the components of B. Putting
the non-equalities (3.20), (3.21) into the expression (3.19). This gives the
following absolute bound of the integral kernel (3.16) of the integral (3.15):

C1
Ko(v1,1, 221, -+, T1,4, T2g) < = Z In?(pp (71, T2:)). (3.22)
=1

Define the limiting tensor by the formula:

Cq
Sl (zy, 2p) = qu In?(pg (21, 2)).

Because the integral

In?(pg (21, x2))dr1day

over an arbitrary compact domain in R3(z;) x R3(z,) exists, for an arbitrary
¢ > 1 the function in the left side of (6.63) is integrable. The required estima-
tion (3.7) for A = K follows from the equation (6.63): using this equation
each term in the expression (3.20) is estimated. This proves Theorem 2.

Let us start to define the asymptotic g-monomial linking coefficient Ag]
and the asymptotic ergodic invariant X[}g], which is called g-helicity. Define
g-linking coefficient AE (T, T»; 11, 15) of the magnetic lines of B by the times
Ty, T, which are issued from the points Iy, I, as follows:

AS(Ty, Ty, 1) = (3.23)

1 /T1 /T1 /T2 /T2 (E11(t11), T2 (tan), w11 (t11) — T2,1(t21)) L
BT o e Jo T o w1,1(t11) — 221 (t20) ]2

(Eg1 (L), T2(tag): Trg(tig) — Taq(tag))
[[21,4(t1q) — T24(E2,0) I
In this integral we may put 77 = T5 = T, this gives a little simplification.
Below is proved (see Theorem 3.3) that for almost arbitrary pair of points
[y, 15 there exists a limit

dtyy .. dtygdtyy .. dby,.

A (1) = Jim AG(T; 1, 1y), (3.24)
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where the function in the right side of the equation is integrable on Q x .
The formula (3.24) determines the time-average of the corresponding in-
tegral kernel, which is denoted by T'¢. In the particular case ¢ = 1 the
formula (3.23) coincides with (3.1).
Let us define (a formal) functional, which generates the ¢-helicity by the
formula:

XE = / ALy, 1,)d0d0, (3.25)

where /\[Bq](ll7 l3) is defined in (3.24).

Theorem 3. The helicity density, given by (3.2) is is invariant with respect
to volume-preserved diffeomorphisms of the domain Q C R®. In particular,
the g-monomial helicities, given by (3.13), are invariants in the ideal MHD.

Let D(s) : R® — R3 s € [0,s0] is a one-parameter family of volume-
preserved diffeomorphisms with a compact support, which transforms the
identity Id : R® — R3 to a diffeomorphism D(sq) (the existence of such a
family of diffeomorphisms follows from the A.I.Shnirelman Theorem ([A-X],
section 7, chapter IV). For an arbitrary s consider a function of T’

A9 ey (T3, 1), (3.26)

which is induced from Ag by a diffeomorphism Fj.

Lemma 2. The function

da

A ly,1o; T 2
s FM(B>(1, 25T, 5) (3.27)

for an arbitrary T is absolutely bounded by the positive function C(ly,l)T71,
where C': Q x Q@ — R, is a non-negative integrable function, which is de-
pended of components of B and of partial derivatives of components of B.

Proof of Lemma 2

An analogous statement is proved in [A2], statement 2.2.
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Proof of Theorem 3

By the formula 3.27 we get a well-defined limit limz_, ;o ﬁAFs,*(B)(lh 15;T,s)
of absolute integrable functions with respect to a measure, and this limit is
equal to zero function. Therefore the function Ag(ly,l2), as an integrable
function, is invariant with respect to the flow Fy. Therefore, Ag](ll, l5) is also
invariant with respect to the flow Fj, because Ag] (I1,12) = (Ag(l1,12))%. The
flow F preserves the volume, and, therefore, the integral (3.25). Theorem 3
is proved.

3.4 Possible applications

The most important application of magnetic helisity in MHD is related with
the Arnol’d inequality:

/B2dQ < c/(A,B)dQ,

where the constant C' > 0 depends only on geometrical properties of the
domain €. In the right side of the equation we get the magnetic helicity
integral yg, which is an invariant for the ideal MHD. In the left side we get
the magnetic energy. Are analogous inequalities possible for higher magnetic
energies in the left side of generalized inequalities with Xg] instead of xg?

Generalizations are important for turbulence. For problems with mag-
netic field an approach, initially proposed by Kolmogorov A.N. [1941] is in
progress. Expecting results relate with generalized Arnol’d inequalities and
applications in MHD cascades [F-S].
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Chapter 4

Higher invariants of magnetic
lines

4.1 The M-Invariant for a triple of magnetic
tubes

Consider a magnetic field B = U;B; with a support into 3 magnetic tubes
Q;, i=1,2,3 correspondingly. Assume that inside the each magnetic tube
a coordinate system €; & D? x S is fixed. Assume that this coordinate sys-
tem corresponds with the standard volume form in R? and the magnetic field
B, points strictly along the S'-coordinate of the system. This assumption
simplifies calculations and gives no loss of a generality.

The integral magnetic flow of B, trough the cross-section of the magnetic
tube ©; is denoted by ®;. The integral linking number [, (A;, B;)dx =
@, P,k (i, j) of magnetic tubes Q;, Q; is denoted by (i, j), 4,5 = 1,2,3 @ # j.

A multivalued function with the period (4, j), which is a restriction of the
scalar branch of the vector-potential A; on the magnetic tube 2; denote by
@;i + 4 — R. The function p;; is well-defined up to an additive constant.
Consider a function

o1 = (3, )21 — (1,2)p31 : 4 — R,

which is well-defined by means of multivalued functions (s, @31 up to an

additive constant. To fix the constant, we assume that the following equation

is satisfied: fﬂl ¢1dr = 0. Define the functions ¢9, ¢3 by analogous formula.
Define the vector

F= (17 3)(2. 3)A1 X A.2 + (2/ 1)(3, 1)A2 X A3 + (3/ 2)(17 Q)Ad X A1
—$1B1(2,3) — ¢2B2(3,1) — ¢3B5(1, 2).

27
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Obviously, the equation div(F) = 0 is satisfied.

The vector-potential G, rotG = F and the integral fRS(G7 F)dzx are well-
defined. This integral is modified into the required invariant of volume-
preserved diffeomorphisms. This modification includes the following extra
10 terms:

e123 = —2(1,2)(2,3)(3, 1)(/}RS<A17A27A3>dx)2, (4.1)
fi= 2 earteraday B ([ (A1 As A, (42)
dig = —(273)2/¢$(A1,B1)d$217 (4.3)

diz = (2, 3)(1,2)/¢»§(A3,Bl)dﬂl. (4.4)

In the formula (4.2) the terms 057, w57 are defined from @31, @a1 cor-
respondingly, see [A2]. The extra 6 terms are defined by cyclic permutation
of the indexes {1,2,3} in the formulas (4.2), (4.3), (4.4).

In [A2] the following result is proved.

Theorem 4. The integral expression

A/I(B) = /Rs(('}7 F)dl’ + 617213 + Z fl + d7,z + di;i+2 (45)

i=1,2,3

is invariant with respect to volume-preserved diffeomorphisms.

The invariant M is non-degenerated and is not expressed by the
linking coefficients of the tubes

This example illustrates Theorem 4. Let us consider the field B decomposed
into 3 tubes with the flows fl; = fl, = fl; = 1. Let us consider the tubes
Q; and 2y, presented by the Whitehead link, and the tube 3, such that
the pairs of tubes (2;,Q3) and (s, Q3) present Hopf links with the linking
coefficients +1, (see Fig. 3).

Because (1,2) =0 (2,3) = (3,1) = 1, the expression (4.5) is simplifyed:

F=A; x Ay — B + 1By,
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—GD

o Qs

Q9
Figure 4.1: A link with non-trivial M-invariant.
M(B1,By,B3) = /[QGF — P2(A1, By) — 93 (Ag, By)|dR3. (4.6)

This equation coincides with the integral formula for Sato-Levine in-
variant presented in [A-R1], [A-R2]. Because Sato-Levine invariant for the
Whitehead link is non-trivial [Co], we have M # 0. This proves that M is
non-degenerated. If we change the pair of tubes 21, Q5 to the trivial pair of
tubes, keeping the pairs €21, 23, 2, Q3 in the isotopy class of the Hopf link,
the value M becomes trivial. This proves that the invariant M cannot be
expressed from the linking numbers of the components.

4.2 The M-invariant of 3 closed magnetic
lines

Assume that &; = &3 = $3 = 1 and take a limit in the formula (4.5),
when the thickness of magnetic tubes tends to zero. The result satisfies the
following definition.

Definition

For an arbitrary 3-component link L C R? define a space (non-connected)
Confr(L) = (L)" as the Cartesian product of r copies of L. The space
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Conf"(L) is called the configuration space of the link L.
Let

F:Conf"(L) =R (4.7)

be an integrable function on the configuration space.

Theorem 5. Each term in the expression (4.5) is defined by the integral of
a corresponding function on the configuration space of the link L.

Let us formulate an analogous definition for a function on the configura-
tion space of magnetic lines.

4.2.1 Ergodic integrals and quasi-ergodic integrals

Let B, div(B) = 0 be a smooth magnetic field in R® with a support inside a
finite collection of magnetic tubes 0 C R3, the magnetic field B is tangent
to the surface boundary of Q0 and non-vanishes inside €.

Let us say that the function F : K, — R (see Definition 1) on config-
uration space determines an ergodic integral, if the following conditions are
satisfied:

e -1. For almost an arbitrary point {l1,...,l,} € Q" the mean value F :
K,, — R (in the sense of Cesaro) of the function F with respect to position
of points {@11,...,T1gs--sTr1s-- -, Tpy} is well-defined. By definition F is
induced by a function in the domain 2" with respect to the projection 7 :
K, — Q" w(z) ={li,...,1.}, 2 € K,,; denote this function by F : Q" — R.

e -2. The function F : Q" — R is locally integrable and is integrable.

The ergodic integral I(B) is defined as the integral of the function F over
the domain Q".

Let us say that a function F' : K,, — R determines a quasi-ergodic in-
tegral, if a linear mapping (non-homogeneous) X : K,, — R with respect
to variables {t11,...,t1,4s- s tn1,--.,trq} is well-defined (this mapping de-
termines a relation between parameters t;;, t; ;(l;) = x; ;) and, moreover, for
an arbitrary p € R the restriction of F to X ~!(p) C K, satisfy Conditions
-1, -2; moreover, for an arbitrary p > 0 the integral f(p) = [ Fd(X7'(p))
determines an absolute bounded function f(p) : Ry — R, p>0.

The quasi-ergodic integral I(B) is defined as a mean value of the function
f(p) over R,. Generally speaking, this integral is multivalued and takes the
value into a segment.
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Additionally, if magnetic a lines, issued from the points {ly,...,l.} are
closed, the function f: R, — R is periodic. In the case magnetic lines of B
are closed, f is periodic and a value I(B) is well-defined.

Theorem 6. The terms fRS(G, F)dz, e13, fi in the formula of M, presented
in (5), are ergodic integrals. The terms d;;, diivo in (5) are quasi-ergodic

integrals.
In the paper [A3] the following theorem is proved.

Theorem 7. Assume that magnetic lines of B inside Q0 are closed. Then
the invariant M satisfy Condition C1 for t = 7, Condition C2 for s = 12,
and Conditions C3, C4.

Proof of Theorem 6.60

A particular proof of Theorem is in [A4] (Theorem 3.1,(1) and Lemma 4.1.).
I present a simplification of the proof for the main term fW(G7 F)dz with
simple estimations of the integral.

Recall the definition of the term W of the integral W, supp(B) = Q C R?.

Coordinates of a point in Kj4o are given by collections
{ltig, ot loston, o toaslastan, . t34391, 92}, where ;€
t’i,j (S [O,T} C Riqﬁ ] = 172,3,4, Y1, Y2 (S R3

Define the evolution mapping F : K340 — Qf X Q3 x Q4 by the formula

F(ly,tia, - tias o tan, .- toas I3 tsn, .. 1sa) =

(g7 (L), ... g™ (1), g (la), .. g (Ia), g (Is), - . . g™ (I3),

where ¢' is the magnetic flow of B. From this formula the
space K349 is the configuration space of 17-points: 3(1 + 4) points
{li, g"(l;), "2 (1;), g"*(L;), g"**(I;)} are on the magnetic lines, which are is-
sued from I;, i = 1,2,3, and points (y1,y2) € (R*)? are arbitrary. The
standard volume form dK34 on the space K340 is well-defined.

The first step of the construction includes a definition of a function W 4. :
K349 — R, which is called the density function. The density function is not
the lift of a function on Q3 by the projection 7 : K349 — Q3. The mean
asymptotic value of the function Ws4,» over the coordinates ¢;;, which is
well-defined almost everywhere, depends of the parameters (I, la, I3; 41, y2).
The last second step of the construction is a construction of a limiting tensor,
this proves that the integral of Wj 40 over Q3 x (R3)? is well-defined.

Let us use the Gauss integral to calculate W in the following formulas:

(27 3)(37 1)2(17 2)7t1.1,t2.1,t2.2,i3,1 (&1,2(1'17 T21; y1)7 &2,3(12,27 T35 yZ))v (48)
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(27 3)2 (17 2)2%1_1.t1_2,:2_1,:2,2 (071,2(%,17 T2.1; yl), 51,2(I1,27 L2,2; l/2))- (4~9)

In this formulaby v( , ; , ) is denoted the value of the kernel of the
Gauss integral at a pair of corresponding magnetic vectors, the vectors of the
pair depend of the variables (21,21, 22, x3) and are attached to the points
y1,%2 (each point is an arbitrary point the space R?) correspondingly, the
vectors Gl (1, T215 Y1), Ao3(Za2, T3;92) in (4.8) (for (4.9) the formulas are
similar) are given by (4.12), (4.13). The terms (4.8), (4.9) are well-defined
in the asymptotic limit of all the positions of the variables z;;. For short
we take z; = g''(l}), 3 = ¢"(l3). The integration over the variables
(y1,y2) € R® x R? is taken after the asymptotic limit.

Let us investigate the term (4.8) only, for the term (4.9) the proof is
analogous. The coordinates {t11,...¢14,t21,...t24,t31,...t34} are divided
into the following 2 groups of coordinates, the coordinates of the first group
{ti1,t2,1,t22,t31} are re-denoted by {71, Ts1, 722,73} correspondingly. The
coordinates of the second group {ti2,t13,t1.4,%23,t24,t32, 33,134} are re-
order as following: {t12,t32,t1,4,%3.4,t1,4,%23,t23,t34} and are re-denoted by
{P11: P31, P12, P32, P13: P2.35 P2,45 P34} corTespondingly.

Let us define the factors in the formula (4.8). Using the 4 points of the
first group z1 = g™ (l1), 221 = g™ (l2), 222 = g™*(l2), 23 = g™ (I3), define the
integral kernel

7T1172A1172,2,T3 (&172(I17 x2,1)> &2,3(332,27 Ig); Y1, y2)' (410)

Using the last 8 points of the second group ¢g”*! = 21,97 = 231,92 =
212,972 = 232,97 = 213,97° = 223,97 = 294,97 = 234, define the
integral kernel to calculate (2,3)(3,1)%(1,2) by obvious way, see [A-Kh] for
the integral formula of the linking number. The product of the expressions
gives (4.8).

Let us prove that for almost arbitrary collection (Iy,ls,13;y1,y2) there
exists the asymptotic mean value of the expression (4.10) with respect to the
variables {71,721, Ta.2, 73 }. Denote this asymptotic mean value by

A, b2y b33 1, y2) (4.11)

The absolute value of coordinates of the vector-potential A(x;;y) at an
arbitrary point z; € L is integrable with respect to the parameter y € R3.
This vector-potential determines the vector-functions

@1p(T1, T215 1) = Az y1) X A1 91), (4.12)

&2,3(1'37 T2.2; 12) = A(xs; 1) X A($2,2§ Ya)- (4.13)
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This vector-functions for arbitrary fixed v, y» are integrable with respect to
the parameters {x1, 21, 22, T3}

By the Birkhoff Theorem the vector-functions @2, @3 in (4.10) admit
the asymptotic limits with respect to the first group coordinates. The mean
vector-functions are denoted by (73112(11.,12)(%)7 &’2,3(l2,l3)(y2), this vector-
functions depend formally of the points (i1, ls,13), but, in fact, depend of the
triple of magnetic lines Ly, Lo, L3 only, l; € L;,; i =1,2,3.

The integral kernel (4.10) is calculated algebraically and the term (4.11)
is well-defined for almost arbitrary (11, l2, I3; y1, y2). Analogously, the integral
kernel W 4.5, corresponded to (4.8), admits the mean value over all the vari-
ables {71, 72,1, T2.2, T3; P11, P3,1, P1,2, P3,2, P13, P2,3, P24, P34+ Denote this mean
value by

Wl lo, 33 y1, y2)- (4.14)

The product of pairwise asymptotic linking numbers is well-defined for
almost arbitrary collections of magnetic lines (Ly, Lo, L3). The vector (4.14)
is well-defined and the first step of the construction is described.

Pass to the second step of the construction and prove that the integrals
(4.11), (4.14) over Q% x (R?)? are well-defined. Estimate the total term (4.8)
by a limiting tensor (Definition 2), which is absolutely integrable over the
configuration space Q* x (R*)2. Denote by a(x1, 2,1, T2, 73) the absolute
value of the term (4.10) (the value +oo is admitted) after the integration over
the variables y1,y2. Assume firstly that the points x1, 91, 22,2, 23 belong to
the triple of the segments of magnetic lines, which are pairwise close to each
other. Denote by ¢ a small parameter, which is the distance of the segment
on Ly to the segments on {L;, L3} (for short we assume that the segment on
Ly is closer that the segment on L3 to the segment on Ly).

Lemma 3. Lety; = yo = 211 = T12 = T2 = 3, and w > 0 be a given
positive (arbitrary small) number, constants o > & be arbitrary. Take an
arbitrary non-degenerate §-variation of the magnetic line Ly and an arbitrary
variation of the magnetic line Lz, which is estimated from above by § and
from below by dy. Then the absolute integral value of the term

a(zy, 71, T2, T3) (4.15)

over arbitrary e—variations of variables yi,y2, ¥1, 22,3 (the variable xq,
is fized) along the corresponding segments of magnetic lines is estimated by
C6~17%, where the positive constant C depends only on €. The constant ¢
depends on the norm of the 2-jets of B in Q and depends no of §.
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Remark

By the results of [A4], one may replace C§~17% by C'log(d~!) in the lemma.

Proof of Lemma 3

To simplify the notation put ¢ = 1. The singularity in the configuration
space is of the order r~1°, where r is the distance in R® which corresponds
to the parameter of deformation. This formal order includes the order —2
of the each magnetic dipole (4 dipoles), the order of the kernel in the Gauss
integral, given by dist(y;,y2) 2. The integration of the term (4.15) is over the
6-dimensional domain of the variables y1, y» and of a 3-dimensional domain,
of the variables x1 1,12, T3, ¥3. As the result, we get that the singularity of
(4.15) is of the formal order —1.

After the deformation, described in the lemma, the term (4.15) is well-
defined and integrable. To calculate this generic term, we integrate singular
functions of the order 7% (the coordinate r is the distance between the
parameters 1, 1 on the line L) over 7-dimensional space. The integral is
well-defined. A formal estimation (over the parameter §) of the deformation
of the singularity proves Lemma. 3.

Let us estimate W by absolute value using the lemma. Consider the cube
with the edge of the length 7" in the configuration space, which is given by
the parameter of the magnetic flow. The configuration space is a union of
a finite number of small cubes. Let us define a limiting tensor of W34, in
each cube. Recall that the limiting tensor is absolutely integrable over the
configuration space. and estimates the absolute value of W 4.o.

We start with cubes, called diagonal cubes, which are closed to top sin-
gularities, which are described in Lemma 3, up to parallel translations of all
4-points along the magnetic flow. The last cubes in the configuration space,
called peripheral cubes, are defined analogously.

In each diagonal cube we get the estimation from Lemma 3. In an arbi-
trary peripheral cube estimations is more simple, and formally are given by
the same formulas, dy is not a small parameter. As the result we get that the
expression (4.10) is estimated by a function of the order §7'7%, where § is
the minimal pairwise distance between segments of magnetic lines (if there
is a pair of close segments of magnetic line) and by a function of the order
1, if all the segments are pairwise non-closed.
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By the Holder inequality we get:
i 1 1
[ todz < ([1sranyi( florant, 1<p<a oo

In this inequality f is the limiting tensor for (4.10), g is the limiting tensor
with logarithmic singularities for the term (2,3)(3,1)%(1,2), which is much
simple. We use the denominator p = 1 + w and a large denominator ¢g. The
function (4.14) is integrable and the main term W is given by an ergodic
integral.

4.3 Examples of Magnetic Knots

We consider examples of magnetic knots with closed magnetic lines (or with
magnetic lines on family of surfaces) inside compact (homogeneous) mani-
folds, for which M-invariant is non-vanished. The Examples I and I are
generalizations with non-simply connected manifolds.

4.3.1 A one-parametric family of magnetic knots in S3

Consider the standard singular fibration S® — S? with 2 singular linked
circles S} C $3, S3 C 83, and with Hopf family of regular tori T}, ¢ € [1,2]
between this two circles, 71, Ty are shrined into S} and S correspondingly.
Consider the Cartesian coordinate system (x,y, z) on S*\ {oo}. The circle
S} is the unite central circle on the plane (x,y). The circle S3 is the standard
vertical z-axis, co € S3, through the origin.

Define a real parameter r, 1 < r < 2. Define a r-parameter family of
magnetic knots T, in S3. Magnetic lines of Y, for each ¢ €]1,2[ are on
T; and wind 1 time along the S}-parallel of T; and r times along the Si-
meridian of 7;. For rational r, the magnetic knot Y, consists of closed lines.
The magnetic knots Y,,, Y,,, in the case r # rq, are not equivalent with
respect to volume-preserved diffeomorphisms of S%. In the case r = 1 we get
the standard Hopf fibration with fibers along the standard Hopf mapping
h:S%— 82 For r = 2 we get a Kamchatnov-Hopf soliton.

The combinatorial formula of the invariant M (L), in the case L is a 3-
component link, is well-defined (probably, up to a sum with a polynomial
P((1,2),(2,3),(3,1)), which depends on pairwise linking numbers of L, see
[A3]). In the case (1,2) = (2,3) = (3,1), to keep asymptotic properties of
M, assume that deg(P(k)) < 11. We define M = M + P, the invariant M is
ergodic. Moreover, without lost of a generality we assume that M is trivial
on a prescribed collection of the following 2 simplest links Ly 1 1, Lo .
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The link L; 1 ; consists of 3 magnetic lines with pairwise linking number
1, each line is a fiber of the Hopf fibration A : S* — S2. By the construction,
L(1) = Ly 1,1, where L(1) is the link, which is defined by an arbitrary ordered
magnetic lines of the magnetic knot Y.

L

2 +1

Figure 4.2: Link L(1) = Ly ;.

The link Ly, 5 is defined as following. Take the symmetric triangle with
the unite edges on the plane. Take 3 circles L}, Lb, L} of the radius 1 around
its vertexes, which are tangent to each other in the centers of edges. Then
take a small 3D deformation of (L}, L}, L) — (L1, Ls, L3) in small neighbor-
hoods of tangent points of the pairs (L}, L), (L5, L), (L}, L}); as the result
we assume that the pairwise linking numbers of (L1, L), (L2, L3), (L3, L)
are equal to +2.

Denote by L(2) a 3-component link, which is defined by an arbitrary
ordered triple of generic magnetic lines of the magnetic knot Yo It is not
difficult to prove that pairwise linking numbers of L(2) and Ly coincide.

By the construction Loy is distinguished from L(2) by the commuta-
tor of 3-components (or, equivalently, by the A-moves of 3 components; for
A-moves see Appendix IT). By the following lemma and the combinato-
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Figure 4.3: Link Lyoo = Hopf~(2,2,2).

rial formula of M from [[A3](17)], the value M (L(2)) is distinguished from
M(Lys2) by a non-zero integer.

Lemma 4. Let L = (L; U Ly U L3) be an arbitrary 3-component link for
which the pairwise linking coefficients (1,2),(2,3),(3,1) are even. Let L' =
(L7 U Ly U LY) be the 3-component link, which is the result of a A-move of
L with 3 different components.

The parity of the coefficients Cy(L), Co(L') of the Conway polynomial are
distinguished, and the invariants Ar f(L), Arf(L') are distinguished.

Remark 1. The invariant Ar f(L) is well-defined in a less restrictive case,
when all the pairwise linking numbers of L are odd.

Proof of Lemma 4

For a link L = (L; U Ly U L) which satisfies the lemma, the equation
Wa3(L) = C2(L) (mod GCD(1,2),(2,3),(3,1)) is proved in [Me] (in the case
(1,2)>+(2,3)2+(3,1)% = 0 the integer equation p2,;(L) = Cy(L) is proved in
[Co],Theorem 5.1). The equation Arf(L) = p123(L) (mod 2) is proved using
the Gauss diagrams as in [M-P]. Ar f-invariant satisfy the lemma. Lemma 4
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L

Figure 4.4: Link L(2) # Los.
is proved.

The invariant M is ergodic, therefore M (L(r)) is continuously varied from
M(L(1)) =0 to M(L(2)) #0,1 < r < 2.

4.3.2 Examples of magnetic knots in rational homol-
ogy spheres

Example [

In the group of unit quaternions SH consider the subgroup of integer quater-
nions Q C SH

{ijk | fj=k=—jijk=i=—kjki=j=-iki?=j2=k?=—1}.

Consider the standard (right) action Q x S — S3, which is well-defined
because of the diffeomorphism SH 22 S3. Consider the 2-sheeted covering
SH — SO(3), the image of the subgroup Q C SH is the Klein subgroup
K C SO@3), K = Z/2 x Z/2. The Klein group acts on S?, this action
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is induced by the standard projection SO(3) — S2, the action has 6 fixed
points, which are the intersection points of the standard unite sphere S? C R?
with the coordinate axis. The elements of K acts on S? by rotations trough
the angle 7 with respect to the corresponding coordinate axis.

The following commutative diagram of groups

QxS = $3/Q
\ \ (4.16)
KxS? - SYK,

is well-defined. In this diagram horizontal maps are projections onto the
orbits of the action, the left vertical mapping is the Cartesian product of
the projection Q — K and the composition S* = SH — SO(3) — S2,
which coincides with the standard Hopf fibration, the right vertical mapping
is induced from the left vertical mapping by the projection onto the orbits.

The magnetic knot in S%/Q with closed magnetic lines is well-defined by
fibers of the right vertical mapping in the diagram.

A generalization of Example |
The diagram (6.59) is included into the following diagram:

Ux S — 538
1 1 (4.17)
IxS? — S%/L

In this diagram Q C X is the Poincaré extension of the index 15 of the in-
teger quaternions to the fundamental group of the integer homology sphere,
K C I is the extension of the Klein group to the icosahedron group, the lower
horisonatal mapping of the diagram is a free action, the bottom mapping is
the semi-free action. By the Poincar’e-Klein uniformization [K], the icosahe-
dron group I is covered by the modular group PSL(2,Z), which acts on the
half-plane.

Below in the diagram (6.2) a quadratic extension Q C N is well-defined.
The quadratic extension Q C W is mapped into a quadratic extension K € D
by the projection onto the factorgroup, where D is the dihedral group of the
order 8.

The inclusion K C T admits no extension of the quadratic extension
K C D of the subgroup to a quadratic extension of the group I. The minimal
infinite-order extension I C T is well-defined, where T is a Kleinian group,
which acts conform on C, and this action extends the action of the Fuchsian
group. The group T is covered by a group, which acts conform on the half-
plane.
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Conjecture

The Poincare-Klein uniformization mapping translates geodesic flows on orb-
ifolds with negative scalar curvature (see [D-P]) into non-homogenouse gener-
alized Kamchatnov-Hopf solitons in rational homology sphere. M invariant
for a magnetic knot, which is C%-closed to generalized Kamchatnov-Hopf
soliton is well-defined end explicitly calculated.

Example I1

The standard Hopf fibration h : S® — S2 is given by the formula
{(z1, 22)} |2 + |2 = 1,
21

h:(z1,22) — o

The conjugated Hopf fibration h : S* — S? is given by the formula

- %
h: — —.
(21, 22) %
The following diagram

QxS — $3/Q
4 {
Z)2x S — RP2,

is well-defined, where Q — Z/2 is the epimorphism with the generator i is
the kernel, Z/2 x S? — RP? is the projection of the antipodal involution, see
[S).

Define the magnetic knot on S%/Q by the fibers of h. An arbitrary mag-
netic line L € S3/Q of the magnetic knot is not an non-oriented boundary.
The involution [j] : S3/[i] — S2/[i] inverse the magnetic lines, the Seifert sur-
face of the magnetic potential in S3/Q is non-oriented. For a non-oriented
Seifert surface the Arf-Brown invariant mod 8 is well-defined. The magnetic
knot is investigated in [Z].

The group Q, which is the fundamental group of the rational homology
sphere S3/Q admits a quadratic extension Q C X, which is defined below
by (6.2). By this extension the image of the generator i € Q in X belongs
to the commutant [N, X] € N. A Seifert surface for L is well-defined as a
surface with a prescribed normal bundle structure (see below the definition
of this structure in Theorem 8) with a control to the Eilenberg-MacLane
space K(X,1).
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The simplest example of magnetic knot which corresponds to this exten-
sion is given by a double diffeomerphic copies of S3/Q, defined by Example
11, the orientation of the second copy is opposite. The two copy are permuted
by an element in X\ Q. For Seifert surfaces with prescribed normal bungle
structures the hyperquaternionic Arf-invariant is well-defined as an integer
(mod 16). A description of the normal bundle structure of the Seifert surfaces
for Example II is given in the Appendix.

Examples I, I1 of magnetic knots on S2/Q assume that asymptotic er-
godic M-invariant is generalized for magnetic knots in rational homology
spheres. The parity of Cy-coefficient of the Conway polynomial for classical
links in R? corresponds to the Arf-invariant. In the next section we deter-
mine a group W, which is called the Witt group of hyperquaternionic forms.
The reason to introduce the hyperquaternionic Arf-invariant is clarify by the
following diagram:

Cy of the Conway polynomial — Arf invariant
of classical links
) 1
? —  hyperquaternionic Arf — invariant

of links in S3/Q.

In the diagram by 7 is denoted a hypothetic integer-valued finite-type in-
variant of links in rational homology spheres, which determines asymptotic
ergodic invariants.

4.3.3 Conjecture

M is generalised for 3-component oriented links in non-simply connected
rational homology sphere and the order (in the sense of V.A.Vassiliev) of
the generalized invariant M depends on the fundamental group « of the
homology sphere and for 7 = Z/p™ is O(n).
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Chapter 5

Conclusion

V.I.Arnol’d formulated the problem [[Arn], Problem 1984-12]: ”To transform
asymptotic ergodic definition of the Hopf invariant of divergence-free vector
fields to the theory of S.P.Novikov, which generalize the Whitehead product
of homotopy groups of spheres”’.

Algebraic commutators, which are used to define the higher invariants
of 3D-links, are particular Whitehead products in homotopy groups of
spheres. M-invariant is a special generalized Whitehead product, which
admits asymptotic and ergodic property. To keep additional symmetry of
magnetic fields we have to apply the M-invariant for links in various homo-
geneous manifolds, which are rational homology spheres. For links in the
standard sphere M-invariant is related with the Arf-invariant in the stable
homotopy group II,. Hypothetic modifications of M-invariant for links in
S$3/Q are associated with Arf-Brown invariant in the stable homotopy group
113, and with hyperquaternionic Arf-invariant in the stable homotopy group
II;. Stable homotopy groups are detected by Postnikov k-invariants. The
constructions give a solution (in part) of the Arnol’d Problem.

A first-order commutators of component of links is the linking number.
A high-order momenta of linking numbers for magnetic lines are called ¢-
monomial helicities, is introduced in Theorems 2 and 3. In the case ¢ = 1 we
get the well-known magnetic helicity, see, for example, [A-Kh]. In the case
q = 1 we get the quadratic helicity, defined in [A2]. The quadratic helicity
is the dispersion of the magnetic helicity density. In the cases ¢ > 3 we
get higher momenta of the magnetic helicity. In [Y-H] the authors observed
that the flux function is an action in the Hamiltonian formulation of the
field line equations (see also [A-Kh] Ch. IV, paragraph 8). This shows that
quadratic helicity contains statistical meaning, and is related with extremal
of the magnetic energy.

The construction of g-monomial helicity is a straightforward application

43
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of Theorem 1. The theorem itself gives much more possibilities to define
higher topological invariants of magnetic fields.

The proof of Theorem 2 contains a new idea: smoothing of the integral
kernel in the Gauss integral, given by (3.16). The proof of Theorem 3, based
on Lemma 2, also contains a new idea: to replace short paths of an open
long magnetic line by pairs monopole-antimonopole as in [A2], formula (7).
This means that instead of a short path, joined the ends of a magnetic line,
the dipole, associated with the end points of the line, is introduced. A short
path is replaced by the collection of the magnetic lines of the dipole. This
trick gives a smoothing of end-singularities of a corresponding segment of a
magnetic line. There in no explicit integral formula for g-monomial magnetic
helicity, for ¢ > 2.

Using an ergodic definition in [A2] is proved that the quadratic helicity de-
pends continuously of magnetic fields B inside a finite collection of magnetic
tubes with respect to C? topology (but not with respect to C* topology, see
[Kudr]). This gives applications for the induction equation with the a-term
and with the diffusion term.
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Appendix

6.1 Hyperquaternionic Arf-invariant

6.1.1 Arf-invariants of immersed surfaces

Consider an immersion ¢ : M? & R? of a closed, generally speaking, non-
oriented surface into R®. The immersion ¢ up to regular cobordism represents
an element of the group denoted by I'mm*f(2,1). In this section we use
notations from preprints by O.D.Frolkina and the author (2016).

The Arf-Brown invariant is an isomorphism
O : Imm?*(2,1) — Z/8.

Denote Imm?f(2,1) by V for short (an algebraic definition of © : V = Z/8,
using Z/4-quadratic forms, is in [G-M]). If M? is an orientable surface, the
element ©([¢]) belongs to the subgroup Z/2 C Z/8. In this case the element

% (mod 2) is called the Arf-invariant of [p].

Let K® be a closed oriented 3-dimensional manifold. Assume that a
trivialization of the tangent bundle ¥ : T(K3) = 3¢ is fixed. Assume that
an immersion ¢ : M? & R? of a closed surface is given. The immersion ¢
represents an element [p] in the group V and the Arf-Brown invariant ©([¢])
is well-defined.

In the case, when M? is a surface with a boundary, assume that each
component of the immersed curve p(9M?) has the trivial stable Hopf invari-
ant (= an even self-linking number). In this case the Arf-Brown invariant
O([¢]) is well-defined.
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6.1.2 Group RN of the order 16

Consider the cyclic group Cs of the order 8, Cs = {exp (%) |k € Z/8}.
Denote by 0 : Cs — Cg, 0 : S+ S3, S € Cg the cubing automorphism. Let
us define a group N of the order 16, by attaching an element 7" of the order
2 by the equation TST = 53, see for details [C-M], Ch.1 1.8. The following
short exact sequence:

0>Cs—>R—>Z/2—-0 (6.1)

is well-defined. In this sequence the left mapping is the inclusion on the
subgroup, the right mapping is the projection onto. Denote by Tj € Cs a
generator of the subgroup Cs C X; denote by j € X the element T'(Tj); denote
by k € R the element TjT’; denote by —1 € Cg C X the element (77j)*, denote
by —i the element (T7j)% = kj.

Define the following short exact sequence

0-Q—-N—>7Z/2—0, (6.2)

where Q is the integer quaternions subgroup. The group Q is of the order 8,
this group admits the following standard corepresentation:

{iik | j=k=—jijk=i=-kjki=j=-iki’=j=k"= -1},
which corresponds to the notations of the generators.

Representation ¢ : X — SO(4)
Define a SO(4)-representation ® : & — SO(4) by the following matrices:

1 0 00 0 0 -1 0
0 -1 00 . 0 0 0 -1
*M =195 o 01 *T)=4 4 0 o (6:3)
0 0 10 10 0 0
The elements i, j, k are given by the following matrices:
0 -1 0 O 0 0 -1 0 00 0 -1
. 1 0 0 O . 0 0 0 1 00 -1 0
®i=pg g 01 ®W=1 9 g0 M=g 1 g o6
0 0 1 0 0 -1 0 O 10 0 O

The representation ¢ = ®|q : Q — SO(4) is equivalent to the standard
representation Q — SH C SO(4).
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The octahedral extension X C T of the index 3

Let us unify short exact sequences (6.1), (6.2) into the following diagram:

0 0
T i
0 - K ¢ D — Z/2 - 0
T T I
0 - Q ¢ N = Z/2 - 0 (6.5)
T U
7/2 = 7)2
T i
0 0

In this diagram by D is denoted the dihedral group of the order 8, the
projection X — D extends the reduction Cg — C} of the cyclic subgroup
modulo 4, K 2 7/2 x Z/2 C D is the Kleinian group, Q — K is the natural
epimorphism, which is the projection onto the central quotient {+1} C Q.
The group K is equipped with the representation K — SO(3), the image of
the corresponding element [i], [j], [k] is the rotation trough the angle m with
respect to the axis, which is perpendicular to the coordinate plane P;, Pj, P«
in R? correspondingly.

The group D is equipped with the representation A : D — 0(3), the
element [T] € D, which is define as the image of the element 7' € N by the
projection X — D, is represented by symmetry with respect to the plane,
which is perpendicular to P, along the bisector of the coordinate planes F;
and Pyg. The representation 5\|K = )\ is defined such that the representation
¢ :Q — S* C SO(4) covers the representation A by the projection S® —
SO(3).

The representation A : X — O(4) is the quadratic extension of the repre-
sentation A by the standard quadratic extension SO(3) C O(3).

Define the following diagram:

0 0
1 1

0 — Z/3xK C Z/3xD — Z/2 — 0 (6.6)
. I I

0 — I C T — Z/2 — 0

The group Z/3xK is a semi-direct product of the subgroups D, Z/3 in
the icosahedron group. The subgroup Z/3 permutes the images of quaternion
units [i], [j], [k] in K. The inclusion Z/3xK C I into the icosahedron group
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is of the index 5. The group T is the fundamental group of the homology
Poincaré sphere. The inclusion Z/3xD C Y is the quadratic extension of
the inclusion Z/3xK C L.

Lemma 5. —1. Diagram (6.6) is well-defined and contains the diagram (6.5)
as a subdiagram.

~2. The groups Y, B are equipped with representations M : T — SO(4),
u:Z/3xD — Q(3), the representations M, i1 extend the representations ®,
A correspondingly.

6.1.3 The Witt group W of hyperquaternionic forms

Define the regular cobordism group of closed surfaces, the elements of W will
be called hiperquaternionic forms. Denote this group by W, from algebraic
point of view, W is a Witt group of special quadratic forms.

Define an epimorphism « : X — Z/2 = {£1} by the following formula:
Tj,T € R, a(Tj) = —1,a(T) = +1. The kernel Ker(a) coincides with the
dihedral subgroup D C X.

Define an epimorphism 8 : X — Z/2 = {£1} by the following formula:
B(Tj) = —1,8(T) = —1. The kernel Ker(3) coincides with the quaternion
subgroup Q C N.

Over the space BR = K (R, 1) the canonical vector SO(4)-bundle is well-
defined, the structure group of the canonical bundle is defined by the rep-
resentation ® : X — SO(4), denote this universal bundle by A. Denote by
~ the line canonical bundle over BZ/2 = P>°. Denote by a : BX — BZ/2
the mapping of the classifing spaces, which is associated with the homomor-
phism «, denote by §: BR — BZ/2 the mapping, which is associated with
the homomorphism £.

A triple (M2, ny,Zpy) is called a hyperquaternionic form, where

e M? is a closed, generally speaking, non-orientable surface;

e myy =1 M? — BX is a characteristic class, the composition a o 1y
is denoted by 4.0 : M? — BZ/2, the composition 8 o ny is denoted by
nga : M? — BZ/2;

e =) is the isomorphism T(M) @ e () ® 0y (A) @ 3ngar(y) = 10¢,
where by ¢ is the trivial line bundle.

In particular, by definition of =y, the characteristic class nqn + 7s,0 -
M? — BZ/2 corresponds to the orientation homomorphism Hy(M;Z/2) —
Z/2, (denote Na.ns + Npar = kar : M? — BZ/2, this characteristic class
coincides with the characteristic Stiefel-Whitney class w;(M)).

On a set of all hyperquaternionic form an additive operation by a disjoint
union is well defined. The standard regular cobordism relation determines an
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equivalence relation of quadratic hyperquaternionic forms. The cobordism
group up to this equivalence relation is denoted by W, this is the required
Witt group.

Definition 3. A hyperquaternionic form (M2, na, =), for which the char-
acteristic mapping n takes values in the subspace BQ C BY, is called a
quaternionic form.

Theorem 8. The group W contains a cyclic subgroup P C W of the order
16, P~ 7,/16.

Definition 4. Define a subgroup Wq C W in the Witt group as the group,
which is generated by quaternionic forms. Define the group WS, which is
called the Witt group of quaternion forms. The group W/S is generated by
quaternion forms, the reqular cobordism relation for this group assumes the
following additional property:

e the structure mapping on a cobordism manifold admits a prescribed
reduction to a mapping with the image in the quaternion classifying subspace
BQ C BX.

By the construction, the canonical projection p : VV(SJ — Wq is well-
defined.

6.1.4 The Arf-Brown homomorphism the group Wgq
onto the Witt group of Z/4—quadratic forms

Denote by V' the Witt group of Z/4-quadratic forms with Arf-Brown in-
variants. This group is related with the Rokhlin’s Signature Theorem, see
[G-M]. The group V is the cyclic group of the order 8. Define the forgetful
homomorphism

p® I/VS -V
from the Witt group of quaternionic forms into the Witt group of quadratic
Z/4forms as following,.

Let (M?,7,Z) be a quaternionic form represented an element in Wé’
Consider the standard 3-skeleton S3/Q C BQ, which is represented by the
standard quaternion lens space. The pull-back of the bundle A over BX with
respect to the inclusion $*/I € BQ — BX is denoted by Ags/q. The canoni-
cal isomorphism Aga q = 4¢ of the vector bundles over 5?/Q is well-defined.
The pull-back isomorphism 7*(Ags;q) = 4e, determines the isomorphism
Za : Um — Te @ Kk, where vy is the stable normal bundle over M?2. De-
fine p@([(M?,na,Z0)]) € V by the formula: p® (M2 ny, Za) = (M?,Zy),
[(]WQ, EM)] eV.
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Lemma 6. The homomorphism p°® : Wg — V' is decomposed as following:
p(’):pop:WS—)VVQ%V,

where the homomorphism p : Wq — V is well-defined and is an epimorphism
onto the index 2 subgroup in V' of elements of the order 4.

Proof of Lemma 6

Consider the standard transfer homomorphism with respect to the subgroup
Q C X, denote the transfer homomorphism by ! : W — Wd . The following
lemma is required.

Lemma 7. The image of the transfer homomorphism ! : W — WS is inside
the kernel Kerp®.

Proof of Lemma 7

A given arbitrary hyperquaternionic form (M2 nyr,Zy), is represented by
a connected surface. Take a geometrical stabilization of the surface M? by
a connected sum with 2 mirror copies of Moebius bands, the generators of
the bands are represented by the element T' (we say that a band of the
considered type is a T-band). Denote the result of the stabilization again by
(M 20, = ). As the result, the surface M 2 is a connected sum of Moebius
bands, which are represented by the elements j, or by k (we say that a band
of the considered type is a quaternion band).

Take the decomposition of M? into a connected sum of Moebius bands
with the only T-band and several quaternion bands. By the transfer homo-
morphism M? is covered by (a non-oriented) surface M2. A T-band in the
decomposition of M? is transformed into a cylinder on M2, the generator
[ © M? of the cylinder is a closed loop on corresponds to the double covering
over the generator | C M? of the T-band, the Hopf invariant h(l) € Z/2
of [ loop is trivial. The each quaternion band on M? is covered by a pair
of quaternion mirror-symmetric bands on M2. This proves that the image
(M2, nar,Zar)t in Vs trivial. Lemma 7 is proved.

The last part of the proof of Lemma 6 is following. Let (M?% nas, =)
represents an arbitrary element in Wq. Consider the manifold P? with
boundary OP? = M?, the manifold is equipped with a normal bundle
structure (P3,(p, Up), this structure determines a boundary of the form
(M? nar,Z0). Denote by Q% C P? a surface, which is defined as a dual
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surface to (. Obviously, there exists a closed characteristic surface, because
Cs.plops is null-homotopic. Then (Q?,¢plg, ¥p|g) determines an element
x € W, the transfer &' belongs to Ker(p®) by Lemma 7. By the construc-
tion, p®[(M?2,ma, En)] coincides with 2' = (Q2,(plg)' in V. Lemma 6 is
proved.

Proof of Theorem 8

Let us define a hyperquaternionic form (M2 ny,=). Consider a pair of
Moebious bands (u;,0) C M?%i = 1,2, the generators of yy, p is repre-
sented by 71, into the elements T'J, T' correspondingly. The connected sum
(1, 0)#(po, 9) along the common boundary du; = Ay coincides to M2. The
characteristic mapping ny; admits a reduction: ny : M? — BD C BX.

By the construction, M? contains a thin cylinder C'; C M2, the (orienta-
tion preserved) loop I; C C; which corresponds to the element J € D C N
by na. The surface M2\ C; is diffeomorphic to the cylinder C_j, this
cylinder is a non-oriented cycle between the two copies of dC';. Denote the
segment of the cylinder C_;, which is transversal to the central line of C'_;
by Iy € C_r. Extend the segment I+ C C_; C M? by a closed loop on
M? by a short path, which is transversal to ;. This closed path is denoted
by Iz € M?. The closed path l; C M? are defined as the central path in
M?\ly. The paths Iz, ;1 coincide with central lines the the Moebious bands
i1, fha on M2,

The (orientation reversed) loop Iy C M? corresponds to the element
T € D C X by 5. The element (17" o1y 0l o ;) is the trivial element
in D C R, because [T, J] = —1. Informally speaking, the Klein bottle M? is
the result of a non-oriented self-homology of [; by Ir.

Describe a regular cobordism of 2(M?2, ny, =) into a form (L2, ZL),
where L? is the Klein bottle, which is defined analogously to M2. Take the
orientation preserving loop I_; C C_; C L?, which represents the element
J?=—-1€ D CRbyn,. Theloop [_; is the analog of the loop I; C M?2.
Define the orientation reversed loop, which is analog of the loop I C M?2.
Denote the corresponding cycle of I_; by Si, denote the corresponding cycle
of lT by SQ.

Lemma 8. The form 2(M?, nar, Zar) is equivalent to the form (L* nz,=1)
(probably, up to an element of the order 2 in W ).

Describe a regular cobordism of 2(L?,n;,,=;) into a form (K2, ng,=Zk),
where K2 is the Klein bottle, as in the case of M2 and L?. Denote the
orientation preserved cycle Ry C C' C K2, which is the analog of the cycle
Sy C C_; C L? and which is represented into the trivial element in R, by 9.



52 CHAPTER 6. APPENDIX

In this formula C in a thin cylinder, which is the analog of the cylinder C'_;.
Denote the orientation reversed cycle Iy C puy C K2 by Rj.

Recall that an immersion f : K2 & R1® with the prescribed isomorphism
Bk v = ni(A) © 0 () © 3nh.(y) of the normal bundle, where A is
the universal 4-bundle over the subspace BZ/2(—1) x BZ/2(T) C BYR, v is
the universal line bundle, is well-defined. The element 7y (R;) is the trivial
element in X. Moreover, the mapping 1y (R;) has the target a point in BX.

The curve f(R;) is a framed curve in R'® and the stable Hopf invariant
hRy) € Z/2 ={0,1} is well-defined.

Lemma 9. The form 2(L? n;,Zy) is equivalent, probably, up to an element
of the order 2 in W, to a form (K2 ng,Zr), where the oriented framed loop
Ry has the Hopf invariant h(Ry1) # 0, h(Ry) € Z/2.

Proof of Lemma 8 and Lemma 9

Proofs of Lemmas are analogous. Let us prove Lemma 9. The characteristic
mapping 7, takes the image in the subgroup Z/2(—1) x Z/2(T) C X, where
the generators of the factors are {—1,T}.

Define the normal bundle structure =, as following. The normal bundle
for (L2, np, =) is represented by a Whitney sum of 4-bundle, 3-bundle and
the trivial line bundle A& B & e.

The bundle B is splitted into the Whitney sum of 3 isomorphic line bun-
dles: B = B, ® B, ® Bs. Each factor Bj, j = 1,2,3 is the line bundle, which
is skew along the cycle Ry by means of the element 7', and is constant along
the cycle R;. The factors correspond to 7., (7).

The bundle A is splitted into the Whitney sum of 2 isomorphic copies of
plane-bundles: A = A;® A,. The plane bundle A; (and A;) should be looked
as a line complex bundle. The each line complex bundle is equipped with the
Hermitian conjugation long the cycle Ry by means of the point symmetry,
given by multiplication on —1 along the cycle R;. The factors A;, Ay are
inside the 4-dimensional block 1; (A) of v, with generators {+1,T}.

The factor € corresponds to 1%, (7).

Denote two copies of (L?,nr,Zr) by (L3, nL,,21,), (L3,M1,,ZL,)- Define
the following form (L3,77,Z7), which represents an element in W. The
characteristic classes 7r,, 1777 coincide, the normal bundle structure =7 is
derived from =, by the reversing of the orientation of the each factors B =
B @ By @ Bs and by the complex conjugation on the factors Aj, As. In
particular, the local orientations on the surfaces (L3,Z.,) and (L3,E7) with
a prescribed normal bundle structure are opposite.

Let us prove that the forms (L3,7.,,Zr,), (L3, n1,,Z7,) are equivalent in
W. Take a self-homotopy of 7, into itself such that the trace of a point pt €
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Ly by this homotopy represents the generator T’ € Z/2(—1)xZ/2(T) C X. By
this homotopy the framing =y, is transformed into a framing Z7” , where =7,
is the composition of =, with the reflection in the factors By, Be, B3, A1, As
as described above. The forms are equivalent.

Let us prove that the form (L3, 7z, Zr,) U (L3, n,, Z7) is regular cobor-
dant to the form (K2, 7k, =), probably, up to a form (P%,np,=p) with the
characteristic class 7p takes the image in the central subgroup Z/2(—1) C N.

Take the restriction of =; and of =57 over the cycle Ry C L? and the
cycle —R} C L3 correspondingly (in this formula —R} is the cycle on L3
which corresponds to the cycle R; with the opposite orientation, using the
diffeomorphism L2 22 L2). The restrictions = |p,, Z5°|_g, are 4-dimensional
(=1, T)-framings, which are stabilized in the codimension 4 by corresponding
framings on B®e¢ (By|g,,i = 1,2,3 is the trivial bundle, the trivialization =
over B|g, is opposite to the trivialization Z5|g,, the trivialization Zy over
A|g, is conjugate to the trivialization Z4|g,).

Denote a (—1,T)-framing =5 over (L, 7yz,) as following. Denote the line
subbundles A\; C A;, A2 C Ay, which correspond to the imaginary axis of
the complex line bundles. The line bundle \ over L3 is well-defined, and this
bundle is skew over the cycle Ry C L2, which corresponds to the element
T. Take the rotation trough the angle 7 inside the 4-bundle B & X over Ls.
As the result we get the new (—1,T)-framing over L2, denoted by Z5. The

—tw

framing =5 coincides to the framing =; everywhere, except the line bundle
Xy C vy, on this factor the framing Z4 is given by the reflection of =;.
The framings =¥ is equivalent to the framing Z5F, and is equivalent to the
framing =;.

Assume without loss of a generality that the restriction of the framing
Z1|R, to the subbundle B @ ¢ over the cycle Ry is parallel to the coordinate
axis er, es, g, €19. Assume the framing =, |g, on the factors A, Ay is parallel
to the vectors ey, e correspondingly. Assume the framing = |g, on the fac-
tors Aj, Ay is parallel to the vectors (es, eyq), (es5,eg) correspondingly. Then
the skew-framing E4*|g, coincides to the Z; along each directions, but the
direction of the coordinate vector e, where Z;, Z5 are opposite.

The —1-structure of skew framings = |r,, Z5*|_p; are distinguished only
inside the factor A, of the normal bundle of L? = L2 by a full rotation
trough the angle 27.

Take the regular cobordism transformation of the form (L3, n.,,Zr,) U
(L3,nL,,E) by a surgery, with a support in small neighborhoods of a
corresponding pair of points on R;, —Rj. As the result we get the form
(L3,n1,,Z1,)- The image of ny, is in the space BZ/2(—1)xBZ/2(T). The cy-
cle RyU— R} is transformed into a cycle R3 C L2. The image of the character-
istic class 1y, (Rs3) is null-homotopic in the target space BZ/2(—1)x BZ/2(T).
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The stable Hopf invariant h(R3) of the framed curve Rj is non-trivial.

The form (L%, nr,,Zr,) U (K% nk,Ex) is cobordant to a form
(L%,n1,,=1,), where the image of the mapping 7y, is inside the space
BZ/2(—1). The form (L% nr,,Zr,) is trivial, or, is of the order 2 in W.
Theorem 8 is proved.

6.2 Combinatorial invariants of links

6.2.1 Combinatorial asymptotic invariants

We shall give a combinatorial prove of the following statement. Analytical
proof is much easy, see [A3].

Theorem 9. For m = 3 there exists a combinatorial M of order 7 (see the
formula (6.61) below), which is not a function of pairwise linking numbers
of components. The combinatirial invariant M satisfies properties C1-C3
(C2 and C3 are reformulated below as (6.7), (6.8)) i.e. this is an asymptotic
invariant.

Let us reformulate conditions C2,C3 for combinatorial finite-type invari-
ants in a more convenient form. Let (L,&) be an arbitrary m-component
framed link. The framing £ = U;&; is determined a coordinate system on
the boundary of a tubular neighborhood of the component L; C L, this
coordinate system is given by a family of parallels and meridians.

For an arbitrary integer r € Z let us define another framed m-component
link r(L, &), the components of this link are defined by the replacement of the
corresponding framed component (L;, ;) of the oriented framed link (L, §),
i = 1,...m to the component r(L;,¢&;), which is the standard (r,1)-time
winding along L;. The component r(L;, ;) passes r times along the parallel
and 1-time along the meridian on the boundary of the thin regular tubular
neighborhood of the component L;. In the case r = 0 we get the link with
small non-knotted disjoin components.

The link r(L, &) is equipped with an induced framing r&;. The framing
r&; along an arbitrary component r(L;,&;) of the link r(L,¢) is defined by
the (interior) normal vectors to the boundary of the regular neighborhood of
each component of the link L.

Let (L,&; Lg) be an arbitrary framed (m — 1)-component link with a
marked component Ly C L. Let us define m-component framed link
(L,&; Lo)". The last (m—2) components of the link (L, £) are transformed by
the identity. The marked framed component (Lo, &) of the link L is trans-
formed to the pair of parallel framed components (Lg,hfg,l? Lg,27§g’2)7 the
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first component coincides with Lg, the second is defined by a small shift of
the component Ly along the frame &. The framed {g‘l, 58_2 are defined as
induced framed by &g. ' '

From a (m—1)-component framed link (L, &; Ly) with one marked compo-
nent and an integer r let us define two framed m-component links, denoted
by 7((L,& Lo)), (r(L,&; Lo))t. The link r((L,&; Ly)") is obtained by the
composition of the operation of dubbing of the marked component and by
the operation of r-time winding along each framed component (on the dub-
bing component the standard framings are defined). The link (r(L, &; L))" is
obtained by the composition of the same operation with the opposite order.
Namely, at the first stage each components, including the marked compo-
nent, is transformed into r-time winding along the given framing. After
the marked component is dubbed (the winding of the marked component is
equipped with the prescribed framing.

Definition 5.

Let us say that a finite-type invariant I for m-component framed links (the
invariant I depends not on its framing) is an asymptotic invariant of degree
s (degree of the invariant I depends not from its order), if the following two
equations are satisfied:

I(r(L,€)) = r*I(L) + o(r*). (6.7)

I(r((L, & Lo)")) = I((r(L, & Lo))") + o), (6.8)

where o(r®) is a polynomial of r of the degree less then s, coefficients of this
polynomial depend only on the isotopy class of the framed link (L, €).

Remark on the condition (6.8) in Definition 5

Assume that one-parameter family of magnetic fields B = B(t), ¢t € [0,1] is
not frozen-in and at the initial moment ¢ = 0 has only closed magnetic lines
inside the only magnetic tube; for ¢t # 0 non-closed magnetic lines appear.
Additionally, assume that in the moments t; = %7 i € N all magnetic lines B
are closed, and each magnetic line is characterized by the windings number
along the central axis of the tube. For ¢ = ¢; for each collection on m magnetic
lines of the magnetic field B(¢;) the value I is well defined. The value I(B(¢;))
is well defined as the mean value over each collections of m magnetic lines,
normalized on lengths. Condition (6.8) means that I(B(¢;)) — I(B(0)), for
1 — +00.
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6.2.2 An asymptotic invariant: g-monomial linking co-
efficient, ¢ € N

Let us start with the prove that ¢g-monomial linking coefficient satisfies the
properties (6.7), 6.8). L = L; U Ly be a 2-component link with linking coef-
ficient k& of components. Define g-monomial linking coefficient as k7. In the
case ¢ = 1 ¢-monomial linking coefficient coincides with linking coefficient.
The g-monomial linking coefficient is a finite-type invariant of the order ¢ in
the sense of V.A.Vassiliev. let us prove that the invariant k¢ is an asymptotic
invariant of the degree s = 2¢. For this matter we shall prove the equalities
(6.7), (6.8).

In the case ¢ = 1 the linking number £ satisfies the equations (6.7), (6.8).
Namely, the linking number & is determined by the integral (3.1), after we
replace the link L by the link rL the value of the integral is changed to the
factor 72. Therefore the value I = k9 is changed to the factor 729, this proves
the equation (6.7).

Let us check the formula (6.8) for I = k9. Let us start with the case ¢ = 1.
Let (L, €) be a framed knot. Consider the 2-component link (L, &)" = (L', ")
and the 2-component link r(L", £"). The following formula is satisfied;

k(r((L, )) = r*k((L, €)"). (6.9)

For a positive integer r let us consider a framed knot (L, &) and the 2-
component link (r(L, €))". From geometrical point of view it is evident that
k((r(L,€))") = kr? + r. Therefore by the formula (6.9) we get

k((r(L,)") = k(r((L, €)7)) + . (6.10)

The formula (6.8) in the case ¢ = 1 is proved. For an arbitrary ¢ the proof
is evident: take the both sides of the equation (6.10) in the power g.

The ¢g-monomial linking coefficient k9 is a combinatoric analog of the
g—monomial helicity XQ_Z}, which is constructed in Theorem (2).

To describe a finite-type invariant M°, which corresponds to the asymp-
totic invariant M, given by the formula (4.5), (see Conjecture the last line
of the Appendix I7) we need preliminaries. Let us recall simplest properties
of finite-type invariants of multy-component links.

Let us consider a Conway polynomial for m—component link L:

Vi(z) = 2" Heg + 122 + -+ cp2™). (6.11)
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(for definition and properties of Conway polynomial see [P-S], [Me], [Co]).

We shall consider invariants of links, which are expressed from the first
two coefficients cq, ¢; of this polynomial (the Conway polynomial is applied
to the link L itself and to the all proper sublinks of L).

The simplest invariant of 2-component links, which is not expressed from
pairwise linking coefficients of components, is called the generalized Sato-
Levine invariant, discovered by M.Polyak and O.Viro, see [[M-P], Section 5]
for the definition. The simplest formula for this invariant was proposed in

[K-LI:
B(L) = c1(L) — co(L)(c1(Ln) + er(L2))- (6.12)

In this formula cy(L) coincides with linking coefficient [k(Lq, Lo), ¢1(L1),
¢1(Ly) are called Casson’s invariants of the corresponding knots, determined
by the knotted components. For short we shall write k instead of ¢o(L) and
lk(Ly, Ls).

We shall define the simplest 2-component link, which is called k-Hopf link
and is denoted by Ly, (k). The first component L; of the link Ly, (k)
is the standard oriented circle in the plane, the second component Lo is
inside the tubular neighborhood, this component spends one time along the
meridian in the opposite direction and —k times along parallel, such that the
linking coefficient of the component is equal to the prescribed integer & (see
also [[M-P], Figure 7]).

Figure 6.1: Link Ly -(k), k <0.

It is easy to check that after the renumbering of the components of the
link Ly, (k) we have a new link in the same isotopy class. It is easy to
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check the equality:
r(Lo,&0)" = Lizp (1), (6.13)

where (Lo, &) is the standard circle in the plane, equipped with the trivial
framing, which is parallel to the plane. Obviously, we have co(Ly,, (1)) = 1.

With the link Ly, (k) let us define the link L, -(k), which is obtained
from Ly,,.(—k) by the opposition of the orientation of one (an arbitrary) of
the components. Linking coefficient of L;r,opf(k)7 obviously, is k. The link
Lops (k) is more simple then LEopf(k) from algebraic point of view, because
for Ly, (k) all coefficients in the Conway polynomial, except the coefficient
co, are trivial.

The link LEOP f(k) is natural when we investigate asymptotic limits. The
link L;‘Iopf(k) is modeled a pair of closed magnetic lines, linked with the
coefficient k.

Figure 6.2: Link L, .(k), k > 0.

The link L;op f(k) is equipped with the natural framing. This framing is
defined such that the self-linking coefficient of each component of L;opf(k)
is equal to k. The framing of the component Ly coincides with the interior
normal vector to the regular neighborhood of the component L; (recall that
L is on this surface). The framing along the component L; is defined by
the collection of vectors, each vector is in the normal plane of the component
Ly at the corresponding point, the end of this vector coincides with the
intersection point of the considered plane with component L. In particular,
for k = 0 the standard framing is parallel to the standard plane.
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Lemma 10. The generalized Sato-Levine invariant, defined by the formula
(6.12), satisfies the following equation:

(k+ Dk(k — 1)

ﬂ(L;opf(k)) =% (6.14)

Proof of Lemma 10

We shall present two different proof of the lemma.

The first proof. The standard calculation of the left side of the formula
(6.14) by means of the formula (6.11) for the Conway polynomial proves that
B(Li,,; (k) is the polynomial of the degree 3 of the variable k. For k = —1,0,
or +1, we have B(Lj,,(k)) = 0, and 8(Lj,,(2)) = 1. The equality (6.14)
is the only possible.

Second proof. For the link Ly, (k) let us consider the link Ly, -(—k).
As we had mentioned above, we have ¢;(Ly,,(—k)) = 0. Components of

Hops (—F) are non-knotted and by the formula (6.12) we get B(L,,;(—k)) =
0. The formula (6.14) is a special case of the formula, when one component
of the link changes the orientation. This theorem is proved in [N]. Lemma
10 is proved.

Remark

The definition of the generalized Sato-Levine Invariant, introduced in [A-R]
is different with respect to (6.12). This definition is given by the formula:

B°(L) = ex(L) = k(er(La) + e1(La)) — P(k), (6.15)
where P(k) is a polynomial of the degree 3 of k, given by the formula

P(k) = W (6.16)

In particular, for the invariant 5° we have:

B°(Lizops (k) = 0, (6.17)

B*(Lprops (k) = = P(k). (6.18)
For the invariant § we have:

B(Lirops (k) = P(k), (6.19)
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B(Liggps (k) = 0. (6.20)

The invariant $°, given by the formula (6.17), is called the normalized
generalized Sato-Levine invariant. The normalization 3° as well as the gen-
eralized Sato-Levine invariant S have the order 3.

In the case k(L) = 0 the generalized Sato-Levine invariant is called the
Sato-Levine invariant. In the paper [A-R2] an integral formula for the Sato-
Levine invariant is proposed.

Lemma 11.
1. For an arbitrary 2-component link (L,§) the following equations are
satisfied:

Q(r) + B°(rLy, L) = r*°(L), (6.21)

Q(r) + B°(Ly, L) = r*3°(L), (6.22)

where Q(r) is an r-polynomial, the coefficients of this polynomial depends
only on the two parameters, namely, on the parameters k(L), k(L1,&) in the
case of the equation (6.21) and on the parameters k(L), k(Ls,&1) in the case
of the equation (6.22). In the case k(L) = 0 we get Q(r) = 0.

2. For an arbitrary framed knot (K,§) in the case k(K,§) # 0 the fol-
lowing equation is satisfied:

Bo((r(K, &)1 = 2r°c1(K), (6.23)
where ¢1(L) is the Casson invariant of the knot K.

Corollary

The generalized (normalized) Sato-Levine invariant ° is not an asymptotic
invariant of the degree < 5 (Definition 5).

Remark

Of coarse, deg(5°) = 3, deg(8) = 3, and by [B-M] f°, 8 are asymptotic
invariants of the degree 6, but the asymptotic limits coincide with k3.
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Proof of Corollary

By Statement 2 the asymptotic denominator cannot be less then 5, hence it
is exactly 5. In the case k(L, &) # 0 the equation 3°(r(K, &)T) = P(r)+0(r?)
is satisfied, where P is a polynomial, the coefficients of the polynomial de-
pends on k(K &) only (the proof repeats arguments of Statement 1). Even
if deg(P(r)) < 5, this polynomial depends not of Cy(K). We get, the
formula (6.23) contradicts to the asymptotic axiom (6.8) 5°(r(K,&)") =
8 (r(K.&)1) + O(r").

The A-moves are more convenient with respect to crossing moves for
investigation of invariants of low orders (see [Na] for detailed definition and
references).

Accordingly to calculations, presented in [A-M-R], the generalized Sato-
Levine invariant ° is totally defined by the condition (6.17) and by the
following two formula (6.24),(6.25), which are described the jumps of the
invariant by A—moves of the following two kinds:

B (L) =tg4e = B°(L)ltg—e = O(2)O(y) (Ik(L, ') = k(L L') — O(x))(6.24)

where the A-move involves two branches of a one component and one branch
of another component.

A move

—

VAR el
K

O(y)=+1 O(x)=+1

Figure 6.3: A-move for 2-component links.
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B°(L)|e=to+= — B°(L)gg— = 0, (6.25)

where is assumed that the A-move involves 3 branches of a one component.

In the formula (6.24) by O(z) a vertex is denoted the algebraic value of the
vertex x of the disappeared triangle, in which the projection of a component
of L, say the component L; (the case of the component Ly is analogous);
O(y) is the algebraic value of an arbitrary last vertex of the disappeared
triangle on the diagram; L7} is a closed loop on the diagram with the vertex
x, which contains two sides of the disappeared triangle (by the assumption
this loop is on the projection of L;), L, is the last loop on the projection on
the same component Lq, L' is the last component of the link (by assumption,
L' = Ly).

Assume that the link L for ¢ = ty is transformed by means of A-move
with the formula (6.24). Then the link rL for ¢ = ¢, is transformed by means
of the associated family of 72 A—-moves. Let us prove the following formula:

7"4[30(L)|t:to+s - 7‘4[30(14)‘,50_5 = ﬁO(TL)|t:tU+E - 6O(TL)tu—67 (626)

In this formula and below we write rL instead of r(L, &) for short.

On the diagram of the link rL let us consider r? self-intersection points
2i, i = 1,...,r2, which are in a neighborhood 2 of the disappeared triangle
on the diagram L. In each point z; on the diagram of rL let us consider
the loop (rL)}, which starts and ends the same side that the loop L} on
the corresponding diagram of L. Denote the linking number [k(L1, Ly) by k,
the linking numbers lk(L}, L), Ik(L;, L") by Ay (z), A_(z) correspondingly.
Evidently, we get Ay (z) + A_(z) = k.

Let us calculate in each point x; the coefficients Ay (x;) = Ik((rL);,rL'),
A_(z;) = lk((rL)f,rL’) and then calculate the sum of the coefficients over
all the self-intersection points. By the straightforward calculation we get:

3 (@) = PO @)+ s (@) 0+ -+ (@) i)+ @)k 1)),

Z A (@) = PO (@) +h(r=1)+(A_(2)+k(r—2))+ - -+ (A_(2)+ki)+- - -+A_ ().

Therefore for each family of A-moves, which consists of r? elementary
A-moves, determined by the moves of one of the r copies of the branches of
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the component rL’ in a neighborhood of the point z, the sum of jumps of 3°
is equal to

Z Ap (@) = A(@i) = (A (2) = A-(@)).

the sum of jumps of 8° for branches of the component rL’ are equal. The
equation (6.26) is proved.

To prove the equations (6.21), (6.22) for an arbitrary (L, ¢) it is sufficient
to check the each equation for the link L;'Iopf(k) with arbitrary framings of
the components. This calculation is evident.

Let us check the equation (6.23). By a result of [A-M-R] the generalized
Sato-Levine invariant satisfies the formula:

3 (K, €)") = 2e1(K)k((K. €)"), (6.27)

where the link (K'€)" is defined by the dubbing of the framed knot (K, &),
c1(K) is the Casson invariant of the knot K, k((K, &)™) is the linking coeffi-
cient of the components.

Figure 6.4: An illustration of the formula (6.27).
The following formula is satisfied:
(1K) = ¢ (K). (6.28)

Indeed, by a result of [A-M-R] the Casson invariant ¢; (K) is jumped by a A-
move to the sign of the disappeared triangle. The sides of the disappeared
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triangle are formed by the 3 segments of branches on the diagram of the
knot in the neighborhood of the critical point of the A~move. Therefore the
equation (6.28) is evident, and from the equations (6.27), (6.10), (6.28) we
have the equality (6.23).

The equation (6.23) follows from the formula (6.27) and from (6.17).
Lemma 11 is proved.

Let us start by the definition of an axillary invariant M and its normal-
ization M°.

Let L = L1ULyUL3 be a 3-component link. Let us consider the invariant
~(L), which is defined by S.A.Melikhov in the paper [Me]. This invariant is a
function of the coefficients ¢; and k = ¢y of the Conway polynomial of various
sublinks of the link L, this invariant is defined by the following formula:

(L) = a1 (L)— (6.29)

((1,2)(2,3) +(2,3)(3,1) + (3, 1)(1, 2))(cx(L1) + e1(L2) + c1(Ls))
3,1) +(2,3))(cr(L1 U Ly) — (1,2)(cr(L1) + e1(L2)))
1,2) + (3,1))(c1(La U L3) — (2,3)(c1(La) 4 ¢1(L3)))
—=((2,3) + (1,2))(c1(Ls U L) = (3, 1)(ea(Ls) + 1(L1))),

where by (4, 7) the linking number k(L; U L;) of the pair of components Lj;,
Lj, 1,5 =1,2,3,1# j, of the link L is defined.

Define a 3-component link Ly, -((1,2);(2,3);(3,1)), this link depends
on 3 integer parameters (1,2),(2,3),(3,1) € Z. Let us consider three 2-
components links Ly, -((2,3)), Lg,,;((3,1)), Lg,,;((1,2)), which are lo-
cated in small neighborhoods of the standard triangle ABC on the plane.
Define a 3-component link Ly, -((1,2); (2,3); (3,1)), the components of this
link are defined by the connected sum of the first component of the link
Liops((2,3)) with the second component of the link Ly, ((3,1)), the first
component of the link Ly, :((3,1)) with the second component of the link
Liops((1,2)), and the first component of the link Ly, +((1,2)) with the sec-
ond component of the link Ly, -((2,3)).

The summation of the corresponding components of the corresponding
2-component links in vertexes of the triangle is defined along corresponding
sides of the triangle without twist along the plan of the triangle ABC. The
components of the link Ly +((1,2);(2,3);(3,1)) correspond to the sides of
the triangle, denote this components by Li, Ly, L3. The denotations are
taken such that k](Ll,Lz) = (1.2)7 k(LQ7 LS) = (273)‘ ]f(L37L1) = (37 1)

—(( ) = (1,2)(
—(( ) = (2:3)(
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Figure 6.5: Link Hopf~((L,2)(2,3)(3,1)).

Let us define also the link Ly, +((1,2),(2,3),(3,1)) with the prescribed
linking coefficients. The differences between Ly, -((1,2),(2,3),(3,1)) and
Lgopf((L 2),(2,3),(3,1)) is the following: the summation of the components
is defined by means of the collection of the links L, -((2,3)), L, ((3,1)),

Lj,p7((1,2)), instead of the collection of the links L, (2, 3)), L, ((3, 1)),

L;Iopf((L 2))
From the formula (6.29) the following equalities follow:

,Y(L;Iopf((17 2)7 (27 3) (37 1))) = Ov (630)

Y(Lhopp((1,2),(2,3), (3, 1)) = R((1,2),(2,3), (3, 1)), (6.31)

where the polynomial R((1,2),(2,3),(3,1)) of the pairwise linking numbers
of components is defined by the formula:

R((ly 2)7 (27 3)7 (37 1)) =
(6.32)

(1,2)2(2,3)(3,1)+(2,3)2(3,1)(1,2)+(3,1)3(1,2)(2,3) 3(1,2)(2,3)(3,1)
2 2 :

Jr
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-

Figure 6.6: Link Hopf*((1,2)(2,3)(3,1)).

W

Define the normalized invariant 7°(L) by the formula:

VO(L) = V(L) - R((lr 2)7 (27 3)7 (37 1)) (633)

It is easy to check the equations:
A/O(L?—Io;nf((LQ)’(273)v(371))) =0, (634)
7 (Liapr ((1,2),(2,3),(3,1))) = —R((1,2),(2,3), (3,1)). (6.35)

The normalized invariant 7° and the invariant v have the order 4.

In the following lemma we write-down the formula by S.A.Melikhov of
jumps of the invariant 7 (the formula of jumps for the invariant 7° are the
same) for homotopy of links with self-intersection but without intersections
between different components. Let Lgi,gs be a singular 3-component link,
the components Ly, Ly are regular, the component Lgpy3 has the only self-
intersection point. Denote by L3, L_.5 two 3-component links, the first 2
components of this links coincides with Ly, Lo, the third component Ls.;
of the link Lg., is defined by means of the prescribed resolution of the self-
intersection of the component Ly, 3, the third component Lz, of the link
L_,3 is defined by means of the opposite resolution of the self-intersection of
the component of the link Ly 3.
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Let wus define 4-component link L3 with the components
(L1, Lo, Lyy, Ls—). The first two components of the links Ly, Lgings
coincide, the components Lji,Ls— of the link Lgj3 are obtained by the
orientation-preserved smoothing of the singular component Lg,g3 of the
link Lsing;3-

Denote by (1,3%) (1,37) the linking coefficients of the component L;
with the components L3y, Ls_ correspondingly. Define by (2,3%) (2,37)
the linking coefficients of the component Ly with the components Lz, L3
correspondingly.

L.. L.

S k
L L,

Figure 6.7: A skein relation for ~: (1,3%) = +1, (2,3%) =0,
(1,37) =0, (2.37)=+2, (1,2)=+1; (L) —y(L_)=2.

Analogical denotations are well-defined after the replacement 3 — 1,
3 — 2 of the numbers of the components.

Lemma 12. The invariant y(L) of 3-component links satisfies the following
equations:

’Y(L+:3) - ’Y(L—:?)) = (17 2)((1’ 3+)(27 3_) + (17 3_)(2’ 3+))7 (636)

V(L) — (L) = (2,3)((2,17)(3,17) +(2,17)(3,17)), (6.37)
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7(L+;2) - V(L*;Q) = (37 1)((37 2+)(17 27) + (37 27)(17 2+))7 (6'38)

The normalized invariant v°(L) satisfies the same equations.

Proof of Lemma 12

The formula (6.36),(6.37),(6.38) of the jump of the invariant v are proved
in [Me], p. 11. The formula for 7° are, evidently, one-to-one. Lemma 12 is
proved.

Let us study the formula for jumps of the invariant v° with respect to
A-moves of components. Let us consider the case when a A—move involves
all 3 components of the link L. Let us introduce the following denotations.

Let us consider the links L_ = (L - ULy ULs_), Ly = (L1 ULy U
Ls 1), the disappeared triangle ABC_, formed by 3 branches of the projection
of L_, which are on different components of the link, and the appeared
triangle ABC., which is formed by the corresponding branches of the link
L,. Let us take the order of the vertexes of the triangle, such that the
vertex A of the appeared and disappeared triangles is on the intersection
of projections of components Ly and Lg, the vertex B of the appeared and
disappeared triangles is on the intersection of projections of components L
and Ls,the vertex C' of the appeared and disappeared triangles is on the
intersection of projections of components L; and Ls.

Denote by (L1 4+ ® Lo+, L3 +) the 2-component link, which is defined by
the standard smoothing of the components Ly 1, Ly 1 at the vertex Cy. The
sign 4+ means one of the two possible position on L, or, on L_.

Analogously denotations (Ls+ ® Ly 1, L1 +), (L3 1+ ® L1 4, Lo 1) are intro-
duced.

Lemma 13. The invariant v satisfies the following equations with respect
to A-moves, which involve all 3 components of the link:

Y(Ly) —y(L) =Ly © Loy, Loy ) — B(Ly- © Ly, Lz ) = (6.39)

B(Loy © Lz, Lny) = B(La- © Ly, Ly ) =
B(Lsy © Lig, Loy) — B(Ls - © Ly, Ly ).

For normalized invariants v°, 3° the analogous equations are satisfied.
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Figure 6.8: L_= L]y, ® L27,, L37, L+ = le, O] L2,+7 L3,+
A A-move for v; all components of links are involved.

Proof of Lemma 13

let us apply formula (6.29), (6.30). The following equation is satisfied:
ci(Ly) — er(Lo) = y(Ly) — (o). (6.40)

Indeed, for a A-move, which involves all 3 components of the link L, only
the first term in the formula (6.29) is jumped. Let us recall that an arbitrary
A-move is presented as the composition of the homotopy with intersection
of the prescribed pair of branches components, the isotopy for which the
projection of the last component L3 is moved thought the vertex A of the
disappeared triangle, and the homotopy this the opposite crossing of the same
pair of branches of the components. There are 3 different decompositions of
the given A-homotopy of this kind.

Let us apply the formula for transformations of the coefficients in the Con-
way polynomial for each of this three decompositions. We have the following
relation:

Cl(L+) — Cl(L_) = Cl(L1,+ @ L2’+7 Lgd_) — CI(LI,— @ Lzﬁ_7 Lgﬁ_). (641)

Let us express the coefficient ¢; in the formula (6.41) by means of the
invariant [3°, using the formula (6.15). Evidently, the following formula is
satisfied:

Cq (L]>+ ® L27+7 L37+) —C1 (L]y, O] L27,7 L37,) = (642)

B(liy © Loy, Ly ) — B(L1 - © Ly, Lz ).
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Take the expression (6.42) in the right side of the formula (6.41) and use this

formula in the formula (6.40). This gives one of the three required equities in

(6.39). The last two equations is proved analogously. Lemma 13 is proved.
Let us define an axillary invariant M and its normalization M°.

Definition 6. Let L = (L U Ly U L3) be an arbitrary 3-component link.
Define the invariant M (L) by the following formula:

M(L) = (1,2)(2,3)(3, 1)y(L)~ (6.43)
((1,2)%(1,3)28(L2 U Ls) + (2,3)%(2,1)%8(La U Ly) + (2,3)%(2, 1)*B(Ls U Ly)).
Define the normalized invariant M°(L) by the following formula:

M°(L) = (1,2)(2,3)(3,1)7°(L)~ (6.44)
((1,2)%(1,3)28°(LaU L3) +(2,3)%(2,1)28°(LsU L1) +(2,3)%(2,1)28° (L3 U Ly)).

Theorem 10. R
1. The invariant M satisfies the following equations for homotopies of
links with one self-intersection point on the corresponding component.

M(Lyg) = M(L_g) = (1,2)%(2,3)(3, 1)((1,37)(2,37) + (1,37)(2,3"))6.45)

7(17 2)2(37 1)2(27 3+)(27 37) - (27 3)2(27 1)2(17 3+)(17 37)7

M(Ly) = M(L_g) = (1,2)(2,3)*(3, 1)((2,17)(3,17) + (2,17)(3,17)[6.46)

_(27 3)2(17 2)2(37 1+)(31 17) - (37 1)2(37 2)2(27 1+)(27 17)7

M (L) — M(L_g) = (1,2)(2,3)(3,1)%((3,27)(1,27) + (3,27)(1,2")(6.47)

—(3,1)2(2,3)%(1,2%)(1,27) — (1,2)%(1,3)%(3,2%)(3,27).

For the normalized invariant M° the same equations are satisfied.
The invariant M satisfies the following equations for a A-move, which
involves all 8 components of the link:

M(Ly) — M(L_) = (6.48)

(1,2)(2,3)3, 1)(B°(Lay © Loy, Lay) = B(L1y © Loy, Ly ) =
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(1,2)(2,3)(3,1)(8°(La,+ © Lyt L14) = B(Lot © La 4, L1 4)) =
(1,2)(2,3)(3, 1)(B°(La+ © L4, Lot) = B°(La+ © Liy, Lo y)).
For normalized invariants M °, B° the same equations are satisfied.
The invariant M satisfies the following equation:
M (Li,,;((2,3).(1,2),(3,1))) = 0. (6.49)

The normalized invariant M° satisfies the following equation:

J\TIO(LEopf((ng)?(LZ)?(371))) = U- (650)

2. The invariants M and M° are uniquely well-defined by means of the
equations (6.45)-(6.50). The invariants M and M® are of order 7 in the sense
of V.A.Vassiliev.

8. In the particular case (1,2) = (2,3) = (3,1) = k the formulas for the
invariants M and M° are simplified:

M = k?3(51 (L) - 3]64[(11 (L] s Lz) + (Lz7 Ld) + (L3 L] )} (651)

—E[e1(Ly) 4 ca(La) 4 c3(L3)].

]Efo = k361 (L) — 3]64[61([/1, Lz) + C1(L27 L;;) + (Lg, Ll)} (652)

5 kS Kk
fk"[cl(Ll) + CQ(LQ) -+ (/J(Ld)] — 2]{'7 — 7 + ?

Proof of Theorem 10.

The formulas (6.45),(6.46),(6.47),(6.48) are followed from the formulas (6.36),
(6.37), (6.38) for jumps of the invariant v° and from analogous well-known
formulas for jumps of the invariant 5° for elementary homotopies of links, see
[A-R],[Me],[Ni]. The formula (6.49) follows from the formulas (6.29), (6.49).
The second and the third parts of the theorem are evident. Theorem 10 is
proved.
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To construct the asymptotic invariant M and to prove Theorem 9 we shall
need two lemmas. In the lemmas properties of the invariant M are studied.
The first lemma could be interesting by itself.

Let (L,&) = ((L1,&), (L2, &), (L3, &s)) be a 3-component framed link.
Let us consider the link (r(L1,&1), L2, L3), € N. Denote this link by
1L for short. This freedom of the denotation is possible, because of
the formula (6.54) below. Analogously define orL = (L1, r(Le,&), L),
arLi= (L1, Ly, 7(L3,&3)).

Lemma 14. Let the link vL is obtain from the link \vL after the first
component of r(Li1,&) is replaced to another component by the gluing of an
arbitrary colored braid with r strings along a short segment on the component
Ly of the link L. The following equation

M(;rL) = M (L) (6.53)

is satisfied. In particular, as an evident corollary, if we take another framing
&1 of the component Ly and obtain another link (17L)" = (r(L1,&}), La, L3)
for which the following formula is satisfied:

M((;rL)) = M(,rL). (6.54)

The formulas, analogously to the formulas (6.53), (6.54), are satisfied for an
arbitrary component of L. ~
The same formulas are satisfied for the normalized invariant M°.

Proof of Lemma 14

It is sufficiently to proof the lemma for the case when the braid is presented
by the elementary full twist of the two strings. Such a transformation is
determined by an elementary homotopy with the only self-intersection point
of the pair of parallel strings of the component (L, &;).

Denote by (1,2),(2,3),(3,1) the linking coefficients of the corresponding
components of the link y7L. Let rq, ro be positive integers, which are equal to
the numbers of the wings of the components r L], L around the component
L, and satisfied the relation rq +ro = r. Let us apply the formula (6.46)
to calculate the jumps of the invariant M, when the link ;7L is transformed
into the link L. Tt is not hard to see that the first term is changed by the
value 2(1,2)%(2,3)%(3,1)%r1 79, the second and the third terms are jumped by
the value —(1,2)%(2,3)2(3,1)%r17ry. Therefore the value M is fixed. Lemma
14 is proved.
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Lemma 15. 1. The following property is satisfied:

ML) = M (L) 41 Q(r) (6.55)

where the polynomial 1Q(r) is defined by the formula:

1Q(T) = ]“;[(ITLI_-Iapf((lv 2)7 (27 3): (37 1)) - NI(LI_-Iopf(T(L 2)’ (27 3)’ T’(S, 1)))7

and the coefficients of the polynomial 1Q(r) depends only on the pairwise
linking numbers (1,2),(2,3),(3,1) of components of the link L. The same
relations are satisfied for the links orL, srL.

2. The following equation is satisfied:

M(rL) = r2M (L) + Q(r), (6.56)
where the polynomial Q(r) is depended by the formula:
Q(T) = ]\Z(TL}T{opf((L 2)7 (27 3)7 (3 1)) - N[(L;{Opf(TZ(l., 2)7 T2(27 3)7 7A2(37 1)))

the coefficients of the polynomial Q(r) depends only of pairwise linking num-
bers (1,2),(2,3),(3,1) of the link L.

8. For an arbitrary 2-component framed link L with the marked first
component the following equation is satisfied:

M(L',€) = S(k(Ly, &), (L)), (6.57)

where the polynomial S(k(L1,&1), k(L)) is equal to M((L*);Upf(k),ﬁ’) and is
depended only of the self-linking coefficient of the framed component (Ly,&)
and of the linking coefficient k(L) of components of the link L.

Analogous formula are satisfied for the normalized invariant Me.

Proof of Lemma 15

Let us proof Claim 1. let us consider the following list 1-4 of elementary
transformations of the link L.

—-1. A A-move, which involves only the first component L;.

~2. A homotopy with a self-intersection point on the component Ls.

—3. A homotopy with a self-intersection point on the component Ls.

—4. A A—move, which involves all the 3 components of the link L.

Evidently, for an arbitrary link L there exists a sequence = of transforma-
tions 1-4, which transforms the link L into the link Ly, -((2,3), (1,2), (3, 1)).
Denote the components of the link Ly, -((2,3),(1,2),(3,1)) by
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(Lietiopss Lawttopss Lsitiops)-  The sequence = detects the sequence rZ of
elementary transformations from the list 1-4 of the link ;7L into the link
1TLI_Top £

Let us consider an arbitrary elementary transformation &; of the type
1-4. Denote by r¢; an elementary transformation of the type 2,3,4 or a
sequence of elementary transformations of the type 1, which corresponds to
the elementary transformation &; of the link 17L. Denote by L_, L the links,
which are related by the transformation &;. Denote by 17L_, 7L, the links,
constructed from the links L_, Ly by means of the r-time winding of the first
component. The links ;7L_, ;7L are related by the corresponding sequence
of elementary transformations of the types 2,3,4, or by a transformation of
the type 1. For an arbitrary of elementary transformation &; of the link L,
listed above, and for the corresponding transformation r¢; of the link rL the
following equality is satisfied:

r (ML) — M(L_)) = M(yrLy) — M(yrL_). (6.58)

This equality is followed from the formulas (6.45) - (6.48). It is sufficiently
to check the equality (6.55) for the link Ly, :((2,3),(1,2),(3,1))). This
calculation is evident, using Lemma 14. For the links orL, 3rL the proves
are analogous. Clam 1 is proved.

Let us prove Clam 2. The equality (6.56) follows from the equality (6.55)
and from the analogous equalities for the last two components. Claim 2 is
proved.

Let us prove Clam 3. Consider the following list 1-2 of elementary trans-
formations of 2-component links.

—1. A—move, which involves only the component L.

—2. The elementary homotopy with self-intersection point of the compo-
nent Ls.

It is easy to check, that for an arbitrary 2-component framed link (L, )
with ¢y(L) = k there exists a sequence = of elementary transformations 1-
2, which transforms the framed link (L,¢) into the standard framed link
(Luops(k),€). The sequence = induces the corresponding sequence = of
transformations of the 3-component link (L') into the 2-component link
(Luops(k)T).  For an arbitrary framing &, of the component Lpg,pa of
the link Ly,,(k) the following equalities are satisfied: M (Lo (k)T) =
M (3kLgrops (D)) = E*M (Lgzopr(1)1) = k*M (Lzop(1,1,1)) = 0. Let us check
that for each elementary transformation, listed above, the value M(L') is
fixed.

Let us start with the elementary transformation of type 1. In the for-
mula (6.49) only the following terms are changed: (1,2)(2,3)(3,1)y° and
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(2,3)(1,3)8°(L1,1, L1,2), where components L 1, Ly 2 are defined as the dub-
bing of the component L; by means of the given framing £. Each therm is
changed by the value

QUk(Ll,h Ll,z)k(Ll,h LS)k(Ll,‘b L3)>

where o is the sign of the disappeared triangle in the singular point of the
A-move. The jumps of the two summands are opposite and the total jump
is trivial. It is proved that the value M (L") is not changed by the transfor-
mation of the type 1.

Let us consider an elementary transformation of type 2. In the for-
mula (6.58) only the terms (1,2)(2,3)(3,1)7°(L"), (1,2)%(2,3)?8°(L1.1, L3),
(1,2)%(1,3)?8°(L1 2, L3) are changed. The jump of the first term is compen-
sated by the sum of jumps of the second and the third terms. It is proved
that the value M (L") is not changed by the transformation of the type 2.
Claim 3 is proved. Lemma 15 is proved.

Let us define an asymptotic finite-type invariant, which we denote by
Me°. Let us consider the link Ly, :((2,3),(3,1),(1,2)), the component
of this link denote by Lpeppi, ¢ = 1,2,3, the framings of the compo-
nents could be arbitrary. Denote by Li7((2,3), (3,1),(1,2)) the link with
components ((2,3)Luops1, (3, 1) Luops2, (1,2)Liopyss)- Let us define function
Q((1,2),(2,3),(3,1)), which gives a normalization of the invariant (below we
shall prove that the function @ is a polynomial). The function @ depends
on the 3 variables (1,2)(2,3)(3,1) # 0 by the formula:

M2 (L ((1,2), (2,3), (3,1)))
(1,2)4(2,3)*(3, 1)*

and denote @ = 0 in the case (1,2)(2,3)(3,1) = 0. The required invariant is
given by the following formula:

Q((1,2),(2,3),(3,1)) = (6.59)

M°(L) = M°(L) — Q((1,2), (2,3), (3,1)). (6.60)

For an  arbitrary framed  3-component link (L,§) =
((L1, &), (Lo, &2), (L3, €3)),  let us  re-denote  the framed link
((27 3)(L17 él)v (37 1)(L27 62)7 (17 2)(L37 53)) by (Lnorm7 fnorm)A Below the
framings would be omitted, because the invariant is not depended on this
framings (see Lemma 15). Obviously all the linking numbers of components
of the link L™ coincide and equal to the product (1,2)(2,3)(3,1) of the
pairwise linking numbers of the link L.
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Lemma 16.

1. Assuming (1,2)(2,3)(3,1) # 0, the invariant M°, which is defined by
the formula (6.60), is not depended of a framing £"™ and is given by the
following formula:

o _ Aj[o(l’lnnrrn,7 é-norm) _
Y= mee e - ool
,yo(Lno'rm)

mfﬂ([’l >L2 )76([’2 >L3 )7ﬂ(L3 7L1 )

2. Assuming (1,2)(2,3)(3,1) = 0, more precisely, assuming (1,2) = 0,
the invariant M° is given by the following formula (comp. with (4.6)):

M°(L) = (2,3)%(3,1)*4°(L1, La). (6.62)

3. The function Q((1,2),(2,3),(3,1)), which is defined by the formula
(6.59), is a polynomial.

Proof of Lemma 16

Let us prove the statement 1. Using the formula (6.55) for each component,
let us prove that the sides of the formula (6.61 coincide, if they coincide for
an arbitrary link L with the given linking coefficients. By the normalized
condition we may take L = Lpopf((2,3),(3,1),(2,3)). The statement is
proved.

The statement 2 is evident.

The statement 3 follows from the formula (6.61), which is applied to the
link LE7((2,3), (3,1), (1,2)). The right side of the formula (6.61) is trans-
formed by means of the formula (6.52). By the formula (6.52) it is sufficient
to prove that the coefficient ¢, (L7, £ )in the Conway polynomial is zero
if at least one of the linking coefficients (1,2), (2,3), or (3,1) is zero. In this
case the link (L™ £""™) contains a small non-linked component and by
the basic property of the Conway polynomial this condition is satisfied (see
[P-S]). Lemma 16 is proved.
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Proof of Theorem 9

Let us prove that the invariant M°, defined by the formula (6.61), or, by
(6.60), satisfies the equation (6.7) for s = 12 (in this formula the invariant I
has to be replaced by M°).

Let (L,&) be an arbitrary framed link, (L™, £""™) be its normaliza-
tion, r(L, &), r(L"™ £""™) be the links, which are obtained using r-time
windings of the links (L, &), (L™"™, ") correspondingly. Let us consider
the move Z of the link (L, ) into the link (L,*,opf((l, 2),(2,3),(3,1)), which
consists of a sequence of A-moves, the operation of a changing of fram-
ings, and homotopies (self-intersections of different components is forbid-
den). Consider the corresponding move r= of the link r(L, &) into the link
rL,*,opf((L 2),(2,3),(3,1)), which is induced by =. Using the formula (6.61)
from Lemma 15 we may prove that the jumps 0M°(Z), §M°(rZ) of the in-
variant M° by means of = and by means of r= are related by the formula:

r25M°(E) = 6M°(rZ).

Let us re-denote  Ljf, .((1,2)(2,3)(3,1)) by Ly,  and
(Lo ((1,2)(2,3)(3,1)))"™ and L for short.  Let us prove the
following equation:

72 M°(Ligops) + o(r'?) = (6.63)

M° (TLHopf)-

After evident transformations the first term in the left side of the formula
(6.63) is the following:

r12((1,2)(2,3)(3, 1)) M ((Lazop)™™™)-
The right side of the formula (6.63) is the following:
(r(2,2)(2,3)(3, 1)) M (r*(Lops)""™)-
After the rescaling 3 +— r the equation (6.63) is transformed in the following:
M (Lpzopg)"™) + o(r'?) = (6.64)

Azfo (7” (LHopf )na’r‘m) .

From Lemma 15 using the short denotations we get that the equation (6.64)
is equivalent to the equation:

T2MC(Ligopr (k, k, k) + 0(r12) = M°(r(Lyops (k, k. k))), (6.65)
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where k = (1,2)(2,3)(3,1). Using the equation (6.50) the previous equation
is transformed as following:

MO (r(Ljy,,, (k. k. k) = o(r'?). (6.66)

Let us prove the equation (6.66). The link L*I;Opf(k, k,k) is represented
by 3 parallel components of the type (1, k) on the standard embedding torus.
The link TL;Dpf(k, k,k) is defined using r-time winding of the each com-
ponent of the link L;}Dpf(k:,k,k) along the given framing. Take the link
rLIJ;Op f(k, k, k) in its isotopy class such that the 3-d component is in a neigh-
borhood of the axis (OZ), and the components 1 and 2 are in the neigh-
borhood of the standard circle S in the plane (x,y), this circle is the central
line of the origin solid torus. With the links L;opf(k, k, k), rLEopf(k:, k, k) let
us consider also 2-component links Ly, -(k, k), 7L, (k, k), each such link
is obtained by elimination of the 3-d component of the corresponding link.
Denote the first link by (Ly, Ls), and the second link by (rLq,7Ls) for short.

Let wus transform the link r(Ly,,(k,k,k)) into the link
L;op f(T’Qk,TZk, r2k) by means of the following composition of homotopies
Eg o EQ o} El.

Let us consider the central line S with the framing &, of the self-linking
coefficient k. Denote the thin solid-torus U, its boundary by 0U. On the
boundary the coordinate system, which is related with £ is well defined.
Without loss of a generality we may assume that the component L, coincides
with r-time winding of S of the type (1,7). The homotopy Z; is fixed on
rLy. Therefore we have rL, = L}.

Without loss of the generality we may assume that the component L, is
on the surface 9V of the solid torus V', the thin of this torus is much more
less then the thin of the solid torus U the solid torus V' is closed to the surface
OU’ of a bigger solid torus U’, which is concentric of the solid torus U. The
homotopy =; is defined as a result of a shift of the solid torus V' thought a
short segment on the component rL; from OU’ to the central line S. The
homotopy =; has r intersections between a the short segment on rL; with
the component rLy. Let us denote by (L}, L}) the result of the homotopy.

Define the homotopy =5, which is a simplest homotopy in a neighborhood
of the two closed parallel short segments on L}, L}, and which has exactly
r intersection points between the components. This homotopy change the
linking coefficient of the components L}, L}, from kr? 4+ r to kr2.

As the result the homotopy the link El(rLIt,opf(k, k,k)) is transformed
into a link =, o 5, (rLi;,,;(k, k, k)), denoted by (L”y,L"5, L”3). Denote the
homotopy Z3 o Z; by ¥ for short. The homotopy W is decomposed as the
r elementary homotopies W;, ¢ = 1,...r, each elementary homotopy has
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two intersection points of the components with different signs and keeps the
linking coefficient:
U=U,.o0.. V.

Define the homotopy Z3, which transforms the link (L”q, L5, L”3) into
the link LEDpf(Tzk, r2k,72k). This homotopy is fixed on the component L”,
on the components L”9, L”3, this homotopy, generally speaking, has self-
intersection points. By the considered homotopy the component L”5 (cor-
respondingly L”3) is transformed into an interior (correspondingly exterior)
winding of the torus OU, which is parallel to the winding L”;. An analogous
homotopy is considered in Lemma 15. The homotopy =3 keeps the value M°.

Let us denote by §M° the jump of the invariant M° by the homotopy V.
Let us re-denote the first two components of the link by Ly, L. Denote by
dc1(Ly, Ly) the jump of the coefficient ¢;, when the homotopy W is restricted
on the sublink of the 1-th and the 2-d components, denote by dcy(Ly, Lo, L3)
the jump of the coefficient ¢; of the homotopy of the 3-component link. Using
the equation (6.52) it is sufficient to prove the following equations:

501([/1, Lz) = 0(7‘3)7 (667)

6(31 ([/17 L27 Ld) = O(TS). (668)

Investigate the jump of the coefficient ¢;(Lq, L) by the elementary ho-
motopy ¥;. By the homotopy ¥; the jump d6(c;); of the coefficient ¢; has the
order ir, the sum of the jumps > ;_, 8(c;); has the order r®. The formula
(6.67) is proved.

Investigate the jump of the coefficient ¢;(Li, Lo, L3) by the elementary
homotopy ;. By the homotopy ¥; the jump 6(c;); of the coefficient ¢; has
the order ir®, the sum of the jumps >;_, 6(c;); has the order r°. The formula
(6.68) is proved. The formula (6.7) for I = M* is proved.

The formula (6.8) is proved by analogously calculations. The asymptotic
invariant M° is well-defined and Theorem 9 is proved.

6.2.3 Conjecture

The invariant M° for 3-component links given by (6.60), or, by (6.61), coin-
cides with the integral invariant M, given by (4.5).

This Conjecture is proved in [A3] up to polynomial, which depends on pair-
wise linking numbers of the components.



80

CHAPTER 6. APPENDIX



Bibliography

[Arn] Arnol’d V.I. Arnol’d problems, Moscow, Phasis (2000).

[A-Kh] Arnol’d V.I., Khesin B.A., Topological methods in hydrodynamics,
Applied Mathematical Sciences, vol. 125, Springer (1998). (in Russian:
Moscow, MCNMO (2007)).

[A] Akhmet’ev, P.M. Quadratic magnetic helisity and magnetic energy,
Proc. Steklov Math. Inst. 278 (2012) 16-28.

[A2] Akhmet'ev, P.M. On a higher integral invariant for closed magnetic
lines, Journal of Geometry and Physics 74 (2013) 381-391.

[A3] Akhmet’ev, P.M. On combinatorial properties of a higher asymptotic er-
godic invariant of magnetic lines, Journal of Physics: Conference Series
544 (2014) 012015.

[A4] Akhmet'ev P.M. ‘On Arnold’s problem on higher analog of asymptotic
Hopf invariant, Journal of Mathematical Sciences June 2015, Volume
208, Issue 1, pp 24-35.

[A-R1] P.M. Akhmetiev and A.A. Ruzmaikin, Topological invariants of
magnetic fields, and the effect of reconnections, Phys. Plasmas 1 (2)
(1994),331-336.

[A-R2] P.M. Akhmetiev and A.A. Ruzmaikin, A fourth-order topological in-
variant of magnetic or vortexr lines,J. Geom. Phys. 15 (1995), 95-101.

[A-K-K] P. M. Akhmet’ev, O. V. Kunakovskaya, V. A. Kutvitskii, Remark
on the dissipation of the magnetic helicity integral, Teoret. Mat. Fiz.,
158:1 (2009) 150-160.

[A-R] Akhmet’ev P.M., Repovs D., A Generalization of the Sato-Levine In-
variant, Tr. Mat. Inst. Steklova, 221 (1998), 69-80.

81



82 BIBLIOGRAPHY

[A-M-R] Akhmet’ev P.M., Maleshich 1., Repovs D., A formula for the gen-
eralized Sato-Levine invariant Mat. Sb., 192:1 (2001), 3-12.

[B-M] Baader, S. and Marché, J. Asymptotic Vassiliev invariants for vector
felds (2008) arXiv:0810.3870.

[B] M.A. Berger, Third order braid invariants, J. Phys. A: Math. Gen. 24
(1991), 4027 4036.

[B-F] Berger, M.A. and Field, G.B. The topological properties of magnetic
helicity, J. Fluid Mech. 147 (1984) 133-148.

[C] S.Candelaresi Topological constraints in magnetic field relazation, Jour-
nal of Physics: Conference Series 544 (2014) 012006.

[Co] T.D.Cochran Concordance invariance of coefficients of Conway’s link
polynomial Invent. math. 82 527-541 (1985).

[C-M] H.S.M. Coxeter, W.O.J. Moser Generators and Relations for Discrete
Groups, Springer-Verlag (1972).

[D-P] Pierre Dehornoy and Tali Pinsky, Coding of Geodesics and Lorenz-
like Templates for some Geodesic Flows arXiv:1411.6857v1 [math.GT]
25 Nov 2014

[D] Dennis DeTurck, Herman Gluck, Rafal Komendarczyk, Paul Melvin,
Clayton Shonkwiler, David Shea Vela-Vick, Triple link- ing numbers,
ambiguous Hopf invariants and integral formulas for three-component
links, arXiv:0901.1612

[G-M] Progress in Mathematics, Vol. 62, A la recherche de la Topologie Per-
due, Birkhauser (1986).

[F-S] Frick P.G., Sokoloff D.D. Cascade and dynamo action in a shell model
of turbulence, Physical Review E, 1998, Vol.57, N.4. P.4155-4164.

[H] P. Halmos Lectures on Ergodic Theory (1956) Chelsea (Russian transl).
Regular and Khaotic dynamics (1999) Vol 12.

[K-L] P. Kirk and C. Livingston Vassiliev invariants of two component links
and the Casson-Walker invariant, Topology 36 (1997), 1333-1353.

[K] F.XKlein, Vorlesungen Uber das Ikosaeder und die Auflosung der Gle-
ichungen von Funften Grade, Leipzig (1884).



BIBLIOGRAPHY 83

[Kudr] E. A. Kudryavtseva, Helicity is the Only Invariant of Incompressible
Flows whose Derivative is Continuous in the C' Topology, Math. Notes,
99:4 (2016), 611-615.

[M-P] Matveev, S. & Polyak, M. A simple formula for the Casson-Walker
invariant, Journal of Knot Theory and Its Ramifications 18 6 (2009)
841-864; arXiv:0811.0606.

[Me] Melikhov, S.A. Colored finite type invariants and a multi-variable ana-
logue of the Conway polynomial, Preprint (2003) arXiv:math/0312007v2.

[M-R] M.U. Monastyrsky and V.S.Retakh, Topology of Linked Defects in
Condensed Matter, Commun.Math.Phys.103,445-459 (1986).

[M] Moffatt, H.K. The topology of turbulence, Lesieur, M. (ed.) et al., Ecole
de Physique des Houches — UJF INPG — Grenoble, a NATO Advanced
Study Institute. Les Houches session LXXIV 31 July — 1 September
2000, New trends in turbulence. Turbulence: nouveaux aspects. Berlin:
Springer; Les Ulis: EDP Sciences (2001) 321-340.

[M-R] H.K.Moffatt & R.L. Ricca, Helicity and Calugareanu invariant, Proc.
R. Soc. Lond. A. 439 (1992) 411-429.

[Na] Y. Nakanishi, Delta link homotopy for two-component links, Topology
and its Applications 121 (2002) 169-182.

[Ni] Ryo Nikkuni, Homotopy on spatial graphs and Generalized Sato- Levine
Invariants, arXiv:0710.3627v2 [math.GT] 29 Jan 2008.

[P-S] V. V. Prasolov, A. B. Sossinsky, Knots, Links, Braids and 3- Manifolds,
MCCME, Moscow, 1997; English transl., Trans. Math. Monogr., vol.
154, Amer. Math. Soc., Providence RI, 1997.

[R] Radler K.-H. The generation of cosmic magnetic fields// From the Sun
to the Great Attractor/, Guanajuato Lect. on Astrophysics (D. Page and
J. G. Hirsh, eds.) Lect. Notes Phys.—Springer-Verlag (1999) 101-172.

[S-S] V. B. Semikoz & D. Sokoloft, Magnetic Helicity and Cosmological Mag-
netic Field, Astron. Astrophys. 433 (3) (2005) L53-L56.

[S] P. Scott, The Geometry of 3-Manifolds, The Bulletin of the London
Mathematical Society Vol 15, Part 5, (1983), N56, pp. 401-487.



84 BIBLIOGRAPHY

[T-S-W-B] A. Thompson, J. Swearngin, A. Wickes, and D. Bouwmeester,
Constructing a class of topological solitons in magnetohydrodynamics,
arXiv:1310.4229v5 [physics.plasm-ph| 26 Apr 2014.

[Y-H] A. R. Yeates & G. Hornig Unique Topological Characterization of
Braided Magnetic Fields, Journal of Physics: Conference Series 544
(2014) 012002, arXiv:1208.2286v1 (2012) 10 Aug.

[Z] M. L Zelikin, Superconductivity of Plasma and Fireballs, CMFD, 19,
2006, 45—69. Engl. transl. Journal of Mathematical Sciences June 2008,
Volume 151, Issue 6, pp 3473-3496.









(“&_
| want morebooks!

Buy your books fast and straightforward online - at one of the world’s
fastest growing online book stores! Environmentally sound due to
Print-on-Demand technologies.

Buy your books online at
www.get-morebooks.com

Kaufen Sie Ihre Biicher schnell und unkompliziert online — auf einer der am
schnellsten wachsenden Buchhandelsplattformen weltweit!
Dank Print-On-Demand umwelt- und ressourcenschonend produziert.

Blicher schneller online kaufen
www.morebooks.de

OmniScriptum Marketing DEU GmbH

Bahnhofstr. 28
D- 66111 Saarbriicken info@omniscriptum.com
Telefax: +49 681 93 81 567-9 www.omniscriptum.com







