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ABSTRACT. We systematically develop Weyl-Titchmarsh theory for singular
differential operators on arbitrary intervals (a,b) C R associated with rather
general differential expressions of the type

o = L (<l + 51 0l +5f1+f).

where the coefficients p, g, r, s are real-valued and Lebesgue measurable on
(a,b), with p # 0, 7 > 0 a.e. on (a,b), and p~ ', q, 7, s € Llloc((a, b); dz), and
f is supposed to satisfy

f € ACloc((a7 b))7 p[f, + sf] € Acloc((a7 b))

In particular, this setup implies that 7 permits a distributional potential co-
efficient in ngcl’l((a, b)) and ngi((a7 b)).

We study maximal and minimal Sturm—Liouville operators, all self-adjoint
restrictions of the maximal operator Tmax, or equivalently, all self-adjoint ex-
tensions of the minimal operator Th,i,, all self-adjoint boundary conditions
(separated and coupled ones), and describe the resolvent of any self-adjoint
extension of Thin. In addition, we characterize the principal object of this
paper, the singular Weyl-Titchmarsh—-Kodaira m-function corresponding to
any self-adjoint extension with separated boundary conditions and derive the
corresponding spectral transformation. We also deal with principal solutions
and characterize the Friedrichs extension of Ti,ip.

Finally, in the special case where 7 is regular, we characterize the Krein—
von Neumann extension of T, and also characterize all boundary conditions
that lead to positivity preserving resolvents (and hence semigroups).
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1. INTRODUCTION

The prime motivation behind this paper is to develop Weyl-Titchmarsh theory
for singular Sturm-Liouville operators on an arbitrary interval (a,b) C R associated
with rather general differential expressions of the type

rf =2 (=l +sf) + spls + sf +ar ). (11)

Here the coefficients p, g, 7, s are real-valued and Lebesgue measurable on (a, b),
with p # 0, r > 0 a.e. on (a,b), and p~!, ¢, r, s € Ll ((a,b);dzx), and f is supposed
to satisfy
f € ACioc((a,b)), plf' + sf] € ACic((a,b)), (1.2)
with ACioc((a,b)) denoting the set of locally absolutely continuous functions on
(a,b). (The expression fI!] = p[f’ + sf] will subsequently be called the first quasi-
derivative of f.)
One notes that in the general case (II]), the differential expression is formally
given by

Tf= % (—(pf')/ + [ = (ps) +ps® +q] f) : (1.3)

Moreover, in the special case s = 0 this approach reduces to the standard one, that
is, one obtains,

=1 (- +af). (1.4)

In particular, in the case p = r = 1 our approach is sufficiently general to include
distributional potential coefficients from the space ngcl 1((a,b)) as well as all of
H;M(a,b)) = V[/lgcu((a, b)) (as the term s? can be absorbed in ¢), and thus even
in this special case our setup is slightly more general than the approach pioneered

by Savchuk and Shkalikov [I32], who defined the differential expression as
Tf=—(f' +sf) +slf' +sf1=5"f, [[f' +sf] € ACie((a,D)). (1.5)

One observes that in this case ¢ can be absorbed in s by virtue of the transformation
s — s+ [* q. Their approach requires the additional condition s? € L{ .((a,b); dz).

loc
Moreover, since there are distributions in H, . ((a,b)) which are not measures, the
operators discussed here are not a special case of Sturm—Liouville operators with
measure-valued coefficients as discussed, for instance, in [40].

We emphasize that similar differential expressions have already been studied by
Bennewitz and Everitt [20] in 1983 (see also [41], Sect. 1.2]). While some of their
discussion is more general, they restrict their considerations to compact intervals
and focus on the special case of a left-definite setting. An extremely thorough
and systematic investigation, including even and odd higher-order operators de-
fined in terms of appropriate quasi-derivatives, and in the general case of matrix-
valued coeflicients (including distributional potential coefficients in the context of
Schrodinger-type operators) was presented by Weidmann [148] in 1987. In fact, the
general approach in [20] and [I48] draws on earlier discussions of quasi-derivatives
in Shin [T40]-[142], Naimark [I19] Ch. V], and Zettl [I49]. Still, it appears that the
distributional coefficients treated in [20] did not catch on and subsequent authors
referring to this paper mostly focused on the various left and right-definite aspects
developed therein. Similarly, it seems likely that the extraordinary generality ex-
erted by Weidmann [I48] in his treatment of higher-order differential operators
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obscured the fact that he already dealt with distributional potential coeflicients
back in 1987.

There were actually earlier papers dealing with Schroédinger operators involv-
ing strongly singular and oscillating potentials which should be mentioned in this
context, such as, Baeteman and Chadan [I4], [15], Combescure [27], Combescure
and Ginibre [20], Pearson [123], Rofe-Beketov and Hristov [126], [127], and a more
recent contribution treating distributional potentials by Herczyniski [69)].

In addition, the case of point interactions as particular distributional potential
coefficients in Schrodinger operators received enormous attention, too numerous to
be mentioned here in detail. Hence, we only refer to the standard monographs by
Albeverio, Gesztesy, Hgegh-Krohn, and Holden [2] and Albeverio and Kurasov [5],
and some of the more recent developments in Albeverio, Kostenko, and Malamud
[4], Kostenko and Malamud [94], [95]. We also mention the case of discontinuous
Schrodinger operators originally considered by Hald [66], motivated by the inverse
problem for the torsional modes of the earth. For recent development in this direc-
tion we refer to Shahriari, Jodayree Akbarfam, and Teschl [139].

It was not until 1999 that Savchuk and Shkalikov [I32] started a new development
for Sturm-Liouville (resp., Schrodinger) operators with distributional potential co-
efficients in connection with areas such as, self-adjointness proofs, spectral and
inverse spectral theory, oscillation properties, spectral properties in the non-self-
adjoint context, etc. In addition to the important series of papers by Savchuk and
Shkalikov [132]-[138], we also mention other groups such as Albeverio, Hryniv, and
Mykytyuk [3], Bak and Shkalikov [16], Ben Amara and Shkalikov [17], Ben Amor
and Remling [18], Davies [31], Djakov and Mityagin [32]-[35], Eckhardt and Teschl
[40], Frayer, Hryniv, Mykytyuk, and Perry [44], Gesztesy and Weikard [54], Gori-
unov and Mikhailets [58], [59], Goriunov, Mikhailets, and Pankrashkin [60], Hryniv
[70], Kappeler and Mohr [84], Kappeler, Perry, Shubin, and Topalov [85], Kappeler
and Topalov [86], Hryniv and Mykytyuk [(1]-[78], Hryniv, Mykytyuk, and Perry
[79]-[80], Kato [89], Korotyaev [92], [93], Maz'ya and Shaposhnikova [105, Ch. 11],
Maz’ya and Verbitsky [106]-[109], Mikhailets and Molyboga [110]-[114], Mirzoev
and Safanova [115], Mykytyuk and Trush [118], Sadovnichaya [130], [I31].

It should be mentioned that some of the attraction in connection with distri-
butional potential coefficients in the Schrodinger operator clearly stems from the
low-regularity investigations of solutions of the Korteweg—de Vries (KdV) equation.
We mention, for instance, Buckmaster and Koch [23], Grudsky and Rybkin [65],
Kappeler and Mohr [84], Kappeler and Topalov [87], [88], and Rybkin [129)].

The case of strongly singular potentials at an endpoint and the associated Weyl—
Titchmarsh-Kodaira theory for Schrodinger operators can already be found in the
seminal paper by Kodaira [91]. A gap in Kodaira’s approach was later circum-
vented by Kac [82]. The theory did not receive much further attention until it
was independently rediscovered and further developed by Gesztesy and Zinchenko
[55]. This soon led to a systematic development of Weyl-Titchmarsh theory for
strongly singular potentials and we mention, for instance, Eckhardt [36], Eckhardt
and Teschl [39], Fulton [48], Fulton and Langer [49], Fulton, Langer, and Luger
[50], Kostenko, Sakhnovich, and Teschl [96], [97], [98], [99], and Kurasov and Luger
[102].

In contrast, Weyl-Titchmarsh theory in the presence of distributional poten-
tial coefficients, especially, in connection with (II)) (resp., (Z2])) has not yet been
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developed in the literature, and it is precisely the purpose of this paper to accom-
plish just that under the full generality of Hypothesis 2.} Applications to inverse
spectral theory will be given in [3§].

It remains to briefly describe the content of this paper: Section [2] develops the
basics of Sturm—Liouville equations under our general hypotheses on p, ¢, r, s,
including the Lagrange identity and unique solvability of initial value problems.
Maximal and minimal Sturm-Liouville operators are introduced in Section [3] and
Weyl’s alternative is described in Section[dl Self-adjoint restrictions of the maximal
operator, or equivalently, self-adjoint extensions of the minimal operator, are the
principal subject of Section Bl and all self-adjoint boundary conditions (separated
and coupled ones) are described in Section The resolvent of all self-adjoint
extensions and some of their spectral properties are discussed in Section [l The
singular Weyl-Titchmarsh-Kodaira m-function corresponding to any self-adjoint
extension with separated boundary conditions is introduced and studied in Section
[B, and the corresponding spectral transformation is derived in our final Section
Section [I0 deals with various applications of the abstract theory developed in this
paper. More specifically, we prove a simple analogue of the classic Sturm separation
theorem on the separation of zeros of two real-valued solutions to the distributional
Sturm—Liouville equation (7 — A)u = 0, A € R, and show the existence of principal
solutions under certain sign-definiteness assumptions on the coefficient function p
near an endpoint of the basic interval (a,b). When 7 — X is non-oscillatory at an
endpoint, we present a sufficient criterion on r and p for 7 to be in the limit-point
case at that endpoint. This condition dates back to Hartman [67] (in the special case
p=r=1,s=0), and was subsequently studied by Rellich [125] (in the case s = 0).
This section concludes with a detailed characterization of the Friedrichs extension
of T in terms of (non)principal solutions, closely following a seminal paper by Kalf
[83] (also in the case s = 0). In Section [Tl we characterize the Krein—von Neumann
self-adjoint extension of Ty, by explicitly determining the boundary conditions
associated to it. In our final Section [[2] we derive the quadratic form associated
to each self-adjoint extension of Ty,in, assuming 7 is regular on (a,b). We then
combine this with the Beurling—Deny criterion to present a characterization of all
positivity preserving resolvents (and hence semigroups) associated with self-adjoint
extensions of Tiyjy in the regular case. In particular, this result confirms that the
Krein—von Neumann extension does not generate a positivity preserving resolvent
or semigroup.

We also mention that an entirely different approach to Schrodinger operators
(assumed to be bounded from below) with matrix-valued distributional potentials,
based on supersymmetric considerations, has been developed simultaneously in [37].

Finally, we briefly summarize some of the notation used in this paper: The
Hilbert spaces used in this paper are typically of the form L?((a,b);r(x)dz) with
scalar product denoted by (-,-), (linear in the first factor), associated norm |- ||2,r,
and corresponding identity operator denoted by I,.. In addition, we use the Hilbert
space L?(R;du) for an appropriate Borel measure p on R with scalar product and
norm abbreviated by (-,-), and || - ||2, 4, respectively.

Next, let T be a linear operator mapping (a subspace of) a Hilbert space into
another, with dom (T'), ran(7T'), and ker(7T") denoting the domain, range, and ker-
nel (i.e., null space) of T. The closure of a closable operator S is denoted by S.
The spectrum, essential spectrum, point spectrum, discrete spectrum, absolutely
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continuous spectrum, and resolvent set of a closed linear operator in the under-
lying Hilbert space will be denoted by o(-), 0ess(:), 0p(-), gal(-), Tac(-), and p(-),
respectively. The Banach spaces of linear bounded, compact, and Hilbert—Schmidt
operators in a separable complex Hilbert space are denoted by B(-), Bo(+), and
Ba(+), respectively. The orthogonal complement of a subspace S of the Hilbert
space H will be denoted by S+.

At last, we will use the abbreviations “iff” for “if and only if”, “a.e.” for “almost
everywhere”, and “supp” for the support of functions throughout this paper.

2. THE BASICS ON STURM—LIOUVILLE EQUATIONS

In this section we provide the basics of Sturm—Liouville equations with distribu-
tional potential coefficients.
Throughout this paper we make the following set of assumptions:

Hypothesis 2.1. Suppose (a,b) C R and assume that p, q, v, s are Lebesgue
measurable on (a,b) withp™', q, r, s € L}, .((a,b); dz) and real-valued a.e. on (a,b)
withr >0 and p # 0 a.e. on (a,b).

Assuming Hypothesis 2.1 and introducing the set,
D, = {g € ACioc((a,)) | ") = plg’ + 5] € ACoc((a,b))}, (2.1)

the differential expression 7 considered in this paper is of the type,

1
rf =~ (=(M) + s +af ) € Lise((@, b r(@)da),  feDr.  (22)
The expression
U =plf' +sfl, feD-, (2.3)
will be called the first quasi-derivative of f.
Given some g € L{ ((a,b);r(z)dz), the equation (7 — 2)f = g is equivalent to

loc
the system of ordinary differential equations

(f{l])l - (q :Szr p;) (f{l]) - (T()g) : (2.4)

From this, we immediately get the following existence and uniqueness result.

Theorem 2.2. For each g € Li _((a,b);r(x)dx), z € C, ¢ € (a,b), and d1, dg € C

loc
there is a unique solution f € ®, of (1 — 2)f = g with f(c) = dy and fMl(c) = ds.
If, in addition, g, d1, do, and z are real-valued, then the solution f is real-valued.

For each f,g € ®, we define the modified Wronski determinant

W(f.9)() = f(2)g" (@) = fM(x)g(z), = € (a,b). (2:5)

The Wronskian is locally absolutely continuous with derivative

W(f,9)'(x) = [9()(7f)(x) = f(2)(rg) (@) r(x), x € (a,b). (2.6)
Indeed, this follows from the following Lagrange identity, which is readily proved
using integration by parts several times.

Lemma 2.3. For each f, g € ®, and o, B € (a,b) we have

B
/ l9(2)(7f)(x) = f(@)(rg) ()] r(z)dx = W(f,9)(B) = W(f g)(a).  (2.7)
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As a consequence, one verifies that the Wronskian W (uq,us) of two solutions
uy, ug € D, of (7 — z)u = 0 is constant. Furthermore, W (uy,uz2) # 0 if and only if
u1, ue are linearly independent. In fact, the Wronskian of two linearly dependent
solutions vanishes obviously. Conversely, W (u1, u2) = 0 means that for ¢ € (a,b)
there is an K € C such that

Kus(c) = uz(c) and Ku[ll] (¢) = u[21] (¢), (2.8)

where we assume, without loss of generality, that u; is a non-trivial solution (i.e.,
not vanishing identically). Now by uniqueness of solutions this implies the linear
dependence of u; and us.

Lemma 2.4. Let z € C, uq, ug be two linearly independent solutions of (1—z)u =0
and c € (a,b), di,ds € C, g € L, ((a,b); r(x)dz). Then there exist c1, ca € C such
that the solution u of (T — 2)f = g with f(c) = di and fM(c) = dy, is given for
each x € (a,b) by

= 71“(17) ’ U r
f(x) = crur(x) + coua(x) + W (i, 12) /c 2(t)g(t) r(t)dt

ug(z)  [*
- m/c ur(t)g(t) r(t)dt,

iy o
(@) = erull(@) + eul (@) + mli(u)) / us(£)g(t) r(t)dt
(1] z
uy) ()
B m/c u1(t)g(t) r(t)dt.

If uq, ug is the fundamental system of solutions of (1 — z)u = 0 satisfying u1(c) =

u[21] (¢)=1 and u[ll] (¢) =u2(c) =0, then ¢y = dy and c3 = da.

We omit the straightforward calculations underlying the proof of Lemma 2.4
Another important identity for the Wronskian is the well-known Pliicker identity:

Lemma 2.5. For all f1, f2, f3, f4 € ®+ one has
0 =W(f1, fo)W(f3, f1) + W(f1, f3)W (fa, fo) + W (f1, fa)W(f2, f3)- (2.9)

We say 7 is reqular at a, if p~1, ¢, r, and s are integrable near a. Similarly, we

say T is regular at b if these functions are integrable near b. Furthermore, we say 7
is regular on (a,b) if 7 is regular at both endpoints a and b.

Theorem 2.6. Let 7 be reqular at a, z € C, and g € L*((a,c);r(z)dx) for each
¢ € (a,b). Then for every solution f of (1 — z)f = g the limits

fla) = lifn f(@) and fM(a) = hin (@)
exist and are finite. For each di, do € C there is a unique solution of (1 —z)f =g

with f(a) = dy and i (a) = dg. Furthermore, if g, d1, da, and z are real, then the
solution is real. Similar results hold for the right endpoint b.

Proof. This theorem is an immediate consequence of the corresponding result for
the equivalent system (2.4)). O

Under the assumptions of Theorem one also infers that Lemma [2.4] remains
valid even in the case when ¢ = a (resp., ¢ = b).
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We now turn to analytic dependence of solutions on the spectral parameter
z e C.

Theorem 2.7. Let g € L] ((a,b);r(z)dx), ¢ € (a,b), di,d2 € C and for each
z € C let f. be the unique solution of (T — 2)f = g with f(c) = di and f(c) = d.
Then f.(z) and jis (x) are entire functions of order 1/2 in z for each x € (a,b).
Moreover, for each «, 8 € (a,b) with a < 8 we have

F@)+ 1@ < CePVEL zefaf), zeC,
for some constants C', B € R.

Proof. The analyticity part follows from the corresponding result for the equivalent
system. For the remaining part first note that because of Lemma [2.4] it suffices to
consider the case when ¢ vanishes identically. Now if we set for each z € C with
2| > 1

va(2) = 2| £ (@) P + [ (@)?, @ € (a,b),

an integration by parts shows that for each x € (a,b)

) = a0 = [ 20 - O P)s(o)

c

+ [ 2Re( 20 ®) [elpt) " + a(o)]as
- / ' 2Re(z £.0) 1 (t)) r(t)dt.
Employing the elementary estimate

2. () f )] < EI@ + @) @),

|| ||

we obtain an upper bound for v,:

ve(z) <wvyle) +2

/ v () |z|w(®)dt|, z € (a,b),
where w = [p~1| + |q| + |r| + |s|. Now an application of the Gronwall lemma yields
vs (@) < v, (e)2VIFIE w®dt] e g ).

O

If, in addition to the assumptions of Theorem 2.7 7 is regular at a and g is
integrable near a, then the limits f,(a) and fz[” (a) are entire functions of order 1/2
and the bound in Theorem [Z7] holds for all z € [a, 8]. Indeed, this follows since
the entire functions f,(x) and fzm (x), x € (a,c) are locally bounded, uniformly in
x € (a,c). Moreover, in this case the assertions of Theorem 27 are valid even if we
take ¢ = @ and/or a = a.
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3. STURM—LIOUVILLE OPERATORS

In this section, we will introduce operators associated with our differential ex-
pression 7 in the Hilbert space L?((a,b);r(x)dx) with scalar product

b RS
{f:9)r :/ f@)g(z)r(x)de,  f, g € L*((a,b);r(z)dx). (3.1)
First, we define the maximal operator Tinax in L?((a,b); r(x)dz) by
Tmaxf = Tfu (32)

f €dom (Thax) = {g € L2((a, b);r(x)dr) ‘ gED,, TgE L2((a, b);r(a:)d:z:)} .

In order to obtain a symmetric operator, we restrict the maximal operator T ax to

functions with compact support by
TOf = Tfu 3 3)
f € dom (Ty) = {9 € dom (Tiwax) | ¢ has compact support in (a,b)}. (3

Since 7 is a real differential expression, the operators Ty and Tiax are real with
respect to the natural conjugation in L2((a, b);r(z)dz).

We say some measurable function f lies in L?((a,b);r(z)dx) near a (resp., near
b) if f lies in L?((a,c);r(x)dz) (resp., in L%((c,b);r(z)dx)) for each ¢ € (a,b).
Furthermore, we say some f € ©; lies in dom (Tinax) near a (resp., near b) if f and
7f both lie in L?((a,b);r(x)dz) near a (resp., near b). One readily verifies that
some f € D, lies in dom (Tinax) near a (resp., b) if and only if f lies in dom (Tiax)
near a (resp., b).

Lemma 3.1. If 7 is reqular at a and f lies in dom (Timax) near a, then the limits
f(a) =1lim f(2) and f1"(a) = lim ()
exist and are finite. Similar results hold at b.

Proof. Under the assumptions of the lemma, 7f lies in L?((a,b);r(x)dz) near a
and since r(z)dz is a finite measure near a we have 7f € L((a,c);r(z)dz) for each
¢ € (a,b). Hence, the claim follows from Theorem 2.6 O

The following lemma is a consequence of the Lagrange identity.

Lemma 3.2. If f and g lie in dom (Timax) near a, then the limit
W (/,9)(@) = i W(£.3)(@) .9

exists and is finite. A similar result holds at the endpoint b. If f, g € dom (Tiax),
then

(£, 9)r — (f.79)r = W(£,7)(b) = W(£,9)(a) = WL(f, ). (3.5)

Proof. If f and ¢ lie in dom (Tiax) near a, the limit o | a of the left-hand side
in equation ([Z7) exists. Hence, the limit in the claim exists as well. Now the
remaining part follows by taking the limits o | a and 8 1 b. O

If 7 is regular at a and f and g lie in dom (Tiax) near a, then we clearly have
W(f,9)(a) = f(a)g!)(a) - fM(a)g(a). (3.6)

In order to determine the adjoint of Ty we will rely on the following lemma (see,
e.g., [144, Lemma 9.3] or [147, Theorem 4.1]).
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Lemma 3.3. Let V' be a vector space over C and Fi, ..., F,, F linear functionals
defined on V. Then

F espan{Fi,...,F,} iff m ker(F;) C ker(F). (3.7)

Jj=1
Theorem 3.4. The operator Ty is densely defined and T§ = Tmax-
Proof. If we set
Ty ={(f1, f2) € L*((a,b);r(x)dx)? | Vg € dom (Tv) : (f1,Tog)r = (f2.9)r}, (3.8)

then from Lemma B.2] one immediately sees that the graph of Ty, is contained in
T . Indeed, for each f € dom (T,ax) and g € dom (Tp) we infer

(Tf,9)r = (fi79)r = 1[;% W(f,9)(B) - Eﬁ W(f,g)(a) =0,

since W (f,g) has compact support. Conversely, let f1, f2 € L?((a,b);r(z)dx) such
that (f1,Tog)r = {(f2,g)r for each g € dom (Tp) and f be a solution of 7f = fo.
In order to prove that f; — f is a solution of 7u = 0, we will invoke Lemma
Therefore, consider the linear functionals

b
t(g) :/ (fi(2) = f@)g(z)r(x)dz, g€ L((a,b);r(x)d),

b
60 = [ g s, g€ L2((ab)r(e)da), j = 1.2

where u; are two solutions of Tu = 0 with W (u1, ug) = 1 and L?((a, b); r(x)dz) is the
space of square integrable functions with compact support. For these functionals we
have ker(¢1) Nker(¢3) C ker(¢). Indeed, let g € ker(¢1) Nker(¢3), then the function

b

uw) = ) [ w®o®) i+ ) [ n@e0rd, e @),

is a solution of Tu = g by Lemma [2.4] and has compact support since ¢ lies in
the kernel of ¢1 and ¢3, hence u € dom (Tp). Then the Lagrange identity and the

property of (f1, f») yield

bi b_
/ h@) — F@ru(e) r(z)de = (ru, fi), - / F@ru(@) r(z)dz
a l()l -
= (u, fo)r / F@u(z) r(z)dz =0,

hence g = 7u € ker(¢). Now applying Lemma [3.3] there are ¢;, ¢2 € C such that

b
/ [f1(z) = f(x) + crua () + coua(x)]g(w) r(z)dr = 0, (3.9)

for each g € L%((a,b);r(x)dx). Hence, obviously f1 € ®, and 7f; = 7f = f, that

is, f1 € dom (Tinax) and Tiaxf1 = fo. But this shows that ﬁ* actually is the graph
of Tinax, which shows that T is densely defined with adjoint Ti,.x. Indeed, if Tj
were not densely defined, there would exist 0 # h € L%((a,b); r(z)dx)N(dom (Tp))~.

Consequently, if (f1, f2) € TO , then (f1,f2+h) € To*, contradicting the fact that
TO is the graph of an operator. O
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The operator Ty is symmetric by the preceding theorem. The closure T, of Tp
is called the minimal operator,
Tmin = TO = TE;* = Tl:lax'
In order to determine Ty,i, we need the following lemma on functions in dom (Tiax)-
Lemma 3.5. If f, lies in dom (Tihax) near a and fi, lies in dom (Tiax) near b,
then there exists an f € dom (Tyax) such that f = f, near a and f = f, near b.

Proof. Let uy, us be a fundamental system of 7u = 0 with W (u1,u2) = 1 and let
a, B € (a,b), a < § such that the functionals

B
Fi(g) = / w;(x)r(z)de, g€ L*((a,b);r(z)dr), j=1,2,
are linearly independent. First we will show that there is some u € ©, such that

u(@) = fa(@), ull(a) = fl(a), w(B) = fu(B), uM(8)=£(8).

Indeed, let g € L?*((a,b);r(x)dz) and consider the solution u of T7u = g with initial
conditions

uw(a) = fo(a) and ul(a) = ().
With Lemma [2.4] one sees that u has the desired properties if

-1
B(g)\ _ [(wm(B) —ua(B) fo(B) — crui(B) — coua(fB)
=, 0 1] (1] g ) (3:10)
Fi(g) ui (B) —uy (B) b (B) — vy (B) — couy ' (B)
where c1, co € C are the constants appearing in Lemma 24l But since the func-
tionals Fy, Fy are linearly independent, we may choose g € L?((a,b); r(x)dr) such
that this equation is valid. Now the function f defined by

fa(z), z€ (a,a),
fx)=qu(z), =z a,p), (3.11)
fb(x)a T e (ﬂab)v
has the claimed properties. O

Theorem 3.6. The minimal operator T, is given by
Twinf =7f, [ € dom (Thmin) = {g € dom (Thax) | Vh € dom (Tinax) :
W(g,h)(a) = W(g,h)(b) = 0}.
Proof. If f € dom (Thin) = dom (T ...) € dom (Tiax), then

max
0=A(rf,9)r = (f,79)r = W([,9)(b) =W (f,9)(a), g€ dom (Thax)-
Given some g € dom (Tiax), there is a g, € dom (Tyax) such that g = ¢ in a
vicinity of a and g, = 0 in a vicinity of b. Therefore, W(f, g)(a) = W(f,9a)(a) —
W (f,G4)(a) = 0. Similarly, one obtains W (f, g)(b) = 0 for each g € dom (Tiax)-
Conversely, if f € dom (Tmax) such that for each g € dom (Thax), W(f, g)(a) =
W(f,g)(b) =0, then

(rf:9)r = (f,79)r = W(£,9)(b) = W(f,7)(a) =0,
hence f € dom (T} ,x) = dom (Thyin)- O

max

For regular 7 on (a, b) we may characterize the minimal operator by the boundary
values of the functions f € dom (Tiax) as follows:
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Corollary 3.7. If 7 is reqular at a and f € dom (Tiax), then
f(a) = f(a) =0 iff ¥g & dom (Tmax) : W(f, 9)(a) =

A similar result holds at b.

Proof. The claim follows from W (f,g)(a) = f(a)g!(a) — f!(a)g(a) and the fact
that one finds g € dom (Ti,ax) With prescribed initial values at a. Indeed, one can
take g to coincide with some solution of 7u = 0 near a. ([

Next we will show that Ty, always has self-adjoint extensions.

Theorem 3.8. The deficiency indices n(Twmin) of the minimal operator T are
equal and at most two, that s,

n(Tmin) = dim (ran ( (Thmin — i)J‘ )) = dim (ran ( (Tin + i)J' )) < 2. (3.12)
Proof. The fact that the dimensions are less than two follows from
ran ((Tiin £1)7) = ker((Tmax F1)), (3.13)

because there are at most two linearly independent solutions of (7 £+ i)u = 0.
Moreover, equality is due to the fact that T, is real with respect to the natural
conjugation in L?((a,b); r(z)dz). O

4. WEYL’S ALTERNATIVE

We say 7 is in the limit-circle (l.c.) case at a, if for each z € C all solutions
of (1 — z)u = 0 lie in L?((a,b);r(x)dr) near a. Furthermore, we say 7 is in the
limit-point (l.p.) case at a if for each z € C there is some solution of (7 — z)u = 0
which does not lie in L?((a,b); r(x)dz) near a. Similarly, one defines the l.c. and
L.p. cases at the endpoint b. It is clear that 7 is only either in the l.c. or in the 1.p.
case at some boundary point. The next lemma shows that 7 indeed is in one of
these cases at each endpoint, which is known as Weyl’s alternative. We omit the
proof since it can be done literally along the lines of, e.g., [I48, Theorem 5.3] or
[40, Lemma 5.1].

Lemma 4.1. If there is a zo € C such that all solutions of (1 — zo)u = 0 lie in
L?((a,b);r(z)dz) near a, then T is in the lLc. case at a. A similar result holds at
the endpoint b.

In particular, if 7 is regular at an endpoint, then 7 is in the l.c. case there since
each solution of (7 — z)u = 0 has a continuous extension to this endpoint.

With r(Tmin) we denote the set of all points of regular type of Thin, that is, all
z € C such that (T, — 2)~! is a bounded operator (not necessarily everywhere
defined). Recall that dim ran(Tm —2)* is constant on every connected component
of r(Tnin) ([147, Theorem 8.1]) and thus dim (ran ((Tmin —2)*)) = dim(ker(Tmax —
Z)) = n(Timin) for every z € r(Tinin)-

Lemma 4.2. For each z € r(Twmin) there is a non-trivial solution of (1 — z)u = 0
which lies in L*((a,b);r(x)dx) near a. A similar result holds at the endpoint b.

Proof. First assume that 7 is regular at b. If there were no solution of (7 — z)u =0
which lies in L?((a, b); r(x)dz) near a, we would have ker(Tynax—2) = {0} and hence
n(Tmin) = 0, that is, Tinin = Tmax. But since there is an f € dom (Tiax) with

f(b) =1 and fM(b) =0,
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this is a contradiction to Theorem [3.0]

For the general case pick some ¢ € (a,b) and consider the minimal operator T, in
L?*((a,c);r(z)dz) induced by 7|, Then z is a point of regular type of T;.. Indeed,
we can extend each f. € dom (7,) with zero and obtain a function f € dom (Tinin)-
For these functions and some positive constant C,

||(TC - Z)fCHL2((a7c);'r‘(x)dz) = ||(Tm1n - Z)fHQ_,'r‘ 2 O |‘f||2,’r‘ = O HfCHL2((a,c);r(:c)dx) .
Now since the solutions of (7|(4,c) —2)u = 0 are exactly the solutions of (7 —z)u =0

restricted to (a, ¢), the claim follows from what we already proved. (]

Corollary 4.3. If z € t(Twin) and 7 is in the lp. case at a, then there is a
unique non-trivial solution of (1 — z)u = 0 (up to scalar multiples), which lies in
L?((a,b);r(z)dz) near a. A similar result holds at the endpoint b.

Proof. If there were two linearly independent solutions in L?((a, b);r(z)dz) near a,
7 would be l.c. at a. g

Lemma 4.4. 7 is in the l.p. case at a if and only if

W(f.9)(a) =0, f, g€ dom (Thax)- (4.1)
T is in the l.c. case at a if and only if there is a f € dom (Tiax) such that
W(f,f)(a) =0 and W(f,g)(a) #0 for some g € dom (Tpax) - (4.2)
Similar results hold at the endpoint b.
Proof. Let 7 be in the l.c. case at a and w1, us be a real fundamental system of
7u = 0 with W(uy,uz) = 1. Both, u; and ug lie in dom (Tihax) near a. Hence,

there are f, g € dom (Tinax) with f = w1 and g = ug near @ and f = g = 0 near b.
Consequently, we obtain

W(f,9)(a) = W(u1,u2)(a) =1 and W(f,f)(a) =W (u1,71)(a) =0,

since wuq is real.

Now assume 7 is in the 1.p. case at a and regular at b. Then dom (Tiax) is a
two-dimensional extension of dom (Tpin), since dim(ker(Timax —1)) = 1 by Corollary
Let v, w € dom (Tyax) with v = w = 0 in a vicinity of a and

v(b) = wt(b) =1 and vM(b) = w(b) = 0. (4.3)
Then
dom (Tinax) = dom (Thin) + span{v, w},

since v and w are linearly independent modulo dom (Ty,in) and they do not lie in
dom (Tin). Then for each f, g € dom (Timax) there are fo, go € dom (Tiyin) such
that f = fo and g = gg in a vicinity of @ and therefore,

W(f,9)(a) = W(fo,g0)(a) = 0. (4.4)

Now if 7 is not regular at b we pick some ¢ € (a,b). Then for each f € dom (Tinax),
fl(a,c) lies in the domain of the maximal operator induced by 7|, ) and the claim
follows from what we already proved. O

Lemma 4.5. Let T be in the l.p. case at both endpoints and z € C\R. Then there
is no non-trivial solution of (1 — z)u =0 in L?*((a,b);r(z)dx).
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Proof. If u € L?((a,b); r(x)dz) is a solution of (1 — z)v = 0, then % is a solution of
(1 —Z)w = 0 and both u and @ lie in dom (Tiyax). Now the Lagrange identity yields

B B
lu(t)]? r(t)dt = 2iIm(z)/ lu(t)? (t)dt.

If « — a and 8 — b, the left-hand side converges to zero by Lemma [£4] and the
right-hand side converges to 2i Im(z)||u||2,-, hence ||u||2,» = 0. O

W, m)(8) — W (u, 1)) = (= - ) /

[e3

Theorem 4.6. The deficiency indices of the minimal operator Ty, are given by

0, if 7 s l.c. at no boundary point,
n(Twmin) =< 1, if 7 is Lc. at exactly one boundary point, (4.5)
2, if 7 is l.c. at both boundary points.
Proof. If T is in the l.c. case at both endpoints, all solutions of (7 —i)u = 0 lie in
L?((a,b);r(z)dz) and hence in dom (Tinax). Therefore, n(Timin) = dim(ker(Timax —
i)) = 2. In the case when 7 is in the l.c. case at exactly one endpoint, there is (up to
scalar multiples) exactly one non-trivial solution of (7—i)u = 0 in L?((a, b); r(z)dz),
by Corollary A3l Now if 7 is in the L.p. case at both endpoints, we have ker(Tjax —
i) = {0} by Lemma .5 and hence n(Tmin) = 0. O

5. SELF-ADJOINT REALIZATIONS

We are interested in the self-adjoint restrictions of Tinax (or equivalently the self-
adjoint extensions of Ty,i,). To this end, recall that we introduced the convenient
short-hand notation

Wi (f.9) = W(f,9)(b) =W (f.9)(a), [, g€ dom(Trmax)- (5.1)

Theorem 5.1. Some operator S is a self-adjoint restriction of Tmax if and only if

Sf=rf, fedom(S)={fedom(Tma) |Vg € dom(S): Wi(f,5) =0},
(5.2)

Proof. We denote the right-hand side of (E2) by dom (Sp). First assume S is a
self-adjoint restriction of Tiyax. If f € dom (S) then

0= <Tfag>7” - <faTg>T = W:(fag)
for each g € dom (S) so that f € dom (Sp). Now if f € dom (Sp), then

0= Wg(fvg) = <vag>7“ - <f77-g>7“

for each g € dom (5), hence f € dom (S*) = dom (5).
Conversely, assume dom (S) = dom (Sp). Then S is symmetric since (7f, g), =
(f,7g), foreach f, g € dom (S). Nowlet f € dom (S*) C dom (T7;,,) = dom (Thyax),

then o

0= <Tfag>r - <f77—g>r = Wf(faﬁ),
for each g € dom (S). Hence, f € dom(Sp) = dom (S5), and it follows that S is
self-adjoint. O

The aim of this section is, to determine all self-adjoint restrictions of Ty ax. If
both endpoints are in the 1.p. case this is an immediate consequence of Theorem
4.6
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Theorem 5.2. If 7 is in the l.p. case at both endpoints then Typin = Thax 1S @
self-adjoint operator.

Next we turn to the case when one endpoint is in the l.c. case and the other
one is in the l.p. case. But before we do this, we need some more properties of the
Wronskian.

Lemma 5.3. Let v € dom (Tax) such that W(v,7)(a) = 0 and suppose there is
an h € dom (Tax) with W(h,v)(a) # 0. Then for each f, g € dom (Tiax) we have

W (f,7)(a) =0 if and only if W(f,7)(a)=0 (5.3)
and
W(f,0)(a) =W(g,0)(a) =0 implies W(f,g)(a)=0. (5.4)
Similar results hold at the endpoint b.

Proof. Choosing f1 = v, f» = U, f3 = h and f4 = h in the Pliicker identity, we
infer that also W(h,v)(a) # 0. Now let f1 = f, fo = v, f3 =7 and f4 = h, then
the Pliicker identity yields (53]), whereas f1 = f, fo =g, fs =7 and fy = h yields

G4). O

Theorem 5.4. Suppose T is in the l.c. case at a and in the l.p. case at b. Then
some operator S is a self-adjoint restriction of Tmax if and only if there is a v €
dom (Tinax) \dom (Tinin) with W (v,7)(a) =0 such that

Sf=r1f, fedom(S)={g € dom(Tmax) |W(g,7)(a) =0}.
A similar result holds if T is in the l.c. case at b and in the l.p. case at a.

Proof. Since n(Tmin) = 1, the self-adjoint extensions of T, are precisely the
one-dimensional, symmetric extensions of Ti,;,. Hence some operator S is a self-
adjoint extension of Ty, if and only if there is a v € dom (Tiax) \dom (Tinin) with
W (v,7)(a) = 0 such that

Sf=rf, fedom(S)=dom (Tmin)+ span{v}. (5.5)
Hence, we have to prove that
dom (Tiyin) + span {v} = {g € dom (Thax) | W(g,7)(a) = 0} . (5.6)

The subspace on the left-hand side is included in the right one because of Theorem
and W(v,7)(a) = 0. On the other hand, if the subspace on the right-hand
side were larger, then it would coincide with dom (Ty,.x) and, hence, would imply
v € dom (Thin)- O

Two self-adjoint restrictions are distinct if and only if the corresponding functions
v are linearly independent modulo Ty,i,. Furthermore, v can always be chosen such
that v is equal to some real solution of (7 — z)u = 0 with z € R in some vicinity of
a.

It remains to consider the case when both endpoints are in the l.c. case.

Theorem 5.5. Suppose T is in the l.c. case at both endpoints. Then some operator
S is a self-adjoint restriction of Tmax if and only if there are v, w € dom (Tax),
linearly independent modulo dom (Trin), with

Wb(v,7) = Wh(w, @) = Wl (v, @) =0 (5.7)
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such that
Sf=r1f, fedom(S)= {g € dom (Tinax) |W£(g,5) = Wé’(g,@) = O} . (5.8)

Proof. Since n(Tmin) = 2 the self-adjoint restrictions of Ty,.x are precisely the two-
dimensional, symmetric extensions of Ty,,,. Hence an operator S is a self-adjoint
restriction of Thax if and only if there are v, w € dom (Tax), linearly independent
modulo dom (Tiyin), with (B7) such that

Sf=rf, fe€dom(S)=dom (Tiin)+ span{v,w}. (5.9)
Therefore, we have to prove that

dom (Tinin) + span {v, w} = {f € dom (Thmax) |W2(f,7) = WE(f, W) = 0} := D.
(5.10)
Indeed, the subspace on the left-hand side is contained in D by Theorem and
E). In order to prove that it is also not larger, consider the linear functionals F,,
F,, on dom (Tax) defined by

F,(f) = Wb(f,7) and F,(f) = Wi(f, @) for f & dom (Tiax)- (5.11)

The intersection of the kernels of these functionals is precisely D. Furthermore,
these functionals are linearly independent. Indeed, assume c;, co € C and ¢ F,, +
coFy = 0, then for all f € dom (Tiax), then

0=c1Fy(f) + c2Fu(f) = aW2(f,0) + caW2(f,0) = W2(f, 10 + cow).  (5.12)
However, by Lemma this yields
W(f,c17+ cow)(a) = W(f, 17+ cow)(b) =0 (5.13)

for all f € dom (Tiax) and consequently ¢17 + co@ € dom (Tinin). Now since v, w
are linearly independent modulo dom (Tyin) we infer that ¢; = c2 = 0 and Lemma
implies that

ker(F,) & ker(F,,) and ker(Fy,) € ker(F). (5.14)

Hence, there exist f,, fi, € dom (Tiax) such that Wo(f,,0) = W2(f,,w) = 0,
but for which W2(f,, @) # 0 and W?(f,,7) # 0. Both f, and f,, do not lie in D
and are linearly independent; hence, D is at most a two-dimensional extension of
dom (Tmin)- O

In the case when 7 is in the l.c. case at both endpoints, we may divide the self-
adjoint restrictions of Ti,.x into two classes. Indeed, we say some operator S is
a self-adjoint restriction of Ty,.x With separated boundary conditions if it is of the
form

Sf=rf, [fe€dom(S)={g € dom (Tnax) |W(g,7)(a) = W(g,w)(b) = 0},

where v, w € dom (Tyax) such that W(v,7)(a) = W(w,w)(b) = 0 but W(h,v)(a) #
0 # W (h,w)(b) for some h € dom (Tiyax). Conversely, each operator of this form is a
self-adjoint restriction of T,ax by Theorem[Ebland Lemma[3El The remaining self-
adjoint restrictions are called self-adjoint restrictions of Tiax With coupled boundary
conditions.
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6. BouNDARY CONDITIONS

In this section, let wy, we € dom (Tinax) With

W (wy,wz)(a) =1 and W(wq,w71)(a) = W(we,wsz)(a) =0, (6.1a)
if 7 is in the l.c. case at a and
W (w1, w2)(b) =1 and W (w1,w1)(b) = W (w2, w2)(b) = 0, (6.1b)

if 7 is in the l.c. case at b. We will describe the self-adjoint restrictions of Tiyax in
terms of the linear functionals BCY, BC?%, BC} and BC? on dom (Tinax), defined
by

BCL(f) = W(f,w5)(a) and BCZ(f) = W(wr, f)(a) for f € dom (Tha),
if 7 is in the l.c. case at a and

BCy(f) = W(f, w2)(b) and BC(f) =W (@1, f)(b) for f € dom (Timax),

if 7 is in the lL.c. case at b.

If 7 is in the l.c. case at some endpoint, functions with (6.1l (resp., with (6.15))
always exist. Indeed, one may take them to coincide near the endpoint with some
real solutions of (7 — z)u = 0 with W (uy,uz2) =1 for some z € R and use Lemma
9.0l

In the regular case these functionals may take the form of point evaluations of
the function and its quasi-derivative at the boundary point.

Lemma 6.1. Suppose T is regular at a. Then there are w1, we € dom (Tinax) with
(6.Ia) such that the corresponding linear functionals BCY and BC? satisfy

BC,(f) = f(a) and BCZ(f) = fM(a) for f € dom (Thax)- (6.2)
The analogous result holds at the endpoint b.

Proof. Take w1y, we € dom (Tiax) to coincide near a with the real solutions w1, us
of Tu = 0 with

ui(a) = u[21] (@) =1 and u[ll] (a) = uz(a) = 0.

Using the Pliicker identity one easily obtains the equality
W(f,9)(a) = BC,(f)BCZ(g) = BCe(f)BCalg), [, g€ dom (Tinax)-
Then for each v € dom (Tryax) \dom (Tryin) with W (v,7)(a) = 0 and W (h,7)(a) # 0
for some h € dom (Tinax), one may show that there is a 6, € [0,7) such that
W(f,7)(a) =0 iff BCL(f)cos(0,) — BC2(f)sin(6,) =0, f € dom (Timax)-
(6.3)
Conversely, if some 6, € [0,7) is given, then there exists a v € dom (Tyax), not
belonging to dom (Tinin), with W(v,7)(a) = 0 and W (h,7)(a) # 0 for some h €
dom (Tnax) such that
W(f,7)(a) =0 iff BCL(f)cos(f,) — BC2(f)sin(f,) =0, f & dom (Timax)-
(6.4)

Using this, Theorem [£.4] immediately yields the following characterization of the
self-adjoint restrictions of Tiyax in terms of the boundary functionals.
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Theorem 6.2. Suppose T is in the l.c. case at a and in the l.p. case at b. Then
some operator S is a self-adjoint restriction of Tmax if and only if there is some
0, € [0,7) such that

Sf=1f,
f € dom (S) = {g € dom (Thax) | BCi(g) cos(6a) — BC2(g)sin(6,) =0} .
A similar results holds if T is in the l.c. case at b and in the l.p. case at a.

Next we will give a characterization of the self-adjoint restrictions of Thax, if 7
is in the l.c. case at both endpoints.

Theorem 6.3. Suppose T is in the l.c. case at both endpoints. Then some operator
S is a self-adjoint restriction of Tmax if and only if there are matrices By, By € C2*2
with

rank(B,|By) = 2 and B,JB} = ByJB; with J = ((1) _01) : (6.5)

BC, (9)) (BCl (9)) }
B, 2 =B b .
(Boff(g) "\ BC;(9)
Proof. If S is a self-adjoint restriction of Ty,.x, there exist v, w € dom (Tinax),

linearly independent modulo dom (T}yiy ), with

Wb(v,7) = Wh(w, @) = Wl (v, W) =0,

such that

Sf=r1f, fedom(S)= {g € dom (Tinax)

such that
dom (S) = {f € dom (Tmax) | W2(f, D) = W2(f, W) =0} .
Let Bg, By € C2*2 be defined by

([ BC%(w) —-BCl(v) _ [ BC?(w) —BCL(v)
Ba—(Bcg(m) —Bc;(w)) and Bb—(Bcé’(w) —Bcﬁ(w))

Then a simple computation shows that
B,JB! = B,JB; iff Wb(v,7) = W’ (w, @) = W’ (v, @) = 0.
In order to prove rank (B,|Bp) = 2, let ¢1, ¢ € C and

BC? () BC?(w) BC2(c1v + cow)
0—c —BCL(v) Lo —BClw) | | =BCL(c1v + cow)
| BG®) | BGi@) | | BC(e1T+ o)
—BC}(v) —BC}(w) —BC}(c1T + cow)

Hence, the function ¢;0 + cow lies in the kernel of BC!, BC2, BC} and BCE,
and therefore, W (c17 + cow, f)(a) = 0 and W(c17 + cow, f)(b) = 0 for each f €
dom (Tpax). This means that ¢17 + co@ € dom (Trin) and hence ¢; = ¢o = 0, since
v, w are linearly independent modulo dom (Ty,in). This proves that (B,|Bp) has
rank two. Furthermore, a calculation yields that for f € dom (Tinax)

WS ) = W(f.m) =0 iff B, (gg%) =B @%EQ) ’

which proves that S is given as in the claim.
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Conversely, let B,, By € C?*? with the claimed properties be given. Then there
are v, w € dom (Tinax) such that

([ BC%(w) —-BCl(v) _ (BC?}(w) —BCL(v)
Ba—(Bcg(m) —Bc;(w)) and Bb—(Bcé’(w) —BO§(@)>'

In order to prove that v and w are linearly independent modulo dom (Tin), let ¢1,
¢y € C and ¢1v + cow € dom (Tipin), then

BCZ (e + caw) BC2(7) BC2(w)
o- | BCi@r+aw) | __[-BC(@) | _ [-BC;(w)
~ | BG@mrmw) | T BCGR®) | 77| BC (W)
—BC} (17 + &2w) —BC;(v) ~BCy(w)

Now the rows of (B,|Bp) are linearly independent, hence ¢; = ¢2 = 0. Since again
B,JB! = ByJB; iff Wb(v,7) = Wl (w, @) = W2 (v, W) =0,

the functions v, w satisfy the assumptions of Theorem As above, one infers
once again that for f € dom (Tax),

BCHf) _ » (BCLH . o o
b <Bc§<f>> =B <Bc’g< f)) iff W2 (f,m) = WE(f, ) = 0,

Hence, S is a self-adjoint restriction of Ty, by Theorem (.5 O

As in the preceding section, if 7 is in the l.c. case at both endpoints, we may
divide the self-adjoint restrictions of Tj,ax into two classes.

Theorem 6.4. Suppose T is in the l.c. case at both endpoints. Then some operator
S is a self-adjoint restriction of Tmax with separated boundary conditions if and
only if there are 04, 0, € [0,7) such that

Sf=rf, (6.6)

_ BCy(g) cos(0a) — BCZ(g) sin(0a) = 0,
J & dom (8) = {9 € dom (Tinax) ’ BC(g) cos(6y) — BC2(g) sin(6y) = 0 }

Furthermore, S is a self-adjoint restriction of Tmax with coupled boundary condi-
tions if and only if there are ¢ € [0,7) and R € R?**? with det (R) = 1 (i.e.,
R € SL2(R)) such that

Sf=r1f,

e dom(s) = {u e dom(Tun) | (JO40)) = (B ). ©7

Proof. Using (63) and (64) one easily sees that the self-adjoint restrictions of Tiyax
with separated boundary conditions are precisely the ones given in (6.6]). Hence,
we only have to prove the second claim. Let S be a self-adjoint restriction of Tiax
with coupled boundary conditions and B,, Bj, € C?>*? matrices as in Theorem (.3
Then by (G3) either both of them have rank one or both have rank two. In the
first case we have

B,z = c;rzwa and Bz = c;rzwb
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for some c,, ¢y, wa, wy € C?\{(0,0)}. Since the vectors w, and wj are linearly
independent (recall that rank(B,|Bp) = 2) one infers that

w (354) o BEHR) o o (BH) - (350 o

In particular,
B,JB; = ByJBy} ifft B,JB; = ByJB}, =0.

Now let v € dom (Tinax) with BC2() = ¢; and BCL (D) = —co. A simple calculation
yields

0 = BoJB; = W (w1, ws)(a)(BCL(v)BC? () — BC?(v)BCL(T))w,q '
= W (wy, w2) ()W (v,7) (a)w, "

Hence, W (v,7)(a) = 0 and since (BCL(v), BC?(v)) = (c2,c¢1) # 0, v € dom (Tin)-
Furthermore, for each f € dom (Thax),

BC(f)

Similarly one obtains a function f € dom (Timax) \dom (Tnin) with W(w,w)(b) =0
and

B, <BO;(f)> = (BCL(f)BC?(v) — BC2(f)BCL(®))wa = W(f,7)(a)w,

BCy (f )) -
B b =W(f,w)(b)ws, € dom (Tax) -
(Db = W Ows, S € dom (Th
However, this shows that S is a self-adjoint restriction with separated boundary
conditions. Hence, both matrices, B, and By, have rank two. If we set B = Bb_lBa7
then B = J(B~1)*J* and therefore, | det(B)| = 1; hence, det(B) = €% for some
¢ € [0, 7). If we set R = e~ **B, one infers from the identities

(b1 b2\ _ “1ve e 2ip (0 —1 bay  —bor 0 1
B_(b21 b22>_J(B = 0 )\ hs )Ll o
_ Q2i0 (bu @)
bo1  baz)’
that R € R?*? with det(R) = 1. Now because for each f € dom (Tax)

BCL(N)\ _ g (BC, () ¢ (BC,(F)Y _ yop (BCalf)
5. (ciin) = (scbn) o (seben) =<°r (5cin)
S has the claimed representation.

Conversely, if S is of the form (67), then Theorem shows that it is a self-
adjoint restriction of Tiax. Now if S were a self-adjoint restriction with separated
boundary conditions, there would exist an f € dom (S) \dom (Tiin), vanishing in
some vicinity of a. By the boundary condition we would also have BC}(f) =
BCZ(f) =0, that is, f € dom (Tinin). Hence, S cannot be a self-adjoint restriction
with separated boundary conditions. O

We note that the separated self-adjoint extensions described in (G.0) are always
real (that is, commute with the antiunitary operator of complex conjugation, resp.,
the natural conjugation in L?((a,b);r(x)dz)). The coupled boundary conditions in
(60) are real if and only if ¢ = 0 (see also [151], Sect. 4.2].
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7. THE SPECTRUM AND THE RESOLVENT

In this section we will compute the resolvent R, = (S — 2zI,)~! of a self-adjoint
restriction S of Ti.x. First we deal with the case when both endpoints are in the
l.c. case.

Theorem 7.1. Suppose T is in the l.c. case at both endpoints and S is a self-adjoint
restriction of Tmax. Then for each z € p(S), the resolvent R, is an integral operator

b
R.g(x) :/ G.(z,9)9(W) r(y)dy, x € (a,b), g € L*((a,b);r(x)dx),

with a square integrable kernel G, that is, R, is a Hilbert-Schmidt operator, R, €
B2(L?((a,b);r(x)dz)). For any two given linearly independent solutions uy, ua of
(1 — 2z)u = 0, there are coefficients mf; (2) € C, i, j € {1,2}, such that the kernel
is given by

Culany) = | Zogm M5 (s v,y € (o, 1)
z\Ly = 2 = . .
Zi,j:l m;; (2)ui(x)u;(y), y e [z,b).
Proof. Let uj, ug be two linearly independent solutions of (7 — z)u = 0 with

W(ui,uz) = 1. If g € L2((a,b);7(z)dz), then R.g is a solution of (1 — 2)f = g
which lies in dom (S). Hence, from Lemma 2.4 we get for suitable constants c;,
coeC

R.g(z) = uy () <c1 + /a ' us(t)g(t) r(t)dt) + ug(z) <c2 - /a ' uy (H)g(t) r(t)dt) ,
(7.2)

for « € (a,b). Furthermore, since R,g satisfies the boundary conditions, we obtain

5 (Bchina) = (Bokr )

for some suitable matrices B,, By € C?*2 as in Theorem Now since g has
compact support, we infer that

BCY(R.g)\ _ [c1BC}(u1)+ c2BC(uz)\  (BCL(ui) BC(uz)\ (c1
BCZ(R.g)) ~ \aBCZ(u1) 4+ c2BCZ(uz)) ~ \BCZ(u1) BCZ(uz)) \c2
=M 1
- « CQ b)
as well as

<BC’Z}(RZQ)> _ Ecl + [P us(t)g(t) r(t)dt) BC} (ur)
BC}(R-g)

-( )
BCI? (ul) BCI? (uQ) Co — fa (751 (t
t
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Consequently,

_ 2 ua(t)g(t) r(t)dt
(BaMa BbMB)() BeMs (—fb L (£)(t) r(0)dt )

Now if B,M, — By Mg were not invertible, we would have

(31> € C*\{(0,0)} with B,M, (32) = ByMjp (g;) ,

and the function dju; + daus would be a solution of (7 — z)u = 0 satisfying the
boundary conditions of S, and consequently would be an eigenvector with eigenvalue
z. However, this would contradict z € p(S), and it follows that B, M, — ByMp must
be invertible. Since

c1y\ B —1 f:uz(t)g(t)r(t)dt
<02)_(BaMa ByMp)™" ByMg (_ T u(9(0) (1) dt>,

the constants ¢; and co may be written as linear combinations of

b b
/uQ(t)g(t)r(t)dt and / up(t)g(t) r(t)de,

where the coefficients are independent of g. Using equation (72 one verifies that
R.g has an integral-representation with a function G, as claimed. The function
G is square-integrable, since the solutions u; and us lie in L?((a,b);r(x)dx) by
assumption. Finally, since the operator K, defined

/ G.(z,y)g(y)r(y)dy, =z € (a,b), g € L*((a,b);r(z)dx),
on L?((a,b);r(x)dz), and the resolvent R, are bounded, the claim follows since
they coincide on a dense subspace. 0

Since the resolvent R, is compact, in fact, Hilbert—Schmidt, this implies dis-
creteness of the spectrum.

Corollary 7.2. Suppose 7 is in the l.c. case at both endpoints and S is a self-adjoint
restriction of Tmax. Then S has purely discrete spectrum, that is, o(S) = 04(S).
Moreover,

Z —_:)\2 < oo and dim(ker(S —X)) <2, Xeoa(S).
A€o (S)

If S is a self-adjoint restriction of Ti,,x with separated boundary conditions or
if (at least) one endpoint is in the l.c. case, then the resolvent has a simpler form.

Theorem 7.3. Suppose S is a self-adjoint restriction of Tmax with separated bound-
ary conditions (if T is in the l.c. at both endpoints) and z € p(S). Furthermore, let
Uq and up be non-trivial solutions of (T — z)u = 0, such that

satisfies the boundary condition at a if T is in the l.c. case at a,
lies in L?((a,b);r(z)dz) near a if T is in the l.p. case at a,
and

satisfies the boundary condition at b if T is in the l.c. case at b,
lies in L?((a,b);r(z)dz) near b if T is in the L.p. case at b.
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Then the resolvent R, is given by

b
R.g(x) :/ G.(z,y)g(y) r(y)dy, = € (a,b), g € L*((a,b);r(x)dx),  (7.3)
where

GZ(Ia y) =

1 {ua(y)ub(fr), y € (a,2], (7.4)

W (up, va) | ua()up(y), v € [x,b).

Proof. The functions u,, up are linearly independent; otherwise, they would be

eigenvectors of S with eigenvalue z. Hence, they form a fundamental system of
(t — 2)u = 0. Now for each f € L?((a,b); r(x)dz) we define a function f, by

b

x

fy() = W (uy, 10) <ub<x> / " wa(t)g(t) r(£)dt + un(z) / w(B)g(t) r(t)dt> ,

x € (a,b).

If f € L?((a,b);r(x)dz), then f, is a solution of (1 — 2)f = g by Lemma 24
Moreover, fg is a scalar multiple of u, near a and a scalar multiple of u; near
b. Hence, the function f, satisfies the boundary conditions of S and therefore,
R.g = fy. Now if g € L?((a,b);r(z)dz) is arbitrary and g, € L%((a,b);r(z)dx) is
a sequence with g, — g as n — oo, we obtain R,g, — R.g since the resolvent is
bounded. Furthermore, f,, converges pointwise to f,, hence R.g = f,. O

If 7 is in the L.p. case at some endpoint, then Corollary shows that there is
always a, unique up to scalar multiples, non-trivial solution of (7 — z)u = 0, lying in
L?((a,b);r(z)dz) near this endpoint. Also if 7 is in the lL.c. case at some endpoint,
there exists a, unique up to scalar multiples, non-trivial solution of (7 — z)u = 0,
satisfying the boundary condition at this endpoint. Hence, functions u, and uy, as
in Theorem always exist.

Corollary 7.4. If S is a self-adjoint restriction of Tmax with separated boundary
conditions (if T is in the l.c. at both endpoints) then all eigenvalues of S are simple.

Proof. Suppose A € R is an eigenvalue and u; € dom (S) with 7u; = Ay, fori = 1,2,
that is, they are solutions of (7 — A)u = 0. If 7 is in the Lp. case at some endpoint,
then clearly the Wronskian W (w1, us) vanishes. Otherwise, since both functions
satisfy the same boundary conditions this follows using the Pliicker identity. O

Since the deficiency index of Tiiy is finite, the essential spectrum of self-adjoint
realizations is independent of the boundary conditions, that is, all self-adjoint re-
strictions of T ax have the same essential spectrum (cf., e.g., [I47, Theorem 8.18])
We conclude this section by proving that the essential spectrum of the self-adjoint
restrictions of T« is determined by the behavior of the coefficients in some arbi-
trarily small neighborhood of the endpoints. In order to state this result we need
some notation. Fix some ¢ € (a,b) and denote by 7|4, (resp., by 7|p)) the
differential expression on (a,c) (resp., on (¢, b)) corresponding to our coefficients
restricted to (a,c) (resp., to (c,b)). Furthermore, let S, oy (resp., S(cp)) be some
self-adjoint extension of 7|(4 ) (resp., of 7|(.p))-

Theorem 7.5. For each ¢ € (a,b) we have
Oe (S) = O¢ (S(a)c)) Uoe (S(c,b)) .
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Proof. If one identifies L?((a,b); r(x)dz) with the orthogonal sum
L*((a,b);r(x)dz) = L*((a, c);r(x)dz) ® L*((c,b); r(x)dzx),
then the operator
Se = S(a,e) ® Sep)

is self-adjoint in L?((a,b);r(x)dx). Now the claim follows, since S and S. are both
finite dimensional extensions of the symmetric operator given by

T.f=7f, fedom(T.)={ge€ dom(Tnm)]|g(c)= gM(e) = 0}.
O
As an immediate corollary is that the essential spectrum only depends on the be-

havior of the coefficients in some neighborhood of the endpoints, recovering Weyl’s
splitting method.

Corollary 7.6. For each a, 3 € (a,b) with a« < 3 we have
0e (8) = ¢ (S(a.a) YU oe (S(ap)) -

8. THE WEYL-TITCHMARSH-KODAIRA m-FUNCTION

In this section let S be a self-adjoint restriction of Ti,,x with separated boundary
conditions (if 7 is in the l.c. case at both endpoints). Our aim is to define a
singular Weyl-Titchmarsh-Kodaira function as introduced recently in [40], [55],
and [96]. To this end we need a real entire fundamental system 6., ¢, of (71— z)u =
0 with W(6,,¢.) = 1, such that ¢, lies in dom (S) near a, that is, ¢, lies in
L?((a,b);r(z)dz) near a and satisfies the boundary condition at a if 7 is in the l.c.
case at a.

Hypothesis 8.1. There is a real entire fundamental system 0, ¢, of (T—z)u =20
with W(0,,$,) =1, such that ¢, lies in dom (S) near a.

Under the assumption of Hypothesis B we may define a function m : p(S) — C
by requiring that the solutions

Y, =0, +m(2)d., z€ p(S),

lie in dom (S) near b, that is, they lie in L?((a,b);r(z)dz) near b and satisfy the
boundary condition at b, if 7 is in the l.c. case at b. This function m is well-
defined (use Corollary 3 if 7 is in the l.p. case at b) and called the singular
Weyl-Titchmarsh-Kodaira function of S. The solutions 1., z € p(5), are called
the Weyl solutions of S.

Theorem 8.2. The singular Weyl-Titchmarsh—Kodaira function m is analytic on
p(S) and satisfies

m(z) =m(z), =z € p(S). (8.1)
Proof. Let ¢, d € (a,b) with ¢ < d. From Theorem [(.3] and the equation
W(U)za sz) = W(om ¢z) + m(z)W(¢zv (bz) =1, z¢€ P(S)7
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we obtain for each z € p(S) and x € [c,d),
zXcd) ’@ljz / (bz dy+¢z / ’@ljz ) Y
= (0-() + m(=)-(0)) / 6:(5) r(y)dy
4 C
+0.0) [ 10-(0) + )0 )] )iy
d ~
0.0 [0 iy + [ )ty

where

Gz(fb,y) =

~ (bz(y)ez(x)v y <,
0-(2)0:(y), y=w,

and hence

(R2Xe,d)s X[e,d))r = m( (/ b= (y > / / y)dy r(x)dz.

The left-hand side of this equation is analytic in p(S) since the resolvent is. Fur-
thermore, the integrals are analytic in p(S) as well, since the integrands are analytic
and locally bounded by Theorem [Z71 Hence, m is analytic if for each zy € p(S),
there exist ¢, d € (a,b) such that

/ o (4) r(y)dy 0.

However, this holds; otherwise, ¢,, would vanish almost everywhere. Moreover,
equation (B1]) is valid since the function

0=+ m(z)@ = [ez + m(2)¢z]7
lies in dom (S) near b by Lemma 5.3 O

As an immediate consequence of Theorem one infers that v, (z) and 1/)[1]( )
are analytic functions in z € p(S) for each x € (a, b).

Remark 8.3. Suppose GZ, gbz is some other real entire fundamental system of
(1 — 2)u = 0 with W (0., gbz) =1, such that ¢, lies in S near a. Then

e_e—g H—f( )¢za and(bz:egz(bza z€C,

for some real entire functions f, g. The corresponding singular Weyl-Titchmarsh—
Kodaira functions are related via

m(z) = e 29 m(2) + e 93 f(2), =z € p(S).

In particular, the maximal domain of holomorphy or the structure of poles and
singularities do not change.

We continue with the construction of a real entire fundamental system in the
case when 7 is in the l.c. case at a.
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Theorem 8.4. Suppose T is in the l.c. case at a. Then there exists a real entire
fundamental system 0,, ¢, of (T —2z)u =0 with W (0., ¢.) = 1, such that ¢, lies in
dom (S) near a,

W(0217¢z2)( ) =1 and W(ezlvo )(a) = W(¢Z1)¢22)(a) = Oa 21, 2 € C.

Proof. Let 0, ¢ be a real fundamental system of Tu = 0 with W (6, ¢) = 1 such that
¢ lies in dom (S) near a. Now fix some ¢ € (a,b) and for each z € C let uy 1, Uy 2
be the fundamental system of

(1 —2)u=0 with u,1(c) = uLl]Q(c) =1 and uL{]l(c) = Uz 2(c) =0.

Then by the existence and uniqueness theorem we have uz; = u,,, i = 1,2. If we
introduce

9z($) = W(uz,lv )( ) 72(‘%') - W(uz,279)(a)uz71($)v UAS (avb)v
¢z () = W(uz1, 9)(a)uz2(x) — Wuzz, ¢)(a)uz (@), z € (a,b),
(

then the functions ¢, lie in dom (S) near @ since
W(¢2,9)(a) = W(usz,1,0) (@)W (uz2, d)(a) — W(uz,2, d) (@)W (us,, ) (a) =

Furthermore, a direct calculation shows that #z = . and ¢z = ¢.. The remaining
equalities follow upon repeatedly using the Pliicker identity. It remains to prove
that the functions W(u,1,0)(a), W(uzz2,0)(a), W(u,1,¢)(a) and W(u,z2,$)(a)
are entire in z. Indeed, by the Lagrange identity

W(uz1,0)(a) = W(uy1,0)(c) — zliin O(t)uy 1 (t) r(t)dt.
Now the integral on the right-hand side is analytic by Theorem 27 and in order to
prove that the limit is also analytic we need to show that the integral is bounded
as z | a, locally uniformly in z. But the proof of Lemma [£1] (see [40, Lemma 5.1])
shows that, for each zy € C,

/C9< (| < K / o(t) / [tz 1 ()] + luso 2 (017 #(E)d,

for some constant K € R and all z in some neighborhood of zy. Analyticity of the
other functions is proved similarly. ([l

If 7 is even regular at a, then one may take 6., ¢, to be the solutions of (7—z)u =
0 with the initial values

0.(a) = ¢M(a) = cos(d,) and — 0M(a) = ¢.(a) = sin(d,),
for some suitable 6, € [0, ).
Corollary 8.5. Suppose 7 is in the l.c. case at a and 0, ¢, is a real entire funda-

mental system of (T — z)u = 0 as in Theorem B4l Then the corresponding singular
Weyl-Titchmarsh-Kodaira function m is a Nevanlinna—Herglotz function.

Proof. In order to prove the Herglotz property, we show that

_ Im(m(2))

0 < el = Tpaps 2€CR (32)
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Indeed, if 21, 22 € p(.S), then

W (s ¥20)(a) = W(02,,02,)(a) + m(22)W (0, ¢2,)(a)
+m(z1)W(6z,,02,)(a) + m(z1)m(z2)W(es,, ¢2,)(a)
=m(z2) — m(z1).
If 7 is in the l.p. case at b, then furthermore we have W (v,,,.,)(b) = 0, since
clearly ©.,, ¥, € dom (Tjhax). This also holds if 7 is in the l.c. case at b, since then

1, and 1, satisfy the same boundary condition at b. Now the Lagrange identity
yields

b
=i Z”/ ey (00, (1) (0t = W (1, 002,)(B) — W (102, )
=m(z1) — m(z2).
In particular, for z € C\R, using m(z) = W as well as ¥z = 0z + m(2)dz = 1.,
we obtain
[[Y.]12 = /b V. (=) r(t)dt = m(z) — T(E) B Im(m(z))'

z2—Z ~ Im(2)

Since 9, is a non-trivial solution, we furthermore have 0 < ||¢,|2. O

We conclude this section with a necessary and sufficient condition for Hypothesis
Bl to hold. To this end, for each ¢ € (a,b), let S’ac) be the self-adjoint operator
associated to 7|4,y With a Dirichlet boundary condition at ¢ and the same boundary
condition as S at a. The proofs are the same as those for Schrédinger operators
given in [96, Lemma 2.2 and Lemma 2.4].

Theorem 8.6. The following items (i)—(iii) are equivalent:

(i) Hypothesis Rl

(i1) There is a real entire solution ¢, of (T — z)u = 0 which lies in dom (S) near a.
(7i1) The spectrum of S(D is purely discrete for some c € (a,b).

a,c)

9. THE SPECTRAL TRANSFORMATION

In this section let S be a self-adjoint restriction of Ti,,.x with separated boundary
conditions as in the preceding section. Furthermore, we assume that there is a real
entire fundamental system 6,, ¢, of (7 — z)u = 0 with W (0,,¢,) = 1 such that
¢, lies in dom (S) near a. By m we denote the corresponding singular Weyl-
Titchmarsh-Kodaira function and by 1, the Weyl solutions of S.

Recall that by the spectral theorem, for all functions f, g € L*((a,b);r(x)dz)
there is a unique complex measure Ey , such that

(R.1.0)r = | 525 dBra). =< 0(S)

In order to obtain a spectral transformation we define for each f € L%((a,b); r(x)dz)
the transform of f

b
f(z):/ ¢.(2)f(z)r(x)dz, zeC. (9.1)
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Next, we will use this to associate a measure with m(z) by virtue of the Stieltjes—

Livsi¢ inversion formula following literally the proof of [96, Lemma 3.3] (see also
[55, Theorem 2.6]):

Lemma 9.1. There is a unique Borel measure p defined via

1 Ao+0
(A1, A2]) = lim lim — Im(m(\ +ig)) dA, (9.2)
310 €10 T Sy 45

for each A1, Ao € R with A1 < Ao, such that
dEs 4 = fgdu, f, g € L*((a,b); r(x)dx). (9.3)

In particular,

(R.1.9) /f I ), = e p(s).

In particular, the preceding lemma shows that the mapping f — f is an isometry
from L2((a,b);r(x)dz) into L*(R;dp). Indeed, for each f € L2?((a,b);r(x)dz) one

infers that
IIin:/]Rf(A)f(A)du(/\):/RdEﬁf: I£115,-

Hence, we may extend this mapping uniquely to an isometric linear operator F
from L?((a,b);r(x)dr) into L*(R;du) by

I = lim %?;/ (@) f (@) r(@)dz, AER, e L*((a,b);r(z)da),

where the limit on the right-hand side is a limit in the Hilbert space L2(R;du).
Using this linear operator F, it is quite easy to extend the result of Leﬁna to
functions f, g € L?*((a,b);r(z)dx). In fact, one gets that dEs, = Ff Fgdu, that
is,

FrA
retghe = [ LTI ), s e ps)
We will see below that F is not only isometric, but also onto, that is, ran(F) =

L?(R;dp). In order to compute the inverse and the adjoint of F, we introduce for
each function g € L2(R; 1) the transform

= [ @) dn). o€ (ab)

For arbitrary «, 8 € (a,b) with a < 8 we estimate

/ ata)* rieyds = [ ") [ 6@ ) r(a)io
/ / o2 (2)3(2) r()dz du(N)

< lgll,, |7 ( [aﬁ)g) ’H

8
< llgll,. \// 9(2)|? r(z)da.
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Hence, § lies in L?((a, b); r(z)dz) with [|§l2,» < ||gll2,, and we may extend this map-
ping uniquely to a bounded linear operator G on L?(R;du) into L?((a,b); r(z)dx).
If F is a Borel measurable function on R, then we denote by Mg the maximally

defined operator of multiplication with F in L?(R;dpu).
Lemma 9.2. The operator F is unitary with inverse G.

Proof. First we prove GFf = f for each f € L*((a,b);r(x)dr). Indeed, if f,
g € L2((a,b);r(z)dz), then

(fra)r = / dE;, = / FOVTO du()

~ Jim ) / o7 (2)9(@) r()dz dp()

n—00 (—n,n]
b—

— tim [ 5@ /( )0 (@) ) )i

n—00 a

= nli_)n;O<QMX(7n,n] ]:f, g>r = <g]:f7 g>7‘

Now since L2((a,b);r(z)dz) is dense in L?((a,b);r(x)dz) we infer that GFf = f
for all f € L?((a,b);r(x)dz). In order to prove that G is the inverse of F, it
remains to show that F is surjective, that is, ran(F) = L?(R;du). Therefore, let
f, g € L*((a,b);r(x)dx) and F, G be bounded measurable functions on R. Since
Ey 4 is the spectral measure of S we get

MaFFE(S)f, Fg)u = (G(S)F(5)f, 9)r = McMpFf, Fg)u.
Now if we set h = F'(S) f, then we obtain from this last equation

/RG(A)fg(/\) (FR(A) = FQ)FF(A) du(A) = 0.

Since this holds for each bounded measurable function G, we infer

Fg\) (Fr(A) = FNFF(N) =0,

for almost all A € R with respect to p. Furthermore, for each Ay € R we can
find a g € L?((a,b);r(x)dr) such that § # 0 in a vicinity of \g. Hence, we even
have Fh = FFf almost everywhere with respect to u. But this shows that ran(F)
contains all characteristic functions of intervals. Indeed, let Ay € R and choose
f € L2((a,b); 7(x)dz) such that f # 0 in a vicinity of Ag. Then for each interval .J,
the closure of which is contained in this vicinity, one may choose

POy = fOL ifaed,
o, if X € R\J,

which yields x; = Fh € ran(F). Thus we have obtained ran(F) = L2(R;du). O
Theorem 9.3. The self-adjoint operator S is given by S = F*M;qF.
Proof. First note that for each f € L?((a,b);r(z)dz),

f € dom (9) iff / IN2dE; ;(\) < oo iff / INZIF L) du()) < oo
R R
iff ]'—f € dom (Mid) iff f € dom (F*Mldf)
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In this case, Lemma [0.1] implies

(5.9 = [ MEr, 0 = [ AFINFGR ) = [ MaF FOF0 du)
R R R
= (F*MiaFf,9)r, g€ L*((a,b);r(z)dx).
Consequently, F*Mg Ff = Sf. ]

Now the spectrum can be read off from the boundary behavior of the singular
Weyl-Titchmarsh-Kodaira function m in the usual way (see [96, Corollary 3.5]).

Corollary 9.4. The spectrum of S is given by

o(S) =supp(u) ={AeR|0< limisoup Im(m(A +ie))}.

Moreover,

op(S) ={AeR|0< laifgalm(m()\ +ie)},

Tae(S) = N €R|0 < limsup Im(m(A + ie)) < oo},
eJl0

where Q7" = {A€R||(A—&,\+e)NQ| >0 for all e > 0}, is the essential closure
of a Borel set Q C R, and

Y, ={A eR| limsupIm(m(A +ie)) = oo}
el0

is a minimal support for the singular spectrum (singular continuous plus pure point
spectrum) of S.

Lemma 9.5. If A € o(S) is an eigenvalue, then
-2
p({A}) = lloalls -

Proof. Under this assumptions ¢, is an eigenvector of S and f()\) = {f, &r)r,
[ € L*((a,b); r(x)dz). Consequently,

193115, = B ({(A}) = FOrNFANMA = 913, n({AD),
since E({\}) is the orthogonal projection onto ¢y. O

Lemma 9.6. For every z € p(S) and all © € (a,b) the transform of the Green
function G,(x,-) and its quasi-derivative oMa, (x,-) are given by
]
Fou(a. )0 = 29 ana oG @y = D aem

—z A=z’
Proof. First note that G, (x,-) and oL G.(z,-) both lie in L*((a,b);r(z)dx). Then
using Lemma [0l we get for each f € L2((a,b);r(z)dx) and g € L%(R; i)

b
teg ), = [ D00 = [ [ PO gdun T o

A—2z

Roate) = [ 29500 aun)

R)\—Z
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for almost all = € (a,b). Using Theorem [7-3 one verifies
()

R)\—Z

<]:GZ(CL', ' )7§>u = <Gz($7 : )7§>r = g()‘) d/"()‘)a

for almost all © € (a,b). Since all three terms are absolutely continuous, this
equality holds for all x € (a,b), which proves the first part of the claim. The second
equality follows from

1,
(P00 0,13 = 060,150 = ) = [ 2Dy n0n
(]

Lemma 9.7. Suppose 7 is in the l.c. case at a and 0,, ¢, is a real entire funda-
mental system as in Theorem B4l Then for each z € p(S) the transform of the
Weyl solution 1, is given by

Fi(\) = AL AeR.

Proof. From Lemma [9.6] we obtain for each x € (a, b)
W (0, ¢x)(x)

Fibo(z,-)(A) = AeR
Fula ) = L@y
where
i Q/Jz Y), Yy > xz,
Vu(z,y) = )
m(z)¢=(y), y<w.
Now the claim follows by letting x | a, using Theorem [B.41 O

Under the assumptions of Lemma @7 m is a Nevanlinna-Herglotz function.
Hence,

m(z) = a1 —|—022—|—/

A <AL A >du(>\), 2 € C\R, (9.4)

—z 1+
where the constants ¢y, co are given by

¢1 = Re(m(i)) and ¢z = lim m(in) > 0.

ntoo 1M

Corollary 9.8. If 7 is in the l.c. case at a and 0, ¢, is a real entire fundamental
system as in Theorem B4l then co =0 in ([@4).

Proof. Taking imaginary parts in ([@.4) yields for each z € C\R,

Im(m(z)) = coIm(z) +/

R

Im (%) dp(A) = colm(z) + & |/I\Hi(z)|2 dp(X).

Using the last identity in conjunction with Lemma and (82), we obtain

ey W) e 1
et [ o da) = 0D g, - [
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Remark 9.9. Given another singular Weyl-Titchmarsh-Kodaira function m as in
Remark R3] the corresponding spectral measures are related by

f=e"p,

where ¢ is the real entire function appearing in Remark Hence, the measures
are mutually absolutely continuous and the associated spectral transformations only
differ by a simple rescaling with the positive function e=29. One also notes that the
spectral measure does not depend on the second solution 6.,.

10. (NON)PRINCIPAL SOLUTIONS, BOUNDEDNESS FROM BELOW, AND THE
FRIEDRICHS EXTENSION

In this section we develop various new applications to oscillation theory, establish
the connection between non-oscillatory solutions and boundedness from below of
Ty, extend a limit-point criterion for T to our present general assumptions, and
characterize the Friedrichs extension Sg of Tj.

Assuming Hypothesis 2] we start by investigating some (non-)oscillatory-type
properties of real-valued solutions u € ®, of the distributional Sturm-Liouville
equation

- (um)/ + sul + qu = Mur for fixed A € R. (10.1)

Throughout this section, solutions of (I0.I]) are always taken to be real-valued, in
accordance with Theorem

We begin with a Sturm-type separation theorem for the zeros of pairs of linearly
independent real-valued solutions of (I0.]).

Theorem 10.1. Assume Hypothesis 211 and suppose that uj, j = 1,2, are two
linearly independent real-valued solutions of (I0T)) for a fired A € R. Ifz; € (a,b),
j = 1,2, are two zeros of uy with r1 < xo and p is sign-definite on (x1,x2) (i.e.,
p>0o0rp <0 ae on (x1,22)), then ug has at least one zero in [x1,x2]. If, in
addition, T is reqular at the endpoint a and x1 = a, then us has a zero in [a, x2).
An analogous result holds if T is reqular at the endpoint b.

Proof. Since the Wronskian of two real-valued solutions of (I0.]) is a constant (cf.
the discussion after Lemma [23)),
W (u, uz)(z) = ul(:v)u[;] (x) — u[ll] (R)uz(xz) =¢, =€ [x1,22], (10.2)

for some ¢ € R. If us has no zero in [x1, 2] then the quotient uj /us is absolutely
continuous on [z1,x2] and (I0:2) implies

= I = _ or a.e. & 1.2
(u_z) (=) = P o € (1, 22)- (10.3)

Subsequently, integrating the equation in (I0.3)) from z1 to z2 and using uq (z;) = 0,

7 =1,2, one obtains
/12 __& (10.4)
o P@ua@? '

The sign definiteness assumption on p implies the integral appearing in ([I0.4) is
nonzero, and, consequently, one concludes ¢ = 0. Therefore, u; and us must
be linearly dependent real-valued solutions of (I0). The result now follows by
contraposition.
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To prove the remaining statement, one may simply repeat the above argument,
noting that regularity of 7 at the endpoint a guarantees that the function appearing
in the right hand side of (I(.3]) is integrable on (a, x2). O

Note also that all zeros are simple in the sense that (nontrivial) solutions must
change sign at a zero.

Lemma 10.2. Assume Hypothesis[2.1] and suppose that u is a nontrivial real-valued
solution of (M) for a fixzed X € R. If 9 € (a,b) is a zero and p is sign-definite
in a neighborhood of xq, then uw must change sign at xg.

Proof. Regarding u'(z) = p(z) 'ul(z) — s(z)u(z) as a differential equation for u
we obtain

u(z) = o5 /me5<y>p<y>*1u“]<y>dy, S() = /zs<y>dy. (10.5)

o 0

Since ull(xg) # 0 (otherwise, u = 0) and ul'l € ACi,c((a, b)), the claim follows. [

Definition 10.3. Suppose Hypothesis 2] holds and let A € R. The differential
expression 7 — \ is called oscillatory at a (resp., b) if some solution of [I0.]) has
infinitely many zeros accumulating at a (resp., b); otherwise, 7 — X is called non-
oscillatory at a (resp., b).

Under the assumption that 7 — A is non-oscillatory at the endpoint b, the next
result establishes the existence of a distinguished solution which is, in a heuristic
sense, “smaller” than any other solution near b. An analogous result holds if (I0.])
is non-oscillatory at a.

Theorem 10.4. Assume Hypothesis2.1 and let A € R be fized. In addition, suppose
that there exists ¢ € (a,b) such that p is sign-definite a.e. on (¢,b). If 7 — X\ is
non-oscillatory at b, there exists a real-valued solution ug of [0 satisfying the
following properties (i)—(iii) in which uy denotes an arbitrary real-valued solution
of Q) linearly independent of ug.

(1) wo and uy satisfy the limiting relation

11m 4o (x)
«1b uy ()

=0. (10.6)

(73) up and uy satisfy

' dz ’ dx
/W<°° e / @ wo@E (10.7)

(731) Suppose xy € (c,b) strictly exceeds the largest zero, if any, of ug, and ui(xg) #
0. If ui(xo)/uo(xo) > 0, then ui/ug has no (resp., exactly one) zero in (xo,b) if
W (ug, u1)(xo) 2 0 (resp., Wug,u1)(zo) S 0), in the case p 2 0 a.e. on (¢,b). On
the other hand, if u1(zo)/uo(zo) < 0, then uq/ug has no (resp., exactly one) zero
in (zo,b) if Wuog,u1)(zo) < 0 (resp., W(ug, u1)(xo) 2 0) in the case p Z 0 a.e. on

(¢,b).

Proof. Let u and v denote a pair of linearly independent real-valued solutions of
({I0d). Then their Wronskian is a nonzero constant, say ¢ € R\{0}. If zy € (¢, b)
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strictly exceeds the largest zero, if any, of v, then u/v € ACioc((x0,b)), and one
verifies (as in (I0.3])) that

!/
u ¢
— | () = ————— for a.e. z € (x0,b). (10.8)
() -7
In particular, since p is sign definite a.e. on (x,b), the right-hand side of equa-
tion (I0.8)) is sign definite a.e. on the same interval; therefore, the function u/v is
monotone on (xg,b). Consequently,

C = tim ") (10.9)
ath v(x)

exists, where C' = +00 is permitted. By renaming u and v, if necessary, one may
take C' = 0. Indeed, in the case C' = oo in (I0.9), one simply interchanges the
roles of the functions v and v. If 0 < |C| < oo, then one replaces the solution «
by the linear combination v — Cv. Choosing ugp = u, a real-valued solution u; of
(I00) is linearly independent of ug if and only if it is of the form w; = coug + c1v
with ¢; # 0. In this case, C' = 0 implies

ui(x) = [e1 4+ o(1)]v(x), (10.10)

and, consequently, (I0LG). This proves item (7).

In order to prove item (i%), we first note a useful consequence of (I0.8). To this
end, suppose u and v are real-valued solutions of (I0]) and that zj, strictly exceeds
the largest zero of v, so that (I0.8]) holds as before. Integrating (I0.8) from xf to
x € (x(,b) and using sign-definiteness of p yields

/w a1
z [POPE)? Il

To prove item (ii), let u; denote a real-valued solution linearly independent of
uo (with wg the solution constructed in item (7)) and choose z¢ € (c,b) strictly
exceeding the largest zero of ug and the largest zero of u;. Choosing u = ug and
v =wuy (resp., u = uj and v = ug) in (IO.IT), taking the limit « 1 b, and applying
([I0.0) establishes convergence (resp., divergence) of the first (resp., second) integral
appearing in (I0.7). This completes the proof of item (7).

To prove item (4i7), we assume the case p > 0 a.e. on (c,b) for simplicity; the
case p < 0 a.e. on (¢, b) is handled similarly. One infers from (I0.6) and (I0.8) (with
u=wu; and v = ug) that uy/ug is monotonic on (zg,b) and that

up ()

ot up(x)

w(x)  ulzg)

() o(xg)

.z € (z),b). (10.11)

= +o00, depending on whether W (ug,u1)(xg) =0 (10.12)

As a result, if uy(xg)/uo(ro) > 0 then wui/up has no (resp., exactly one) zero in
(x0,b) in the case W(ug,u1)(zo) > 0 (resp., W(ug,u1)(zo) < 0). On the other
hand, if ui(zo)/uo(x0) < 0, then ug/up has no (resp., exactly one) zero in (xo,b)
in the case W (ug,u1)(xo) < 0 (resp., W (ug,u1)(xo) > 0). Item (iii) follows since
the zeros of uy in (zg,b) are precisely the zeros of us /ug. O

Evidently, a result analogous to Theorem [[0.4 holds if 7 — A is non-oscillatory at
a. More specifically, one can establish the existence of a distinguished real-valued
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solution vy # 0 of (IO which satisfies the following analogue to ([I0.6): If v; is
any real-valued solution of (I0.]) linearly independent of vy, then

lim vo ()

lim =5y = (10.13)

Analogues of item (i¢) and (i4i) of Theorem [I0.6] subsequently hold for vy and any
real-valued solution v; linearly independent of vy.

Definition 10.5. Assume Hypothesis 2.1l and suppose that A € R. If 7 — ) is non-
oscillatory at ¢ € {a,b}, then a nontrivial real-valued solution wg of (I0.]) which
satisfies

uo(z) _

liy T2 =
z€(a,b) U1 (JJ)

(10.14)

for any other linearly independent real-valued solution uy of (IO is called a prin-
cipal solution of (IO at c. A real-valued solution of (I0.]) linearly independent
of a principal solution at ¢ is called a non-principal solution of (I0)) at c.

If 7 — X is non-oscillatory at ¢ € {a, b}, one verifies that a principal solution at ¢
is unique up to constant multiples. The main ideas for the proof of Theorem [I0.4]
presented above are taken from [68, Theorem 11.6.4]; the notion of (non-)principal
solutions dates back at least to Hartman [67] and was subsequently also used by
Rellich [125].

If the differential expression 7 — X is non-oscillatory at ¢ € {a,b}, one can use
any non-zero real-valued solution to construct a non-principal solution in a neigh-
borhood of ¢. The procedure for doing so is the content of our next result. For
simplicity, we consider only the case when 7 — A is non-oscillatory at b. An analo-
gous technique allows one to construct (non-)principal solutions near a when 7 — A
is non-oscillatory at a.

Theorem 10.6. Assume Hypothesis 211 and suppose that T — X\ is non-oscillatory
at b. In addition, suppose that there exists ¢ € (a,b) such that p is sign-definite a.e.
on (c,b). Let u # 0 be a real-valued solution of (U] and let xo € (c,b) strictly
exceed its last zero. Then

x dx/
ui(z) = u(z) /10 @) x € (z0,b), (10.15)

is a non-principal solution of (IO on (zo,b). If, on the other hand, u is a non-
principal solution of (IQTI), then

b dx’
uo(z) = u(x)/w @) x € (z0,b), (10.16)

is a principal solution of ([IQIl) on (x0,b). Analogous results hold at a.

Proof. Suppose that u # 0 is a real-valued solution of (I0.I) and define u; by
(I015). Evidently, u; is real-valued and uy € ACioc((z0,b)). In addition, u; € D,

since

’U,[l] Tr) = —— ’U,[l] X mdiwl Z .
V@) = oy + 0@ [ s € ACuel (), (10.17)
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and one verifies Tu; = Aug on (zg,b). Moreover, u; is linearly independent of u
since W (u,u1) =1, and w1 is not a principal solution on (zg, b) because

. u1_(96)7 m r dx’
W T / peyu@ * (10.18)

It follows that u; is a non-principal solution on (zg, b).

Under the additional assumption that u is a non-principal solution, one again
readily verifies that ug defined by (I0.I6) is a solution on (zg,b), and that wug is
linearly independent of u. Next, we write ug = colip + c1u on (xg, b), where ug is a
principal solution on (zg,b) and ¢g,c; € R. Then after dividing through by w, one
computes

b / ~
. dx . ap(x)
0=1 —— = lim —= = 10.19
B ), pE@u@)E - O u@) T (10.19)
and it follows that ug = cotip is a principal solution on (zg, b). |

The following result establishes an intimate connection between non-oscillatory
behavior and the Lp. case for 7 at an endpoint. More specifically, we derive a
criterion for concluding that 7 is in the L.p. case at an endpoint in the situation
where 7— ) is non-oscillatory at the endpoint and p has fixed sign in a neighborhood
of the endpoint. The proof of this result relies on the existence of principal solutions,
as established in Theorem [I0.4] as well as the technique for constructing non-
principal solutions described in Theorem [[0.6 This condition is well-known within
the context of traditional three-term Sturm-Liouville differential expressions of the
form rou = r~'[—(pu')’ + qu], where p > 0,7 > 0 a.e. and p~*,r,q € L ((a,b)),
etc. It was first derived by Hartman [67] in the particular case p = r =1 in 1948.
Three years later, Rellich [125] extended the result to the general three-term case
under some additional smoothness assumptions on p,r, and q. These smoothness
restrictions, however, are inessential (see also [51, Lemma C.1]). The following
result extends this L.p. criterion to the general case governed by Hypothesis 211

Theorem 10.7. Assume Hypothesis 211 and suppose that there exists ¢ € (a,b)
such that p is sign-definite a.e. on (c,b). In addition, suppose that T — X is non-

oscillatory at b for some A € R. If fb |r(x)/p(x)|/?dx = oo, then T is in the Lp.
case at b. An analogous result holds at a.

Proof. Since 7 — A is non-oscillatory at b, there exists a principal solution, say uy,
of (IOI)) by Theorem [[0.4l If x strictly exceeds the largest zero of ug in (c,b),
then by Theorem [I0.6] u; defined by

xr dx/
= _ b 10.20
up(x) = ug(x) /ID P )o@ 2’ z € (20,b), ( )
is a non-principal solution on (zg,b), and as a result,
b
dx
—— < 0. (10.21)
/10 Ip(z)|u1(z)?

Assuming 7 to be in the l.c. case at b, one concludes that

/b uy (2)*r(z)dz < . (10.22)

Zo
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Consequently, Holder’s inequality yields the contradiction,
/b dx
wo [P(2)|ua(2)?

Corollary 10.8. Assume Hypothesis 21l Suppose T — A, is non-oscillatory at a
for some Ay € R and that T — Ay is non-oscillatory at b for some A\, € R. If p is
sign-definite in neighborhoods of a and b (the sign of p may be different in the two
neighborhoods), and

1/2 1/2

< oo. (10.23)

/ () )2 < ] / un(e)r(e)d

O

b
/ (@) /p(a)?de = oo, / (@) /p(x)'?de = oo, (10.24)
then Timin = Tmax 1S a self-adjoint operator.

Proof. By Theorem [[07 7 is in the 1.p. case at a and b. The result now follows
from Theorem O

Theorem 10.9. Assume Hypothesis 211 and that p > 0 a.e. on (a,b). Suppose
there exist Aq, Ay € R such that 7 — A\q is non-oscillatory at a and T — X\p is non-
oscillatory at b. Then Ty and hence any self-adjoint extension S of the minimal
operator Tin s bounded from below. That is, there exists v4 € R, such that

(u, Suyy > v4(u,u)r, u € dom(S). (10.25)

Proof. Since 7 — )\, is non-oscillatory at a and 7 — ) is non-oscillatory at b, there
exist real-valued solutions fq, fi € ©,\{0} satisfying

(T—=Xa)fa=0, (T—X)fp =0 a.e. on (a,b), (10.26)

such that f, does not vanish in a neighborhood, say (a,c) of a, and f, does not
vanish in a neighborhood, say (d,b), of b. We may assume that ¢ < d. Note that the
solution f, can have at most finitely many (distinct) zeros in the interval (c, d). For
if f, has infinitely many zeros in (¢, d), then zeros of f, must accumulate at some
point in [¢,d]. Let {c,}52; C (¢,d) denote such a sequence of zeros and ¢ € [c,d]
with lim,, e ¢ = ¢oo. Since f, is continuous on [¢, d], the accumulation point ¢
is also a zero of f,, that is,

falcos) = 0. (10.27)

Let f denote a real-valued solution of (7 — A,)f = 0 linearly independent of f, so
that the Wronskian of f and f, is a non-zero constant

W(f, fa)(c) € R\{O}. (10.28)

By the Sturm separation Theorem [I0.1] the zeros of f, and f intertwine. In par-
ticular, co, must also be a limit point of zeros of f, and by continuity of f on
[, d],

fleso) = 0. (10.29)

However, (I0.27) and (I0:29) are a contradiction to (I028)), and it follows that f,
has only finitely many zeros in (¢, d).
Let {¢, )N} € (¢,d), N € N chosen appropriately, denote a listing of the finitely

many (distinct) zeros of f, in (¢,d) with ¢, < ¢p11,2<n < N —2 and set ¢; =¢
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and cy = d. Define the operators T, (4,c), T0,(cn,cnir)s L <1 < N =1, and Ty (a4,
in the following manner:

T0,(a,0) /1 = Tf1, (10.30)
f1 € dom (Tp,(a,¢)) = {9l(are) ’g € dom (Timax) , g has compact support in (a,c)},
To,(ap)f2 = T[2, (10.31)
fo € dom (T07(d)b)) = {g|(d)b) }g € dom (Thax) , ¢ has compact support in (d, b)},
T0,(cnsensn) 3 = Tf3, (10.32)
f3 € dom (TO,(cn,cn+1)) = {g|(cn,cn+1) ’g € dom (Trnax) ) Supp(g) - (Cn7 C’Il-‘rl)}u
1<n<N-1

Obviously, Ty defined by (B3) is an extension of the direct sum Tp g defined by
TO,GB = T07(a7c) © T07(01)02) D---P Toy(CNith) (&) TO,(d,b)- (1033)

Moreover, Th.q C To,¢¢ C Tmin, and any self-adjoint extension of T, is a self-
adjoint extension of Ty g. Since the deficiency indices of Ty, are at most 2, it
suffices to show that

To,e is bounded from below. (10.34)

Subsequently, by [147, Corollary 2, p. 247], (I0.34) implies that any self-adjoint
extension of Tp ¢ (hence, any self-adjoint extension of Ty,in) is bounded from below
since the deficiency indices of Tp ¢ are finite (in fact, they are at most 2N + 2).
It suffices to show that the symmetric operators (I030)-(I0.32) are separately
bounded from below; a lower bound for Tp g is then taken to be the smallest of the

lower bounds for (I0.30)—-(1032).

The proof that Tj (4,) and T (4p) are bounded from below relies on the non-
oscillatory assumptions on 7 — A\, and 7 — Ap. Since (7 — ;) f, = 0 a.e. on (a,b)
and f, does not vanish on (a, ¢), one can recover ¢ pointwise a.e. on (a, ¢) by

M) | (1) @)
fa(x) N fa(x)

Let u € dom (T (4,c)) be fixed. Using ([I03H) in conjunction with the fact that
functions in dom (To,(a,c)) vanish in neighborhoods of a and ¢ (to freely perform
integration by parts), one computes

q(z) = Agr(z) — s(x) for a.e. z € (a,c). (10.35)

<u7 TO,(a,c)u>L2((a,c);r(m)dz) - A <u7 u>L2((a,c);r(z)dm)

1,
= / {u'(:b)u[l} (z) 4+ u(z)s(z)ulll (z) — s(z)|u(z)? Ja ((3:)) (10.36)
(a,c) a
G P — ——— @A @)u@)?
7 (v (@)u(z) +u(z)u' () + Ful@)? }dw-

Denoting the integrand on the right-hand side of (I036) by Fy(z) a.e. in (a,c),
algebraic manipulations using the definition of the quasi-derivative yield

fa(@) |
fa(2)

Fu(x) = p(a) [t/ (z) — u(=)

>0 for a.e. z € (a,c). (10.37)
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Therefore, the integral appearing in the right-hand side of (I0.36]) is nonnegative.
Since u € dom (T07(a7c)) is arbitrary, one obtains the lower bound

<u7 TO,(G,C)u>L2((07C);T($)dI) > )‘a<u7 u>L2((a,c);r(z)dm)7 u € dom(TO,(a,c))- (1038)
The analogous strategy, using the solution f;, establishes the lower bound for
To,(d,b)s

(u, To a0y W) L2 ((@,b)sr(w)da) = Ab(Us W) L2((d,b)ir(2)da)s U € dom(Ty ). (10.39)
To show that each Ty (¢, c,,,), 1 < n < N —1, is semi-bounded from below, one
closely follows the strategy used above to prove semi-boundedness of T, (4., noting
that since f, is non-vanishing on (¢, ¢n41), ¢ can be solved for a.e. on the inter-
val (¢, Cpt1) in the same manner as in (I035). Then if v € dom (TO)(cman)),
one obtains an identity which formally reads like (I036) with the interval (a,c)
everywhere replaced by (¢, ¢p41). Factoring the integrand according to the factor-
ization appearing on the right-hand side of the equality in (I037) (this time a.e.
on (¢p, Cnt1)), one infers that

<u7 TO,(cn,cn+1)u>L2((cn,cn+1);r(z)dm) 2 )\a <u7 U>L2((cn,cn+1);r(z)dm)7

u € dom (T07(cmcn+1)) ,1<n<N-1

Together, (I03]), (I0:39), and ([I0.40), yield (I034), and hence (I0.25)). O

Corollary 10.10. Assume Hypothesis 211 and suppose that p > 0 a.e. on (a,b).
If T is regular on (a,b), then Ty and hence every self-adjoint extension of Tmin 18
bounded from below.

(10.40)

Proof. We claim that the differential expression 7 is non-oscillatory at a. Indeed,
if 7 were oscillatory at a, then 74 = 0 has a non-trivial, real-valued solution wu,
with zeros accumulating at a. Let v denote a non-trivial, real-valued solution of
7u = 0 linearly independent of u,. Then Theorem [I0.Jlimplies that v also has zeros
accumulating at a. By Theorem [2.0] u,, v, and their quasi-derivatives have limits
at a; by continuity,

limug(z) = limv(xz) = 0. (10.41)

zla

zla

As a result, the Wronskian of u, and v must satisfy

liin W (ug,v)(x) =0, (10.42)

which yields a contradiction since the Wronskian of u, and v equals a fixed, non-
zero constant everywhere in (a,b). Similarly, one shows that 7 is non-oscillatory at
b. The result now follows by applying Theorem [I0.9) with, say, Aq = Ay = 0. O

Corollary M0.10, under our present general assumptions, has originally been
proved by Méller and Zettl [116] using a different approach (and for the general
even-order case considered in [148] with a positive leading coefficient).

Corollary 10.11. Assume Hypothesis 2] and suppose p > 0 a.e. in (a,b). If T is
reqular on (a,b) and A € R, then any non-trivial, real-valued solution of Tu = Au
has only finitely many zeros in (a,b).

Proof. By absorbing A into 7, it suffices to consider the case A = 0. A non-trivial,
real-valued function v satisfying 7u = 0 cannot have zeros accumulating at a point
in [a, b]. O
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Definition 10.12. Assume Hypothesis 2711 The operator Ty (defined by B.3]) is
said to be bounded below at a if there exists a ¢ € (a,b) and a A, € R such that
(u, Tou)yr > Ag(u,u)yr, u € dom (Tp) such that uw =0 on (c,b). (10.43)
Similarly, Ty is said to be bounded below at b if there exists a d € (a,b) and a A\, € R
such that
(u, Tow)r > Xp(u,u)r, u € dom (Tp) such that v =0 on (a,d). (10.44)

Theorem 10.13. Assume Hypothesis 21l If Ty is bounded from below at a and p
is sign-definite near a, then there exists an o € R such that for all A < o, 7 — X\ is
non-oscillatory at a. A similar result holds if Ty is bounded below at b.

Proof. By assumption, there exists a ¢ € (a, b) such that each self-adjoint extension
S(a,e) Of T(a,) with separated boundary conditions in L?((a, ¢); 7(2)dz) is bounded
from below by some o € R. More precisely, this follows from Definition
and Corollary 2 on page 247 in [147]. Then for each A < «, the diagonal of
the corresponding Green function G'(q,c) (7, 2), * € (a,c) is nonnegative (cf. [8I}
Lemma on p. 195]). In fact, since G(q4,¢),» is continuous on (a,c) x (a,c) one has

G(a>c)7)\(x7 ‘T) = ;%«S(a,c) - A)ilfm,su fI,€>L2((a,c);r(z)dm) 2 0 (1045)

for each x € (a,c), where

x+e -1
foely) = (/ T(t)dt> X(e—cate)(Y), ¥ € (a,¢), € >0. (10.46)

—€
Indeed, if z € (a,c), then by continuity along the diagonal, for any § > 0, there
exists an €(d) > 0 such that
G(a,c),)\(wax) -0 S G(a,c),)\(sat) S G(a,c),)\(xu :E) + 67
(10.47)
(s,t) E(x—e,x+e)x(x—e,x+e), e<e(d).

As a result,
G(a,c),)\(fpa I) -6 < <(S(a,c) - A)ilfz,sv fz,s> < G(a,c),)\(fpa I) + 57

10.48
e <e(d), 6 >0. ( )

Therefore, one obtains
G(a,c),)\(xu :E) -9 S hniénf«s(a,c) - )‘)_lfw,aa fm,a> S G(a,c),)\(xu :E) + 57 d > 07
£

(10.49)
and the analogous inequality with “liminf” replaced by “limsup.” Subsequently
taking & | 0 yields (T0.45)).

Now let u, and u. be solutions of (7 — A\)u = 0 lying in L?((a, ¢); r(z)dz) near a
and c respectively and satisfying the boundary conditions there (if any). If u, had
a zero x in (a,c), then y = G(4,¢),A(y,y) would change sign there (note that w, is
non-zero in  since otherwise A would be an eigenvalue of S(,,)). Hence u, cannot
have a zero in (a, ) which shows that 7 — A is non-oscillatory at a. O

Corollary 10.14. Assume Hypothesis 211 and suppose p > 0 a.e. on (a,b). Then
To is bounded from below if and only if there exist p € R and functions gq, gy €
AC\oc((a, b)) such that g([ll],gl[jl] € AC\oc((a, b)), go > 0 near a, gy > 0 near b,

dx b dx
LW ~ ) p@a@E (10.50)
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and
g[l] ,
q > pr — s7 (ng]) a.e. near a,
g{‘;] (10.51)
q > pr— §Tb + (gl[)ll)/ a.e. near b.
b
Proof. For the necessity part of the corollary, Theorem [[0.13] permits one to choose
ga and gy as principal solutions of (7—pu)u = 0 at a and b, respectively, for u less than
a lower bound of Ty. For the sufficiency part, one replaces A\, by u, “=" by “>7,
and f, by g, in (I035) and (I036). The endpoint b is handled analogously. O

Remark 10.15. In Corollary [0.14] one may replace condition (I0.50) by the
condition that one (resp., both) of the integrals appearing in (I0.50) is (resp.,
are) convergent. Indeed, the sufficiency proof of Corollary [0.T4 is carried out
independent of the condition in (I0.50]). For necessity, Theorem [[0.13] permits one
to choose g, or g as a non-principal solution, yielding equality in (T0.51).

Definition 10.16. Assume Hypothesis 2.1l and let A € R. Two points z1,z2 €
(a,b), x1 # x2, are called conjugate points with respect to 7 — X\ if there is some
non-trivial, real-valued solution u of (7 — A)u = 0 satisfying u(x1) = u(z2) = 0.
If no pair of conjugate points with respect to 7 — A exists, then the differential
expression 7 — A is called disconjugate.

The disconjugacy property has been extensively studied for Sturm—Liouville ex-
pressions with non-distributional coefficients, and in this connection we refer to
the monograph by Coppel [28]. The proof of Theorem immediately yields
the following disconjugacy result for the distributional Sturm-Liouville expressions
studied throughout this manuscript.

Corollary 10.17. Assume Hypothesis 21, and suppose p > 0 a.e. on (a,b). If Ty
is bounded from below, then there is an a € R such that (1 — \) is disconjugate for
every A < a. If T is regular on (a,b), then there exists a apg € R, such that for
A < ag, each solution to (T — XN)u = 0 has at most one zero in the closed interval

[a, b].

Proof. Repeating the proof of Theorem I0.13] with ¢ = b shows that there is an
a € R such that for each A < « no solution of (7 —A)u = 0 has a zero in (a,b). Now
the claim follows immediately from Theorem [[0.Il To prove the final statement,
let @ denote a real number (shown to exist in the first part of the corollary) such
that every solution of (7 — A)u = 0 has no zeros in (a,b) if A < «. Now, let
ap = min{a, inf (0(5’070))}, where Sp o denotes the Dirichlet extension of Ty
defined by (6.6 with 6, = 6, = 0 and the functionals BC}! and BC} chosen such
that (cf. Lemma [G.T])

BCq(g) = g(a), BC;(g) =g(b), g€ dom(Tmax). (10.52)

If for some A\ < Apin a solution to (7 — A)u = 0, call it up, has more than one
zero, then necessarily ug(a) = uo(b) = 0, as u has no zeros in (a, b) because A < a.
Consequently, ug is an eigenfunction of Sy with eigenvalue A < inU(So)Q), an
obvious contradiction. [l

We conclude this section with an explicit characterization of the Friedrichs exten-
sion [40] of Ty (assuming the latter to be bounded from below). Before proceeding
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with this characterization, we recall the intrinsic description of the Friedrichs ex-
tension Sp of a densely defined, symmetric operator Sy in a complex, separable
Hilbert space H (with scalar product denoted by (-, )% ), bounded from below, due
to Freudenthal [45] in 1936. Without loss of generality, we assume that So > v, I3
Then Freudenthal’s characterization describes Sr by

Sru = S§u,
u € dom (Sp) = {v € dom (S3) | there exists {v; }jen C dom (Sp), (10.53)

with lim [Ju; — vl = 0 and ((v; — vi), So(v; — vk))  — 0}.
Jj—o0 7, k—o00

Then, as is well-known,
Sk 2 s, I (10.54)
dom((Sp — 75, 1)'?) = {v e ] there exists {v; }jen C dom (Sp),  (10.55)

with lim |jv; —v||lx = 0 and ((v; —vk), So(v; —vE))w —> 0},
j—o0 7, k—o00

and
Sp = SEJk|dom(S(’;)ﬁdom((SF7'ysOIH)1/2)' (1056)

Equations (I0.59) and (I0.56) are intimately related to the definition of Sp via
(the closure of) the sesquilinear form generated by Sy as follows: One introduces
the sesquilinear form

as,(fy9) = (f, S09)n, f,g € dom(gs,) = dom (Sp). (10.57)

Since So > g, I, the form gg, is closable and we denote by qs, the closure
of qs,. Then qg; > v is densely defined and closed. By the first and second
representation theorem for forms (cf., e.g., [90, Sect. 6.2]), §g, is uniquely associated
with a self-adjoint operator in 7. This operator is precisely the Friedrichs extension,
Sk > 75, In, of So, and hence,

T5,(f,9) = (f,Srg)n, | € dom (qs;) = dom((Sp — 75, In)'/?), g € dom (Sr).
(10.58)
The following result describes the Friedrichs extension of T (assumed to be
bounded from below) in terms of functions that mimic the behavior of principal
solutions near an endpoint. The proof closely follows the treatment by Kalf [83]
in the special case s = 0 a.e. on (a,b). (For more recent results on the Friedrichs
extension of ordinary differential operators we also refer to [104], [116], [117], [120],
[121], [128], and [150].)

Theorem 10.18. Assume Hypothesis 211 and suppose p > 0 a.e. on (a,b). If T,
is bounded from below by v € R, Ty > ~ol,, which by Corollary I0TI4 is equiva-
lent to the existence of u € R and functions g, and gy satisfying ga,gb,g([ll],glgl] €

AC\oc((a, b)), go > 0 a.e. near a, g, > 0 a.e. near b,

dx b dx
L0 =] i = (1059)
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and
(1] [y’
q > pr— SQL + M a.e. near a,
Ya Ja
gm (g[l])/ (10.60)
q> pr—s=— + 220/ ge. mear b,
b b
then the Friedrichs extension Sp of Ty is characterized by
SFf = Tfu
f €dom(Sp) = {g € dom (Tinax ‘ /pga (f) dx < o0, (10.61)
/ pg ( ) dr < oo}
In particular,
( [1]) (1] )
/a - o |F7d <200 69y
f € dom (Sk).

Proof. Let S denote the operator defined by (I0L61]) and Sr the Friedrichs extension
of Th. We begin by showing S is symmetric. In order to do this, it suffices to prove
S is densely defined and

(u,Su), € R, w e dom(9). (10.63)

Since functions in dom (7p) are compactly supported one has dom (7p) C dom (5),
which guarantees that S is densely defined. Hence it remains to show (I0.G3). To
this end, let a < ¢y < do < b such that g, > 0 on (a,co], g» > 0 on [dy,b) and
consider the self-adjoint operator S(.,,q,) on L*((co, do); 7(2)dz) induced by 7 with
the boundary conditions

Flco)gM (co) — F1(co)galco) = f(do)gh (do) — W (do)gn(do) = 0. (10.64)

The proof of Theorem [[0.13] shows that the solutions uy, A € R of (1 — A)u =0

with the initial conditions ux(co) = ga(co) and u[)\l] (co) = gL]( o) are positive as

long as A lies below the smallest eigenvalue Ao of S(.,,4,) (which is bounded from
below by assumption). In particular, this guarantees that the eigenfunction uy, is
nonnegative on [cp, dp] and hence even positive since it would change sign at a zero.
As a consequence, the function h defined by

ga(2), x € (a, cp),
h(I) = ’u,)\o( ) T e [Co,do], (1065)

ux(do)gs(do) " gu(x), @ € (do, D)

is positive on (a,b) and satisfies h € ACioc((a,b)), hlY € AC)oe((a,b)). Note that
in particular h is a scalar multiple of g, near b and hence (I0.59) and (I0.60) hold
with g replaced by h. Now fix some f € dom (S) and let a < ¢ < d < b. In light
of the following analog of Jacobi’s factorization identity,

JAENY Rl 1
. (B0) _ _E{phz(f

_ (f[l])/ tsf - f— ST‘f — E) } a.e. in (a,b), (10.66)




WEYL-TITCHMARSH THEORY 43

one computes

[ 5@ ST (10.67)
T LB e 52
a<c<d<b,

so that

Im(/cdf(x)S T(a:)da:) = Im(— [pm@ﬂ

It is shown in [83] egs. (7)—(10)] on abstract grounds that

ph2@ﬁ ph2< ) / ’ (10.69)

based on the divergence of the two integrals appearing in (I0.59)). Equations (I0.GS)
and (I0.69) imply one can choose sequences {¢,}22; and {d,}52, with a < ¢, <
dn, < b,n €N, with ¢, | a, d, T b, such that

d

) a<c<d<b (10.68)

c

limjnf (x) = hm 1nf

dy
lim Im< f(z)S (a:)r(x)da:) =0. (10.70)

n—oo

hm Im( / flx
dTb
exists. Consequently, (I0-70) implies

g  f ) SF@r(a)d .) —hmlm( / fa

Since f € dom (S) was arbitrary, (I0.63) follows.

We now show that S coincides with Sg, the Friedrichs extension of Ty. It suffices
to show Sp C S; self-adjointness of Sp and symmetry of S then yield Sp = S.
In turn, since Sp is a restriction of Ty,ax (because the self-adjoint extensions of
Ty are precisely the self-adjoint extensions of T,i,, and the latter are self-adjoint
restrictions of Thax), it suffices to verify the two integral conditions appearing in
(I06T)) are satisfied for elements of dom (SF). Freudenthal’s characterization of the
domain of the Friedrichs extension for the present setting is

On the other hand

)daz) (10.71)

)daz) =0. (10.72)

dom (Sp) = { f € dom (Tia) | there exists {£;}°%, € dom (Tp) such  (10.73)
ﬂmthm|ﬁf—ﬂbm=oamiimlQﬁ—j%TML"—h»TZO}
J—00 J,k—o00

Let f € dom (Sr) and {f;}32; a sequence with the properties in (I0.73). Define
fix = fj — fr, 4, k € N, and choose numbers ¢ and d in the interval (a, b) such that
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9o and g, are positive on (a, ¢] and [d, b), respectively. Then using the identities

P 2
/ {p7|ul|” + qlul?}da (10.74)
1] c c 12 1] [y’
=S [ ()] o - e
B
/ {p~YuV)* + qlul?}de (10.75)
d
[1] B B 72 [1] [1]
_ g u g g
o lul® / {pg% (—) +|u|2{q+s s ) ]}dw B € [d,0],
d d 9o b )
u € dom (Tp),

one computes

(fine: Tofjphr = /: {pg“ (fjk>
+/db{p9b <fjk)
" (%fj,kr“)( ) - (9;[’”|fgk|2)< 9

(1] (1]y/
i Y,
Ga Ga

d
_ 2 .
+/ {0+ alfinlPyde, Gk €N, (10.76)
On the other hand, choosing v € R such that
‘ 2 g g,
v [l < (21502 )@ - (215 )@ (1077

d
+/ U + alfnl?de, jkeN,

the existence of such a v being guaranteed by Lemmal[A3](cf., in particular, (A27)),

and taking k = |u| + |v|, one obtains
(o (2]
b

7,k e N.

Moreover, the left-hand side of (I0LT8]) goes to zero as j, k — oo, and as a result,
there exist functions f, and fb such that

(£> - fa
Ga

implying, f, = (g5 'f), fo = (g; ' f)" a.e. on (a,c) and (d,b), respectively. Conse-

quently, one infers that
/ b /
/pgi (i) dzx < o, / pgp (i>
a YJa 9b
and it follows that f € dom (S). This completes the proof that Sp C S and hence,
Sp=2S5.

(fik>Tofje)r + "€||fj,kH§7T > / pg2 dzx,

(10.78)

lim [ pg: d:czO, (10.79)

J—00 a

dx— hm / pgb

2 2

dx < oo, (10.80)
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To prove ([[0.62)), note that in light of the inequalities in ([I0:60), it suffices to
prove that the positive part of [q — (hm)//h + shm/h} times |f|? is integrable
near a and b for each f € dom (Sg). This follows immediately from (I0.G7) and
(I059). O

The conditions on g, and g in (I0.59) are reminiscent of the integral conditions
satisfied by principal solutions to the equation (7 — A\)u = 0, assuming the latter
is non-oscillatory. One can just as well characterize the Friedrichs extension of Tj
in terms of functions g, and g, satisfying the assumptions of Theorem but
for which one (or both) of the integrals in (I0.59) is convergent (these conditions
are equivalent to Tp being bounded below, see Remark [[0.15). In these cases, the
characterization requires a certain boundary condition as our next result shows.

Theorem 10.19. Assume Hypothesis 211 and suppose p > 0 a.e. on (a,b). If T
is bounded from below by vo € R, Ty > oI, which by Corollary 014 is equiva-
lent to the existence of p € R and functions g, and gp satisfying ga,gb,g([ll],gl[jl] €

AC\oc((a, b)), go > 0 a.e. near a, g, > 0 a.e. near b,

dz b dz
/am = / prEs s (10.81)

and
(1] [N/
q > pr— sgi + (ga ) a.e. near a,
Ga Ga
gm (g[l])/ (10.82)
q > pr—s=— + 220/ ge. mear b,
b b

then the Friedrichs extension Sg of Ty is characterized by

I
(&)
9o
dr < oo, lim 9(x) = O}.

zla ga(x)

Srpf=r1f,

b
f €dom(SF) = {g € dom (Tinax) ’ / pgg

g 72
2

P 7
/ag“ (ga)

b 1]y’
Iflzdw<oo,/ q—m
9y

2
dx < o0, (10.83)

In particular,

/ (g gl

q———+s—
We omit the obvious case where the roles of a and b are interchanged, but note that

Ga Ga
if (I03) is replaced by

(1]
9b 2
+sgb [f]?dz < oo, (10.84)

€ dom (Sp).

dx b dz
Lmeer <> | w@awr <= 1085
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one obtains

Spf=rf,
72
f €edom(Sp) = {g € dom (Tinax) ‘ /pgg (i) dx < o0, (10.86)
a Ya
b /2
o| (9 - g(x) . g(x) }
= dx < oo, lim =0, lim =0;.
/ b <9b> zla ga(2) 1b gp(2)

Proof. Let S denote the operator defined by (I0.83]) and Sr the Friedrichs extension
of Tp. To show that S is symmetric, one can follow line-by-line the argument for
([I063)-([10.68), so that (I0.68) remains valid. One can then show on abstract
grounds that (I0.69) continues to hold under the finiteness assumption in (I0.8T])
(cf., the beginning of the proof of [83] Remark 3]). Repeating the argument (I0.70)—
([I0T2) then shows that S is symmetric. In order to conclude S = Sp, it suffices
to prove Sp C S. In turn, it is enough to prove dom (Sr) C dom (S). To this end,
let f € dom (Sp). Since (I0.73)-({I080) can be repeated without alteration, the
problem reduces to proving
|/ ()]

im
zla ga(.’IJ)
One takes a sequence {f,}>2; C dom (T) with the properties

nlggo Il fn — fll2,- = 0 and " }ggooﬁn = Jm> To(fr — fm))r = 0, (10.88)

=0. (10.87)

and let {fy,}72, denote a subsequence converging to f pointwise a.e. in (a,b) as
k — oo. Since fy,,f are continuous on (a,b), fn, actually converge pointwise
everywhere to f on (a,b) as k — oo.

Then the proof of (I8 is exactly the same as the corresponding fact (I0.62)
in Theorem

Next, one chooses ¢ € (a, b) such that g, > 0 on (a,c). Using Hélder’s inequality

a,nd (M) one Obta,lns the estlmate
p a

fnk 1/2 f"k
1/2ga g Ja

< / s [(fnk,@o—v@f)fnk) <|~m|+n>||fnk||2yr], veac), ke

dx,

P92
(10.89)

Because of (I0.8]), one obtains

foi (2) / da’

—Z <C —, z€(a,c), keN, 10.90

ga(x) o D92 (@.2) (1050
with C' > 0 a k-independent constant. Writing

9a() 9a(2) 9ga(2)

and given £ > 0, one first chooses an x(g) € (a,c) such that |f,, (x)/g.(x)] < g/2
for all x € (a,z(¢)), and then for x € (a,z(¢)) one chooses a k(z,e) € N such that
for all k > k(x,e), |[f(z) — fn,(2)]/ga(2)] < &/2, resulting in

f(x)
9ga()

<e (10.92)
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whenever z € (a,z(¢)) and k > k(z,e). Since the left-hand side of (I092)) is
k-independent, (I0.87) follows. O

Corollary 10.20. Assume Hypothesis 21 and suppose p > 0 a.e. on (a,b). If T is
reqular on (a,b), then the Friedrichs extension Sg of Ty is of the form

Srf=1Ff,

f € dom (Sp) = {g € dom (Thax) | g(a) = g(b) = 0} . (10.93)
Proof. Let g4, g» be the solutions of 7u = 0 with the initial conditions g,(a) =
g(b) = 1 and g (a) = glgl] (b) = 0. Since 7 is regular on (a,b) we have for each

g € dom (Thax)
2 1
1 [ a t[z]
dx:/pg?l dwz/—'wdx<oo,

!
[(2) 2
a ga p ga
(10.94)

and similarly for the endpoint b. Now the result follows from Theorem and

in particular (T0.86). O

11. THE KREIN-VON NEUMANN EXTENSION IN THE REGULAR CASE

2
929" — 99,

92

In this section, we consider the Krein—von Neumann extension Sy of Ty > 1.,
€ > 0. The operator Sk, like the Friedrichs extension Sg of Tp, is a distinguished,
in fact, extremal nonnegative extension of Tj.

Temporarily returning to the abstract considerations (I0.53)—(I0.58) in connec-
tion with the Friedrichs extension of Sy, an intrinsic description of the Krein—von
Neumann extension Sk of Sp > 0 has been given by Ando and Nishio [7] in 1970,
where Sk has been characterized by

SKU = Sgu,
u € dom (Sk) = {v € dom (S;) | there exists {v;}jen C dom (Sp), (11.1)

with lim |[Sov; — Sgv[ls = 0 and ((v; — vk), So(vj; — vg))x — 0 as j,k — oo}

J*}OO

We recall that A < B for two self-adjoint operators in H if
dom(]A[*/?) 2 dom(|B|'/?) and
(|A|1/2u,UA|A|1/2u)H < (|B|1/2u7 UB|B|1/2U)H, u € dom(|B|1/2)7

where Uc denotes the partial isometry in ‘H in the polar decomposition of a densely
defined closed operator C' in H, C' = Uc|C|, |C| = (C*C)/2.

The following is a fundamental result to be found in M. Krein’s celebrated 1947
paper [100] (cf. also Theorems 2 and 5-7 in the English summary on page 492):

(11.2)

Theorem 11.1. Assume that Sy is a densely defined, nonnegative operator in
H. Then, among all nonnegative self-adjoint extensions of Sy, there exist two
distinguished ones, Sk and Sg, which are, respectively, the smallest and largest
(in the sense of order between self-adjoint operators, cf. ([I2)) such extensions.
Furthermore, a nonnegative self-adjoint operator Sisa self-adjoint extension of Sy
if and only if S satisfies

Sk <5< Sp. (11.3)
In particular, (IL3) determines Sk and Sp uniquely.
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In addition, if So > ely for some € > 0, one has Sp > ely, and

dom (SF) = dom (Sp) 4 (Sr) " ker(Sg), (11.4)
dom (Sk) = dom (Sp) + ker(Sg), (11.5)
dom (S*) = dom (Sp) + (Sr) ! ker(Sg) + ker(Sg)
= dom (Sg) + ker(Sg), (11.6)
in particular,
ker(Sk) = ker ((SK)1/2) = ker(Sg) = ran(Sy) ™. (11.7)

Here the symbol + represents the direct (though, not direct orthogonal) sum of
subspaces, and the operator inequalities in (IT.3)) are understood in the sense of
([II2) and hence they can equivalently be written as

(Sp+aly)™' < (§+aIH)_1 < (Sk +aly)™t for some (and hence for all) a > 0.
(11.8)
In addition to Krein’s fundamental paper [100], we refer to the discussions in [6],
[9], [10], [62]. It should be noted that the Krein—von Neumann extension was first
considered by von Neumann [I46] in 1929 in the case where Sy is strictly positive,
that is, if Sy > el for some € > 0. (His construction appears in the proof of The-
orem 42 on pages 102-103.) However, von Neumann did not isolate the extremal
property of this extension as described in (IT3) and (ITS). M. Krein [100], [101]
was the first to systematically treat the general case Sp > 0 and to study all non-
negative self-adjoint extensions of Sy, illustrating the special role of the Friedrichs
extension Sr and the Krein—von Neumann extension Sk of Sy as extremal cases
when considering all nonnegative extensions of Sy. For a recent exhaustive treat-
ment of self-adjoint extensions of semibounded operators we refer to [8]-[13]. For
classical references on the subject of self-adjoint extensions of semibounded oper-
ators (not necessarily restricted to the Krein—von Neumann extension) we refer to
Birman [21], [22], Freudenthal [45], Friedrichs [46], Grubb [61], [63], Krein [I0T],
Straus [143], and Visik [145] (see also the monographs by Akhiezer and Glazman
[1, Sect. 109], Faris [42 Part IIT], and Grubb [64] Sect. 13.2]).

Throughout the remainder this section, we assume that 7 is regular on (a, b) and
that the coefficient p is positive a.e. on (a,b). That is, we shall make the following
assumptions:

Hypothesis 11.2. Assume Hypothesis21l holds with p > 0 a.e. on (a,b) and that T
is reqular on (a,b). Equivalently, we suppose that p, q, r, s are Lebesgue measurable
on (a,b) withp~', q, r, s € L'((a,b); dx) and real-valued a.e. on (a,b) with p, r > 0
a.e. on (a,b).

Assuming Hypothesis [[1.2] we now provide a characterization of the Krein—von
Neumann extension, Sk of Ty (resp., Tmin), in the situation where T is strictly

positive (in the operator sense). An elucidation along these lines for the case s = 0
a.e. on (a,b) was set forth in [25].

Theorem 11.3. Assume Hypothesis[11.2] and suppose that the associated minimal
operator Ty, 1s strictly positive in the sense that there exists € > 0 such that

(Twinf, e 2 e(f, f)rs [ € dom( mln) (11.9)
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Then the Krein—von Neumann extension Sk of Twin 5 given by (cf. (@)

SKf = va
b a 11.10
f €dom (Sk) = {g € dom (Tinax) ’ (9%(](2’)> = Ry (g%é)) }7 ( )
where
1 —ull(a 1
RK‘@Q@Q@@ME@iuhw@w>uﬁ@>eﬂdw' S

Here {uj(-)}j:1 , are positive solutions of Tu = 0 determined by the conditions
ui(a) =0, wi(b) =1,

us(a) =1, us(b) = 0. (11.12)

Proof. The assumption that Th;y, is strictly positive implies that 0 is a regular point
of Tinin (cf. the paragraph preceding Lemma 2], and since the deficiency indices
of Thin are equal to two (implying the existence of solutions u;, j = 1,2, satisfying
the properties (IT.12))), it follows that

dim(ker(TmaX)) =2 (11.13)
and a basis for ker (Tmax) is given by {“j(')}jzl . In this situation, the Krein—von
Neumann extension Sk of Ty is given by (cf. (ITH)),

dom(SK) = dom(Tmin) 4 ker(TmaX). (11.14)

Alternatively, since Sk is a self-adjoint extension of Ty, its domain can also be
specified by boundary conditions at the endpoint of (a,b) which we characterize
next. If u € dom(Sk), then in accordance with ([1.14),

u(z) = f(z) + crur(z) + coua(z), =z € [a,b), (11.15)
for certain functions f € dom(Tmin) and c1,cy € C. Since f € dom(Tmin) satisfies
fla) = fM(a) = f(b) = fM(b) =0, (11.16)

one infers that
u(a) =cy and u(b) =c1. (11.17)

Consequently
ull(z) = fU() + ub)ul! (@) + u(a)ub (@), = € [a,0], (11.18)

Evaluating separately at © = a and & = b, yields the (non-separated) boundary

conditions that u must satisfy;
ul(a) = u®)ul(a) + u(a)ul(a), 111
ul(b) = w(®)ut ) (b) + u(a)ul (v). '

Since u[11] (a) # 0 (otherwise, ui(-) = 0 on [a, b]), the boundary condition in (TT.19)

may be recast as
() ().

with Rg given by (IT.II]). Moreover, Rx € SLy(R). To see this, first note that the
entries of Ry are real-valued. Additionally, the fact that

— b (a) = W (us (), ua()) = ubl(b) (11.21)
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implies det(RK) = 1. As a result, we have shown Sx C Sgr=p ¢=0, Where
SR=Ry,p=0 is the self-adjoint restriction of Tj,ax corresponding to non-separated
boundary conditions generated by the matrix Rx and angle ¢ = 0 (cf. ([€1)). On
the other hand, since Sk and Sgr=r, ¢=0 are self-adjoint, one obtains the equal-
ity Sk = Sr=Ry,¢=0. That is to say, the Krein—von Neumann extension of Tpin
is the self-adjoint extension corresponding to non-separated boundary conditions
generated by R = Ri and ¢ = 0. O

Example 11.4. In the special case when ¢ = 0 a.e. on (a,b), the above calcula-
tions become even more explicit. In this case, we denote the Krein—von Neumann

restriction by Sg) (the superscript (0) indicating that ¢ vanishes a.e. in (a,b)). One
for ker (T7;

may choose explicit basis vectors {ug_o) ()} min):

§j=1,2

ugo) (:v) = Cpe™ Iz s(t)dt/ p(t)_162 It s(t/)dt'dt,

(11.22)
ugo) (z) = e~ [rsydt _ o= [ S(t)dtugo)(ac), x € [a,b],
where
b b "t ’ ’ -1
Coy:= ela st {/ p(t)_le2 Ja st dt} > 0. (11.23)
One computes
1 @ g
(ul” () (@) = Coel =0, (11.24)
1 _ by 1 ’
@) (@) = —e= @4 (O NV (@), z e [a,0),
and
[T(o)u§0)(, )](z) =0 a.e. in (a,b), j = 1,2, (11.25)

where 7(9) denotes the differential expression of (Z2)) in the present special case
g =0 a.e. in (a,b). It follows that {ugo)(. )}j:1 5 C dom(T};,) forms a basis for
ker(T* ) = ker(Tmax). In addition, the equalities in (ITI2]) are satisfied. With

min
this pair of basis vectors, one infers that the matrix R = Rg?) which parameterizes

the (non-separated) boundary conditions for the Krein—von Neumann extension is

— [bst)ydt  — [Ps(t)dt b —1,2 [ s(t')dt’
©o (e Ja e Ja [ o) e dt
RO = < . s . (11.26)

Explicitly, the boundary conditions corresponding to Sﬁ?) read:
ull(b) = efa 5@ty (g)

b
_ e2f£ s(t)dt |:/ p(t)7162 It s(t’)dt’dt:| (u(b) e f;’ S(t)dtu(a)), (1127)

a

u € dom(Sg)).

12. POSITIVITY PRESERVING RESOLVENTS AND SEMIGROUPS IN THE REGULAR
CASE

In our final section we prove a criterion for a self-adjoint extension of T, to
generate a positivity preserving resolvent or, equivalently, semigroup. The notion
of a positivity preserving resolvent or semigroup proves critical in a study of the
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smallest eigenvalue of a self-adjoint restriction, as it guarantees that the lowest
eigenvalue is non-degenerate and possesses a non-negative eigenfunction.

The self-adjoint restrictions of Ti,ax are characterized in terms of the functionals
BCJ and BCY, j = 1,2, in Section [ (cf. (EIa) and (6.1D)), and assuming Hy-
pothesis throughout this section, the functionals BC? and BC’Z , 7 =1,2 take
the form of point evaluations of functions and their quasi-derivatives at the bound-
ary points of (a,b) as in Lemma B0} that is, BCL(f) = f(a), BC2(f) = flU(a),
BCL(f) = f(b), BCE(f) = flH(b), f € dom(Timax). Since under the assumption
of Hypothesis [T.2] 7 is in the l.c. case at both endpoints of the interval (a,b), all
real self-adjoint restrictions of Ty, are parametrized as described in Theorem [6.4]
with ¢ = 0. Hence, we adopt the following notational convention: Sy, ¢, denote
the (real) self-adjoint restrictions of Ti,ax corresponding to the separated boundary
conditions ([6.6]) in Theorem [6:4] that is,

So..0,f =7/, (12.1)

_ g(a) cos(0a) — g")(a) sin(0,) = 0,
1 € dom (Se,.0,) = {g € dom (Tinax) ‘ g(b) cos(8y) — g (b)sin(6y) =0 [°
and Si denote the real self-adjoint restrictions of Ti,.x corresponding to the coupled
boundary conditions (67) with ¢ = 0 in Theorem [6:4] that is,

Srf=1f,
f € dom () — {g € dom (Toas) ‘ (g%’@)) _ R (g%%) } (12.2)

Following [25] and [56], the sesquilinear forms associated to (I21)) and (I2:2]) are
readily written down and read (cf. Appendix [A])
b

Qs (£:9) = [ [p(o) Ty 2) + a(a) Fg(a)] o

a

+ cot(0.)F(@g(a) — cot(6,) FDIg(b)
f,g¢€ dom(Qseayeb) = {h IS L2((a, b); r(z)dx) ‘ h e AC([a,b]), (12.3)
(rp)~/2hl € L?((a,b);r(x)dz)}, 6,05 € (0,7),

b _

Qs (f:9) = / [p(x) " fH (2) g™ (@) + (@) f()g(x)]da — cot(6,) F (b)g(b),

a

f,9 € dom(Qs,,, ) = {h € L*((a,b);r(z)dx) | h € AC([a,b]), h(a)

=0, (12.4)
(rp)~/*hM € L2((a, b);r(z)dz)}, 6y € (0,7),

b _— [
Qs,,.0(f,9) = / [p(x) " fH(2) g () + (=) f(@)g(x)]da + cot(6a) f(a)g(a),
f,9 € dom(9Qs,, ,) = {h € L*((a,b);r(x)dz) | h € AC([a,b]), h(b) =0,  (12.5)
(rp)~2h1 € L2 ((a,b);r(2)dx)}, 64 € (0,7),
b R -
Qs,,(f,9) = / [p(x) " fH () g () + g(2) F(2)g(2)] da,
f,9 € dom(Qsg,, ,) = {h € L*((a,b);r(x)dx) | h € AC([a,b]), h(a) = h(b) =0,
(rp) 20N € L2((a,b);r(2)dx)}, (12.6)
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and

b
Qsu(f.g) = / () @) () + q() F@)g ()] da

- o { B T@g(@ - [F@g(t) + FBg(@)] + Ra2TB0) .

f,9 € dom(Qs,) = {h € L*((a,b);r(z)dz) | h € AC([a,b]), (12.7)
(rp)_l/zhm IS L2((a,b);r(:v)d:v)}, Ry #0,

b _

Qsalf9) = [ [p(e) Ty ) + g(a) Fg(a)] o

a

— Ry 1Ry 1 f(a)g(a),
f,9 € dom(Qs,) = {h € L*((a,b);r(z)dz) | h € AC([a,b]), h(b) = Ry,1h(a),
(rp)_l/zhm € L2((a,b);r(:v)d:v)}, Ri2=0. (12.8)

To verify (I2Z3)-{IZ38), it suffices to perform an appropriate integration by parts
in each of these cases (noting that Ry 1Ra2 = 1if Ry 2 =0).

With the sesquilinear forms in hand, we are now prepared to characterize when
self-adjoint restrictions of Th,ax generate positivity preserving resolvents and semi-
groups. For background literature on positivity preserving semigroups and resol-
vents, we refer, for instance, to the monographs [29, Ch. 7], [30, Ch. 13], [42] Sects.
8, 10], [67, Sect. 3.3], [122, Chs. 2, 3], [124] Sct. XII1.12], [147, Sect. 10.5], and to
the extensive list of references in [52].

Let (M, M, 1) denote a o-finite, separable measure space associated with a non-
trivial measure (i.e., 0 < p(M) < oo) and L?*(M;du) the associated complex,
separable Hilbert space (cf. [I9, Sect. 1.5] and [81] p. 262-263] for additional facts
in this context). Then the set of nonnegative elements 0 < f € L*(M;du) (ie.,
f(z) >0 p-a.e.) is a cone in L*(M;dpu), closed in the norm and weak topologies.

Definition 12.1. A bounded operator A defined on L?(M;dy) is called positivity
preserving if A leaves the cone of nonnegative elements in L?(M;dp) invariant, that
is,

0# f € dom(A), f >0 p-a.e. implies Af > 0 p-a.e. (12.9)

In the special case where A is a bounded integral operator in L?((a,b); r(z)dz)
with integral kernel denoted by A(-,-), it is well-known that

A is positivity preserving if and only if A(-,-) > 0 dz ® dz-a.e. on (a,b) X (a,b)
(12.10)

(we recall that r > 0 a.e. by Hypothesis [I.Z). For an extension of this result to
o-finite, separable measure spaces we refer to [52] Theorem 2.3].

The following result is fundamental to the theory of positivity preserving oper-
ators.

Theorem 12.2 ([124], p. 204, 209). Suppose that S is a semibounded self-adjoint
operator in L*(M;du) with \g = inf(a(S)). Then the following conditions, (i)—
(#i1), are equivalent:

(i) et is positivity preserving for all t > 0.

(i) (S — )\ILz(M;dM))71 18 positivity preserving for all A < Xg.
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(iii) The Beurling-Deny criterion: f € dom(|S|*/?) implies | f| € dom(|S|*/?) and
(5 - )‘OIM)l/2|f|HL2(M;d#) <5 - )‘OIM)U2fHL2(M;du)'

The next and principal result of this section provides a necessary and sufficient
condition for a (necessarily real) self-adjoint restriction of Tiax (resp., extension of
Tmin) to generate a positivity preserving resolvent and semigroup. We recall that
positivity preserving requires reality preserving and hence it suffices to consider real
self-adjoint extensions of Tiin.

Theorem 12.3. Assume Hypothesis [[1.21

(1) In the case of separated boundary conditions, all self-adjoint extensions of Tinin
lead to positivity preserving semigroups and resolvents. More precisely, for all
0a, 0, € [0,7), e"t90a.0 s positivity preserving for all t > 0, equivalently, (So,.0, —
A)~1 s positivity preserving for all X < inf (0(S,.0,))-

(ii) In the case of (necessarily real) coupled boundary conditions, e~ "% is positivity
preserving for all t > 0, equivalently, (Sk — M\,.)~! is positivity preserving for all
A < inf (U(SR)), if and only if

either Ry 2 <0, or Ry 2 =0 and Ry 1 > 0 (equivalently, Ra o > 0). (12.11)
Proof. While we could base all proofs on the Beurling—Deny criterion, Theorem

23 (4i7), we will actually employ a different strategy in the case of separated and
coupled boundary conditions.

Case (7). (Real) Separated Boundary Conditions: By [IZI0), if G, ¢,(z, -, - ),
z € C\o(Sp,,0,), denotes Green’s function for the resolvent of Sy, g,, it suffices to
prove

Go,.0,(\ 2, 2') >0 ae. (z,2') € (a,b) x (a,b), A < inf (¢(Sp, 0,))- (12.12)

To this end, let A < inf (0(S,,0,)) and let feg. (A, -), ¢ € {a,b}, denote Weyl-
Titchmarsh solutions of (7 — A)u = 0 at a and b, respectively, so that

(T =N feo.(A, -) =0 ae. in (a,b),

0 (12.13)
feo. (A ¢)cos(0.) — 0. (A c)sin(f.) =0, c€ {a,b}.
Then, by Theorem [7.3] one obtains the representation
.0, (A, A '), <z <z <b,
Go,.0,(\,2') = W, Ja.0u( xffb’eb( ¥), aswsals (12.14)
) fapa (N 2) fra, (N x), a <z’ <x <D,

where Wy, 0, = W (fb,0,(\, ), fa.0. (A, +)) denotes the Wronskian of fy,, (A, -) and
fa,0, (A, ). We claim that both fi, 9, (A, -) and fq, (), -) are sign-definite on (a, b).
In order to see this, one observes that the Green’s function is non-negative along
the diagonal:

Go, 0,(N\,z,2) >0, x € (a,b), (12.15)
a fact that has already been used in the proof of Theorem Indeed, if
(I213) fails to hold, then there exists an zo € (a,b) such that the inequality
Gy, 0,(A, 20, 20) < 0 holds. Since Gy, g, (A, -, +) is continuous at the point (zg, zo)
(in fact, it is continuous at each point (z, ), x € [a, b]), there exists § > 0 such that

Go, 0,( N\ z,2') <0, (z,2") € (wo — §,20 + ) X (xo — &, 70 + ), (12.16)
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and one obtains
-1
((S00.00 = M) X(zo—6,20+6)s X(wo—6,00+8) ), < O- (12.17)

However, (I2.I7) contradicts the fact that (nggb — )\IT) -1 > 0. Therefore, inequal-
ity (IZI5) has been established.

Since a nontrivial solution of (7—Au) = 0 must change signs at a zero (cf. Lemma
[[02), and linearly independent solutions do not have common zeros, (I2-I5) implies
that fae, (A, -) and fpg,(A, -) are sign-definite (i.e., nonnegative or nonpositive).
In particular, since Wy, g, is a constant, Gy, g, (], -, -) is sign-definite, and the
inequality in (IZ12]) follows from the one in (I2Z.15]).

Case (ii). (Real) Coupled Boundary Conditions: We begin with the proof of
sufficiency. To this end, suppose that either R12 < 0 or R; 2 = 0 and R;; > 0.
In order to show that e~*S% is positivity preserving for all ¢ > 0, we will verify the
Beurling—Deny criterion Theorem [[2.2](i¢7). Therefore, we must show the following
condition holds:

f € dom(Qs,) implies | f| € dom(Qs,) and

Qs (1117 = Asa 11 1D < Qs (1) = Asialfs (12.18)
where we have set \g, = inf (U(SR)).
First, we claim that
f € dom(Qs,,) implies | f| € dom(Qs,) if Ri2 # 0. (12.19)
Indeed, if f € dom(QSR) is fixed, then
f € AC([a,b)) and (rp)~ Y2 e L?((a, b); r(x)dz), (12.20)

and it follows that |f| € AC([a,b]). Moreover, since |f|’ coincides a.e. in (a, b) with
the function (cf., e.g., [I03, Theorem 6.17])

ds(z) = {If(x)l1[Re(f)(I)Re(f)’(I)+1m(f)($)1m(f)’(f1?)]v fz) #0,

0. fz) =0, (12.21)

one verifies that | f|l! coincides a.e. in (a,b) with the function

+ oy = (V@I ReDERe(1) @) + I () ()], (@) #
W0 =10 @) =

and, subsequently, the inequality

1)1 [Re()(@)Re(/1) (@) + (1) (a)om (1) ()] |
< Re(fM(2))? + Tm(fM(x))” for ae. z € {2/ € (a,b)| f(&') #0}, (12.23)
implies
1AM < | Y] ace. in (a,b), f € AC([a,b]). (12.24)

The second containment in (TZ20) then implies (rp)~'/2|f|!l € L?((a,b);r(x)dz),

establishing (IZT9) (cf. (TZT)). Thus, it remains to verify inequality (I2-I8)). Since
the terms containing Ag,, in the inequality in (I2.I8]) are equal, it suffices to establish

the following inequality:
Qs (If1f1) < Qs (£, f)- (12.25)
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On the other hand, (IZ:24) implies

b 2 b 2
[ vt @) e < [ pla) 7 w) P (12.26)

and hence by (I217) when R; 2 < 0, it suffices to verify the simpler inequality

{2 @ISO - [F@TO + F@r®) <o (221
One computes for the difference in (I2.27):
S ([T@ )] - Re(F@ )] <. (12.28)

since Ry o < 0, by assumption. If Ry 5 = 0 and Ry ; > 0, then by (IZ8) it only
remains to show that f € dom(Qg,) implies |f| € dom(Qg,), which is indeed
guaranteed since R; ; > 0, j = 1,2, completing the proof of sufficiency.

In order to establish necessity of the conditions Ri2 < 0 or R;2 = 0 and
Ri1 > 0, suppose that e tS” is positivity preserving for all ¢ > 0. Then by the
Beurling—Deny criterion, Theorem [[2.2/(4i3), condition (IZI8)) holds. In particular,

for Ry 2 # 0, equation (I2Z7) and inequality (IZI8)) imply

b
[ v 1@ = 171 o
o, - (12.29)

R [1f(a)f(0)] = Re(f(a)f(b))] <0, f € dom(Qs,).

)

If f € dom(Qs,,) is real-valued, then one verifies that |f|l!) = sgn(f)f!! a.e. in
(a,b), where sgn(f) equals f/|f| if f # 0 and is zero otherwise, as a special case of
([I222). Consequently, in the case where f is real-valued, the integral appearing in
(I229) vanishes, and the inequality reduces to

Riﬂ F@)f )] - F(@)f(1)] <0, f e dom(Qs,) and f real-valued.  (12.30)
1,2

Choosing a real-valued function fy € AC([a,b]) such that f(gll € AC([a,b]) and
fo(a)fo(b) < 0, one infers that fo € dom(Qs,). Taking fo as a test function in
([I230), one concludes that Ry 3 < 0. On the other hand, if R; 3 = 0, equation
[I23) yields that inequality (I2I8) is satisfied provided the boundary condition
h(b) = Ry 1h(a) in dom(Qsg,) holds. This necessitates the condition Ry 1 > 0.
Finally, the remaining statement concerning positivity preserving of the resol-
vents follow from Theorem [T2:2(i4). O

We chose to rely on different strategies of proof in the case of separated and
coupled boundary conditions to illustrate the different possible approaches in this
context. The principal observation in the proof of Theorem [I2.3lin connection with
separated boundary conditions is the statement in (I2.I5) that the corresponding
Green’s function is non-negative along the diagonal, and follows from non-negativity
of the resolvent (in the operator sense) at points below the spectrum of Sg, g,.
A much more general result regarding non-negativity along the diagonal of the
(continuous) integral kernel associated with a non-negative integral operator may be
found in [81] Lemma on p. 195] in connection with Mercer’s theorem [81, Theorem
8.11].
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The particular case where p =r =1, ¢ = s = 0 a.e. on (a,b) in Theorem
is contained in a result by Feller [43] (see also [47, p. 147]). In fact, he considered
a more general situation involving a Radon—Nikodym derivative (i.e., he worked
in the context of a measure-valued coefficient). We also mention that the sign of
the Green’s function associated with the periodic Hill equation has been studied
in connection with the existence of so-called comparison principles in [24] (and the
references therein).

We conclude with some comments on the Krein—von Neumann extension of Tinin:

Remark 12.4. Given Hypothesis[IT.2 and assuming Ty, > €l for some € > 0, the
fact (III3), that is, dim(ker(7};,)) = 2, together with (II.7), yields a degenerate
ground state 0 € 0,(Sk). Hence Sk cannot be positivity preserving (cf., e.g., [124]
Theorem XIII.44]). This fact is known under more restrictive assumptions on the
coefficients of 7 (cf. [47, p. 147]). In the particular case ¢ = 0 a.e. on (a,b), this

can directly be read off Theorem [12.3] since

b
R, =e ﬁfs(”dt/ p(t)te?Ja s g > (12.31)

a

violates condition (IZTIT)). (In the general case ¢ # 0 a.e. on (a,b) one also has

Rz > 0 as Rgyo # 0 by (ILII), but now a direct proof of ul'(0,a) > 0
requires a lengthy disconjugacy argument).

APPENDIX A. SESQUILINEAR FORMS IN THE REGULAR CASE

In this appendix we discuss the underlying sequilinear forms associated with self-
adjoint extensions of Ty, in the regular case with separated boundary conditions,
closely following the treatment in [53, Appendix A].

The standing assumption throughout this appendix will be the following:

Hypothesis A.1. Assume Hypothesis 21l holds with p > 0 a.e. on (a,b) and that T
is regular on (a,b). FEquivalently, we suppose that p, q, r, s are Lebesgue measurable
on (a,b) withp=t, q, v, s € L*((a,b);dx) and real-valued a.e. on (a,b) with p, r > 0
a.e. on (a,b).

Our goal is to explore relative boundedness of certain sesquilinear forms in the
Hilbert space L%((a,b); r(z)dx) defined in connection with 7. Assuming Hypothesis

[A1] one may use the function ¢ to define a sesquilinear form in L2((a,b); r(z)dx)
as follows

b—
Quelf.9) = [ T@aelg(od (A1)
f,g € dom(Q,,,) = {h € L*((a,b);7(z)dx) ’ (q/m)Y*h € L*((a,b); r(z)dz)}.

Evidently, 9/, is densely defined and symmetric.
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In order to define other sesquilinear forms, we first define two families of operators
indexed by «, 8 € {0,00}, in L?((a,b);r(z)dz), as follows
Aa,,@f = Ufu
(vf)(z) = [p(x)r(z)] Y2 fl(z) for a.e. x € (a,b), (A.2)
fedom (A ) = {g € Lz((a,b);r(:t)d:t) ’ g € AC(la, b)), vg € L2((a,b);r($)d$),

g(a) = 0if a = o0, g(b) = 0if B = oo},

Aj);ﬂf = U+f,
(Wt £)(@) = = (pr) (@) (@) V2 1) (@) for ace. o € (a,b), (A.3)
fedom(Af ;) = {g € L*((a,b); r(x)dz) | (pr)'/?g € AC([a, b)),

vtg e L*((a,b); r(x)dz), ((pr)l/2g) (a) =0if a =0, ((pr)l/2g) (b) =0if 8 = O}.

Here we recall that

U @) = p(z)[f'(2) + s(x) f(2)] for a.e. x € (a,b), f € AC([a,b]), (A.4)

denotes the first quasi-derivative of f, whereas the superscript {1} denotes the
modified quasi-derivative of functions in AC([a, b)),

() = p(x) [f'(z) — s(z)f(z)] for ae. z € (a,b), f € AC([a,b]). (A.5)
The operators A, g and A;r,,@ are densely defined for all «, 8 € {0, 00}.

Lemma A.2. Assume Hypothesis[AIl with ¢ = 0 a.e. in (a,b). Then the following
items (i)—(iit) hold:

(i) Ay 5 = Al‘)ﬁ and Ao g = (Al'ﬁ)* for all a, B € {0,00}. In particular, A g and
A;ﬁ are closed in L?((a,b);r(x)dz) for all a, B € {0,00}.

(i1) A% gAap = 59 o, Be {0, 00}, where Sc(vo,)ﬁ in L*((a,b);r(x)dx) denotes the

a,B?
operator defined by

SOF=19f a, B e{0,00},
fe dom(S(g%) = {g € L2((a, b);r(x)dx) | g,gm € AC([a,b]), (A.6)
70g € L2((a,b); r(x)dx), (9M)(a) + ag(a) = (g™M)(b) + Bg(b) = 0},

where, by convention, o = oo (resp., § = 00) corresponds to the Dirichlet boundary
condition g(a) =0 (resp., g(b) = 0) and 70 is given by

(N = 7 (~EEE) + @ @) + s@p@)lf @) + s@)f(w)

for a.e. z € (a,b), f, f1 € AC([a,b]). (A7)

(#i1) The operator Séo)ﬁ is a self-adjoint restriction of Tmax (equivalently, a self-
adjoint extension of Tin) for all a, 8 € {0,00} for ¢ = 0 a.e. on (a,b). In
particular, Hég?oo is the Friedrichs extension of Tyin for ¢ =0 a.e. on (a,b).
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Proof. Define operators K and K as follows
K : L*((a,b); r(x)dr) — dom (A ),
s [ 9(55/)7(95/)&;/ s(8)dt
PRS0 / i R (A8)
K: L*((a,b); r(x)dz) — dom (AS:OO) ,

g —(pr)(z) "2l st / g(@yr(a’)e™ S <Otgy!. (A.9)

With these definitions, one readily verifies by direct computation that
(Kg)(a) =0, vKg =y,

2 rixjaxr). .
((pr)'/?Kg)(a) =0, v'Kg=g, 9 € L*((a,b);r(x)dz) (A.10)

We only show A7 5 = A; 5 as the case (Aaﬁg)* = A, is handled analogously.
Moreover, since Ao 0o C Aq g (this follows by definition of the operators) implies
Al 5 C© AL o, we only prove A%, . = Al ., the other cases follow from an
additional integration by parts. Therefore, first note that AL  C A% as an
integration by parts shows

b
(£ AL w9), = [ f@)(tg)(2)r(zx)ds (A11)

b
- / Ip(e)r()] 2 1) (@) g @) (z)de

= <Aoo,oofag>rv f € dom(AOO,OO)7 ge dom(A:O,OO)

Hence it remains to show dom(Af;oyoo) - dom(Ag‘om). To this end, let f €
dom (A%, ), and set g = I?Azo)oof. Then one computes

b
| @ = @) (A b))

b
:/ (4% . T)(@) — () @)] h(@)r(z)dz = 0, h e dom(Amn). (A12)

Consequently, ran (AOO,OO) is contained in the kernel of the linear functional k& —
(k,f — g)r, k € L*((a,b);r(x)dz). On the other hand, since vKg = g for all
g € L*((a,b);r(z)dz), one infers that g € ran (As o) if and only if (Kg)(b) = 0.
As a result,

R L
ran (Aos,0c) = {(pr)_1/2efa S(t)dt} . (A.13)
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On the other hand, (AI2) shows that f — g is orthogonal to ran (As,oc), and
because of (A.13)), there exists a constant ¢ such that f = g—i—c(pr)_l/?ef; s(tdt Tt is
a simple matter to check that (pr)~1/2efs (4t ¢ dom (AL o) (in fact, vT applied
to (pr)~1/2els s is zero). Therefore, by (AI3), f € dom(A% ), completing
the proof of item ().

To prove item (i7), one notes that by item (),

dom (A}, 5Aap) = {g € dom(Aap) |vg € dom(A7 5)}, (A.14)

so that, by inspection, one obtains dom(A:;)BAaﬁ) = dom(S(i%), a, B € {0,c0}.

Then for [ € dom(S(g%), a simple computation shows A} ;4. 5f = vt(vf) =
Sé%f, a, € {0,00}. This completes the proof of item (ii).

Since A g is densely defined and closed for all «, 8 € {0,000}, the operator
S’é% = A} 5Aa,p is self-adjoint and nonnegative (cf., e.g., [90, Theorem V.3.24]).
In addition, S(i% is a restriction of Ty, and that H 52300 is the Friedrichs extension
of Tinin (for ¢ =0 a.e. on (a, b)) follows from ([0.86]) and the assumed regularity of
7 on (a,b), proving item (ii). O

With the operators Aq g, a, 8 € {0,000}, in hand, we define the densely defined,
closed, nonnegative sesquilinear form by

Qg%(f, 9) = (Aupf,Aapg)r, f,9€ dom(Qa%) = dom (A4 8),

a, B € {0,00}. (A.15)

The self-adjoint and nonnegative operator in L?((a,b); r(x)dz) uniquely associated
with the sesquilinear form D((XO?@, a, § € {0,000}, is then given by

AzyﬁAavﬁ = S(g?zi’ a, B € {0700}7 (A16)

where Sg% is the operator defined in (A.G).

Since functions in dom (Q&%), a, B € {0, 00}, are absolutely continuous on [a, ],
one infers

dom(Qg?)ﬁ) C dom (Qq/r) , a, 3€{0,00}. (A.17)

Finally, we define a family of sesquilinear forms, indexed by pairs of real numbers
v,v € R, as follows

Q0 (f.9) = vf(a)g(a) —vf(b)g(b), f, g €dom (Q%Y) = AC([a,b]). (A.18)

We will also set Q%°,(f,9) = Q570 (f, 9), Q4% (f,9) = Q24 (f.9) and Q%0 (f, 9) =
0.

Lemma A.3. Assume Hypothesis[Adl Then the following items (i) and (i) hold:
(i) Qq/r and Q) are relatively form compact (and hence infinitesimally bounded )

with respect to Qg)y)ﬁ for all a, B € {0, 00}.
(i) For each v, v € R, the sesquilinear form Q
respect to Qg)y)ﬁ for all a, B € {0, 00}.

a,b

S s infinitesimally bounded with
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Proof. In item (i), it clearly suffices to prove the claim for 9/, only since |s| and ¢
satisfy the same assumptions. Let Gaﬁ( ,oy ), 2 € C\R and a, 8 € {0, 00}, denote
the Green’s function for the operator Hg% in (A6) (known to exist by Theorem

[C1). Then

/|2 (HS) — 21,) " a/r[V? € Ba(L2((a,b)ir(x)dz)), = € C\R,

(A.19)
a, B € {0700}7
since
/ / Iq:; |}G )| |qg;| (x)dar(z")da" < C(z, 0, B) a1 (a,5):dn):
(A.20)

for some constant C(z, a, 8), because Gg%(z, -, +) is uniformly bounded on (a, b) x
(a,b) for all a, B € {0,00} by (TI) or (Z4). This completes the proof of item (7).
In order to prove item (i7), fix «, 8 € {0, 00}, and note that for arbitrary ¢ € [a, b]

and any function f € dom(ﬂg)ﬁ) C dom (95,,),

FOP = }f<x>2 =2 [ 0 f’(t)dt‘

b
<U@P +2 [ 10F 0+ sof @7
b
+2/ s f(t)%dt,  f € dom(QY)). (A.21)

One infers (after taking the supremum over all ¢ € [a,b], multiplying by r, and
integrating w.r.t. « from a to b) for any ¢ > 0,

||f||%°°((a,b);dw)

b
<l W+ 2 | e /212180 + o)
+ 2905+ (f, f)
_ b2 f(0))?
< ||T||Lll((a,b);dz) +/a (g |J];(t))| ’fp(t) ’ >dt (A.22)
+ 2Q|S\/T(f, f), fe dom(an)ﬁ).

Since 0 < p~! € L'((a,b); dz), there exists a &1 () > 0 such that fh(s) p(t)~tdt <%
with I1(e) = {z € (a,b) | p(x) < d1(e)}. Thus,

YOR [ OP Nk
. () ‘“‘/fl@ () ‘“*/(ab)\h ot “

(e )
< £)[2dt, dom(Q")
g 1% o ((a,5):d) TS © |f f € dom(Q,7).

(A.23)
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In addition, since r > 0 a.e. on (a,b), there exists a d2(e) > 0 such that |I2(e)| <
16 with I(e) = {@ € (a,) | r(x) < d5(e)}. Thus,

b
% dt = )| dt + t)|? dt
/a ) / ol /<a,b>\12<5>'f”'

0
< € 1( ) ||f||L°° ((a,b):dz) —I— (8) ||f||2 R fe dOm(Q((IO,)B)

Consequently, one obtains from (A22)),
M1 2015y 265
+eQ04 (/. ) +4Q\S|/T(f, f), fedom(Ql)).  (A25)

(A.24)

By part (i), Qs/r is inﬁnitesimally bounded with respect to Q((IO))B. Hence, there
exists n(¢) > 0 such that
D5 1) < 05 1) + 0@ 13, f € dom(2)). (4.26)
As a result, (A25) imphes
A1 ety < 2{||r||;3 oy + AN IR,
+2EQ (f 1), fedom(ﬂ )
(

Infinitesimal boundedness of D.“,bj with respect to an)ﬁ follows since ¢ > 0 and

fe dom(D&%) were arbitrary. O

Finally, introducing the densely defined, closed, and lower semibounded sequi-
linear forms in L?((a,b);r(x)dz)

Qa,5(F.9) = QL5(£.9) + Q0 (f,9) + Q25 (£.9).

fig¢€ dom(Dg)ﬂ) = dom(Aaﬁﬁ), a, f € RU{oo},

and denoting the uniquely associated self-adjoint, semibounded operator by Sq, 3,
the latter can be explicitly described as follows:

Theorem A.4. Defining Qa5 as in (A28), the uniquely associated self-adjoint,
semibounded operator Sa g in L?((a,b);r(z)dz) is given by

Sapf=7f, « B€RU{x0},

fedom(Sas) = {g € L*((a,b);7(x)dz) | g, g € AC([a, b)), (A.29)

g"l(a) + ag(a) = g (b) + Bg(b) = 0, 79 € L?((a,b); r(z)dx)},
where, by convention, o = oo (resp., § = 00) corresponds to the Dirichlet boundary
condition g(a) = 0 (resp., g(b) = 0). Moreover, the operator Su g is a self-adjoint
restriction of Tmax (equivalently, a self-adjoint extension of Tmin), in particular,
Soo,00 18 the Friedrichs extension Sp of Tiin.

(A.28)

Proof. 1t suffices to consider the Dirichlet case a = 8 = o0, the other cases being
similar. Denoting by Sec,cc the operator defined in (A29) for « = 8 = oo and by
Seo,00 the unique operator associated with Qo 0. Choose u € dom (Qoo,00) and

v E dom(gooyoo). Then an integration by parts yields
QOO,OO(UH ’U) = <’U,, ‘/S’\oo,oov>r- (A30)
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Thus §OO,OO C Se,00 by [00, Corollary VI.2.4] and hence §00700 = Sco,00 since
Soo,00 = SF is self-adjoint. O

Acknowledgments. We are indebted to Rostyk Hryniv and Alexander Sakhnovich
for very helpful discussions. G.T. gratefully acknowledges the stimulating atmo-
sphere at the Isaac Newton Institute for Mathematical Sciences in Cambridge dur-
ing October 2011 where parts of this paper were written as part of the international
research program on Inverse Problems.

REFERENCES

[1] N.I. Akhiezer and I. M. Glazman, Theory of Linear Operators in Hilbert Space, Volume II,
Pitman, Boston, 1981.

[2] S. Albeverio, F. Gesztesy, R. Hoegh-Krohn, and H. Holden, Solvable Models in Quantum
Mechanics, 2nd ed., AMS Chelsea Publishing, Providence, RI, 2005.

[3] S. Albeverio, R. Hryniv, and Ya. Mykytyuk, On spectra of non-self-adjoint Sturm—Liouville
operators, Sel. Math. New Ser. 18, 571-599 (2008).

[4] S. Albeverio, A. Kostenko, and M. Malamud, Spectral theory of semibounded Sturm-—
Liouwille operators with local interactions on a discrete set, J. Math. Phys. 51, 102102
(2010), 24pp.

[5] S. Albeverio and P. Kurasov, Singular Perturbations of Differential Operators, Cambridge
Univ. Press, Cambridge, 2001.

[6] A. Alonso and B. Simon, The Birman-Krein- Vishik theory of selfadjoint extensions of semi-
bounded operators, J. Operator Th. 4, 251-270 (1980); Addenda: 6, 407 (1981).

[7] T. Ando and K. Nishio, Positive selfadjoint extensions of positive symmetric operators,
Tohoku Math. J. (2), 22, 65-75 (1970).

[8] Yu. M. Arlinskii and E. R. Tsekanovskii, On the theory of nonnegative selfadjoint extensions
of a nonnegative symmetric operator, Rep. Nat. Acad. Sci. Ukraine 2002, no. 11, 30-37.

[9] Yu. M. Arlinskil and E. R. Tsekanovskii, On von Neumann’s problem in extension theory
of nonnegative operators, Proc. Amer. Math. Soc. 131, 3143-3154 (2003).

[10] Yu. M. Arlinskil and E. R. Tsekanovskii, The von Neumann problem for nonnegative sym-
metric operators, Integr. Equ. Oper. Theory 51, 319-356 (2005).

[11] Yu. Arlinskil and E. Tsekanovskii, M.Krein’s research on semibounded operators, its con-
temporary developments, and applications, in Modern Analysis and Applications. The Mark
Krein Centenary Conference, Vol. 1, V. Adamyan, Y. M. Berezansky, I. Gohberg, M. L.
Gorbachuk, V. Gorbachuk, A. N. Kochubei, H. Langer, and G. Popov (eds.), Operator
Theory: Advances and Applications, Vol. 190, Birkh&user, Basel, 2009, pp. 65—112.

[12] M. Ashbaugh, F. Gesztesy, M. Mitrea, R. Shterenberg, and G. Teschl, The Krein—von
Neumann extension and its connection to an abstract buckling problem, Math. Nachr. 283,
165-179 (2010).

[13] M. Ashbaugh, F. Gesztesy, M. Mitrea, and G. Teschl, Spectral Theory for Perturbed Krein
Laplacians in Nonsmooth Domains, Adv. Math. 223, 1372-1467 (2010).

[14] M.-L. Baeteman and K. Chadan, The inverse scattering problem for singular oscillating
potentials, Nuclear Phys. A 255, 35-44 (1975).

[15] M.-L. Baeteman and K. Chadan, Scattering theory with highly singular oscillating potentials,
Ann. Inst. H. Poincaré Sect. A 24, 1-16 (1976).

[16] J.-G. Bak and A. A. Shkalikov, Multipliers in dual Sobolev spaces and Schrédinger operators
with distribution potentials, Math. Notes 71, 587-594 (2002).

[17] J. Ben Amara and A. A. Shkalikov, Oscillation theorems for Sturm—Liouville problems with
distribution potentials, Moscow Univ. Math. Bull. 64, no. 3, 132-137 (2009).

(18] A. Ben Amor and C. Remling, Direct and inverse spectral theory of one-dimensional
Schrédinger operators with measures, Integral Equations Operator Theory 52, no. 3, 395—
417 (2005).

[19] C. Bennett and R. Sharpley, Interpolation of Operators, Academic Press, Boston, 1988.

[20] C. Bennewitz and W. N. Everitt, On second-order left-definite boundary value problems, in
Ordinary Differential Equations and Operators, (Proceedings, Dundee, 1982), W. N. Everitt
and R. T. Lewis (eds.), Lecture Notes in Math. Vol. 1032, Springer, Berlin, 1983, pp. 31-67.



21]

22]

[42]
[43]

[44]

WEYL-TITCHMARSH THEORY 63

M. Sh. Birman, On the theory of self-adjoint extensions of positive definite operators, Mat.
Sbornik 38, 431-450 (1956). (Russian.)

M. Sh. Birman, Perturbations of the continuous spectrum of a singular elliptic operator
by varying the boundary and the boundary conditions, Vestnik Leningrad Univ. 17, no. 1,
22-55 (1962) (Russian); Engl. transl. in Spectral Theory of Differential Operators: M. Sh.
Birman 80th Anniversary Collection, T. Suslina and D. Yafaev (eds.), AMS Translations,
Ser. 2, Advances in the Mathematical Sciences, Vol. 225, Amer. Math. Soc., Providence, RI,
2008, pp. 19-53.

T. Buckmaster and H. Koch, The Korteweg—de Vries equation at H~! regularity,
arXiv:1112.4657.

A. Cabada and J. A. Cid, On comparison principles for the periodic Hill’s equation, J.
London Math. Soc. (2) 86, 272-290 (2012).

S. Clark, F. Gesztesy, R. Nichols, and M. Zinchenko, Boundary data maps and Krein’s
resolvent formula for Sturm—Liouville operators on a finite interval, larXiv:1204.3314

M. Combescure and J. Ginibre, Spectral and scattering theory for the Schrodinger operator
with strongly oscillating potentials, Ann. Inst. H. Poincaré 24, 17-29 (1976).

M. Combescure, Spectral and scattering theory for a class of strongly oscillating potentials,
Commun. Math. Phys. 73, 43-62 (1980).

W. A. Coppel, Disconjugacy. Lecture Notes in Mathematics, Vol. 220, Springer, New York,
1971.

E. B. Davies, One-Parameter Semigroups, Academic Press, London, 1980.

E. B. Davies, Linear Operators and their Spectra, Cambridge Studies in Advanced Mathe-
matics, Vol. 106, Cambridge Univ. Press, Cambridge, 2007.

E. B. Davies, Singular Schrédinger operators in one dimension, Mathematika (to appear).
P. Djakov and B. Mityagin, Spectral gap asymptotics of one-dimensional Schrodinger op-
erators with singular periodic potentials, Integral Transforms Special Fcts. 20, nos. 3-4,
265-273 (2009).

P. Djakov and B. Mityagin, Spectral gaps of Schrédinger operators with periodic singular
potentials, Dyn. PDE 6, no. 2, 95-165 (2009).

P. Djakov and B. Mityagin, Fourier method for one-dimensional Schrédinger operators with
singular periodic potentials, in Topics in Operator Theory, Vol. 2: Systems and Mathemat-
ical Physics, J. A. Ball, V. Bolotnikov, J. W. Helton, L. Rodman, I. M. Spitkovsky (eds.),
Operator Theory: Advances and Applications, Vol. 203, Birhauser, Basel, 2010, pp. 195-236.
P. Djakov and B. Mityagin, Criteria for existence of Riesz bases consisting of root functions
of Hill and 1d Dirac operators, J. Funct. Anal. (to appear).

J. Eckhardt, Inverse uniqueness results for Schrdinger operators using de Branges theory,
arXiv:1105.6355.

J. Eckhardt, F. Gesztesy, R. Nichols, and G. Teschl, Supersymmetry and Schrédinger-type
operators with distributional matriz-valued potentials, larXiv:1206.4966.

J. Eckhardt, F. Gesztesy, R. Nichols, and G. Teschl, Inverse spectral theory for Sturm-—
Liouwille operators with distributional coefficients, in preparation.

J. Eckhardt and G. Teschl, Uniqueness results for one-dimensional Schrédinger operators
with purely discrete spectra, Trans. Amer. Math. Soc. (to appear).

J. Eckhardt and G. Teschl, Sturm—-Liouville operators with measure-valued coefficients, J.
Analyse Math. (to appear).

W. N. Everit and L. Markus, Boundary Value Problems and Symplectic Algebra for Ordinary
Differential and Quasi-Differential Operators, Math. Surv. and Monographs, Vol. 61, Amer.
Math. Soc., RI, 1999.

W. G. Faris, Self-Adjoint Operators, Lecture Notes in Mathematics, Vol. 433, Springer,
Berlin, 1975.

W. Feller, Generalized second order differential operators and their lateral conditions, Illinois
J. Math. 1, 459504 (1957).

C. Frayer, R. O. Hryniv, Ya. V. Mykytyuk, and P. A. Perry, Inverse scattering for
Schrédinger operators with Miura potentials: 1. Unique Riccati representatives and ZS-
AKNS system, Inverse Probl. 25, 115007 (2009), 25pp.

H. Freudenthal, Uber die Friedrichsche Fortsetzung halbbeschrankter Hermitescher Opera-
toren, Kon. Akad. Wetensch., Amsterdam, Proc. 39, 832-833 (1936).


http://arxiv.org/abs/1112.4657
http://arxiv.org/abs/1204.3314
http://arxiv.org/abs/1105.6355
http://arxiv.org/abs/1206.4966

64

[46]

[47]

(48]
[49]

[50]

J. ECKHARDT, F. GESZTESY, R. NICHOLS, AND G. TESCHL

K. Friedrichs, Spektraltheorie halbeschrinkter Operatoren und Anwendung auf die Spektralz-
erlegung von Differentialoperatoren I, II, Math. Ann. 109, 465-487, 685-713 (1934), corrs.
in Math. Ann. 110, 777-779 (1935).

M. Fukushima, Y. Oshima, and M. Takeda, Dirichlet Forms and Symmetric Markov Pro-
cesses, 2nd revised and extended ed., de Gruyter Studies in Math., Vol. 19, de Gruyter,
Berlin, 2011.

C. Fulton, Titchmarsh—Weyl m-functions for second order Sturm—Liouville problems, Math.
Nachr. 281, 1417-1475 (2008).

C. Fulton and H. Langer, Sturm-Liouville operators with singularities and generalized
Nevanlinna functions, Complex Anal. Operator Th. 4, 179-243 (2010).

C. Fulton, H. Langer, and A. Luger, Mark Krein’s method of directing functionals and
singular potentials, Math. Nachr. (to appear).

F. Gesztesy, A complete spectral characterization of the double commutation method, J.
Funct. Anal. 117, 401-446 (1993).

F. Gesztesy, M. Mitrea, R. Nichols, Heat kernel bounds for elliptic partial differential oper-
ators in divergence form with Robin-type boundary conditions, preprint.

F. Gesztesy, B. Simon, and G. Teschl, Zeros of the Wronskian and renormalized oscillation
theory, Amer. J. Math. 118, 571-594 (1996).

F. Gesztesy and R. Weikard, Some remarks on the spectral problem underlying the Camassa—
Holm hierachy, in preparation.

F. Gesztesy and M. Zinchenko, On spectral theory for Schrodinger operators with strongly
singular potentials, Math. Nachr. 279, 1041-1082 (2006).

F. Gesztesy and M. Zinchenko, Symmetrized perturbation determinants and applications to
boundary data maps and Krein-type resolvent formulas, Proc. London Math. Soc. (3) 104,
577-612 (2012).

J. Glimm and A. Jaffe, Quantum Physics. A Functional Integral Point of View, Springer,
New York, 1981.

A. S. Goriunov and V. A. Mikhailets, Resolvent convergence of Sturm-—Liouville operators
with singular potentials, Math. Notes 87, no. 2, 287-292 (2010).

A. Goriunov and V. Mikhailets, Regularization of singular Sturm—Liouville equations, Meth.
Funct. Anal. Topology 16, no. 2, 120-130 (2010).

A. Goriunov, V. Mikhailets, K. Pankrashkin, Formally self-adjoint quasi-differential opera-
tors and boundary value problems, larXiv:1205.1810.

G. Grubb, A characterization of the non-local boundary value problems associated with an
elliptic operator, Ann. Scuola Norm. Sup. Pisa (3), 22, 425-513 (1968).

G. Grubb, Spectral asymptotics for the “soft” selfadjoint extension of a symmetric elliptic
differential operator, J. Operator Th. 10, 9-20 (1983).

G. Grubb, Known and unknown results on elliptic boundary problems, Bull. Amer. Math.
Soc. 43, 227-230 (2006).

G. Grubb, Distributions and Operators, Graduate Texts in Mathematics, Vol. 252, Springer,
New York, 2009.

S. Grudsky and A. Rybkin, Singular Miura type initial profiles for the KdV equation,
arXiv:1108.2314.

O. Hald, Discontinuous inverse eigenvalue problems, Commun. Pure. Appl. Math. 37 539-
577 (1984).

P. Hartman, Differential equations with non-oscillatory eigenfunctions. Duke Math. J. 15,
697-709 (1948).

P. Hartman, Ordinary differential equations. SIAM, Philadelphia, 2002.

J. Herczyniski, On Schrodinger operators with distributional potentials, J. Operator Th. 21,
273-295 (1989).

R. O. Hryniv, Analyticity and uniform stability in the inverse singular Sturm—Liouville
spectral problem, Inverse Probl. 27, 065011 (2011), 25pp.

R. O. Hryniv and Ya. V. Mykytyuk, 1D Schréidinger operators with periodic singular po-
tentials, Meth. Funct. Anal. Topology 7, no. 4, 31-42 (2001).

R. O. Hryniv and Ya. V. Mykytyuk, 1D Schrédinger operators with singular Gordon po-
tentials, Meth. Funct. Anal. Topology 8, no. 1, 36-48 (2002).

R. O. Hryniv and Ya. V. Mykytyuk, Inverse spectral problems for Sturm—Liouville operators
with singular potentials, Inverse Probl. 19, 665-684 (2003).


http://arxiv.org/abs/1205.1810
http://arxiv.org/abs/1108.2314

[74]
[75]

[76]

[77]
[78]

[79]

[83]
[84]
[85]
[86]
[87]
[88]
[89]
[90]
[91]
[92]

[93]
[94]

[95]
[96]
[97]
(98]
[99]

[100]

WEYL-TITCHMARSH THEORY 65

R. O. Hryniv and Ya. V. Mykytyuk, Half-inverse spectral problems for Sturm-Liouville
operators with singular potentials, Inverse Probl. 20, 1423-1444 (2004).

R. O. Hryniv and Ya. V. Mykytyuk, Transformation operators for Sturm—Liouville operators
with singular potentials, Math. Phys. Anal. Geom. 7, 119-149 (2004).

R. O. Hryniv and Ya. V. Mykytyuk, Inverse spectral problems for Sturm—Liouville operators
with singular potentials. IV. Potentials in the Sobolev space scale, Proc. Edinburgh Math.
Soc. (2) 49, 309-329 (2006).

R. O. Hryniv and Ya. V. Mykytyuk, Eigenvalue asymptotics for Sturm—Liouville operators
with singular potentials, J. Funct. Anal. 238, 27-57 (2006).

R. O. Hryniv and Ya. V. Mykytyuk, Self-adjointness of Schréodinger operators with singular
potentials, Meth. Funct. Anal. Topology (to appear).

R. O. Hryniv, Ya. V. Mykytyuk, and P. A. Perry, Inverse scattering for Schrodinger oper-
ators with Miura potentials, II. Different Riccati representatives, Commun. Part. Diff. Eq.
36, 1587-1623 (2011).

R. O. Hryniv, Ya. V. Mykytyuk, and P. A. Perry, Sobolev mapping properties of the scatter-
ing transform for the Schrodinger equation, in Spectral Theory and Geometric Analysis, M.
Braverman, L. Friedlander, T. Kappeler, P. Kuchment, P. Topalov, and J. Weitsman (eds.),
Contemp. Math. 535, 79-93 (2011).

K. Jorgens, Linear Integral Operators, transl. by G. F. Roach, Pitman, Boston, 1982.

I. S. Kac, The existence of spectral functions of generalized second order differential systems
with a boundary condition at the singular end, Transl. Amer. Math. Soc., Ser. 2, 62, 204—262
(1967).

H. Kalf, A characterization of the Friedrichs extension of Sturm-—Liouville operators, J.
London Math. Soc. (2) 17, 511-521 (1978).

T. Kappeler and C. Mohr, FEstimates for periodic and Dirichlet eigenvalues of the
Schrédinger operator with singular potentials, J. Funct. Anal. 186, 62-91 (2001).

T. Kappeler, P. Perry, M. Shubin, and P. Topalov, The Miura map on the line, Int. Math.
Res. Notices, 2005, no. 50, 3091-3133.

T. Kappeler and P. Topalov, Global fold structure of the Miura map on L?(T), Int. Math.
Res. Notices, 2004, no. 39, 2039-2068.

T. Kappeler and P. Topalov, Global well-posedness of mKdV in L?(T,R), Commun. Part.
Diff. Eq. 30, 435-449 (2005).

T. Kappeler and P. Topalov, Global wellposedness of KdV in H~1(T,R), Duke Math. J.
135, 327-360 (2006).

M. Kato, Estimates of the eigenvalues of Hill’s operators with distributional coefficients,
Tokyo J. Math. 33, 361-364 (2010).

T. Kato, Perturbation Theory for Linear Operators, corr. printing of the 2nd ed., Springer,
Berlin, 1980.

K. Kodaira, The eigenvalue problem for ordinary differential equations of the second order
and Heisenberg’s theory of S-matrices, Amer. J. Math. 71, 921-945 (1949).

E. Korotyaev, Characterization of the spectrum of Schrédinger operators with periodic dis-
tributions, Int. Math. Res. Notices 2003, no. 37, 2019-2031.

E. Korotyaev, Sharp asymptotics of the quasimomentum, larXiv:1110.4716.

A. S. Kostenko and M. M. Malamud, One-dimensional Schrodinger operator with §-
interactions, Funct. Anal. Appl. 44, no. 2, 151-155 (2010).

A. S. Kostenko and M. M. Malamud, 1-D Schrédinger operators with local point interactions
on a discrete set, J. Differential Equations 249, 253-304 (2010).

A. Kostenko, A. Sakhnovich, and G. Teschl, Weyl-Titchmarsh theory for Schrédinger op-
erators with strongly singular potentials, Int. Math. Res. Notices 2012, no. 8, 1699-1747.
A. Kostenko, A. Sakhnovich, and G. Teschl, Commutation methods for Schrédinger opera-
tors with strongly singular potentials, Math. Nachr. 285, 392-410 (2012).

A. Kostenko and G. Teschl, On the singular Weyl-Titchmarsh function of perturbed spher-
tcal Schrédinger operators, J. Differential Equations 250, 3701-3739 (2011).

A. Kostenko and G. Teschl, Spectral asymptotics for perturbed spherical Schrédinger oper-
ators and applications to quantum scattering, larXiv:1205.5049.

M. G. Krein, The theory of self-adjoint extensions of semi-bounded Hermitian transforma-
tions and its applications. I, Mat. Sbornik 20, 431-495 (1947). (Russian).


http://arxiv.org/abs/1110.4716
http://arxiv.org/abs/1205.5049

66

[101]

[102]

[103]
[104]
[105]

[106]

[107]
[108]
[109]
[110]
[111]
[112]
[113]

[114]

[115]
[116]
[117]
[118]

[119]
[120]

[121]
[122]
[123]
[124]
[125]
[126]

[127]

J. ECKHARDT, F. GESZTESY, R. NICHOLS, AND G. TESCHL

M. G. Krein, The theory of self-adjoint extensions of semi-bounded Hermitian transforma-
tions and its applications. II, Mat. Sbornik 21, 365-404 (1947). (Russian).

P. Kurasov and A. Luger, An operator theoretic interpretation of the generalized
Titchmarsh—Weyl coefficient for a singular Sturm—Liouville problem, Math. Phys. Anal.
Geom. 14, 115-151 (2011).

E. Lieb and M. Loss, Analysis, Second edition. Graduate Studies in Math., Amer. Math.
Soc., vol. 14, RI, 2001.

M. Marletta and A. Zettl, The Friedrichs extension of singular differential operators, J.
Differential Equations 160, 404-421 (2000).

V. G. Maz’ya and T. O. Shaposhnikova, Theory of Sobolev Multipliers. With Applications
to Differential and Integral Operators, Springer, Berlin, 2009.

V. G. Maz’ya and I. E. Verbitsky, Boundedness and compactness criteria for the one-
dimensional Schridinger operator, in Function Spaces, Interpolation Theory and Related
Topics, de Gruyter, Berlin, 2002, pp. 369-382.

V. G. Maz’ya and I. E. Verbitsky, The Schrodinger operator on the energy space: bounded-
ness and compactness criteria, Acta Math. 188, 263-302 (2002).

V. G. Maz’ya and I. E. Verbitsky, Infinitesimal form boundedness and Trudinger’s subordi-
nation for the Schrédinger operator, Invent. Math. 162, 81-136 (2005).

V. G. Maz’ya and 1. E. Verbitsky, Form boundedness of the general second-order differential
operator, Commun. Pure Appl. Math. 59, 1286-1329 (2006).

V. A. Mikhailets and V. M. Molyboga, Singular eigenvalue problems on the circle, Meth.
Funct. Anal. Topology 10, no. 3, 44-53 (2004).

V. A. Mikhailets and V. M. Molyboga, Uniform estimates for the semi-periodic eigenvalues
of the singular differential operators, Meth. Funct. Anal. Topology 10, no. 4, 30-57 (2004).
V. A. Mikhailets and V. M. Molyboga, Singularly perturbed periodic and semiperiodic dif-
ferential operators, Ukrainian Math. J. 59, no. 6, 858-873 (2007).

V. A. Mikhailets and V. M. Molyboga, One-dimensional Schrodinger operators with singular
periodic potentials, Meth. Funct. Anal. Topology 14, no. 2, 184-200 (2008).

V. A. Mikhailets and V. M. Molyboga, Spectral gaps of the one-dimensional Schrédinger
operators with singular periodic potentials, Meth. Funct. Anal. Topology 15, no. 1, 31-40
(2009).

K. A. Mirzoev and T. A. Safanova, Singular Sturm-Liouville operators with distribution
potential on spaces of vector functions, Dokl. Math. 84, 791-794 (2011).

M. Méller and A. Zettl, Semi-boundedness of ordinary differential operators, J. Differential
Equations 115, 24-49 (1995).

M. Moller and A. Zettl, Symmetric differential operators and their Friedrichs extension, J.
Differential Equations 115, 50-69 (1995).

Ya. V. Mykytyuk and N. S. Trush, Inverse spectral problems for Sturm—Liouville operators
with matriz-valued potentials, Inverse Probl. 26, 015009 (2010), 36pp.

M. A. Naimark, Linear Differential Operators, Part II, F. Ungar, New York, 1968.

H.-D. Niessen and A. Zettl, The Friedrichs extension of regular ordinary differential oper-
ators, Proc. Roy. Soc. Edinburgh Sect. 114A, 229-236(1990).

H.-D. Niessen and A. Zettl, Singular Sturm—Liouville problems: the Friedrichs extension
and comparison of eigenvalues, Proc. London Math. Soc. (3) 64, 545-578 (1992).

E. M. Ouhabaz, Analysis of Heat FEquations on Domains, London Mathematical Society
Monographs Series, Vol. 31, Princeton University Press, Princeton, NJ, 2005.

D. B. Pearson, Scattering theory for a class of oscillating potentials, Helv. Phys. Acta 52,
541-5554 (1979).

M. Reed and B. Simon, Methods of Modern Mathematical Physics. IV: Analysis of Oper-
ators. Academic Press , New York, 1978.

F. Rellich, Halbbeschrinkte gewdhnliche Differentialoperatoren zweiter Ordnung. (German)
Math. Ann. 122, 343-368 (1951).

F. S. Rofe-Beketov and E. H. Hristov, Transformation operators and scattering functions
for a highly singular potential, Sov. Math. Dokl. 7, 834-837 (1966).

F. S. Rofe-Beketov and E. H. Hristov, Some analytical questions and the inverse Sturm-—
Liouville problem for an equation with highly singular potential, Sov. Math. Dokl. 10, 432—
435 (1969).



[128]

[129]

[130]

[131]

[132]
[133]
[134]

[135]

[136]
[137]
[138]

[139]

[140]
[141]
[142]
[143]
[144]

[145]

[146]
[147]
[148]
[149]
[150]

[151]

WEYL-TITCHMARSH THEORY 67

R. Rosenberger, A new characterization of the Friedrichs extension of semibounded Sturm-—
Liowville operators, J. London Math. Soc. (2) 31, 501-510 (1985).

A. Rybkin, Regularized perturbation determinants and KdV conservation laws for irregular
initial profiles, in Topics in Operator Theory. Vol. 2. Systems and Mathematical Physics, J.
A. Ball, V. Bolotnikov, J. W. Helton, L. Rodman, I. M. Spitkovsky (eds.), Operator Theory:
Advances and Applications, Vol. 203, Birkh&user, Basel, 2010, pp. 427—-444.

I. V. Sadovnichaya, Equiconvergence of expansions in series in eigenfunctions of Sturm—
Liowville operators with distribution potentials, Sborn. Math. 201, 1307-1322 (2010).

I. V. Sadovnichaya, Equiconvergence in Sobolev and Hélder spaces of expansions in eigen-
functions of Sturm—Liouville operators with distribution potentials, Dokl. Math. 83, 169—-170
(2011).

A. M. Savchuk and A. A. Shkalikov, Sturm—Liouville operators with singular potentials,
Math. Notes 66, no. 6, 741-753 (1999).

A. M. Savchuk and A. A. Shkalikov, The trace formula for Sturm—Liouville operators with
singular potentials, Math. Notes 69, no. 3-4, 387-400 (2001).

A. M. Savchuk and A. A. Shkalikov, Sturm—Liouville operators with distribution potentials,
Trans. Moscow Math. Soc. 2003, 143-192.

A. M. Savchuk and A. A. Shkalikov, Inverse problem for Sturm—Liouville operators with
distribution potentials: reconstruction from two spectra, Russ. J. Math. Phys. 12, no. 4,
507-514 (2005).

A. M. Savchuk and A. A. Shkalikov, On the eigenvalues of the Sturm—Liouville operator
with potentials from Sobolev spaces, Math. Notes 80, 814-832 (2006).

A. M. Savchuk and A. A. Shkalikov, On the properties of mappings associated with inverse
Sturm-—Liouville problems, Proc. Steklov Inst. Math. 260, no. 1, 218-237 (2008).

A. M. Savchuk and A. A. Shkalikov, Inverse problems for Sturm—Liouville operators with
potentials in Sobolev spaces: uniform stability, Funct. Anal. Appl. 44, no. 4, 270-285 (2010).
M. Shahriari, A. Jodayree Akbarfam, and G. Teschl, Uniqueness for inverse Sturm—Liouville
problems with a finite number of transmission conditions, J. Math. Anal. Appl. 395, 19-29
(2012).

D. Shin, On quasi-differential operators in Hilbert space, Doklad. Akad. Nauk. SSSR 18,
523-526 (1938). (Russian.)

D. Shin, On solutions of a linear quasi-differential equation of the nth order, Mat. Sbornik
7(49), 479-532 (1940). (Russian.)

D. Shin, Quasi-differential operators in Hilbert space, Mat. Sbornik 13(55), 39-70 (1943).
(Russian.)

A. V. étraus, On extensions of a semibounded operator, Sov. Math. Dokl. 14, 1075-1079
(1973).

G. Teschl, Mathematical Methods in Quantum Mechanics; With Applications to Schrodinger
Operators, Graduate Studies in Math., Amer. Math. Soc., vol. 99, RI, 2009.

M. L. Visik, On general boundary problems for elliptic differential equations, Trudy Moskov.
Mat. Obsc. 1, 187-246 (1952) (Russian); Engl. transl. in Amer. Math. Soc. Transl. (2), 24,
107-172 (1963).

J. von Neumann, Allgemeine Eigenwerttheorie Hermitescher Funktionaloperatoren, Math.
Ann. 102, 49-131 (1929-30).

J. Weidmann, Linear Operators in Hilbert Spaces, Graduate Texts in Mathematics, Vol. 68,
Springer, New York, 1980.

J. Weidmann, Spectral Theory of Ordinary Differential Operators, Lecture Notes in Math.,
Vol. 1258, Springer, Berlin, 1987.

A. Zettl, Formally self-adjoint quasi-differential operators, Rocky Mountain J. Math. 5,
453-474 (1975).

A. Zettl, On the Friedrichs extension of singular differential operators, Commun. Appl.
Anal. 2, 31-36 (1998).

A. Zettl, Sturm-Liouville Theory, Math. Surv. and Monographs, Vol. 121, Amer. Math.
Soc., RI, 2005.



68 J. ECKHARDT, F. GESZTESY, R. NICHOLS, AND G. TESCHL

FACULTY OF MATHEMATICS, UNIVERSITY OF VIENNA, NORDBERGSTRASSE 15, 1090 WIEN, Aus-
TRIA

E-mail address: [jonathan.eckhardt@univie.ac.at

URL: http://homepage.univie.ac.at/jonathan.eckhardt/

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF MISSOURI, COLUMBIA, MO 65211, USA
E-mail address: [gesztesyf@missouri.edu
URL: http://wuw.math.missouri.edu/personnel/faculty/gesztesyf.html

MATHEMATICS DEPARTMENT, THE UNIVERSITY OF TENNESSEE AT CHATTANOOGA, 415 EMCS
BUILDING, DEPT. 6956, 615 McCALLIE AVE, CHATTANOOGA, TN 37403, USA
E-mail address: Roger-Nichols@utc.edu

FACULTY OF MATHEMATICS, UNIVERSITY OF VIENNA, NORDBERGSTRASSE 15, 1090 WIEN, Aus-
TRIA, AND INTERNATIONAL ERWIN SCHRODINGER INSTITUTE FOR MATHEMATICAL PHYSICS, BOLTZ-
MANNGASSE 9, 1090 WIEN, AUSTRIA

E-mail address: (Gerald.Teschl@univie.ac.at

URL: http://wuw.mat.univie.ac.at/~gerald/


mailto:jonathan.eckhardt@univie.ac.at
http://homepage.univie.ac.at/jonathan.eckhardt/
mailto:gesztesyf@missouri.edu
http://www.math.missouri.edu/personnel/faculty/gesztesyf.html
mailto:Gerald.Teschl@univie.ac.at
http://www.mat.univie.ac.at/~gerald/

	1. Introduction
	2. The Basics on Sturm–Liouville Equations
	3. Sturm–Liouville Operators
	4. Weyl's Alternative
	5. Self-Adjoint Realizations
	6. Boundary Conditions
	7. The Spectrum and the Resolvent
	8. The Weyl–Titchmarsh–Kodaira m-Function
	9. The Spectral Transformation
	10. (Non)Principal Solutions, Boundedness from Below, and the Friedrichs Extension
	11. The Krein–von Neumann Extension in the Regular Case
	12. Positivity Preserving Resolvents and Semigroups in the Regular Case
	Appendix A. Sesquilinear Forms in the Regular Case
	References

