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Abstract

Second-order local optimality conditions involving copositiv-
ity of the Hessian of the Lagrangian on the reduced (polyhedral)
tangent cone have the advantage that there is only a small gap
between sufficient (the Hessian is strictly copositive) and neces-
sary (the Hessian is copositive) conditions. In this respect, this is
a proper generalization of convexity of the Lagrangian. We also
specify a copositivity-based variant which is sufficient for global
optimality. For (nonconvex) quadratic optimization problems
over polyhedra (QPs), the distinction between sufficiency and ne-
cessity vanishes, both for local and global optimality. However,
in the strictly copositive case we can provide a distance lower (er-
ror) bound of the increment f(x)— f(X) around a local minimizer
X. This is a refinement of an earlier result which focussed on mere
(non-strict) copositivity. In addition, an apparently new variant
of constraint qualification (CQ) is presented which is implied
by Abadie’s CQ and which is suitable for second-order analysis.
This new reflected Abadie CQ is neither implied, nor implies,
Guignard’s CQ. However, it implies the necessary second-order
local optimality condition based on copositivity. Applications to
trust-region and all-quadratic problems illustrate the advantage
of this approach, by applying above proof techniques and several
(counter-)examples.
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1 Second-order local optimality conditions
for general smooth nonlinear optimization

1.1 Constraint qualifications

To begin with, let us shortly recapitulate several constraint qualifications
(CQ) for a smooth optimization problem

f(x) — min ! subject to
hi(x) = 0, ie{l,...,q},
gi(x) < 0, ie{l,...,m},

which can be written in the more compact form

mg‘r}f(x) with M ={x€eR": H(x) =oand — G(x) € R}, (1)
S

H(x) = [h1(x),...he(x)]T € R? and G(x) = [g1(X),...,gm(x)]" € R™. Note
that the following conditions depend on f and the current description of M
by G and H, not only on the shape of M and f. All functions f, G and H are
supposed to have continuous second-order derivatives (the derivatives w.r.t.

x are symbolized by Dy, sometimes also by Vf = [Dyf]", while o(t) = ‘é—f

denotes derivative w.r.t. scalar variable t). As usual, for any cone C' C R",
we denote its dual cone by

C*:{UER”:uTszforallveC} )
Definition 1.1 Let x € M be a feasible point of problem (1) and denote by

I(x) = {ie{1,...,m}:gi(x) =0} the indices of constraints binding at x,
as well as by

['(x) = {v eR": DyH(x)v=o0 and v' Vgi(x) <0 for all i € I(x)}

the polyhedral tangent cone of M at x. Later on, we will also use the reduced
polyhedral tangent cone

To(x) = {v eT(x) v VF(x) = o} = T(x) N V()L
Finally, consider the (derivative) tangent cone
Ty (x) = {v eR":v= ii\(r%vs with x +tsvg € M, some ts (0 as s \0} )
Note that, by taking directional derivatives, we always have Tyr(x) C I'(x)

but the latter cone may be larger in general (and the former may neither be
convex nor closed, let alone polyhedral).



(a) We say that G, H satisfy the linear independence CQ (LICQ) at x if
the gradients of binding constraints

[Vhi(x) :i € {1,...,q}; Vgi(x) : i € I(x)]
are linearly independent;

(b) we say that G, H satisfy the Mangasarian/Fromovitz CQ (MFCQ) at x
if the gradients

[Vhi(x) :i € {1,...,q}]

are linearly independent (i.e., if rank DyH (x) = q) and if there is a
direction d € T'(x) satisfying

d"Vgi(x) <0 foralliecI(x);

(¢) we say that G, H satisfy the Abadie CQ (ACQ) at x if Thr(x) = I'(x);

(d) we say that G, H satisfy the Guignard CQ (GCQ) at x if [Ta(x)]* =
INCIll

(e) finally, we define an apparently new CQ which we propose to call re-
flected ACQ (RACQ): we say that G, H satisfy the RACQ at x if

I'(x) € T (%) U [=T ()] 5

in sloppy words, RACQ are satisfied if and only if for any direction
v € I'(x), either v or —v is a starting tangent of a trajectory (or curve)
starting at x and remaining entirely inside M.

For the readers’ convenience, we detail the only non-trivial relation of above
CQs; see, e.g. [6, Cor.12.1].

Lemma 1.1 Suppose that v € T'(X) satisfies v Vg;(X) < 0 for all i € 1(),
and further suppose that rank DyH (X) = q. Then there is a trajectory y(t) €
R™ with y(t) € M for all small enough t > 0 with y(0) = X, and having
a tangent y(0) = v. Hence v = limg\gvs with vy = L[y(s) — y(0)] and
X+ svs =y(s) € M.

Proof. The gxn Jacobian matrix Dy H (x) has rows [Vh;(x)] T, i € {1,...,q}.
Now, for w € R? and ¢ € R, define the mapping ® : R? x R — RY? by
O(w,t) := Hx+tv+DH(X) "w).

Then ®(0,0) = H(X) = o and, by assumption, the Jacobian D, ®(0,0) =
D, H(X)[DxH (X)]" is nonsingular as rank D,H(x) = ¢q. Thus the Implicit



Function Theorem guarantees existence of a differentiable trajectory w :
(—g,e) — R? with w(0) = o and ®(w(t),t) = 0 if |t| < e. Further, we
have w(0) = —[Dy®(0,0)]"1D;®(0,0). Now D;®(0,0) = D H(x)v = 0 as
v € I'(x) implies v L Vh;(x) for all i = 1,...,q. So also w(0) = o. Now
define the trajectory y(t) = x+tv+w(t) which satisfies y(0) = v. Further, by
construction, H(y(t)) = ®(w(t),t) = o whenever |t| < e. For these t, if ¢ is
small enough, we can enforce g;(y(¢)) < 0 whenever g;(x) < 0 by continuity.
Finally, we get, possibly further reducing ¢ if necessary,

gi(y(t) = gi(X) + tv Vgi(X) + 0(t) < gi(x) =0 for alli € [(X) if 0 <t < e.

We conclude y(t) € M whenever 0 < ¢ < ¢, as desired. a

Most of the following relations between the CQs are well known; for a
standard reference see [10].

Corollary 1.1 The LICQ imply the MFCQ which in turn imply the ACQ
which in turn imply both the RACQ and the GCQ.

Proof. If all gradients of binding constraints at X are linearly independent,
the linear system in d

d'Vhi(x) = 0, ie{l,....q},
d'Vg(x) = -1, i€l(x),

has a solution d € R™. Any such d must lie in I'(x) and hence MFCQ holds.
To show the remaining assertion, take any v € I'(X), choose any small s > 0,
and consider a direction d € T'(X) which satisfies d ' Vg;(X) < 0 for all 4 with
gi(X) = 0. This d exists by the MFCQ. Clearly, also vy = v + sd € T'(x)
satisfies the assumption of Lemma 1.1, so for any small s > 0 there is a
trajectory ys(t) € M starting at X, i.e. ys(0) = X, and having starting
tangent ys(0) = v5. Hence the ACQ are met. Obviously, ACQ implies both
RACQ and GCQ. O

Remark 1.1 This example is taken from James V. Burke’s extremely help-
ful site hitp://www.math.washington.edu/ "burke/crs/408/. Considern = 2,
f(x) = x"x, G(x) = —x and H(x) = z1z2. The (only) global solution is
x* = o, where Ty(x*) = {x € Ri D XXy = ()} c I(x*) = Ri, so both ACQ
and RACQ are violated while GCQ is satisfied as both dual cones are equal
to Ri.



Remark 1.2 Given any set of multipliers u = [u1,...,uy]" € R™ for the
inequality constraints g;(x) < 0, we will employ the RACQ for a subproblem

M,={ye M:g(y)=0 ifu; >0},

i.e., for the objective function f, the equality constraints h; and g;(u; > 0),
and the inequality constraints for g;(u; = 0). For a KKT point X with
multipliers u, the reduced tangent cone I'g(X) obuviously coincides with the
polyhedral tangent cone of M, because v L Vf(x) = —>  u;Vgi(X) and
v € I'(X) implies v L Vg;(X) if u; > 0. While the LICQ are inherited from
[M,T'(X)] by [My,T0(X)], neither MFCQ nor ACQ nor RACQ are inherited,
as the following example [5, Fx.2.3] shows:

Let m =n =2 and g1(x1,22) = e ™ + 21 — 29 — 1 as well as go(x1,22) =
el —x1 —x2—1, which have at X = o the same gradients Vgi(0) = Vga(o) =
[0,—1]T. Hence for

M={xeR*:g(x)<0,1<i<2}

even the MFCQ at the point X = o are satisfied: indeed for v = [0,1]" we
obtain v Vg;(X) < 0 for alli. The tangent cone is T'(X) = {v € R? : vy > 0}.
For any objective function f with gradient V f(o) = [0,1]T, the point X = o
satisfies the KK T-conditions, any admissible set u of Lagrange multipliers
fulfilling u; +uo = 1. Now

PO()_():{VGRZZ'UQZO}.

If both u1 > 0 and uy > 0, then M, = {o} and ACQ, and likewise RACQ,
s obviously violated. If, however, uy = 1 and us = 0, then

M, = {xeM:g(x)=0}
= {xeR?:zy>e" —xy— 1 and 290 = e + 21 — 1}
= {xe€R%:sinhx; > 21 and x9 = e + 11 — 1}
= {xeR%’:21>0and vy =e " + 21— 1},

which also violates ACQ, because v = [~1,0]" € T(X) cannot be a starting
tangent vector of any trajectory in M, starting in X = o. But —v is such a
tangent vector, so RACQ holds. Similarly, also for u=1[0,1]T, ACQ is not
met by

Mu:{XE]R2 cxg =€ —x1 —1 and 1 < 0}.

Herev = [1,0]T is no starting tangent vector but —v is one, so again RACQ
holds. All these examples also violate the GCQ.



1.2 Second-order conditions for local optimality

For problem (1), we define the Lagrangean function
m q
Lixu) = f(x) + > uigi() + Y tipmhi(x) ,
i=1 i=1

where u; > 0 for alli € {1,...,m} and u; e Rforalli € {m+1,...m+q}
are the Lagrange multipliers of the constraints.

We now are ready to prove necessary and sufficient second-order opti-
mality conditions with only a small gap in-between them. A precursor using
ACQ instead of RACQ, and applied to a more general setting, can be found
in [3] who apparently had the final word up to now in a series of publications
dealing with similar second-order optimality conditions (e.g., [4, 8]).

The key notion for formulating these conditions is that of copositivity.
Given a symmetric n X n matrix Q and a cone I' C R", we say that

Q is I'-copositive if vIQu>0forallve I', and that
Q is strictly I-copositive if v'Qv > 0 for all v € T'\ {o} .
Strict copositivity generalizes positive-definiteness (all eigenvalues strictly

positive) and copositivity generalizes positive-semidefiniteness (no eigen-
value strictly negative) of a symmetric matrix.

Theorem 1.1 Let X be a KKT point with Lagrange multipliers u.

(a) If D2L(x; ) is strictly T'o(X)-copositive, then X is a strict local minimizer
of f over M. More precisely, there are € > 0 and p > 0 such that

f(x) > f(R) +pllx = x||*> for all x € M with ||x| < €.

(b) If My satisfies RACQ at x (in the sense of Remark 1.2), and if X is a
local minimizer of f over M, then D2L(x;u) is 'g(X)-copositive.

Proof. (a) Assume the contrary, so that there are x, € M with 5 =
IIxs — X|| \ 0 and ps — 0 as s \, 0 with

F(xs) < FR) +pot? s s\, 0. (2)

Consider the directions vy = i(XS —X) of unit length and assume without loss

of generality that v — v as s \( 0. Then v € I'(X) as noted in Definition 1.1.
Obviously

2

1 pst
V(% . V(% . D1 < 1 slg
v J (X) ll\‘l% VS J (X) l{% ts [J (Xs) J (X)] — 2{% ts 0’



so that v € Ty(x) \ {o} and therefore by assumption v D2L(%; t)v > 0. Now
we estimate, by help of (2),

2
FO) +psti > f(xs) 2 Lxs:0) = L(x0) + 5 v) DIL(X 0)vs + o(t)
= &)+ 5] D2L(x;u)v, + o(t2)
subtract f(x) and divide by t2 > 0, to arrive at

ps = 5V DZL(X;U)vs +0(1) >

Ly) v D2L(%;T)v > 0

1
3
for all small enough s > 0, a contradiction.
(b) Suppose v € Tg(x) satisfies v D2L(%; i)v < 0. Further, assume without
loss of generality that v € Ty, (X); indeed, otherwise replace v with —v which
won’t change the quadratic form v D2L(x; i)v. Then choose a close enough
direction v, and step sizes t; \( 0 as s \( 0 such that x; = X + tsvs € Mj.
Then we have by continuity also v D2L(%; G)v, < 0 if s > 0 is small enough,
and therefore

f(xs) = L(x;0) = L(x;0) + 5 v] D2L(%; 0)vs + 0(t2) < f(X)

if s > 0 is small enough, contradicting local optimality of x. O

Remark 1.3 The necessary second-order conditions can also be satisfied if
RACQ fails: this example is due to F. Facchinei, A. Fischer (personal com-
munication) and M. Herrich who adapted [7, Ex.2.2], see also the references
therein; also cf. [5, Fx.2.2]: Let n =3, m =2, ¢ = 0 and consider the non-
convez problem given by f(x) = 22 —x3+22 and G(x) = [#?+23—23, v123) .
Obviously, f(x) > 222 > 0 on the feasible set (which is unbounded), so x* = o
1s optimal. Further, the Lagrangian has derivatives

2(1 + up)x1 + ugws 1+wu 0 2
ViL(x;u)= 2(u1 — 1)y , D2L(x;u)=2| 0 u;—1 0
2(1 —U1)$3—|—UQ$1 %2 0 1—ug

We conclude there is a continuum (in fact, two branches) of further optimal
solutions xti = [0, t, :l:t]T as t # 0 at which the dual variables uy are unique,
since they all equal u* = [1,0]", while at x*, any u € R? satisfy the KKT
system VyL(x*;u) = o. It is easy to see that there are no other KKT points

for this problem. Next we investigate

DXG(X;_L):[ 0 2t iQt]

£ 0 O



to see that the LICQ are satisfied for t # 0 while they fail at x* (just put
t=0). Now fort =0 (i.e., at x*) as well for all other t, we have

F(xfﬁ) = {V € R?: tvg < +tvs and +tvy < O} ,

which means T'(x*) = R3. Further, the reduced tangent cones are T'o(x*) =
R? still while

I‘(i) {VER?’:j:fUlgOandvg:ivg}, if t>0,
X =

OV {VER3::I:U1§Oandv2::I:U3}, if t<0.
Anyhow, we see that D)%L(Xti; u*) is positive-semidefinite for all t and there-
fore Fo(xf)—copositive (including t = 0, i.e., also at x*), while for all other
choices of u, the Hessian D2L(x*;u) is not ['g(x*)-copositive. Nevertheless,
even at x*, RACQ is clearly violated for

My« = {XER31$%+I’%:$§,$1$3SO} )

i.e., for (G,H) = (g2,91). Note that x* is not an isolated (local) solution
to the problem, and that GCQ is satisfied for My at x* as [Ty, (X*)]* =
[Tar,. (x*)]+ = {o} = [Lo(x*)]*. This ezample will be analyzed further in
Section 4 dealing with the SDP relaxation of all-quadratic problems of this
type.

1.3 Special case: quadratic optimization over polyhedra (QP)

Theorem 1.1 says

strict copositivity = strict local solution = local solution = copositivity ,

(3)
and for quadratic optimization problems over polyhedra, the leftmost and
the rightmost implications in (3) become equivalences. This has been known
before, see, e.g. [2, p.5] and the references therein. But in the strict case,
one can specify an explicit error bound (implying even strong optimality
rather than strict optimality), and this will done below (apparently for the
first time in literature).

For ease of particular reference, we provide a separate proof also for the
implications which already have been established in Theorem 1.1. Before-
hand we note that both f and L are quadratic functions so that the Taylor
expansions of order two are exact for both functions, and that their Hessians
coincide: D2 f(x) = D2L(x;u) = Q, a constant matrix. Further note that no
constraint qualifications are needed in this case.

We need the following auxiliary result.



Lemma 1.2 Let T' be a polyhedral cone, Q = QT an n x n matriz and
c € R™. Suppose c € T* and denote by To =T Nct.

(a) If Q is strictly T'g-copositive, then there is an € > 0 and a p > 0 such
that

1
c'v+ ivTQV > plvl|* for allv €T with ||v|| < &;

(b) If Q is To-copositive, then there is an € > 0 such that

1
c'v+ gvTQv >0 forallvel with |v|] <e.

Proof. (a) Since I is polyhedral, it is generated by finitely many extremal
rays, i.e., there are ri,...,r, with ||r;|| = 1 such that I' = Ry conv (rq,...,rg).
Further, define By = {v € T : ||v|| = 1}; then, by assumption, we have § :=
mig v Qv > 0. First, consider the case that I' C ¢l so that Ty = T and for
S

é
P=3

1 1
v+ 5VTQV = 5VTQV > pllv|]?

even for all v € T regardless of their norm. A bit more care is required if
I'g # I'. Assume without loss of generality that c¢'r; = 0 for 1 <4 < s and
c'r; > 0 for s < i < k. By rescaling everything, we may and do also assume
that ||c|[| = 1. Hence ¥; = (c'r;)c is the orthoprojection of r; onto Rc. Next,
for any v € I there are p; > 0 such that v = Zle wir; and we define

k k
W= ZMWZ(Z Mz’Csz)C,

1=s+1 i=s+1
k

y = E pi(rs — 1),
1=s+1

k
z = Zluil’iEF().
i=1

This way we obtained a decomposition v =w+y+z with w = ||w||c orthog-

onal to y + z. Indeed, we have cTy = 3 yi;(c"r; — [|c]|*c"r;) = 0,50y L c
1>8

and furthermore

Iyl < 22wl —Fll = 22 pin/1 = (cTri)?
i>5 - 1>8 (4)
< 2 uanle r) =nlwl,
i>s

where 17 = max 7W The first equality above follows by

s<i<k

- 112 2 -2 T 2 T
i = Fill? = [Inll® = 61" = 1= (c"r)?|[c]|* =1 = (c"r)?.



We note for later use that this implies
vl < (T +n)lwl + Izl and thus } -

VP < (L m) @+ n)lwl® + 2+ )|z

Next choose a number 3 > 0 such that |p' Qq| < 28||p|| ||q]| for all {p,q} C
R™. Tt follows from v =w 4y + z, from ¢'w = ||w|| and from (4) that

clv+ %VTQV )

cTw+iw Qw+w Qy+w'Qz+y"Qz+ 3y Qy + 32'Qz

Il = Bllwl* = 28]wl (lIyll + [IzIl) — 28Iyl llzll = BllylI* + 6lz]|*
> || (1= Bllwll — 28nllwl| — 28llzll — 2871z — Bn*||wll) + d|z||?
Iwll (1 = B(L+m)2[lwll — 28(1 +m)lzll) + 51z

v

(6)
Now w = ||w||c is orthogonal to y + z, so |[v[|* = |lw||* + ||y + z||>. Hence
the inequality relation [|v|] < e entails both ||w|| < e and also ||y + z|| < e.
Therefore also

lzll <Ily +z|l + [lyll < e +nllw| <e(l+mn). (7)
Now the factor of ||w|| in the last line of (6) exceeds (1 + n)d||w|| if
[(L+m)d+ (1L+0)?8] [lw]| +2(1 +n)Bllz| <1,
and this can in turn be achieved if € > 0 is selected so small that
1
(L+m)a+3(1+n)°8 < —,

using the relations ||w|| < e and ||z|| < e(1 + ) established in (7). Then we
arrive via (6) and (5) at

VA SvTQu > (14 n)dliw? + 82> > 52 v
Claim (a) is proved by putting p = ﬁ and, e.g., e = [4(1+77)2 max {0, ﬁ}]*l.

Assertion (b) can be found in [1, Lemma 1]. The proof of (a) above is a
refinement of the arguments there. O

Theorem 1.2 Let f(x) = %XTQx—i—qTx be quadratic and M be a polyhedron,
and suppose that X be a KKT point. Then

(a) Q is strictly I'o(X)-copositive if and only if X is a strict local solution;



(b) Q is To(X)-copositive if and only if X is a local solution.

Proof. We first show that (strict) copositivity implies (strict) optimality.
Let ¢ = Vf(X) = Qx4+ q € I'*(x), and apply Lemma 1.2 to Q = D2f(x).
For any x € M with |x — X|| < ¢, let v =x —X. Then by convexity of the
polyhedron M we get v € I'(x) and ||v|]| < e. We conclude

fx)=f®R +c'v +3IvIQv> f(x) +7(v),

where 7(v) = p||v||? in case of strict copositivity while r(v) = 0 for the merely
copositive case.

Next we show the converse: (strict) optimality implies (strict) copositivity.
So suppose that v € T'g(xX) \ {0}, in particular that v Vf(x) = 0. We infer
that for small enough ¢ > 0, we have x = X+tv € M since M is a polyhedron,
and 0 < ||x — X|| < &, so that

FR) < fO) = FR) + v VR +5vTQu=f(R) + 5vQu

in case of a strict local solution, or weak inequality in case of a local solution,
which implies (strict) T'g(X)-copositivity of Q, as claimed. O

2 Second-order conditions for global optimality

2.1 The general case: a sufficient global optimality condition

We return to the general non-linear case and proceed to a sufficient global
optimality condition. This condition is weaker than convexity of the La-
grangian function L(.;u) which in turn would be implied by the convexity
of the problem (1) (which means that f and all g; are convex and h; are
affine-linear). Nevertheless it requires checking copositivity of the Hessian
matrices D2L(x;u) for all x € M, which may be tedious unless we know
that these Hessians do not depend on x. So the quadratic problems over
polyhedra studied in Theorem 1.2 provide a good motivation to consider
this case, but also, more generally, the case where all f,G, H are composed
of quadratic functions.

Theorem 2.1 Suppose that M is convexr. If X is a KKT point for prob-
lem (1) with multipliers G and if
D2L(x;u) is I'(X)-copositive for all x € M ,

then X is a global solution to (1).

10



Proof. For any x € M, define the trajectory z(t) = (1 —t)x + tx € M (so

that v = x —x = 1[z(t) — z(0)] € I'(x) as before), as well as the function
o(t) = L(z(t);u) for 0 <t < 1. Now ¢ is twice continuously differentiable

and by the Mean Value Theorem there is some ¢ with 0 < ¢ < 1 such that
fx) = Lxt) = ¢(1) = ©(0) +@(0) + 35(¢)
= L(x;0) +v'L(%U) + 2 v DZL(z(t); u)v
> L(xu) = f(x),

and the assertion is shown. O

2.2 Second-order global optimality criterion for QP case

Again, for the QP case, the situation is much simpler, and necessary and
sufficient conditions for global optimality coincide. Consider again

min { f(x) = $x"Qx+q'x:x € M}, (8)

with Q a symmetric n x n matrix, M = {x € R" : Ax < b}, Aan m X n

matrix with rows aiT, and b € R™. Due to linearity of the constraints, we

have
F(i):RJr(M—X):{vER”:aZTngfor alliel(i)}. 9)

Denote by s = b—AX the vector of slack variables, and by J(x) = {0,...,m}\
I(x). To have a consistent notation, we can also view as J(X) as the set of
inactive constraints if we add an auxiliary inactive constraint of the form
0 < 1 by enriching (A, b) with a 0-th row to

T ol 1
ag bo
A S n
- A - 9 - b - 9
a; bm

and put § = b — Ax > o. Then J(X) = {i € {0,...,m}:35; >0}. The 0-
th slack and the corresponding constraint will be needed for dealing with
unbounded feasible directions. However, if v is a bounded feasible direction,
then there is an i € J(x) \ {0} such that a; (x + tv) > b; for some ¢ > 0, and
the mazimal feasible stepsize in direction of v

5T
a; v

t_\,:min{si:iEJ(x), aiTv>0}

11



is finite.

Note that feasibility of a direction v € R™ is fully characterized by the
property al-Tv < 0 for all ¢ with s; = 0, i.e., for all ¢ in the complement of
J(x). If in addition, a, v < 0 for all i € J(%), i.e., Av < o but v # o, then
we have an unbounded feasible direction with ¢, = +o0o by the usual default
rules, consistent with the property that x 4+ tv € M for all ¢ > 0 in this

case. In the opposite case where ¢, = a‘?v < 400, we have i # 0, and the

i-th constraint is the first inactive constraint which becomes active when
travelling from X along the ray given by v: then Xx+t,v € M, but x+tv ¢ M
for all t > t,.

By consequence, the feasible polyhedron M is decomposed into a union
of polytopes M;(X) = {x=x+tve M :0<t <t} fori € J(x)\ {0}, and
My(x) = {x € R™ : Ax < Ax}, the (possibly trivial, but otherwise) unbounded
polyhedral part of M.

To be more precise, we need the (m + 1) x n-matrices D; = 5a, — 3;A
to define the polyhedral cones
Ii={veR":Dyv>o}, iclJ(X). (10)

Then U, jx) I'i = T'(%) from (9), and M;(x) = MN(I';+x) contains all points
x € M where i € J(x) denotes the first inactive constraint which becomes
active when travelling along direction x — X starting from X (as mentioned
above, the case i = 0 captures unbounded feasible directions).

After these preparations dealing with the feasible set only, we turn to
the objective function. With the gradient Vf(X) = Qx + g, we construct
rank-two updates of Q:

Qi=a; VX' +Vfx)a +5Q, icJX). (11)

Theorem 2.2 For the QP (8), we have that X is a global solution to (8) if
and only if X is a KKT point and

Q; are I';-copositive  for all i € J(X) .
Else, if v Qiv < 0 and D;v > o for some i € J(x) \ {0}, then a]v > 0 and
X=X+t,v is an improving feasible point,

whereas v Qov < 0 for some v with Dov > o if and only if (8) is unbounded.

Proof. As already noted before, any KKT point satisfies the weak first-
order ascent condition v Vf(x) > 0 for all v € I'(x). Further, strict first-
order ascent directions may be negative curvature directions as

FER+tv) — f®) =t [V VIR + gvTQv] >0, (12)

12



if t > 0 is small enough and v' Vf(X) > 0, even if v Qv < 0. For these
negative curvature directions (v' Qv < 0), the extremal increment

() = fx + ) — (%)
satisfies, due to (12),
fx+tv)— f(x) >0 forallx=x+tve M , ie.,tel0t],

if and only if 0x(v) > 0. For v € T';, the condition #(v) > 0 can be expressed
as VTin > (0. Hence the result. O

Note that the result above also applies to QPs for which the Frank/Wolfe-
Theorem is non-trivial, i.e., where the objective function f is bounded from
below over an unbounded polyhedron M.

Comparing Theorems 1.2 and 2.2, we see that the effort of checking
local versus global optimality is not that different: at most m copositivity
checks instead of merely one. Also note that any vector v violating the
copositivity conditions in Theorem 2.2 yields with basically no effort an
improving feasible point X, hence allows for escaping from inefficient local
solutions X towards which a local optimization procedure may have driven
us before.

Remark 2.1 Of course, Theorems 2.1 and 2.2 immediately yield via global
optimality that T'(X)-copositivity of D2L(x;u) = Q implies that all Q; are
T';-copositive. However it may be instructive to see how the copositivity con-
ditions are related directly. To this end, observe that the 0-th row of D;
in (10) equals a], so that a/v > 0 holds for all v € T;. Further, any

7 7

v €Ty CT'(x) satisfies v Vf(X) > 0. Therefore (11) renders
vTQZ-v >3 vTQv >0 forallvel;.

On the other hand, also the local optimality condition of Theorem 1.2 can
be retrieved readily in a direct way, noticing that v Qv = 5;v' Qv for all
v L Vf(x) and the fact that T'(x) = U;c sz Ti-

3 Application: the classical trust region problem

3.1 Definition and basic properties

Now we specialize our findings to the well studied classical trust region
problem where f(x) = %XTQX + q"x is quadratic and the feasible set M is

13



the (convex) Euclidean ball centered at the origin with radius one:
min { f(x) = $x"Qx+q'x:x € R", [|x|]| < 1} . (13)

All results in this section are well known since quite a while; however, for il-
lustration we derive them from our copositivity principles established above.
Thus, we have m = 1 inequality constraint g;(x) = r(x) = %(HXHQ —1) and no
equality constraints. If r(x) = 0, then the gradient Vr(x) = x is linearly in-
dependent, so LICQ (and therefore RACQ) holds in any case. We conclude
that all local solutions must be KKT points x satisfying (Q + ul,)x = —q
for some u > 0, with u = 0 if ||x|| < 1 or else u = @ := —x' Qx —q'x, s0 u
is uniquely determined by x. The Lagrangian function reads

L(x;u) = $x" (Q+uly)x+q'x— 4%

and has a Hessian H, = Q + ul,, which does not depend on x.

3.2 Application of second-order optimality conditions

We now illustrate a simple application of preceding general principles to
the trust-region problem. First we show that zero multipliers imply global
optimality for this problem.

Corollary 3.1 Suppose x is a local solution to (13) (and hence a KKT
point) with a multiplier w = 0. Then x is globally optimal. In fact, then f
is a convex function because Q is indeed positive-semidefinite.

Proof. If u =0, then M, = M and V f(x) = o as the KKT conditions are
satisfied. Therefore I'g(x) = I'(x), and all constraint qualifications hold as
detailed above (these are only necessary if strict complementarity is violated,
ie., if r(x) = v = 0), Thus Theorem 1.1(b) implies I'(X)-copositivity of
Ho(x) = Q. Now for ||x|| < 1 we have I'(x) = R™ and the result follows. If
however 7(x) = 0, then I'(x) = {v € R" : v'x < 0} is a halfspace, and again
Q must be positive-semidefinite. a

Hence, any local non-global (LNG) solution X must lie on the boundary
of M and has a strictly positive multiplier z > 0. Again,

I'(x) = {v ER":v'x< 0}
is a half-space and since V f(X) = —uXx, its boundary hyperplane is I'g(x) =

%t. So only boundary KKT points satisfying strict complementarity can be
LNGs. We collect further observations on LNGs in the following

14



Corollary 3.2 Suppose x is a KKT point of (13) with ||x|| = 1 and unique
multiplier u = —x'Qx — qTf( > 0 and denote by Hz = Q + ul,, the Hessian
of the Lagrangian. Denote by A\ < Ao < --- < N\, the ordered eigenval-
ues of Q (counting multiplicities), and by v; the corresponding orthonormal
etgenvectors. Then

(a) If X is a local solution to (13) then v Hgv >0 if vix = 0. So Hy can
have at most one negative eigenvalue (and then with multiplicity one).

(b) If % is a LNG solution to (13), then —Xg < < —\1 and v{ X # 0.
(¢) Further, if X is a LNG solution to (13), then v{ q # 0 and v4 X # 0.

(d) Further, if x is a LNG solution to (13), then even —Ay < 4 < —A1. In
particular, Hg is nonsingular.

Proof. (a) We have My = OM = {x € R": ||x|| =1} and any v € %! =
Io(x) gives rise to a starting tangent of a trajectory y(t) = m(i +1tv) €
M. Hence Theorem 1.1(b) applies and yields v' Hgv > 0 if vix = 0.
Suppose there are two linear independent vq,vo such that all non-trivial
linear combinations v = avi +fvs give a negative quadratic form v' Hgv < 0.
Then, e.g., vi L X is absurd, so v1T>_< # 0. Choose f =1 and a = —-3= to
obtain the contradiction v'x = 0.
(b) If w > —Aq, then Hz = Q + al,, would be positive-semidefinite, and
Theorem 2.1 would give global optimality of X. Hence & < —A;. On the
other hand, by (a) Hgz can have at most one negative eigenvalue, so a+Xy > 0
must hold. Hence —Xo < u < —A;. In particular, Ay < Ag. Since virHavl =
v{ (A1 — A2)vi = (A} — A2) < 0, assertion (a) implies v{ x # 0.
(c) Now we basically follow Martinez’ impressive argumentation [9]. First
we show that v; cannot be orthogonal to q; indeed, suppose the contrary.
Now, if w > —Ao, then Hg is nonsingular, and expanding q in terms of
n
the orthonormal basis {vi,...,v,}, we see from Hgx = q = ) 7;v; where
i=1
i = v,' q (hence the assumption means y; = 0), that

n n
- Vi Vi
X ;/\i+qu Zz:;)\i—i-u\/l Vi

contradicting assertion (b). Hence u = —Ay. To be more precise, assume
that Ao = ... = A\ < Ag41 for some k € {2,...n} (with a trivial modification
if Ao = \,,), so that {va,...,vi} span the null space of Hz. As Hzgx = —q
must hold, it follows

k

x=—Hiq+) ajv;,
=2

15



for some suitable coefficients a; € R, where, with V = [vy,...,vy],

1 1

,0,...,0, Al
A1 — A2 A1 — A2 /\n_)\Q]

Hf = Vdiag |
is the Moore-Penrose generalized inverse of Hﬁ (cf. Lemma 4.1 below for
details). Again using the assumption v, = v1 q = 0, we arrive at Hi q =
> J S vy )\ vj, yielding again a contradiction to (b), namely

Z y _/\2 vi Lvy.
=2 i>k

I
Q

Hence the assumption is absurd, and we conclude v]—q # 0. Next we prove
vy X # 0. Suppose the contrary. We pass again to coordinates w.r.t. the
orthonormal basis {vi,...,Vv,} and consider w = V "x instead of x. Of course
|| = flw]| and

) =3x"Qx+q x =30 [Fw? + ywi)

so that W = VX is a local solution to the problem

. A
m1n{2[2w? +viwi] + [wll = 1} :

=1

The assumption vy x = 0 translates into Wy = 0; further, from (b) we know

also that wy = vlTi # 0, and suppose that w; > 0 (the opposite case w; < 0
can be treated in complete symmetry). Next we fix all coordinates w; = w;
for j > 3, so that w? + w3 = W} + w5 = Wy, and thus w; = +

for all such w close to w. We conclude, removing now constant terms, that
wy = 0 is a local (unconstrained) minimizer of

A A
a(wn) = T (@} — wd) + Twl + blw) + 2w,
where b(wz) = Wic(22) with c( ) = v/1 —t2. Note that the k-th derivative
of b satisfies b®) (wy) = Wl Fclk (%) We calculate the first four derivatives:
t 1 3t

) = — () = — i) = 0t (4)02_3‘

é(t) ok é(t) 50 c(t) 50 ° (0)
Hence b(0) = w; and

b(0) =0, b(0)=-—, b(0)=0, bV (0)=—-=.

Therefore, since v = v; x = 0 by assumption (and the source of all this

trouble), and since

0=v{0=v] [Hax+q] = X Havi4+v{ g =x" (A1 =Xo)vi+y1 = (M —X)@1 471,
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we arrive at the conclusion that a(0) = v = 0 as well as

d(O):(/\g—/\l)—%—ll:O

and ‘@ (0) =1 b (0) = 0 as well, but finally

which would contradict the fact that we = 0 is a local minimizer of a, so
that X cannot be a LNG of (13), contradicting the assumption v = 0.

T7
(d) Now assume that @ = —Ag. For the same v = vy — 22v; | X as in (a)
Vl X
above we now arrive, using Hzvo = (Q — A2/)vo = o and (a) again, at the
contradiction

0 <v'Hav = a®v] Havi + (v2 + 2avy) THave = a®(\ — X2) <0,

T_
because o = —% # 0 due to (c). Hence even @ > —\2. We conclude that
Hz = Q + al, is nonsingular, otherwise we would obtain another eigenvalue
of Q strictly between A1 and As. O

3.3 The secular function; at most one LNG exists

For any LNG solution X we have for the unique multiplier @ that Hg is
nonsingular. The KKT conditions read therefore

Hix=—-q or x=—(Q+al,) 'q.

This implies that the value of the multiplier @ in turn uniquely determines
the KKT point x. Given the data (Q,q), we consider the secular function

) = (Q+uly)lql?, weR\ {=An,...,~A\1}.

From Corollary 3.2(d) we conclude that @ belongs to the domain of ¢ and
moreover is a 1-root of 1, i.e. (@) = ||x[|* = 1. Also this function can
be simplified by means of diagonalization of Q = Vdiag (A1,...,A,)V ' with
V = |vi,...,v,] being an orthonormal n x n matrix. Putting

1
we obtain (Q + ul,)™' = Vdiag (p1(w), ..., tn(u))VT, then (Q + ul,) 'q =
> vii(w)v; with v = VZTq. We note for further use that

wi(u) - #0 (in fact, py(a) < 0 < pi(u) for all i € {2,...,n}),

K== yip(@vi. (14)
=1
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Finally, by orthonormality of all v;,

Z%Mz ) >0 forallue R\ {=N\,,...,—A1}. (15)

We calculate f1;(u) = —p?(u) and thus

b(u) = YW = =237l (u),
b(u) = =23, 2[d(w)] = 63 ;72ui(u) >0,

and hence 1 is strictly convex on the open interval defined by —Xo < u <
—A1. Hence there are at most two different 1-roots of v in this interval, and
among these at most one u with ¢(u) > 0. With some effort it can be shown
that whenever X is a LNG for (13) with multiplier @, then indeed (@) > 0
This way we arrive at Martinez’ theorem [9]:

Theorem 3.1 There is at most one LNG solution to (13).

Proof. Following again [9], we define w = [yopu2 (), . .., yupn(@)] " € R?!
and the n x (n — 1) matrices

wT
T—[ _ ] aswellas W =VT.
—y11 ()1

From Corollary 3.2(c) we infer v; = v{ q # 0, thus rank W = n — 1, and
moreover We; = VTe; = wjvi — 111 (@)v;+1 which implies via (14)

n
xTWe; = —Zl%m(ﬂ)viT (i1 @V — y1p1 (@)Vj41]
1=

n
= Zl%%m( ) 1 (0) v; Vi1 — leﬂ 11 () 141 () v vp
1=

= Vi1 w1 (@) 1 () — Y1541 p1 (@) pjpr (@) = 0

for all j € {1,...,n— 1}, so that the columns of W form a basis for the
hyperplane x*. Therefore, by Corollary 3.2(a), the (n — 1) x (n — 1) matrix
B := WTHyW is positive-semidefinite, so that det B > 0. Now

B=T'VQUT+aT'T=T'DT

with D = diag (A1 + @, ..., A\, + @) (note that the upper left entry of D is
negative). We will further rephrase B now and calculate det B then. First
note that

T

}and recallT:[ W, ] .
—y11 ()1

()\1 + QZ)WT

DT = . _ _
—np(u)diag (A2 + U, . .., An + 1)
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Hence for D = V2 (u)?diag (Mg + 1, . . ., Ay + @) we get
B=T'DT=(\+a)ww +D=D [In_l + (M + a)f)*lwwq :
so that, using the formula det [l,_; +ab'] =1+ b'a, we arrive at
0 < det B = det D [1 + (M + ﬂ)wT[A)_lw} . (16)
Since det D = [y1 01 ()]~ 21_[] 5(Aj + 1) > 0, we deduce
1+ p7 (@)w'D'w > 0. (17)
Now [y (@25 1w = widing (1a(8), .. (@) w = 32 2, so

that [ ()] D~ w = 77 2[u ()] % Y- 7243(@), and (17) veduces to

or, multiplying by —2+v2u3 (i) > 0,

- _22%% (@)

which proves the assertion. Indeed, we showed there can be at most one
multiplier @ belonging to a LNG, and since @ determines the LNG uniquely,
there can be at most one LNG to (13). O

4 Duality of all-quadratic problems and SDPs

In this section we show that the Langrangian (and Wolfe) dual of an all-
quadratic problem coincides with the dual of its SDP relaxation under mild
assumptions. Also these results are well known and are discussed here only
to complement above illustrations and counterexamples. Consider

qgo(x) — min ! subject to

g(x) < 0, ief{l,...,m}, (18)

where ¢;(x) = xT Q;x — Qbe + ¢; are all quadratic functions (we may assume
co =0) for i € {0,1,...,m}. We denote by z() the optimal value (possibly
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not attained, or also equal to —oo (in the unbounded case) or to +oo (in
the infeasible case).

We start by recalling a basic result on Schur complementation. To this
end, recall the notion of the Moore-Penrose generalized inverse HT of a
symmetric matrix H, which is again symmetric, of the same order as H, and
satisfies HHTH = H as well as HTHH"T = H™. A linear system Hx = d is
solvable in x if and only if HH*d = d, in which case x = HTd is the solution
with the least distance to the origin o (if Hx = d is inconsistent, then HH*d
is the least squares solution to this system). We abbreviate the fact that H
is positive-semidefinite by H > O. It is well known that H > O also implies
HT = O.

Lemma 4.1 Let H be a symmetric n X n matriz, v € R", and o € R, and
form the symmetric (n+ 1) x (n+ 1) matriz

OéVT
w2 0]

Then M is positive-semidefinite if and only if the following three conditions
hold:

(a) H is positive-semidefinite;
(b) v € H(R™), or, equivalently, v L ker H;

(c) a>vTHTv.

Proof. Let M be positive-semidefinite. To establish (a), choose x = [0, yT}T

with y € R™ arbitrary; then 0 < x"Mx = yTHy. For (b), assume the
contrary, i.e., that there is a vector y € ker H such that v'y < 0, and choose,
for large ¢ > 0, the vector x; = [1,ty"]T. Then 0 < x;/ Mx; = a+2tv y+0 < 0
if ¢ is large enough, a contradiction. To show (c), take x = [—1, (H*v)T]T
which gives

0< x"Mx=a—2v'Htv+ v HtHH v = a — v HTv.

For sufficiency, we only need v = Hw for some w € R™ and note that

« VT T+ 1 T WT
= (a— -
[v H] (a vHv)[o][l,o]—i—{In]H[WIn]_O,
because v HTv = wHH*Hw = w' Hw. Thus the result. O
The counterexample H =0in M = 1 0 shows that condition (b) above
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cannot be dispensed with.
m
Now we return to (18) and denote by H, = Qo + > u;Q;, by dy =
i=1

m
bo + > u;b; and by ¢ = [c1,...,¢m] . Then the Lagrangian function and

=1

its derivatives w.r.t. x read
L(x;u) = x"Hyx—2d/x+c'u,
VxL(x;u) = 2[Hyx—d,] and
D2L(x;u) = 2H, forall (x;u) € R" x R".

By the Frank/Wolfe theorem in its unrestricted (therefore easy) version,
O(u) = inf{L(x;u) : x € R"} > —oo if and only if (a) H, is positive-
semidefinite; and (b) the linear equation system H,x = d, has a solution.
In this case, we have O(u) = L(x;u) for any x with H,x = d,, in particular,
say, for the least-norm solution x, := Hfd,. So the Wolfe dual and the
Lagrangian dual problem coincide, namely to

Zho = sup {L(xy;u) : Hy = O, HHfdy = du} , (19)

where H, > O denotes positive-semidefiniteness of H, and the other con-
dition exactly characterizes solvability of the system Hyx = d, in x. Weak
duality ensures 2}, < 2. Furthermore, by (19), for any (x,u) € R" x R}
with H, = 0 and Hyx = d,, (in particular, for x = x, = HJd, in case
H,Hd, = d,) we see

O(u) = L(x;u) = x'dy, — 2duTx +clu=cu— duTx. (20)

We pass to the semidefinite relaxation of the problem (18): to this end
we need the symmetric (n 4 1) x (n + 1) matrices
ci —b}
M; = ! |1, 1€{0,1,...,m}.
’ { —b;,  Q } { ;

The SDP relaxation now uses Frobenius duality (X,S) = trace(XS) on ma-
trices of this order and reads in its primal form

Zip = inf {(Mg, X) : (M;,X) <0, (Jo,X) =1, X = O} (21)

with Jo = [1,0,...,0]T[1,0,...,0], while its dual is given by

Zgp = sup {yo eR:Z(y) = O,y = [yo, uT]T eR x RT} , (22)
where
m T T
o | cu—y —d
20 = Mo~y + Y= | U ] e
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is the slack matrix.

The standard lifting X = [1,x"]T[1,x"] shows 2%, < zg, and weak
duality of the primal-dual SDP pair shows 25, < 25p. It can easily be shown
that strict feasibility of (18) implies strict feasibility of (21). Moreover, if Q;
is (strictly) positive-definite for at least one ¢ € {1,...,m}, then also (22)
is strictly feasible, so that full strong duality holds for the primal-dual SDP
pair: zgp = 2gp, this optimal value is attained in both SPDs, i.e., there is an
X* = O feasible to (21) and ay* = [y, (u*)T]" € RxRT feasible to (22) such
that (Mg, X*) = 25p = 2&p = y; and, by complementary slackness of the
positive-semidefinite matrices, Z(y*)X* = O; in particular, the first column
z of Z(y*)X* must equal the zero vector. Now decompose the symmetric
(n+1) x (n+ 1) matrix X*

« |1 (x*)T cTu*—y(’)‘—dI*x* 10
X —{X* v ] so that { Cdye A Her | T2 o | (24)

due to (23); in particular, we get Hy«x* = dy« and, by Z(y*) = O, also
Hy= = O. Hence, by (20) and (24),

2hg = O(u") = clut —dLx* =y =25p. (25)

We will show that in fact equality 25, = 2] holds under these condi-
tions. To this end, consider an arbitrary u € R’} feasible to (19) and define
Yo =0O(u) =c'u—d}x, =c’u—d}H}td,; see again (20). By Lemma 4.1,
it follows from (23) that Z(y) = O for y = [yo,u']" € R x R so that the
latter vector is feasible to (22). Hence O(u) = yo < 2§ and therefore the
reverse inequality follows; summarizing, we obtain, under strict feasibility
of (18) and strict positive-definiteness of at least one Q;, 1 < i < m, that

* * * *
ZpQ = %sp = Zsp < 2Q -

Remark 4.1 Continuing with the example of Remark 1.3, we see that, at
the (non-isolated) global solution x* = o and for any u € R% \ {u*}, the
Hessian H, is indefinite so ©(u) = —oo for all u # u* = [1,0]". On the
other hand, obviously ©(u*) = 0. So 2}, = 0 = 2g* and (x*,u*) is a primal-
dual optimal pair, so full strong duality holds. Moreover, we concluded above
that 25 > Z*DQ s always true even without any strict feasibility, so in fact
we get, by weak duality for the SDP and the fact that this is a relaxzation of
the original problem

0=2pg < z5p <25p <25 =0,

despite the fact that



can never be positive-definite (not even for u = u* = [1,0]"). Needless to
stress that no Q; is positive-definite in this example.
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