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Abstract

The present paper derives systems of partial differential equations that admit a
quadratic zero curvature representation for an arbitrary real semisimple Lie alge-
bra. It also determines the general form of Hamilton’s principles and Hamiltonians
for these systems and analyzes the linear stability of their equilibrium solutions in
the examples of sop3q and slp2,Rq.
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1 Introduction

The principal chiral model is a map c : R1,1 Ñ G from the Minkowski space-time R1,1

into a Lie group G. For its relation to harmonic maps into Lie groups h : R2 Ñ G,
see [4, 18, 21]. Moreover, the principal chiral model is also an integrable system of
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partial differential equations (PDEs) whose doubly infinite sequence of conservation
laws was found in [2] and whose soliton solutions can be generated using the dressing
method, related to the classical Riemann-Hilbert problem in complex analysis. Both the
conservation laws and the dressing method have been deduced from a zero curvature
representation (ZCR) of the PDE system for the chiral model [4, 5, 7, 8, 19, 22, 23].
One of the key ideas behind the derivation of the conservation laws [2] is the use of
Hamilton’s principle.

Suppose G is a semisimple Lie group. Then the PDEs for the principal chiral model
may be derived from Hamilton’s principle δS “ 0, with S “

ť

`pu, vqds dt, where the
symmetry-reduced Lagrangian ` : g ˆ g Ñ R is defined using the ad-invariant Cartan-
Killing form on the Lie algebra g of the semisimple Lie group G. For semisimple Lie
groups, the resulting PDEs may be expressed only in terms of Lie bracket operations,
which in turn lead to the ZCR for these systems. The ZCR for the principal chiral
model involves matrix differential operators with rational combinations of the spectral
parameter that leads to the inverse scattering transform method and the dressing method
for these PDEs.

It is also possible to obtain Hamiltonian structures and Lax equations for the prin-
cipal chiral model generated by using matrix differential operators with polynomial de-
pendence on a parameter [3]. For example, a recent paper [11] derives new types of
integrable 4-wave equations via a Lie algebra approach for sop5,Cq. These equations
were derived directly from a zero curvature representation (ZCR) that is quadratic in a
spectral parameters and were shown to admit solutions that may be constructed via the
Riemann-Hilbert problem. Polynomial dependence of ZCRs on a parameter was also
discussed in [10].

The present paper derives PDE systems that admit a quadratic ZCR for an arbi-
trary real semisimple Lie algebra and determines the general form of their Hamilton’s
principles and Hamiltonians. Several examples are given, including the cases of sop3q,
slp2,Rq, sop4q, and g2. In all cases, the Hamiltonians are quadratic in the dependent
variables, but sign-indefinite, so they admit instabilities. The effects of these instabili-
ties on the full nonlinear solution behavior remains to be understood through numerical
simulations.

Our approach is to derive the equations from Hamilton’s principle for a Lagrangian
defined on a Lie algebra g that is invariant under transformations by the corresponding
Lie group G. This approach produces G-Strand equations [14, 15]. A G-Strand is a map
g : RˆRÑ G for a Lie group G that follows from Hamilton’s principle for a certain class
of G-invariant Lagrangians by using the Euler-Poincaré (EP) theory explained in [13].
The SOp3q-strand may be regarded physically as a continuous strand of rigid frames, as
for a spin chain [13, 15]. The simplest example of the SOp3q-strand is the case in which
the moment of inertia is proportional to the identity. This case yields the principal chiral
model, which is known to admit a ZCR, although not of the quadratic type we study
in this note [18]. Here, we use the EP theory to derive the G-Strand equations for any
semisimple Lie algebra, in preparation for deriving the quadratic ZCR for such a system.

Plan of the paper. In section 2 we discuss the G-Strand equations for an arbitrary
semisimple Lie algebra. In section 3 we discuss the chiral model for SOp3q. In section 4
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we construct ZCRs that are quadratic in a spectral parameter for two classes of equations.
These classes follow from either a normal real form in section 4.1, or a compact real form
in section 4.2. These constructions impose additional relations among the dependent
variables directly in the equations, in order that they admit the ZCR. This type of
substitution of functional relations would not in general produce a Hamiltonian system.
However, the expressions for the conserved energy in the cases derived from Hamilton’s
principle and EP theory provided clues for how to derive G-Strand PDEs that are
manifestly Hamiltonian and admit the same ZCR. In particular, these equations possess
an affine Lie–Poisson bracket defined on the dual of the corresponding Lie algebra g.

2 G-Strand equations

Lagrangian formulation. Let G be a real Lie group with Lie algebra g. The G-
Strand equations are

Bt
δ`

δξ
´ ad˚ξ

δ`

δξ
` Bs

δ`

δγ
´ ad˚γ

δ`

δγ
“ 0, Btγ ´ Bsξ ` rξ, γs “ 0, (2.1)

where ` : gˆgÑ R and ξ, η : RˆRÑ g. This system of PDEs follows from Hamilton’s
principle

δ

ĳ

`pξpt, sq, γpt, sqqds dt “ 0

for the Lagrangian `pξ, γq with ξ “ g´1gt and γ “ g´1gs, for the map g : R ˆ R Ñ G.
The first of these G-Strand equations depends on the choice of Lagrangian `, while the
second one does not. That is, the first one is dynamic and the second one is kinematic.

When g admits a non-degenerate bi-invariant bilinear symmetric form, one can use
it to identify the dual space g˚ with g. With this identification, we have ad˚ξ “ ´ adξ
and the G-Strand equations (2.1) become in this case

Bt
δ`

δξ
` adξ

δ`

δξ
` Bs

δ`

δγ
` adγ

δ`

δγ
“ 0, Btγ ´ Bsξ ` rξ, γs “ 0. (2.2)

We will use the notations

µ :“
δ`

δξ
, π :“

δ`

δγ
,

so that the G-Strand equations (2.2) read

Btµ` rξ, µs ` Bsπ ` rγ, πs “ 0, Btγ ´ Bsξ ` rξ, γs “ 0. (2.3)

Hamiltonian formulation. Let g˚ be the dual vector space to g and x , y : g˚ ˆ
g Ñ R the natural non-degenerate duality pairing. Define the Hamiltonian function
h : FpR, gq˚ ˆ FpR, gq Ñ R by hpµ, γq :“

ş

pxµ, ξy ´ `pξ, γqq ds, where µ P g˚ and ξ P g
is such that δ`

δξ
“ µ. At this point, we assume that ` is non-degenerate in ξ which

guarantees that δ`
δξ
“ µ has a unique solution ξpµq.

We have the relations
δh

δµ
“ ξ and

δh

δγ
“ ´

δ`

δγ
,
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so equations (2.2) read

Btµ` ad δh
δµ
µ´ Bs

δh

δγ
´ adγ

δh

δγ
“ 0 and Btγ ´ Bs

δh

δµ
`

„

δh

δµ
, γ



“ 0 . (2.4)

They belong to the class of the affine Lie–Poisson equations [9]. Note that equations
(2.4) do not require the existence of a Lagrangian `. As we shall see later on, this is an
important remark in the formulation of the general G-Strand equations.

From the physical viewpoint, the G-Strand equations (2.4) are exactly Hamilton’s
equations for a static ideal complex fluid whose broken symmetry is the semisimple Lie
group G [12, 9, 6]. Thus, an additional motivation for studying the G-Strands is the
hope that integrable systems may be found that apply for the description of nonlinear
waves on the order parameter spaces of complex fluids in the absence of dissipation.

3 Chiral model

One of the best studied G-Strand equations is given by the chiral model which we now
briefly recall.

For a complex Lie algebra gC, let u, v : R2 Ñ gC be smooth functions satisfying the
principal chiral field equations (see, e.g., [18])

Byu´
1

2
ru, vs “ 0, Bxv `

1

2
ru, vs “ 0. (3.1)

This system is equivalent to

Byu´ Bxv ´ ru, vs “ 0, Byu` Bxv “ 0. (3.2)

The first equation implies that locally there exist a smooth map g : U Ă R2 Ñ GC,
U open and simply connected in R2, GC the connected simply connected complex Lie
group with Lie algebra gC, such that u “ g´1pBxgq and v “ g´1pBygq (see [20, Chapter
V, Theorem 2.4]) and hence the second equation is equivalent to

By
`

g´1
pBxgq

˘

` Bx
`

g´1
pBygq

˘

“ 0.

If gC admits a non-degenerate bi-invariant symmetric bilinear form κ, these equations
admit a G-Strand formulation (2.2) with `pu, vq :“ κpu, vq.

The spacetime coordinates for the chiral model are given by t “ 1
2
px´yq, s “ 1

2
px`yq.

Then, ξ :“ g´1pBtgq and γ :“ g´1pBxgq are expressed in terms of u and v as ξ “ u ´ v
and γ “ u` v. Equations (3.2) become

Btγ ´ Bsξ ` rξ, γs “ 0, Bsγ ´ Btξ “ 0. (3.3)

They are G-Strand equations for `pξ, γq :“ 1
4
pκpγ, γq ´ κpξ, ξqq. As it is well known,

equations (3.2) are equivalent to the zero curvature condition for the connection one-
form ωpλq “ u

1´λ
dx ` v

1`λ
dy P Ω1pR2; gq, for all λ P Czt˘1u (see [18]). Of course, the

same can be said about the equations (3.3).
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Example: Chiral model for G “ SEp3q. The real Lie algebra g “ sep3q of the
special Euclidean group has the following non-degenerate symmetric bi-invariant form:

xpΩ1,Γ1q, pΩ2,Γ2qy :“ Ω1 ¨ Γ2 ` Γ1 ¨Ω2, Ω1,Γ1,Ω2,Γ2 P R3.

So, relative to this pairing, we get

ad˚pΩ,ΓqpΠ,Σq “ ´ adpΩ,ΓqpΠ,Σq “ ´pΩˆΠ,ΩˆΣ´Πˆ Γq.

The chiral equations (3.2) become
$

’

&

’

%

Byu1 ´ Bxv1 ´ u1 ˆ v1 “ 0

Byu2 ´ Bxv2 ´ u1 ˆ v2 ` v1 ˆ u2 “ 0

Byui ` Bxvi “ 0, i “ 1, 2.

They are G-Strand equations for the Lagrangian `pu1,u2,v1,v2q :“ u1 ¨ v2 ` u2 ¨ v1.
In spacetime coordinates pt, sq, these equations become

$

’

&

’

%

Btγ1 ´ Bsξ1 ´ ξ1 ˆ γ1 “ 0

Btγ2 ´ Bsξ2 ` ξ1 ˆ γ2 ´ γ1 ˆ ξ2 “ 0

Bsγi ´ Btξi “ 0, i “ 1, 2.

These are G-Strand equations for `pξ1, ξ2,γ1,γ2q :“ 1
2
pγ1 ¨ γ2 ´ ξ1 ¨ ξ2q. �

4 Quadratic zero curvature representations

Let g be a real Lie algebra with a bi-invariant bilinear symmetric non-degenerate form.
We consider the Lie algebra valued functions on an open connected set U Ă R2 given by

Lpt, sq :“ λ2a` λµpt, sq ´ γpt, sq P g, Mpt, sq :“ λ2b´ λπpt, sq ´ ξpt, sq P g,

where a, b P g are constant Lie algebra elements. The associated zero curvature repre-
sentation (ZCR) is defined as [10, 11]

BtL´ BsM ` rL,M s “ 0 .

Imposing the ZCR yields the following system of relations
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

λ0 : Btγ ´ Bsξ ` rξ, γs “ 0

λ1 : Btµ` Bsπ ` rξ, µs ` rγ, πs “ 0

λ2 : ra, ξs ` rµ, πs ` rγ, bs “ 0

λ3 : ra, πs ` rb, µs “ 0

λ4 : ra, bs “ 0.

(4.1)

Let us suppose that the Lie algebra g is the normal real form of a complex semisimple
Lie algebra gC; hence g is split. The Killing form κ : gC ˆ gC Ñ C defined by

κpx, yq :“ trpadξ adηq, ξ, η P gC,
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is bilinear symmetric bi-invariant and non-degenerate. We shall use it to identify the
dual space g˚ of the normal real form with g itself. From bi-invariance, using this
identification, we have ad˚ξ “ ´ adξ, for all ξ P g.

We recall some of the definitions and theorems from the theory of semisimple Lie
algebras (see, e.g., [17]). Choose a Cartan subalgebra cC of gC and let

gC “ cC ‘
ž

αP∆`

`

gCα ‘ gC´α
˘

be the associated root space decomposition, where ∆ Ă
`

cC
˘˚

is the set of roots. Choose
a base Π :“ tα1, . . . , αru of ∆ relative to which one defines the positive and negative
roots ∆` and ∆´. Recall that dimC g

C
˘α “ 1. By non-degeneracy, each α P ∆ defines a

unique element tα P cC such that xα, ξy “ κptα, ξq, for all ξ P gC, which in turn induces
a positive definite inner product, also denoted by κ, on spanR ∆, i.e., κpα, βq “ κptα, tβq
for all α, β P ∆. Given α P ∆, define hα :“ 2tα

κpα,αq
and let hi :“ hαi .

Many computations become easier if one chooses a Chevalley basis of gC. This is a
vector space basis

 

hi, eα | i “ 1, ..., r, hi P c
C, α P ∆, eα P gα

(

of gC satisfying ([17])

• reα, e´αs “ hα for all α P ∆ ;

• if α, β, α ` β P ∆, then the constants Nα,β P Z defined by reα, eβs “ Nα,βeα`β,
satisfy Nα,β “ ´N´α,´β.

In what follows we impose the convention Nα,β “ 0 if α ` β R ∆. Such Chevalley bases
always exist.

Using the appropriate Chevalley basis, the equations for the G-Strand can be formu-
lated explicitly for any semisimple Lie algebra.

4.1 Case 1: normal real form

Given a complex semisimple Lie algebra gC, its normal real form is defined in terms of
a chosen Chevalley basis by g :“ spanR thi, eα | i “ 1, . . . , r, α P ∆u, i.e., we have

g “ c‘
ž

αP∆`

pgα ‘ g´αq ,

where c :“ spanR thi | i “ 1, . . . , ru and gα “ Reα.

Lagrangian formulation. Define the Lagrangian

`a,c,rpξ, γq “ ´
1

2
κ pϕc,apξ ´ rγq, ξ ´ rγq ´ κpc, γq, r P R, a, c P c, (4.2)

where the sectional operator (see [8, Chapter 2]),

ϕc,a “ ad´1
c ada : gÑ n´ ‘ n`,

is given by

ϕc,apξq “
ÿ

αP∆`

xα, ay

xα, cy
pξαeα ` ξ´αe´αq
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with c a regular semisimple element (i.e., xα, cy ‰ 0 for all α P ∆). The last three
conditions in (4.1), that is,

ra, bs “ 0,

„

a,
δ`

δγ



`

„

b,
δ`

δξ



“ 0, and ra, ξs ` rγ, bs `

„

δ`

δξ
,
δ`

δγ



“ 0 (4.3)

are easily seen to hold. In order to satisfy the first equation, we choose b “ ra. Using
the expressions

µ :“
δ`

δξ
“ ´ϕc,apξ ´ rγq and π :“

δ`

δγ
“ rϕc,apξ ´ rγq ´ c

for the momenta, shows that the second and third equations in (4.3) are both verified.
The energy associated to the Lagrangian (4.2) is

epξ, γq :“ κ

ˆ

δ`

δξ
, ξ

˙

´`pξ, γq “ ´
1

2
κ pϕc,apξ ´ rγq, ξ ´ rγq´κ pϕc,apξ ´ rγq, rγq`κpc, γq.

Note that the Lagrangian (4.2) is degenerate. This is easily seen by noting that the
Legendre transformation ξ ÞÑ µ :“ δ`

δξ
is not surjective since the Cartan subalgebra is

not contained in its range.

Equations. We can rewrite the G-Strand equations (2.3) in terms of the new variables
ζ :“ ξ ´ rγ and γ as follows

pBt ´ rBsqϕc,apζq ` rζ, ϕc,apζqs ` rγ, cs “ 0, pBt ´ rBsq γ ´ Bsζ ` rζ, γs “ 0. (4.4)

Note that each term of the first equation is in n´‘ n`, that the second equation in this
system is independent of the chosen Lagrangian, and that it has non-trivial projections
on the Cartan subalgebra c and on n´ ‘ n`. Change the spacetime coordinates pt, sq to
pτ, σq :“ pt, rt ` sq and keep the same notations for the functions ζ and γ. Equations
(4.4) become

„

Bτϕc,a 0
´Bσ Bτ

 „

ζ
γ



`

„

rζ, ϕc,apζqs ` rγ, cs
rζ, γs



“

„

0
0



, (4.5)

or

Bτ

„

ϕc,apζq
γ



` Bσ

„

0
´ζ



`

„

rζ, ϕc,apζqs ` rγ, cs
rζ, γs



“

„

0
0



.

The unknowns in this system are pζ, γq. However, the system above has only 2 dim g´
rank g equations. The missing rank g equations are due to the degeneracy of the La-
grangian (4.2).

Below, we shall define a Hamiltonian with the property that the associated G-Strand
equations verify the zero curvature equations and the resulting system has 2 dim g equa-
tions.
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Hamiltonian approach. Given r P R and a, c P c with a regular (i.e., xα, ay ‰ 0 for
all α P ∆), we consider the Hamiltonian

hpµ, γq “

ż
ˆ

´
1

2
κpϕa,cpµq, µq ` κprµ` c, γq

˙

ds,

whose variational derivatives are

ξ “
δh

δµ
“ ´ϕa,cpµq ` rγ and

δh

δγ
“ rµ` c “ ´π .

The corresponding affine Lie–Poisson equations (2.4) are
#

Btµ´ rBsµ` r´ϕa,cpµq ` rγ, µs ´ rγ, rµ` cs “ 0,

Btγ ´ Bsp´ϕa,cpµq ` rγq ` r´ϕa,cpµq ` rγ, γs “ 0,

and these simplify to
#

pBt ´ rBsqµ´ rϕa,cpµq, µs ´ rγ, cs “ 0,

pBt ´ rBsqγ ` Bsϕa,cpµq ´ rϕa,cpµq, γs “ 0.
(4.6)

Upon setting b “ ra, ξ “ ´ϕa,cpµq`rγ and π “ ´ rµ´c, we see that the ZCR conditions
(4.1) are satisfied. Note that this system has 2 dim g equations.

Example: g “ slp2,Rq. The standard Cartan subalgebra for slp2,Rq is

c “

"

a “

„

A 0
0 ´A

 ˇ

ˇ

ˇ

ˇ

P R
*

and the root vectors are

eα “

„

0 1
0 0



, e´α “

„

0 0
1 0



,

where the root α P c˚ is given by
B

α,

„

A 0
0 ´A

F

“ 2A.

Given a, c P c with C ‰ 0, and writing an arbitrary Lie algebra element as

ξ “

„

ξc ξα
ξ´α ´ξc



we have

ϕc,a

„

ξc ξα
ξ´α ´ξc



“
A

C

„

0 ξα
ξ´α 0



, for all ξ P slp2,Rq.

The Killing form is κpξ, ηq “ 4 Trpξηq. This yields the Lagrangian

`c,a,rpξ, γq “ ´
4A

C
pξα ´ rγαqpξ´α ´ rγ´αq ´ 8Cγc.
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The first SLp2,Rq-strand equation in (4.4) becomes

A

C

„

0 Btζα
Btζ´α 0



´
rA

C

„

0 Bsζα
Bsζ´α 0



` 2ζc

„

0 ζα
´ζ´α 0



` 2C

„

0 ´γα
γ´α 0



,

i.e.,
$

’

&

’

%

A

C
pBt ´ rBsqζα ` 2ζcζα ´ 2Cγα “ 0

A

C
pBt ´ rBsqζ´α ` 2ζcζ´α ` 2Cγ´α “ 0.

The second SLp2,Rq-strand equation in (4.4) becomes

$

’

&

’

%

pBt ´ rBsqγα ´ Bsζα ` 2 pζcγα ´ ζαγcq “ 0

pBt ´ rBsqγ´α ´ Bsζ´α ` 2 pζ´αγc ´ ζcγ´αq “ 0

pBt ´ rBsqγc ´ Bsζc ` ζαγ´α ´ γαζ´α “ 0.

As noted in the general theory, the Lagrangian approach is degenerate and supplies only
five equations for six unknowns: there is no equation for ζc.

We now pass to the Hamiltonian approach. The equations (4.6) become in this case
$

’

’

’

’

&

’

’

’

’

%

pBt ´ rBsqµc “ 0

pBt ´ rBsqµα `
2C

A
µcµα ` 2Cγα “ 0

pBt ´ rBsqµ´α ´
2C

A
µcµ´α ´ 2Cγ´α “ 0

and
$

’

’

’

’

’

&

’

’

’

’

’

%

pBt ´ rBsqγc ´
C

A
pµαγ´α ´ γαµ´αq “ 0

pBt ´ rBsqγα `
C

A
Bsµα ´

2C

A
µαγc “ 0

pBt ´ rBsqγ´α `
C

A
Bsµ´α ´

2C

A
µ´αγc “ 0. �

Example: g “ g2pRq. To illustrate the versatility of our approach, we compute the
G-Strand equations for the real normal form g2pRq of the 14 dimensional exceptional
complex Lie algebra g2pCq. Using the standard root space decomposition in the con-
struction of g2pCq from its Dynkin diagram (see, e.g., [17, §19.3]), the fact that g2pCq
is a Lie subalgebra of sop7,Cq, and the isomorphism realizing the elements of sop7,Cq
as skew-symmetric matrices (see [1, Chapter VIII]), one finds that the general g2pCq
matrix has the following expression

»

–

Askew ´ 1
2
pu iv ´i

`

Asym ` 1
2
pv
˘

´ivT 0 ´uT

i
`

Asym ´ 1
2
pv
˘

u Askew ` 1
2
pu

fi

fl P g2pCq Ă sop7,Cq, (4.7)

where u,v P C3, A P slp3,Cq, Askew :“ pA ´ ATq{2, and Asym :“ pA ` ATq{2. The
Cartan subalgebra consists of matrices of this form with A “ diagpa1, a2 ´ a1,´a2q and
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u “ v “ 0. Note that if we have two elements of the form (4.7) corresponding to
pAi,ui,viq, i “ 1, 2, then the Lie bracket is of the form (4.7), where

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

A “ rA1, A2s `
3

4

`

u2v
T
1 ` v1u

T
2 ´ v2u

T
1 ´ u1v

T
2

˘

`
3

4
{u1 ˆ u2 ´

3

4
{v1 ˆ v2

`
1

2
pv2 ¨ u1 ´ v1 ¨ u2qI3

u “ u1 ˆ u2 ` v1 ˆ v2 ´ A
sym
1 v2 ` A

skew
1 u2 ` A

sym
2 v1 ´ A

skew
2 u1

v “ u2 ˆ v1 ` v2 ˆ u1 ` A
skew
1 v2 ´ A

sym
1 u2 ´ A

skew
2 v1 ` A

sym
2 u1

(4.8)

and the trace of their product equals

´ 3u1 ¨ u2 ` 3v1 ¨ v2 ` 2 TrpA1A2q. (4.9)

The associated real normal form is obtained from this expression by setting all ma-
trices and vectors real (but the factors of i “

?
´1 in (4.7) remain). If a, c are in the

Cartan subalgebra and c is regular semisimple, the sectional operator has the following
effect on an element of the form (4.7)

A raijs ÞÝÑ Ac,a :“

»

—

—

—

—

—

—

–

0
2a1 ´ a2

2c1 ´ c2

a12
a1 ` a2

c1 ` c2

a13

2a1 ´ a2

2c1 ´ c2

a21 0
2a2 ´ a1

2c2 ´ c1

a23

a1 ` a2

c1 ` c2

a31
2a2 ´ a1

2c2 ´ c1

a32 0

fi

ffi

ffi

ffi

ffi

ffi

ffi

fl

u ÞÝÑ uc,a :“

»

—

—

—

—

—

–

a1

c1

u1

a2 ´ a1

c2 ´ c1

u2

a2

c2

u3

fi

ffi

ffi

ffi

ffi

ffi

fl

, v ÞÝÑ vc,a :“

»

—

—

—

—

—

–

a1

c1

v1

a2 ´ a1

c2 ´ c1

v2

a2

c2

v3

fi

ffi

ffi

ffi

ffi

ffi

fl

.

The denominators do not vanish precisely because c is a regular semisimple element.
Since the Killing form κ for g2pRq is a constant multiple of the trace of the product of
matrices of the form (4.7), we shall take this coefficient to be one.

The Lagrangian (4.2) becomes in this case

`c,a,rpξ, γq “
3

2

ˆ

a1

c1

u2
1 `

a2 ´ a1

c2 ´ c1

u2
2 `

a2

c2

u2
3

˙

´
3

2

ˆ

a1

c1

v2
1 `

a2 ´ a1

c2 ´ c1

v2
2 `

a2

c2

v2
3

˙

´
2a1 ´ a2

2c1 ´ c2

a21a12 ´
a1 ` a2

c1 ` c2

a31a13 ´
2a2 ´ a1

2c2 ´ c1

a32a23

´ 2 pc1A
γ
11 ` pc2 ´ c1qA

γ
22 ´ c2A

γ
33q

where ξ ´ rγ has the form (4.7) and the matrices A in (4.7) for γ and c are denoted by
“

Aγij
‰

and
“

Acij
‰

P slp3,Rq, respectively. Using (4.8) and noting that the last summand

10



of the first equation vanishes in this case, the first equation in (4.4) becomes

pBt ´ rBsqAc,a ` rA,Ac,as `
3

4

`

uc,av
T
` vuT

c,a ´ vc,au
T
´ uvT

c,a

˘

`
3

4

`

{uˆ uc,a ´ {v ˆ vc,a
˘

` rAγ, Acs “ 0

pBt ´ rBsquc,a ` uˆ uc,a ` v ˆ vc,a ´ A
symvc,a ` A

skewuc,a ` A
sym
c,a v ´ Askew

c,a u “ 0

pBt ´ rBsqvc,a ` uc,a ˆ v ` vc,a ˆ u` Askewvc,a ´ A
symuc,a ´ A

skew
c,a v ` Asym

c,a u “ 0.

The explicit form of the second equation in (4.4) can be easily obtained by decomposing
each of the terms according to (4.7) and using the bracket formula (4.8).

As noted in the general theory, the Lagrangian approach to the G-Strand equations
misses two equations. The Hamiltonian approach corrects this problem. The equations
can be obtained, as above, by decomposing µ and γ according to (4.7) and using the
expressions of the Lie bracket in (4.8). �

4.2 Case 2: compact real form

Fix a Chevalley basis of gC. Define the compact real form of gC by

l : “

#

i
r
ÿ

j“1

ajhj `
ÿ

αP∆`

xαpeα ´ e´αq ` i
ÿ

αP∆`

yαpeα ` e´αq

ˇ

ˇ

ˇ

ˇ

ˇ

aj, xα, yα P R

+

“: ic‘ u‘ v.

(4.10)

The Lie algebra l is real and compact (i.e., the Killing form κ is negative definite on l),
ic is its Cartan subalgebra, l bR C “ gC, and l is the fixed point set of the anticomplex
involution σ : gC Ñ gC given in the Chevalley basis by σphjq “ ´hj and σpeαq “ ´e´α
for all j “ 1, . . . , r, α P ∆. For example, if gC “ slpr ` 1,Cq, then σpξq “ ´pξ̄qT for all
ξ P slpr ` 1,Cq, and l “ supr ` 1q.

Given a P c and writing ξ “
ř

αP∆`
pxαuα ` yαvαq, we have the formulas

adia ξ “
ÿ

αP∆`

xα, ay p´yαuα ` xαvαq and ad´1
ia ξ “

ÿ

αP∆`

1

xα, ay
pyαuα ´ xαvαq,

where, in the second equality, a P c is regular semisimple.
Given a, b P c, we have

ad´1
ia adib

˜

ih`
ÿ

αP∆`

pxαuα ` yαvαq

¸

“
ÿ

αP∆`

xα, by

xα, ay
pxαuα ` yαvαq

Let us define the Lagrangian

`a,c,rpξ, γq “ ´
1

2
κ pϕc,apξ ´ rγq, ξ ´ rγq ´ κpic, γq, r P R, a, c P c,

with the sectional operator (see [8, Chapter 2]),

ϕc,a “ ad´1
ic adia : u‘ vÑ u‘ v,

11



where c is regular semisimple. Using the expressions

µ “
δ`

δξ
“ ´ϕc,apξ ´ rγq, π “

δ`

δγ
“ rϕc,apξ ´ rγq ´ ic ,

it is easy to check that ` verifies the conditions

ra, bs “ 0,

„

a,
δ`

δγ



`

„

b,
δ`

δξ



“ 0, ra, ξs ` rγ, bs `

„

δ`

δξ
,
δ`

δγ



“ 0,

with b “ ra.

Equations. As in the case of the real normal form, we can rewrite the equations (2.3)
in terms of the new variables ζ :“ ξ ´ rγ and γ as follows

pBt ´ rBsqϕc,apζq ` rζ, ϕc,apζqs ` rγ, ics “ 0, pBt ´ rBsq γ ´ Bsζ ` rζ, γs “ 0. (4.11)

Note that each term of the first equation is in u ‘ v. Note that the second equation in
this system is independent of the chosen Lagrangian but contains, as in the normal real
form, components in the Cartan algebra.

Hamiltonian approach. Given r P R and ia, ic P c with a regular, we consider the
Hamiltonian

hpµ, γq “

ż
ˆ

´
1

2
κpϕa,cpµq, µq ` κprµ` ic, γq

˙

ds. (4.12)

We have

ξ “
δh

δµ
“ ´ϕa,cpµq ` rγ and

δh

δγ
“ rµ` ic.

The affine Lie–Poisson equations are
#

Btµ´ rBsµ` r´ϕa,cpµq ` rγ, µs ´ rγ, rµ` ics “ 0,

Btγ ´ Bsp´ϕa,cpµq ` rγq ` r´ϕa,cpµq ` rγ, γs “ 0,

and simplify to
#

pBt ´ rBsqµ´ rϕa,cpµq, µs ´ rγ, ics “ 0,

pBt ´ rBsqγ ` Bsϕa,cpµq ´ rϕa,cpµq, γs “ 0.
(4.13)

With b “ ra, ξ “ ´ϕa,cpµq ` rγ and π “ ´rµ´ ic, we see that (4.1) are satisfied.

Example: g “ sop3q. The linear map R3 Q u ÞÝÑ pu P sop3q, where puv :“ u ˆ v,
for any v P R3, is a Lie algebra isomorphism between pR3,ˆq and psop3q, r , sq, i.e.,
rpu, pvs “ {uˆ v. Note that tr ppupvq “ ´2u ¨ v. Below we shall identify these two Lie
algebras.

The Lie algebra sop3q – R3 is the compact real form of the complex simple Lie
algebra sop3,Cq » C3. Recall that the complex dimension of any Cartan subalgebra is
one, i.e., r “ 1 in the general theory. From the definition (4.10) of the compact real
form of sop3,Cq, once the real Cartan subalgebra c is chosen, there exists a unique, up
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to real scaling, non-zero A P R3, such that ic “ spanR A. Therefore, any a, c P c are of
the form a “ iaA and c “ icA, a, c P R. The associated sectional operator is hence

ϕa,cpζq “ ad´1
ia adicpζq “

c

a

ˆ

ζ ´

ˆ

ζ ¨
A

}A}

˙

A

}A}

˙

“
c

a
ζK,

where ζK is the projection of ζ on the subspace AK. The Hamiltonian (4.12) becomes

hpµ,γq “

ż

´ c

a
µK ¨ µ´ 2prµ` cAq ¨ γ

¯

ds

“

ż

´ c

a
}µK}

2
´ 2rµ ¨ γ ´ 2cA ¨ γ

¯

ds

(4.14)

and hence, relative to the Killing form (so minus twice the dot product)

δh

δµ
“ ´

c

a
µK ` rγ,

δh

δγ
“ rµ` cA.

The affine Lie–Poisson equations (4.13) are

pBt´ rBsqµ´
c

a
µKˆµ´γˆ cA “ 0 and pBt´ rBsqγ`

c

a
BsµK´

c

a
µKˆγ “ 0. (4.15)

Physical interpretation of ZCR SOp3q-strands. For sop3q, the quadratic ZCR G-Strand
equations describe nonlinear unidirectional vector waves on a type of spin chain that
is analogous to a strand of heavy tops strung along a filament with arc length s. The
quadratic Hamiltonian (4.14) is not positive definite, which means that, in general, its
equilibria will not be stable. In particular, it affords no control over either }γ} or }µ}.

An alternative form of the affine Lie–Poisson equations is

B

Bt

„

µ
γ



“

„

µˆ Bs ` γˆ
Bs ` γˆ 0

 „

δh{δµ
δh{δγ



, (4.16)

which makes their analogy with the heavy top very clear. Namely, we are dealing with
heavy tops of angular frequency ξ “ c

a
µK at each location s, spread out along a filament

and interacting with their neighbors through their gradients in s. Equations (4.15) give
two unidirectional vector wave equations.

One may verify directly that these equations imply the following characteristic-
derivative relations

$

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

%

pBt ´ rBsq
´ c

a
}µK}

2
´ 2cA ¨ γ

¯

“ 0 ,

pBt ´ rBsqpµ ¨ γq `
c

2a
Bs}µK}

2
“ 0 ,

pBt ´ rBsqpµ ¨Aq “
c

a
pµK ˆ µq ¨A “ 0 ,

pBt ´ rBsqpγ ¨Aq “
c

a
pµK ˆ γq ¨A ‰ 0 ,

pBt ´ rBsq}γ}
2
“ ´

2c

a
γK ¨ BsµK ‰ 0 .

(4.17)
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Consequently, we have three independent conservation laws

C1 “

ż

´ c

a
}µK}

2
´ 2cA ¨ γ

¯

ds , C2 “

ż

µ ¨ γ ds , C3 “

ż

µ ¨A ds . (4.18)

Using the expression of the affine Lie–Poisson Hamiltonian vector field in (4.16), it
follows that XC2pµ,γq “ pBsµ, Bsγq, so its flow is uniform translations in the space
variable s. Similarly, since XC3pµ,γq “ pµ ˆ A,γ ˆ Aq, one concludes that its flow
is rigid rotations about A. A direct verification shows that C1, C2, C3 are in involution
under the affine Lie–Poisson bracket defined by the operator in the right hand side of
(4.16). In addition, note that the Hamiltonian (4.14) can be expressed as h “ C1´2rC2.

Linear instability for ZCR SOp3q- and SLp2,Rq-strands. By the third equation in (4.17),
the parallel component µ} :“ A ¨ µ is conserved along traveling wave characteristics,
pBt ´ rBsqµ} “ 0, so its linear dispersion relation is ω “ ´rk. We write the equations
(4.15) in the form

´

Bt ´ rBs ´
c

a
µKˆ

¯

µ´ cγ ˆA “ 0 and
´

Bt ´ rBs ´
c

a
µKˆ

¯

γ `
c

a
BsµK “ 0.

Linearizing around the equilibrium solutions µe “ mA and γe “ nA with constants m
and n yields the dispersion relation

pω ` rkq2
´

pω ` rkq4 ´ pm2
´ 2anqpω ` rkq2 ´ a2

pk2
´ n2

q

¯

“ 0 (4.19)

from which we find the branches of the dispersion relations for the parallel and transverse
components. The parallel components are stable, and the transverse components have a
low wavenumber band of stable solutions for pm2´2anq2 ě 4a2pn2´k2q ě 0. It remains
to determine how the solutions of the full nonlinear system will interact with the unstable
transverse linear modes at higher wave numbers for this class of equilibrium solutions.
However, we expect that nonlinearity cannot saturate the linear instability, because the
conserved quadratic form provided by the Hamiltonian (4.14) is sign-indefinite, which
precludes Lyapunov stability.

An analogous computation for the non-compact ZCR SLp2,Rq-strand for the equi-
libria with m “ 0 “ n removes the middle term in (4.19) and changes the sign of the
remaining a2k2 term. In that case, only the parallel components of the linear modes can
propagate stably and the linear instability is not controlled by nonlinear terms. Thus,
one may conjecture that the equilibrium solutions of all G-Strand equations on semisim-
ple Lie algebras that possess a quadratic ZCR will be linearly unstable, for Lie algebras
with either compact or non-compact real forms. �

Example: g “ sop4q. Implementing the Lie algebra isomorphism

R3
ˆ R3

Q px,yq ÞÝÑ
1

2

„

px` py x´ y
´px´ yqT 0



P sop4q

it immediately follows that the ZCR equations for sop4q decouple into two ZCR equations
for SOp3q. �
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5 Conclusion and outlook

Motivated partly by previous work on the zero curvature representation (ZCR) of com-
pletely integrable chiral models and partly by the underlying Hamiltonian structures of
ideal complex fluids corresponding to (2.4), we have studied the class of G-Strand equa-
tions (2.2) on semisimple Lie algebras that admit a ZCR that is quadratic in the spectral
parameter. The ZCR conditions impose functional relations among the variables which
reduce the dimension of the dynamics, but still preserve the Hamiltonian structure of
the original equations. The main results from this investigation are the following.

1. Using the root space decomposition, the equations for the G-Strand were formu-
lated explicitly for any semisimple Lie algebra.

2. ZCRs were constructed that are quadratic in a spectral parameter for two classes
of equations. These classes follow from either a normal real form discussed in
section 4.1, or a compact real form discussed in section 4.2.

3. The equilibria for these equations were studied for sop3q and slp2,Rq, and were
found to be linearly unstable for both classes of equations at sufficiently high wave
numbers. The effect of these instabilities on the full nonlinear solution behavior
in physically reasonable situations remains to be understood through numerical
simulations to be reported elsewhere.

As mentioned earlier, this work was partly motivated by the universal form of the affine
Lie–Poisson bracket for ideal complex fluids [12, 9] which, for semisimple Lie groups,
leads to a quadratic ZCR. However, the usual physical applications of the theory of
complex fluids tend to be rather dissipative, so inertial (Hamiltonian) terms are usu-
ally neglected. We hope the present result that the equilibria for the underlying ideal
theory are typically unstable for semisimple symmetry groups will stimulate additional
investigations of the interactions between inertial and dissipative terms in complex fluid
equations.
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