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Abstract

We establish the existence, uniqueness and attraction properties of an ergodic invariant measure for
the Boussinesq Equations in the presence of a degenerate stochastic forcing acting only in the temperature
equation and only at the largest spatial scales. The central challenge is to establish time asymptotic
smoothing properties of the Markovian dynamics corresponding to this system. Towards this aim we
encounter a Lie bracket structure in the associated vector fields with a complicated dependence on
solutions. This leads us to develop a novel Hérmander-type condition for infinite-dimensional systems.
Demonstrating the sufficiency of this condition requires new techniques for the spectral analysis of the
Malliavin covariance matrix.
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1 Introduction

In this work we analyze the stochastically forced Boussinesq equations for the velocity field u = (ug,us),
(density-normalized) pressure p, and temperature 6 of a viscous incompressible fluid. These equations take
the form

du+ (u-Vu)dt = (-Vp+1r1Au+gh)dt, V-u=0, (1.1)
df + (u - VO)dt = vaAdt + gdW, (1.2)

where the parameters vy, > 0 are respectively the kinematic viscosity and thermal diffusivity of the
fluid and g = (0,9)7 with g # 0 is the product of the gravitational constant and the thermal expansion
coefficient. The spatial variable 2 = (x1,72) belongs to a two-dimensional torus T2. That is, we impose
periodic boundary conditions in space. We consider a degenerate stochastic forcing opdW, which acts only
on a few Fourier modes and exclusively through the temperature equation.

We prove that there exists a unique statistically invariant state of the system (1.1)—(1.2). More precisely,
we establish:

Theorem 1.1. With white noise acting only on the two largest standard modes of the temperature equation
(1.2),

gpdW = ap cos z1dW' + s sin z1dW? + ag cos 2odW3 + ay sin xgdW4,

the Markov semigroup corresponding to (1.1)—(1.2) possesses a unique ergodic invariant measure. Moreover
this measure is mizing, and it obeys a law of large numbers and a central limit theorem.

The interaction between the nonlinear and stochastic terms in (1.1)—(1.2) is delicate, and leads us to
develop a novel infinite-dimensional form of the Hormander bracket condition. Our analysis generalizes
techniques developed in the recent works [MP06, HMO06, HMO08, HM11], and we believe it has broader
interest for systems of SPDEs.

1.1 Historical Background and Motivations

Going back to the early 1900’s Rayleigh [LR16] proposed the study of buoyancy driven fluid convection
problems using the equations of Boussinesq [Bou97] in order to explain the experimental work of Bénard
[B(,)l]. Today this system of equations plays a fundamental role in a wide variety of physical settings
including climate and weather, the study of plate tectonics, and the internal dynamical structure of stars,
see e.g. [Ped82, Bus89, Get98, DGI5, BPAOO] and references therein for further background.

Physically speaking, the system (1.1)—(1.2) (with op = 0) arises as follows. Consider a fluid with velocity
u confined between two horizontal plates, where one fixes the temperature 6 of the fluid on the top 6,
and bottom 6, with 6; < 6, (i.e. heating from below). It is typical to assume a linear relationship between
density and temperature, and to impose the Boussinesq approximation, which posits that the only significant
role played by density variations in the fluid arise through the gravitational terms, so that the fluid velocity
u and temperature 6 evolve according to (1.1)—(1.2). Due to the presence of viscosity, the fluid is not moving
at the plates and one assumes no-slip boundary conditions u = 0.!

The form of the Boussinesq equations we consider in this work, that is (1.1)—(1.2) supplemented with peri-
odic boundary conditions, is sometimes referred to in the physics community as the ‘homogeneous Rayleigh-
Bénard’ or ‘HRB’ system. It is derived as follows: One transforms the governing equations we have just
described into an equivalent homogenous system by subtracting off a linear temperature profile. This in-
troduces an additional excitation term in the temperature equation, and makes the temperature vanish at
the plates. As a numerical simplification, one then replaces these boundary conditions with periodic ones

10ne can consider consider the equations posed on an infinite channel, or assume periodic boundary conditions in the
horizontal direction for both the velocity field and temperature.
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(see [LT03, CLTTO05]). This periodic setting is controversial in the physics community since it can produce
unbounded (‘grow-up’) solutions, as has been observed both numerically and through explicit solutions,
[CRGT06]). We will consider (1.1)—(1.2) in situations with no temperature differential (6; = 6y, i.e. zero
Rayleigh number), so that the additional excitation term is not present and such unbounded solutions do
not exist. Extensions to more physically realistic boundary conditions for (1.1)—(1.2) will be addressed in
forthcoming works.

In the mathematical community the deterministic Boussinesq equations with various boundary conditions
on bounded and unbounded domains have attracted considerable attention. In one line of work the 2D system
has been interpreted as an analogue of 3D axisymmetric flow where ‘vortex stretching’ terms appear in the
‘vorticity formulation’, see e.g. [CD80, CI199, CFdIL04, HL05, Cha06, DP08, DP09, HK09, ACW10, LLT10,
ACWI10, DP11, CW12, CW13]. Other authors have sought to provide a rigorous mathematical framework
for various physical and numerical observations in fluid convection problems, see e.g. [CD96, CD99, DC01,
MWO04, Wan04a, Wan04b, Wan05, Wan07, MW07, Wan08a, Wan08b, SW13].

Let us briefly motivate the stochastic forcing appearing in (1.1)—(1.2). Due to sensitivity with respect to
initial data and parameters, individual solutions of the basic equations of fluid mechanics are unpredictable
and seemingly chaotic. However, some of their statistical properties of solutions are robust. As early as the
19th century J.V. Boussinesq conjectured that turbulent flow cannot be solely described by deterministic
methods, and indicated that a stochastic framework should be used, see [Sta88]. More recently the study
of the Navier-Stokes equations with degenerate white noise forcing has been proposed a proxy for the large-
scale ‘generic’ stirring which is assumed in the basic theories of turbulence; this setting is ubiquitous in the
turbulence literature, see e.g. [Nov65, VKF79, Eyi96] and containing references. In this view, invariant
measures of the stochastic equations of fluid dynamics would presumably contain the statistics posited by
these theories.? The closely related question of unique ergodicity and mixing provides rigorous justification
for the explicit and implicit measurement assumptions invoked by physicists and engineers when measuring
statistical properties of turbulent systems.

The existence of invariant measures for forced-dissipative systems is often easy to prove with classical
tools, namely by making use of the Krylov-Bogoliubov averaging procedure with energy (compactness)
estimates, but the uniqueness of these measures is a deep and subtle issue. To establish this uniqueness one
can follow the path laid out by the Doob-Khasminskii Theorem [Doo48, Km60, DPZ96], and more recently
expanded upon in [HM06, HMO08]. This strategy requires the proof of certain smoothing properties of the
associated Markov semigroup, and to show that a common state can be reached by the dynamics regardless of
initial conditions (irreducibility). Without stochastic forcing, solutions of our system converge to the trivial
equilibrium, so that the proof of irreducibility is straightforward in our context. Thus the main challenge of
this work is to establish sufficient smoothing properties for the Markov semigroup associated to (1.1)—(1.2).

1.2 Smoothing and Hypoellipticity in Infinite Dimensional Systems

In order to discuss the difficulties in establishing smoothing properties for the Markov semigroup it is useful
to recall the canonical relationship between stochastic evolution equations and their corresponding Fokker-
Planck (Kolmogorov) equations. Consider an abstract equation on a Hilbert space H,

dU = F(U)dt + odW (t); U(0) = Uy, (1.3)

where adW (1) := Zivzl ordWk(t), and {W;}_, is a (finite or infinite) collection of independent 1D Brow-
nian motions. We denote solutions U with the initial condition Uy at time ¢ > 0 by U(t,Up), and define

2In our context the 2D Batchelor-Krichanan theory [Kra67, Bat69] is probably the most relevant statistical theory. Note
that its applicability would presumably require the imposition of a large scale damping term in the momentum equation as
explained in [GHSV13] and see also e.g. [KM80, Tab02, FIJMR02, Kup10]. Such a damping operator would not affect any of
the conclusions drawn in the main results below. We also mention recent work on the statistics of turbulence in axisymmetric
3D flows [TDB13, NTCT10]. The governing equations for these systems bare a strong structural resemblance to (1.1)—(1.2) as
has been pointed out in e.g. [HLO5].
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the Markov semigroup associated to (1.3) according to P,®(Uy) = E®(U(t,Up)), where ® : H — R is any
‘observable’. Then ¥ (t) := P;® solves the Fokker-Planck equation corresponding to (1.3) given by

OV = %Tr[(aa*)Dzllf] +(F(U),D¥), ¥(0):=o (1.4)

where we view o as an element in L(RY, H). The interested reader should consult [Cer01, DPZ02] for more
on the general theory of second order PDEs posed on a Hilbert space.

There is a wide literature devoted to proving uniqueness and associated mixing properties of invariant
measures for nonlinear stochastic PDEs when oo™ is non-degenerate or mildly degenerate. See e.g. [VKF79,
Cru89, FM95, DPZ96, Fer97, Mat99, Mat02, E01, EMS01, BKLO1, EHO1, MY02, KS01, KS02, Mat02, Mat03,
LW04, GM05, DPRRWO06, AFS08, Deb11, KS12, CGHV13] and references therein. Roughly speaking, the
fewer the number of driving stochastic terms in (1.3), the more degenerate the diffusion in (1.4), and the more
difficult it becomes to establish smoothing properties for the Markov semigroup {P;}:>0.> Moreover, while
even the non-degenerate setting poses many interesting mathematical challenges, such stochastic forcing
regimes are highly unsatisfactory from the point of view of turbulence where one typically assumes a clear
separation between the forced and dissipative scales of motion.

Going back to the seminal work of Hérmander [H67] (and cf. [Kol34]), a theory of parabolic regularity
for finite dimensional PDEs of the general form (1.4) with degenerate diffusion terms was developed. This
theory of ‘hypoellipticity’ can be interpreted in terms of finite-dimensional stochastic ODEs for which these
degenerate parabolic PDEs are the corresponding Kolmogorov equations. This connection suggested the
potential for a more probabilistic approach, initiating the development of the so-called Malliavin calculus;
see [Mal78] and subsequent authors [Shi80, Bis81a, Bis81b, Str81, TW89, KS84, KS85, Nor86, KS87]. In any
case, the work of Hormander and Malliavin has led to an extensive theory of unique ergodicity and mixing
properties for finite-dimensional stochastic ODEs.

By comparison, for stochastic PDEs (which correspond to the situation when (1.4) is posed on an infinite
dimensional space) this theory of hypoellipticity remains in its infancy. Recently, however, in a series of
groundbreaking works [MP06, HM06, HM08, HM11], a theory of unique ergodicity for degenerately forced
infinite-dimensional stochastic systems has emerged. These works produced two fundamental contributions:
Firstly the authors demonstrated that to establish the uniqueness of the invariant measure it suffices to
prove time asymptotic smoothing (asymptotic strong Feller property) instead of ‘instantaneous’ smoothing
(strong Feller property). This is an abstract result from probability and it applies to very general settings
including ours. Secondly the authors generalize the methods of Malliavin (and subsequent authors) in order
to prove the asymptotic strong Feller property for certain infinite-dimensional stochastic systems. These
works resulted in an infinite-dimensional analogue of the Héormander bracket condition.

For the second point the application of the methods in [HM11] is more delicate and must be considered
on a case-by-case basis; it requires a careful analysis of the interaction of the nonlinear and stochastic terms
of the system. In our situation the bracket condition in [HM11] is not satisfied and needs to be replaced by
a weaker notion. This required us to rework and generalize many basic elements of their approach.

1.3 The Hormander bracket condition in Infinite Dimensions

To explain our contributions at a more technical level, let us recall what is meant by a ‘Hérmander bracket
condition’ in the context of systems of the general form (1.3). Define

Vo :=span{oy : k=1,...d},
and for m > 0 take

Vo := span{[E, F), |[E, 0], E: E € Vo_1,k =1,...,d}, (1.5)

30n the other hand with more driving terms in (1.3), the well-posedness theory may become more difficult. For example
this was the primary mathematical challenge in the pioneering work [FM95].
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where F' = F(U) is the drift term in (1.3), and for any Fréchet differentiable Ey, Es : H — H,
[E1, E2)(U) := VER(U)EL(U) — VEL(U)E,(U). (1.6)

This operation [Ey, Es] is referred to as the Lie bracket of the two ‘vector fields’ Fy, E5. In finite dimensions,
that is when H = RY, the classical Hérmander condition is satisfied if Ukr>oVr = H for all U € H.

This condition is not suitable for infinite-dimensional settings since the effect of randomness from the
directly forced modes seems to weaken as it propagates out in infinite dimensional space. In [HMO06, HM11]
it was shown that, due to contractive properties of the flow on high modes, it is enough to require that the
Lie brackets span all the unstable directions of the system. More precisely, the following non-degeneracy
assumption is required: For every N > 0, there is an M > 0 and a finite set B C V); such that the quadratic
form

Qg ¢) = > (6,b(U))* (1.7)

b(U)eB
satisfies, for each o > 0,

(QU)¢,¢) > aCl|9]?,  for every ¢ € San = {¢ € H : ||Png|* > a||¢]|*}, (1.8)

where U solves (1.1)-(1.2), C' > 0 is a constant independent of «, and {Py} is a sequence of projection
operators onto successively larger spaces.”

It was suggested in [HM11] that for many equations with polynomial nonlinearities brackets of the type
[ [[F(U),0k),],0k,] (where oy,,---,0%, are previously generated constant vector fields) suffice to
build quadratic forms satisfying (1.8). Indeed, this approach has now been successfully employed for several
important examples, including the 2D and 3D Navier-Stokes equations and the Ginzburg-Landau equations;
see [EMO1, Rom04, HMO06, HM11]. In these works algebraic conditions on the set of stochastically forced
modes have been derived which guarantee that any finite-dimensional space Hy can be generated from these
types of brackets; one obtains a collection of U-independent elements 8 which form an orthonormal basis
for Hy. This strategy has proven effective for certain scalar equations, but its limitations are evident in
slightly more complicated situations. We believe that (1.1)—(1.2) provides an illuminating case study of these
difficulties which has lead us to generalize (1.8).

Observe that our model is distinguished by two key structural properties. Firstly, the buoyancy term gf
is the only means of spreading the effect of the stochastic forcing from the temperature equation, (1.1), to
the momentum equations, (1.2). In particular note that this buoyancy term is linear, and therefore vanishes
after two Lie bracket operations with constant vector fields. Secondly, the advective structure in (1.1)—(1.2)
leads to a delicate ‘asymmetry’ in the nonlinear terms. For example this means that a more refined analysis
is needed to address the spread of noise in the temperature equation (1.2) alone.” Concretely we find that,
by combining these observations, one obtains [[F(U), o, ], 0k,] = 0 for any constant vector fields o, , o,
concentrated in the temperature component of the phase space. In view of these discussions it is worth
emphasizing that our chosen forcing - that is, noise acting only through the temperature equations - is the
most interesting situation to consider from the point of view of ergodicity.

To get around these difficulties we make careful use of the interaction between the nonlinear, buoyancy
and noise terms in (1.1)—(1.2) as follows: We see that noise activated through the temperature equation
is spread to the momentum equations. It is then advected in the temperature equations and combines
again with the noise terms to produce new directions in the temperature component of the phase space.
These loose observations find concrete expressions in a series of Lie brackets of the form [[[[F, ok, ], F], Ok,]
for constant vector fields oy, and oy, which belong to the §-component. Remarkably, we found that this

4In fact the condition given in [HHM11] is slightly more general than this. They also allow for the case when C might
dependent on U (subject to suitable moment bounds) but they require that C be almost everywhere positive which is not
sufficient for our purposes.

5In simple language this ‘advective structure’ means that u - V6 is the only second order term in the temperature equation
(1.2).



6 J. Féldes, N. Glatt-Holtz, G. Richards, E. Thomann

chain of admissible brackets leads to new constant vector fields exclusively in the #-component of the phase
space. This surprising observation requires a series of detailed computations but is perhaps anticipated by
the advective structure of the nonlinear terms.

It is in addressing the spread of noise in the momentum components of the phase space that the con-
dition (1.8) breaks down. Forced directions in the temperature component are pushed to the momentum
components through the buoyancy term. However, due to the presence of the nonlinearity, they are ‘mixed’
with terms which have an unavoidable and complicated directional (non-frequency-localized) dependence
on U. Crucially, due to the advective structure in (1.1)—(1.2), these ‘error terms’ are concentrated only in
the temperature component of the phase space. We are therefore able to push these error terms to small
scales by using the ‘pure’ § directions already generated (following the procedure described in the previous
paragraph). More precisely, in the language of (1.5), (1.7), we are able to show that for every N, N we can
find M > 0 and sets B C Vj consisting of elements of the form Uy + JN (U), where the sequence {¥}}
(which are essentially vectors consisting of trigonometric functions) forms an orthonormal basis for the phase
space and J, ,ﬁv are functions taking values in H with a complicated dependence on U but which are supported
on ‘high’ frequencies, i.e. wavenumbers larger than N.

These structural observations for (1.1)—(1.2) lead us to formulate the following generalization of (1.8).

Definition 1.2. Let H and H be Hilbert spaces with H compactly embedded in H. We say that (1.3) satisfies
the generalized Hormander condition if for every N > 0 and every ¢ > 0 there exist M = M(¢, N) > 0,
p > 1, and a finite set B C Vs (where Vyy is defined according to (1.5)) such that

(QU)9.9) = C (a =L+ [UIZ)) 9]*  for every ¢ € S, (1.9)

where C' is independent of o and €, and Q = Qn.e, Sa,n are defined in (1.7), (1.8) respectively.

Below we demonstrate that the condition (1.9) is sufficient to establish suitable time asymptotic smooth-
ing properties for the Markov semigroup associated to (1.3)° This allows us to apply the abstract results
from [HMOG, HMO08, KW12] to complete the proof of Theorem 1.1. The main technical challenge arising
from the modified condition (1.9) is that it requires us to significantly rework the spectral analysis of the
Malliavin matrix appearing in [MP06, HMO0G, HM11]. The technically oriented reader can skip immediately
to Section 4 for further details.

1.4 Organization of the Manuscript

The manuscript is organized as follows: In Section 2 we restate our problem in an abstract functional setting
and introduce some general definitions and notations. Then we reduce the question of uniqueness of the
invariant measure to establishing a time asymptotic gradient estimate on the Markov semigroup. Next,
in Section 3 we explain how, using the machinery of Malliavin calculus, this gradient bound reduces to a
control problem for a linearization of (1.1)—(1.2). In turn we show that this control problem may be solved
by establishing appropriate spectral bounds for the Malliavin covariance matrix M. Section 4 is devoted to
proving that our new form of the Hérmander condition, (1.9), implies these spectral bounds, modulo some
technical estimates postponed for Section 6. Section 5 provides detailed Lie bracket computations leading
to the modified condition (1.9). Finally in Section 7 we establish mixing properties, a law of large numbers
and a central limit theorem for the invariant measure by making careful use of recent abstract results from
[Shi06, HMO08, KW12]. Appendices A.1 and A.2 collect respectively statistical moment bounds for (1.1)-
(1.2) (and associated linearizations) and a brief review of some elements of the Malliavin calculus used in
our analysis.

6For clarity and simplicity we present all the arguments in the context of the Boussinesq system but the implications for the
Markov semigroup for systems satisfying Definition 1.2 could be shown to hold in a more general setting with essentially the
same analysis.
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2 Mathematical Setting and Background

In this section we formulate (1.1)—(1.2) as an abstract evolution equation on a Hilbert space and define its
associated Markovian framework. Then we formulate our main result in Theorem 2.3 and give an outline of
the proof, which sets the agenda for the work below.

In the rest of the paper, we consider (1.1) in the equivalent, vorticity formulation. Namely, if we denote
w:=VLt u=09us — Oyu1, then by a standard calculation we obtain

dw + (u-Vw — 1 Aw)dt = gd,.0dt, (2.1)
df + (u- V0 — 1 Af)dt = opdW . (2.2)

The system (2.1)—(2.2) is posed on T? x (0, 0), where T? is the square torus T? = [, 71]? = R?/(27Z?).”
To close the system (2.1)—(2.2), we, as usual, calculate u from w by Biot-Savart law, that is u = K * w,
where K is the Biot-Savart kernel, so that V+ - u = w and V- u = 0, see e.g. [Tem01, MB02] for further
details. As mentioned in the introduction, the physically interesting case of non-periodic domains will be
the subject of a future work.

We next introduce a functional setting for the system (2.1)—(2.2). The phase space is composed of mean
zero, square integrable functions

H:= {U = (w,0)T € (L2(T?))? : / wde = | Odx = 0} (2.3)
T2 T2
equipped with the norm
)\11/11/2
IU)? = 7 lwllZ= + 1172 , (2.4)
where A\; = 1 (we omit A; below) is the principal eigenvalue of —A on H. Observe that this norm is

equivalent to the standard norm on the space (L*(T?))2.® Our choice of the norm is natural as both terms
on the right hand side of (2.4) have been suitably non-dimensionalized. The associated inner product on H
is denoted by (-,-). Note furthermore that the zero mean property embodied in the definition of H, (2.3) is
to be maintained by the flow (2.1)—(2.2). The higher order Sobolev spaces are denoted

H? = {U = (w,0)" € (W*%(T?))?: / wdzr = Odx = 0} for any s > 0,
T2

T2
where W*2(T?) is classical Sobolev-Slobodeckii space, and H* is equipped with the norm

SP)

U1 = 7 lollfireo + 101

For s > 0, we also denote H ™% := (H?®)*, the dual space to H".

Since we need to estimates for linearizations of (2.1)—(2.2) around initial conditions and noise paths,
we encounter elements in L(H) and L(H,L(H)) (where £L(X) = L(X,X), L(X,Y) is the space of linear
operators from X to Y). See, for example (3.4), below. We will sometimes abuse notation and donate

1IN =T ey 1T = 11T P ey (2.5)

for any J € L(H), 7@ € L(H,L(H)).
We also frequently work with finite dimensional subspaces of H along with the projection operators onto
these spaces. Fix the trigonometric basis:

o(x) := (0,cos(k - x))", oh(x):=(0,sin(k-z))" | (2.6)

7Of course, by rescaling we obtain our results for any square torus R?/(LZ?) and at the cost of more complicated notation
and expressions below, one can also prove our results for non-square tori.
8Here and below we drop the dependence of various function spaces on T2.
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and
W) = (cos(k-2),0),  w(x) = (sin(k - 2),0)" (2.7)
We denote
2% = {j = (j1,j2) € L3 : j1 > 0 or j1 = 0,jo > 0}
and for any N > 1 define
Hpy := span{o}, ¥ : [k| < N,1 € {0,1}}, (2.8)
along with the associated projection operators
Py : H— Hpy the orthogonal projection onto Hy , Qn :=1— Py . (2.9)

Note that @y maps H onto span{cl, ¥l : |k| > N, € {0,1}}.

In order to rewrite (2.1)—(2.2) in a functional form we introduce the following abstract operators associated
to the various terms in the equation. For U := (w,#) and U = (&,6), let A: D(A) C H — H be the linear
symmetric positive definite operator defined by

AU = (=11 Aw, —1nA0)T,

for any U € D(A). Note that the scale of spaces H®, s € R coincides with the interpolation spaces between
D(A) and H and A is a bounded operator from H**? to H®.
For the inertial (non-linear) terms define B : H! x H' — H by

B(U,U) = (K *w) - V&, (K w) - V)T, (2.10)

for U,~l~] € H'. Tt is well known that |K * w||gs < C||w| gs-1, and since H? — L, we indeed obtain that
B(U,U) € H. Also set B(U) := B(U,U). Finally, for the ‘buoyancy term’ define G : H' — H by

GU = (90,0,0)T, (2.11)

for U € H*.

Next we focus on the stochastic forcing terms appearing in (2.2). We introduce a finite set Z C Z32
which represents the forced directions in Fourier space. The driving noise process W := (Wk!),cz 01 is a
d := 2 - | Z|-dimensional Brownian motion defined relative to a filtered probability space (Q, F, {F:}i>0,P)
and we refer to the resulting tuple S = (Q, F, {F; }+>0,P, W) as a stochastic basis.” Let {€! }rez =01 be the
standard basis of R2IZl and let {Cvfg}kez,z:o,l be a sequence of non-zero numbers. We define a linear map
op : R21Zl 5 H such that

ogel = akot for any k € Z,1 € {0,1}. (2.12)

where, ot are the basis elements defined in (2.6). Denote the Hilbert-Schmidt norm of oy by

loall® := llogoall = > (a})*.
keZ
1e{0,1}

9We may take the stochastic basis to be the standard ‘Wiener space’. Here we let = {w € C([0, 00); R2IZ!) : w(0) = 0}
with its Borelian o-algebra and take P to be the Wiener measure. On this space the stochastic process defined by the evaluation
map W(t,w) = w(t) produces the statistics of Brownian motion. The filtration F; is then defined by the (completion) of the
o-algebra generated by W (s) for s <t. See e.g. [KS91] for further details.
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We consider a stochastic forcing of the form'®

opdW := Y aloldWh (2.13)
keZ
1e{0,1}

The index 6 of oy indicates that oy attains nontrivial values only in the second component, in other words
only the 6 component is directly forced.

Remark 2.1.

(i) For the rest of the manuscript we fix the physical constants vq,v5 > 0, ¢ # 0 and non-zero noise
coefficients (ai)keZ,le{o,l}- Below constants C, Cy, C* etc. may change line by line and they implicitly
depend on vy, >0, g # 0, and aﬁv # 0. All other parameter dependencies are indicated explicitly.

(ii) Here and below d will always denote the number of driving Brownian motions 2 - | Z|. Since the use of
double indices in e.g. (2.12)—(2.13) can become notationally involved we sometimes simply denote the
basis for R? as {e1...eq}.

With these preliminaries in hand, the equations (2.1)—(2.2) may be written as an abstract stochastic
evolution equation on H

dU + (AU + B(U))dt = GUdt + g9dW, U(0) = Uy, (2.14)
where Uy € H. We say that U = U(t, Up) is a solution of (2.14) if it is F;-adapted,
U e C([0,00); H)N LE([0,00); HY)  a.s., (2.15)

and U satisfies (2.14) in the mild sense, that is,
t t
U(t) = e MUy — / e A=) (B(U(s)) — GU(s))ds —|—/ e~ A= gy dV (s). (2.16)
0 0

Note that B,G : H' — H and the semigroup e ‘4 maps H to H?> — H".
The following proposition summarizes the basic well-posedness, regularity, and smoothness with respect
to data for (2.14).

Proposition 2.2 (Existence/Uniqueness/Continuous Dependence on Data). Fix vi,v2 >0, g € R, and a
stochastic basis S. Given any Uy € H, there exists a unique solution U : [0,00) x Q — H of (2.16) which is
an Fi-adapted process on H with the regularity (2.15).

For any t > 0 and any realization of the noise W (-,w), the map Uy — U(t,Uy) is Fréchet differentiable
on H. On the other hand, for every fited Uy € H and t > 0, W +— U(t, W) is Fréchet differentiable from
C((0,t),R221) to H. Moreover, U is (spatially) smooth for all positive times, that is, for any to > 0 and
any m > 0,

U e C([tg,00); H™) a.s.
Finally, U satisfy certain moment bounds as detailed below in Lemma A.1.

The well-posedness theory for (2.14) is standard and follows along the line of classical proofs for the
stochastic 2D Navier-Stokes equations, particularly since we are considering the case of a spatially smooth,
additive noise. See e.g. [KS12] for a detailed recent account close to our setting and e.g. [Roz90, DPZ92,

10 Although we assume that | Z| is finite, our results also hold true if we consider random stirring in all of the Fourier directions
(2 = Zﬁ_) provided that we posit sufficient decay in the o} ’s so that the resulting solutions are sufficiently spatially smooth.
Note that it is for small values of |Z] (and in particular when | Z| is independent of v1, v2, g) that makes proof of ergodicity for
(2.1)—(2.2) difficult. As such we focus on our attention on the ‘smallest’ possible Z.
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PRO7, HM11] and [CF88, Tem01, MB02] for more general background on the theory of infinite dimensional
stochastic systems and mathematical fluids respectively. Some moment estimates are less standard, but can
be found in a similar setting to ours in [HMO06, Deb11, KS12]. For the purpose of completeness and in order
to carefully track dependencies on parameters we include some details in Appendix A.1.

For simplicity we set

F{U):=-AU - B({U)+ GU (2.17)
and rewrite (2.14) in a more compact notation
dU = F(U)dt + odW, U(0) = Uy,

which is particularly useful for the Hormander type Lie bracket computations in Section 5.

2.1 The Markovian Framework and the Main Result

With the basic well-posedness of (2.14) in hand we next describe its associated Markovian semigroup. Let us
first recall some further spaces. Denote by M, (H) and C,(H) respectively the spaces of bounded measurable
and bounded continuous real valued functions on H equipped with the supremum norm. We also define

0. = (2 e C(H): o <oc), where @] == sup (exp(~| ol (B(0)| +[VEW)) . (218)

for any ¢ > 0. Finally take Pr(H) to be the collection of Borelian probability measures on H.
Fix U =U(t,Uy) = U(t,Uy, W) and define the Markovian transition function associated to (2.14) by

P,(Uy, E) =P(U(t,Uy) € E)  for any Uy € H,E € B(H),t >0, (2.19)

where P is defined relative to the fixed stochastic basis (cf. Proposition 2.2) and B(H) is the collection of
Borel sets on H. We define the Markov semigroup {P,};>0 with P, : My(H) — M, (H) associated to (2.14)
by

Pd(Uy) :=BO(U(t, Up)) = /H d(U)P(Up,dU)  for any ® € M,(H),t > 0. (2.20)

By Proposition 2.2 and the dominated convergence theorem, {P;};> is Feller meaning that P, : Cp(H) —
Cy(H) for every ¢t > 0. The dual operator P;* of P;, which maps Pr(H) to itself, is given by

Py u(A) r=/HPt(Uo,A)du(Uo), (2.21)

over p € Pr(H). Recall that p € Pr(H) is an invariant measure if it is a fixed point of P} for every ¢ > 0,
that is, P/ = p. Such a measure p is ergodic if P, is an ergodic map relative to p for every ¢ > 0. In other
words Pyxa = x4, p a.e. implies p(A) € {0,1}.

We now formulate our main result, which asserts that statistically invariant states of (2.1)—(2.2) are
unique and have strong attraction properties.

Theorem 2.3. If Z = {(1,0),(0,1)}, then there exists a unique invariant measure . associated to (2.14)
and for each t > 0 the map Py is ergodic relative to p.. Moreover there exists a constant ¢* such that pi.
satisfies for each ¢ € (0,¢%)

(i) (Mizing) There is v = v(s) > 0 and C = C(s) such that

‘E@(U(t,Uo)) —/

. q’(U)dﬂ*(U)‘ < Cexp(—t +<[|Uo)[| @], - (2.22)

for any ® € O, Uy € H and any t > 0.
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(i1) (Weak law of large numbers) For any ® € O, and any Uy € H

(iii)

T—o0

e _ _
lim —/ (U (t,Up))dt = / O(U)du«(U) =: me,  in probability. (2.23)
0 H

(Central limit theorem) For every ® € B, and every Uy € H,

T—o0

. I
lim P (ﬁ /O (DU (t,Up)) — ma) dt < g) =X(¢) (2.24)

for any € € R where X is the distribution function of a normal random variable with zero mean and
variance equal to

lim %E (/0 ((I)(U(t,Uo))—mq>)dt> .

Remark 2.4.

(i)

(i)

(iii)

We take Z = {(0,1),(1,0)} in the statement of Theorem 2.3 for simplicity and clarity of exposition
only. There are many other choices of finite Z that imply our main results. For example, our approach
applies trivially to any Z with {(0,1),(1,0)} C Z. More generally, using combinatorial arguments as
in [HMOG] and straightforward modifications of our proofs, one can show that our results hold if the
integer linear combinations of elements in Z generate Z2, for an easily verifiable criterion see [HMOG,
Remark 2.2].

The most interesting case for the study of ergodicity for the Boussinesq system, is to consider stochastic
forcing acting through the temperature equation only. Indeed, if the random stirring acts exclusively
through the momentum equation (i.e. in (2.1)), then the temperature 0, which is advected by the flow
n (2.2), decays exponentially. Thus, in this case, conditions on the configuration of the forcing and
the associated analysis is very close to [HMO0G]. On the other hand if the noise acts in both equations
the proof is similar to ours and in many ways easier.'! We remark that the case when the forcing is
non-degenerate (nontrivial on all Fourier modes) in both the momentum and temperature equations,
was addressed in [LW04] via coupling methods closely following the approach in [EMS01]. See also
[Fer97].

We emphasize that, when the random perturbation acts in the temperature equation only, this leads to
a different geometric criteria for the noise structure compared to [HMOG]. To see this difference at a
heuristic level we write (2.1)—(2.2) in the Fourier representation:

dwy 2 (1 1 .
T + v|k|“wg + H%::k(l,m ><W — W)wlwm = —ig - kO, (2.25)
l 1
dfy, + <n|k|29k -y <|’$2 >6’lwm> dt = UpezdW*. (2.26)
l+m=k

Observe that at first only Fourier modes of 6 in Z are excited. Then, through the buoyancy term on
the right hand side of (2.25), the Fourier modes of w in Z become excited. This is a purely formal
argument as at the same time many modes in 0 become excited. If all elements of Z have the same
norm, such an excitation is not sufficient for the nonlinearity in (2.25), acting on its own, to propagate

Hndeed one observes that [[F(U),oL], wg,] o« B(wg, Job) #0,[[F(U), L], wi//] x B(dzg, ;%) # 0 which allows us to generate
new pure directions in both the temperature and vorticity components of the phase space; compare with Figure 5.1 in Section 5
and the discussion in Section 1.3.
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the noise to higher Fourier modes.'> However, excitation in the Fourier modes of w in Z propagates
to higher Fourier modes in 0 via the nonlinearity of (2.26); here the norm restriction is clearly absent.
Thus, there is an additional mizing mechanism in the Boussinesq system compared to the Navier-Stokes
equation.

(iv) The class of functions for which the mizing condition (2.22) holds is slightly restrictive. While it does
allow for observables like individual Fourier coefficients of the solution or the total energy of solutions,
a further analysis is required to extend to ®’s that involve pointwise spatial observations of the flow,
for example ‘structure functions’. We leave these questions for future work.

2.2 Existence and Uniqueness of Invariant Measures and the Asymptotic Smooth-
ing of the Markov Semigroup

Following [HMO06] (and cf. [HMO08, KW12]), we explain how the proof of Theorem 2.3 can be essentially
reduced to establishing a time asymptotic gradient estimate, (2.29), on the Markov semigroup.

By the Krylov-Bogoliubov averaging method [KB37] it is immediate to prove the existence of an invariant
measure in the present setting. Indeed, fix any Uy € H, T > 0 and define the probability measures
ur € Pr(H) as

1 /T
pr(d) = 7 [ PO € e (A€ B(H)).
0
From (A.9) and (A.10) it follows that
, 1 (" Uoll?
mln{vl,l/g}TE/ U3 dt < | ;H + [log || (2.27)
0

Thus for any R > 0 the set Bg1(R) :={U € H : ||U||g: < R} is compact in H and by the Markov inequality

I 1 r
pr (B (0.8) = - [ RO o) < Ryde = 1= B [ Ut
0 0

T
1 1Uoll? 2
>1-—
- R? - min{vy, s} ( T *leoll” )

and therefore {pr}r>1 is tight, and hence weakly compact. Making use of the Feller property it then follows
that any weak limit of this sequence is an invariant measure of (2.14).*

We now turn to the question of uniqueness which in contrast to existence is highly non-trivial. The
classical theoretical foundation to our approach is the Doob-Khasminskii theorem, see [DPZ96]. While this
approach has been fruitful for a stochastic perturbations acting on all of the Fourier modes (see e.g. [DPZ96]);
it requires an instantaneous (or at least finite time) smoothing of P;, known as the strong Feller property.**
This property is not expected to hold in the current hypo-elliptic setting.

In recent works [HMO06, HMO8, HM11] it has been shown that the strong Feller property can be replaced
by a much weaker notion. The following theorem from is [HMO6] is the starting point for all of the work
that follows below.

Theorem 2.5 (Hairer-Mattingly [HMO6]). Let {P;}>0 be a Feller Markov semigroup on a Hilbert space H
and assume that the set of invariant measures I of {P}i>0 s compact. Suppose that

121n fact, this structure in the nonlinearity is the reason for the additional condition that two modes of different length need
to be stochastically forced in [HMOG]

13 Note that the Feller property and the bound (2.27) also show that the set of invariant measures Z for (2.14) is a compact,
convex set. Since the extremal points of Z are ergodic invariant measures for (2.14), we therefore infer the existence of an
ergodic invariant measure for (2.14). This also shows that if the invariant measure is unique, it is necessarily ergodic. See e.g.
[DPZ96] for further details.

MMore precisely, P; is said to be strong Feller for some t > 0 if P, : My(H) — Cy,(H).
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(1) the semigroup {P;};>¢ is weakly irreducible namely there exists Uy € H such that u(B(e,Up)) > 0 for
every € > 0 and every p € Pr(H) which is invariant under P. In other words there exists a point
common to the support of every invariant measure.

(i1) There exists a non-decreasing sequence {t,}n>0 and a sequence {0y }n>0, with §, — 0 such that
VP, @(Uo)|| < C([®]loc + 0nll Vo) (2.28)
for every ® € CL(H) and where the constant C' may depend on ||Up|| (but not on ®).*°
Then the collection of invariant measures I contains at most one element.

In our situation the proof of (i) is more or less standard and follows precisely as in [EM01, CGHV13].
The main difficulty is to establish the asymptotic smoothing property (ii) of Theorem 2.5. We prove the
following stronger version of (2.28), which is also useful for other parts of Theorem 2.3 the proof of the
mixing (2.22) and pathwise convergence properties (2.23), (2.24). We recall the convention in Remark 2.1.

Proposition 2.6. For every n,vo > 0 and every Uy € H, the Markov semigroup {P,};>0 defined by (2.20)
satisfies the estimate

IVP2(Uo)|| < C exp(n]|Usl®) ( Py(|2]*)(Uo) + " Pt(IIV<I>||2)(Uo)) ; (2.29)

for every t > 0 and ® € C}(H), where C = C(n,70) is independent of t and ®.

With Proposition 2.6 the uniqueness of the invariant measure follows immediately from Theorem 2.5.
With slightly more work we can also use (2.29) to establish the attraction properties (i)—(iii) in Theorem 2.3.
Since this mainly requires the introduction of some further abstract machinery from [HMO08, KW12] we
postpone the rest of the proof of Theorem 2.3 to final part of Section 7.

3 Gradient Estimates for the Markov Semigroup

In this section we explain how the estimate on VP,® in (2.29) can be translated to a control problem
through the Malliavin integration by parts formula. This lead us to study the so called Malliavin covariance
matrix M, which links the existence of a desirable control to the properties of successive Hérmander-type
Lie brackets of vector fields (on H) associated to (2.14). Suitable spectral bounds for M are given in
Proposition 3.4 and we conclude this section by explaining how these bounds can be used in conjunction
with a control built around M to complete the proof of Proposition 2.6.

The involved proof of Proposition 3.4 is delayed for Sections 4, 5, 6 below. As we already noted in the
introduction, although the statement of Proposition 3.4 looks similar to corresponding results in [MP06,
HMO06, BM07, HM11], the proof is significantly different due to the particular nonlinear structure of (2.1)—
(2.2). As such Proposition 3.4 constitutes the main mathematical novelty of this work.

3.1 Deriving the Control Problem

Let U = U(-,Up) be the solution of (2.14) and assume the convention from Remark 2.1 where we let
d:=2-|Z|. Then for any ® € C}(H), £ € H we have'"

VPO(Uy) - € = B(VO(U(t,Up)) - Josf), t>0, (3.1)

15 Actually, the ‘gradient estimate’ (2.28) is a sufficient condition for a more general notion of infinite time smoothing referred
to as the asymptotically strong Feller property. A precise topological definition using the Kantorovich-Wasserstein distance can
be found in [HMOG].

16For differentiability of Up +— U(t, Up) see Proposition 2.2 and [HM11, Section 3.3]
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where for 0 < s <, J; +£ denotes the unique solution of
Ohp+Ap+VBU)p=Gp, pls) =§, (3:2)

and VB(U)p := B(U, p) + B(p,U).

The crucial step in establishing (2.29) is to ‘approximately remove’ the gradient from ® in (3.1). As
such we seck to (approximately) identify Jo £ with a Malliavin derivative of some suitable random process
and integrate by parts, in the Malliavin sense. In Appendix A.2 we recall some elements of this calculus
which are used throughout this section. For an extended treatment of the Malliavin theory we refer to e.g.
[Bel87, Mal97, Nua09, Nua06].

Recall, that in our situation the Malliavin derivative, ® : L%(Q, H) — L?(9; L%(0,t;R%) ® H) satisfies

0e€

1 .
<©U, U>L2([O,T],1Rd) = lim - (U(T, Uv()7 W + €fUd8) — [](T7 Uo, W)) .
€E— 0
We may infer that for v € L2(; L%([0, T]; R?)) one has (cf. [HM11])

T
<@U, U>L2([O,T],Rd) = / jS)TO'QU(S) ds 5 (33)
0

and hence, by the Riesz representation theorem,
DIU(T) = Js 100e; forany s<T,j=1,...d, (3.4)

where the linearization 7, +¢ is the solution of (3.2), oy is given by (2.12), and {e;};=1,... .4 is the standard
basis of R%.!” Here and below, we adopt the standard notation DJF := (DF)’(s), that is, DIF is the jth
component of DF evaluated at time s.

Motivated by (3.3), we define the random operator A ; : L*([s,t];R?) — H by

t
A v ::/ Trioqv(r)dr. (3.5)

Notice that, by the Duhamel formula, for any 0 < s < ¢ the function p(t) := A, ;v satisfies
op+ Ap+VBU)p = Gp+ oyv, p(s)=0.

With these preliminaries we now continue the computation started in (3.1). Using the Malliavin chain
rule and integration by parts formula, as recalled in (A.31), (A.34), we infer that for any ¢ > 0 and any
suitable (Skorokhod integrable) v € L?(2 x [0,¢], R%)*®

VP®(Up) - § =E(VO(U) - (Aotv + Jo,e§ — Ao,iv))
=E(VeU) - (DU, v)) + E(VO(U) - (Jo,t:§ — Aov))
=E((D2(U),v)12([0,¢,re)) + E(VO(U) - (Jo,t§ — Ao,1v))

=E (@(U)/O v- dW) +E(VO(U) - (Jo,i& — Ao,iv)), (3.6)

17Using the Malliavin chain rule and (A.30) we apply ® to (2.14) and observe, at least formally that
. T . . .
DIU(T) + / (ADIU(r) + VBU(r)DIU(r) — GDLU(r))dr = oge;,
S
fors<T and j=1,...,d.

18Note that for non-adapted v, fot v-dW in (3.6) is understood as a stochastic integral in a generalized sense; see Appendix A.2
below or e.g. [Nua06] for further details.
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where for brevity we have denoted U = U(t,Up). Observe that p(t) := Jo+& — Ao v satisfies:
op+Ap+VBU)p=Gp—opv, p(0)=E¢. (3.7)

Directly from (3.6) we obtain (recalling the notation (2.20))

1/2

¢ 2\ 1/2
VP& (Up) - €| < (E‘/o v dW ) P|®[2(Uo) + (Ellp(t, &,v)[17) "~/ PAIVe|?(Uo),

for any ¢ > 0 and £ € H. As such, (2.29) has been translated to the following control problem: For
each 7p,m7 > 0 and each unit length element £ € H, find a (locally Skorokhod integrable) v = v(&) €
L2(; L2 (0, 00),R?)) such that

thlplEllp(t?f, )[[? < Ce ™ exp(n]|Uol|) (3.8)
and

t 2
swp B[ v-aW| < Coxpnll?). (39)
lgll=1,¢>0 0

where C' = C(v9,7) is independent of ¢.

3.2 Choosing the Control

In the case when sufficiently many directions in Fourier space are forced or if v, v5 are sufficiently large, we
can choose the control v in (3.7) from the use of determining modes. See [FP67] or more recently [FMRTO01].
Specifically, we might choose ogv = APnp in (3.7), where Py is the projection onto the subspace Hy defined
in (2.8) and A > 0 is a sufficiently large constant. The construction of such a control relies on the assumption
that all of the modes with wave-numbers less N are directly forced, that is, they are in the range of ogy.
We remark, moreover, that IV is a function of v1,v9 > 0 and it diverges to infinity as 11 and v, approach
zero. The idea of using determining modes in the context of the ergodic theory of mathematical fluids
equations (and other nonlinear SPDEs) has played a central role in a number of recent works. See e.g.
[Mat02, Mat03, HM06, KS12, CGHV13].

If the range of oy is not sufficiently large, we are hindered by the fact that we cannot ‘directly control’
all the low (unstable) modes that are not dissipated by the diffusion. A different approach inspired by the
finite dimensional case (cf. [Haill]) would be to try to find an exact control. To achieve this we would seek
for each £ € H a corresponding v such Jy:§ = Agv. With the ansatz that v has the form v = Ag,n for
some 1 € H (where Aj , the adjoint of Ag ; defined below in (3.11)) we could choose the control

V= Aat(Ao,tAat)fljo,tf- (3.10)

The object Mo := Ag 1. Af 4, referred to as the Malliavin covariance matrix, plays an important role in the
theory of stochastic analysis. If one can establish the invertibility of Mg ; one finds an exact control in (3.7)
and with suitable bounds on v one shows that the Markov semigroup is smoothing in finite time (i.e. it is
strongly Feller).

Sufficient conditions for the invertibility of the Malliavin matrix are well understood for finite dimensional
problems. However, this invertibility is much harder to deduce in infinite dimensions and may not hold in
general.!? Instead, following the insights in [HMO06], we now combine the strategy identified in (3.10) with
the use of determining modes [FP67], and use a Tikhonov regularization of the Malliavin matrix to construct
a control v, and corresponding p, which satisfy (3.8)—(3.9).

19 Although Mo,¢ is a linear, non-negative definite, self adjoint operator on a Hilbert space, which can be shown to be non-

degenerate it is difficult to quantify the range of Mo+, or equivalently we are unable to characterize the domain of (Mg,¢) 1.
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To make this more precise we first define several random operators. For any s < ¢, let A;, : H —
L%([s, t]; R?) be the adjoint of A ; defined in (3.5). We observe that

(A:,tg) (T) = U;j'::tg = O';K:T,té for any 6 € HvT € [Svt]v (311)

where o} : H — R? is the adjoint of oy defined in (2.12). Here, for s < ¢, K& = J € is the solution of the
‘backward’ system (see [HM11])

dup” = Ap" + (VB(U(5)))"p" — G*p* = —(VF(U))"p*, p*(t) = €. (3.12)
We then define the Malliavin Matrix
Ms,t = As,tA;t :H — H. (313)

We now build the control v and derive the associated p in (3.7) using the following iterative construction.
Denote by v, the control v restricted to the time interval [s,t] and let p,, := p(n). Observe that pg =& € H
by definition. For each even non-negative integer n € 2N, having determined p,, and vg, we set

Un,n+1(T) = ( ;,n+1(an+1 + Iﬂ)iljn,n—&-lpn)(r)v Un+17n+2(7') =0, (3~14)

for r € [n,n + 2|. If we denote

Rg,n-&-l = 6(Mn,n+1 + 16)71 )

then using (3.7) we determine p, 42 according to

Pn+2 ‘= jn+1,n+2pn+1
= jn+1,n+2(¢4n,n+1d4:l,n+1(Mn,n—i-l + Iﬂ)iljn,n-&-l + jn,n+1)pn
= Jn+1,n+2RZ)n+1u7n,n+1pn- (315)

3.3 Spectral Properties of M and Decay

Having defined the control v, and the associated error p, by (3.14) and (3.15) respectively, we now state and
prove (modulo a spectral bound on M,, 11, Proposition 3.4) the key decay estimate on p. This estimate is
used in Section 3.4 to complete the proof of Proposition 2.6.

Lemma 3.1. For any w, > 0, there exists f = f(w,d) > 0 which determines p in (3.15) so that for every
evenn > 0,

E(||pn2]I*[Fn) < & exp(||U(n)]|)[|pnll®- (3.16)
Moreover, we have the block adapted structure
p(t),v(t) are Fyuy measurable (3.17)

where ¥ : Rt — Rt

() = {fﬂ when [t] is odd, (3.18)

t when [t] is even,

and [t] is the smallest integer greater than or equal to t.

Remark 3.2. We choose the exponent 8 as it is sufficient for the estimates on v; similar estimates are valid
for any power greater or equal to two.
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To prove Lemma 3.1, we show that the control v, when it is active, is effective in pushing energy into
small scales where it is dissipated by diffusion. To make this precise recall the definition of Py, Qn, and Hy
from (2.9) and (2.8). Fix N = N(4,w) specified below and for n € 2N split p,42 = pk, o + p, ,, defining

P§+2 = jn+1,n+2QNRﬁ,n+1~7n,n+1pn» (3.19)
P7€/+2 = jn+1,n+2PNR§7n+1jn,n+1pn- (320)
While for large N estimates for pfl, , essentially make use of the parabolic character of (3.2), establishing

suitable bounds on p%, requires a detailed understanding of the operator Rn ni1- We need to show, for

sufficiently small S, that Rn n41 indeed pushes energy into small scales, that is, ||PNRn a1l is small. The
following lemma from [HM11, Lemma 5.14], shows that this in turn follows from uniform positivity of M, ,, 41
on a cone around Hy.

Lemma 3.3. Suppose that M is a positive, self-adjoint linear operator on a separable Hilbert space H.
Suppose that for some a,e >0 and N € N we have that

(M, ¢)

inf AP P) 3.21
N P (3.21)

where
S = {6 € H: | Pyol? > all6l?} (3.22)

Then, for any 8 > 0,

IPnBM +I8)7H| < aV /B

The next proposition shows that (3.21) holds true for M,, ,+1 on a large subset of the probability space.

Proposition 3.4. Let M,, ,+1 be as in (3.13), relative to U solving (2.14). For any N > 1, a € (0,1], and
1 > 0 there exists a positive constant €* = €*(a,n, N) > 0, such that, for any n > 0, and any 0 < € < €*

. <Mn n+1¢a ¢> ) 2
Pl inf —————""% <¢€|F, ) >r(eex U(n , 3.23
(ot Hreff gz ) > v eptulv @) (5.29
where So. N is defined by (3.22) and r = r(a, N,n) : (0,€] — (0,00) is a non-negative, decreasing function
with r(e) — 0 as € = 0. We emphasize that r is independent of n.

Proposition 3.4 is a direct consequence of the Markov property and Theorem 4.1 below. While similar
results have appeared in previous works, the proof required us to develop a novel approach due to the
particular nonlinear structure in (2.1)—(2.2).

We are now prepared to prove Lemma 3.1.

Proof of Lemma 5.1. We use the splitting p,1o = p o+ pk,, from (3.19), (3.20). The constant N appearing
in the definition of this splitting is fixed in the estimate on pf/, , which we address first.

By the positive definiteness of M,, 41, it follows that ||Rg7n+1 || <1 almost surely, for any § > 0. Then,
as pp, is Fp-measurable, from (A.13), (A.17), and (A.2) we infer

E(lloss2l®1Fn) <llpnll® - E (B(|Tnt1,04+2@n 1% Fns1) - [ Tnnt1 11 Fn)
5
<55 exp(@||U(n N eall® (3.24)
for appropriate N = N(w,d). Fix such an N in (3.19), (3.20). Note that the bound (3.24) holds indepen-
dently of the value of 8 appearing in (3.14).
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Next, we estimate pL, ,. By (A.13), we infer

1/3 1/3

1/3
E(oEsa172) <loal® - (1T msalP172) 7 (BUPKRE i IP170) (BT [212)
* 8 2 8 24 1/3
<Clpall® exp(eo /20U )?) (E(I PN R *1F0)) (3.25)
where C* = C*(w). For N fixed by (3.24) and for any €, @ > 0, and n € 2N consider the set

n { inf <Mn,n+1¢a ¢> Z E} ,

ol T \seSan |02

where S,y is defined in (3.22). Using Lemma 3.3, Proposition 3.4 with 7 replaced by 3w /2, and ||R? .|| <

n,n+
1 we have
E (IPVR; i [2170) =E (IPVR a|*hey, 1) +E (IPVRL [ Lien, e 1F0)
24 " .
< (av VB/) +P((Qan)1Fa)
24 9
< ((a vVVBIe) + r<e>) exp(3/2 - [[U M), (3.26)

which holds for any a € (0,1], 8 > 0, and any € < €*(a,w, N) = €*(a, @, ), and where the function r is
given by (3.23).
Next, we choose a, 8, ¢ > 0, such that € < ¢*(a, @, N), and so that

((a\/ ﬁ/e)24 —l—r(e)) v < %, (3.27)

where C* is the constant from (3.25). First choose a sufficiently small & = «(w,d) > 0. This choice of «
fixes €* = €* (o, w,d) = €*(w,d) > 0. We then choose a sufficiently small € < €*, € = ¢(w, §) to control the
r(€) term. Finally, based on this choice of €, we determine § = (w,d) > 0. Thus we infer that

5
E(llor12l*1Fn) < 55 exp(@[[U)[*)lpn]®

Combining this bound with (3.24) and || pp2[|® < 27(||pE5|1® + [|p52|®) establishes (3.16).

Pursuing the definitions of p and v through (3.14), (3.15) the block adapted structure in (3.17) clearly
follows by induction and the definitions of the operators Jn n+1, Ann+1, Aj, 1. The proof of Lemma 3.1
is thus complete. O

3.4 Proof of Proposition 2.6

This final section is devoted to the proof of Proposition 2.6 following the strategy identified in Sections 3.1—
3.2: using the machinery of Malliavin calculus the desired estimate on the Markov semigroup (2.29) has been
translated to the control problem (3.8), (3.9), where p is a solution of (3.7) with v defined by (3.14). Then,
in Section 3.3, we derived a one time step decay estimate on p from Lemma 3.1 which we now use as follows.

Proof of Proposition 2.6. Fix any 0,7 > 0 and any p(0) = £ € H with ||¢]| = 1. We successively demonstrate
(3.8), (3.9) for v and p determined by (3.7), (3.14) and (3.15).
First we prove (3.8), using Lemma 3.1. Define ¥ : R? — R according to

’ 0 for y = 0.
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By (3.17), pp, is F,, measurable, and therefore with (3.16) we infer

E (lpntalllFn) s (3.28)

E (\1](||pn+2||7 ||pn||)8 exp(—w||U(n)||2)|}'n) = Ialn||>0Hpn”gexp(wHU(n)Hz) =0

for every w,d > 0, and each n € 2N. For any k > 0, let
X = Ullpznalls lp2rl) exp(—oo/2 - [U2K)]%), Yy :=exp(w/2-[|U(2K)]?).
Repeated use of conditional expectation with (3.28) implies

E <ﬁ X,f) =F (IE (ﬁ X,3|f2n>> =E (ﬁ XiE (Xifzn)>

k=0 k=0 k=0
n—1
<R (HX,§> <<
k=0
On the other hand, noting that for each n € N, 1, —op(t) = 0 for any ¢ > n and that ||po|| = 1 we have

n n

TT XeYe = lloznsall* T] Lipany>0 = lloznsal*.

k=0 k=1

Consequently, if w < n* (see Lemma A.1), Holder’s inequality and (A.4) yield

n 1/2 n 1/2 on 1/2
E([lp2n+2ll*) < (E 11 X;?) <1E I1 Y;f) <o (E exp <w > IIU(k)|2>>
k=0 k=0

k=0
w
<§n/? exp (%HUOHQ) exp(xn),

where ¢ and s are the constants appearing in (A.4). Setting § := exp(—4(sc + Y)), @ = min{n*, 2n/p},
B = B(n,7) as in Lemma 3.1, we obtain that for each integer n

E([lp2nll*) < Cexp (nl|Uo|* — 2n0) - (3.29)

In particular we infer (3.8) for t = 2n.
Next, observe that, for each n € N,

(1) = Ton,tP2n — Aontvony fort e [2n,2n+1),
Jon+1,tP2n+1 for t € 2n +1,2n + 2].
By (3.14) and (A.19)—(A.21), for any ¢ € [2n,2n + 2]

[v2n.tll 222 e) < 1v2n 2041l L2 (2n .20t 13m0 < B2 22041l | 20l (3.30)

and consequently for any t € [2n,2n + 1)

I < | T2 tp2nll + |A2n,tvantll < (| Tontp2nll + [ A2ntll 222 (120,04, 5) 10202011 | L2 (20,20 41]:R4)

<cp'? (1 + sup [ Ja |2> lp2nll;
SE€[2n,t]

and for any t € [2n + 1,2n + 2]

le@ < sup ([ Tselllpzntall-
s€2n+1,t]
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Combining these observations, with (A.13) and (3.29) the desired estimate (3.8) now follows.”"
We turn next to the proof of (3.9). Although v is not adapted, it follows from Lemma A.7 and (3.14)
A.35).
=0if

that vo y € DY2(L2(]0, N]; R?)) for any N > 0, and we may thus use the generalized Ito isometry, (
By (3.17), v(t) is Fy() measurable, where 9 is defined in (3.18), and consequently by (A.30), D,v(r)
s> 9Y(r). Thus

2N 2 2N ON 2N
E (/ v - dW) = IE/ [u(s)|zads + E/ / Xs<o(r) Xr<o(s) TT(Dsv(r)D,v(s))dsdr.
0 0 o Jo

N-1 2n+1
<> <E / v2n 2n11(8)[2ads + E /
2 2

n

2n+1 2n+1
|95U2n,2n+1 (7") |]?§d><dd3d7') . (331)

n 2n

n=0
For the first term in (3.31), we make use of (3.30)

N—-1 2n+1 N-1

_ 1/2
SE / [v3n,2n1(8)Zads < 873 (Bl Fengns1l* - Ellpeal*)* < Cexp(nl|Uo|?) (3.32)
n=0 2n n=0

for a constant C' = C(n, o) independent of N.

To bound the second term in (3.31), we compute an explicit expression for ®sv. By Lemma A.7, each
of Jon2n+1, A2n2n+1, A5y ont1s Man,2nt1 + 81, and (Map 2n+1 + BI)~1 are differentiable in the Malliavin
sense and lie in the space DY? for any p > 1 (see (A.29)). It thus follows from (3.15) that pa, € DYP for any
p > 1 and any n. Moreover, recalling that by (3.17), pa,, is Fa, measurable, (A.30) implies that D;p9, =0
for any s > 2n. Then by the Malliavin product rule (see e.g. [PV, Lemma 3.6]) we compute

Dlvanant1 = Asponi1(Manansr + 18) 7 (DI Tanan41)p2n + Az 001 (DL (Manansr + 18) ") Tan2n 41020
+ (@gv‘l;n,znﬂ)(/\@n,znﬂ +18) " Ton 2n+1p2n (3.33)
for any j € {1,...,d} and s € [2n,2n + 1]. Moreover, after differentiating the identity (May 241 +
I8)~ (Map,ans1 + IB8) = I and recalling that Moy 211 = Aan,2n+1A%, 2,11 We obtain
D) (Mapons1 +18) 7" =
(Man2ns1 + I18) " (D] Az 2041) Asp on i1 + Azn2ns1(DLA3, 90 11)) (Manonsr +I8) 7. (3.34)
By (3.33), (3.34), and the bounds (A.19)—(A.21), one has for each s € [2n,2n + 1]

1D7van 2n+1ll L2 (2n,2n41):R%)
<B2DL Tan 21 [l p2nll + 871D Az 2n 11 [l £ (22 (220411 2, 1) | Tom,2n 1 [ 20 |
+ 28 MDA, ot llooa L2 (2n,2n+1), R | Ton 2n41]l | p2n ] - (3.35)
Finally, we use (3.35), (A.23)—(A.25), (A.13), and (3.29) to conclude

2n+1  p,2n+1 N-1 d 2n+1

N-1
E Z / |©svn,n+2(r)‘[%&dxdd3d7ﬂ =E Z Z/ ||©gv2n,2n+1||L2([2n,2n+1];]R'i)ds
n=0 Y 2n 2n n=0 j=0 2n
< OB~ exp(n/2||Uol*) D _[Ellpenl']'/?
n=0
< OB 2 exp(nl|Uol?), (3.36)
where C = C(n,7v). Combining (3.36), (3.32) with (3.31) we now infer (3.9), completing the proof of
Proposition 2.6. O

1/2

20Note that the constant we obtain for (3.8) grows as 871/2. This is inconsequential as we obtain a 8~2 dependence in the

constant for (3.9) below; see (3.36).
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4 Spectral Bounds for the Malliavin Covariance Matrix

In this section we present the main technical result of this work, Theorem 4.1, which yields a probabilistic
spectral bound on the Malliavin matrix Mo (see (3.13)). Recall that in Section 2 we established the
uniqueness of the invariant measure associated to (2.1)—(2.2) assuming a gradient estimate on the Markov
semigroup, (2.29). Then, in Section 3, we established this gradient estimate (2.29) modulo Proposition 3.4,
which is a corollary to Theorem 4.1. Hence, we have reduced the proof of the uniqueness in Theorem 2.3 to
the proof of Theorem 4.1.

Theorem 4.1. Let Uy € H and define Mo r according to (3.13), relative to U(-) = U(-,Up) solving (2.14).
Fiz anya € (0,1], N > 1, andn > 0. Then, there exists €* := ¢*(T,a,n, N) > 0 such that for any 0 < € < €*,
there is a measurable set Q. = Qc(a, N) C Q satisfying

P(Q¢) < r(e) exp(n|[Uo]?) ,
where r = r(T,a,n, N) is a nonnegative decreasing function such that r(e) — 0 as € — 0. On this set Q).

. <M0 T¢7 ¢>
f 22777 >
seSan G2 =

)

where Sy v = {¢ € H : |Pno||*> > a||¢||*}. In particular,

pgggwﬁﬁ?mzﬁzlmmmwmw» (4.1)

Remark 4.2.

(i) An explicit form for r(e) is given in (4.12) below. While the decay rate in r(€) as € — 0 is much slower
than in previous works, as observed in Section 3, it is sufficient for the proof of Proposition 2.6.

(i) Using the Markov property in the general form found in e.g. [DPZ92, Theorem 9.12], Theorem /.1
immediately implies Proposition 3.4.

(i1i) Note that it is not enough to replace So N by Hy C So,n in Theorem 4.1, as we made use of (4.1) for
small a > 0 in the proof of Lemma 3.1; see e.g. (3.26), (3.27) above.

Broadly speaking, the proof of Theorem 4.1 involves an ‘iterative proof by contradiction’ following a
strategy apparent even in e.g. [Nor86].?! We show that, on sets of large probability, if the Malliavin matrix
Mo 1 has a small eigenvalue, then a certain quadratic form Q associated to (2.14) is small when evaluated at
the corresponding eigenfunction. We then show that Q has a suitable lower bound on S, . This lower bound
may be seen as an infinite-dimensional analogue of the Hormander bracket condition [H()?] By combining
these upper and lower bounds we conclude that, with large probability, S, n cannot contain eigenfunctions
of My, corresponding to small eigenvalues.

We refer to proof of Theorem 4.1 as ‘iterative’ because the bounds on Q are obtained by an inductive
argument which yields a chain of quantitative bounds on certain functionals associated to Hormander type Lie
brackets. Although, we make significant use of a methodology recently developed in [MP06, BM07, HM11]
to carry out this process in infinite dimensions, new and interesting difficulties emerge in our situation which
reflect the interaction between the nonlinear structure of (2.1)—(2.2) and our choice of stochastic forcing (see
Remark 2.4 above). Firstly, with the stochastic forcing in the temperature equation only, it is non-trivial to
determine a sequence of suitable (Hérmander type) Lie brackets associated to (2.14); a completely different

21Tn [Nor86] as in [Mal78] the goal is to provide a probabilistic proof of Hérmander’s hypoellipticity theorem [F67]. These
works link Hérmander’s bracket condition (associated to a hypo-elliptic evolution equation) to the invertibility of the Malliavin
covariance matrix. In addition to [Nor86] we refer the interested reader to e.g. [Nua06, Haill] for further details on the
probabilistic approach to hypoellipticity.
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methodology must be developed for (2.14) compared to the one used for the stochastic Navier-Stokes equation
in [EMO1, Rom04, HMO06]. Secondly, the vector fields we obtain are U dependent. This situation forces us to
use an infinite-dimensional analogue of the Hérmander bracket condition, which is weaker than the condition
appearing in previous works.

The rest of this section is devoted to proof of Theorem 4.1 based on the lower and upper bounds on forms
Q associated to Hérmander type brackets involving (2.14). The lower and upper bounds are given below as
Propositions 4.3 and 4.4, respectively. The detailed computations of the Hérmander brackets are postponed
for Sections 5.

4.1 Quadratic Forms; Upper and Lower Bounds

Before precisely stating the lower and upper bounds, we briefly recall the origin of the quadratic forms found
in these propositions. As explained in the introduction, the ‘admissible Hérmander brackets’ are elements
in the sets

Yy = span{[E,F}, (B0l E: ke Z,j={01},E¢c Vm_l} (4.2)

starting from Vy = span{ai : ke Z,5 = {0,1}}, where we recall that the Lie brackets are given by
[E1, Es] :=VEy - Ey — VE; - E5. We show in Section 5, that for each N < N there exists M = M (N) such
that the set

By 5 (0) = {o]" 4" + I, (U) :m € {0,1},j € Z%, |j| < N} (4.3)

is contained in Vys. Here, recall that o} and 1] are basis elements for H defined in (2.6), (2.7) above. The

elements J]!Ym(U) are U dependent ‘error’ terms, which reside in HY := QgH (see (2.9)) and satisfy the
bound (5.26); the explicit form for these terms is given in (5.23), (5.25) below.

The upshot is that for any (finite) M we are only able to identify U-dependent subsets of Vy;. Hence, we
need to introduce a new form of the Hérmander described above in (1.9) (in more general terms) satisfied
by

(Qu ), ¢) = > [bU) (4.4)

beB y 5 (U)
for any N > N. We are ready to state the lower bound on Q 5.

Proposition 4.3. Fiz any any integers N < N and define By by (4.3). Then, for any U € H? and any
€ (0,1] it holds that

(07

8
(0 5(0)6.6) 2 (5 = O T L+ 101 ) I (45)

for every ¢ € Sa.n ={¢ € H : |Pyo||*> > f|¢||*}, where C* is a universal constant (see Remark 2.1).

Proof. Since {U}“, Qﬁ;”}me{o,lmﬂgv form an orthonormal basis of Hy = Py H, we obtain for any ¢ € So.n

ST G bONE = DT (6,07 + (6] + TN (U))

beB . 5 (U) @{Sﬂ}
= Pvol2+ 30 (20056, 5 (O)) + (6, T, (0)?)
meon)
1 ~ ~
D SR R M ) R I RE T SO P2
7SN [FISN

me{0,1} me{0,1}
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Now observe that (5.26) with s = 1 yields

N 2 N°® 2
[ T5m (D" < C =1+ [|U][ =)
N
and the desired bound, (4.5) follows. O

Next we will state the ‘upper bound’ on Q, 5, whose proof is long and technical and is postponed to
Section 4. It links the chain of Lie brackets presented in Section 5 (and summarized in Figure 5.1) to
quantitative estimates on Q N

Proposition 4.4. FizT > 0. There are positive constants ¢; = q;(T) > 0, i = 0,...5 such that the following
holds. Fiz any n > 0, any integer N > 0 and define

qé\?
E(N) := min { qo, <;’;> . (4.6)
Then for every e € (0,E(N)) there is a set Q7 ¢ and a constant C = C(n, T) such that
B((QF 3)°) < ON% exp(n]|Up1?)e?t (4.7)
and on Q7 o one has (cf. (4.4))
(Moxd, @) < elél® = (Qu(UT)d.6) < % |16 (4.8)

which is valid for N < N and any ¢ € H.

Remark 4.5. We may suppose without loss of generality that

g >1, gz3>1, and q4<]1.

4.2 Proof of Theorem 4.1

Before turning to precise details, let us outline the proof of Theorem 4.1 using Propositions 4.3, 4.4. Observe
that, on 2* o given in Proposition 4.4, we can combine (4.5), (4.8) to infer

a 8
S - o U@ ) P (4.9

Morod) <clol? = ol 2
for any ¢ € S, n and for any € < E(N). If [|U(T)|%. was bounded above by a deterministic constant,
then we would prove Theorem 4.1 by taking Q. = Q:N with N = N(a, N) sufficiently large such that the
conclusion of (4.9) produces a contradiction for e sufﬁciently small. Of course, since the U appearing in
(4.9) is a solution to (2.14), such an upper bound is not be to expected. Instead, we make a modification of
Q:JV by intersecting with sets Q¢ y 5 that quantify |U(T")|| g2 in terms of a function h = h(e), which grows

unboundedly as € — 0. Returning to (4.9), N now depends on e through k. As such, care is needed in the
choice of h to avoid a possibly circular argument.

Proof of Theorem j.1. For each € € (0,1/e), let

h(e) := log(log(log(e™1))), Ne) :=

) {40*1\7811(6)} | (4.10)

(67
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where [2] denotes the smallest integer larger or equal to 2 and C* is the constant from (4.5). Then

N8
—C*——h(e) >

Rl T . (4.11)

e~ e

Observe that, with these definitions, there exists e} > 0 such that € < E(N(e)) whenever € < €}, where & is
defined by (4.6).”” For e < ¢}, Q* 7o) (see Proposition 4.4) is well defined and we set

where
Qo = {1+ [UT)|32 < h(e)}.

We now show that on the sets Q. we obtain the desired conclusion (4.1). First observe that by (4.7), the
Markov inequality, and (A.5), there is C' = C(n,T) such that

B(QS) < PO 11) + B 5,))9) < C (h(l) (N (et ) exp(n|Uol?) =: r(e) exp(n[Ual’)  (4.12)

whenever € < €;. The later quantity r(e) decays to zero as € — 0T; since h(e) — 0o as e — 0

lim sup N(G)Q3eqiv(€) < lim sup h(e)zqsee"p(_h(e)Q)

e—0t e—0t
< exp <lim sup(2gs log h(e) + exp(—h(e)?) log 6))
e—0+
= exp <lim sup (2¢3 log(h) — exp(—h?) exp(exp(h)))) =0. (4.13)
h—o0

On the other hand, on ., Propositions 4.3, 4.4, and (4.11) yield

(Mord, d) < el¢]?

N(e) o N8 o N8
= el > (

& - o B W@ ) ol = (§ - o on@ ) 16l = ol

for each € < €} and any ¢ € S, n. We infer that if € < €], then on €,

. M V(e)
inf (0,7742),@ > ¢ whenever eqév < g.
¢€San ||l 4

From the definition of N (e) in (4.10), we have 5’ 5 0ase— 0t (e.g. see (4.13) above), and the proof of
Theorem 4.1 is complete. 0

22Indeed, one can begin by supposing €} < min{qo, 1/e} and observe that

N (e)

—d2 N (e) N
limsup e ( u ) < limsupeh(€)?%2 = limsup e exp <2qév(e) 10g(h(e))>
e—0t N(E) e—0t e—0t

< lim sup e exp (exp(h(e)g)) = lim sup exp(— exp(exp(h))) exp (exp(hQ)) =0.
e—0+ h—o0
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5 Lie Bracket Computations

In this section we present, in functional setting, the chain of Lie brackets that approximately generate
spanning sets for successively larger finite dimensional subspaces Hy of the phase space H. More precisely,
we show that the approximate basis B 5 5 (U) lie in admissible sets Vas (see (4.2), (4.3)) for sufficiently large

M = M(N), which allows us to define the quadratic forms Q N, 5 (U) leading to the upper and lower bounds,
Propositions 4.3, 4.4 in Section 4.

As we described above, these computations are motivated by the celebrated Hérmander condition for the
Kolmogorov-Fokker-Planck equations associated to (2.14), cf. (1.4). Our situation is notable in comparison
to previous works in the infinite dimensional setting, [EMO01, Rom04, HM06, HM11] as, to the best of our
knowledge, we are the first to analyze a system, where the chain of vector fields and the associated quadratic
forms Qy = Qy 5(U) depend on U, and are therefore random.

For contrast consider the 2D stochastic Navier-Stokes equation written in the vorticity formulation

dw + Fys(w) = odW = Zakwéde’l, with Fys(w) := —vAw + (K *w) - Vw, (5.1)
k.l

where as in (2.7) we set ¢ := cos(k-z) and 1} :=sin(k- ) for k € Z2.. Let V¥, M > 0 be the sequences of
admissible vector fields corresponding to (5.1), defined analogously to (4.2). The following bracket structure
for (5.1) was observed in [EMO1]. Suppose that 17,7 € VNS for some M > 0. Then, since (K * w) - Vw
is the only nonlinear (quadratic) term in (5.1), we obtain

[Fivs (@), 0], 0] = (K x ") - VO + (K * 0 ) - VUi € Varya, (5.2)
where the Lie brackets [, ] are defined as in (1.6). Using elementary algebra, we obtain that w,ff;c’,"/ € Ve
if k and k' are not parallel and |k| # |k'|. Under appropriate algebraic assumptions on the set of directly
forced modes, one therefore obtains that for any N > 0, Hy C Vj, for large enough M = M(N). As we
already noted in the introduction, this strategy of repeated brackets with constant vector field to generate
exactly Hy has been used in all of the previously known examples; see [FIM11].

Our situation is completely different. Since the random perturbation appears only in the temperature
equation in (2.1)—(2.2), we immediately see, recalling the notation (2.6), that for any k, k" € Z2, m,m’ €
{0,1}

[FU). o), o) = Blof' o) + B(of¥ o) = 0, (53)

and therefore no new modes are generated. The observation in (5.3) suggests that we need to make more
carefully use of the interaction between the buoyancy term G and the advective structure in B.

The strategy which we devised to generate suitable directions is summarized in Figure 5.1 below. Strik-
ingly, a bracket [[[F(U), o], F(U)],0b] = et B!, ok ) +co B( 2,“, ot ) produces the desirable cancellation,
where ¢y, ¢y are suitable constant.??> While the computations leading to this cancellation are involved this
‘miracle’ is perhaps anticipated by the advective structure of B.

Having devised a strategy to generate o-modes, we also have to generate the elements 1/12; that is, suitable
directions in the w variable. In this case no additional cancellation is evident as we found for the o-modes.
Instead, we produce functions of the form ¢} + J,, ;(U), where J,, ;(U) is an ‘error term’ with a complicated
dependence on U. Again as an artifact of the advective structure in B, these J,,, ;(U) are concentrated in the
6 component only, and we can push these errors entirely into large wave-numbers by generating additional
directions in o. This in turn allows us to make use of the generalized Poincaré inequality to obtain bounds
leading to our form of the Hérmander condition (1.9).

23 As we already observed in Remark 2.4 it is precisely at this point that we are able to avoid the condition that the forcing in
(1.1)—(1.2) contain wavenumbers of different magnitudes as is required for the 2D stochastic Navier-Stokes equation in [HMO06].
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D (j1#0) LY ()]
Y .
P+ Tjma1 (U) v

!
'd)j,‘ii,m + Jj:ﬁ:kmLer/ (U)

Figure 5.1: The strategy for (approximately) generating Hy from Lie brackets. Red and blue text
indicate that the corresponding functions reside exclusively in the w and 6 components, respectively.
Purple text indicates that the element has non-trivial content in both components. Solid arrows mean
that the new function is generated from a Lie bracket, with the type of bracket indicated above the arrow.
Dotted arrows signify that the new element is generated as a linear combination of elements from the
previous position.

5.1 Detailed Bracket Computations

Let us provide more details. In what follows U is arbitrary sufficiently smooth function.?* In the forthcoming
computations we make use of the following simple observations. Recalling that the Lie bracket between C*
vector fields F1,FEy : H — H is given by [Fy, E3](U) := VE(U)E,(U) — VE1(U)E2(U) we have the
antisymmetry and Jacobi identities

(B, Eo] = —[E2, Ern|,  [[En, Bal, Es] + [[B2, E3], E1] + [[E3, Er ], E2] = 0, (5.4)

valid for any F), Fy, E3. From (2.10) and (2.11) we have that for any U € H*,

B(U,U)=0 ifU=(0,0), (5.5)

GU =0 ifU = (w,0), (5.6)

Gop' = (~1)™ g+, (5.7)

Note also that in what follows the superscripts m appearing in the basis elements o}*, 17" are understood
modulo 2, for example by UZH'm/ we mean JZHm (mod 2) " poy any j € Z2 we define j* := (—ja, j1)

We first show how the directions o7,k € Z3,m € {0,1} can be obtained. Define Y;"(U) := [F(U), 0}"]
and by (5.5), (5.7),

Y"(U) = Ao}’ + B(o}",U) + B(U, 0}") — GoT"
= wljPo} + (=1)"gjp] ! + B(U, 0}"). (5.8)

Now set

ZMU) = [F(U), Y] (U)) = VY (U)F(U) ~ VEU)Y] (V) (5.9)

24 At this stage in the argument, U is not necessarily a solution of (2.14). Of course we will use that U solves (2.14) later on
in Section 6. This causes no problems since U is smooth; cf. Proposition 2.2.
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and after some computations we derive the explicit formula
Z0(U) = B(E(U), 0™™) + v2ljl0l + (—1)™ (v + w)gir |26 + ABU,0™)) + (—1)"gjs B, U)
- B(U7 _V2|]|20-;m + (‘Umﬂgjﬂ/’jmﬂ) + B(Uv B(Ua O';n)) - GB(Ua O-;m) (510)
Remarkably, as alluded to above, the higher order bracket [Z7"(U), O']:ﬂ,] is independent of U. To see this

and to derive a formula for [Z}”(U ), O'Zl/] one may proceed by explicit computations. Instead, we argue as
follows: by (5.5), (5.8) we obtain [YJ’"(U),U} = —B(U, o7') = 0 for any U = (0,0s), and consequently by
the Jacobi identity, (5.4)

125" (U), 01" | = [[F(U), Y, (U)], 08" | = =[Yj"(U), [F(U), 03" || = =[¥;"(U), V" (U)].
Moreover, since (—1)m+1g]11/)m+1

is the only term with non-zero first component in Y™ (U), from (5.8) we
obtain

/

Y (U), Y (U)] = B(=)" g o) = B(=1)™ ghaop ', 07),

and therefore

27 W), 07 = g ()™ B o) + (- ) kB Lo ) (5.11)

Next, note the following observation which is a consequence of simple trigonometric identities.

Lemma 5.1. For any j,k € Z3 and m,m’ € {0,1}

m _m’ (_1)1+ ! (]L ) k) m+m’ m’ m-+m/
B, o) = 5 TE [oj_ﬁk +(=1) +10jjc ] :
B (™ ’ -1 L+mm! jL -k m+m’ 4 m+m’

Using Lemma 5.1 and (5.11) we have

12,0 =)0+ LB [ty ot _ g ko 1] (5.12)

where
a(j, k) = # + ‘I;% and b(j, k) := # - % (5.13)

From these relations, the following proposition follows easily.

Proposition 5.2. Let j, k € ZE_, a(j,k),b(j, k) be as in (5.13). Then, with Z* given by (5.9),
9™ - k)a(j, K)o = =2} (U), 03] = (2} (U), 77, (5.14)
9™ - k)a(, k)oj = [Z7(U), 03] = [Z] (U), 3], (5.15)
9(i™ - k)b, k)i = (2} (U), 03] — [23(U), oyl (5.16)
9" - k)b(G, k)oj_y = [Zjl(U)aJi] ~[Z3(U), a}). (5.17)

Remark 5.3. The diagram in Figure 5.2 and an induction argument detailed in Section 6.3 and illustrated
in Figure 6.2 show that starting with the forced directions a("l‘,o),o?g,l) for each m € {0,1}, it is possible
to reach o} for any k € Z2 and m € {0,1}. If we replaced the vectors (1,0),(0,1) in the definition of Z
by other elements in Zi, Figure 5.2 would change, namely the segments parallel to axes would be changed
to segments parallel to the new directions in Z. In this case more a complicated algebraic condition as in
[HMOG] is needed to demonstrate that Z generates a spanning set for Zﬁ_.
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Tjtes
Tj—er I aj Tjter
—
9(0,52)—e1
: (0.4
@ C(0j2)+es e
9(0,52) )
I T (j1,0)+ez
7(j1,0) -~
>

Figure 5.2: New basis elements ¢" in the § components of the phase space (see (2.6)) that can be
generated via the chain of brackets leading to (5.12) with Proposition 5.2 . Recall that we index these
basis elements by Zi so that the points in figure lie on lattice points. Note furthermore that elements
o1 correspond to both of, o}. Grey points represent existing directions and purple points represent new
directions generated via one iteration of the chain of brackets illustrated in the upper part of Figure 5.1.
Perusing (5.14)—(5.17) and the definition of a and b in (5.13) we see why new directions are restricted
along the z and y coordinate axises respectively.

Directions ;" are different and they include an error term with a component in the §-direction. First
note that (5.8) can be rewritten as

(=1)"gjr T =Y (U) — (-1)" g1y (U) (5.18)

where J¥, 1 (U) := %(Vﬂj?o;" + B(U,0}")). Note that, by (2.10), we see that J7,, ., is concentrated

only in its # component. Since we can generate Y, (U), by (5.18), we can also generate 1/);”“ (with an error
term), whenever j; # 0. This constitutes the first downward branch in the lower portion of Figure 5.1.
To reach the basis function ¢]" along the jo axis (j; = 0) we can mimic the approach in [EMO1] by

considering brackets of the form [[F'(U), }"], Yi']; of. (5.2). Since we did not generate m, Y| we instead
use elements ij(U ), that is, ¥7" with error terms and calculate

[P, Y (U)LY (U)] = (27 (U), i (U)] = [[2]*(U), FU)] o] = [12](U), 03" ), F(U)] . (5.19)

J

Notice, that the second identity follows from (5.4) and shows that [[F'(U),Y;™(U)], Y™ (U)] can be obtained
from admissible bracket operations. On the other hand, with (5.9)

[F(U), Y™ (U)), 3" (U)] = VER(U){Y;™(U), Y (U)} + VEU){VY™(U){Y™ (U)}}
— V(VY (U FO)N{Y (U)} + VY (O){[FU), Y (U)]},

where VFG(U){X1, -, Xz} denotes the kth derivative of G in the directions Xi,---,Xg. With (5.5),
(5.18), and (2.17) we obtain

VIRUNY(0), Y (U)} = =B (U), Y™ (U)) = B (U), Y (U))
= (1) g (B w ) + Bl )

J

+ B T () + B T (0)))
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Also, since Vij(U){Ykm/(U)} = —B(Ykm/(U),U}”) = (=) gk B(y}", o7") has a zero w component, we
have

FO{VY U (U)) = (-1)™ gk GBWR o) + DIR™ (U),

where U +— Dmm (U) is affine and has a zero w component. Finally, since VY (U){X} has a zero w
component for any X (of course the same is true for a derivative of VY (U){X}), we obtain

(27 (U), Y (O) =)™ gk (Bl ) + B )
+ (1™ g1 GB(y o) + HIY™ (U), (5.20)
where U — HJm m (U) is affine and it is concentrated entirely in the § component.

Using (5.20) we are able to reach basis function that are not accessible by the brackets leading to (5.18).
Note that this second case (j; = 0) is represented graphically the last lower branch of Figure 5.1.

Proposition 5.4. Let l5 > 0,0 = (0,43), ¢! = (1,¢3), and €, = (1,0). Then

0t =~ )Y O) - (2 )Y )+ 1S, ) + 1YL, (O),
and
0l = (2L Y W) - [220), YA W)+ B, () - 1D, ©)
Proof. From Lemma 5.1 and the fact Go}* = 0 (see (5.6)) one has
GBI o) =(=1)mm T gl iy (5.21)

Combining (5.20), (5.21), and Lemma 5.1, we have

Zm Ym _ mm’+1 92€2 2+€2 m+m’ e% m’  m4+m’ Hmm

[ Iz (U)7 ey (U)] - (_1) 2 1+€2 ¢[/+el 1 + eg (_1) 0 —eq ¥ eq (U) (522)
The proposition follows after eliminating the term involving wﬁi:f/ by considering first the cases (m,m’) =
(0,0), (m,m’) = (1,1) to determine 99 and (m,m’) = (0,1), (m,m’) = (1,0) to determine v;. O

Combining (5.18) and Proposition 5.4 we now define the error term in the t-directions

(71)mﬂ|j|20m+1 + (71)mLB(U a'm+1) if j1 #0
—0; . A J1 ?

14| ,|2931 9
J 0,0 1,1 .
Jim(U) = W<_Hj+e1,el(U) -H;, . (U)) if j1 =0,m =0, (5.23)
14512 0,1 1,0 e
92\1\3 (_HjJrel,el(U) + H]Jrel,el(U)) ifj=0,m=1.

By combining (5.8), Proposition 5.4, and (5.23), we have for each j € Z%, m € {0,1},

—1)m

( ) Y}"H_I(U) if jl 7§ O’
g

1+ 5%

VP 4 T (U) = (=271 ), Y2 (V)] - (2]

1a ), Y2 (U)])  ifji=0,m=0, (5.24)

) €1

\1\3
+ 15

S (2O YO - (2, W)YA) i =0m =1,



30 J. Féldes, N. Glatt-Holtz, G. Richards, E. Thomann

5.2 Estimates and Related Properties for the Error Terms

We next summarize some basic properties of J; ., (U) in the following lemmata.

Lemma 5.5. Fiz any j € Z2 with |j| < N, m € {0,1}, and any U € H'. Then, (J;,,(U))w = 0 (the w
component of J; ,m(U) is zero) and

17jm ()] < CN?*(1+ [[U]|1)

where the constant C' is independent of N. Moreover U — J; 1 (U) — J; m(0) is linear, that is, U — J; . (U)
s affine.

Proof. The proof is a straightforward consequence of definitions. For example by careful inspection we have
an estimate

I3 o, () < Clil* A+ U a) s

Jj+ei,e1

of any m,m’ € {0,1}. O

Lemma 5.5 does not provide us with sufficient estimate for J; ,,, as it grows both in IV and U. However, we
crucially use the fact (J;m)., = 0 as follows. We can generate sufficiently many, and consequently subtract
from Jj ,,,, pure modes o}. Hence, we generate all modes o} with |k| < N but for approximation of Hy we
use only those with |k < N < N, the rest we use for controlling the size of the error Jj.m (for details see
the proof of Lemma 6.12).

To this end we derive estimates for projections of J; ,,,(U) into high Fourier modes. Recall that Qy is
the orthogonal projection on complement of Hy and denote

INaU) = QT m(U). (5.25)

Lemma 5.6. For every integers N, N with N > N > 0, and every integer s > 1 and U € H*T!

. Ns+3 )
[ (D) <C To7z L IUllg=e) (lg] < Nom € {0,1}), (5.26)

where C' = C(s) is independent of N, N and U.

Proof. Since the Nth eigenvalue A g ~ N, cf. [CF88], one has by the generalized Poincaré inequality that

~ 1 1 ~
N N
1 5m (U] < C/\TN/QIIJj,m(U)IIHS < 5oz 1 m @)lae

By careful inspection of (5.23), noting that J; ,, is affine in U, we obtain

1T (D)llzzs < CA A (U] 77242
where C' = C(N, s). The exact dependence of the right hand side on N can be inferred from the fact that
each derivative of J; ,,,(U) can produce at most one factor of |j| < N. O

6 Noise Propagation in the Phase Space: Quantitative Estimates

This section is devoted to the proof of Proposition 4.4. To establish this “upper bound” on the quadratic
forms Q 5 defined in Section 4, recall that in Section 5 we showed that B, ¢ (U) C Var (see (4.2), (4.3))
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for sufficiently large M = M (]\7 ). We thus to translate each of the Lie bracket computations in Section 5
into quantitative bounds. Roughly speaking, we would like to show that

(Mo, p) is ‘small’ implies that (¢,0t) are all ‘small’ for all k € Z,1 € {0,1} (6.1)
and that, starting from any admissible vector field E € Vy;, cf. (4.2)
(¢, E) is ‘small’ implies that (¢, [F, o)), (¢, [E, F]) are ‘small’ for all k € 2,1 € {0,1}. (6.2)

To achieve (6.1), (6.2) we broadly follow an approach recently developed in [MP06, BM07, HM11].%°
Notice that

t
Mostnd) = 3 @4 [ (ohkerolar (6.3)
kez s
le{0,1}

and define g4(t) := (K¢ 1¢, E(U(t))) over test functions ¢ and admissible vector fields E. To address the
first case in (6.2) we make use of a change of variable U := U — ¢W. Expanding E(U) in this new variable
we obtain a Wiener polynomial with coefficient similar to [E, 0] and we infer the ‘smallness’ from time
regularity results for Wiener polynomial derived in [HM11] and recalled here as Theorem 6.4. For the second
case in (6.2) we differentiate g4, and find that g;ﬁ = (Ki 10, [E, F]), at least up to a change of variable. We
then make use of the fact that we can bound the maximum of géb in terms of, for example, g4 and C* norms
of g% to deduce the desired implication.

Observe that our quadratic forms Q5 depend on U (T') and thus have a strong probabilistic dependence.
Indeed the existence of these ‘error’ terms in (4.4) means that we have to carefully track the growth of
constants as a function of the number of Lie brackets we take. We also need to explain, at a quantitative
level, how we are able to push error terms to entirely to high wavenumbers. Neither of these concerns can
be addressed from an ‘obvious inspection’ of the methods in [HM11]. In addition to these mathematical
concerns, we have developed several Lemmata 6.1, 6.2 which we believe streamline the presentation of some
of the arguments in comparison to previous works.

The rest of the section is organized as follows: We begin with some generalities introducing or recalling
some general lemmata that will be used repeatedly in the course of arguments leading to the rigorous form
of (6.1)—(6.2). In Subsection 6.2 we present the series of Lemmas 6.5-6.9 each of which corresponds to
one (or more) of the Lie brackets computed in Section 5. As we proceed we refer to Figure 6.1 to help
guide the reader through some admittedly involved computations. In Subsection 6.3 we piece together the
proved implications in an inductive argument to complete the proof of Proposition 4.4 In all that follows we
maintain the convention from Remark 2.1, that is, all constants are implicitly dependent on given parameters
V1,V9,g,q,...of the problem. Note also that we carry out our arguments on a general time interval [T/2, T
for some T > 0, which makes all constants T" dependent; we apply the conclusion only for 7' = 1 above for
the proof of Theorem 2.3.

6.1 Preliminaries

We begin by introducing some further notational conventions and some general Lemmata 6.1, 6.2, 6.4 which
are be used frequently in the course of the analysis.
For any a < b, 8 € R and « € (0, 1] define the semi-norms

U(ty) - U(t
||U||Cﬂ([a7b]7Hﬁ) = sup ” ( 1) ( Q)HHB '

t1#ts |t1 - t2|a
t1,t2€[a,b]

25As in these works, the more classical methods using the Norris lemma do not apply, since it requires the inversion of the
operators Jo+. See [Nor86] and also e.g. [Nua06, Haill] for further details.
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*
m+m'+1
Otk

A

Lem 6.125 Qf

2 (U), op]

/ j
/
- Lem 6.6
o) > Y"(U)
Qe jy :
Lem 6.12:QF Q0 ,
: [Z7(U), Y™ (U)]
Lem 6.5 :
eM m+1 . JN :
w]r'n, + Jj,erl(U) Lem ()12 Q:,N
M

mAm/ N
¢ink: + ink,’rn-{-’rn’ (U)

Figure 6.1: An illustration of the structure of the lemmata in Section 6 that leads to the proof of
Proposition 4.4. The arrows indicate that if one term is ‘small’ then the other one is ‘small’ on a set
of large measure (displayed below the arrow), where the meaning of ’smallness’ is made precise in each
lemma. Above the arrow we indicate in which lemma is this implication proved. The arrow at the top of
the diagram shows that the process is iterative.

If a =T/2 and b = T we will write || - [|caps instead of || - ||ce(r/2,7),1s) and denote [|U|cops =
sup;e(r/2,7) |Ullgs. Similar notations will be employed for the Hélder spaces C*([a,b]), C*([a,b]) etc.
Recalling the notation in (1.6) we will define the ‘generalized Lie bracket’

[E1(U), Ex(U)] := VEy(U)E1(U) — VE, (U)E»(U),

for all suitably regular F1, Fs : H — H and U, U € H. Below we often consider U = U — gy W which satisfies
the shifted equation (cf. (2.14))

8,0 = F(U) = F(U +0gW), U(0) = Up. (6.4)

Note that, in contrast to U, U is C1'® in time for any o < 1/2.
We next prove two auxiliary lemmata which encapsulates the process of obtaining [E, F] type brackets
from time differentiation.

Lemma 6.1. Suppose E : H — H is Fréchet differentiable, ¢ € H, U solves (2.14), and U is defined by
(6.4). Then for any p > 1 and any n > 0, we have that

_ _ 1/2
E sup |0/(Kyre, EONI < Clloll” exo@lTol) (B sup [[E@), FO)I*) ", (6.5)
te[T/2,T] te[T/2,T)
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where C = C(n,p,T). Moreover, for any « € (0,1],
E (||0:(Ks,rd, E(U)) || )
) _ 2 1/2 _ 2 1/2
< Cllol” expl|Uol®) - | (B sup [[BO),FW)]IF) " + (BIEO)FOlIE,) |, (66)

te[T/2,T)
with C = C(n,p,T).
Proof. Since Ky ¢ solves (3.12) and U satisfies (6.4) we have
3t<’Ct,T¢7E(U)> (Ko, E(U)) + (Kir¢, VEU) - 0,U)

(
—(Ke2d, VE(U)E(U)) + (Ki26, VE(U)F(U))
—<1Ct,T¢7[ (U), E(U))). (6.7)

Now, (6.5) immediately follows from Hoélder inequality and (A.14). To prove (6.6), we use that for any
€ (0,1), s,s" € R, and any suitably regular A, B one has

A(t), B(t)) — (A(s), B(s A(t) — A(s), B(t)) + (A(s), B(t) — B(s
(A, B = sup ’< (t), B(t)) <a() ()>‘: sup '( (t) — A(s), B(t)) <a() (t) ()>‘
t#£s |S - t| t#s lS - t|
s,te[T/2,T) s,t€[T/2,T)

<Al - lIBllcens + [ Allga -+ (6.8)

Combining (6.8) with (6.7) and using Holder’s inequality,
e o) 1/2 _ 1/2
E(|0: Koz, BON2.) < C(E( sup [Kerdl?)) " (E(IED), FO)]|%.4))
te[T/2,T)
1/2 _ 1/2
C(B(IKrol ) (E( s [IED), FO)%))
te[T/2,T)

and (6.6) follows from (A.14) and (A.16). O

Lemma 6.2. FizT > 0, a € (0,1] and an index set T. Consider a collection of random functions g4 taking
values in CY*([T/2,T)) and indexed by ¢ € L. Define, for each ¢ > 0,

= U Aeo‘7 where  A?,, = sup |gg(t)| < e and sup |gi(t)] > €TFE b (6.9)
bl ’ te[T/2,T) te[T/2,T)

Then, there is € = eo(a, T) such that for each € € (0, €p)

2/«
P(Aca) < CeE (Z%I}) ||g¢||c/1»ﬂ([T/2,T])> . (6.10)
Proof. As observed in [HM11, Lemma 6.14] we have the elementary bound

1l < 4| £l max{ I O e } (6.11)

which is valid for any f € C1*([T/2,T]). Fix any ¢ € Z. On the set A?
(6.11) in the first term, then

2 ar 1f gy attains the maximum in

o ) 2 8
5D < Yghlle < Ugollie s < s



34 J. Féldes, N. Glatt-Holtz, G. Richards, E. Thomann

Clearly this cannot happen if ¢ < eg(a, T) (:= (T/8)?(1+2)/(2+a))  Thus for any € < €y, on A?, one has

e
T < 46/ () || g |WAFD) e | ghl[He > 47 e0H el = C(a)e !
Since this lower bound is independent of ¢ € Z we infer
Ao C {sup gl = C(a)el} -
PeET
With this observation and the Markov inequality we infer (6.10), completing the proof. O

Remark 6.3. Observe that

AC, = m {t sup |gg(t)| > € or sup |g<’i,(t)\ < €7ta) }
€

bel (T/2,T] te[T/2,T]
Thus, on A,
sup |gs(t) <€ = sup |gh(t)] < eTD (6.12)
te[T/2,T) te[T/2,T)

for every ¢ € T.

Finally, we recall in our notations, a crucial quantitative bound on Wiener polynomials established in
[HM11]. In particular this restatement avoids the language of ‘almost implication’ introduced in [HMI11,
Haill].

Given any multi-index o := (a7, ...,aq) € N recall the standard notation W& := W ... W3,

Theorem 6.4 (Hairer-Mattingly, [HM11]). Fiz M, T > 0. Consider the collection Brr of M degree of
‘Wiener polynomials’ of the form

F=Ag+ Z AW,
o] <M

where for each multi-index o, with || < M, A, : Q x [0,T] = R is an arbitrary stochastic process. Then,
for all e € (0,1) and 3 > 0, there exists a measurable set Q¢ rr3 with

P(Q¢ v 5) < Ce,
such that on Q¢ ar.3 and for every F € Py

either  sup sup |A.(t)] < P

la|<M t€[0,T]
sup |F(t)| < 66 = ¢ |Ag(t)—Aq(s)] — B3~ (M+1)
te[0,T) or sup sup Tt > € .
|a| <M s#t€[0,T]

6.2 Implications Starting from Small Eigenvalues

We now start proving the implications depicted in Figure 6.1. Note that throughout what follows we fix a
small constant €y = ¢o(T") which gives the range of € values for which Lemmas 6.5-6.9 hold. The first lemma
explains how a lower bounds bound on the eigenvalues of My r initiates the iteration.
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Lemma 6.5. For every 0 < e < eo(T) and every n > 0 there exist a set Qe pq and C = C(n,T) with
P(Q ) < Cexp(nl|Us|?)e

such that on the set Q¢ ap

Moo, ¢) <elol> = sup |[(Kird,oh)| < /|9,

te[T/2,T)

for each k € Z,1 € {0,1}, and every ¢ € H. We recall that Z C Zﬁ_ is the set of directly forced modes as in
(2.13) and the elements ot are given by (2.6).

Proof. For any ¢ € H with ||¢|| = 1, define

t T
go(t) == > (a})? / (Oh Krrg)?dr < > (af)? / (0h, Krrd)2dr = (Moo, ),
kezZ 0 kez 0
1€{0,1} 1€{0,1}

see (6.3). Note that

gyt = D (@) o Kured)?,  git) =2 > (a})*(oh, Kiro) ok, K1),
kEZ kEZ
1€{0,1} le{o,1}
Let Q¢ aq = A¢ 1, where A, is as in (6.9) with 7 := {¢ € H : ||¢|| = 1}. Then by Lemma 6.2 with a = 1,
(A.14), and (A.16) one has

2
P o) <Ce > (ap)'E| sup (o}, Kirod) ok, 0:Kerd)|” | < Cexp(n|Usl?)e
ez te[T/2,T)
1€{0,1} llpll=1

for any € < g = €o(T"), where C' = C(n,T). Finally, on Q¢ r we have, cf. (6.12), that

(Morg,¢) <ello> = sup |ag|[(Kiro, o) < €/2[|¢]],
te[T/2,T)

for each k € 2,1 € {0,1} and any ¢ € H. Since o', # 0, the assertion of the lemma follows for € < ¢o(7). O
We next turn to implications of the form o — [F, o] =Y; see Figure 6.1.

Lemma 6.6. Fiz any j € Z3. For each 0 < € < €o(T) and n > 0 there ezist a set Qe jy and C = C(n,T)
with

P(Q¢ ;) < C|j1* exp(l|Uol|*)e,
such that on the set Q. ;y, for each m € {0,1}, it holds that

sup  [(Kerg, o) <ellgll = sup  [(Kixo, Y (U))] < /4]0 (6.13)
te[T/2,T) te[T/2,T)

Proof. By expanding U = U + oW, and using (5.5), we observe that

Y(U) = YD), (6.14)

J

Then for fixed m € {0,1} and any ¢ € T := {¢ € H : ||¢|| = 1} define ¢,4(t) := (K; r¢,0’") and observe by
(6.7) and (6.14) that gj(t) = (K¢, 79, [F(U),07]) = (Ki,rg, Y]H(U)) = (Kerd, Y (U)). Let Qe jy = Ag;
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with Ac; as in (6.9). Once again, with (6.12), we see that (6.13) holds on € ;y. On the other hand, by
(6.10), (6.5), (6.14), (5.9), and (A.5), we have

P(Q;y) < CcE <sup sup |at<ict,T¢,1gm<U>>|2>sceexp(;’|Uo||2)E sup
te[T/2

1z @)I*
PEL te[T/2,T] T)

s

< Celjf* exp (2 1Uo?) E <1+ sup ||U||§Iz) < Cdlj[*exp (nl|ol?)
te[T/2,T)

for any € < €*(T"), where C = C(n,T). For the third inequality above we have also used the estimate

sup || Z7(U)||we < Clj|**e (1 + sup |U||§15+z> ; (6.15)
te[T/2,T) te[T/2,T)
which follows from (5.10) by counting derivatives and applying the Holder and Poincaré inequalities. O

Remark 6.7. The constants in the exponents of |j| and € in the forthcoming Lemmas 6.8, 6.9 rapidly
become; however, there is nothing special about these numbers. We simply need to track that in the bounds
|7] and € grow like |j|™ and €* respectively for some k, T > 0.

We next establish implications corresponding the chain of brackets Y — Z — [Z, 0]. We refer again to
the Figure 6.1.

Lemma 6.8. Fiz j € Z2. For each 0 < € < eo(T), and 1 > 0 there exist a set Q. j , and C = C(n,T) with
P(Q¢ j.0) < Cl5**® exp(n]|Uo]*)e, (6.16)

€,7,0

such that on the set Qe ; », for each m € {0, 1}, it holds that

sup  [(Kero, Z(0))| < /30 9],

te[T/2,T]
su K L YMU))| < e = m l 1/60
ep |Kerd, ¥ (O] < el sup. supie(rz.1) K11, 127 (0), of])| < €/)lg].
le{0,1}

Proof. In the course of the proof we suppress, for the sake of brevity, the subscript o in the definition of
various sets leading to ) j ,. For fixed m € {0,1} and ¢ € H let gy(t) := Ky, 1, Y (U)) = (Ki 70, Y™ (U))
(cf. (6.14)) so that gj(t) = (Ki.16, [Y;"(U), F(U)]) = —(K¢.r¢, Z]*(U)) (see (6.7), (5.9)). Let Q} ; = AS g
where A¢ , is as in (6.9) over with T := {¢ € H : ||¢|| = 1}. Then, on Q! ; one has, in view of (6.12),

€,

sup  [(Kerg, Y (U) <ellgll = sup  [(Kiog, Z7H(U)] < /o] - (6.17)
te[T/2,T) te[T/2,T)

By Lemma 6.2 with & = 1/4 and (6.6), (A.5), (A.6) we have
P((2!,)) < CeE (sup ||g’|801/4>
®ET

n 1/2 1/2
< Ceexp(GIIM) (B sup 127" O)IF:) "+ (BIZ"@)Inn) ]

-148 n 2 32 ) /2
< Ceji® exp(GUl) | (B(L+ _sup [U]))

1/2
+(1E(||U|\1061/4H2(1+ sup ||U||}§‘2))> }
te[T/2,T)
< Cel[*® exp(nl|Uo|l?) (6.18)
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where C' = C(n,T) and we used the bilinearity of Z with estimates like those leading to (6.15). Next, by
expanding U = U + oW we find

Z7U) = Z"0) = Y ail[Z]U), o Wk (6.19)

J
keZ
1e{0,1}

In view of (5.11), all of the second order terms in (6.19) of the form [[Z(U),at],ob, W W, are zero and
1271(U), 0} = [2]"(U), 0},]-
To estimate each of the terms in (6.19), we introduce for s € {0,1}, ¢ € H

Os |ak,l‘ || <’Ct,T¢), [Z;n(U), chb‘

)

No(o) = max  {[[(Kuro, 2 (0))]

 kez,le(0,1}

By Theorem 6.4, there exists a set Q! such that P((2#)¢) < Ce, and on QF

ther  No(¢) < /30
. m < (1/10 eit o(@) < ; .
e AT AN ) (6:20)

Recalling that Z = {¢ € H : ||¢|| = 1}, let

02, = [ {MNo(@) < €/} N QF .

PET

By (6.17) on the set Q j , := Q! ;NQZ ; we obtain the desired conclusion for each e < (T'). Thus it remains
to estimate the size of Q¢ ; .. By (6.20), (6.18), and the Markov inequality we have

PO ,0) < P((Q,)) +P((,)) + P (S“pN1(¢) > 6‘1/90>
PpeT

< Ol5])* exp(n||Uo||?)e + CeE (sup(Nl(rj)))gO) . (6.21)
e
However, by (6.5) and (A.5) along with further estimates along the lines leading to (6.15) we have

1/2
m (77 90 M (TT
E (K006, 25 OD e 22210 < C exp(/2Uoll?) (E sup [|[2] <U>,F<U>1||18°>
tE[T/Q,T}
< Cexp(n/2]|Uo||?)15]°0%C (B(1 + |U[21150)) /2
< Cexp(n]|Us||2)[50%, (6.22)

where C'= C(n, T). Finally, due to (5.11) and similar applications of (6.5) and (A.5) the estimate

E|[(Kro, [Z(U), < Cexp(n||Us|?)]4]7°2 (6.23)

1101190
Do iry2.mimy
follows. By combining (6.21)-(6.23) we obtain (6.16), and the proof is complete. O

The final lemma of this section corresponds to brackets of the form Y — Z — [Z,Y]. For fixed j € Z2,
define Z; as the union of j with the set of points in Zi adjacent to j, that is,

Z;:={k €Z% : k= j+m for some m € {0} U Z}.
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Lemma 6.9. Fiz j € Z%. For each 0 < € < &(T)|j| ™2 and n > 0 there exists C = C(n,T) and a measurable
set Qe j.o with

P((e,5,0)°) < CljI"*H exp(nl| Uo[*)e, (6.24)

such that on the set Q¢ ; g it holds that, for every ¢ € H,

sup  [(Ke, 10, V™ (U))] < €9l (6.25)
i€z, te[T/2,T)

me{0,1}
= > s [(Kuro, [Z7M(U), Y(U)])] < /%9
hez  telT/2.T]
m,le{0,1}
Proof. By (5.19) it suffices to find Qc ;o satisfying (6.24) such that, on Q. ; o, assuming (6.25), it follows
that

sup  |(Ko.r¢, [[Z7(U), 0}], F(U)])| < €2, (6.26)
kez EIT/2,T]
m,l€{0,1}

sup (K79, [[Z](U), F(U)], 03 ])| < /15, (6.27)
kez tEIT/2,T]
m,l€{0,1}

To obtain (6.26), we have by (5.12) and the definition of Y;"(U), that if (6.25) holds (note j & k € Z; for
k € Z), then
(Koo, [12](0), o), FOD| = 19 - B)[(Ker¢, [alg, k)oyi T + (=1)F 10, K)o FU)])
< CliI((Kerd, YTE U]+ (Ko re, Y2EHHU)))
< Cljlellol (6.28)
and (6.26) follows for any e < (C|j]) =2
It remains to prove that (6.25) implies (6.27) on an appropriate set. By Lemma 6.8, there exists a set
Q! ; satisfying (6.16) such that on Q! ;, for each m € {0,1}, and each ¢ € T ={¢p € H : ||¢]| = 1}

€,

sup  [(Kyrg, Y"(U) <e = sup  [(Kiro, Z]"(0))] < €/, (6.29)
te[T/2,T] te[T/2,T]

For fixed m € {0,1}, and each ¢ € Z, let gy(t) := (Ky 726, Z]*(U)) so that 9,(t) = (Kt 70, [Z(U), F(U)))
(see (6.7)). Let Q2 ; := A%, 4, 14> Where Ac,o is defined in (6.9). Thus on Q2 ; := Q! ;NOZ ; we have (invoking
(6.29)) for each m 6 {0,1}, and p € T

sup  |[(Kerd, Y™ (U) <e = sup [(Kuro, [Z7(U), FU)])| < /3. (6.30)
te[T/2,T] te[T/2,T)

Similarly as in the proof of Lemma 6.8,

P((2%;)°) < CeE (sup 19" N7 72,27y ) < Celj[20%6 exp(n]|Us %) ,

where the last inequality is analogous to estimates in (6.22). Next, we establish (6.30) with ZJ"(U) replaced
by Z7*(U), for which we use the expansion (6.19). Specifically, as in (6.28)

sup (K29, [[Z7(0), o3], FUDIWH (@)] < Cljlellgll  sup  [WH(1)]. (6.31)
te[T/2,T) te[T/2,T)
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Since E||W*!|| e < 0o, Markov inequality yields P(( 1)) < Cel/?, with Q1 = {supseiryo, 1) [WhL(t)] <
¢~ '/2}. By combining (6.19), (6.30), and (6.31) on Q2 ; := Q2 , N Q! for any € < ¢o(T)|j|~2 it holds that

sup  [(Ky, 70, Y™ (U))| < €

ez, tell/2,T]
me{0,1}
= Y s [(Kure. [Z7(U). FU)))] < /5.
me{o,1} t€[T/2.T]

Similarly as in Lemma 6.9, we expand [Z]"(U), F'(U)] with respect to U = U+oW and again we use Theorem
7.1 of [HM11] to establish

sup  |(Kero, [Z](U), FU)))| < /90 ¢
te[T/2,T)

= sup sup  |(Ke.ro, [[Z]*(U), F(O)), o3])] < €/ |
1€{0,1},keZ te[T/2,T)

on a set QY satisfying
P((929)%) < CJ5[M**% exp(n]|Uo||*)e. (6.32)

The proof is finished if we set Q. j o := Q2 ;N QP ;, and note by a (5.3) and (5.12) that

€37

[Z7(0), F(O)), 0] = [1Z]"(U), F(U)], o})-

6.3 Spanning Sets for " from Brackets and Associated Tails

With all elements in Figure 6.1 now established, we explain how the lemmata are pieced together to conclude
the proof of Proposition 4.4. To simplify the forthcoming calculations we denote by x the power of €, and 7
the power of |j|, appearing in the statement of Lemma 6.9, that is, K = 1/3600 and 7 = 14 x 5400. Then
assertions of Lemmata 6.5 — 6.9 are of the form: for each ¢ € H with ||¢|| < 1 and for any sufficiently small
€ one has

Aj(p)<e = Bj(¢) <¢”

on a set Q. with P(Q2¢) < Celj|" exp(n||Usl|?), where C = C(T) and A;, B; are appropriate functionals.
Denote

IN = {.] GZ?&- : |.71|+|J2‘ SN+1}\{(07N+1)7(0’N)7(N+170)’(N’0)}

see Figure 6.2. Note that the choice to ‘delete’ the corners of the triangular set Zp is to assure that points
in Zy \ Zy—1 can be reached from points in Zy_; using only moves depicted in Figure 5.2.

Lemma 6.10. Let k be as above, and for every N > 0 denote

PN = l€2N+2

Then there exists

2/(kpNn-1)
co = €o(N,T) := C(T) min {1, (2%) } ,
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Figure 6.2: An illustration of the sets Inx and the associated induction procedure in Lemma (6.10).

such that for each € € (0,¢€), there is a set Qe n and C' = C(T) with
P2 ) < ONT2 exp(1||Uo|[*)e”™
such that on Q¢ N for any ¢ € H, j € In, m € {0,1}, one has

(Moo, ¢) < e|o|?

= sup  [(Ke7¢,07")| < V¥l and  sup  [(Kirg, Y]"(U))| < V7|9l (6.33)
te[T/2,T) te[T/2,T)

Remark 6.11. Lemma .10 establishes the smallness of [(Kyr$,07")| for all j € Iy. The smallness of
|(Kt, ¢, 3")| requires more work and it is discussed below in Lemma 0.12.

Proof. We first remark that the function n (;;‘%)2/ (KPn—1) decreases, and therefore ¢y < (;L%)Q/ ("Pa-1) oo
eachn < N.

We proceed by induction in N > 1. For the first step, N = 1, we show that the result holds on the
set 7y = {(1,1),(-=1,1)}. To this end we first establish (6.33) for j € Z = {(0,1),(1,0)}, which are the
directly forced modes in (2.14). Indeed, Lemma 6.5 and Lemma 6.6 imply that (6.33) holds for each j € Z,
m € {0, 1}, with px replaced by &, on the set

QL = Qe N Qe (0,1),y N Qs (1,0),v

with P((2,,)°) < C exp(n]|Uo|*)e".
We now establish (6.33) for j € Z;. By (6.33) with j' € Z, and Lemma 6.8, one has

(Moro,d) <elel> = sup  sup [(Kero, [Z7(U), ok))] < €Il
m,l€{0,1} te[T/2,T)
i keZ

on a set
Q1= Q1 Nz 01).0 N Qe (1.0).0
with
P((022,)°) < Cexp(n|[Uo]|?)e™”.
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Using Proposition 5.2 with j* = (0,1), £ = (1,0), and all combinations of m,l € {0,1}, we obtain (since
(j’l k), a(4,k),b(j', k) # 0) that on the set ijl, for each j € 73, m € {0,1},

]. 3 1,3 4
(Moo, ¢) <elo]* = sup |(Kird,of")| < %6” oIl < ez [loll <€ llof-

te[T/2,T)

Notice we have used the inequality ¢ < (2¢)?/ " The first part of (6.33) follows with p; = 3. The second
part of (6.33) with p; = k* follows from the first part and Lemma 6.6 on

02
Qe = Qe,l N Qew‘*,(—m),y n Qe~4,(1,1),ya

so that P(Q¢ ;) < C exp(n||Up||?)e". This completes the proof of the base case N = 1.
Next we establish the inductive step. That is, assuming (6.33) holds for each j € Zy_; (with N —1 > 1)
on a set Q¢ y_1, we will show that (6.33) holds true for j € Zy on a set Q. y. We introduce the set

By-1:={i"=(j1.J5) € In—1: || + j2|' = N},

which is the ‘boundary of Zy_; excluding the = and y axes’ as illustrated by the broken line segments in
Figure 6.2. Denote

Qi,N = Q€7N_1 n ﬂ 96131\171’7707

J'EBN-1
then the inductive hypothesis and Lemma 6.8 imply
P((2n)°) < Cexp(n]|Un[|*)((N = 1)72eP¥=1 + [By_1[NTeP¥=1) < ONTF exp(n|Uo||*)eP¥ 1. (6.34)

Then on the set Q! y we have

(Moo, 0) <ellol* = sup sup (Ko, [Z]7(U), o ])] < ¥ =15|g). (6.35)
I,me{0,1} te[T/2,T)
jIEBNfl,kEZ

To complete the inductive step it is enough to establish (6.33) for any fixed j € Zy \Zy-1 and m € {0, 1}.
We observe that for each j € T \ Zn_1, there exists j° € By_1 such that k:=j — j' € ZU (—Z). In other
words, any point in Zy \ Zy—1 can be reached from By _; via ‘allowable directions’ as shown in Figure 5.2.
Since k is parallel to one of the axes and j’ is not, we have k* - j/ # 0 and a(j’, k) # 0, b(j’, k) # 0, where
a, b are defined by (5.13). Using (6.35) and Proposition 5.2, we infer that on the set Q! y, for each fixed

J€InN\In-1, m € {0,1} (for our choice of € < (21%2)2/('“)1\”1))

2

2N
(Moo, ¢) <elo|*> = sup [(Kird,of")| < e 1 e S ] (6.36)

te[T/2,T)

where we used that |(k L j')| > 1, |a(k,j")| > N2, and |b(k,j")| > N=2. 2
To complete the induction it remains to establish the second part of (6.33). Define

1
QC,N = Qe,N ﬂ ﬂ erNfln/Z,j’,Y .

Jj'€EBN_1

26 To see the estimate for b (estimates for a are analogous) we observe that

Ji 1 y |71 1 1
—r 2 1= —, ‘b((071)7.7 )|: y - > Z 255 s
) lj1] (Gf+743) ~ 1+ (N-1)2 7 N2

and the desired bound follows when |j1| > 2. If |j1| = 1, then b((1,0), (£1,N —1)) =1 —

b((1,0),5")] =1—

1 1
TTN-D? 2 3
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We then obtain (analogously to (6.34)) that
P(Q¢ ) < Cexp(n]|Uo||?)(NTH2ePv =1 4 NTHPN=17/2) < CNTH2 exp(n]|Up||*)e?™ .
On Q. n, (6.36) and Lemma 6.6 yield that (6.33) holds with the desired py. O

Lemma 6.12. Fiz N > 2 and let py and €g be as in Lemma 06.10. There is

1 = eo(N,T) := C(T) min {1, ( ¢1) >2/(p2m} .

1+ N4
Then for every € € (0,e1) and n > 0 there exists a set Q7 y with
B((27 )°) < ON" exp(y]| Uo)e*
where C' = C(n,T), such that on the set QU y for all € H, j with |j| < N, and m € {0,1}, one has

(¢, 07 < e¥]lg]l, (6.37)

Moo, ¢) < €]
Morgp=clel = {|<¢,¢?+J;YM<U<T>>>|gewﬂwn- (6.38)

For the definition of JJ\,, see (5.25) and (5.23).

Proof. Below, without further notice, we use that €y(2N,T) > € (N, T) for appropriate C(T), where ¢ is as
in Lemma 6.10. Observe that |j| < N implies j € Zon, because

) ) 1. )
N?> G+ 45 > S (1] + d2])? -
Then by Lemma 6.10, for each j such that |j| < N, on the set Q¢ on, (6.33) with ¢ = T implies

(¢, 07")] < N9 (6.39)

and (6.37) follows.
To establish (6.38) we first fix |j| < N with j; # 0 and m € {0,1}. Then, by Lemma 6.10, (5.24), and
(5.25), on the set Q¢ 2,

P2l = (6, Y THU(T)) = glinll{@, ¥ + T (U(T)) + Py Jjm (U(T)))]
> gli (o, 5" + I (U(T))] = glial| (@, P Jjm (U(T))]- (6.40)

Next, fix |j| < N with j; =0 and set j' := €1 + j. It is easy to check that j', j' + €, j' &+ € belong to Zon
whenever N > 2, so that, by the second part of (6.33), (6.25) is satisfied (with j replaced by j’) on the set
Qc2n. Then by Lemma 6.9 (the smallness conditions on € required by Lemma 6.9 are satisfied if € < ¢; for
appropriate C(T)),
sup (Ko, 79, [Z77(U), i (U)])] < eP2v g, (6.41)
keZ te[T/2,T)
m,le{0,1}

on the set

sl _
Qon=Qonn ] Qv jro
15|<Nj1=1

with P((Q:}V)C) < C(2N)™+3eP2n exp(n||Upl|?). Then by (5.24) and (6.41) (with ¢t = T)), on Q*le one has

€

21513
20 ol 2 {00 (16, + I5, DN = (6, Py im WD) (6.42)
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Combining both cases, (6.40) and (6.42), one has for any |j| < N, on the set Q:}V, that

{6, 0" + TP (U(T))] < C(2¥|6]| + [, P T (U(T)))]) - (6.43)

Since by Lemma 5.5 the first component of J; ,, (U(T)) vanishes, there exists (ﬂ]lc)\klgN,le{ml} such that

PnJjm(U(T)) = Z Brot -
[k|<N
le{o,1}

Consequently, by (6.39) and Lemma 5.5, on the set Qe an,

(¢, Py T U(TI)) =1 D ﬁi<¢,02>|§0|:&%|<¢»02>\ > 16k

k|<N < k|<N
llebl} le{0,1} l‘e‘{ﬁ,l}
< ON|[Jjm(UT)|€V |p]| < CN A+ |U(T) | gr2)e”N ||| - (6.44)

If we set Q¢ n := {1+ ||U(T)| g2 < e P25/}, then (A.5) and the Markov inequality imply
P(Q ) < CeP /2 exp(n]|Uo|I*)
where C' = C(T'). Combining (6.43) and (6.44), on Qf y = Qen N Q:}V, it holds that

(&, 0} + TN (U(T)))| < Cllll(72V7 4+ N*e>n/2) < C|lp]|(1 4 N?)er2nr < e /2||g)]
provided € < ¢;. Finally, notice that

P((2F x)°) < P(Q¢ ) + B(Q ) < CNTH exp(|Ug||?) e

Proof of Proposition j.4. By Lemma 6.12 on a set {)_ 5 one has

S W bU@NPE S Y (6.0 + (6w + IR (UT))? < N2eanr|g]|? < eran/2| )2,
bU)EB x5 (U) \j\{gﬁ}
me{0,1

whenever € € (0, €2). O

7 Mixing and Other Convergence Properties

In this final section we show how the abstract results developed in [HM08, KW12] (and cf. [Shi06, HMS11,

KS12]) can be applied in our setting to establish mixing and pathwise attraction properties for the unique

invariant measure associated to (2.1)—(2.2) and to thus complete the proof of the main result Theorem 2.3.
We begin by introducing some notations. For any r € (0, 1] and any ¢ > 0 define

1
pr(Ur,Uz) :=  inf / exp(sr[v(0)|1*) 17/ (o) | de. (7.1)
~yeC([0,1],H), 0

Y(0)=U1,7(1)=U2

The fixed value of ¢ is determined in the course of the proof of Theorem 2.3, (i). As shown in [HMO08], p, is
metric on H for any r > 0 and for any Uy, Us € H one has

UL = Ua| < pr(Us, Uz) < exp(er max{||Us], [|U2[[})([Ur — Uz]). (7.2)
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For brevity of notation we set p := p; and for any ® : H — R define

|®(U1) — @(Us)|
®lpip == sup ——F——~—+
H ”LP U1751:[)J2 p(UlﬁUQ)

On the other hand, for any pq, uo € Pr(H), the set of Borealian probability measures on H, denote
Clur,p2) ={T e Pr(HxH):T(Ax H) =pu1(A),T(H x A) = p2(A), for any A € B(H)}, (7.3)

where B(H) is a collection of all Borel subsets of H. Elements I' € C(u1, p2) are typically referred to as a
coupling of p1, pe. The distance p defined by (7.1) can be used to induce a Wasserstein-Kantorovich distance
(see e.g. [GS02, HMO8, KS12] for further details) on the set

Pri(H) := {,u € Pr(H): / p(0,u)dp(u) < oo}.
H
This distance is defined by two equivalent formulas

p(pa, p2) == sup
I®]lLip<1

[ ewmo) - | ‘I’(U)duz(U)‘z O W ReAT RIS
H H H

reC(us,p2)

While the metric defined in (7.4) is a useful for proving contraction properties of { P} };>0, it is less transparent
for applications involving observables on H. As such we consider the class of observables O, defined in (2.18).
By [HMO8, Proposition 4.1], ||®| rip < C||®||¢, and therefore ||®| 1, < oo for @ € O..

Next, we recall in our setting abstract results from [HMO08, Theorem 3.4, Theorem 4.5] and from [KW12]
(and cf. [Shi06, KS12]).

Theorem 7.1 (Hairer-Mattingly, [HMO08]). Suppose U = U(t,Uy) is a stochastic (semi)flow on a Hilbert
space H with a C' dependence on Uy € H. Define the Markov semigroups {P;}t>0, {P; }+>0 associated to
U(t,Uy) as in (2.20), (2.21) and assume that there exists ¢ > 0 such that

(a) there exists C > 0 and a decreasing function & : [0,1] — [0, 1] with £(1) < 1 such that*”
E (exp(r<[|U(t, Uo)|I*) (1 + [V, Ut U)l)) < Cexp(reé(®)[|Uo]]?)
for every Uy € H, r € [1/4,3] and t € [0,1].
(b) a gradient estimate on the Markov semigroup, (2.29), holds for n = ¢/2.
(c) given any 1> 0, r € (0,1), and € > 0, there exists T* = T*(,7,€,5) such that for any T > T,

in sup r{(U",U")e HxH:p (U, U")<¢} >0. (7.5)
1U11LI1U211<3 rec(Psoy, . Piou,)

Here, 8y is the Dirac measure concentrated at U and C(dy,,0u,) is defined in (7.3).
Then there exist positive constants C,~vy > 0 such that

p(P/ 1, Pl o) < Cexp(—vt)p(p, p2), (7.6)

for every pi,u2 € Pri(H) and every t > 0. Moreover, there exists a unique invariant measure . (that is
Pf i = py for every t > 0) and

H

’M’(U(t, Us)) —/ q’(U)du*(U)‘ < Cexp(—t +<[|Uol*)[|® — [ Pdpinly (7.7)

which holds for every Uy € H and every ® € O¢ (cf. (2.18)).

27The statement of this result in [HMO08] is slightly more general and involves the use of Lyapunov functions V. Here we
simply set V(x) = exp(s|z|?).
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Theorem 7.2 (Komorowski-Walczuk [KW12]). Let {P,};>0 be a Feller Markov semigroup on a metric space
(H, p) with the continuity property: lim;o P,®(Uy) = ®(Uy) for all ® € Cy(H), Uy € H. Let P;(Up, A)
be the associated transition functions (cf. (2.19)). Suppose that for some C,~ > 0 the contraction property
(7.6) holds for every py, pe € Pri(H). Assume moreover that, for every R > 0%°

sup sup / [0(0, T)* Py (U, dU) < oo, (7.8)
t>0 UpcBr JH

where Br := {Uy € H : p(0,Uy) < R}. Then, there exists a unique invariant probability measure p, €
Pri(H) such that, for any ® € C*(H) and any Uy € H

1 /7T
T/ O(U(t,Up)) —>/ U)dp.(U)  in probability.
0

2
Moreover, the limit 0% = limp_, 7E (fOT (@U(t,Uo))dt — [;; ®(U)dp.(U)) dt) exists and

jlgxlmp<f/ ( U(t,Up)) — /H@(U)du*(U)>dt<£>—Xa(£),
2

where X, is the distribution function of a normal random variable with mean zero and variance o~.

Using Theorem 7.1,7.2 we now establish the attraction properties (i)—(iii) to complete the proof of The-
orem 2.3.

Proof of Theorem 2.3. We begin by establishing the conditions for (a)—(c) of Theorem 7.1. To prove (a),
note that for any ¢,r > 0, (A.12) with = r¢%e~"*/* implies we have for any ¢ € [0, 1]

K ¢ K t
190UV = Wl < Coxp (et [ UG ds) < Coxp (repet [ 1U0) By s)

where C' = C(r,¢) and £ = min{vy,v2}. As such we have established (a) with £(t) := exp(—tr/2) follows
from (A.2) and for any ¢ < n*/3. Set ¢ := 1*/6. Since Proposition 2.6 holds for any n > 0 we infer the
second condition (b) for the given .

To establish (c), (7.5), observe that, for any > 0 and € > 0 there exists T = T, (J,€) > 0 such that

inf Pr(Uy,{U € H; ||U]|| < > 0, 7.9
A Pr(Uo, AU € H; U] < ¢}) (79)

for every T > T,. A detailed proof of (7.9) which applies in our setting can be found in [EM01, CGHV13],
here we just briefly sketch the essential ideas. If there is no forcing, that is, if there is no Brownian motion,
then by the dissipativity of (2.1)—(2.2), there is a T* = T*(||Up||, €) such that |[U(T,Uy)|| < €/2. However,
for any open ball B(8) := {z € R?Zl : |z| < 6} there is a non-zero probability that the Brownian motion
remains in B(d) over the whole interval [0,7]. Then by the continuous dependence of solutions with respect
to external forcing we conclude (7.9) for sufficiently small 6 > 0. More precisely we can use the change of
variable U = U — oW and standard estimates to show that ||U(T, Up)|| < e.

We now establish (7.5) from (7.9) as follows. For Uy, U, € H and T > 0 define Ty, 17, € Pr(H x H) by

fUl,UQ(Al X AQ) = PT(Ul,Al)PT(UQ,AQ) for any Al,AQ S B(H)

28The condition (7.8) given here is slightly stronger than the conditions (which appear as H2, H3) given for the results
appearing in [KW12].
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From (7.3) it follows that Ty, 1, € C(Pidy,, Pidy,), that is, Ty, v, couples Pidy, and Pidy,. As such,
using (7.2) and (7.9), we infer that, for any J,e > 0, r € (0,1), and any T > T™*(J, min{eexp(—3¢)/2,1})

it sup L{(U",U"Ye Hx H: p, (U, U") < ¢
HU1H7HU2”SJ FEC(P%5U17PFP5U2) {( ) p ( ) }

> inf r U, U") € By x By : ||U|| +|U"|| < eexp(—¢r
2 ot i< u1,us {( ) € By x By [|U'|| + [|U"]] p(—<r)}

2
> (it Pr(0 (07 € 12 U] < minfe/2- expl=30). D)D) ) >0,
1>

where By :={U € H : |U]| < 1} and (7.5) follows.

Having established the conditions (a)—(c) in Theorem 7.1 we infer (7.6) and (7.7) for (2.1)—(2.2). To prove
(2.22) it suffices to show that | [ ®du.| < C||®||c, where p. is the unique invariant measure of (2.1)—(2.2).
However,

‘/q’(U)dM*(U)‘ S/6XP(<||U||2)eXp(—<||UH2)\‘I>(U)|du*(U)
<l [ exp(elU1R)d. (V).
and therefore it suffices to show
/Hexp(§||UH2)du*(U) < C < oo, (7.10)
where ¢ = 7*/6. For any R > 0, define

exp(c[|U|*)  for [|U]| < R,
(bR(U = 2
exp(sR?) for |U|| > R,

and note that @ € Cy(H). Now using that P} u. = . and (A.2) we have for any 7> 0,3 >0

[ 2e@yin. )| < ¥

/ Prdp(U)dp (U) / Prdp(U)dp. (U)
Bi(H) B3 (H)e

<

+exp(¢R?) . (H \ Ba(H))

/ E exp(<l|U (¢, Uo) [2)dpea (Uo)
B3(H)

<C +exp(sR?)p.(H \ Ba(H))

[ exp (cemEmintns U ) . (U)
Bi(H)

<Cexp (ge*% min{ww}:ﬁ) + exp(cRY) s (H \ By(H)).

Now since T' > 0 is arbitrary we infer that for J, R > 0 that

\ / <1>R<U>du*<U>] < €+ exp(cR)jua (H \ Ba(H)).

where C is independent of J. Passing J — oo and then R — oo and using the monotone convergence theorem
we conclude (7.10) and (2.22) follows.

The remaining convergence properties (2.23), (2.24) follow once we show that the conditions for The-
orem 7.2 are met. The Feller property and stochastic continuity of P; follow immediately from the well-
posedness properties of (2.1)-(2.2) as recalled above in Proposition 2.2. It remains to verify the bound in
(7.8).
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By (7.2) and (A.2) we have for already fixed ¢ = */6 and for any Uy € H and any ¢t > 0 that

/ [p(0, U)P Py(Uy, dU) < / exp(3s||U D) |U|[* Py (Us, dU) < C / exp (7" [U]12) P.(Up, dU)
— CE(exp(i* [ U (L, Uo)||?)) < Cexp(n*|Uo]?),

where the constant C' is independent of Uy and ¢ > 0. Thus, in view of (7.2), we infer the bound (7.8) and
hence the convergences (2.23), (2.24). This completes the proof of Theorem 2.3. O

A Appendix

Section A.1l collects various moment estimates for (2.1)-(2.2). In Section A.2 we briefly review of some
aspects of the Malliavin calculus relevant to our analysis above.

A.1 Moment Estimates

In this section we provide details for the moments bound used throughout the manuscript. As above the
dependence on physical parameter in constants is suppressed in what follows, see Remark 2.1. Denote

viva

¢
42
Then, cf. (2.4),
012 = ¢llwlife + 100172 UG = CIVwlZa + V022, - (A1)

Also recall, that our domain is T? = R?/(27Z?), and therefore the Poincaré inequality takes the form
WUl < U5

Most of the forthcoming bounds have previously been obtained in the context of the stochastic Navier-
Stokes equations and some other nonlinear SPDEs with a dissipative (parabolic) structure. In order to
modify them for the Boussinesq system, we need to compensate for the ‘buoyancy’ term ¢d,6 when carrying
out energy estimates. This is accomplished by differently weighting the temperature and momentum equa-
tions.?? We illustrate this strategy in the proof of (A.2); proofs of other estimates use the same approach
in combination with a straightforward modification of existing methods for the (stochastic) Navier-Stokes
equation (see e.g. [HMO6, Debll, KS12]) and they are omitted.

In the first lemma we state a priori bounds on U. These estimates reflect parabolic type regularization
properties of (2.1)—(2.2), and are particularly useful for obtaining spectral bounds on the Malliavin matrix
carried out in Section 4—6.

Lemma A.1. Fiz any Uy € H and let U(-) = U(-,Up) be the unique solution of (2.1)—(2.2) with U(0) = Uyp.
Denote k := min{vy,v2}. There exists n* > 0 such that:

(i) For any T >0 and n € (0,n*],

T
K _x —K
Eexp <77IIU(T)II2+7746 v ||U<t>||%pdt><0exp(ne TE2) . (A2)
E v+t [ @) < o Uo||? 27 A3
exp | sup nlUI+n5 | [UOlpdt ) < Comp Tl +aloolPT) - (43)
T€|0,

for a constant C' independent of T.

29 As noted in the introduction, we are considering the so called ‘HRB approximation’ in which the Boussinesq equation
is considered with periodic boundary conditions after subtracting off the temperature differential profile, see [CRGT06]. In
our setup the temperature differential is zero, and therefore the dissipativity properties we derived here do not contradict the
situation illuminated in [CRGT06]; we can exclude the possibility of ‘grow-up’ solutions.
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(i) For any N >0 and n € (0,7*],

N
Eexp (nz IIU(k)||2> < exp (onl|Uo||* + »N) (A4)

k=0
where o, > 0 are positive constants independent of N and Uy.
(iti) For any s >0, p > 2, and n € (0,n*] there exists C = C(n,s,T,p) such that

E (;“p ]U<t>|f’s> < Cexp(n|Uo?). (A.5)

[T/2,T

(iv) For anyp>2,s>0,17>0, and T > 0 there is C = C(s,T,p,n) such that

p < 2
B (1012 e ) < COPTRIP). (A6)

Proof. For any f € H' denote
£ Darrey = CVIV AT+l V fal 72 -
From (2.1)—(2.2) we have
dl|w||22 + 2v1 || Vwl||22dt = 29(0,0, w)dt, (A7)
d||0]]3 2 + 2v2|| V0|3 2dt = ||og||*dt + 2(cg, 0)dW . (A.8)

Now we weight differently the equations (note the difference to the Navier-Stokes equation). Multiplying
(A.7) by ¢* and adding to (A.8) we obtain (recall (A.1)) for any n > 0

d(n|[U11?) = n(29¢™(0:0,w) + llool|* = 21U |5 41/2))dt + 2n(0e, O)dW . (A.9)
Since by Poincare inequality

20" 91(0:8,0)| < ¢ lwll3a + vl VOIZe < i C* I Vwlla + v VOI3e = 1T are) (A.10)
AU < 10120072

we have for Z(t) := 1| U(t) and V(t) := n||U(t)||* that V < Z and

HQD(AI/Z)

(29" (020, w) + llog||* = 2|UI 5 a1/2)) < nlloell® — k2,
4n?|(ce, 0)* < 4n*||oe||*[|60]17> < 4n*|loel*IU* < 4nlloe]|*Z -

Thus, by [HMO08, Lemma 5.1], for any 7 € (0, x/(4]|g]|?)) one has

, ke R/ T T/2 2
Eexp | n||U(D)|| +T/ Z(s)ds | < Cexp (neiﬁ / 1To]| ) .
0

Now, (A.2) follows from kZ(s) = 77||U(8)||2D(A1/2) > nel|U(s)||%:
The estimates (A.3), (A.4) follow similarly as in [HMO0G, proof of Lemma 4.10] and (A.5) follows as in

[KS12, Proposition 2.4.12]. Finally, (A.6) follows from (A.5) and the fact that HW]ﬁ,||Cl/4 has finite p-th
(T/2,7]
moment for any p > 1, see [BBAK92]. O
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Remark A.2. In the following estimates n appears only on the right hand side, and therefore they remain
valid if 1 is increased, thus we do not assume any upper bound on 7.

Next lemmata collect estimates on linearizations of (2.1)—(2.2). Recall the definitions of the operators

Jo,+ and its adjoint Ko given in (3.2) and (3.12) respectively. Moreover, for any ¢t > s > 0 let js(i) tH —

L(H,L(H)) be the second derivative of U with respect to an initial condition Uy. Observe that for fixed Uy
and any &,¢" € H the function p(t) := «75(,?5) (£,&') is the solution of
dip+Ap+VBU)p+VB(T:16)Ts il = Gp,  p(s) =0. (A.11)

Lemma A.3. For each >0 and 0 < s < t, we have the pathwise estimate

[Tl < exp (77/ U ()1 Zrds + C(t — S)) ; (A.12)

where C = C(n) is independent of s,t. Moreover, for each ™ < T, p > 1, andn > 0 there is C = C(n,T—7,p)
such that

E sup [ Toell? < Cexp (n]|Uo]?), (A.13)
s<te[r,T]
E sup ||KsllP < Cexp(nl|Us]?), (A.14)
s<te[r,T]
E sup [T < Cexp (n]|Uo]?) - (A.15)
s<te[r,T]

Proof. Proof of (A.12) follows along the same lines as [HM06, Lemma 4.10.3]. By taking expectation, (A.13)
follows from (A.12), (A.2), and (A.3). Finally, (A.14) follows from (A.13) by duality and (A.15) is similar
to [HMO6, Lemma 4.10.4]. 0

The next lemma provides us with estimates to initial time in a weak norm, which allows us to avoid some
technical arguments in Section 6.2 (cf. [HM11]).

Lemma A.4. For anyp>2,T >0, and > 0 there is C = C(p,T,n) such that

E sup 0K 1€} > < Cexp (nl|Uol?) lI€]17 - (A.16)
te[T/2,T)

Proof. Recall that p* = Ky 7€ solves (3.12) and notice that |B(U',U")|| < |U'||g1||U” || g1 for any U',U" €
H'. Since ||Ap*|| -2 < ||p*|| and

I(VB(U)) p* = (VGU)) p*llg-> < sup (((VB(U))"p", )|+ [(VG(U)) p",9)])

ol g2 <1
< WS (Ko™, BWU )| + [{p*; B(4, U))[ + [{p*, VGU))])
<llp"| sup ClU e 191z + gl /)

<Clp"l(1U][ar + 1),

then (A.16) follows from (A.14) and (A.5). O

The next lemma is a version of the Foias-Prodi estimate, [FP67], used in this work. Specifically the
estimate (A.17) is employed in the decay estimate (3.16).
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Lemma A.5. For everyp > 1, T >0, §,v > 0 there exists N, = N.(p,T,6,7), such that for any N > N,
one has (recall that Qn was defined in (2.9))

E|QnJo.r|P < vexp (8]|Uo]?) .
E||Jo.rQnl” < vexp (8|Uoll?) . (A.17)

Proof. The proof is analogous to [HM06, Lemma 4.17] and it essentially follows from the fact that A has
compact resolvent (see [HM11, proof of Theorem 8.1]). O

We next present estimates on the operators A, ; and the inverse of the regularized Malliavin matrix that
are primarily used in Section 3.4.

Lemma A.6. For 0 < s <t define As+, A%, and M4 by to (3.5), (3.11), and (3.13) respectively. Then

t 1/2
[ As tll o2 (s, 5m0), 1) < C (/ ||~7r,t||2d7") (A.18)
for a constant C independent of s,t. Moreover,
IAZ (Mot + 18) "\l o, Lo s,y < 1, (A.19)
(Moo + IB) 2 Ag il cerz(s.may.m < 1, (A.20)
[(Mo+18)" 2 e my < 872 (A.21)

Here, L(X,Y) denotes the operator norm of the linear map between the given Hilbert spaces X and Y.
Proof. The first bound (A.18) follows from the definition of A,; and Holder’s inequality. Next, since M,

is self-adjoint
[(M,e +18) 72U N5 = (M + I8)2U, (Mo + 18)/2U) = (M + IB)U,U)
= BIUIIE + (As,eAs .U U) = BIU % + I3 Ul 72 (6,000

for any U € H. Setting U = (M, +18)"'/2V (Mg, +IB)~1/? is invertible) we immediately obtain (A.19)
and (A.21). Finally, (A.20) follows from (A.19) by duality. O

For the ‘cost of control’ bounds (3.9) on v is Section 3.4 we also made use of bounds on the Malliavin
derivative of the random operators Js ¢, As ¢, and A%, for 0 < s < ¢. Observe that for 7 < (see [HM11])

JT(? (ogej, Ts &) ifs<T,

A.22
js(i)(j‘r,sgﬁejag) ifs>7. ( )

D! T 1€ = {
We refer the reader to Appendix A.2 for further details on the Malliavin derivative operator ® and the
associated spaces D'P on which it acts.

Lemma A.7. For any 0 < s < t the random operators Js i, As:, As, are differentiable in the Malliavin
sense. Moreover, for any n > 0 and p > 1 we have the bounds

E[02 70 < Coxp(ullUs?), (A.23)
EHQZ—ASJ||ZZ(L2([5¢],Rd),H) < Cexp(n||Uol|*), (A.24)
EHD'ZPA:,t||ZZ(H7L2([S¢],]R(1)) < Cexp(n||Uol|*), (A.25)

where C' = C(n, p).

Proof. The proof of (A.23)—(A.25) is based on the observation (A.22) and the bound (A.15). Further details
can be found in [HMOG6]. O
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A.2 Some Elements of the Malliavin Calculus

In this section, we recall in our context and notations some elements of the Malliavin calculus used in above.
For further general background on this vast subject see, for example, [Bel87, Mal97, Nua06, Nua09].

Fix a stochastic basis (2, F, {F; }1>0, P, W), where W = (W71,...,Wy) is a d-dimensional standard Brow-
nian motion, {F; };>o is a filtration to which this process W is adapted. In application to (2.1)-(2.2), d = 2| Z|
represents the number of independent noise processes driving the system. Fix any T € (0, 00).

We first recall the definition of the Malliavin derivative ® which is defined on a subset of LP(2) for p > 1
(see [Nua09, Nua06] or [Mal97]). We begin by explaining how this operator ® acts on ‘smooth random
variables’. For any given n > 1, consider a Schwartz function f : R™ — R, that is, f that satisfies

sup [2*DP f(2)| < oo
zER™

for any multi-indices «, 8. For such functions define F' € LP(Q2), p > 1 by

T T
sz(/ gl-dw,...,/ gn-dW> ,
0 0

where g1, , g, are deterministic elements in L2([0,T],R%). For such F the Malliavin derivative is defined

as
n 8f T T

DF = (/ gl-dVW..,/ gn-dT/V)gk. (A.26)
— axk 0 0

Notice that DF € LP(Q; L?([0,T],R%)). To extend D to a broader class of elements we adopt the norm
IF WG = ELFP + EIDFILa om0

and denote Dom(®) = D? be the closure of the above defined functions F under this norm || - ||p1.».
We can repeat the above construction for random variables taking values in a separable Hilbert space H.
In this case start by considering ‘elementary’ functions of the form

T
F = Zfl </ / g;i-dW> h:ZFh (A.27)
i€l 0 i€l

where ¢ € 7 is a finite index set, n; € N, f; : R™ — R are Schwartz functions, h; elements in H and, as
above, gi,--- , g} , i € I are deterministic elements in L?([0,7], R%). Define

= D(F)h;. (A.28)

i€L

Then ® is a closeable operator from LP(Q,H) to LP(%; L?([0, T], R?) ® H). With a slight abuse of notation
we denote

1F1p, = EIF5, + BIDFNT2 o 71 rayen (A.29)

As above, we take D'? = DMP(H) to be the closure of the functions F of the form (A.28) under the norm

Il e
For F € D'2, we adopt the notations

D = (DF)(s), s€[0,T], D'F:=(DF),j=1,...d,
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ie. (DF)7 is the jth component of DF as an element in R? (or R? ® H), for fixed w,t € Q x [0,7].
Furthermore, in view of (A.26), we have that if F' € D12 is F, measurable for some s € [0, 7], then

DF =0, foreveryt>s. (A.30)

With these basic definitions in place, we now introduce two important elements of Malliavin’s theory, the
chain rule and the integration by part formula. The Malliavin chain rule states that for any ¢ € C}(R™)
(continuously differentiable functions with bounded derivatives) and F = (Fy,--- , Fy,) with F; € D12 one
has that ¢(F) € D2 and

DG(F) = V(F) - D'F =3 0, d(F)D'F, (je{l,---,d}), (A.31)
i=1

see e.g. [Nua06, Proposition 1.2.3]. Note also that this chain rule extends to the Hilbert space setting; if
¢ € CL(H) and F € DV2(H) then ¢(F) € DY? and DI¢(F) = Vo(F) - DIF.0

Next, we introduce the Malliavin integration by part formula which can be understood in terms of the
adjoint operator to ®. For ® : DY2 C L?(Q) — L2(Q; L?[0,T],R%) define its adjoint ®* : Dom(D*) C
L2(9; 120, T),RY) — L%(Q) by

]E<©F, U>L2([O,T],Rd) = E(FQ*U) s (A32)
for any F' € DY? and any v € Dom(®D*). If F has the form (A.27) we define

E<@F, U>L2([0,T],]Rd) = Z]E<©Fz; 'U>L2([0,T],]Rd)hi = ZE(FlCD*’U)hZ =E (Z Flhzg*’l}> = E(F;D*U) s
i€l i€l i€l

and therefore, after passing to the limit, we see that (A.32) holds true for H valued elements F' € D*?(H)
and v € Dom(D*) C L?(Q; L%([0,T],R%)). Note in particular that even in this infinite dimensional setting
the duality in (A.32) remains in L2([0, 7], R9).

The map D* is called the Skorokhod integral (see [Nua06]) and is often written as

T
Dy =: / v-dW, (A.33)
0

so that (A.32) reads as
T
E<©F, 'U>L2([07TL]Rd) =E (F/ (N dW) . (A34)
0

The reason behind this notation is that if v € L?(Q; L2[0,T],R?) and is adapted to F, then v € Dom(D*)
and fOT v-dW is the classical Doeblin-Ito integral. In general, interpreting v as an H = L2([0, T]; R?) valued
random variable, we have that D%2(L2([0,T];R¢)) C Dom(D*).

In order to make quantitative estimates for (A.33) we finally recall a generalized form of the classical It
isometry. If v € DV2(L2([0, T]; R?)), then Dv € L2(Q2; L2([0, T]; RY)®L2([0, T); RY)) = L?(Q; L2([0, T)?; R4*4))
and the generalized It isometry takes the form:

T 2 T T
E (/ v - dW) = EHUHQLQ([O’TLW) + E/ / Tr(Ds0(r)D,v(s))dsdr, (A.35)
0 o Jo

see e.g. [Nua09, Chapter 1, (1.54)]. In view of (A.30), the classical Itd isometry is recovered from (A.35)
when v is Fy-adapted. More generally such observations concerning the F; measurability of v in conjunction
with (A.30), (A.35) are used in a crucial fashion to obtain the bound (3.9).

30For some of the estimates in Section 3.4 (cf. (3.9)) we used a more general form of the product rule that can be found in
e.g. [PV].
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