SPECTRAL THEORY OF DIFFERENTIAL OPERATORS AND
ENERGY LEVELS OF SUBATOMIC PARTICLES

TIAN MA AND SHOUHONG WANG

ABSTRACT. Motivated by the Bohr atomic model, in this article we establish
a mathematical theory to study energy levels, corresponding to bounds states,
for subatomic particles. We show that the energy levels of each subatomic
particle are finite and discrete, and corresponds to negative eigenvalues of the
related eigenvalue problem. Consequently there are both upper and lower
bounds of the energy levels for all sub-atomic particles. In particular, the
energy level theory implies that the frequencies of mediators such as photons
and gluons are also discrete and finite. Both the total number N of energy
levels and the average energy level gradient (for two adjacent energy levels) are
rigorously estimated in terms of some physical parameters. These estimates
show that the energy level gradient is extremely small, consistent with the fact
that it is hard to notice the discrete behavior of the frequency of subatomic
particles.
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1. INTRODUCTION

As we know, all matters in the universe are made of atoms, and atoms are made
up of sub-atomic particles. There are six classes of sub-atomic particles: charged
leptons, quarks, baryons, mesons, internal bosons, and mediators.

This article is motivated 1) by the atomic energy level theory, 2) the weakton
model of elementary particles, and 3) unified field model for interactions of Nature.

The classical atomic energy level theory demonstrates that there are finite num-
ber of energy levels for an atom given by E,, = Eg + A, n=1,--- , N, where A\,
are the negative eigenvalues of the Schrédinger operator, representing the bound
energies of the atom, holding the orbital electrons, due to the electromagnetism.

The weakton model of elementary particles and the unified field theory are de-
veloped recently by the authors [6, 7]. The field model is based on two recently
postulated principles: the principle of interaction dynamics (PID) and the principle
of representation invariance (PRI).

The main objectives of this article are 1) to introduce the energy levels for all
subatomic particles, 2) to develop a mathematical theory to study energy levels,
and 3) to derive physical implications and predictions of the theory.

Hereafter we explore the key ingredients and the main results in this article.

FIrsT, we develop a mathematical theory for estimating the number of negative
eigenvalues for a class of differential operators, and consequently the theory is
applied to study the energy levels for subatomic particles.

SECOND, the constituents of subatomic particles are spin—% fermions, which are
bound together by either weak or strong interactions. Hence the starting point of
the study is the layered weak and strong potentials derived recently by the authors
[6], which play the similar role as the Coulomb potential for the electromagnetic
force which bounds the orbital electrons moving around the nucleons.

THIRD, dynamic equations of massless particles are the Weyl equations, and the
dynamic equations for massive particles are the Dirac equations. The bound en-
ergies of all subatomic particles are the negative eigenvalues of the corresponding
Dirac and Weyl operators, and the bound states are the corresponding eigenfunc-
tions.

The Weyl equations were introduced by H. Weyl in 1929 to describe massless
spin—% free particles [11], which is now considered as the basic dynamic equations
of neutrino [3, 4, 8]; see also [2]. For a bound state of a massless particle under
either weak or strong interaction potentials, we derive then a new set of dynamic
equations (3.11) based on quantum mechanics principles, which are still called the
Weyl equations; see Section 3 for the detailed derivation.



FoOURTH, with bound state equations for both massless and massive particles,
we derive the corresponding spectral equations for the bound states. With the
mathematical theory developed in this article on the related eigenvalue problems,
we show that the energy levels of each subatomic particle are finite and discrete:

O< ki << Eny <0,

and each energy level F,, corresponds to a negative eigenvalue A, of the related
eigenvalue problem. Physically, A, represents the bound energy of the particle,
and are related to the energy level F,, with the following relation:

(1.1) E,=Ey+ X, A\ <0 for1<n<N.

Here Ej is the intrinsic potential energy of the constituents of a subatomic particle
such as the weaktons.

FIFTH, one important consequence of the above derived energy level theory is
that there are both upper and lower bounds of the energy levels for all sub-atomic
particles, and the largest and smallest energy levels are given by

(12) O<Em1'n:Eo+>\1<Emam:E0+)\N<OO.

In particular, it follows from the energy level theory that the frequencies of
mediators such as photons and gluons are also discrete and finite, and are given
by w, = En/h (n =1,--- | N). In the Planck classical quantum assumption that
the energy is discrete for a fixed frequency, and the frequency is continuous. Our
results are different in two aspects. One is that the energy levels have an upper
bound. Two is that the frequencies are also discrete and finite. Hence the derived
results in this article will have significant implications for field quantizations.

SIXTH, based on the mathematical theory developed in this article, we have
rigorously derived estimates on the total number N of energy levels for subatomic
particles, which cam be summarized as follows:

4 pRAy My g2 3/2
()\ Po mh ¢ ?{“) for charged leptons and quarks,
1 Pw C
4 QAS 2\ 3/2
N = <)\ it Tr;;c}q;) for baryons,
1 Pq c
A 2\ ?
( ﬁ—w Py %“’) for photons.
1 pw C

Here g,, and g, are the weak and strong charges, m,, is the mass of the con-
stituent weakton, my is the mass of the constituent quark, p,, and p, are the radii
of the constituent weakton and quark respectively, po, p1,p, are the radii of the
weak attraction, the strong attraction and the photon respectively, and A,,, As are
nondimensional constants.

SEVENTH, by estimating the average energy level gradient (for two adjacent
energy levels), we are able to show that

AE ~ 10758V,

which is too small to be practically measurable. This is consistent with the fact that
it is hard to notice the discrete behavior of the frequency of subatomic particles.
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EIGHTH, it is now classical that the electromagnetic, weak and strong interac-
tions are described by gauge fields. Consequently, they all enjoy a common property
that moving charges generate magnetism. Namely, in the same spirit as the electric
charge e producing magnetism, the weak and strong charges g.,, gs can also produce
similar effects, which we also call magnetism.

For a massless particle, the term

qgo - curlA

in the Weyl equations reflects the magnetic force generated by the weak or strong
interaction, where & = (01, 02, 03) is the Pauli matrix operator, and A'is the special
component of the combined weak or strong potential A, = (Ao, /Y) using PRI first
introduced in [6].

For a massive particle, magnetic effect is reflected by the term
k- curl A

in the Dirac equations, where [i* = hgd'/2m;, represents magnetic moment, gener-
ated by either weak or strong interaction.

NINTH, we are able to establish a relationship between the spectrum and the
bound state of subatomic particles in terms of related physical parameters. For
example, for an electron, the eigenvalue A\, and and the certain quantities of the
corresponding bound state ¥, enjoy the following relation:

1 2¢2 24,62
)\ezfmwvg“rﬂ_ gw’i
2 Te Pw

€

where %meQ is the kinetic energy of each constituent weakton in the electron, r

is the radius of the electron, and k. is a new parameter for the electron; see (5.10).

This article is divided into two parts, consisting of Sections 2 and 3. The first
part deals with the mathematical theory for eigenvalue problems originated from
the Dirac and Weyl equations for bound states of subatomic particles. Section 2
studies spectrum of general elliptic differential operators, and Section 3 addresses
the spectrum of the Weyl operators.

Part 2 consists of Sections 4 and 5, and studies the energy levels and spectrum of
the Dirac and Weyl equations applied to subatomic particles. Section 4 focuses on
the spectral problems, and Section 5 studies energy levels of subatomic particles.

Part 1. Mathematics
2. SPECTRUM OF ELLIPTIC OPERATORS

2.1. Physical background. Based on the Bohr atomic model, an atom consists
of a proton and its orbital electron, bounded by electromagnetic energy. Due to
the quantum effect, the orbital electron is in proper discrete energy levels:

(2.1) 0<Ey <---<Epn,
which can be expressed as
(2.2) E,=Ej+ X\, (A <0),

where A, (1 <n < N) are the negative eigenvalues of a symmetric elliptic operator.
Here Ej stands for the intrinsic energy, and A,, stands for the bound energy of the



atom, holding the orbital electrons, due to the electromagnetism. Hence there are
only N energy levels FE,, for the atom, which are certainly discrete.
To see this, let Z be the atomic number of an atom. Then the potential energy
for electrons is given by
Ze?
Vir)y=—-———.
With this potential, the wave function v of an orbital electron satisfies the Schrodinger
equation

0
(2.3) ha—qur—V ”t,ZJJr—dJ*O
Let 1 take the form
Y= 7i)\t/h (IE),

where A is the bound energy. Putting ¢ into (2.3) leads to

h? Ze?

—3 —V?p— - v= Ap.
mo

Since the orbital electrons are bound in the interior of the atom, the following
condition holds true:

=0 for |z| > 7o,
where rg is the radius of an atom. Thus, if ignoring the electromagnetic interac-
tions between orbital electrons, then the bound energy of an electron is a negative
eigenvalue of the following elliptic boundary problem

n? Ze?
(2.4) 2m0v p-— = Ap for z € By,
=0 for x € 0B,,,

where B, is a ball with the atom radius 7.

According to the spectral theory for elliptic operators, the number of negative
eigenvalues of (2.4) is finite. Hence, it is natural that the energy levels in (2.2) are
finite and discrete.

In fact, we shall demonstrate in this article that all subatomic particles possess
discrete and finite energy levels as electrons. The study is based on a unified field
model for interactions of Nature [5, 6] and an elementary particle theory, called the
weakton model in [7, 6], both developed recently by the authors. Based on these
two models, two or three of weaktons and quarks are bound together to form a
subatomic particle under the weak and strong interactions. Thus, naturally these
particles have a sequence of energy levels, which are described by the negative
eigenvalues of some linear differential operators.

2.2. Mathematical preliminaries. Consider the eigenvalue problem of linear el-
liptic operators given by

— D%+ Ap=Xp forxeQ,

2.5

(25) =0 for z € 09,

where Q C R” is a bounded domain, 1 = (Y1, ,¥m)T : @ — C™ is the unkwon
wave function,

(2.6) D=V +iB, B=(By,--,B),

and A, B (1 <k <mn) are m x m Hermitian matrix-valued functions.
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Let Ay be an eigenvalue of (2.5). The corresponding eigenspace:
Ey, = {¢ € L*(Q,C™) | ¢ satisty (2.5) with A = A}
is finite dimensional, and its dimension
o =dim E),

is called the multiplicity of Ag. Physically, o is also called degeneracy. Usually, we
count the multiplicity o of Ay as o eigenvalues:

AM==X =\
The following spectral theorem is classical.

Theorem 2.1. Assume that the functions in the matrices A and B; (1 < j < n)
are square integrable. Then the following assertions hold true:

(1) All eigenvalues of (2.5) are real with finite multiplicities, and form an infi-
nite consequence as follows:

—0 <A < A <A, < Ap — 00 as n — 00,

where A\, is counting the multiplicity.
(2) The eigenfunctions 1, corresponding to A, are orthogonal to each other:

/ Ylapde =0 Vn #1.
Q
In particular, {1y} form an orthogonal basis of L*(2,C™).
(3) There are only finite number of negative eigenvalues in {\,},
(27) —00 <A << Ay <0,

and the number N of negative eigenvalues depends on A,B; (1 < j < n)
and the domain €.

Remark 2.1. For the energy levels of particles, we are mainly interested in the
negative eigenvalues of (2.5) and the estimates for the number N in (2.7).

2.3. Conditions for existence of negative eigenvalues. The following theorem
provides a necessary and sufficient condition for the existence of negative eigenvalues
of (2.5), and a criterion to estimate the number of negative eigenvalues.

Theorem 2.2. For the eigenvalue problem (2.5), the following assertions hold true:

(1) Equations (2.5) have negative eigenvalues if and only if there is a function
¥ € HE(Q,C™), such that

(2.8) /Q (D)} (DY) + 61 Aylda <0,

where D is as in (2.6).
(2) If there are K linear independent functions 11, -+ i € HE(Q,C™), such
that

(2.9) Y satisfies (2.8)  for any b € EX =span {¢1,--- ¥k},

then the number N of negative eigenvalues is larger than K, i.e., N > K.
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Proof. Assertion (1) follows directly from the following classical formula for the
first eigenvalue A; of (2.5):

1
min o [ (D0 (D6) + ' Av] da.

2.10 A= min
(2.10) YT emi@em ([

We now prove Assertion (2) by contradiction. Assume that it is not true, then
K > N. By Theorem 2.1, the K functions 1; in (2.9) can be expended as

N [eS)
(2.11) ;= Zajiei + Zﬁjupl for 1 <j <K,
i=1 I=1

where e; (1 < i < N) and ¢; are eigenfunctions corresponding to negative and
nonnegative eigenvalues. Since K > N, there exists a K-th order matrix P such
that

(2.12) Paz(o L 0>7

where
aQip o QIN

o= with «;; as in (2.11).
QK1 "t QKN
Thus, under the transformation P,

(2.13) zZP(lf)) eEX, = (¢1,--,9¥n)7,

where EX is as in (2.9).
However, by (2.11) and (2.12), the first term ; in (2.13) can be expressed in
the form

(2.14) 1= g € EX.
=1

Note that ¢; are the eigenfunctions corresponding to the nonnegative eigenvalues
of (2.5). Hence we have

(2.15) / (DB (DF) + 31 AD e — / JH (D + Ad )de

=3 16:°X\ > 0.
=1

Here \; > 0 are the nonnegative eigenvalues of (2.5). Hence we derive, from (2.14)
and (2.15), a contradiction with the assumption in Assertion (2). Thus, the proof
of the theorem is complete. Il

2.4. Estimates for the number of negative eigenvalues. For simplicity, it
is physically sufficient for us to consider the eigenvalue problem of the Laplace
operators, given by

V% +V(z)Yp =Xy forzeB,,
=0 for x € 0B,
where B, C R" is a ball with radius 7.

(2.16)
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In physics, V represents a potential function and takes negative value in a bound
state, ensuring by Theorem 2.2 that (2.16) possesses negative eigenvalues.
Here, for the potential function V(z), we assume that

(2.17) Vipr) = p™Volz) (o> —2),
where Vy(x) is defined in the unit ball By, and
(2.18) 0= {$ € B | V()(SL’) < 0} 7é 0.

Let 8 > 0 be defined by

1 / 9
_— V(z)| [v|°dx.
||| 2 Q| (@)l ¥l

The main result in this section is the following theorem, which provides a relation
between N, 6 and r, where N is the number of negative eigenvalues of (2.16). Let
A1 be the first eigenvalue of the equation

—Ae=Xe forzeq,
e=0 for x € 02,
where Q C By is as defined by (2.18).

Theorem 2.3. Under the assumptions of (2.17) and (2.18), the number N of the
negative eigenvalues of (2.16) satisfies the following approzimative relation

24\ ™/2
(2.21) N ~ (97" ) 7
A1

provided that 0r*t* /X1 > 1 is sufficiently large, where r and 0 are as in (2.16) and
(2.19), and Ay is the first eigenvalue of (2.20).

Remark 2.2. The estimates (2.21) is also valid for Problem (2.16) in a shell region
(2.22) B={zeR" ro <|z| <m},

if ro < r1. The spectral equations for subatomic particles are defined in such shell-
regions as (2.22).

(2.19) 9= inf
PeL?(Q,Cm)

(2.20)

To prove Theorem 2.3, we need to introduce a lemma, which is due to H. Weyl
[10]; see also [1, 9].

Lemma 2.1 (H. Weyl). Let An be the N-th eigenvalue of the m-th order elliptic
operator

(—1)™m™A™e=Xe forx e QCR",
(2.23) R
D¥e|lgn =0 for0<k<m-—1,
then A\n has the asymiptotical relation
(2.24) AN ~ A N2/
where A1 is the first eigenvalue of (2.23).
Proof of Theorem 2.3. The ball B,. can be written as

B, ={y=rz|x€ B}

Note that 9/0y = r=10/0z, (2.16) can be equivalently expressed as
—Ap+ 72V (rz)p = By forz € By,

2.25
( ) =20 for x € 0By,



and the eigenvalue A of (2.16) is
1 . .
A= T—zﬁ, where § is the eigenvalue of (2.25).

Hence the number of negative eigenvalues of (2.16) is the same as that of (2.25),
and we only need to prove (2.21) for (2.25).
By (2.17), the equation (2.25) is approximatively in the form

— Ap +r*TVy(z)p = B for x € By,

2.26
( ) p=0 for x € 0B;.

Based on Assertion (2) in Theorem 2.2, we need to find N linear independent
functions ¢,, € H}(B1) (1 < n < N) satisfying

(2.27) / [[Veo]? + r* Vo (2)9?] da < 0,
B,

for any ¢ € span {p1,- -+, n} with [|¢|[r2 = 1.
To this end, we take the eigenvalues {\,,} and eigenfunctions {e, } of (2.20) such
that

0< A < <A < An+1,

and
(228) AN < 97,2+a < >\N+1~

For the eigenfunctions e,, we make the extension

e, forx e,
" ZY0  forz e By/Q.

It is known that ¢, is weakly differentiable, and ¢, € Hg(£2). These functions
on (1 <n < N) are what we need. Let

N
¥ = Zan@nv [z = 1.
n=1

By Assertion (2) in Theorem 2.1, ¢,, (1 <n < N) are orthonormal:

/ QOZ(de’I = / eiejd;zz = 51]
Bl Q

Therefore we have

N
(2.29) el = ok =1.
n=1
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Thus the integral in (2.27) is

/B [Vl + 2+ V(x)¢?)dr

N N
= — Qape apAe x + r2te z)p’de
—/Q (;nn><z nAn>d+ /QVo()sod

n=1

N
= Z o\, + r2+a/ Vo(z)p?dx
Q

n=1
N

< Z a2\, — Or2te by (2.19)
n=1

<0 by (2.28) and (2.29).

It follows from Theorem 2.2 that there are at least N negative eigenvalues for (2.26).
When 0r2t® > 1 is sufficiently large, the relation (2.28) implies that

(2.30) Ay~ Or2te,
The result (2.21) follows from (2.24) and (2.30). The proof is complete. O

Remark 2.3. In Part 2, we shall see that for particles with mass m, the parameters
in (2.21) are
a=0, r=1, 0=4mpig*/h?p,

where g = g, or gs 1S the weak or strong interaction charge, p is the particle radius,
and py1 is the weak or strong attracting radius. Hence the number of energy levels
of massive particles is given by

_[ 4 pimeg?]??
| MAp h ke ’

where \1 is the first eigenvalue of —A in the unit ball By, and A is a constant.

3. SPECTRUM OF WEYL OPERATORS

3.1. Wave equations for massless particles. First, we recall a basic postulate
of quantum mechanics.

Basic Postulate of Quantum Mechanics. For a quantum system with observ-

able Hermit operators Ly,--- , Ly, if the physical quantities l; corresponding to
Ly (1 <k <m) satisfy a relation:
(3.1) H(ly, - ,ln) =0,

then the following equation induced from (3.1)
(3.2) H(Ly, -+ L) =0
describes the system provided the operator H(L1,- -+, Ly,) in (3.2) is Hermitian.

The classical quantum mechanical equations, such as the Schrédinger equation,
the Klein-Gordon equation and the Dirac equations, are based on this Basic pos-
tulate.
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It is known that the basic equations describing a free and massless particles are
the Weyl equations:

0 -
& = e O,

where 1 = (¢, 14?)7 is a two-component Weyl spinor, 8 = (dy, 0y, 3) is the gradi-

ent operator, & = (01,092, 03) is the Pauli matrix operator, and the Pauli matrices
ok (1 <k < 3) are given by

(01 (0 —i (1 0
91=\1 0) 27\ o) 7 \o -1)

The Weyl equations (3.3) also enjoy the Basic Postulate. In fact, the energy and
momentum operators E and P for the Weyl spinor are given by

L0 i
(3.4) E = zha, P =ih(5 - D).

(3.3)

By the de Broglie relation

E=hvw, P=h/\ c=w),
we get that
(3.5) E =cP,

and (3.3) follows from (3.4) and (3.5).
For a massless particle system in a bound state by either weak or strong inter-
action, (3.4) is replaced by

(3.6) E= ih% -V, P=ina-D),

where V' = gAj is the potential, g is the weak or strong charge,
A, = (Ag, Ay, Ay, As)

represents the combined gauge potential for either weak or strong interaction de-
rived using PRI [6], and the differential operator D = (Dy, Do, D3) is defined by
D =0; + %Aj.

By the weakton model developed in [6, 7], the mediators such as photons and
gluons consist of two massless weaktons, which are bound in a small ball B, by
the weak and strong interactions. Hence the Weyl spinor 1 of each weakton is
restricted in a small ball, i.e.

Yv=0 Ve & B,.
which implies the boundary condition
(3.7 ¥lap, = 0.

However, in mathematics the boundary problem for the Weyl equations gener-
ated by (3.5) and (3.6) given by

(3.8) z‘h%‘f = ihc(G - D) + V(x)
Ylop, =0

is in general not well-posed. The main reason is that equations (3.8) are first-order
differential equations and the Dirichlet boundary condition is over-determined.
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Hence, for the massless particle system with the boundary condition (3.7), we
have to consider the relation

(3.9) PE = cP?,

which is of first order in ¢. It is known that the operator PE is Hermitian if
PE =FEP.

It implies PE should be in the form

(3.10) PE = PE, — %(PV LVP),  Ep— m%.

Thus the boundary problem for a massless system is generated by (3.9) with (3.10),

and is given in the following general form

L =00 o igr . = .
(3.11) (@ D)y =@ D) — 5 | (- D) Ao + Ao( - D)| 9,
Yloa =0,

where 2 € R™ is a bounded domain, and D is as in (3.6).

3.2. Spectral theory of Weyl operators. The equations (3.11) describe bound
states of a massless particle system. The solutions v of the bound state equations
(3.11) take in the following form

1
» @

Then equations (3.11) are reduced to the following eigenvalue problem

—_ g, = L R
(3.12) —he (U'D) @+E{(U'D),Ao}<p—l)\(a~D)<p7
ploa =0,
where {(& - D), A} is the anti-commutator defined by
{(¢- D), Ao} = (¢ - D)Ag + Ao (7 - D).

Definition 3.1. A real number X and a two-component wave function p € Hg (€, C?)
are called the eigenvalue and eigenfunction of (3.12), if (A, @) satisfies (3.12) and

(3.13) / o1 [i(G - D)gldz > 0,

Q
Remark 3.1. The physical significance of (3.18) is that the kinetic energy E = cP
is positive, i.e. E > 0.

Remark 3.2. The equation (3.12) is essentially an eigenvalue problem of the first
order differential operator:

ihe(G - D) + gAo,

which is called the Weyl operator. In addition, the operator (& - 13)2 18 elliptic and
can be rewritten as

(3.14) (G- D) =D?— hia ~curl A.
C

The ellipticity of (3.14) ensures the existence of eigenvalues of (3.12).
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Note also that A = (A1, A, A3) represents the magnetic-component of the weak
or strong interaction. Hence, in (3.13), the term
g7 - curlA
stands for magnetic energy of the weak or the strong interaction.

Theorem 3.1. For (3.12), the following assertions hold true:
(1) The eigenvalues of (3.12) are real, with finite multiplicities, and satisfy

—o <A <A, S A — 00 for n — oo.

(2) The eigenfunctions are orthogonal in the sense that

3.15 O i@ D)y de =0 Vn#1
n
Q
(3) The number of negative eigenvalues is finite
—00< A <o < Ay <O0.
(4) Equations (3.12) have negative eigenvalues if and only if there exists a

function ¢ € HY(Q,C?) satisfying (3.13) such that

(3.16) /Q [hc|(& . D)pl? + %"@T {(5 . 5),A0} w] dz < 0.

Proof. Tt is clear that the operator
L=i(¢-D): H}(Q,C?) — L*(Q,C?),
is a Hermitian operator. Consider a functional F : H}(Q,C?) — R defined by

Pw) = [ [relzo? + Lo (@ D). Aaye]

By (3.14), the operator L? = —(& - 5)2 is elliptic. Hence F' is has the following
lower bound on S:

S = {w € Hj(Q,C?) / Yl Lapdx = 1}.
Q

Namely,

in F'(y) > —oo0.
Pag ) > —oo

Based on the Lagrange multiplier theorem of constraint minimization, the first
eigenvalue \; and the first eigenfunction ¢, € S satisfy

(3.17) M =F(¢) = welgF(d})
In addition, if
A< << Ay,

are the first m eigenvalues with eigenfunctions ¢y, 1 < k < m, then we have

3.18 Amt1 = F(Ymy1) = i F(3),
(3.18) +1 (Ym+1) pedin (¥)
where H,, = span{t,--- ,%m}, and H.- is the orthogonal complement of H,, in

the sense of (3.15).
Assertions (1)-(4) follow from (3.17) and (3.18), and the proof is complete. O



14 MA AND WANG

3.3. Estimates on number of negative eigenvalues. If the interaction poten-
tial A, = {—K,0,0,0} and K > 0 is a constant, then the equation (3.12) becomes

-,

—Ap=i(A+K)(@&-0)p inQCR",

(3.19)
=0 on 0f.

It is clear that the number N of negative eigenvalues of (3.19) satisfies that

(3.20) Oy < K < BNn41,

and [y is the k-th eigenvalue of the equation

—

— Ay, = iBk(0 - 0)pr,

(3.21)
ilan = 0.

For (3.21) we have the Weyl asymptotic relation as
(3.22) By ~ BN

Hence from (3.20) and (3.21) we obtain an estimate on the number N of of negative
eigenvalues:

(3.23) N~ (g)n

where (3; is the first eigenvalue of (3.21).

Remark 3.3. For the mediators such as the photons and gluons, the number N in

(3.23) is
Ap g2\’
(428’
pr p he
where p1,p are as in Remark 2.3, 1 is the first eigenvalue of (3.21) on the unit
ball 2 = By, and A is a constant.

Part 2. Physics
4. SPECTRAL EQUATIONS OF SUBATOMIC PARTICLES

4.1. Constituents of subatomic particles. We first recall the weakton model
introduced in [6]. The starting point of the model is the puzzling decay and reac-
tion behavior of subatomic particles. For example, the electron radiations and the
electron-positron annihilation into photons or quark-antiquark pair clearly shows
that there must be interior structure of electrons, and the constituents of an elec-
tron contribute to the making of photon or the quark in the hadrons formed in the
process. In fact, all sub-atomic decays and reactions show clearly that there must
be interior structure of charged leptons, quarks and mediators. A careful examina-
tion of these subatomic decays and reactions leads us to propose a weakton model
in [6], which is briefly recapitulated as follows. The weakton model is basic for the
energy level theory.

Weaktons. There are six elementary particles, which we call weaktons, and their
anti-particles:
w, wi, W2, Ve, Vyu, Vr,

(4.1)

we, wi, W2, Ve, Eum Ur,
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where v,,v,,v; are the three generation neutrinos, and w*,w;,ws are three new
particles, called w-weaktons. These are massless, Spin—% particles with one unit of
weak charge g,,. Both w* and w* are the only weaktons carrying strong charge g;.

Siz classes of subatomic particles.
(1) Charged Leptons:

(2) Quarks:

(3) Baryons:
p, n, A, o, B0, ATt AT A =t 20 ete.
(4) Mesouns:
ot 70 KT, KO n, pt, p°, K*F, K9 w, etc.
(5) Internal Bosons:
w*, z° H*, H° (H*° the Higgs particles).
(6) Mediators:
v, g, V, ¢, ¢4 (the dual bosons of v and g).

Constituents of subatomic particles.
(1) The weakton constituents of charged leptons and quarks are given by
€ = VeW1Wsa, H=r,wiwz, T =V wW1W2,
(4.2) u = w wiwy,, ¢=w'weWsy, = w wsls,
d=w'wws, §s=uw*wiw, b=w wiws,

where ¢, t and d, s, b are distinguished by their spin arrangements as follows:

U = w*wlwl(ﬂ\b uTa T\l//h \l/T\L)? Cc= W*WQwQ(TT\L) uT),
t = w wawo (141, 1), d = w wiwz (114, 111),
s = wrwiwa (111, 417), b= w wiwe (T4, 11]).

(2) Hadrons include baryons and mesons. Baryons consist of three quarks, and
mesons consist of a quark and an antiquark:

(4.3) Baryons = qqq, Mesons = ¢q.
(3) Internal bosons consist of
W = w(11, L),
(4.4) W~ =wiwe (17, 1),
Z° = c0s 0, wats + sin O, wiwy (17, 11),
and the dual particles
H* = wwa (T, 1),
(4.5) H™ = wiwa (T, 1),
H = 08 0 wotby + sin 0wy 1wy (14, 11).
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where 6,, = 28.76° is the Weinberg angle.
(4) Mediators:

v = o8 Oy, w1 Wy — sin G, wowa (17, 1), = (11, W),

¢~ = cos O, wiwy — sin O, wawa (T4, 11), ¢g = w w* (1}, 11),
v=> amn(l),
)

S \

(4.6)
a? =1.

~M

4.2. Bound potentials of subatomic particles. The main bound energy hold-
ing the weaktons and quarks to form subatomic particles is due to the weak and
strong interactions. According to the unified field theory developed in [6], the
sources of the weak and strong forces are the strong and weak charges:

gw the weak charge,

gs the strong charge.
The gauge theories for strong and weak interaction involve 3 weak interaction
gauge potentials Wi (a = 1,2,3), and 8 strong interaction gauge potentials S}j
(k = 1,---,8). The PRI applied to both gauge theories leads to the following
4-dimensional potentials:
Wp, = O‘aW;j = (WO7 Wl7 W27 WS)»
SH = Bksﬁ = (SO>SlaSQ7S3)7

where W4 (1 < a < 3) and S% (1 < k < 8) are the SU(2) and SU(3) gauge
potentials, o, (1 < a < 3) and B (1 < k < 8) are the SU(2) and SU(3) tensors.
The acting forces are given by

Weak force = —g,, VW,

Strong force = —gsV.Sy,

(4.7)

(4.8)

and the magnetic forces are

(4.9) Weak magnetism = —g,curl W,
. Strong magnetism = —gscurl S ,
where (Wo, W) and (S, S) are as in (4.7).

By (4.8) and (4.9), the weak and strong potentials (4.7) generate the bound
states (4.2)-(4.6) of subatomic particles, with corresponding interactions given as
follows:

Charged Leptons and Quarks: weak interaction,
Hadrons: strong interaction,
(4.10) Internal Bosons: weak interaction,
Gluons g and dual gluons ®,: weak and strong interactions,

Other Mediators: weak interaction.

Weak interaction potentials. The layered weak interaction potentials are

1 A 2
Wo = gu(p)e 17 7= 2 (14 2 ) i

r P ro

9w (p) = gu (p;")g,

(4.11)
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where p,, and p are the radii of the constituent weakton and the particle, A,
is a constant depending on the types of particles, and rg is the radius of weak
interaction:
ro =~ 10~ *6¢m.
Based on (4.11), the weak potential generated by two particles with Ny, Ny weak
charges and radii p1, p2 is given by

1 A 2r
112 By = Niagalpgalpr)e " |- 2 (14 2 ) i),
(4.12) 1V29w (1) 9w (p2) . —— o

where A, is a constant depending on the two particles, and g.,(px) (k = 1,2) are
as in (4.11).

According to the standard model, the coupling constant G,, of the weak inter-
action and the Fermi constant Gy have the following relation

it =75 (%) e

Gy =10"he/ (%)2

(4.13)

where m,, and m, are the masses of the W particles and the proton. By the
gauge theory, we have

(4.14) Guw(pn) = Gu.
It follows from (4.13) and (4.14) that !
2 2 8 (mu)\’ -5
G lpn) =Gy, = 7 () x 10~ he.
Then, by (4.11), we deduce the weak charge g,, as
6
(4.15) g% = 0.63 x (p") he,

P

where p,, is the nucleon radius.

Strong interaction potentials. The layered strong interaction potentials are

So = gs(p) [i — % (1 1 %) e—r/R} 7

9s(p) = gs <p;”>3,

where A is a constant depending on the particle type, and R is the attracting
radius of strong interactions given by

{ 107*%em  for w* and quarks,

(4.16)

107 Bem  for hadrons.

"n our previous work [6], we called gu(pn) and gs(pn) as the basic units for weak and strong
charges. However, with the weakton theory of elementary particles [7, 6], it is more natural to
guw(pw) and gs(pw) as the basic units of weak and strong charges.
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By the Yukawa theory, we deduce that

i =g ()

where e is the base of the natural logarithm, ¢ is the classical coupled constant of
strong interactions between nucleons, and experimentally g? ~ 1 — 10Ac.

The strong interaction potential between two particles with Ny, Ny charges g,
and radii py, p2 is given by

1 A r
4.1 ®, = N1N. Y AN A
(4.18) s 1N295(p1)9s(p2) [T VPip2 ( + R) € ] ’

where gs(px) (k = 1,2) are as in (4.16), and A, is a constant depending on the
types of two particle involved.
The weak and strong forces F,, and F between two particles are given by

F,=-V9o,, Fy=-Vo,.
4.3. Wave equations of bound states. We infer from (4.2)-(4.6) that a sub-
atomic particle consists of two or three fermions with wave functions:
(4.19) LA for N = 2,3.

Because the bound energy of each fermion is approximately the superposition of
the remaining N — 1 particles. Thus the bound potential for each fermion takes the
form

(N —1)W, for weak interaction,
(4.20) A, = . .

(N —1)S, for strong interaction,
where W, S, are as in (4.7).

Dynamic equations of bound states for massless particles. The wave equations for
the massless case are the modified Weyl equations given by (3.11).

Dynamic equations of bound states for massive particles. Let the masses of the
constituent fermions be given as follows

mi 0

0 mn

Then the N wave functions (4.19) satisfy the following Dirac equation

(4.21) (mwﬂ - %) U =0,
where ¥ = (Ul ... UN)T and
D, =0, + ihiA# with A, be given in (4.20).
C

We know that each wave function ¥* in (4.19) is a four-component Dirac spinor:

UF = (Uh wh wk T for 1 <k < N.
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Hence equations (4.21) take the following equivalent form

p) oy L [k
39 a2 —ich(E- D
(zhat gAy —c mk> <\I/§ ich(d - D) \I/{jf ,
) , L2 W A 4
(zhat—ng—i-c mk) <\I’Z = ich(d - D) \Ilg ,

where & = (01,09, 03) is the Pauli matrix operator.

(4.22)

4.4. Spectral equations of bound states. We now derive spectral equations for
both massive and massless bound states from (4.22) and (3.11).

A. Massive bound states. Consider the case where m # 0. Let the solutions of
(4.22) be written in the form as

ok — e—i(,\+mkc2)t/hwk_
Then equations (4.22) become

k k
(4.23) (A — gAg) (Z;) = ich(é - D) <wi> :

2

N AN
(4.24) (A= gAp + 2myc?) ok = ich(d - D) E

4
for 1 < k < N. The equations (4.24) can be rewritten as

oy ih D P N
(4.25) Sl (1422920 @Dy ).

vk 2my.c 2my,c? Yk
In physics, A is the energy, and A — gAy is the kinetic energy

1
A—gAy = §mkv2.

For the case? where v?/c? ~ 0, (4.25) can be approximately expressed as

vy RN &
<¢§> - 2myc (0 . D) <¢§> '

Inserting this equation into (4.23), we deduce that

k 9 k
(4.26) ()\—ng)<w1> :_h(5.5)2< 1).

Vs Vs
Now, we need to give the expression of ( ﬁ)z To this end, note that the Pauli
matrices satisfy

Qi

J,% =1, opo; = —0j0, = igjR0].
Hence we obtain
3 2
(4.27) (G- D) = (Z aka> = D?+i3- (D x D).
k=1

2Note that the general case can be studied as well involving variable coefficient elliptic opera-
tors, and the same results hold true.
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With D = V + i, A, we derive that
ﬁxD_':ihi [VXAJrAXV .
C

Note that as an operator we have
VxA=culd—AxV.
Hence we get
DxD = iicurlg.
he
Thus, (4.27) can be written as

(4.28) (3 D)2 = D*— hiﬁ curlA.
C

This is the expression given in (3.14).
By (4.28), the spectral equations (4.26) are in the form

Ko, L W T W

where D = (D1, D, D3), (Ao, A1, Aa, A3) is as in (4.20), and

=) hg s - 9 1
(4.30) it = %0, D;=0;+ Z%Aj for 1 <j <3.
The equations (4.29) are supplemented with the Dirichlet boundary conditions:
(4.31) (WY 5o = 0 where  C R,

B. Massless bound states. For massless systems, the spectral equations are given
by (3.12), which, by (4.28), can be rewritten as

— ’l/)f Zg = ]f
2 = =
{—th +ga~cur1A} (1/)5) + > {(J . D),Ao} <¢§
4.32 . v
( ) :Z')\(g.p) (dji) for 1 <k <N,
2

Wfa ¢§)|3Q =0,
where {A, B} = AB + BA is the anti-commutator.

C. Magnetism of weak and strong interactions. In the equations (4.29)-(4.30) and
(4.32) for bound states, we see that there are terms

(4.33) i* - curlA for massive particle systems,

(4.34) g& - curlA for massless particle systems,

where ji* = %5 represents magnetic moment, and the term in (4.34) is magnetic
force generated by either weak or strong interaction. In other words, in the same
spirit as the electric charge e producing magnetism, the weak and strong charges
Juw, s can also produce similar effects, which we also call magnetism.

Indeed, all three interactions —electromagnetic, weak and strong interactions—
enjoy a common property that moving charges generate magnetism, due mainly to
the fact that they are all gauge fields with gauge groups U(1), SU(2) and SU(3),
respectively.
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5. ENERGY LEVELS OF SUBATOMIC PARTICLES

5.1. Charged leptons and quarks. In (4.2), charged leptons and quarks are
made up of three weaktons, with masses caused by the deceleration of the con-
stituent weaktons. Let the masses of the constituent weaktons be my,mso, m3, and
the wave functions of these weaktons be given by

k
Wk = (:ﬁ;) for k =1,2,3.
2

Here 9% and ¥4 represent the left-hand and right-hand states. The bound states
are due to the weak interaction, and the potential in (4.20) takes the form

A, = 2W, = 2(Wy, W).
y (4.29)-(4.31), the spectral equations for charged leptons and quarks are

h? 29w ? k k Tk
—(ajﬂ' ch> ¥+ 2(g Wo + ik - curl W)y
k

5.1
(5-1) = Ap* in py <lz] <p,

¢k‘aBPw = Oa ¢k|3BP = 07

for 1 < k < 3, where p,, is the weakton radius, p is the attracting radius of weak
interaction, Wy is given by (4.11), and

I
i = 2!Jw & is the weak magnetic moment.
Mg

With (5.1), we are in position now to derive a few results on energy levels for
charged leptons and quarks.

A. Bound states and energy levels. We know that the negative eigenvalues and
eigenfunctions of (5.1) correspond to the bound energies and bound states. Let

(5.2) —00< A << AN <0
be all negative eigenvalues of (5.1) with eigenfunctions

¢17"' 7"/}N for djn = (1/}71171/}727,7/(#2,)71
Each bound state v, satisfies

(5.3) / |k |2de =1 for1<k<3 1<n<N.
BP
Then we deduce from (5.1) and (5.3) that
h
4 —
B =g [T P

+ 2/ Y (k- curl Ay da + 2/ G Wolthn |*da.
BP
In the right-hand side of (5.4), the first term stands for the kinetic energy, the
second term stands for the weak magnetic energy, and the third term stands for the
weak potential energy. By (4.11), the potential energy in (5.4) is negative. Hence
the bound energy can be written as

(5.5) An = kinetics energy+ magnetic energy+ potential energy.
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B. Masses. Each particle corresponds to an energy level F,,, and its mass M,, and
A, satisfy the following relation

3
3% |, M
(56) Mn - ;ml + prQ + 072,

where g2 /p., represents the intrinsic energy of the constituent weakton.

C. Parameters of electrons. We recall the weak interaction potential (4.11) for the
weaktons, which is written as

1 A, 2
(57) WO = Guw |: _ = (1 + T) e’l“/’r‘o:| G*T/T‘o.
r Pw To

where A,, is the constant for weaktons.
Assume that the masses of three constituent weaktons are the same, and we
ignore the magnetism, i.e. let W = 0. Then (5.1) is reduced to
2

(5.8) 2y,
=0 for |x| = pw, p-.

We shall apply (5.7) and (5.8) to derive some basic parameters and their relations
for bound states of electrons.

Let A, and v, be a spectrum and the corresponding bound state of an electron,
which satisfy (5.8). It follows from (5.7) and (5.8) that

2 2
(5.9) Ae = 1mwv2 + 290 _ Mﬂﬁ&
2 Te Pw

where %meQ is the kinetic energy of each constituent weakton in the electron, r
is the radius of the naked electron, and k. is a new parameter for the electron:

1
’“e:/ e T e[ Pdr,
B, T

P

2
(5.10) Ke :/ (1 - T) e/ |y [P da,
B

(") =/Bp|we| dr.

These three parameters are related with the energy levels of an electron, i.e. with
the A\, and .

The most important case is the lowest energy level state. We shall use the spher-
ical coordinate to discuss the first eigenvalue Ay of (5.8). Let the first eigenfunction
1. be in the form

A+ 2g,Wop = M) for p,, < |z| < p,

Ve = @o(r)Y (0, ).
Then ¢g and Y satisfy

Pld o ,d Br
(5.11) ~ g g g0 T 20:Wopo + 500 = Acp,

wo(pw) = wo(p) =0,
and

1 0. ,0 1 02
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where 8, = k(k+1), k=0,1,---.
Because A, is the minimal eigenvalue, it implies that 8 = Sp = 0 in (5.11). The
eigenfunction Yj of (5.12) is given by
1
Y= —.
0 ‘\/E

Thus 1), is as follows

(5.13) Ve = \/%900(7")7

and A, and ¢q are the first eigenvalue and eigenfunction of the following equation

K2 1 d d
(5.14) e () 20 = N

©o(pw) = wo(p) = 0.

In this case, the parameters in (5.10) are simplified as

p
re:/ rgo%(r)dr,

0
P 2r
(5.15) Ke= | r* <1+> e 2r/rogg(r)dr,
0 To
myv\2 7 5 (dpo 2
(55°) = /O r (d dr.

5.2. Baryons. By (4.3), baryons consist of three quarks

(5.16) Baryon = qqq,
and by (4.2), quarks consist of three w-weaktons
g=w'ww and ¢=w* ww.

Each quark possesses one strong charge g, and three weak charges 3g,,. It looks as
if the bound energy of baryons is provided by both weak and strong interactions.
However, since the weak interactions is short-ranged, i.e.

range of weak force < 10_160m,

and the radii of baryons are

r>10"1%cm.
Hence the main force to hold three quarks together is the strong interaction. Let
my,ma2,m3 be the masses of the three constituent quarks in (5.16), and ¥* =

(V8T (1 < k < 3) be the wave functions. Then the spectral equations (4.29)-
(4.31) for baryons are in the form

h2 2gs =\ > _
— L (VTG gk 2g,Seuk + 20 - curl Sy
2my, he

(5.17) — gk for 1 <k <3, po < |z| < p1,

,(/)k =0 for |$| = pPo, P1,
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-,

where pg is the quark radius, p; is the strong attracting radius, S, = (S, S) as
in (4.7) is a 4-dimensional strong potential, and i* = hg,&/2my, is the strong
magnetic moment. The wave functions ¥* are normalized:

/|wk\dx:1 with Q = {z € R®| py < || < p1}.
Q

By (4.16), the strong interaction potential for quarks is taken in the form

3
1 A
(5.18) So = 9gs <pw> |: _ s (1 + T) e—r/r0:| ,
Po T po 70

where 79 = 10~ '%cm.
Since the proton has a long lifetime, we are interested in its physical parameters.
As in the case of electrons, we also have the following formula for proton:

1 22 2A4,¢2 6
A\ = Smge? 4 {9 _ gaﬁp] (mu) ,
2 Tp £o £0

P1
rp:/ rgo?)(r)dr,
0

P1
Kp = / 2 (1 + T) 6_7'/7'°<p127(r)dr,
0 To

()= [ () o

(5.19)

where my is the quark mass, r,, is the proton radius, A, as in (5.18), and A, ¢, are
the first eigenvalue and eigenfunctions of the following equation

2 1d d
(5.20) C 2mg r2dr (T2dr> ¥p 295500 = Apep,
. q
©p=0 for r = po, p1.

5.3. Mediators. By (4.6), the constituents of mediators consist of two weaktons.
In this section, we only consider gluons and photon.

Gluons. The weakton constituents of gluons are given by
(5.21) g=w'w".

Based on the weakton model, w* contains a weak charge g,, and a strong charge g.
By (4.15) and (4.17), g,, and gs have the same order. Therefore, the interactions
for gluons (5.21) are both weak and strong forces, i.e. the 4-dimensional potential

—,

A, = (Ao, A) is given by
(5.22) 9A0 = guWo + 950, gA = guW +g.5.

In (5.21), we only need to consider the bound states for a single weakton, i.e.
N =11in (4.32). Then the spectral equations are written as

— heD*) + | g - curlW + g3 - curlg} Y+ %gw {(5 . D), WO} )

i L = L =
(5.23) +59:4(5 - D), So} =i\@ - Dy for pu, < || < py.

b=0 for [a] = pu. g,
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where p,,, pg are the radii of weaktons and gluons, and

D=V + ;_L—gff, where g, A are given in (5.22).
c

Photons. The photon consists of a pair of weakton and anti-weakton:
Y = ww.

Because the weaktons w and w only contain a weak charge, the interaction in -y is
the weak force, i.e.

A=W, = Wy, W).

In this case, the spectral equations for a photon are in the form

~ he(V + %’VT/)% + g - curlWep + %gw{[a (V + %W)], Wol
(5.24) =i\F- (V+ %W)]l/f for ¥, < |z| < py,

Y=0 on |z = pu,py,

where p., is the photon radius.

5.4. Number of energy levels. Based on the spectral theorems, Theorems 2.1
and 3.1, number of energy levels of a subatomic particle is finite. Hence all sub-
atomic particles are in finite and discrete energy states. By (2.21) and (3.23), we can
derive estimates for the numbers of energy levels for various subatomic particles.

Leptons and quarks. To estimate the numbers of energy levels, we always ignore the
effect of magnetism, i.e., we set W = 0 in (5.1). In this case the spectral equations
(5.1) are reduced to

2

(5.25) 21y,
w:O on |x‘:pwap0a

A+ 2g,Wop = My for p,, < |z| < po,

where m,, is the mass of the constituent weaktons.
Formulas in (4.11) for weaktons can be approximatively written as

UIAU]
(5.26) Wo = —Jwlw,
Puw
Take a scaling transformation
(5.27) T = pox’,

where pg, as in (5.25), is the attracting radius of the weak interaction. Note that
the weakton radius p,, is much smaller than pg,

(5.28) puw < po;

Hence, by (5.26)-(5.27), the problem (5.25) can be approximately expressed in the
form

A1y Ay 2
_A¢+%g§,¢=w for |z < 1,

Y=0 on |z] = 1.

(5.29)
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It is clear that the parameters in (2.21) are given by

g = dmwdurs i
h2pu

Thus the number N of the energy levels for charged leptons and quarks is approx-
imately given by

r=1, «a=0.

3/2
(4 P34, mucgd 1Y

M pw B ohe ’
where \; is the first eigenvalue of —A in the unit ball B; C R3.

(5.30)

Baryons. For baryons, similar to (5.29) we can transform the spectral equations
(5.17) into the following form

dmg Asp% 2

- Aw + gsw = )\w for |‘/I’.‘ < 17

(5.31) h2pg
=0 on |z| =1,
where p, is the quark radius, p; is the attracting radius of strong interaction, m,

is the quark mass, and A is the constant as in (5.18).
Then, by (5.31), we derive an estimate of N:

4 piAs myc g? 3/2
M opg h ke ’

(5.32) N = [

where A; is the same as in (5.30).

Photons. For simplicity, here we only consider the photon. Then the spectral
equations (5.24) are reduced to

—Ap=i <)\—|— M’gi) (G-d)p for |z <1,
hepw

=0 on |z| =1,

(5.33)

where p, is the photon radius.
Then, by (5.33), we see that the parameter K in (3.23) is

_ Awp'y @
pw he’
Thus we derive from (3.23) an estimate for the number of photon energy levels:
Aw py ga r
5.34 N= |22 dw)
( ) |:61 Pw he
where B; is the first eigenvalue of (3.21) in B; C R3.

5.5. Physical conclusions. To compute the numbers N in (5.30), (5.32) and
(5.34), we need to recall the values of g2 and g2. By (4.15) we have

2 6
(5.35) Jw _ 0.63 x (”") ,

he Puw
and in (4.17) taking g? = 5Ac, then we have

2 6
gs pTL
5.36 Is —o32x (22
(5.36) Ja x(M),
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where p,, is the radius of nucleons.
Based on the energy level theory for subatomic particles established above, we
deduce the following physical conclusions.

First, the energy levels for each subatomic particle are discrete, and the number of
energy levels is finite:

0<E1<"'<EN<OO,
and each energy level F,, corresponds to an eigenvalue A,, of the related eigenvalue

problem as (5.23) or (5.24). Physically, A, represents the bound energy of the
particle, and is related to the energy level E,, with the following relation:

(5.37) E,=Ey+ A\, for 1 <n < N.
Here Fj is the intrinsic potential energy of the constituent weaktons, which is given
by g/ pw-
Second, by (5.37), we deduce immediately the following upper and lower bounds of
the energy levels of sub-atomic particles:
(5.38) Ey+ M <E, < Ey for 1 <n < N.
It is clear that the largest and smallest energy levels are given by
(5.39) Ermaz = Eo + AN, Eyin = Eo + A1
The total energy level difference is
Eraz — Emin = AN — A1,

and the average energy level gradient (for two adjacent energy levels) is approxi-
mately given by
Brnas = Bmin |\
AE — max min ~ 2L
N N
In particular, for photons, by |Ai| ~ Khc/p,, the energy gradient can be esti-
mated by
he 1  hc
E ~ S~ — 5
PyE= sy (ﬁ)
hec

~ 10758V,

if we take the following approximate values of the related parameters:
Pn
Puw
One important consequence of finite and discrete energy levels for sub-atomic
particles is that the frequency is also discrete and finite, and are given by w,, = E,,/h
(n=1,---,N). This result shall play an important role in field quantizations.

py = 10"Ycm, ~ 10°.
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