NONLOCAL p-LAPLACE EQUATIONS DEPENDING
ON THE L NORM OF THE GRADIENT

MICHEL CHIPOT AND TETIANA SAVITSKA

ABSTRACT. We are studying a class of nonlinear nonlocal diffusion problems
associated with a p-Laplace-type operator, where a nonlocal quantity is present
in the diffusion coefficient. We address the issues of existence and uniqueness
for the parabolic setting. Then we study the asymptotic behaviour of the so-
lution for large time. For this purpose we introduce and investigate in details
the associated stationary problem. Moreover, since the solutions of the sta-
tionary problem are also critical points of some energy functional, we make a
classification of its critical points.

1. INTRODUCTION

We consider the problem of finding v = u(zx,t) weak solution to

uy — V- a(||Vul[9)[VulP2Vu = f  in Qx(0,T),
(1.1) u=0 onI' x (0,7,

U/(', 0) = Ug in Q,
where € is a bounded open set of R™, n > 1 with Lipschitz boundary I"'. We assume
(1.2) a is continuous, a(£) > 0, V€ € R.

By | - |, we denote the LP()-norm, 1 < p < +oco0 and we assume
* 1 1
(13) [ =f@) e W (@)= (WgP(Q) , uo € WoP(9) N LA(Q), o=l

For notions on Sobolev spaces we refer to [5], [15], [16].

During the last decades many mathematicians have been studying problems as-
sociated with the p-Laplace operator, which appears in a variety of physical fields
(see for instance [1], [2]). In particular a lot of attention has been devoted to nonlo-
cal problems. One of the justification of such models lies in the fact that in reality
the measurements are not made pointwise — but through some local average. Some
interesting features of nonlocal problems and more motivation are described in [4],
[5], [7], [8], [10] and in the references therein.

The elliptic problems with our type of nonlocality have been studied in [13], [14]
and the stability issues for a local case were considered in [3]. Furthermore, the
problem (1.1) was examined for p = 2 in [11] and [12].

We now describe the results obtained in this paper. In sections 2 and 3 we study
the existence and uniqueness of a weak solution of problem (1.1). Next in section 4
we investigate the corresponding stationary problem and show that depending on
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the function a it can have from a unique up to a continuum of solutions. In par-
ticular, since stationary solutions are also critical points of some energy functional
(see (2.8)) we prove the existence of its global minimizer.

The main results of this paper are contained in section 5, where we give the
classification of the critical points of the energy functional define by (2.8), assuming
that the function a satisfies just (1.2) and 1 < p < +o0o0. We also present an
algorithm for finding a global minimizer or global minimizers (it may be not unique)
of the energy (2.8).

Finally in the last section we study the asymptotic behaviour of the solution
of problem (1.1) as time goes to infinity. We prove that the solution of problem
(1.1) converges to a stationary solution, which is a global minimizer of (2.8), in
case of uniqueness of such a stationary point. Moreover, we also present some local
stability result for the case of uniqueness of a global minimizer.

2. EXISTENCE

Theorem 2.1. Let the assumptions above hold and assume that there exist two
constants X\, A such that

(2.1) 0<A<a(§) <A, VEER
and that
(2.2) feLiQ).

Then, for any T > 0 there exists u solution to
u € LP(0, T3 Wy (2)) N C([0,T]; L* (%)),
ug € L0, T; W—14(Q)),

29 0=

(ug,v) +/ a(||Vu||£)\Vu|p_2Vqudx = (f,v)
Q

Yo € WyP(Q) in D'(0,T),

where (-,-) denotes the pairing between LI(Q) and LP(Y), u(t) = u(-,t), D'(0,T) is
the space of distributions on (0,T).

Proof. Consider Ay, ..., Ay, ... abasis in W, *(2)N L?(Q) smooth and that without
loss of generality, we will suppose orthonormal in L?(€2). If ug = Y 8;\; consider
i
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solution to

/ dyvdz + a(|Vual[2) / Vun P2V, Vods = (f,0)
Q Q

(2.4) Yo € [>\17--~7>\n];

un(0) = > Bidi,
=1

where [A1,...,A,] is the space spanned by Ai,...,A,. Taking v = ); and using
the fact that the \;’s are orthonormal we see that (2.4) is equivalent to the Cauchy
problem

350) = —a(|| v ) ORICLY

p—2
Z Yi (t)V/\ZV)\]d[L’
i=1

(2.5) .
+<f7)‘j>a v]:]-vna

’VJ’(O) =85 Vi=1,...n.

Since the right hand side of the first equation above is continuous in «y; this Cauchy
problem possesses a solution. Moreover, using the formulation (2.4) and taking
v = u, we see that

/ ytndz + a(||Vun[2) / Vun[Pdz = (£, un),
Q Q

which implies using (2.1), Poincaré’s and Young’s inequalities
1d

5 g lunl3 + A/ﬂ [Vun Pz < C 1l Viunlly < el Vaunll? + Ce| £12.

Choosing for instance ¢ = 5 Wwe arrive to

1d 9 A »
_ _ < q.
2dt|un|2+ 2‘/Q\Vun| dx_C€|f|q

After an integration in ¢ this leads to

1 A [t t 1
(2.6) Slun(®)]3+ = / / |V, [Pdzdt < C. / | Fl9dt + =|un(0)]3.
2 2 Jo Ja 0 7 2

In particular we see that |u,(t)|2 remains bounded in time and thus the solution
to (2.4) or (2.5) is global in time (] - |2 is just a norm in [Aq, ..., A,], where all the
norms are equivalent).

Remark that |Vuy,l||, remains bounded in time uniformly. To see that taking
v =, in (2.4) we get

(2.7) /ufdz+a(||Vun||g)/ |Vt P2V, Vul,de = (f,ul,).
Q Q

Introducing

(2.8) B(u) = %A < /Q |Vu|pdx> —(fou)
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with
z
(2.9) Az) = / a(s)ds,
0

we see that (2.7) can be written

(2.10) 0 E(uy) = —/ u?dr < 0.
Q

Thus E(u,) decreases in time and is bounded from above for every ¢. The bound
for ||Vuy,||p follows then from the estimate

A
(2.11) E(un) > EHVunHi = ClflalIVunllp-

From (2.6), (2.11) we deduce that
u,, is bounded in LP(0, T; Wy (Q)) N L>=(0,T; L2(2) N W, P (Q)).

Furthermore, from the first equation in (2.4) and Hoélder’s inequality we derive easily

/ u,vdr < A </ |Vun|(p_1)qd:v> ' (/ |Vv|pdx> " Clflq (/ |vadx> ’ ,
Q Q Q Q

ie.
upl-1.0 < AIVun |5 + Clflq,
and
ul, is bounded in L9(0, T; W~54(Q)) € L0, T; W~19(Q) + LP(Q))

independently of n, W~14(Q) + LP(Q) denotes a dual space to W, () N L(N).
We have that

WoP(Q) € LP(Q) € W19(Q) + LP(Q),
where the first embedding is compact (see [15]). Hence by Aubin-Lions lemma the
embedding of

W = {v e LP(0,T; Wy P(Q)), v’ € LI0,T; W~ 9(Q))}
in LP(0,T; LP(©?)) is compact. Thus we can find a subsequence of n such that
u, — u in LP(0,T; Wy P (),

u, = w in LP(0,T; LP(Q)),
1
— aein L%®(0,T) - weak*,
a([|Vun|p)
u, (T) = u(T) in L*(Q),

V- [Vu,[P"2Vu, — x in L0, T; W~14(Q)).

In fact,

(2.12) ul, € L*(0,T; L*(Q) = L*(Qr), Qr = (0,T) x Q.
Indeed, integrating (2.10) from 0 to T we derive

(2.13) / / d, Pdz = E(un(0)) — E(un(T)).

Using the Young inequality in (2.11) we get

A 1/C q
B > 2wl - 'f'Q—nwng:—( 'Jf'q) |
Arq p q AP
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hence E(uy,) is bounded from below independently of n. Thus from (2.13) we obtain
(2.12).
The fact that u € C([0,T], L*(Q)) follows by the standard argument (see [16]).
By rescaling the time in the following way, setting

1) o) = [ alIvut)Ig)as,

we reduce solving the problem (1.1) to solving the problem (see [11]):
wy — V- |[VwP2Vw = a(Vfw|g) in Q x (0,a(T)),

(2.15) w=0 on T x (0, a(T)),
w(-,0) = uo in €,

where

w(z, a(t)) = u(x, t).

Replacing in (2.14) u by u,, we can also write the first equation of (2.4) as

_ (f,v)
(2.16) / uh,vdx —|—/ |V, P2V, Vode = —2 .
Q 0 a([|Vunllp)
Now passing to the limit in (2.16) one has in the distributional sense in Q7
(2.17) Ut — X = Qoo f
(therefore u; € LI(0,T; W—14(Q))).
Taking v = u,, in (2.16) we obtain
1d 2 / <f7 un>
——|unls + | |Vup|Pde = —Z2——
zar Bt Nl = S, )
and by integration on (0,T") we get
T 2 2
(fsun) [un(0)]3  [un(T)]3
(2.18) / |Vuy, |[Pdxdt :/ dt + - .
. o a([[Vunllp) 2 2
Since u, — u in LP(Qr), % — a0 f in LY(Qr) and using the fact that
a([[Vun )
lim |u,(T)[3 > |u(T)|3 from (2.18) we get
n—o0
T 2 2
_ T
(2.19) lim |Vu,|Pdedt S/ oo (f, u)dt + Juolz _ |l )‘2
n—oo Jo. 0 2 2

Thus from the inequality

/ (|Vun|P2Vu, — |[Vo[P~2Vv) - V(u, — v)dzdt > 0

T

we derive by taking the lim for any v € LP(0,T; W, *(Q))

T 2 2 T
(2.20) /0 oo (f, u)dt + |u§|2 - |u(§)\2 +/0 (x,v)dt

- / |VolP~2Vv - V(u — v)dzdt > 0.

T
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By integrating (2.17) after having multiplied by u« we get

and integrating over (0,7T) we obtain
lugl3  |u(T)]

T T
—/0 <X,u>dt:/0 oo (f,u)dt + 5 g

Thus combining (2.20), (2.21) we have
T
/ (=X + V- |[VoP72Vu,u —v)dt >0 Vv e LP(0,T; Wy P (Q)).

[\v] V)

(2.21)

Taking v = u — dw, § > 0, we see

T
/ (=X + V- |V (u — 6w) P2V (u — 6w), w)dt > 0 Yw € LP(0,T; WP ()
0

Letting § — 0 we get easily
T
/ (=X + V- |[Vu|P2Vu,w)dt =0 Yw e LP(0,T; Wy P ()
0

and the equation (2.17) reads
ug — V- |[VulP2Vu = as f.

Going back to (2.19), (2.21) we derive

|Vun‘pdxdt§/ |Vu|Pdzdt (S 117111/ |Vun|pdxdt)
Qr Qr n—oo JQr

and Vu,, — Vu in LP(Qr) strongly. In other words

T
/ / |V (up —w)Pdzdt — 0.
o Ja

Up to a subsequence we have
/Q IV (u, —u)[Pdrdt — 0 a.e. t,

lim
n—o0

i.e. this implies
[Vun|b — [Vulb ae. t

a.e. t, since the sequence is bounded this con-

1
and then —
a([[Vualp) — a(lVullp) .
vergence take also place in any LP(0,7T) and ay = 5+, which completes the
a([[Vullp)
proof. O

3. UNIQUENESS

For the reader convenience we start this section by formulating some auxiliary

lemmas, used throughout the paper.
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Lemma 3.1. (see [6]) Let 1 < p < 4+00. There exist positive constants c,, Cp, such
that for every &,m € R™

Np(&m) < (€772 = [n["~n) - (€ — 1) < CpNy(€,m),
where
Np(&m) = {I] + Inl}" 21§ = nl?,
a dot denotes the Fuclidean product in R™.

Lemma 3.2. Let a,b be non negative numbers. Then
la? — bP| < pla — b|{a + b}P~ .

Proof. We can suppose a > b. Then

1 1
ap—bp—/ Zlb+t(a — b)[dt = /|b+t(a—b)|p_lmm—b)dt
a—b/|m+ W%ﬁ<pafb/{MMHMP1ﬁ
— pla— bl{a+ b},
O

Theorem 3.1. If in addition to the assumptions of Theorem 2.1 for some L it
holds that

(3.1) a(§) —a(§)| < LIE—¢'| VEE eR
and
fe L),

then the solution to (2.3) is unique.
Proof. Let u1, us be two weak solutions to

we LP(0,T; Wy (Q)), € L0, T; Wy ")),

(3.2) , f
uy — V- |VulP™*Vuy = ———~.
P VeIV «(IVul)
By subtraction we obtain
(u1 - UQ)t -V (\Vu1|”_2Vu1 - |VUQ|p_2VUQ) = < L — L ) f
a([Vuillp) — a([[Vuz|p)

Multiplying by u; — ug, integrating over 2 and using (2.1), (3.1) we get
1d 2 -2 —2
(3.3) §%|u1 — w5+ [ ([Vu[P7?Vuy — [Vua[P~?Vug) - V(ug — ug)da
Q

[V [[§ — [[Vuz 3|

L
SFH /Qf(ul—uz)dx
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From Lemma 3.2 and the Hélder inequality we derive
) [IVuly - [Vualp] = | [ (vl - Vuds| < [ [Vl - [Voap|ds
Q Q

< p/ (|Vur| + |Vuz|)p71|V(u1 — ug)|dx
Q

[SIS]

:p/ (Vs + [Vua]) ¥ (V| + [Vual) 70|V (uy — )| d
Q

<p (/Q (V| + Vu2|)pd:v> i (/Q (V] + Va2V (g — u2)2dm> i

From Lemma 3.1 we obtain
/(|Vu1\p_2Vu1 — |Vua|P2Vus) - V(uy — ug)da
Q

> 6y [ (9l + 919 — )i
Q

Combining (3.3) and the two inequalities above leads to

1d _
§£|U1 — ’LL2|§ + Cp/ (|V'LL1| + |Vu2‘)1’ 2|V(’LL1 — u2)‘2d$
Q
L 2
< )\—f / flur —ug)dx (/ (\VU1| + |Vu2|)pdac>
Q Q

1
2

X (/Q (|Vue| + \Vu2|)p_2|V(u1 - u2)|2d:1:>

B _
< Ep (IVur] + [Vugl)” “V (ur — uz)|de + C(t)/ |ur — ua|*da.
o 0

(In the last inequality above we use Young’s inequality. Note that C € L'(0,T)).
Therefore, we have
1d
——|up —ugl3 < C(t)/ luy — up|*da.
2 dt 2 o

The uniqueness follows then from Gronwall’s inequality.
O

Theorem 3.2. Let the assumptions (1.2), (1.3) hold and if in addition the function
a s such that

(3.5) s+ a(sP)sP™1 is nondeacreasing,
then the solution to (2.3) is unique.

Proof. Let uy, us be two solutions to (2.3), then taking v = u; — us and by
subtraction one has

1d

2 -2
(3.6) iaml—uQ|2+/Q(a(||Vu1H£)|Vu1\p Yy

= (| Vua|)| Vs [~ 2 02 ) V(1 — uz)dar = 0.
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By expanding the integral term I one gets
1= [ (aV )T = al| T ) Fur ]~V Ve
Q

+ a(||VuQH§)|VuQ\” — CL(”VUQH)|VU2|p72V’LLQVU1>dl’.

Recall that a(|[Vu;||h), i = 1,2 are independent of x and can be pulled out of the
integrals. Using Holder’s inequality we see

/ \Vu1|p72Vu1Vu2dx < HVU2||p||Vu1||£71,
Q

/ [Vua[P*Vua Vurde < || Vua|lp||Vua |5
Then using (3.5) it ches
1> a(Vur[9) (I}~ (915 V],
+a(Vua ) (I V0~ Vsl [ Ve,
= (CL(I|VU1||§)||VMH§_1 - a(||VU2H§)||VU2H§_1>(||VU1Hp = [[Vuz|lp) = 0.
Hence, (3.6) implies
[ur — uaf3 <0,

dt
therefore the result follows.

Remark 3.1. Note that (3.5) holds in particular for a nondecreasing.

4. THE STATIONARY PROBLEM

In this section we consider the associated stationary problem to the problem
(1.1), that is the following problem

=V - a(||[Vul])|[VulP—>Vu = f inQ,
(4.1)
u=20 on I

We will assume here that f € W~19(Q). In a weak form u is a weak solution to
ue WyP(Q),

(4.2)
/ a(||Vu||B)|VulP 2 VuVudz = (f,v) Yv e Wy P(Q).
Q

Here and after (-,-) denotes the pairing between W~4(€) and W, *(Q). In order
to solve the stationary problem we introduce ¢ the solution to
v € Wy (),
(4.3)
/ |V|P~2VoVudz = (f,v) Yo e WyP(Q).
Q

It is known that for f € W=14(Q) (4.3) admits a unique solution [6].
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Theorem 4.1. Suppose that (1.2) holds, 1 < p < +oo. Then for f € W=14(Q),
the mapping u — [|Vul|) is one-to-one mapping from the set of solutions to (4.2)
onto the set of solutions in R of the equation

(4.4) a(p) 7T = [[Vellp.

Proof. Let u be a solution to the stationary problem, then
(4.5) / a(||Vu||£)|Vu|p72Vqudx = (f,v)
Q

= /Q IVp|P~2VeVudz Yo € W, (Q),

which implies

(4.6) a(|Vullp)7Tu = ¢,
from where follows

(4.7) a([[Vullp) 7= [[Vullp = Vel

Hence ||Vu|[b is a solution to (4.4).
Let now p be a solution to (4.4), u denotes the solution to

uwe WyP(Q),
(4.8)
/ a(p)|VulP~2VuVodz = (f,v) Vv e WP (Q),
Q
then a(u)z’%lu = ¢. Therefore, we get
a(p) =T [ Vully = Vel = a(w) 7™ p = [[Vully = 1
and u is a solution to (4.2). Now to show the injectivity we have
IVurlly = [Vuelly = a(IVullp) = a(([Vualf) = w1 = us,

due to the uniqueness of the solution of (4.8).

Remark 4.1. The stationary points are determined by the solutions to

(4.9) a(w) = [Vellz " ur .

Thus it can happen that there is one solution, several, infinitely many solutions or
no solution (just in case where a is not bounded away from 0). It depends on the
function a, see Figure 4.1. In the case where (3.5) holds the set of stationary points
is an interval which is reduced to a point when a(s?)sP~! is increasing.

The solutions of the problem (4.2) can be also found as critical points of the
energy E(u), defined by

(4.10) B(u) = %A (/Q Vu”dx) —(f,0),
where

(4.11) A(z) = /Oz a(s)ds
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1 ) 1

e

1_ _ 1_
y=Velp=pr y=IVelp=ur

Hoo 1 a1 Hz fis 1

(a) Unique solution (b) Several solutions
) I R |
y \ _ 1_ 4 = v p )
t\ oy = IVl ur ™ v=IVelsn

(d) Infinitely many solu-
tions

(c¢) No solution

Figure 4.1

and
(4.12) E'(u) = =V - a(||Vul )| Vu|P~*Vu — f.
If uo is a critical point of E on W, ?(Q) then us is a solution to (4.2). Indeed,

if Uy, is a critical point then for arbitrary v € Wy ?(Q) it holds

d
%E(uoo + 61)))

= (al1¥ 0+ 30) [ [+ 80029 e+ 80070 = (7)) | =0

6=0

=0
Thus
a(||Vuoo||g)/ Voo P2 Vun Vo — (f,0) = 0, Vo € WP (Q),
Q

namely u is a solution to (4.2) and a stationary point.

Theorem 4.2. Let (2.1) holds, f € W=14(Q), then E(u) admits a global minimizer
on W P(Q).

Proof. To prove this theorem we will use the direct method of calculus of varia-
tions. We claim that F is coercive and bounded from below. Indeed, Holder’s and
Poincaré’s inequalities imply

[Fwl < 1l Vaullp,

therefore

1 A
(4.13) E(u) = EA(IIVUIIZ) —(f,v) 2 EIIVUIIZ = flalVullp.



12 MICHEL CHIPOT AND TETIANA SAVITSKA

Since p > 1 the coerciveness follows. Now coming back to (4.13) and using Young’s
inequality we obtain

1.0)4 1 _ a
(4.14) E(u) > éIIWII§ _ =10 ql’q) - éIIWII5 =—- (Ifl 11"1) :
D A7 q D q AP

Thus E is also bounded from below.
Let u, € W, () be a minimizing sequence of E. From (4.13) it follows that w,,
is bounded in Wy*(€2). Hence for some uq, € W, (2) we have

Uy — Uoo iD Wol’p(Q).
Next we show that E is weakly lower semicontinuous on VVO1 P(Q). In fact, it holds
that

lim [[Vun[|f > [V}

n—oo
(the norm is weakly lower semicontinuous). Considering a subsequence u,, such
that

li P — I p
Lim IVunlly = Hm [V, |

and due to the fact that u,, is a minimizing sequence we see

1 lim || Vun, |7
inf Eu)=1lmE(u,,) = f/ a(s)ds — (f, us)
Wy P () k pJo
AN
> [ aleds = () = Bl
0

which implies s, is a minimizer of E on W, *(£2). Therefore, the result follows.
O
Note that the minimizer might be not unique.

5. REMARKS ON THE STATIONARY POINTS

Suppose first we are in case of Figure 5.2, then we have:

Theorem 5.1. Let u; be the stationary point corresponding to py such that

(5.1) a(p) < [Vellb™ pr ™ Vu e (g m),

1 1. _

(5.2) a(p) > |Vellb™ ur ™ Vp € (p, ).

Then wy is a local minimizer for E. More precisely one has:
E(u1) < E(u) Vu#uy, [Vull} € (g 7).

Proof. Recall that by Theorem 4.1 we have that

(5.3) = [[Vur g, w =
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1

1_
y=IVe|p~ur

I3 o i [

Figure 5.2

(1) Suppose ||[Vul[l > p1. Then from (2.8), (5.2) we have
1 Vel

(5.4) E(u) - E(uy) = /| a(s)ds — (f.u) + (f,ua)

p Vulﬂg
Vull3

1 _ Pl
> Livele / S lds — (fu) + (fow)
p IVuillh
— IVolZ [Vl — [V lZ [ Verlly — (o) + (F, ).

From (4.3) and using Hoélder’s inequality we see

(5.5) |(fou)| = ‘ [ 1velpvuts

< ( / |w|pdx) ’ ( / |wq<p-l>dx)q — |Vl Vel
Q Q

where g = -5 Now by (4.4) and (5.3) we obtain

(5.6) <f7ul>:/g|w|1’*2wvuldx

p IV llp

_ Ve _
- / Vol 2Vo—YP dr = |V = Vol [Vt

a(pp)?-1 PAVellp
Hence, combining (5.4) — (5.6) we derive
E(u) > E(uy) for [[Vull} > pi.
(4i) Suppose now ||[Vul[} < p1. Then as above we get
1 rlIVels

B(u) - B(u) = > /| a(s)ds — (fyu) + (f,u),

P J|vul®
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and by (5.1), (5.5), (5.6) we can conclude

IV lz

1 p—1 s s — (f,u U
(5:1) Bu) = Blur) >~ [Velf /“ ds — (f.u) + (fun)

Vullp

= —IVels  IVudlly + IVl I Vully = (f,u) + (f,u1) > 0.
Thus we have
E(u) > E(uy) for [[Vu|l} € (1, 1), u# ui.
g

Remark 5.1. If u # u; one does not have necessarily ||Vull # ||[Vu,|[} = p1 and
the proof of the theorem is incomplete. But if || Vu|b = [[Vuy |5 one has (see above)
0 < E(u) — E(uy) = {f,u —uy). If this last quantity is vanishing we will show in
Lemma 5.2 that u = uy.

Remark 5.2. If one assumes

_ 1_
a(p) <|IVelp™ uwp ™ Vp <,

a(w) = |Vl e Yz
Then one gets only
E(u) > E(uy).
Thus E can posses infinitely many global minimizers (see Figure 4.1d).

Lemma 5.1. Let uy be the stationary point corresponding to ps such that

(5.8) a(p) > |Velb™ ur ™ Vu € (g, po),

(5.9) a(u) <||Velb™t pr ™ Vu € (p2, 1)

(see Figure 5.8). Then ug is a point of local mazimum for E in the direction of ¢,
where @ is the solution of the problem (4.3). More precisely one has:

E(ug) > E(uz + d¢),

for every § # 0 such that
1
62 —————, V(w2 +9)} € (1. 1)
a(pg) =

Proof. As above by Theorem 4.1 we have that

(5.10) p2 = [[Vuellp,  uz =
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K 2 Iz 2
Figure 5.3

(i) Let us first assume that ||V (uz + d¢)|[P > p2. Then from (2.8), (4.3), (5.9)
we have

L IVt
(.11) B(uz+8¢) ~ E(ua) = [ als)ds — 5(f,¢)
(Vuzlp

1 . IV (uz+60)[Ip I
<ively | s371ds - 5|Vl
p Vuzllp

= Vel (IV (uz + 80)ll, = [ Vuzlly) = 8lIVell}

Vel
IVell, — ———— | = d8[Velh =0,
a(pz)?=1

_ 1
= ||[Vel5~! <|1 +0
a(pg) 71

p2) =
1
if ———— + 0 > 0. Thus it holds that
a(pz)?=1
E(ug + 0p) < E(ug) for ||V (ug + §<p)||£ > Ug.

(44) Suppose now ||V (uz + d¢)||h < p2. Then similarly, from (2.8), (4.3), (5.8)
we get

1 [Iveuly
(5.12) E(uz +dp) — E(uz) = —f/ a(s)ds — §(f, o)
P J |V (uzt89)15
< =IVels T (IVuzll, = 1V (uz + 69)ll,) = 6l Vellh =0

as in part (7).
Hence,

E(ug +0¢) < E(ug) for [[V(uz +dp)|b < pa.
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Lemma 5.2. Let u be a solution to the problem (4.2). Suppose that (1.2) holds
and that ¢ € WP (Q), 4 # 0 is such that

(5.13) (f,v)=0.
Then
(5.14) E(u+1v) > E(u),

i.e. u s a point of minimum for E in any direction of the hyperplane defined by
(5.13).

Proof. Let us consider ¢ which satisfies (5.13). Then for |V (u + ¢)|l, > [[Vul,

from (2.1) we have

1 Vet
E(u+v¢)— E(u) = 7/ a(s)ds > 0.
P Jyvullp

Hence it remains to prove that ||V(u + )|, > [[Vul,. Due to (5.13) and since
a > 0 we get

/ |VuP~2VuVydr = 0.
Q

Then we see

1
d
IV G+l = 1Vully = [ [ 1V s pass
1
=p/ /|V(u+sz/1)|p_2V(u+sw)de:vds
0 Q

= p/OI/Q (IV(u+ s9) P2V (u + s¢) — |VulP~?Vu) Vipdads.
From Lemma 3.1 we have
(IV(u+ sp) P2V (u + stp) — |VulP2Vu) V(s)
> (Y (ot 50)] +[Vul)” |V (s0).
This shows that ||V(u+ )|, — ||Vul|, > 0. If the equality holds then
(IV(u+ s0)| + [Vu] )P ?|Ve[> =0 ae z€9Q, se(0,1).

This implies that for |Vu| = 0 we have |V¢| = 0 and for |Vu| # 0 as well. Thus
1) = 0, which contradicts our assumptions. This completes the proof of the theorem.
a

Theorem 5.2. Let f # 0, (1.2) holds, uz be a solution to (4.2) such that (5.8),
(5.9) hold (see Figure 5.3, us corresponds to ps). Then ug is a saddle point for the
energy (2.8).

Proof. The statement of the theorem is a consequence of Lemmas 5.1 and 5.2.
a

Remark 5.3. The same situation occurs if the graph of a is not crossing the graph
of y and touching it (see Figure 5.4).
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1 Y, 1

1_
y=IIVellp~"u?

1_
\y = IVl

Figure 5.4

Theorem 5.3. Let u* be a solution of the problem (4.2) corresponding to the solu-
tions p* of the equation (4.4). Let

(5.15) y(s) = [Vellp~ts7 7,

then one has

B =3 [ (a) - o)
Proof. From (2.8) one has
LIV
E(u*) = 5/0 a(s)ds — (f,u").

Due to the definition of u* (see (5.3)) we get

1/#* (s) 1|| [P T e
- ysds:ngop*/ s? "ds
P Jo p v 0

= IVl IVully = (f,u").

(see (5.6)). Hence, the result follows.
g

Corollary 5.1. Let uy, uy be two solutions of the problem (4.2) corresponding to
the solutions p1 < pg of the equation (4.4) respectively. Then one has

(5.16) E(uy) — E(ug) = —% /M2 (a(s) —y(s))ds =: —%Am

and
A12 >0 = E(ul) < E(UQ);

A12 <0 = E(Ug) <E(U1);
A12=O = E(ul):E(uQ),

Corollary 5.2. Let uy and us be two solutions of the problem (4.2) corresponding
to the solutions py < po of the equation (4.4). If we assume that

(5.17) a(p) > y(p)  for p1 <p<ps

(5.18) (resp. a(p) <y(u), alp)=y(u)),
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then
E(u1) < E(u2) (resp. E(w1) > E(uz), E(w1) = E(u2)).

Corollary 5.3. The absolute minimum of E corresponds to a point p. such that

o
/ (a(s) —y(s))ds >0, VYu> te, M corresponding to a stationary point,

Hoo
/ (a(s) —y(s))ds <0, Vu< oo, [ corresponding to a stationary point.
“w

Therefore, due to Theorem 5.3 and its corollaries we can compare the energy at
any two different stationary points and we can find a global minimizer of the energy

Example 5.1. Let u;, i = 1,2, 3 be solutions of the problem (4.2) corresponding to
the solutions u;, i = 1,2,3 of the equation (4.4) such as on Figure 5.5. Then by

v, )

1_
y=IIVeolptur

Figure 5.5. Several solutions

Corollary 5.2 we get that
E(U,l) < E(UQ), E(U3) < E(UQ)

It is left to compare the energy at the points uy and uz. By Corollary 5.1 we see
that

1 1
E(u1) — E(uz) = —=A13 = —— (|A12| — |A23]) <0,
p p
where

(5.19) A;j ::/ (a(s) —y(s))ds, i=1,2, j=2,3.

Hence, uy is a global minimizer of the energy E(u) defined by (2.8).
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Remark 5.4. We label the solutions to (4.4) as pu; < ps < ... < puy with the con-
vention that we choose only one point y; in the interval (Hi’ 7;) when the solutions
consist of one interval (u,71;) (see Figure 5.6). We denote by {u}1, {u}s,... {u}n
the sets of solutions of (4.2), corresponding to p1 < ps < ... < un solutions of
(4.4). Then due to our convention we see that {u}; can consist of one point or
infinitely many points. By Corollary 5.2 for arbitrary v € {u};, i€ I :={1,...,N}

1_
y=Velptpr™

Stationary points

Figure 5.6. Infinitely many solutions

it holds that E(u) = E;, i € I. Therefore in the case when the stationary problem
(4.2) is having infinitely many solutions, the energy (2.8) can have a unique, several
or infinitely many global minimizers.

6. ASYMPTOTIC BEHAVIOUR

We start with a lemma:

Lemma 6.1. Let u be a weak solution to (1.1) and suppose that (2.1) holds. There
exists a sequence tj such that

up = ul-,ty) = Uso in Wy P(Q) as ty — +00,
where U~ 1S a Stationary point.

Proof. Taking v = u; in (2.3) we obtain
a(|| V] 2) / VP2 VuVurde — (f, ur) = —|Ovul2,
Q

Hence, E(u(t)) < E(up) and E(u(t)) decreases with the time. Remark that from
(4.13) we have that [|Vu|[} is uniformly bounded in ¢. Since E is also bounded from
below (see (4.14)), then it follows

(6.1) E(u(t)) = Ex
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(Es is some constant). From above we get
t
E(u) - Blu(s) =~ [ [oal©)de
[ 1oaie)de <+

S
which implies for a sequence ¢,

Owu(- 1) — 0 in L*(Q).
From the equation in (2.3) — with u = u(-,t;) — we obtain

(6.2) /Qatu(-,tk)ukdac + (|| Vux| ) /Q VuplPde = (f, up).
We can show as in (2.6) that
Up to a subsequence it holds that
u(e,ty) = Uk — Uso In VVol’p(Q)7
U — Uso in L*(Q),
IVullf = loo,
gr = |Vugp[P 2 Vuy, — goo in (L9(Q))™.

Passing to the limit in (6.2) we see
(6.3) a(loo)loo = (fy too)-
Next taking v € Wy P(Q) N L2(Q) we get

/ opu(-, tg)vdx + a(||Vuk|\§)/ |Vur|P~2Vu, Vodz = (f,v).
Q Q
Passing to the limit we derive

(6.4) a(loo)/QQOOVvdx = (f,v).

Since a > 0 combining (6.3), (6.4) we can conclude that
loo = / Joo VUsod.
Q

We claim that up — u strongly in Wol’p(Q). Indeed, for p > 2 there exists a
constant C,, > 0 such that

Xk = / (|Vu;€|p*2Vu;€ — |Vuoo|p’2Vuoo) V(ug — oo )dx
Q

> C’p/ |V (up, — too)|Pde.
Q

Developing

xkz/ \Vuk|pda:—/nguoodx—/ |Vuoo|p72VuooVukda:+/ |V |Pdx
Q Q Q Q

—>loo—/goovuoodl"—/ |Vuoo|pdz+/ |V |Pdx = 0.
Q Q Q
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This implies
loo = li}gnHV“ng = ||[Vsol[8, goo = [Vitoo [P *Viiee.

Hence u, is a stationary point.
To show that up — us in Wol’p(Q) strongly in case 1 < p < 2 it is enough to
notice that by Lemma 3.1 one has

cp/Q |V (ug — uoo)|2(|Vuk| + |Vuoo|)p72das < x — 0.

Writing

(p—2)p (2-p)p

/ |V (ur — uoo)|Pdx
Q

=/ |V(uk—uoo)|p(|Vuk|+|Vuoo|) 2 (|Vuk|—|—|Vuoo|) 2 dx
Q

2
and using Hoélder’s inequality with —, 3 it comes
p 22—
/ |V (ug — uso)|Pda
Q
5 e
-2
< (/ IV (e — o0) P (V2] + [Vetoe ) da:) (/ (Vx| + |Vuoo|)pdz>
Q Q
< ka — 0.
This completes the proof of the lemma.
O

Corollary 6.1. Suppose that E admits a unique global minimizer uo, (uso s also a
solution to the problem (4.2)) and that the initial value ug of (2.3) satisfies E(ug) <
E(u;) for any stationary point u; # tueo. Then

u(- ) = Uoo i WyP(Q) as t — +oo.
Proof. Recall that we have
E(u) < E(ug) < E(u;), u; # Uoo-
Then by Lemma 6.1 and (6.1) we get
E(u(t)) = E(uc),
where 4 is the global minimizer of E and a solution of the problem (4.2). Due to
the fact that u(t) is uniformly bounded in W, () for some subsequence we have
u(-, ) = vao in Wy P ().

Then by the weak lower semicontinuity of E (see the proof of Theorem 4.2) we
obtain

E(ux) = lim E(u(tg)) > E(veo).

- t—00
Since u is a unique global minimizer of F, then it holds that F(ux) < E(vs) for
Uso F Voo, heNce Uy, = Vso. This holds for every subsequence and the convergence

is in fact strong (see Lemma 6.1), therefore the result follows.
g
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Remark 6.1. In the case where a(s?)sP~! is increasing (see (3.5) and Remark 4.1)
the problem has a single stationary point and for any initial data u(-,t) converges
to this stationary point. We refer to [9] for more asymptotic analysis.
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