NONDEGENERACY IN THE OBSTACLE PROBLEM WITH A
DEGENERATE FORCE TERM

KAREN YERESSIAN

ABSTRACT. In this paper we prove the optimal nondegeneracy of the solution
u of the obstacle problem

Au = fX{u>0}
in a bounded domain D C R", where we only require f to have a nondegen-
eracy of the type f(z) > A|(z1,---,2p)|* for some A > 0, 1 < p < n (an

integer) and a > 0. We prove optimal uniform (2 + «)-th order and nonuni-
form quadratic nondegeneracy, more precisely we prove that there exists C > 0
(depending only on n, p and «) such that for z a free boundary point and r > 0
small enough we have

sup u > OAN(r?* + |(z1, -+ 2p)|*r?).
9By (x)
We also prove the optimal growth with the assumption | f(z)| < Al(z1, -+, zp)|*

for some A > 0 and the porosity of the free boundary.

1. INTRODUCTION

Let n > 1 be an integer and D C R™ a bounded domain. Let f € L*°(D),
g € H'(D) such that g > 0 on D. Let u € H'(D) be the unique minimiser (cf.
[3]) of the functional

/ (|Vul® + 2 fu)dz
D

in the admissible set of functions
{u >0ae. in D and u = g on aD}.

It is known (cf. [4]) that we have u € W2%(D) for all 1 < ¢ < oo and thus by
the Sobolev imbeddings we have u € C’llo’f (D) for all 0 < 5 < 1. Also we have

(1.1) Au= fxquso0y in D

in the sense of distributions.
Let us denote by €2 the noncoincidence set and by I' the free boundary, i.e.

Q={zeD|u(z)>0} and I'=Dnon.

To study the structure and regularity of the free boundary I' it is crucial to
have an optimal nondegeneracy result of the solution. For example, using this
nondegeneracy estimate one can rule out degenerate blow up limits with the correct
scaling at the free boundary.

In [1, 4], the authors have studied the case when the force term is bounded away
from zero by a positive constant, i.e. A < f for some constant A > 0. In this case
one obtains optimal quadratic nondegeneracy of the solution.
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In this paper our aim is to drop the assumption that f should be bounded away
from zero by a positive constant. By requiring f to grow away from its zeros by a
polynomial order, we still obtain the appropriate optimal nondegeneracy estimate.

Let p be an integer such that 1 < p <n and a > 0 a positive real number. For
x € R” let us denote = (2/,2”) where &’ = (21,--- ,zp) and 2" = (2py1, -+, Tn).

Our main result is the following theorem.

Theorem 1 (Optimal Nondegeneracy). There exists a C > 0 (depending only on
n, p and «) such that if

(1.2) f(x) > Na'|* forx € D

holds then for xo € Q and B,(xo) CC D we have

(1.3) sup  u > u(zg) + OMZ(r® + |25|%).
QNIB,- (o)

The proof is based on the construction of appropriate comparison functions.
Homogeneous harmonic polynomials which are positive on {z1 = 0}\{0} play an
important role in the construction of these comparison functions.

Although the main result of this paper is the nondegeneracy result stated above,
we also prove the optimal growth of the solution in Theorem 2 and the local porosity
of the free boundary in Theorem 4.

This paper is structured as follows. In Section 2, we state some estimates, which
will be used later. In Section 3 we prove the nondegeneracy estimate. In Section 4
we prove the growth estimate. In Section 5 we prove the local porosity of the free
boundary T'.

2. PRELIMINARY ANALYSIS
Let us define
1
vl = (a+2)(a+p)
Because a > 0 we have ¢ € C?(RP). It is easy to see that Ay = |y|®. Functions

v which satisfy |Av| < Cly|* in BY(0) have also been studied in [2].
There exists C' > 0 (depending on « and p) such that

ly|*T2 for y € RP.

n

(2.1) ID25(y)] = (3 Dy, 0(®))%) = Cly| for y € R,

i,j=1
and there exists C' > 0 (depending on « and p) such that
(2:2) Clyl*I¢* < (" D*p(y)( for y, ¢ € RP.
For yo € R?, let us denote by wy, the difference between ) and its affine tangent,
ie.
(2.3) wyo (y) = ¥ (y) — ¥ (yo) — Vib(yo) - (y — yo) for y € RP.

We have wy, € C?(RP) and from the convexity of ¢ it follows that wy, is convex
and nonnegative. Obviously we have wy, (y0) = 0 and Vwy,(yo) = 0.

We will use the function wy, to construct appropriate comparison functions in
Theorems 1 and 2.

In the following Lemma we prove estimates of w,, both from above and below.

Lemma 1. There exist 0 < Cy < Cy such that for y,yo € RP we have

(24)  Cily —yol(lyol™ + |y — yol®) < wy, (y) < Caly — yol* (Iyol® + ly — yol*).
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Proof. We prove the first inequality in (2.4). The second inequality follows from
(2.1) after some computations.
To obtain the first inequality in (2.4), we compute, using (2.2)

(25) wyo(y) = / (1= 5)(y — 50) Dy (o + 5(y — 40))(y — yo)ds

1
> Cly — yo? / (1= 8)lyo + s(y — yo)|*ds.
0

Now if we show that for some C3 > 0

1
(2.6) / (1= 9)|yo + sy — yo)|*ds > Cs(|yo|* + |y — yo|®) for y,yo € RP
0

then by (2.5) the proof will be complete.

In the case yo = 0, for small enough C5 > 0 the inequality (2.6) holds, so we
consider the case when yo # 0. Let Oy, be an orthonormal transformation such
that Oy e1 = IZ_SI Then by the change of variable y = yo + |yo|Oy, # it is easy to
see that (2.6) is equivalent to the inequality

1
(2.7) / (1 —s)ler + sz|%ds > C3(1 + |2|) for z € RP.
0

From the inequality z; > —|z| it follows that
ler + sz| > |e1 — s|zler| = |1 — slz]|.

So denoting r = |z| the inequality (2.7) follows from the inequality
1
/ (1=9)1—sr|*ds > C3(1+7r%) forr >0
0
and one may prove this by direct integration. O

3. OPTIMAL NONDEGENERACY

In this section we first define for £k € N U {0} the polynomials ps; and prove
some properties of these polynomials that we will use later on. For zg € R™ we will
consider the function w;; (2’) in R™ and by adding appropriate scaled and translated
polynomials pyj to w,; we improve the lower bound in (2.4). In Theorem 1, using
these improved lower bounds we prove the optimal nondegeneracy estimate. The
optimality of our estimate is evident by the optimal growth estimate proved in
Theorem 2.

Let us define for k € NU {0}

k
) = 3 aga? ol
7=0

where agp =1 and for 1 < j <k, a; are given by the recursive equation
(3.1) 0=34(27 — Da; + (k—j+1)(2j + 2k +n — 4)a,_1.

In the following lemma we prove some properties of the polynomials psj which
we will use later.

Lemma 2. poy is a 2k-th order homogeneous harmonic polynomial such that for
all B > 0 there exists C > 0 (depending only on B, k and n) such that

(3.2) xé%%(mw + Cpax(z)) > 0.
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Proof. Tt is clear that poj is a 2k-th order homogeneous polynomial. To prove that
pok is harmonic one computes its Laplacian and uses the fact that the coefficients
satisfy the equations (3.1).

To prove (3.2) we write
(3.3) par(x) = [a|** + gar—2 ()2}

where in the case k =0 we set ¢_o =0 and for k > 1
k
2j—2 —2;
Gon—a(w) =Y azay ||,
Jj=1

Let

A= sup |gua(o)]
r€OB;

then from (3.3) we have
(3.4) por(z) >1— Aaﬁ for x € 0B;.

Let 8 > 0 then to show (3.2), by (3.4) it is enough to show that there exists a
C > 0 such that

. inf (t° 1— A#? .
(3.5) duf (27 + O ) >0

To prove (3.5) let 0 < § < 1 to be chosen later, now we estimate
tB + C(l - AtQ) 2 X{0<t<8} (C(l - A52)) + X{o<t<1} (56 + C(l - A))
thus if we can choose 0 < § < 1 and C > 0 such that
(3.6) 1> Aé% and 6% > C(A - 1)

then (3.5) is proved.
For a fixed C' > 0 there exists a 0 < § < 1 such that (3.6) holds if and only if

1
VA
For all A > 0 it is possible to choose C' > 0 such that (3.7) holds and this
completes the proof of the lemma. d

Wl

(3.7) > (C(A—1)1)5.

For 2y € R™ by the first inequality in (2.4) we have wyy (¢') > Cla’ — x| (|zH|* +
|z" — x5|%). In the following two lemma by adding polynomial terms to w,; we
improve this inequality, such that instead of |2’ — x})| we have |z — z¢].

Lemma 3. There exist a > 0 and C' > 0 such that for all x,xo € R"
wyy (2') + alzh|“pa (@ — m0) > Clafh|*|x — 2ol

Proof. Let x # x9. By Lemma 1 there exists a C7 > 0 such that for z,zy € R™

(3.8) Wy (x) > Cy|zg|* |2’ — zp)?.
By Lemma 2 there exist C5,C5 > 0 such that
(3.9) |z1)? 4 Capa(x) > Cs for z € OB;.

Now by (3.8) and (3.9) taking a = C1C2 we compute
way, (') + alzp|“pa (2 — o)
> [a|*(Cula" — 26]* + apa(z — o))

/ /
P 9 T — T 2 T — To
= - C

1 = ol (Cr| = M+ apa( =)
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T1 — To,1 T — o
> |zp| |z — 2o (CrlT— 1 + apz(il))

|x — xo] |z — xg
—C /|« _ 2%1 — 20,12 C T — o
il 202 T2t + Copa( =)
> C1Clap|* | — w0l
which proves the lemma. O

Lemma 4. Let k € N such that 2k > 2 + « then there exist b > 0 and C > 0 such
that for r > 0, xg € R™ and x € B,(x)

. b |2 — @o|**
(3.10) Wy (') + mp%(m —x0) > Cm'

Proof. Let x # x¢p and k € N be such that 2k > 2 + . By Lemma 1 there exists
C71 > 0 such that for z,zg € R™ we have

(3.11) way (2') > Cyla’ — x>
By Lemma 2 there exist C5,C5 > 0 such that

(3.12) |ac1|2k + Caopar(x) > Cs for x € OB;.
We have

(3.13) > 1 for x € B,(x0).

|z — o]

Now by (3.11), (3.12) and (3.13) taking b = C1C; for zyp € R™ and x € B,(z0)
we compute

b
Wy, (:El) + mpzk(x — :Eo)
b
> Cl|x’ _ x6|2+06 + m])Qk(I — $0)

2k—(2+a)

= L e b
o p2k—(24a) ( Yz = 2|2 2" — @[T + mpzk(x - x0)>
B |x—x0|2k( r2k—(2+a) |$1_$6 ‘2+a+b (x—aco )>
T p2k—(2+a) 71 |z — 2| 2k—2+a) Vg — 2 P2k 7| |
|z — 20| ( =z 21a x —
> C b )
= 2k—(2+a) 1‘|x—m0|‘ + p2k(|m—x0|)
|=’U*990|2k< T1 — 20,1 9 T — g
> C ) +a b )
= j2k—(2+a) 1] e — 0| |“T + pzk(r —x0|)
|CU*330|2]€ 1 — 20,12 T — xg
= ( > +a C )
L2k—(2+a) | iz — o) | + 21721@(7':6 — x0|)
|z — xo|?*
> 0103m
which proves the lemma. O

Proof of Theorem 1. Let xg and r be as in the statement of the theorem. Let k € N
be such that 2k > o+ 2 and a,b > 0 be as in Lemma 3 and 4.
We define

a b
+ §|$6|ap2($ —x0) + ka(x — 20)).
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Then by (1.1) we have

(3.14)  Ah(z) = Au(z) — A(Awyy (2')

a b
+ §|CE6|QAP2(=T - 990) + WAP%(QC - IUO))

=f=XMz'|*>0in Q.

Because w, (x,) = 0 we have
0

a b
(3.15) (o) = —A(way (25) + §|x6|ap2(0) + W?%(O)) =0.

For x € T we have u(xz) = 0, thus because of u(zg) > 0 and Lemma 3 and 4 we
have

(3.16) h(x)
a i b
= —u(zo) — Away (z') + §|$/o| pa(x — o) + mm(x — 20))

1
= —u(wo) = A( (way (') + alah *pa(@ — 20))
1 . b
+ g(wm()(m )+ m?zk(x - :Eo))) <0OonT.

By (3.14) we have that h is subharmonic in the domain QN B,(zg). Applying
the maximum principle for the domain Q N B,(xp) and the subharmonic function
h we have

(3.17) h(zo) <  sup  h(z).
B(QNB, (x0))

By (3.15) and (3.17) we obtain

(3.18) 0<  sup  h(z).
A(QNB,(x0))
Because
(2N By (zg)) = (02N By (x0)) U (2N 0By (0))
by (3.16) and (3.18) we obtain

(3.19) 0< sup h(=).

QﬂaBT(zg)

By the definition of h, from (3.19) we get the inequality
3.20 A inf (2
(3:20) uleo) 4 inf (@)
+ g|:436|‘ng(:c —x0) + #py@(l’ —z)) < sup u.
2 2r2k=(2+a) T QnaB, (x0)

Now by Lemma 3 and 4 we obtain for x € 0B, (o)
a b

1 a 1 b
= 5(11)16 (CL'/) + a|:L'/O| pQ(IL' — l‘o)) + i(wzé (gg’) + mpgk(m — l‘o))
1

1, Jo—=xo?* 1 1
> 502|x’0|a|x —xo|® + §CB|7~2k—Tg-|a) = §C’Q|x’0|o‘r2 + §C’3r2+a
> Car? (r® + [ag|®).

By (3.20) and (3.21) the theorem is proved. O
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4. OPTIMAL GROWTH
In the following theorem we prove the optimal growth of solutions.

Theorem 2 (Optimal Growth). There exists a C > 0 (depending only on n, p and
a) such that if for some A > 0 we have

(4.1) |f(z)] < Alz'|* forz € D
then for By(xo) C D we have
u(z) < C(u(wo) + Ar*(r® + |z(|*)) for @ € Bz (xo).
Proof. Let us split u = u1 + us where u; is the solution to
Auy = Au in B, (zg),
{ul =0 on 9B, (x0)

and us is the solution to

Aug =0 in B, (xp),
uz = u on OB, (xg).

Let
o(x) = A(C?‘Q(?‘a + |26]%) — way (')
with C' > 0 as in the second inequality in (2.4). Then because of Aw, (z') = |z
and the second inequality in (2.4) we have

— A¢ = A|2’|* in By(x),
¢ >0 in B, (z0).

/|Ot

We have by (4.1)
—Al2'|% < —Xqusopf < Alf|”
thus because —Au; = —Au = —xquso01f, —A¢ = Al2’|*, uy = 0 on 0B, (7o) and
¢ >0 on 0B, (xg) we have
— A(—¢) < —Auy < —A¢ in B,(z9),
{ — ¢ <uy < ¢ondB,(x0)

hence by the comparison principle we obtain
(4.2) —¢ <uy < ¢ in Br(x9).

Because —Au; = —Awu and u1 = 0 < uw on 9B, (xg) we have uy < u in B,.(z0)
and therefore

ug =u—ug > 0in B,(xo).
By the first inequality in (4.2) we have
uz(2o) = u(wo) — ur(zo) < u(zo) + ¢(20).
Thus by the Harnack inequality
uz(x) < Crug(zg) < Cy (u(xo) + qb(aco)) for x € Bg(aco)

for a dimensional constant C; > 0.

Now because w,; (z) = 0 and w,; > 0 we have ¢(zo) = ACT2(r +|zp|*) > ¢(x)
and by the second inequality in (4.2) we obtain the estimate

u(@) = ui(z) + uz(z) < ¢(z) + Cr(u(wo) + ¢(z0))

< Cru(wo) + (1 4 C1)o(xo)
= Cru(xo) + (1 + C1)ACT* (r* + |2(|*) for z € By (w0)

which proves the theorem. O
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5. POROSITY OF THE FREE BOUNDARY

In this section we prove that the free boundary I is locally porous in D. The
definition of local porosity is as follows.

Definition 1. For the sets A1,As C R™ we say that Ay is locally porous in As
if for every compact set K CC Ag there exists a constant 0 < ég < 1 with the
property that every ball B(x) C R™ contains a smaller ball Bs, r(x1) such that
Bsr(z1) C Br(2)\(41 N K).

Let us first mention some known results about the classical obstacle problem
with nondegenerate force term.

The optimal growth estimate for the classical obstacle problem states that there
exists a C' > 0 (depending only on n) such that if for a constant A > 0, |f| < A in
D then for B,(z9) C D we have

(5.1) u(z) < C(u(zo) + Ar?) for x € B (o).

The optimal nondegeneracy estimate for the classical obstacle problem states
that there exists a C' > 0 (depending on n) such that if for a constant A > 0, A < f
in D then for zy € Q and B, (zg) CC D we have

u(zg) + Cx? <  sup .
QﬂaBT(zg)
By the continuity of u as a corollary we have that even if 2o € I and B, (x¢) CC D
then
(5.2) Cx? < sup .
Qﬂ@BT(zO)

Lemma 5. For each a > 0 there exists 0 < 0, < 1 with the property that if f >0
in By and

supp, f

infBl f
then for any uw > 0 solution to the obstacle problem in Bi with the force term f
such that 0 € T', there exists Bs,(xo) C Q.

<a

Proof. By (5.2) we have for some zo € 0B}

1
(5.3) Ci(z)*inf f < sup u = u(xo).
2" B S
Let
1

then for z1 € B,.(z¢) we have
o € Br(21) C Bar(21) C Bar(ay—ao|+|20] (0) € Bapy 1(0) C B1(0)
hence by (5.1) we have

(5:5) u(wo) < Ca(u(x1) + (2r)* sup f).
From (5.3) and (5.5) it follows that if r satisfies
1 /C1 1
5.6 =
( ) r < 4 02 \/a

then B, (zg) C Q.
Now if we define

g = min(1 1 G L

6’8 0_2\/5)
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then r = §, satisfies both (5.4) and (5.6). O
In the following theorem we prove a general porosity result.

Theorem 3. Let u > 0 be a solution of the obstacle problem (1.1). If there exists
0 <dy <1 anda > 0 with the property that for all balls B,(x) C D there exists
Bs,r(71) C By(w) such that

s.uPB(;fr(zl) f <a

lnfBSfr(zl) f

then T' is locally porous in D.

Proof. Let K CC D then we should find a 0 < dx < 1 such that for arbitrary
B, (z) C R™ there exists Bsyr(zo) C Br(z)\(I'N K).

Now fix K CC D and let B.(z) C R™ be an arbitrary ball. We consider the two
cases r > diam(K) and r < diam(K) separately.

Assume first that r > diam(K).

If Bi(x — %rel) NITNK)=10 weset zg=x— %rel and by taking 0y < % we
obtain Bs,r(zo) C By(x)\(I' N K). If Bz (xz — 3re;) N (I'N K) # 0 then because
r > diam(K) we have that B:(z + 3re1) N (I'N K) = () and similarly as in the
previous case we set 9 = & + 3re; and obtain Bs,.,(z0) C By(z)\(I' N K). This
finishes the analysis of the case r > diam(K).

Assume now that r < diam(K).

If B-(x) N(I'N K) = 0 then we set 29 = z and taking dx < 1 we have
Bsyr(w0) C Bz (w0) = Bz (z) = Bz (2)\(I'N K) C B, (z)\(I' N K).

If Br(z) N (I'NK) # 0 then there exists x1 € Bz (z) N (T'N K).

Let us denote | dist(K. D°)

< is ¢
dx = min(=, ————=).
K mm(2, diam(K) )
Since R ~
dist(x1, D) > dist(K, D) > 0k diam(K) > dgr

we have
(5.7) Bs, .(r1) C D.

Also we have
(5.8) Bsper(21) © Bspert g (%) C Br(2).

By (5.7) and (5.8) we have
(5.9) B;,., (1) C DN B,(x).

By the condition on f there exists BéngT(acg) C Bj, ,.(w1) such that

Supp; s (x )f
(5.10) Lﬁu < a.
meész,,(w) /
It B%(;ng,,,(l‘Q) N(T'NK) = ( then we set zy = x5 and taking 0 < %5fSK we

have Bg,.-(x0) = Bsyr(12) C B%(;ngT(:cg) C B (2)\(T N K).
If Bys, 5,,(x2) N (DN K) # () then there exists 23 € By, 5, (v2) N (I'N K) and
we have

(5.11) B%zifSKr(I?’) C B%5fSKT+|I3*I2|(I2) C BJfSKr(IQ)'
Now by (5.10) and (5.11) we have
su ,
(5.12) Pirys erlen) / < P55 o) S <a.

infB%sfSKr(xl")f - inde_ngT(a-g)f >
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After a scaling, by Lemma 5 because of (5.12) we obtain
(513) B%(SazifSKr(m‘l) C B%(;fSKT(IL'g)\F.

So we have

Bis,s5,50(T4) € Bis 5,0 (€3)\I C By 5, (22)\I'
C B: (21)\I' C By()\T' C By (2)\(T' N K)

Sk
and by setting zg = x4 and taking dx < %5(15ng the lemma is proved. O
Theorem 4 (Porosity). If for some 0 < A < A the following inequalities hold
(5.14) Mz'|* < f(z) < A|2'|* forx € D
then T' is locally porous in D.

Proof. Let us check that the condition on f in Theorem 3 holds. Let B,(x) C D
then because the set {/ = 0} is porous with porosity constant % there exists

Bz (z1) C Br(2)\{z' =0} € D\{z' = 0}. Now by (5.14) because ‘x—;l‘ > 1 we have

) < e

/
SUPB%T(zl)f A SupB%T(zl) |$| o A

infB%T(xl) - A infB%T(xl) |2’ - X(

EARS %T)a A 21 + 1
i —4r/ 1

3

so f satisfies the condition of Theorem 3 with d; = % and a = %30‘, and the theorem
is proved. O
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