ON GENERALIZED SOLUTIONS OF AXISYMMETRIC
TWO-PHASE INCOMPRESSIBLE VISCOUS FLOW WITH
SURFACE TENSION

KAREN YERESSIAN

ABSTRACT. In this paper the existence of an axisymmetric with swirl vari-
fold solution to two-phase Newtonian incompressible viscous flow problem is
derived. The motivation for considering this problem is the Spin Coating pro-
cess. On the free interface between the two phases we consider surface tension
force. We prove that for axisymmetric, possibly with swirl, initial velocities
and cylindrically symmetric initial volumes occupied by each fluid there exists
a global in time axisymmetric, with swirl, solution.

1. INTRODUCTION

The spin coating process is used in industry to produce thin films. In this process
a small amount of the coating material is placed on the center of a substrate. Then
the substrate is rotated at high speeds and the applied coating material spreads
on the disk due to centrifugal force. Finally a thin film of the coating material is
produced.

Motivated by this process, in this paper we study the axisymmetric with swirl
two-phase incompressible flow with surface tension force on the surface between the
two fluids. To limit the length of this article we have considered a flow in R3. A
more precise model would be a two-phase flow in the half space R3 = {z3 > 0}
where the surface of the substrate is the plane {x3 = 0}.

In the rest of this paper by axisymmetric velocities we mean axisymmetric with
swirl.

Although the uniqueness of the solution is not known one expects that if the
initial velocities and volumes occupied by the two fluids are axisymmetric with
respect to the axis e3, then there should exist an axisymmetric solution in all time
intervals (0,T).

In this paper we prove the existence of this axisymmetric solution as a varifold
solution. The notion of varifold solution was introduced by Plotnikov in [9] for a
two-dimensional flow of shear thickening fluids. For a varifold solution the mean
curvature appearing in the surface tension force is interpreted as the first variation
of a general varifold.

In [2] the existence of varifold and weak measure valued solutions for a large
class of two-phase incompressible viscous flows is established.

Many authors (cf. [1,3,4,8,12-14,17]) have worked on rather regular solutions
of such free boundary problems, but by these results one has the well-posedness
locally in time unless the initial state is close enough to equilibrium states. The
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approach by varifold solutions is a phase-field formulation and allows one to obtain
global in time solutions with arbitrary initial states.

1.1. Problem setting. By I'(¢) we denote the free boundary, by Q;(¢) for i = 1,2
respectively the volumes occupied by two phases. So we have R3 = Q;(t) UT(t) U
Qo(t). By u and p we denote respectively the velocity field and the pressure in both
phases. The two phase Newtonian incompressible flow with surface tension force
on the interface is the following system of equations

Opu + div(u @ u) = div(S(p, Du)) in R®\I'(¢) for 0 < t < T,
div(u) = 0 in R3\I'(t) for 0 <t < T,

[S(p, Du)]pynr = —knr on I'(t) for 0 <t < T,

(1.1) w is continuous across I'(¢),

u(0) = up in R?,

Velocity of I'(t) equals uf:(t),

Q1(0) = Q4 0.

Here S(p, Du) = Du — pl is the stress tensor, 2Du = Vu + (Vu)7,

[S(p, Du)]r(t) = jump of S(p, Du) across I'(t)
= lim S(Du,p)— lim  S(Du,p),

y—x, yeEQa y—x, ye

nr is the outward with respect to Q1 (¢) normal on I'(¢), £ is the mean curvature
of the interface I' with respect to nr, ug is the initial velocity and ©; ¢ C R3 is the
initial volume occupied by the fluid with index 1 such that the initial area of the
free boundary is finite, i.e. |T'(0)] = |094,0] < oco.

1.2. Weak formulation assuming smoothness. To describe the notion of var-
ifold solution let us first consider the weak formulation in the case of classical
solutions.

By multiplying the momentum equation in (1.1) by ¢ € (C°((—o0,T) x R?))3
with div(p) = 0 and partial integrations we obtain

(1.2) - /]RS ud (0)dx —/O /]RS (O + (u @) : Vip)dadt

T T
—|—/ Du : Dpdzxdt = / /(nr ®nr) : Vos(dz)dt
0o Jrs o Jr

with the initial value u(0) = wuo.
Here x = 1g,(1)(«) and by the last two lines of (1.1), x satisfies

dix+u-Vyx=0in (0,7) x R?,
x(0) = xo
where xo = 1q, ,-

1.3. Varifold solution. In the case of smooth I" we can write the integral in the
term on the right hand side of the equation (1.2) as follows

03) [ [owan: Vostanar=— [ [ (a-yon): Vevit
R3 xS?
where V() € M(R? x §?) is defined by

V(t)(A x B) = /Am )5%(”(1,)(3)5(@) for A € B(R?) and B € B(S?).
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For each t the measure V (t) describes the surface I'(t) together with its normal
in a weak measure theoretic sense. For our purpose by saying a general 2-varifold V
in R? we understand a bounded nonnegative Radon measure on R? x S2. Thus V (¢)
is the general 2-varifold associated with the smooth surface I'(¢). For the theory of
general varifolds one may refer to [11].

We are not able to prove the existence of solutions with smooth enough interface,
but we are able to prove the existence of a time dependent 2-varifold V' (¢) describing
I'(t). We shall show that there exists

(1.4) Ve L0, T, M(R® x §?))

such that the term on the right hand side of (1.2) is replaced by the right hand
side of (1.3). The space L% (0, T, M(R3 x §?)) is defined in Section 2.
For a 2-varifold V € M(R? x S?) the first variation functional §) is defined by

(15 V)= [ T-y© 0 VeVde.y) for o € (CHEY)

hence the right hand side of (1.3) is the time integral of the first variation functional.
We will show that also we have Vx € L2 (0,7, (M(R?))3) and the connection
between the time dependent 2-varifold V' and y is given by the equation

10~ [ - Vxo@i= [ o i),

R3 xS§2?
Vi € (C°(R3))? for a.e. t € (0,T).

1.4. Axisymmety. For an angle § € R let us denote by J(6) the rotation matrix
with the angle  in R? and by O(f) the rotation matrix with angle § around the
axis es in R?, i.e.

5(6) = l c?s(e) - sin(@)] and O(F) = [J(G) 021
sin(f)  cos(f) 07 1
here 05 is the 0 in R2.
We call h: R? — R axisymmetric if
(1.7) h(z) = h(OT(0)x), Vx € R® and 0 € R.
We call w : R? — R3 axisymmetric if
(1.8) w(z) = 0(0)w(0T (0)z), Vo € R* and 6 € R.
We call V € M(R? x S§?) axisymmetric if
(1.9) V(A x B) =V((0T(0)A) x (OT(9)B)), VA € B(R?), B € B(S?) and 6 € R
and

(1.10) V({(x,y)eRsxS2 \ y~(63><:c)7é0}) ~0.

1.5. Main results. Let us define
E = closure of {v € (C°(R?))? | div(v) =0} in (L*(R3))3
and
V = closure of {v € (C°(R?))? | div(v) =0} in (H'(R?))3.
In the statement of the theorem below we will encounter the spaces

L0, T, (M(R?))?) and L (0, T, M(R? x S?)). These are defined in Section 2.
The main results of this paper are the following two theorems.
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Theorem 1. Let ug € E, xo = 1o, ,, € BV(R®), where
BV(RY) = {n e L'R?) | Ve (ME)*}
denotes the space of functions with bounded variation in R3.
Then there exists a triple (u,x, V) such that
u € L0, T,E)nL*0,T,V),
X € L0, T, LNRY)), Vx € L. (0,T, (M(R?))*)
and
Ve L0, T, M(R?® x §?))
with
llull oo 0,1,y + 1wl L2(0,7,v) + IXI Lo 0,7, 7 (R3)) + ||VX||L§:*(O,T,(M(]R3))3)
+ Vil

w*

o rMm®3x52)) < C(lIxoll Bv®s) + lluolle)-
X s the renormalized solution of

drx+u-Vyx =01in (0,T) x R3,
{x(O) = o in R3.

The connection between Vx and V is given by the equation (1.6).
For all ¢ € (C°((—00,T) x R3))? with div(p) = 0, u satisfies

(1.11)

T
(1.12) - / ud p(0)dx — / {uT0pp + (u®u) : Vi }dadt
RS o Jrs

+/O » Du : Dpdzdt = 7/0 5V (1), p(t)) dt.

The solution triple (u, x, V) is called a varifold solution. Fo the notion of renor-
malized solution to transport equation one may refer to [6].

Theorem 2. If in the theorem 1 the initial values ug and xo are axisymmetric then
there exists a varifold solution (u,x,V) with each component being azisymmetric,
i.e. for a.e. 0 <t <T, x(t) satisfies (1.7), u(t) satisfies (1.8) and V (t) satisfies
(1.9) and (1.10).

1.6. Organization of this paper. This paper is organized as follows, in Section 2
we have collected some definitions and facts about Banach space valued functions,
in Section 3 we consider an approximate regularized problem and using the Schaefer
fixed point theorem we prove the existence of a regularized solution. In Section 4
we prove the existence of a varifold solution as the limit of regularized solutions.

2. SOME FACTS ABOUT BANACH SPACE VALUED FUNCTIONS

For the following definitions and facts a good reference is [5].

Let us denote by A the Lebesgue measure defined on the Borel subsets of R.

Let X be a Banach space and I C R an interval. Let us consider f : I — X,
then one may consider the following three kinds of measurabilities of f.

f is called A-measurable if there exists a sequence of simple functions s,, : I — X
such that s,(t) — f(t) in X for \-a.e. t € I.

f is called weakly-A-measurable if for any g € X’ the function (as a function of
t) (9, f(t))x: x 1s measurable.

In the case X =Y for some Banach space Y, f is called weak*-A-measurable if
for any y € Y, the function (as a function of ¢) (f(¢),y)y. y is measurable.

The function f is called A-essentially separably valued if there exists E C I such
that A(E) = 0 and f(I\E) is a separable subset of X.
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The Pettis measurability theorem states that f is A-measurable if and only if f
is A-essentially separably valued and f is weakly-\-measurable.

For 1 < p < oo by LP(0,T, X) we denote the space of A\-measurable functions
f:(0,T) = X such that || f(¢)]|x as a function of ¢ is in L”(0,T).

When X = Y’ for some Banach space Y, for 1 < p < oo by L?.(0,T,X)
we denote the space of w*-A-measurable functions f : (0,7) — X such that also
I (t)||x as a function of ¢ is measurable and is in LP(0,T).

If X is a reflexive Banach space and 1 < p < oo then (L?(0,7T, X)) = L9(0,T, X')
where p~ ! + ¢! = 1.

3. APPROXIMATE REGULARIZED PROBLEM

In subsection 3.1 we define rotation operators. In subsection 3.2 we define a
regularisation operator of solenoidal time dependent vector fields W.. In the sub-
section 3.3 we define the approximate regularised problem and in subsection 3.4 we
prove the existence of a solution to the regularised problem.

3.1. Preliminary definitions and analysis. For a function » : R® — R and
0 € R we define the clockwise rotation around the axis es of the function h by angle
0 as m9(h)(x) = h(OT(0)x) for x € R3. It is easy to see that for a smooth h for
r € R? we have

(3.1) V(reh)(z) = O(0)VRh(OT (0)x).

For a function w : R? — R? and 6 € R we define the clockwise rotation around
the axis ez of the function w by the angle 6 as follows Ty(w)(z) = O(8)w(OT (§)x)
for x € R3. It is easy to see that for a smooth w for € R? we have

(3:2) V(Typ)(x) = O(0)Ve(O" ()2)0" (8).
We fix a mollifier ¢y € C2°(Bf) such that [y ¢(z)dz = 1 and is radial i.e.

P(x) = ¥(y) for |z| = |y|. As usual notation for mollifiers 1g(x) = f~3¢(8~1z) for
8> 0.

Proposition 1. The operators ¢ * - and 19 commute. The operators g * - and
Ty commute.

Proof. By direct computations. (I

3.2. The operator V.. In the rest of this paper, always we have 0 < ¢ < 1,
a(e) = €% and B(e) = Ve.

In this subsection we define a regularizing and compact linear operator ¥, of
solenoidal vector fields which preserves axisymmetry. We will use this operator
extensively in our regularized problem.

We define

T : L*(0,T, (L*(R?)%) — L*(0,T, (L*(R?))?)
as follows
v, = PK,

where we define the compact operator K. below and P is the Helmholtz projection

operator which projects (L?(R?))? on divergence free vector fields in this space.
We fix a mollifier ¢ € C2°(0,1) such that f(O,l) ¢(t)dt =1 and ¢ > 0. As usual

bo(t) = a té(a™1t) for @ > 0. It is very crucial that the support of ¢ is on the

positive numbers because this makes the value of the convolution in time (¢q *v)(t)

for some function v to depend only on the vales of v in (—o0,0), i.e. historic values.
We define the cutoff function in space ¥g(z) = (1 13271 1)(3@)
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We define the operator K, : L%(0,T, (L?(R?))3) — (C°(R*))? as follows

(3.3) (Kew)(t,7) = Pp(e) (@) (Pa(e Yp(e) * @) (t, 7)
where @ is equal to w for ¢ € (0,T") and equal to 0 on (0,7)°.

Proposition 2. The operator K. commutes with Tpy. We  have
K. : L*(0,T, (L*(R?))3) — (C’SO(QC)()slwhere Qe = (0,T + a(e)) x BB(E) 1. For
k € NU{0}, K. maps L(0,T, (L*(R?))3) continuously into (HE(Q.))3.

Proof. One uses the commuting properties outlined in the proposition 1 and the
cutoff and mollification structure of K.. O

In terms of the Fourier transform (cf. [16]) the Helmholtz projection operator
P (L*(R?))3 — (L*(R?))? might be written as Pw = F (M F(w)) where M (¢) =
—|¢|72¢¢T and here F denotes the Fourier transform for functions defined on R3.
Also for functions u defined on R* we denote by P(u) the function P(u)(t,z) =
P(u(t))(z) for t € R and = € R3.

Proposition 3. The operator P commutes with Tp.

For all k € {0} UN we have [P(u)] g rs))z < 2[u]zreray)s for allu € (HF(R?))?
and similarly | P(w)]| s ®ayys < 2lull (grgeys for all u e (H*(R*))3.

Let w(z) = I3_ (1 + |2;|)~2 for z € R3 then P is a bounded linear operator
mapping (L*(R3;w))? to itself.
Proof. The commuting property of P with Ty follows respectively from the fact

that Fourier transform commutes with Ty and M (O (6)¢) = OT ()M (¢)O(0).
We have

(3.4) |M(¢)]22 < 2 for all ¢ € R,
Let k € {0} UN then from (3.4) it follows that

PO sy = [ ICPHIMOF )G < 4l e

Similarly if we denote by F the Fourier transform of functions defined on R* then
b~y the separation of variable property of Fourier transform we have actually P(u) =
F Y MF(u)) for u € (C2°(R*))?® hence again by (3.4) we obtain || P(u)]| g g4y <
2HUH(H’“(]R4))3

By the definition of P we have for j € {1,2,3}

(3.5) (P(w); = uj — ZRk ug))

where R; is the j-th Riesz transform.
It is known that (cf. [15]) if n € Ay where

. 1 1
Ag = {7} €L, . R | n>0, s%p{W/Bndm/B de} < oo}

here the supremum is over all balls B C R3, then R; is a bounded linear operator
of L2(R3;n) to itself. Now we may check that w € Ay thus by (3.5) we obtain that
P is a bounded linear operator mapping (L?(R?;w))? to itself. O

Lemma 1. The operators V. and Ty commute.
For each v € L?(0,T, (L*(R?))3), supp(¥.(u)) C [0,T + a(e)] x
For each k € {0}UN, U, is a compact map of L?(0,T, (L2(R3))3) to (CF(R*))3.
U, is a bounded linear operator mapping L?(0,T, (L*(R3;w))3) to itself and its
corresponding norm is uniformly bounded with respect to €.

R3.
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For u € L*(0,T, (L*(R3;w))?) we have ¥ (u) — P(u) in L?(0,T, (L*(R3;w))?)
as € — +0.

For u € L*(0,T,(H'(R?))3) we have ¥ (u) — P*(u) in (L?(0,T, (H*(R?))3))*
as € — +0.

Proof. Because P and K. commute with Ty we obtain that ¥. commutes with Tj.
Fix k € {0} UN. Let m € N large enough such that by the Sobolev embedding
theorem (H™(R*))? is continuously embedded in the space (CF(R*))3. The func-
tion K, maps L2(0, T, (L%(R?))3) in Hy**'(Q.) continuously. Thus by the compact
embedding of HJ"*'(Q.) in HJ"(Q.) we have that K. is a compact operator map-
ping L2(0, T, (L*(R?))3) to HJ"(Q). The operator P maps H™(R?*) continuously
in itself. Finally by the continuous embedding of this space in (CF(R*))3 we prove
the compactness of the operator ¥, mapping L?(0, T, (L?(R?))?) to (CF(R*))3.
We have

(3.6) Ve(u) = da(e) * (P(Yp6)Va(e) * 1))-

Because w € As we have that 1% maps L?(R3;w) to itself with a norm uniformly
bounded with respect to 0 < 8 < 1 (cf. [15]). The operator P is also bounded
mapping (L2(R3;w))? to itself as discussed in proposition (3). The rest of the
operators in (3.6) have also uniformly bounded in € norms as operators mapping
(L2(R3;w))3 to itself or L2(0, T, (L%(R3;w))?) to itself. And this proves the claimed
boundedness and uniform bound.

The last two claims of the lemma are easy to check. (I

3.3. Approximate regularized problem. Let us define x¢ . = %, * xo.

Proposition 4. We have

(3.7) 0< o<1,
(3.8) [Ix0,ell rmsy < [Ixollzr sy, Ix0ell2®e) < lIxollL2(rs),
(3.9) IVX0.cllL1@®s) < ClVxol(R?)

and if Q1,0 s azisymmetric then Xo. s arisymmetric.

Proof. Because xo(x) € {0,1} for all x € R?, ¢ > 0 and fo Y(z)dxr = 1 we obtain
(3.7). Using the Young inequality for convolution one obtains the inequalities in
(3.8) and (3.9).

If Q) is axisymmetric then xo is axisymmetric. Now because ¢.* commutes
with T, xo,c is axisymmetric. O

For x € H'(R?) we define f5 () € ((H'(R?))®)* by
Fs.t. _ VXx®Vx . 1(R31)3
(00.0) = [ o paay + Ve forp e (1'(RY)
and for x € L?(0,T, H'(R3)) we define f5*(x) € (L?(0,T, (L*(R?))3))* for ¢ €
L2(05T7 (L2(R3))3) by

(ft (), 9) = /OT <f5‘t'(x), \Ile(ga)> dt.

Let us denote by J the isomorphism between the spaces (L2 (0,7, (L2 (R3))3))*
and L*(0, T, (L*(R?))*)").

Now we are in the position to state our regularized system of a transport equation
{ BiXe + Ue(ue) - Ve — €/Axe = 0'in (0,T) x R3,

(3.10) Xe(0) = Xo,e
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together with the momentum equation
Oie + div(P(ue) ® ue) — div(D(ue))

(3.11) = J(f&%(xe) in (0,T) x R,
ue(0) = uo.

The precise sense in which the equations above should hold will be clear in the
following.

3.4. Existence of solution to the regularized problem. In the following lem-
mas we prove boundedness and continuity properties of the transport equation, the
force term and the momentum equation with a prescribed transport term. These
results will be used in applying the Schaefer fixed point theorem.
Let us denote

W= {w e (C2(RY)? | div(w) = o}
where C5°(R*) = NyeoyunCE(RY).
Lemma 2. Let w € W then the following equation
(3.12) Oex +w-Vx —eAx =01in (0,T) x R?,
' x(0) = xo0,c in R3

has a unique classical solution x € CZ([0,T) x R3). Let us define the nonlinear
operator Ge(w) = x. We have

(3.13) 0<x<1
and
(3.14) HXHLw(o,T,L2(R3)) + \/EHX||L2(O,T,H1(]R3)) < C||X0,e||L2(1R3)'

Considering the supremum norm for the space W, the map
G.: W — L*(0,T, H(R?))

is (Lipschitz) continuous.
If w and Q4 o are azisymmetric then so is x.

Proof. The inequalities (3.13) follow from maximum principle and (3.7).

By multiplying the equation (3.12) with x, integrations by part and using that
w € (Cp(R3))? with div(w) = 0 we obtain (3.14).

Let w; € X for i = 1,2 and x; the corresponding solutions to (3.12). Taking the
difference of the equations satisfied by y; and denoting w = wo —w1 and x = x2—X1
we obtain

1 1
Oex + 5(“’1 +wsz) - Vx —eAx = —Rw- V(x2 +x1)

now this is an equation satisfied by y with the initial value x(0) = 0. By similar
computations as one does to obtain (3.14) and using the inequality (3.14) for x; and
X2 one obtains the inequality [|x||z2(0,7,m1(®3)) < CellX0,el
proves the Lipschitz continuity of G.

If Q1 is axisymmetric then by proposition 4, xo. is axisymmetric. If also w
is axisymmetric it is easy to see that for any 6 € R, the function 74(x) is also a
solution to our equation and hence by uniqueness we should have x = 79(x) for all
0 € R which proves that x is axisymmetic. O

We call f € (L2(0,T, (L*(R?))3))* axisymmetric if T f = f for all § € R, i.e.
(f,0) = (. Tog) for all € L2(0,T (L*(R*))*) and 6 € R.

Lemma 3. The function f&* : L?(0,T, H'(R?)) — (L*(0,T, (L*(R3))3))* is con-
tinuous and if x is azisymmetric then f&*(x) is avisymmetric.

L2(]R3)Hw||0b(]R4) which
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Proof. Let ¢ € L*(0,T, (L?(R?))?). Let x; € L?(0,T, H'(R?)) for i = 1,2 then
(3.15)  (f&'(x2) — [2" (1) 0)

// 0ix20;X2 _ 0ix195x1 )31- (U (¢)),dxdt.
w (Ve + )] (TP e

Let us denote for p,g € R and a > 0, A(p,q,a) = (a + €2)~ 3pg then we
have 9,A(p, q,a) = (a® + ~52)_%q7 94A(p,q,a) = (a® + €2)~ 3p and 0. A(p,q,a) =
— (@ +€)~Epga. So for |pl,la| < a we have |9,A(p, 0,0)] < 1, |9,A(p, ,0)] < 1
and |0, A(p, q,a)] < 1. Now let |pgl|, |qx| < ag for k = 1,2 then for 0 < 7 < 1 we
have |(1 — 7)p1 + 7p2| < (1 —7)|p1| + 7lp2| < (1 — 7)a; + Taz and similarly for g
hence we can estimate using the mean value theorem |A(pa, g2, a2) — A(p1, q1,a1)| <
lp2 — p1l + g2 — 1| + a2 — a1

Considering pr, = Oz, Xk, qr = Oz, Xk and ar = |Vxy| we have

(3.16)  [A(Oz, X2, 0z, X2, |VX2|) — A(Oz, X1, 0z, X1, |VX1])]
< {102:x2 — O x1| + 102, x2 — Oz, x1] + || VX2 — [Vxall} <3[Vx2 — Vxul.

Now by (3.15), the definition of A, (3.16) and Lemma 1 we obtain

T
(3.17) |<f§'t(X2)*ff‘t'(X1),<P>|SC/ / VX2 = Vxal[V¥(p)|dzdt
o Jrs

T . T L
< c{/ / Ve — VX1|2dmdt}5{/ / V() Pdedr} .
0 R3 0 R3

Denoting v = VP@/;B(E)q/)ﬂ(e) * @ and using two times the Minkowski inequality,
separately we estimate

T T
(3.18) / / |V\I/6(ga)|2d:cdt:/ / |Ga(e) * v]>ddt
0 R3 0 R3

T T
< / | Bate) * Vl2paqmsyyscsdt < / (bae) * 0l zarayysns)
T T
:/ (/ B ()]0l (2(moyy5x5 (t — )ds) dt
2
< {/0 ¢a(e)(5){/0 ||U||(L2(R3))3><3(t S)dt} ds}
a(e) T—s 1 2
~{[ a0t Il )zt as)
a(e) 2 T
{7 tao@is) [ ol
T T
< / 0112, g () = / PPateybse * P2 oy ()dz
T
< C/o [WDa(e¥s(e) * PIF e (ray)s (2)dz

T
<c. / NPy < CollolPinorzaons)

and this together with (3.17) proves the continuity of f3t.
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Let x € L%(0,T, H'(R?)) be axisymmetric, ¢ € L*(0,T, (L*(R?))3) and § € R
then by Lemma 1, (3.1) and (3.2)

T
<fst TOSD / /3 Vx' V(¥ TGSD))VXd dt
R

(IVx[* + %)z
:/T VXV (Ty(Pe(@)) VX,
0o Jr3 (|Vx|2+62)1
[T [ TOT OV ) L0000V,
o Jrs (|Vx|2+62)%
L[ [ ORI O OO O,
0 Jes (IVx(t, OT(0)z)|? + €)=

N AR TS

R3 (IV(rox)|? + €2)2

_ [T IXTV((0)Vx
_/O R3 (|VX|2+€2)% dzdt = <f6 (X)7‘P>

which proves that f5! is axisymmetric. O

Lemma 4. Let w € W and f € L?(0,T,V*) then there exists a unique solution
ue C([0,T),E)N L2(0,T,V) of the equation

Ou + diviw @ u) — div(Du) = f in V* for a.e. t € (0,T),
u(0) = wo.

Let us denote u = A(w, f) then A : W x L?(0,T,V*) — L?(0,T,V) is continuous
considering the (Cy(R*))® norm for W.
If w and f are azisymmetric then u = A(w, f) is azisymmetric.

Proof. We divide the proof in four steps. In the first step using the Galerkin method
we prove the existence of the solution, in the second step we prove the uniqueness of
the solution, in the third step we prove the continuous dependence of the solution
on the data and finally in the fourth step we show that if w and f are axisymmetric
then so is u.

Step 1. Existence.

Let the set of the functions v, € (C°(R?))3 for k € N with div(vg) = 0 form a
linearly independent and complete subset of F. As usual for the Galerkin method,
for each n € N we first seek a solution u,(t,z) = >_;_; di'(t)vr(z) which satisfies

the equation if the equation is tested only with the functions vy for k = 1,--- |n
and
(3.19) (un(0),ve)E = (ug,ve)p for £=1,--- n.

Using the fact that w € (Cy(R*))3, x € CZ([0,T) x R®) and f € L%*(0,T,V*)
we obtain a well defined ordinary differential equation for d,, and obtain a unique
solution d™ € H(0,T,R").

Now our aim is to obtain uniform in n estimates and then to obtain a convergent
subsequence of u,. Testing the equation satisfied by u,, by itself we obtain

i/ |un|2dl' +/ |Dun|2dz = <f(t)aun> :
dt Jrs R3

By integration in time and using the fact that f € L?(0,7,V*) we obtain
sup,,> 1 {[tnll Lo 0,7,8) + |UnllL20,7,v)} < 00. So there exists a subsequence n,
and

(3.20) u € L=(0,T,E)n L*0,T,V)
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such that
Un,, 2% in L>*(0,T,E) and u,, — u in L*(0,T,V).

Fix ¢ € (C(R*))? with div(p) = 0. By appropriate approximation of ¢ and
passing to the limit in the equation satisfied by u.,,, we obtain

(3.21) —/ ud (0 dx—/ / u® Oy pdadt
R3
T
/ / w; (u mcp]da:dtJr/ Du:Dgpda:dt:/ (f,p)dt
R3 o Jrs 0

In particular considering (3.21) for ¢ € (C2°((0,T) x R?))? with div(p) = 0 we
obtain that

(3.22) Owu € L*(0,T, V™).

From (3.20) and (3.22) it follows that u € Cy([0,T7, ) (cf [7]). Finally from
this continuity and the equation (3.21) we obtain u(0) =

Step 2. Uniqueness.

If u; and usy are solutions then denoting u = us — u; we get

0w + div(w ® u) — div(Du) = 0 in V* for a.e. t € (0,T)

and u(0) = 0. Then by similar estimates as done above to show the uniform
boundedness of u,, we obtain that u = 0.

Step 3. Continuous dependence on the data.

Let u; and us be solutions corresponding to the pairs (w1, f1) and (we, f2), then
denoting u = us — w1 and taking the difference of equations satisfied by w1 and wus
we obtain

wa + w1

Oyu + div((T) ®@u) —div(Du) = (f2 — f1) — div((w2 —w1) ® (u1 + u

%)

in V* for a.e. 0 <t < T and u(0) = 0. By multiplying the equation above by u
and proceeding as above to get the uniform bounds on u, we obtain

UL + U2

%/}RS |U|2dx+/R3|Du|2dx= <(f2—f1)(t),u)+/RS(w2—wl)iaxiuj( ) e,

Now by estimating the right hand side from above and integration in time we
obtain

ull Lo 0,7,y + lullL20.0,v) < C(If2 = fillz2o,1,ve)
+ (lutll 20,7, 8y + lluzllL20,7,8)) w2 — w1l (o, @®ay)2)-

And by the uniform bounds on us and u; in LQ(O7 T, E) we obtain the continuity
of A.

Step 4. If w and f are axisymmetric then so is .

Let w and f be axisymmetric and 6§ € R. One may see that Typu is also a solution
and thus by uniqueness of the solution we have u = Tyu. Because this holds for all
0 € R, u is axisymmetric. O

Lemma 5. Let w € W and x = Ge(w) then we have

/ M : Vwdz < ,i/ (IVx[]2 + €27 — €)da.
R3 (|VX|2 +€2)§ dt R3
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Proof. Differentiating the equation satisfied by x with respect the z;, multiplying
by (|Vx|? + €2)~28,, x, summing over i and integrating we obtain

R3

— €Ny xOu X (VX2 + €2) " 2da =0

now separately we evaluate each term in this equation.

We have
aamixamix d 1
(3.23) m = E((|VX|2 +e%)2 —¢),
(3.24) / de:/ M:dem
s (VX2 +e2)3 s (|Vx|2 + €2)3
and
W02, X0z, X 1
3.25 %dz:/ w0y ([Vx|]* +€2)2)dx =0
29 [ S = | o (VX + )

so it remains to evaluate the last term involving the laplacian.
We compute

R3

VX[ + €?) 3 IVX|2+€2)%
_ Oz, X
6/ O, :cJX 1, |VX|2 i 62) )dx
N 6/ X{ axiij _ azixazkxazkzj)(
- ;X4 3
THIVXE+ ) ( +e2)2

tr(V2xTVv? ) VIxV2xTV2xVy

{ o }d:c
(IVX[2 +€2)2 (IVX[? +€2)2
V 2 2
_ / | X| 3{ € 5 tr(V2XTV2X)
ran{vx£0} (V|2 +€2)2 L[VX]
Vx

+ {tr(V2XxTV?y) — (IV |)Tv2 xIv? (|§ |)}}d:v

Let Vx # 0. Denoting A = V2x7V?x we know that A is a positive semi-definite
matrix so we have

(3.27) tr(A) = Ai(4) >0

where \;(A) for i« = 1,2,3 denote the eigenvalues of A. Also (‘g—i‘)TA(‘g—i‘) <

max;—=1,2,3 )\,L' (A) then

(3.28) tr(A)—(|§§| IVxl Z — max \i(4) > 0.

Now from (3.26),(3.27) and (3.28) it follows that

O
(3.29) 7/ Dy x—2X gy >0
R (IVx|? +€?)2

Finally by (3.23),(3.24),(3.25) and (3.29) the lemma is proved. O
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Lemma 6. Fiz u € L?(0,T,E) and let x = G(¥.(u)) then there exists C > 0
such that for 0 < s <T andn > 0 we have

330) [ (U N0, uo) d
<= | (V)P + )t = e+ CIVxol(R)
+ ol + il o r.my
Proof. One may observe that for a € R and € > 0 the following inequality holds

a2

(3.31) vt

<2((a® 4 €?)? —e).

Let 0 < s < T then we have

332 [ G0 @) dt = [0 Lo @uto) d
T ~
= (1100 10 () = [ (F000. %l )(0))
= [ (F 0o, wetutn ) a
min(s+a(e),T) ,
+f (T 000, (10,0 (Ju() (@) dt.

To estimate the first term on the right hand side of (3.32) we compute using
Lemma 5

39 (£ 000, wlw)0) = [ I T e
<=4 [V + % - .

Now using (3.33) and (3.9) we estimate the first term on the right hand side of
(3.32) as follows

) rs.t 5d 2 %
(3.34) / (7000, e (w()(®)) de < - / ot / (VX + )8 = pda e
— = [ TxOP + &} = ado+ [ (Troc + )} - o
R3 R3

<- / (VxE) +)F — e + / Vo |da
R3 R3

<= [ (Tx@P + &)} - gdo + OVl (B,
R3
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Now we estimate the second term on the right hand side of (3.32)

min(s+a(e),T) , _
) | (£ 000, W10 (D)) at

min(s+a(e),T) Vx ® Vx
B 5 V(We(L(o,0) (Ju()) (8))dadt
/s /Rg (V|2 + €2)2 (We(Lo,5) (Jul-))(1))

min(s+a(e),T)
< C/ /]R VX[V (Te(Li0,5) ()ul-))(t))|dxdt

€ min(s+a(e),T)
< 01—/ / |V x|?dzdt
nJs R3

n min(s+a(e),T) )
+2f [ IV (10 (el 1) P

€

Separately by the Lemma 2 and (3.8) we estimate
min(s+a(e),T) ) ) )
CEUN | [ 1Pt < 40y < 4ol

There exists a constant C' > 0 such that for v € (L?(R?))? and 0 < e < 1

~ 1
(3.37) IV Wp(eys(e) * VItL2(reyysxs < C(1+ 52—(6))”7”%L2(R3))3'

Denoting v = V(Pqﬁﬁ(e)wﬁ(é) * 1(0,5)(-)u(-)) and using (3.37) we estimate
1 min(s+a(e),T) )
) ¢ [ [, 9100 (u)) 0 Pdade

€
1 min(s+a(e),T) 2
S Z/ ||¢a(e) * U||(L2(R3))3X3dt

1 [min(stale),T) i
S E/ (¢O{(€) * ||U||(L2(]R3))3><3) dt

2
a(e)H(ﬁO‘(f) * ||v||(L2(R3))3X3 HLOC(s,min(era(e),T))

(&) V(PYa(eya(e) * WG oo (s—a(e) +.s.(12@))53)

1
. afe)(1 + 52—(6))||U||2Loo((s—a(e))+,s,(L2(R3))3)
C 1

—a(e)(1 + —)HUH%C’O(O,T,E)'

B(e)
Now by (3.35), (3.36), (3.38) and the definitions of a(e) and 3(e) we obtain

min(s+a(e),T) ,
) [ (F 000,100 (u()(®)) at

C1
< 7||X0||2L2(]R3) + ConllullZ<(o.7,1)-

Finally from (3.32), (3.34) and (3.39) we obtain (3.30).

O

Let us consider the function S, : L%(0,T,V) — L?(0,T,V) for v € L?(0,T,V)

defined b,
’ Se(v) = A(w, J(f))

where
w=V(v), x = Ge(w) and f = f&*(x).
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Lemma 7. There exists a constant C > 0 independent of € but depending on ug
and xo such that if for some 0 < ¢ < 1 and u € L*(0,T,V) we have u = cSe(u)
then

(3.40) ¢ sup /W((|Vx(s)|2 +e2)7 — e)da

0<s<T
T

(s)|2dx+/ / |Vu|?dzdt < C.
0 R3

Proof. Let u € L*(0,T,V), 0 < ¢ <1 and u = ¢Sc(u). Then testing the equation
satisfied by % by u we get

L[ o [ 1Dus = (70000,

we then integrate in time on (0,s) for some 0 < s < T and by Lemma 6, the
inequality ¢ < 1 and small n > 0 we obtain

1 1 [°
c/ (|Vx(s8)]* + €)2 — €)dx +/ lu(s)*dx + = / / |Vu|*dxdt
R3 R3 2 Jo Jrs

: C
< [ luoldz+ CIVx0I(R®) + ol sy + allul e o5

+ sup |u
0<s<T JR3

And from this by choosing 7 > 0 small enough it follows that

T
¢ sup /((|Vx(s)|2+62)%—e)d:c+ sup |u(s)|2dm+/ / |Vu|2dxdt
0<s<T JR3 0<s<T JR3 0 R3

< { [ Tuolds+ (930l ) + ol e}
which proves (3.40). O

Let us define
Va..s. = axisymmetric functions in V.

It is clear that V, . is a closed subspace of V.

Theorem 3. There exists u. € L?(0,T,V) solution to the system of equations
(3.10) and (3.11). If the initial values ug and Q1 o are axisymmetric then there exists
ue € L2(0,T,V,.s.) solution to the system of equations (3.10) and (3.11).

Proof. By proposition 1 the map W, : L2(0,T,V) — W is compact (we consider
the (Cy(R?))? norm for W), by Lemma 2 the map G, : W — L2(0,T, H*(R?)) is
continuous, by Lemma 3 the force term
FEE D20, T, HY(R?) — (L*(0,T, (L*(R%))*))*

is continuous, we know that

J o (L2(0,T, (L*(R?))*))* — L*(0, T, ((L*(R%))*)")
is continuous and by Lemma 4 the map A : Wx L2(0, T, ((L?(R?))3)*) — L2(0,T,V)
is continuous. Thus the map S, is compact and in particular continuous. By the
previous lemma we have that the set

X = {UEL2(O,T,V) v = ¢Se(v) for some 0 < ¢ < 1}

is bounded and hence we might apply Schaefer’s fixed point theorem to obtain a
fixed point u, € L?(0,T,V), u. = S(ue) which proves the existence of a solution.
Now let us consider the case when the initial values ug and €25 ¢ are axisymmetric.
Forv € L%(0,T,V,.s.) by the commuting properties of ¥, as discussed in the Lemma
1 we have that w = ¥.(v) is axisymmetric, by the Lemma 2 we have that x is
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axisymmetric, by Lemma 3 the force term f = f!(y) is axisymmetric, it is easy
to see that J(f) is axisymmetric and finally by Lemma 4 we have that Sc(v) is
axisymmetric. Thus we have S, : L?(0,T,V,.s) — L?(0,T,V,.s.). Now because

Xeas = {v € LQ(O,T7 Vas) | v=2cSe(v) for some 0 < ¢ < 1} c X,

the set X 4.5 is bounded and we might apply Schaefer’s fixed point theorem to
obtain a fixed point u. € L?(0,T,V,.s.), ue = Se(u) which proves the existence of
an axisymmetric solution. (I

4. EXISTENCE OF VARIFOLD SOLUTION

In the following for each 0 < € < 1 we consider the pair u. € L%(0,7,V) and
Xe € L%(0, T, H'(R?)) a solution to the system of equations (3.10) and (3.11). The
existence of these is proved in the theorem 3.

4.1. Uniform bounds on time derivatives.

Lemma 8. We have supg. 1 [|0:XellL2(0,7,5-1(®r3)) < 00.
Proof. We have

(4.1) Oexe = —We(ue) - Vxe + €Axe

in H=1(R3) for a.e. t > 0.
For the first term on the right hand side of (4.1) we compute for ¢ € H*(R?) by
(3.7)

(V) Vo) = = [ el Voo = [ Wiu) - Vs

< /]R3 |W6(Ue)||v¢|dl’ < ”\IIE(UC)”LQ(RS)||50||H1(]R3)

thus we have

T
(42) [ = We(u) - Vel B oy < / TR A—

T
§ C/O HUEH%LQ(Rz))zdt.

For the second term on the right hand side of (4.1) we have for p € H*(R3)

(e = [ Bxapdo = ¢ [ Txe Voo < [ 1o} ol
R3 R3 R3

thus by Lemma 2 and (3.8) we have

T
(4.3) ||€AX€H%2(O7T7H,1(R3)) < 62/0 /]R3 |Vxe2dzdt < CHXO||%2(R3).
Now by (4.1), (4.2), (4.3) and Lemma 7 the lemma is proved. O
Let

V = closure of {v € (C°(R?))? ‘ div(v) = O} in (H3(R3))3.

Lemma 9. We have supg.c1 [|O¢tic|| 1o 7, 7+) < 0©-
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Proof. By the equation satisfied by u. we have
(4.4) Opue = — div(Pe(ue) ® ue) + div(D(ue)) + (£ (xe))

in V* forae 0<t<T.

By Sobolev inequality in R?, for u € H*(R?) we have ||ul|Lsrs) < C||Vul|(L2(ra))s
from here it follows that |lulzsms) < Cil|ul g1 (rs). Now for the first term on the
right hand side of (4.4) we have for ¢ € V

(= div(e(u) S0 @y = [ (el Drpsda
<C / 10, (1) e [V
R3

47\ i) T 24,12
<o [ wwoltan} [ futash ([ 19oPas)

< Col|We(ue) | (a msy)s | well (a1 ey el -

One may check that there exists a constant C' > 0 such that for
v e L%0,T, (H'(R?))3) we have

T T
/O ||\Ile(v)||(2H1(R3))3dt§C/0 T EAp—
thus

(4.5) || = div(We(ue) @ ue)ll 1o, 7,77+
T T
<G [ 1w B oyt + [l oyt
T
S 03/0 ||u€||(2H1(R3))3dt.
By the Sobolev inequality there exists a constant C' > 0 such that
(4.6) [vllcp rey < Cllvllases) for all v € H?(R?).

For the second term on the right hand side of (4.4) we have for ¢ € V

(div(D(ue)), p) ey = — /}R3 Du, : Dopdz < C{/]R3 \Vue*dz} 2 ol

thus

T 1
(4.7) Hdiv(DuE)||L1(0’T"~,*)SC/O {/R3|Vu€|2dx}2dt

1 T 1
< C’TE{/ el st} 2
0
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For the third term on the right hand side of (4.4) we have for ¢ € (C°(R*))?
T T,
|t o, ey de = (5400 = [ (7 o). vl
0 0

T
:/ / M L VU, () dudt
o Jre ([Vxel* +€)2

T 2
< 01/ / &|V\IIS(@)|da?dt
o Jrs (|[Vxel? + €2)

W=

T
<0 / / (Vxel? + €)% — )|V (p)|dadt
0 R3

T
< Co{ suwp / ((|Vx€|2+e2)5—e)dx}/ IV, () | o onyssdt.
o<t<T JR3 0

denoting v = VP(ﬁﬂ(g)z/;B(E) * @) using the Minkowski inequality once and then the
Sobolev inequality (4.6), separately we estimate

T T
/O ||V‘I’e(90)||(C(R3))3x3dt§/o Pa(e) * [vll(cmsy)sxadt
T T B
< / lolleqroysadt < C / 1P siebsie) * @)l ars eyt

T
= 02/0 1Vs(e¥8() * Pl 3 @eyedt < CsllollLro,r, 3 ®e))e)

so we have

| otz aanm.ea<cf s [ (0P +E - gda} el

o<t<T

As mentioned in Section 2, because V* is a Hilbert space it is in particular a
reflexive Banach space and hence L>(0,T,V*) = (L'(0,7,V))* so we have

(4.8) I(F Dl o,r,vey < TIILE" (X))l oo 0,19+

s.t. 1
<air|afet (XE))H(Ll(O,T,V))* < C2TOE?ET/RS((|VX6|2 +€)2 —e)da.

Now by (4.4), (4.5), (4.7), (4.8) and Lemma 7 the lemma is proved. O

4.2. Let us denote by M(R?) the space of bounded Radon-Borel measures on
(R, B(R?)).

Lemma 10. Let for some A >0
(49) ||V]§||Llouo>k (0,7, M(R%)) S A, Vk e N

then there exists a subsequence ky, and v € L. (0, T, M(R?)) such that

T T
(4.10) /0 /]Rd vy, (t)(dx)dt — /0 /Rd o(t, x)v(t)(dz)dt, Vo € L*(0,T,Co(R?))
and

1Vl zzx, 0,7, m(ray) < Hmnf {|vell L 0,7 ama))-

Proof. Step 1. If m € N such that m > % then it follows from Sobolev embedding
theorem that we have the continuous, dense and injective embedding

(4.11) H™(R?) < Co(R?)
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and by the Ritz representation theorem it follows the continuous, dense and injective
embedding

(4.12) M(RY) = (Co(RY)) — H™(R?).

Step 2. In this step our aim is to show the continuous embedding
(4.13) L0, T, M(R?)) — L2.(0, T, H™(R%))
holds.

Let v € L2(0,T, M(R%)). By (4.12) we have that ~ : (0,7) — H3(R%).
To show that v with values in H3(R9) is w* A-measurable let ¢ € H™(R?) then

(4.14) {(v(®), ¢>H*m(]Rd),Hm(]Rd) = (7(?), ¢>M(Rd),CO(]Rd)

and because v with values in M(R?) is w* A-measurable the function on the right
hand side of (4.14) is measurable and hence so is the function on the left hand side,
which proves the desired property.

Now from the separability of H™(R¢) it follows that [|7(#)|| fr-m ga) as a function
of ¢ is measurable.

Finally by (4.12) we have that for a.e. 0 < ¢ < T we have

YOl - @®ay < Clv Ol pm@ey < ClivllLes, o.r,m@e)

which shows that ||| e, 0,7, z-m®)) < ClVll L=, 0,7,Mm(®e)) and this proves (4.13).
Step 3. In this step our aim is to show that

(4.15) L0, T, H-™(R?) = L>(0,T, H ™ (R%)).
It is obvious that by the identity map L>°(0, T, H~™(R%)) < L. (0, T, H~™(R?))

o~
continuously as A\-measurability is stronger than w* A-measurability. So it remains

to show that by the identity map we have the continuous embedding
(4.16) L2.(0,T, H ™ (R)) < L>(0,T, H ™ (R%)).

Now let v € L (0,7, H-™(R%)) and we should show that v is A-measurable.

Because H~™(R?) is separable we have that « is \-essentially separably valued.

Because H™ (Rd) is a Hilbert space in particular it is a reflexive space and hence
by w* A-measurability of v, v is weakly A-measurable.

Hence by Pettis measurability theorem 7 is A-measurable and this proves (4.16)
which in turn proves (4.15).

Step 4. In this step our aim is to obtain a w* convergent subsequence of vy in
L>(0,T, H-™(R%)).

There exists a subsequence &, such that the limit lim, oo |V, || £, (0,7, M(R4))
exists and ‘

(4.17) Jim {lvg, [|zes, 0.7, Mm(@) = lim inf vkl Lo, (0,7, M(R2))-

In  the  following for ease of notation let us  denote
A/ = lim infk;*)oo ”VkHLff* (0,7, M(R%))+

Because H~™(R?) is a Hilbert space it has the Radon-Nykodym property and
thus we have L°°(0,T, H-™(R%)) = (L*(0, T, H™(R%)))'.

By (4.9) and (4.13) we have that vy, is uniformly bounded in L (0, T, H~™(R%)).
By the previous step we obtain that v is uniformly bounded in L>°(0, T, H ~™(R%)).
Now by Anaoglu theorem there exists a v € L>(0,7, H~™(R%)) and a subsequence
kn, such that vy, , w* converges to v in L>(0,T, H~™(R%)), i.e.

T

T
(4.18) /o <an[ (1), ¢(t)>H7m(Rd)’Hm(Rd) dt — /o (), ¢(t)) gr—m ey, orm (may At
for all ¢ € L1(0,T, H™(RY)) as £ — oo.
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Step 5. In this step our aim is to show that v € L% (0, T, M(R?)) with
(4.19) 0l e

w*

Let ¢ € L'(0,T, H™(R?)) then by the uniform bound (4.9) we have that

T T
/0 <Vk”’f(t)’¢(t)>H*’"(]Rd),HwL(]Rd)dt:/0 <Vk”’f(t)’¢(t)>M(Rd)7Co(]Rd)dt

< lvk,,

0.7.M(ray) <A

L, 0.1, m@® 19l 2 0,7,00 ()

by (4.17) and (4.18) passing to the limit in the inequality above we obtain

T
/0 V(t), o)) gr—m (ray, grm (may 4t < A&l L 0,7,00 (R?))
and by Lebesgue differentiation theorem we obtain that
(4.20) (v (1), @sz(Rd),Hm(Rd) < AN[¢llcyrey for ae.t € (0,T) and p € H™RY).

From (4.20) and the density of the embedding (4.11) it follows that v(t) € M(R%)
for a.e. t € (0,T") and

(4.21) [ (t) | pray < A for ace. t € (0,T).

Now let us show that v with a.e. values in M(R?) is w* A\-measurable. Let
¢ € Co(R?) and ¢, € H™(R?) such that ¢,, — ¢ in Cp(R?). Then we have

<I/(t), SD>M(]Rd),CO(]Rd) = nlLIIéO <I/(t); San>H—m(]Rd),Hm(]Rd)

and because v € L>(0,T, H-™(R%)) and ¢, € H™(R?) each of the functions (as
function of ¢) on the right hand side is measurable and thus left hand side as the
limit of a sequence is measurable.

From separability of Co(R?) it follows that ||v(t)||sra) as a function of ¢ is
measurable. These measurability results together with (4.21) prove (4.19).

Step 6. In this step our aim is to prove the continuous and dense embedding

(4.22) LY0,T, H™(RY)) < L*(0,T, Co(R?)).

Let ¢ € LY(0,T,H™(R?)) then by the embedding (4.11) we have that ¢ :
(0,T) — Co(R?). By the A\-measurability of ¢ with values in H™(R?) there ex-
ists a sequence of simple functions s, with values in H™(R?) such that ||s,(t) —
()| grm (mey — 0 for a.e. ¢ € (0,7") hence by (4.11), also [|sn(t) — &(t)[|c,ray — O
for a.e. t € (0,T). Thus ¢ is also A-measurable with values in Cp(R?).

By the embedding (4.11) it is easy to see that the embedding (4.22) is continuous.

Now let us show the density of the embedding (4.22).

Let ¢ € LY(0,T,Co(RY)). Let us show that there exists a sequence of simple
functions s € L1(0,T, H™(R)) such that s, — ¢ in L'(0,T, Co(R%)).

By the separability of H™(R?) and its density by (4.11) in Cp(R?) there exists
a countable sequence g, € H™(R?) which is dense in Cp(R?).

Let us define for k,n € N

Epn={t€0,T) | [6(t) = gnllcorey <k}

By the A measurability of ¢ we have that [|¢(t) — gnllc,(ra) as a function of ¢ is
measurable, thus Ej , is Borel measurable. By the density of the sequence g, in
Co(RY) we have (0,T) = UpenFE.n. Let us define G 1 = Ej 1 and for n € N\{1},
Gin = Ekyn\(U;’;fEk,i). Then for n € N, Gy, ,, are disjoint and cover (0,T"). Let
us define the simple function py,, = > 1, 1G, ;9i- We have the estimate

T
@2) o= palvoraen <+ [ 16(6) eyt
(0,T)\UT Gii
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Let Ak = (0,T)\ U, Gk then Ag 41 C Agp and 0 = NpenAk,n. Because
o(t)llcomay € L'(0,T) by the absolute continuity of Leabesgue integral we have
limy, 00 fAk,n |6(t)[| o (reydt = 0. From this convergence and (4.23), taking for each
k the n = ny, sufficiently large we obtain py.,, — ¢ in L*(0,T, Co(R9)).

Step 7. In this step our aim is to prove (4.10). Let ¢ € L'(0,T, Co(R%)) then by
the previous step there exists a sequence ¢, € L'(0,T, H ™(R%)) such that Oq — @
in L1(0,T,Co(R%)). By (4.9) we have

T T
[ ] on o= [ [ o, ()] <Al = b,lromcuse
0 R4 0 R4

from which it follows that the left hand side converges to 0 as ¢ — oo uniformly
with respect to £. We write

/ o(t) (@), (O)(da)dt — / H(t) (@)v (1) (dar)dt
R4 Rd
T T
_ / o, (0)(da)t - / i, (1))t

//%ykn dxdt—//qsq )(dz)dt
+ /0 [ outt)as)ar - /O [ ovtoan)a

using the uniform convergence described above first by choosing ¢ large enough we
can make the first and third terms on the right hand side small then fixing ¢ and
choosing ¢ large enough using (4.18) we make the second term small. O

Lemma 11. Let there exists A > 0 and for each v € N, A, > 0 such that

A

then there exists a subsequence kn and v € quo* (O,T,M(Rd)) such that for all
compact K C R?

T T
(4.25) /0 [ o () ()t /0 [ ol (o) (da)ds, Vo € L1(0,T, Cu(K))

and [|v[| L, 0,7, mra)) < A

If for an open set U C RY and each k € N we have v (¢)(U) = 0 for a.e.
€ (0,T) then v(t)(U) =0 for a.e. t € (0,T).

Proof. Step 1. Defining Sj.
Let for k € N, 7, € N be a non-decreasing sequence such that r, — co and

Tk

A,
<A and%—)Oask:—)oo.
Let us define gy, : (0,7) — M(R?) by
Br = Vklﬁ-

Step 2. 8, € LY. (0,7, M(Rd)) and uniformly bounded.
Let us show that Bk is w* A-measurable. Let ¢ € Co(RY) then ¢ € C(B,,) and
because v € L(0,T, M(B,,)) we have

(Br(),0) = (Ol 60 )

is A-measurable. Thus 3 is w* A-measurable. Now from the separability of Cp(R%)
it follows that ||k (t)|| p(ray is measurable.
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Because of the bound (4.24) we have

(4.26) [18rll z2s

w*

A,
(0,7, M(Rd)) < % +A <A+ A

Step 3. Apply the previous lemma to the sequence (.
By the uniform bound (4.26) and the previous lemma there exists a subsequence
k, and v € L% (0, T, M(R?)) such that

T T
(4.27) /O Rd¢ﬁkn(t)(dx)dt—> /O Rdczw(t)(dx)dt, Vo € L'(0,T, Co(RY))

and
VIl ez, 0.7, meay) < Wminf {5 Lo 07 mcray) < A-
Step 4. Proving (4.25).

Let K C RY be a compact set and ¢ € L'(0,T,C.(K)) then for n large enough
such that K C B,, by (4.27) we have

/0 y o, () (dz)dt = /0 y OB, (t)(dx)dt — /0 y v (t)(dx)dt.

Step 5. Proof of the last claim.
Let K a compact subset of U. For ¢ € L'(0,T,C.(K)) we have for each k € N,

fOT Jga @k, (t)(dz)dt = 0 hence by (4.25) we have fOT Jga ®v(t)(dz)dt = 0.
Thus for all compact subsets K C U we have

T
/ ov(t)(dx)dt = 0 for all ¢ € L*(0, T, C.(K)).
0 R4

Let the sequence v, € C.(U) be dense in Co(U). Choosing ¢ = 1;(t)1, ()
for some interval I C (0,7) we have [; [za ¥nv(t)(dz)dt = 0. Now because this
holds for all intervals I C (0,7) we obtain that there exists F, € B((0,T)) with
A(Ey) = 0 such that

U (2)v(t)(dz) = 0 for ¢ € (0,T)\E,.
Rd
Let E = UpenEy, then A(E) =0 and
Y (z)v(t)(dz) =0 for t € (0,T)\E and n € N
Rd

hence for ¢t € (0,T)\E we have v(¢)(U) = 0. O

4.3. Existence. In the proof of theorem 1 we will need the compactness result of
Aubin. For ease of reading we bring here the statement of this result as it is in [10]
for the special cases that we will need.

Theorem 4 (Aubin’s compactness result). Let X1, X2 and X3 be normed linear
spaces and T > 0. Let f : X1 — X3 be linear and compact and g : Xo — X3 be
linear, bounded and injective. If for n € N, v, € L?(0,T, X;) and v € L*(0,T, X1)
such that v, — v weakly in L?(0,T, X;) and

Eg(f(vn)) uniformly bounded in L*(0,T, X3)
then we have f(vy) — f(v) in L2(0,T, X2).
Proof of theorem 1. Step 1. Passing to the limit in the transport equation and
obtaining (1.11).
By (3.14) and (3.8) we have

(4.28) Ixellzz(0,7,22(3)) < ClixollL2®s)-
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Now by (4.28) and Lemma 7 there exists a sequence € and

x € L*(0,T, L*(R?)), u € L*(0,T,V)

such that

(4.29) Xer — X weakly in L2(0, T, L*(R?))
and

(4.30) ue, — u weakly in L?(0,T, V).

Let ¢ € CY(R3), ¢ > 0 and ((z) — 0 as |z| — oo.

Let f : L?(R3%(¢) — H 'R?® be defined for x € L*R?() by
(FOX), ) g-1mey, sy = (X @) L2 (res¢) for ¢ € H'(R?).

We claim that
(4.31) Flxed) = f(x) in L*(0, T, H™(R?)).

To apply Aubin’s theorem let us choose X1 = L2(R3;(), X2 = X3 = H }(R3).

It is easy to see that

F=Fofy!

where fo : (L2(R?%¢))* — L%(R3;() is the Riesz representation function which
has a continuous inverse and f; : H'(R3) — L2(R3;() is the natural embedding
function. It is easy to see that H!(R?) is compactly embedded in L?(R3;(), i.e. f1
is compact and thus f{ is compact. Therefore f is a compact operator.

Also because Xo = X3, X5 is injectively embedded by the identity map in Xj5.

By (4.28), Xe, is uniformly bounded in L%(0,T, L?(R3;()) and by Lemma 8,
A X is uniformly bounded in L?(0, T, H'(R?)) and therefore in L'(0, T, H}(R?)).
Thus by the Aubin theorem there exists a subsequence of €, which we again denote
by €x and v € L?(0, T, H~1(R?)) such that

(4.32) f(Xe,) = v in L2(0, T, H Y(R?)).
Now we have for p € L?(0,T, H'(R?))

k—o0

T T
(v:) = lim (f(Xer), () (111 (3« 1 (msy dE = lim /o /}R3 Xe (t)Cdxdt

’ T T
=[] xettrcade = [ G000 0) -1 a0y o

hence v = f(x) and (4.31) follows from (4.32).
We claim that

(4.33) W, (ue,) — u weakly in L0, T, (H'(R?))?).
To prove (4.33) let v € L2(0,T, (H'(R?))3) then
(0, We, (uey,)) 20,1, (11 (R3))3) = (V£ (V) Uey ) L2(0,7, (1 (R?))?)
now as mentioned in Lemma 1 because W7 (v) converges strongly in
(L2(0,T, (H*(R3))3))* to P*v we obtain
(\I/:k (v), uek)Lz(O,T,(Hl (R3))3) — (P*v, U)LZ(O,T,(HI(]RS))S)
= (U7PU)L2(O,T,(H1(]R3))3) = (Uau)L2(O,T,(H1(]R3))3)

which proves (4.33).
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By (3.12) for ¢ € C°((—00,T) x R?) we have
(434) _/ XO,E(p(OaI)dI _/ / Xeat(pdxdt
R3 o Jms

oo oo
— / / XePe(ue) - Vdadt + e/ Vxe - Vdzdt = 0.
0 R3 0 R3
Our aim is now for the sequence € to pass to the limit in (4.34). We pass to the
limit in the first term in (4.34) using the convergence xo.c, — o in L?(R?). In the

second term in (4.34) we pass to the limit using the weak convergence (4.29). To
pass to the limit in the third term in (4.34), by (4.31) and (4.33) we have

T T
€ \Ije €r) dxdt = € \Ile €r) -1 dxd
/O /R3Xk v (Uey) - Vipdadt /O /Rgxk w(Uey,) - (T V)(drdt
T
= / <f(X€k) \I/ﬂc (ng) ’ (C_1V¢)>H*1(R3),H1(]R3) dt

- / 1v<p)>H1*(]R3),H1(]R3) dt

T
= / / xu - (¢ V) Cdadt = / / xu - Vdxdt.
0 R3 0 R3

For the fourth term in (4.34) by (3.14) and (3.8) we have

T T LT .
‘e/ / VXe - Vpdadt| < \/E{e/ / |VX€|2dxdt}§{/ / \V|*drdt } 2
o Jrs o Jrs o Jes
T 1

T 1
< C\/EHXO||L2(R3){/ /3 \Ve|*dzdt}® — 0.
o Jr

Thus by passing to the limit for € = e in (4.34) we obtain for all ¢ € C°((—o0,T) X

R?)
T T
*/ XosD(O,ﬂf)dfC*/ / Xatsﬁdxdt*/ / xu - Vodrdt = 0
R3 0 R3 0 R3

thus x is the renormalized solution of (1.11).

Step 2. Obtaining the terms on the left hand side of (1.12).

Because u. satisfies (3.11) we have for all p € (C®((—o00,T) x R?))3 with
div(e) =0

T
(4.35) 7/ uOTga(O)d:cf/ /uCTatcpd:cdt
R3 0o Jrs

T T
— / / (Ve (ue) ® ue) : Vodadt —|—/ Du, : Dodzdt
0 Jr3 RS

/ / VX OVXe . Gy (o) dudt.
re (|Vxel? +€2)?

For the second term on the left hand side of (4.35) by the weak convergence

(4.30) we have
T T
/ / uCTk@tgoda:dt — / / ul Oy pduadt.
0 JR3 0o Jrs
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To pass to the limit in the third term on the left hand side of (4.35) let us notice
that by Lemma 7 we have supy . [|tc| z2(0,7,v) < oo and also by Lemma 9 we
have supgccy [|Ostie]| 1 (o 1,774y < 00

Let w be as in Proposition 3. Let us define

E,, = closure of {v € (C(R3))® | div(v) =0 } in (L*(R%;w))3.

To apply the Aubin theorem let us choose X; =V, Xy = E,, and X3 = V*.

It is easy to check that the natural embedding of V' in E,, is compact, let f be
this compact embedding.

We have that V is densely and continuously embedded in E and in turn this
is densely and continuously embedded in F,. Finally E, as a Hilbert space is
isometrically isomorphic to its dual E}. Hence V s densely and continuously
embedded in EY. Now it follows that E,, is injectively and continuously embedded
in V* and let g be this embedding.

Hence we may apply the theorem of Aubin to obtain that for a subsequence that
we denote again by e, ue, — u in L?(0,T, E,,).

By Lemma 1 we compute

IWer (uer) = ull 201,22 (r310))%)
<N (ue, = wllz2 0,1 (22 Rew)®) + 1 We, () = ull 20,7, (12(R31w))2)
< Cllue, — ullL20,1, (L2 (R3:0))%) + [[Wer (w) — ull L2(0,7,(L2(R31w))?)
thus
(4.36) W, (ue,) — uin L*(0,T, E,).
Finally using the fact that ¢ has compact support from (4.30) and (4.36) we

obtain
/ / er (Uey,) ® U, ) : Viodadt — — / / u®u) : Vodzdt.
R3 R3

For the fourth term on the left hand side of (4.35) by (4.30) we have
T
/ Due,, : Dpdxdt — / Du : Dpdzdt.
0 R3 3

Step 3. Existence of the varifold and obtaining the term on the right hand side
of (1.12).
Let r € N. We compute for 0 <t < T
1

/ |Vxe|d:c§/ (|VX€|2+62)%d:c§e|BT|+/ ((Vx? + )b — ebde
B, B B,

r

1

§e|B,«|+/ {(IVXe +€%)2 —e}da
R3

hence by Lemma 7 there exists A > 0 such that

(437) HVX€HLOC(0 T,(LY(B,))3) < €|B.,-| + A.
By the embedding L'(B,) — M(B,) we have
(4.38) IVXell oo 0,7, (Mm(Bry2y < €lBrl + A

Then by Lemma 11 there exists a subsequence of €, which we again denote by
ex and p € L (0, T, (M(R?))3) such that

(4.39) / /]R3 - Ve, dxdt —>/ /]RS )(dz)dt, Yo € (C.(R*))?
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and
|l Lo, 0,7, Mm(wsy)3y < CA.

Also for p € (CHRY))3

T T T
(4.40) / / 0 Vxe,dzdt = —/ / div () Xe, drxdt — —/ / div(y)xdzdt
o Jrs o Jrs 0o Jrs

as k — oo.
Thus by (4.39) and (4.40) we have for ¢ € (CL(R*))3

/ /]R3 dz)dt = */0 /}R3 div(p)xdzdt

hence as distributions
wu(t) = Vx(t,-) forae. 0 <t <T.

Let us define for 0 < t < T and 0 < € < 1 the linear functional V,(¢) on C.(RS)
by

VXe
V(). ) = / (@, — XN Ty ldz for o € Cu(RY).
R8N {Vy.£0} VX

As a positive linear functional on C.(R®) by Riesz representation theorem V. (t)
corresponds to a unique Radon measure on RS which we again denote by V,(t).
For a.e. 0 <t < T and r € N we have by (4.37)

(4.41) IVe@)llneczm < IVe@llny(@mcesy < 1VX® a2y < el B + A

Now let us show that Vi(¢) with values in M(BS) is w* A-measureable. Let
© € C(BY) then by the dominated convergence theorem we have

Vxe
Ve(t), ¥ ; -=/ oz, — Vxell,. o Hodx
VO s = [ oo PO A Vel g
. Vxe
=1 ,———2 )| Vx|l . eped
B fa P IVx€|+%)| X (@ oraigy €BE

hence the right hand side as the limit of measurable functions is measurable.
By the separability of C(B9) it follows that || Ve(¢)|| M(BS) 18 measurable.

By these measurabilities and (4.41) we obtain V. € L2 (0, T, M(BS)) with
HVeHLg;* (0.7, M(BE)) < e[ B + A

By Lemma 11 there exists a subsequence of ¢ which we denote again by €; and
V € L(0,T, M(R? x S?)) such that

(4.42) / /]R3xs2 e () (d(z,y))dt

%/ /]R3><S2 d(z,y))dt, Yo € C.(R")

and
[VI[z2e, (0,7, M@z xs52)) < A.
Let us prove that

(4.43) //R )(da)dt — //Rsxycp WV (1) (d(w, y))dt, Yo € (Ca(RY)).
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Let ¢ € (C.(R*))3. For (t,z) € R* and y € S? let us define @(t, z,y) = ¢(t, )y,
then one may extend ¢ to a function in C,.(R7) and by (4.42) we obtain

T
—/ / - p(t)(de)dt = — hm/ / © - Ve, dzdt
0 R3 k—o0 R3
= lim / / ot x, — VXer NV Xe, [dadt
k=00 Jo R3N{Vx, #0} o |VX€k| §

- lm / / Bl )V, () (d(r, )

/OT/WXSQ@(t,:c,y) ) (d(x,y))dt = / /WXSQSD yV (t)(d(z,y))dt

thus we have proved (4.43). Now (1.6) follows from (4.43).
Let us prove that

(4.44) /O /]R V)

. VXer|
= lim / / __Vxal — 2%V, () (d(z,y))dt, Vo € C.(R7).
Jim o L Vxa2 + ) « () (d( (

Let ¢ € C.(R7). We compute

(4.45) \/OT /}MSQ PV (t)(d(x,y))dt
/ /R3Xs2 IVXZIXE—ICF'G,C T Ve (D)(d(, y))dt]
‘/ /]R3><S2 dl@,y) dt*/ /1R3><S2 e ()(d(z,y))dt]

/ /]R3><S2 |VXek|2+€k) )Vﬁk(t)(d( ,y))dt.

By (4.42) the first term on the right hand side of (4.45) converges to 0.

To show that the second term on the right hand side of (4.45) also converges to
0 we estimate

(Ve + €)= IVx6k|| = € [VXer |
1 1
(IVXe, 2+ €})2 (IVXe |2 +€0)2 (VX 2+ €2)2 + [ Ve
2
€k

S ———0 51 S¢€
(IVxe* +€p)?

and using the fact that ¢ has compact support and is bounded we compute

[VXel
— =V, (t)(d(x,y))dt
/ /R3xs2 (VX P+ ) p) Ve ()2 3)
Vxe VXe
-1/ folt, 2~ o1~ XL
0 JR3N{Vx., #0} VXl (IVXerl Jrek)

<€k/ / lo(t, z, — VXer dzdt < Cex, — 0 as k — oo.
R3{Vxc, #0} IVxe, |

Now we proved that both terms on the right hand side of (4.45) converge to 0
hence the left hand side converges to 0 and this proves (4.44).



28 KAREN YERESSIAN
Let us prove that for all p € (C°(R*))? with div(p) =0

T
(4.46) hm/ / VX ® Vixer VU, (¢ )da:dt:—/ (BV (L), (t)) dt.
koo R (|Vxe, |2+ €3)% 0

Let ¢ € (C(RY))? with div(e) = 0. We write

(4.47) / / VX OVXer Gy (o) dadt
RS

(Ve 2 + )3
/ / VX OVXex (g, () — Vip)dads
e (Ve 1 €2)3

T
+/ / VXer @ VXer ®VX6’“1 : Vdxdt.
B3 (Ve [? +€2)2

For the first term on the right hand side of the equation above because V¥, (¢)
converges in (C(R*))3*3 to V¢ we obtain that

(4.48) | / / VX @ VX gy, () - Vi)dad]
R (|VXey |2 + €2)7

< C/o /]R3<(|vxek|2 + 6%)% — Gk)|V\IIEk((p) _ V(P|d$dt

<cr{ swp [ (Vxal + ) - a)dshI V(o) - Tellowomm
0<t<T JR3

< CillIV¥e, () — Vollloyo,mxrs) — 0

in the last inequality we used Lemma 7.
For the second term on the right hand side of the equation above using (4.44)
we have

(4.49) / / VXer OVXer g0t
R3 |fok|2+€k)

/ / VXt ) g (- VXa ) gy VXal
o Tl © T o] (Ve 2 +€3)3

ng VXe |VXE |
- (I - (~ =) @ (— o) :w—k - |V xe, | dadt
/ / Vx| VXer (1VXen |2 + '

[V xe|
[ v ol + )
- _/0 /]RS I~y ®y): Vo(t,2)V (t)(d(z, y))dt

_ _/O BV (1), o(t)) dt.

Now by (4.47), (4.48) and (4.49) we prove (4.46).
And this completes the existence of a varifold solution. O

Proof of theorem 2. In the case of axisymmetric initial values and boundary con-
dition by the theorem 3 for each 0 < ¢ < 1 there exists u. € LQ(O,T, Va.s.) and
axisymmetric y. € L2(0,7T, H'(R?)), such that together these are a solution to the
system of equations (3.10) and (3.11).
In the following when writing u. or x. we mean these axisymmetric solutions.
We proceed as in the proof of theorem 1 and prove the existence of a Varifold
solution triple (u,x,V) to our equations. As described in the proof of theorem 1



AXISYMMETRIC VARIFOLD SOLUTIONS 29

these are appropriate limits of the regularized solutions corresponding to a sequence
€k-

In the following using the axisymmetry of the regularized solutions we prove the
axisymmetry properties of the varifold solution triple.

For 6 € R by the axisymmetry of x., we have TX,, = Xe,. Thus for p € C.(R?)
by the weak convergence (4.29) we have

T T T
/ / TeX(pdCEdt:/ / XT—gpdxdt = lim/ / Xex T—opdadt
0o Jm3 o Jm3
T
= 1im/ / ToXe, pdrdt = hm/ / Xep pdadt = / / xpdxdt
k—oo Jq R3 R3

and from here by the arbitrariness of ¢ we obtain 79y = x for a.e. 0 <t < T and
a.e. € R? which proves the axisymmetry of y.

For # € R by the axisymmetry of u., we have Tpu., = u,. Thus for ¢ €
(C+(R*))? by the weak convergence (4.30) we have

/ / (Tyu)T pdxdt = / / (T_pp)dxdt = hm / / (T—pp)dxdt
R3 R3 R3
= 1im/ /(Tguﬁk)Tgoda:dt hm/ / ul pdrdt = / / u® pdzdt
k—oo Jq R3 R3 R3

and from here by the arbitrariness of ¢ we obtain Tyu = u for a.e. 0 <t < T and
a.e. € R? which proves the axisymmetry of .

Now let us prove the axisymmetry properties of V. Let § € R and ¢ € C.(R")
then using (3.1) we compute

| [ et ot @)y
0 R3 xS§2
[ [ elt.000,00mV @)z )i
0 R3xS2

— lim / / o, #1000, 00w Ve, (1)l )

k—oo Jo

T
:,}im/ / (1. 0(60)2, 0(0) (~ o))V, (2 dad
=00 Jo JR3n{|Vx., [£0} IV Xer |

= lim/ /
k=00 Jo JR3N{z€R3||Vxe, (t,07 (0)x)|#0}

VXe, (0T (0)z)

Pl OO 7 o @)m)

NIV xe, (O (0)z)|dadt

= lim/ / ot,x, — Ve, (2)
k=00 Jo Jron(eer?||Vxe, (t2)|20) Ve (@)]

T
= Im / / R EXACICERIT

- /0 /RSXSQ p(t,z,y)V (1) (d(z,y))dt

and by the arbitrariness of ¢ we obtain that for a.e. 0 <t < T, V (¢) satisfies (1.9).
It is easy to compute and see that

DIV xe, ()| ddt

K)H

Low) = 00+ 3

do
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By the axisymmetry of x. we can compute

K)Hm

0= d —Xe(t,x) = d —xe(t, 0T (0)z) = Vx.(t,0T (0)x)TO(0 + 5

de de
and in particular for § = 0 we obtain
(4.50) 0= Vxe(t,x)TO(g)H:c for 0 <t <T and z € R3.
Let us define
™
Q={@yer® | y o) =0}

then Q is closed and is not equal to RS.
Let ¢ € C.(R x Q°) then

@ = hit,z,y)y"O(3 Il

where
®p

TOo(5)x

Y
Now we may compute using (4.50)

(4.51) /f/ﬂws? oV (t)(d(z, dtfklggo/ /R%Q L (6)(d(z,n))dt

T
= lim / / o(t,x,— VXer NV Xe, [dadt
k=00 Jo JR3N{|Vx, |70} IV Xer |

T
= lim / / Bt @, -~ Xey( VX )TO(g)Hx|VX€k|da:dt
0 JRen{|Vxe, I#0}

h = € C.(R7).

k—oo |VXEk| |VXEk|

T
= — lim / / h(t,z,— Ve, )sz;O(z)dexdt =0.
k=00 Jo Jr3n{|Vx., |#0} IV Xer | 2

Now by (4.51) and the arbitrariness of ¢ € C.(R x Q°) we obtain that for a.e.
0<t<T,V(t) satisfies (1.10). O
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