Quantum control via Wigner measures and Wigner

functions

Tudor S. Ratiu! and Oleg G. Smolyanov?

We develop an approach for analyzing open quantum systems which can be used to
investigate quantum control problems, based on the use of both the Wigner functions and
the so-called Wigner measures. We also propose an axiomatic definition of coherent quantum
feedback control (see [1] and the collection of articles in [2]). While the results relating to
the Wigner functions and measures are quite technical, the latter topic is more conceptual.

The main advantage of using the Wigner functions and measures is the fact that their
domains are the phase spaces, and hence the transition from the Wigner measure or the
Wigner function of the composition of two subsystems to the Wigner measure or function
of any of the subsystems, is quite similar to the transition from the usual probability on the
product of two phase spaces to the probability on any of these spaces; the latter probability
is just the projection of the probability on the Cartesian product.

Actually, if the dimension of the phase space is finite, we can consider only the Wigner
function, because it is the density of the Wigner measure with respect to the Liouville

measure on phase space.
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However, if the phase space is infinite dimensional, then there does not exist a Lebesgue
type Liouville measure (on the o-algebra of Borel subsets), which means that the measure is
translation invariant, o-additive, o-finite, and locally finite (each point has a neighborhood
of finite measure)'. Then we can, on one hand, use the Wigner measure itself. On the other
hand, we can employ, instead of the Lebesgue measure, a “good enough” measure, e.g., a
Gaussian measure like in “white noise analysis”, again substituting the Wigner measure by
a proper Wigner function. Below, we consider in parallel, both the Wigner measure and the
Wigner function.

The paper is organized as follows. In the first section, which is of independent interest,
we consider some properties of the Wigner measures and functions, describing the state of a
quantum system. Some of these properties are known but few can be found in the literature.
In the second section, we present some equations, which can be called the Liouville-Moyal
equations (cf. [5]), that describe the evolution of the Wigner measure and function. It is
worth pointing out that the Wigner measure is a signed cylindrical measure and it would
be interesting to get estimates of its variation and to find conditions for its o-additivity; we
will not address these issues in the current paper.

In the next section, we discuss how one can describe the evolution of the Wigner measures
and functions of an open quantum system starting from the evolution of these objects related
to the larger (closed) system. In this section, we also consider a couple of models of quantum
control. In particular, we formulate an axiomatic definition of coherent quantum feedback
that, to our knowledge, is not present in the literature.

We also consider a general model, which can be specified to quantum control with or

!This statement is a particular case of a theorem of A. Weil.



without feedback, depending on the inner design of the model (i.e., on the Hamiltonians
describing both dynamics of the subsystems, alone and in interaction). Also, we compare

two versions of (coherent) open loop quantum control.

1 Wigner measures and functions

In this section we give four (equivalent) definitions of the Wigner measure and function;
in particular, we recall some definitions from [5]. Some of these definitions appear in the
form of propositions. Let E := () x P be the phase space of a Hamiltonian system; here
@ and P are real locally convex spaces (LCS), P = Q*, Q = P*, and hence E* = P x Q.
Actually, below we assume that all these spaces are Hilbert and identify canonically ) with
Q* and P with P*. Denote by (-,-) : P x @ — R the duality pairing. The linear map
J:E > (q,p) — (p,q) € E* is an isomorphism. Below, we usually identify the elements
h € E and Jh € E*. In particular, for each h € E, we denote by 1 the pseudodifferential
operator in Lo(Q, ) whose symbol is Jh € E*. Here, p is the P-cylindrical Gaussian measure

on () whose Fourier transform ®, : P — R is defined by

D, (p) := exp (—% (p, B,m)) ,

where B, : P — () is a continuous linear operator such that (p, B,p) > 0 for p # 0.
Similarly, we denote by v the @)-cylindrical Gaussian measure on P whose Fourier transform
®, : ) — R is defined by

®,(q) ;= exp (—% <B;q, q>> )
If @, and hence P, are Hilbert spaces, then Bj = B, and B, > 0; moreover, u and v are

o-additive if and only if B, is a trace class operator. If dim (@ < oo, then, instead of the
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Gaussian measures p and v we can use the Lebesgue measures.

The Weyl operator W(h) generated by h € E is defined by W (h) := e~ vecall that we
identify h and Jh, so 1 is the pseudodifferential operator acting on £9(Q, 1) having symbol
h (the definition of a pseudodifferential operator on Lo((Q), i) can be found in [5]). It is worth
noticing that, in this special case, e — ;E, i.e., the exponential of the pseudodifferential
operator coincides with the pseudodifferential operator whose symbol is the exponential of
the symbol h. In general, this is not the case.

The Weyl function corresponding to the density operator 7" (a trace class positive operator

on Lo(Q, ) of trace one) is the function Wy : E — R defined by Wr(h) := tr (TW(h)) (see

[1])-

Definition 1 (see [5]) The Wigner measure corresponding to the density operator T is the

E*-cylindrical measure Wr on E defined by

/ ei(<p1’Q2>+<p2"“>)WT(dql, dp1) — WT(h>(q27p2)-
QXP

This means that Wy is the (inverse) Fourier transform of the function Wy(h), hence the

following identity holds:

WT(dQJ dp>://WT(h>(q27p2)FE><E(dq27dp27dQ7dp)7
QJP

where Fgy g is the Hamiltonian Feynman pseudo measure on £ X F.

Any Feynman pseudomeasure Fx on a Hilbert space K is a distribution (like in Sobolev-
Schwartz theory) on K, i.e., a linear functional (continuous in the appropriate sense) on a
space of functions on K. As in the case of usual measures, it is convenient to define Fic by its

Fourier transform Fi : K 3 z — Fx(p.) € C, where o, : K — C is given by ¢.(x) := =),



IfK=F=QxP and ﬁ,c(q,p) = 9P then Fj is called the Hamiltonian Feynman
pseudomeasure; it can be used, instead of the exponential, in defining the Fourier transform
on infinite dimensional spaces, which maps functions to measures. The structure of the
Hilbert space is actually not important; the Feynman pseudomeasure can be defined on any
locally convex space and the Hamiltonian Feynman measure on any symplectic space (some

information about all of this can be found in [3], [9], [11]).

Proposition 2 ([5]) If G is the Weyl symbol of a bounded pseudodifferential operator acting

on Lo(Q, 1), then
/ / G(q, p)Wr(dg,dp) = tr (T@>
PJQ

This proposition can also be used as a definition (cf. [4, Definition 3], where dim @ =
dim P < oo and thus only Wigner functions, but not Wigner measures, are considered). The
density of W with respect to p (if it exists) is called the u-Wigner function and it is denoted

by ®r; the p-Wigner function is just the standard Wigner function.

Corollary 3 If the assumptions of Proposition 2 hold, then

/P/QG(qm)%(q,p)u ® v(dg, dp) = tr(TG).

In [1], two other definitions of the Wigner function have also been considered (but only
for finite dimensional ) and P). One of them has mainly a conceptual character, whereas
the other, going back to Wigner himself, can be used to develop the equation describing the
evolution of the Wigner measure. In this paper, we give the general definition if both ) and
P are infinite dimensional. In the definition below, similar to Definition 1, it is assumed that

both () and P are Hilbert spaces.



Definition 4 The u-Wigner function &1 on E is defined by
d (q p) %(<P1,Bu p1>+<417B;1tI1>)

/ e_i(<p1’q2>+<p2’ql>)WT(h) (q%pz)e%(<p2,B;1p2>+<q2,B;1q2>) (1 ® v)(dgo, dps)
QXP

Here, the function

(q,p) — e_%(<p’B;1p>+<q’B;1q>)

is a generalized density of the Gaussian measure p ® v (see [3] and references therein).
There is a heuristic algorithm to develop this and similar formulae. This algorithm can be
described as follows. First, we write, for the case when dim ) < oo, some formulae using
the standard Gaussian density with respect to the Lebesgue measure p; and then we pass
from the space L2(Q, 1ir) to Lo(Q, ). After that, we substitute the Gaussian density with
respect to puy by the generalized Gaussian density. To do this, it is necessary to recall that
the generalized Gaussian density is defined only up to real multiples which means that only
the finite dimensional formulae which are invariant with respect to real multiples can be
generalized to infinite dimensional spaces;,

Next, we formulate some propositions which, actually, are equivalent definitions of the
Wigner measure and function and are similar to the definitions mentioned above of the

Wigner function given in [1].

Proposition 5 For any density operator T' acting on L2(Q, i) and any ¢ € Lo(Q, 1), the

following identities hold:

(T90)< - i 2 L // i(p,q1—q) (I1)€ 4 Bu fI1,CI1 (dQ12+q d )

(Te)(a) = et 80 [ criomma gttt gy, (B0 ) e 050 o ). dp).




The notation in the first formula means that ¢ — Wy (%, dp) is a function, whereas
(dqy,d Wi (%4 dp) i The functi —2(Biaa) i ¢y lized
q,dp) — T( 5 p) is a measure. e function ¢ — e is the generalize
density of the Gaussian measure ;1 and the function p — e 2 (Bi"pp) is the generalized density

of v.
Let pL be the integral kernel of the density operator T acting on Lo(Q, i), defined by
the identity

(Ti)(g) = e+ {P"09) /Qe‘l‘@“lq“qlho(ql)p;(q, a)lday)

for any ¢ € Lo(Q, ). We have the following result.

Proposition 6 For any ¢ € Lo(Q, 1), the following identity holds

@T(%P) - €§(<B“q’q>+<3upyp>)/

1 1 ; -
pr (q —or g+ —7”) ez (B rr) 1y (dr)
Q

2 2

Let p% be the integral kernel of the density operator in £o(Q, i) defined by the identity

(T)(g) = e¥ (o) /Q plgn)e 1P 0a) 2 (g dgy)

for any ¢ € Ly(Q,p). Thus, p2 is a function with respect to the first argument and a
measure with respect to the second argument.

From Proposition 2, it follows that

pr(q,dq)) = / 5

e—i(p,q1—q>WT (d(h + q7 dp) ‘
P

Then the change of variables formula (in which s —r = ¢, s +r = ¢;) implies

pr(s —r,ds+7r) = / e X2V (ds, dp)

P

or

P (q — Ldg+ Z) = / e~ P Wi (dg, dp)
2 2) = Jp



and hence the “measure” dp — Wr(dgq,dp) is the inverse Fourier transform of the function

T p3 (q —5,dq + g) Therefore, we get the following result.

Proposition 7 Let Fg be the Hamiltonian Feynman pseudomeasure on E := Q x P. Then

T T
Wr(dg, dp) = / P (q — 3 dq + 5) Fg(dr,dp);
Q

here, to integrate with respect to the “measure” dq — Wr(dq,dp) one needs to use the so-

called Kolmogorov integral (see [7]).

2 The evolution of Wigner functions and measures

We keep the assumptions and notations of the preceding section. For any ¢ € R, let Wr(t)
be the Wigner measure which describes the state of the quantum system at the moment
t (so, in this section, Wr(-) denotes a function of a real variable whose values are Wigner
measures, whereas in the preceding section, Wr denoted a Wigner measure). Then Wrp(-)

satisfies the following equation [5]:

Wi(t) = 2sin (%c;;(wm))) , (1)

where, for any a € R, sin (aL},) is the linear operator acting on the space H of E*-cylindrical
measures on E which is adjoint to the operator sin (aLyx) acting on the space of functions

on F, defined by

sin (aLy) : Z o il 2” b,
n JR—

n=1

2The Kolmogorov integral is just the trace in a tensor product of a space of functions on @ and a space

of measures on Q; p2 is an element of such a space



Here, Eg?) is defined in the following way: for any function ¥ : £ — R and any n € N,
LYV (z) = {¥, H}M(z), ze€E,

where

(U, 1Y () == T () 1FH™ (1),

U™ H™ denote the derivatives of order n of the functions ¥ and H, respectively, and I®"
is the nth tensor power of the operator I which defines the symplectic structure on the phase
space E ([7]).

The identity (1) leads to the equation describing the evolution of the p-Wigner function.
To do this, it is enough to recall that for any function ® : £ — R, the nth order derivative
of the product ®"u can be calculated using the Leibniz rule and that derivatives of the

1
Gaussian measure 4 can be calculated as follows. For any h, hy, he, ... € B; (), we have
wWh=— <B;1h, > I
/,L”hlhg = — <B;1h1, h2> % + <B;1h1, > <B;1h2, > My etc.

These expressions are some sort of Wick formulae. Here, the symbols <B;1h, > and <B " 'h;, >
mean the unique p-almost everywhere defined measurable functions on ) having the follow-

ing properties (see [10]):
1 _1 _1
(1) if 2 € BZQ, then (B;'h,z) = <BM *h, B, x>

(ii) the domains of each of these functions are linear measurable subspaces of @) of measure

1;

(iii) these functions are linear on their domains.



For any a > 0, the operator sin (aLj,), acting on functions on F, is defined by

sin (aL3,) p(pn @ v) := (sinaly) (pp @ v).

For any t € R, let ®7(t) be the pu-Wigner function which describes the state of the quantum

system at the moment t. Then, the following holds.

Theorem 8 The p-Wigner function valued map ®r(-) satisfies the following equation

br(t) = 2sin GL;; ((I)T(t))> |

3 Reduced evolution of the Wigner measure

To get the Wigner measure and function of a subsystem of a quantum system, it is necessary
to use Propositions 6 and 7. In fact, if p&. and p2 are the integral kernels in the sense of the
above definitions of the operator T of the quantum system which is the quantum version of
the classical Hamiltonian system with phase space E; X Fa, Fy = Q1 X Py, Fy = Q3 X Ps,
then the corresponding (reduced) density operators T; acting on Lo(Q;, i15), @ = 1,2 (here
and below we use the natural generalizations of the above notations and assumptions), are

given by

1 12y (12
Py (a1, ) = / Ph(al, gh, ', g7)er Bmen @@ a) ) (dg, )

2
2" dal) = / p2(d", dab. ¢, de?)
2

where the latter integral is again the Kolmogorov integral. Hence, due to Propositions 6 and

7, the following statement holds.
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Theorem 9 Let Wr and ®r be the Wigner measure and function of the quantum system
whose Hilbert space is Lo(Q1 X Q2, 111 @ 11o). Then the Wigner measure Wy and function ®r

of the subsystem of this system with Hilbert space Lo(Q1, 1) are given by

Wr, (dql,dp1) :/ WT(dedPthmsz),
Q22X P
Pr(qi,p1) =

3 ((Bilav.a) +(Bi'prp)) / e%(<B;21q2’q2>+<B;21p27p2>)(I)T<QI7plu q2; p2) (p2 ® 12)(dga, dp2).
Q22X P

Now we will consider the models mentioned in the introduction. We use below the
following notation: if 7 is a Hilbert space, then £5(7") denotes the collection of all selfadjoint
operators on 7 .

Let &2, &, Py, €, 61, 6>, be Hilbert spaces. We think of &2, as the Hilbert space of
a quantum system under control (usually called a plant) and € as the Hilbert space of a
quantum controller; &;, and €, j = 1.2, correspond to parts of the of the plant and of the
controller; respectively. Let ¢ := &2 ® € be the Hilbert space of the composed quantum
system and 7, € L*(P), Hy € L(C), Hp o, € L(PL @), Kmee, € L(P. @ Cy).
Define Hedvack := Hp @ Idg + Idp @ Ay + Ji//;«)l@fl ® Idz,06, + L do,oe @ Ji//;g@% €
L5(H), where Sdp € L5(P), Ldy € L(C), Idp,ge, € LSNP REC)), Ido,ee € L(P2®
©%>), are the identity operators in the corresponding spaces. The first term in j/f;eedback
describes the evolution of the system under control alone, the second term describes the
evolution of the quantum controller alone, and the last two terms describe the (coherent)
quantum feedback. It is worth noting that the definition of %%;edback is symmetric with

respect to the plant, the controller, and the feedback.
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The more general Hamiltonian H = ,%/’f\gz RIdy+ Idp ®,@+ﬁ where # € L(P®
%) (cf. [0]) can be used to describe both open loop (coherent) quantum control and coherent
quantum control with feedback. It is clear that the former model of quantum feedback is a
particular case of this one (when H = Ji//;zl@cgl ® Idzyee, + Idp e @ @2®<<¥2)~

On the other hand, if H = Jf//l\ ® I dp,0¢,, Wwe get an open loop quantum control system.
Here we have not assumed that the quantum system is obtained by a quantization procedure
of a classical Hamiltonian system. However, if this were the case, then we would take, with
natural notations, P; = L2(Qa,, 115), j = 1,2, & = L2(Q, @ Q,, j11 @ p12).

Then, one can describe the evolution of the Wigner function or measure of the whole
system (with Hilbert space L2(Q 2, ® Qz,, 1 ® 12)) using the equations of Theorem 9 and
then we can describe the reduced dynamics of the system with Hilbert space Lo(Q ), f41)
using the formulae above for the reduced Wigner function and measure.

After that, our task is to find Hamiltonians J#; and J# (respectively %) to realize some

prescribed dynamics of the first system.

Remark 10 This task is similar to the simpler one to choose the time dependent Hamilto-

nian function J#;(-) on @4, to realize a prescribed dynamics on Lo(Q 2, , pt1), assuming that

—

H = A+ %, where J4 € L), #(t) € L5(Z?). We expect that the latter model

can be obtained as a limit of a family, depending on a parameter, of models of the first type.

Remark 11 Along the same lines, we can extend our model by including an additional
quantum system that, coupled to the plant, produces some perturbations. However, we can

also assume that this source of perturbations is already part of the plant.

Remark 12 The approach presented in the first two sections of this paper can be applied
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directly only to quantum systems which can be obtained by Schrédinger quantization of
classical Hamiltonian systems.

To consider the more general case which includes, e.g., some spin systems, we need to
extend our approach using the methods of superanalysis. We expect that all our results can

be generalized to this case.
Remark 13 In a similar way, one can define feedback for classical Hamiltonian systems.

Remark 14 In our quantum model with feedback, we can also separate the inner dynamics

of the plant, of the controller, and of the corresponding coupling. Then

H = (f?f;l ® Idp, + Idp, @ %Q ® Sdy
+ Iy ® (%’?}1 ® Fdg, + Idyg, @ %?;2)
+ 41//;”1@9@2 ® Jd%ﬁ@%’z + jd@1®3”2 ® ‘%//(;1@)?72

+ %WN@‘& & jd«@Q@%ﬁ + %9’2@%”2 & jdﬁﬁ@‘zfﬁ'

Here, the plant, the controller, and the two systems responsible for feedback again look

similar.
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