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SPHERICAL SYMMETRY AND LARGE INITIAL DATA

GUI-QIANG G. CHEN AND MIKHAIL PEREPELITSA

ABSTRACT. We are concerned with spherically symmetric solutions of the Euler equa-
tions for multidimensional compressible fluids, which are motivated by many important
physical situations. Various evidences indicate that spherically symmetric solutions of
the compressible Euler equations may blow up near the origin at certain time under some
circumstance. The central feature is the strengthening of waves as they move radially
inward. A longstanding open, fundamental question is whether concentration could for-
m at the origin. In this paper, we develop a method of vanishing viscosity and related
estimate techniques for viscosity approximate solutions, and establish the convergence of
the approximate solutions to a global finite-energy entropy solution of the compressible
Euler equations with spherical symmetry and large initial data. This indicates that con-
centration does not form in the vanishing viscosity limit, even though the density may
blow up at certain time. To achieve this, we first construct global smooth solutions of
appropriate initial-boundary value problems for the Euler equations with designed vis-
cosity terms, an approximate pressure function, and boundary conditions, and then we
establish the strong convergence of the viscosity approximate solutions to a finite-energy
entropy solutions of the Euler equations.

1. INTRODUCTION

We are concerned with the existence theory for spherically symmetric global solutions
of the Euler equations for multidimensional compressible homentropy fluids:

dp+ Vx - (pv) =0,
(pv)t + Vx - (pv @ V) + Vxp =0,

where p > 0 is the density, p the pressure, v € R” the velocity, £ € R, x € R", and
Vi« is the gradient with respect to x € R”. The constitutive pressure-density relation for
polytropic perfect gases is

(1.1)

p=plp) = rp’,
where v > 1 is the adiabatic exponent and, by scaling, the constant x in the pressure-
density relation may be chosen as k = (7 — 1)2/4~ without loss of generality.
For the spherically symmetric motion,

p(t,x) = p(t,r), v(t,x) = u(t,r)f, = |x|. (1.2)
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Then the functions (p, m) = (p, pu) are governed by the following Euler equations with
geometrical terms:

(1.3)

op+0rm+tm =0,
{ ym + ar(m{ +p(p)) + ”;1%2 =0.
The existence theory for spherically symmetric solutions (p, v)(¢,x) to (1.1) through form
(1.2) is equivalent to the existence theory for global solutions (p,m)(t,r) to (1.3). For
any problem with a constant velocity v at infinity, i.e., lim|y| o V(f,X) = Voo, we may
assume without loss of generality that v, = 0, or equivalently lim,_, o, u(t,r) = 0, by the
Galilean invariance.

The study of spherically symmetric solutions can date back 1950s, which are motivated
by many important physical problems such as flow in a jet engine inlet manifold and stellar
dynamics including gaseous stars and supernovae formation. In particular, the similarity
solutions of such a problem have been discussed in a large literature (cf. [9, 13, 23, 24, 26)),
which are determined by singular ordinary differential equations. The central feature is
the strengthening of waves as they move radially inward. Various evidences indicate that
spherically symmetric solutions of the compressible Euler equations may blow up near
the origin at certain time under some circumstance. A longstanding open, fundamental
question is whether concentration could form at the origin, that is, the density becomes a
delta measure at the origin, especially when a focusing spherical shock is moving inward
the origin (cf. [9, 23, 26]).

Some progress has been made for solving this problem in the recent decades. The
local existence of spherically symmetric weak solutions outside a solid ball at the origin
was discussed in Makino-Takeno [21] for the case 1 < v < 2; also see Yang [27]. A
shock capturing scheme was introduced in Chen-Glimm [6] for constructing approximate
solutions to spherically symmetric entropy solutions for v > 1, where the convergence
proof was limited to be locally in time. A first global existence of entropy solutions
including the origin was established in Chen [5] for a class of L> Cauchy data of arbitrarily
large amplitude, which model outgoing blast waves and large-time asymptotic solutions.
Also see Slemrod [24] for the resolution of the spherical piston problem for compressible
homentropic gas dynamics via a self-similar viscous limit and LeFloch-Westdickenberg [17]
for a compactness framework to ensure the strong compactness of spherically symmetric
approximate solutions with uniform finite-energy norms for the case 1 < vy < %

The approach and ideas developed in this paper yield indeed the global existence of
finite-energy entropy solutions of the compressible Euler equations with spherical symme-
try and large initial data, for the general case v > 1, based on our earlier results in [§].
To establish the existence of global entropy solutions to (1.3) with initial data:

(p,m)|i=0 = (po,m0), (1.4)

we develop a method of vanishing viscosity and related estimate techniques for viscosity
approximate solutions, and establish the convergence of the viscosity approximate solu-
tions to a global finite-energy entropy solution. To achieve this, we first construct global
smooth solutions of appropriate initial-boundary value problems for the Euler equations
with designed viscosity terms, an approximate pressure function, and boundary condition-
s, and then we establish the strong convergence of the viscosity approximate solutions to
an entropy solution of the Euler equations (1.3), which is equivalent to (1.1) via relation
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(1.2). For simplicity of presentation, we focus our analysis on the physical region 1 < v < 3
throughout the paper, though the convergence argument also works for all v > 1.

The viscosity terms and approximate pressure function are designed to approximate the
Fuler equations are as follows:

{ T ";1m - g(prr + nT_lpr) =er~ (vl (T'nflpr)

me+ (" 4 ps(p))r +
where
ps(p) = rp” +6p>,  §=16(e) >0,

with € € (0,1] and d(¢) — 0 as € — 0 in an appropriate order. Notice that the positive
term Jp? is added into ps(p) to avoid the possibility of formation of cavitation of the
solutions to the viscous system (1.5).

We consider (1.5) on cylinder Q¢ = [0,00) X (a,b), with a := a(e) € (0,1),b:=b(e) > 1,
and

li = li =
El_I}I(l)a(E) 0, 61_r)r(1)b(5) 00,

with the boundary conditions:
(prm)],_y = (0.0), (p.m)lrs = (7.0)  for t >0, (1.6)
for some p := p(e) > 0, and with appropriate approximate initial functions:
(p,m)|i=0 = (pg, mg)(r) for a <r <b, (1.7)

satisfying the conditions in Theorem 1.1 below.

A pair of mappings (1,q) : Ry x R — R? is called an entropy-entropy flux pair (or
entropy pair, for short) of system (1.3) if the pair satisfies the 2 x 2 linear hyperbolic
system:

m
VqlU)=VnU)V | 2 , 1.8
q(U) n(U) <p+p(P)) (1.8)
where V = (0,, 0y, is the gradient with respect to U = (p, m) from now on. Furthermore,
n(p,m) is called a weak entropy if

n’p:o —0. (1.9)
u=m/p fixed

An entropy pair is said to be convex if the Hessian V27(p, m) is nonnegative in the region
under consideration.

For example, the mechanical energy n*(p, m) (a sum of the kinetic and internal energy)
and the mechanical energy flux ¢*(p, m):

1m? Kkp" 1m? Ky
¢ (pom) = 5% + =05

-1 1.1
o mp’ (1.10)

n*(p,m) = -— ,
(p,m) 5, To-1

form a special entropy pair of system (1.3); n*(p, m) is convex in the region p > 0.
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Any weak entropy pair for the Euler system (1.3) can be expressed by

mlom) = o [ ot Pl ds (1.11)

ap(pym) = p/ (% + 9/)98)1&(% +ps)[1 = 5?2 ds, (1.12)

with A = 2(37__71) and the generating function (s).

1
loc

Theorem 1.1. Assume that (pg,mo) € L} (Ry)2, with pg > 0, is of finite energy:

2 v
Mo KPg y\, mn—1 1
—+ —)r e L' (Ry). 1.13
(2p0 v — 1) ( +) ( )
Let (8, p) = (4(e), p(e)) € (0,e) x (0,1) with lime—0(d, p) = (0, 0) satisfy
plb" + gb” < M, (1.14)

for some M < oo independent of € € (0,1]. If (py, m§) is a sequence of smooth functions
with the following properties:

(i) 5 > 0;
(i) (p§,my) satisfies (1.6) and
(r"~*m§) | _, =0, (1.15)
and, atr = b,
€ —(n—-1)(,.n—1 ¢ (m6)2 € —(n—1)(,.n—1, ¢
mg., = er (7“ po,r)r, (7 +p5(p0)) =er (7‘ mo)r; (1.16)
0 T

(iii) (pg, m§) — (po,mo) a.e. v € Ry as e — 0, where we understand (p§, m§) as the
zero extension of (pg, mg) outside (a,b);

(iv) ff ((ZLE’S)Q + 7'{(/)_(5’%7)7””_1&‘ — fooo (% + %)T”_ldr as e — 0,

then, for each fized ¢ > 0, there is a unique global classical solution (p=, m®)(t,r) of (1.5)—
(1.7) with initial data (p§, mg) so that there exists a subsequence (still labeled (p®,m*))
that converges a.e. (t,r) € R3 := Ry x Ry and in LT (R%) x LL (R%), p € 1,7+ 1),
q € [1, 3(,7:31)), as € = 0, to a global finite-energy entropy solution (p,m) of the Euler

equations (1.3) with initial condition (1.7) in the following sense:
(i) For any ¢ € C§°(R%) with ¢,(t,0) =0,

/2 (Pt + mepr) "~ drdt + / po(r)p(0,r) r"~tdr = 0;
R 0

+

(ii) For all € C§°(R%), with ¢(t,0) = ¢,.(t,0) =0,

2 -1 00
/2 (mgot + %907» + p(p)(er + i . @)) r"“Ydrdt + / mo(r)p(0,7) r"dr = 0;
R 0

+
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(iii) For a.e. t >0,

/ (oo m)(t, ) < / 0 (0, mo) () 1" (1.17)
0 0

(iv) For any convex function 1(s) with subquadratic growth at infinity and any entropy
pair (ny, qp) defined in (1.11)-(1.12),
m2
(™ e + (qur™ e + (n = 1)r" 2 (mny,, + 5 m = qp) <0 (1.18)

in the sense of distributions.

Remark 1.1. Theorem 1.1 indicates that there is no concentration formed in the vanishing
viscosity limit of the viscosity approximate solutions to the global entropy solution of the
compressible Euler equations (1.3) with initial condition (1.7), which is of finite-energy
(1.17) and obeys the entropy inequality (1.18).

Remark 1.2. To achieve (1.14), it suffices to choose § = eb=*1 and p = b=*2 for any k1 > n
and ko > %

2. GLOBAL EXISTENCE OF A UNIQUE CLASSICAL SOLUTION OF THE APPROXIMATE
EULER EQUATIONS WITH ARTIFICIAL VISCOSITY

The equations in (1.5) form a quasilinear parabolic system for (p, m). In this section, we
show the existence of a unique smooth solution (p, m), equivalently (p, u) with v = %, and

make some estimates of the solution whose bounds may depend on the parameter ¢ € (0, 1]

(except the energy bound Ey below). For 8 € (0,1), let C**#([a,b]) and C’Q+ﬁ’1+§(QT)
be the usual Holder and parabolic Holder spaces, where Q1 = [0,7] X (a,b) (cf. [14]). For
simplicity, we will drop the e—dependence of the involved functions in this section.

Theorem 2.1. Let (po,mq) € (C?*P([a,b]))? with inf,<,<p po(r) > 0 and satisfy (1.6)
and (1.15)—(1.16). Then there exists a unique global solution (p, m) of problem (1.5)—(1.7)
for v € (1,3] such that

(p,m) € (C2+'8’1+§(QT))2, glfp >0 for all T > 0.
T

The nonlinear terms in (1.5) have singularities when p = 0 or |m| = oo. To estab-
lish Theorem 2.1, we derive a priori estimates for a generic solution in C*!(Qr) with
1(p, %a Lo (@) < 00, showing by this that the solution takes values in a region (deter-
mined a priori) away from the singularities. With the a priori estimates, the existence of
the solution can be derived from the general theory of the quasilinear parabolic systems,
by a suitable linearization techniques; see Section 5 and Theorem 7.1 in Ladyzhenskaja-
Solonnikov-Uraltseva [14].

The a priori estimates are obtained by the following arguments: First we derive the
estimates based on the balance of total energy. Then, in Lemma 2.2, we use the maximum
principle for the Riemann invariants and the total energy estimates to show that the L°°—
norm of u = % depends linearly on the L®-norm of p(?~1/2. This is in turn used in
Lemma 2.3 to close the higher energy estimates for (p,,m,). With that, we obtain the a
priori upper bound p in L* and, by using Lemma 2.2 again, the a priori bounds of the
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L*®—norms of m and u. Finally, to show the positive lower bound for p, we obtain an
estimate on [} ||ur(t, )| 1 dt.

We proceed now with the derivation of the a priori estimates. Let (p,m), with p > 0,
be a C%1(Qr) solution of (1.5)—(1.7) with (1.15)—(1.16).

2.1. Energy Estimate. As usual, we denote by

2 3
) L. m ,
=—+h = — h 2.1
=5, s(p), G 52 T 5(n), (2.1)
as the mechanical energy pair of system (1.5) with e = 0, where hgs(p) := pes(p) for the
internal energy es(p) := [ & ‘;(28) ds.

Note that (p,0) is the only constant equilibrium state of the system. For the mechanical
energy pair (n;,¢;) in (2.1), we denote

as the total energy relative to the constant equilibrium state (p, 0).

Proposition 2.1. Let

b
B i=sup [ a5(sb(r). m(r)r" i < oc.
e>0Ja

Then, for the viscosity approzimate solution (p,m) = (p, pu) determined by Theorem 2.1
for each fixed € > 0, we have

b
1 _ _
sup / (5pu” + hs(p, p))r™ dr

te(0,7 2
s [ (W@ 4 ol + - DI ) < By, (23)
,
where
hs(p, p) = hs(p) = hs(p) — h5(p)(p — p) = c1p(p” = °), 0= %1 (2.4)

for some constant ¢1 = c1(p,y) > 0. Furthermore, for any t € [0,T], the measure of set
{p(t,-) > 3p} is less than c3Ey for some ca = ca(p,7y) > 0.

Proof. We multiply the first equation in (1.5) by (7%),r™" !, the second in (1.5) by (773)mr™ !,
and then add them up to obtain

(), + (5 — ()P, Oy L),
= " (o + "2 ) () — 03)0(5,0)) + &8 e+ " Lm), ()
that is,
)+ (a5 = ()5, 0)m)r™), + (0 = Dem(rs ™

= e(prr™ e ((03)p — (5)5(p, 0)) + €(myr™ 1) (115 ) m- (2.5)
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Integrating both sides of (2.5) over @ for any t € (0, 7] and using the boundary conditions
(1.6), we have

b 2
/ s dr + 6/ ((pr, my ) V215 (prymy) | 2m 2>r"’1 drdt = Ey
a t pr

Note that (p,,m,)V?7;(p,,m,)" is a positive quadratic form that dominates h%(p)|p,|?
and p|u,|? so that

b 2
/ "l dr + 5/ ((2(5 + 570" 2) | pe|* + plus? + (n — 1)/)1;) " drdt < Ey. (2.6)
r
a T

Estimate (2.6) also implies

b
sup / (pu2 + Bg(p,ﬁ))rn_l dr < Fy.
tel0,T] Ja

The function hs(p, p) is positive, quadratic in p— 5 for p near p, and grows as p™®{7:2} for
large values of p. In particular, there exists ¢; = ¢1(p,y) > 0 such that (2.4) holds. Thus,
for any ¢ € [0, 7], the measure of set {p(t,-) > 3p} is less than coEy for some ¢ > 0. O

With the basic energy estimate (2.3), we have
Lemma 2.1. There exists C = C(e,T, Ep) > 0 such that

T
| etz a < c. .7

Proof. In the case that the measure of set {p(t,-) > 3p} is zero, we have the uniform
upper bound 3 p for ,o(t r). Otherwise, for r € (a,b), let 7o € (a,b) be the closest to point
r such that p(t ro) = 3p. Clearly, |r — ro| < ¢(p)Eo. With such a choice of 7y, we have

lp7(t,7) — p"(t,m0)] (2.8)
<v‘/ typytydy‘

1 b 1
SC‘/ Pt y)y"~ 2(/ P2t y) | py(t, y)IQy”‘ldy)2
70 a

b 1
< C(/ P 2t ) | pp (b, ) [Pt d’r) ‘) (2.9)
a
Then estimate (2.6) yields
T

| 1ottt < . (210)

where C stands for a generic function of the parameters: ~,¢e,d,T, Ey, and p.
Repeating the argument with p? instead of p?, we conclude (2.7). O

From now on, the constant C' > 0 is a universal constant that may depend on the
parameter e > 0 in §2.2-§2.3, while the constant M > 0 below is another universal constant
independent of the parameter € as Ey from §3, though both of them may also depend on
T > 0, Ey, and other parameters; we will also specify their dependence whenever needed.
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2.2. Maximum Principle Estimates. Furthermore, we have
Lemma 2.2. There ezists C = C(a, T, Ey) such that, for any t € [0,T],
Jull oo (@) < C(lluo + R(po)ll oo ap) + [0 — R(po)l| Lo (apy + 1R(D) I Lo(qny),  (2.11)

where
R(p) = /Op ~p§(3) ds. (2.12)

Proof. Consider system (1.5). The characteristic speeds of system (1.5) without artificial
viscosity terms are

A o=u—/p5(p), Ao =u+1/p5(p),

and the corresponding right-eigenvectors are

(4] (1)

The Riemann invariants (w, z), defined by the conditions Vw -7 = 0 and Vz-re = 0, are
given by

m m
w=""4R(p), z=""—R(p)
P (p) P (p)

with R defined in (2.12). They are quasi-convex:
V4iwvViw(Viw) " >0, —V1aviz(Vi)T >0, (2.13)

where V? is the Hessian with respect to (p,m) and V4 = (9, —0,).
Let us multiply the first equation in (1.5) by w,(p, m), the second in (1.5) by wy,(p, m),
and add them to obtain

n—1
wi + Aow, + " uy/p(p)

= - g(pr(wp)r + mr(wm)r) + ewpy + w !

where \g is as above. Then

n—1)e
wy + ()\2 — !)wr — EWpy
n—1 U
= —e(pr,me) V2w (pr,my) " = ——uy[Pj(p) — (n = 1)e .
We write
(pr,my) = aVw + BV w,
with
oy _ Prwm — myw,
TRer O wep

Then we can further write

Wi + AWy — EWppr

—1
= — eVt uVie(Viw) " — o U Ps(p) — (n — 1)5%, (2.14)
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where

1
P VA it R T

L o2 T
WWPV wViw(Vw) .

By setting

#,7) = it ) — ) [ [YPEEDUED) el

r2 HLOO(a,b)

dr,

and using the quasi-convexity property (2.13) and the classical maximum principle applied
to the parabolic equation (2.14), we obtain

maxw < max { max wq, max lb},
Qt (a,b) 0,t]x ({a}u{b})

or
_ t max{1, 1
macw < maxuo RO g0+ C(p.@) [ (141 )l 25k "™ utr, ) dr
Q1 (a,b) 0

Similarly, we have

max{1l,y—1
max(—2) < max(—20)H| B(p) 1= g +C / L+l M Ee s Y fu(r, ) oo

Since p > 0, it follows that

max |u| < max|wg| + max|zg| + ||R .
1 lul < (a’b)\ ol (a,b)‘ ol + 1R(p)l Lo (g0

L max{1,y—1}

+C(a) / (14 Do 220 Y lalr, Moy dr (2:15)

By (2.7) and max{1l,v — 1} < 4~, we have

max{1 1
[ ot i <
Then we conclude (2.11) from (2.15). O

2.3. Lower Bound on p.

Lemma 2.3. There exists C'= C(||(po, uo)l Lo (a,b)> [|(P0, m0) | i1 (ap), 7) such that

b
sup / (lor)? + |my|?) dr + / (|orr|? + My |?) drdt < C. (2.16)
t€[0,T] Ja Qr

Proof. We multiply the first equation in (1.5) by p,, and the second by m,, to obtain

2 2
+ |m
(P 2 ) + s+ )

n—1 n—1
= —MyPrr — ( )mprr - (PU2 +p5)rm7"7" -

+(n —T 1)€prpr'r n ((n —1)e

2
pu My

m)rm,,,,.
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We integrate this over ); to obtain

2 2
/ (Mﬂ dr+s/ (|pre |2 + mye |2) drdt
a 2 Qt

-1
= / (mTpTT + nTmpM) drdt + / (,ou2 + ps)rMmiy drdt
t

t

2
+ (n— 1)/ (%mw — ;prpw) drdt — (n — 1)5/ (%)me drdt. (2.17)
t

t

We now estimate the term fQT (pu? + p),my, drdt first. Consider

) / P5(p) prmiy drdr

t

<A |mm~]2drd7—|—C’A/ (25p+/§7p7_1)2|pr]2drd7
Q¢ ¢

t
<A |17 | 2 drdT+CA/ (( + || p(, / \pr|? dr (2.18)
Q¢

where A > 0 will be chosen later.
Consider (pu?),m., = u?p,m, + 2puu,m,.. We estimate

\u2prmw| drdr
Q¢

t b
<& [ mpPardr+Co [ (ol [ ot ar)ar
Qt 0 a

t b
gA/Q morldrdr+ Ca [ (e [ K o)lon (o))
t 0

a

Using the uniform estimates (2.11), we obtain

[, Mooy < i) < CBa (0 w0) o) (1 + ol 2. (2.19)

Inserting this into the above inequality, we have

|u2prmw\ drdr
Qt

t
<A [ drdT+C’A/ (14 sup flp(s, 2t / WY(0) oo (r.) dr ) dr.
Qq s€[0,7]

On the other hand, using the estimate similar to (2.8), we can write

lo(e. I+ < o1 / pr(t )P dr)  fort € [0.7]. (2.20)



GLOBAL SOLUTIONS TO THE EULER EQUATIONS WITH SPHERICAL SYMMETRY 11

Using (2.20) and v € (1, 3], we obtain

]u2prmmn\ drdr
Q¢
< A/ || drdr
—i—CA/ 1—|— sup / |pr(s,7)|dr) / hY(p)|pr (7, 7)|? dT)dT. (2.21)

s€[0,7]

Furthermore, we have

lpuuymy, | drdr < A |mm«|2drd7'
Qt Q¢

t b
+CA/O <||(pu2)(7, M e / p(T, 7")|ur(7,7“)\2d7“)d7. (2.22)
Arguing as in (2.19) and (2.20), we obtain

1(pu®) (7 Mpee < C(l—i- sup |[[p(s, )Hmax{27}>
s€[0,7]

< 14 sup / lpr(s,7) |2dr (2.23)
s€[0,7]

Inserting this into (2.22), we obtain
|puw, | drdr
Qt
< A/ || drrdr
+CA/ 1+ sup / pr(s,7)|dr) / (T,T)|UT(T,T)’2dT‘>dT. (2.24)
s€[0,7]
Combining (2.18), (2.21), and (2.24), we obtain

< A [ |mp|?drdr
Q

—|—C’A/<I>1 1+ sup/’ﬂrsr\dr

s€[0,7]

'/ (,ou2 + )My drdr

t

where
b
&(r) = [ (o) + plr. D)) dr

is an L'(0,T)-function with the norm depending on a, ¢, and Ep; see (2.3) and (2.7).
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Consider now

2 2
‘ / e drdr
., T

b

A/Qt || ? drdr 4 Ca /t <||(pu2)(7-, )||L°°/ (pu?)(T,7) dr)dT

a

t
A/ |mr7~‘2dT’dT+CA/ 1+ sup / lpor(s,T) lzdr)dr
Q¢

s€[0,7]

IN

IN

where, in the last inequality, we have used (2.3) and (2.23). All the other terms in (2.17)
can be estimated by similar arguments. Thus, we obtain

b
sup / (Ior(7, )2 + mo(r,)?) dr + / (prel? + [ 2) drdr
T7€[0,t] Ja t
< A/ (!p,«TIQ + ]mrr|2) drdr

Qt

+Ca /Ot (1+@(7)) (1 + sup /b (lor(s,7) 2+ [me(s,7)]?) dr) dr,

s€l0,7] Ja

where ®(7) = @1 () + [|p(r, ) 2.
Choosing A small enough and using the Gronwall-type argument and Lemma 2.1, we
complete the proof. O

As a corollary, we can first bound ||p||z(g,), Which follows directly from (2.16) and
(2.20), and then bound |u| (@) from Lemma 2.2.

Lemma 2.4. There exists an a priori bound for ||(p,u)|| e~ (q,) in terms of the parameters
T, Eo, ||(po; wo) || oo (a,), and ||(po, vo)ll m1 (a,p)-

Define

Lemma 2.5. There exists C > 0 depending on ||¢(po)||p1(ap) and the other parameters of
the problem such that

b 2
sup / ¢(p(t,-))d’r+/ |Ppr3\ drdt < C. (2.25)

t€[0,T] Ja
Proof. Indeed, multiplying the first equation in (1.5) by ¢/(p), we have

2
Pr
+ (ud), e¢w+<n1>e'p3'><{p<ﬁ}

-1 ,1 1
P“(? - ?)X{p@} +

—_

(n—1) 1 1

(7 - ?)Prx{p@}-

= 2( 3

= = )UrX{p<p) +2

b\f—‘
b
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Integrating the above equation in (¢,7) and using the boundary conditions (1.6), we have
2

sup /ab¢(p)dr+s(n1)/Q "”"3

te[0,T] rn{p<p} P

1 1 -1 1 1
/ 2(7 — j)uT drdt / n ou (2 — 2> drdt
Qrn{p<pt P P Qrn{p<py T pe P

-1 1 1
/ W'>%42_ﬂ>wﬁ
QrN{p<p} r P P

=1+ I, + I3. (2.26)

drdt

<

_|_

+

Integrating by parts, we have

I <2 /
Qrn{p<p}

Since p~! < ¢(p) for small p, u is bounded in L>, and |[{p(t,-) < p}| is bounded indepen-
dently of T', then the last term in the above inequality is bounded by

2 2
<= / Pl a4 . [ g
8 Jarn{p<st P Qro{p<pt P

pru
2

0(1 + | ) drdt).
Qr
Thus, we have
L o< 2/ P2 arae
Qrn{p<p}' P
2
< A |’”3| drdt + Ca <1 + [ o(p) drdt) : (2.27)
Qrn{p<py P Qr
Also, by the similar arguments,
—1
I = / n <p_2 - “) drdt| < C (1 [ e drdt> : (2.28)
Qrnfe<pt T pep Qr
and
L < C Pr) drdt
Qrn{p<p} | P
2
< A P 3| drdt + Ca <1 + o(p) drdt> : (2.29)
Qrn{p<p} P Qr
Combining the last three estimates in (2.26), choosing A > 0 sufficiently small, and using
the Gronwall-type inequality, we obtain the a priori estimate we need. O

Then we have the following estimate:
2

Aqbéqkwwﬂt< CO+(/T%gmmﬁ(%¢@mmwﬂ>
C <1+ (/Q ’prg’2 drdt)5>. (2.30)

r P

IN
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Lemma 2.6. There exists C' depending on ||¢(po)||p1(ap) and the other parameters as in
Lemma 2.4 such that
/T‘(W”Tu)(t )H dt < C (2.31)
0 P ) pv AN Lo (a,b) = U
and
Ct <p(t,r) <C. (2.32)

Proof. Indeed, by the Sobolev embedding and (2.30), we have

T
mr
/ ‘ HLwab)dt /Hmr( )HLW(ab)”P () | oo (a,p) dt

b ’pr’2
o ([ e [

which is bounded by (2.16) and (2.25). The estimate for ; is the same. The estimate for

u, follows from u, = % — UZ . the estimates above and Lemma 2.4.

Now we can obtain a uniform estimate for v = ;. Notice that v verifies the inequality:

e(n—1) (n— l)u)U.

IA

IN

v+ (u— Jvr — vnr < (up +
By the maximum principle, we have

max v < CmaX{H’UOHLoo(a’b),Q_J}CC‘[[;T 1 Curw)(7)llLoe a.0) 47 < C max{||vol| oo (a,p), U}, (2:-33)
T
by Lemma 2.4 and (2.31). O

The estimates in Lemma 2.4 and (2.33) are the required a priori estimates. The proof
of Theorem 2.1 is completed.

3. PROOF OF THEOREM 1.1

In this section, we provide a complete proof of Theorem 1.1. As indicated earlier, the
constant M is a universal constant, independent of € > 0, from now on.

3.1. A Priori Estimates Independent of . We will need the following estimate.

Lemma 3.1. Let [ =0,--- ,n— 1, and a1 € (a,1]. There exists M = M(~, a1, Ey) such
that, for any T > 0,

b
sup / p(t, ) rldr < M(1+p"0"). (3.1)
t€[0,T]

Proof. The proof is based on the energy estimate (2.3). Let
ep)=p" =0 =" p—p).
Using the Young inequality, we find that there exists M () > 0 such that
pT < M(y)(é(p) +107).

b b
/ pY rldr < M(/ é(p) ridr + ﬁ”blH).

1 ai

Then we have



GLOBAL SOLUTIONS TO THE EULER EQUATIONS WITH SPHERICAL SYMMETRY 15

Since 0 < a(e) < 1 < b(e) < oo, we have

b b
/ é(p(t,r)) rldr < ay' T sup / 7" (p(7,7), m(7,7)) " dr < ' Ey,
al T€[0,t] Ja

by Proposition 2.1 for Ejy, independent of ¢, which implies that, for all [ =0,--- ,n — 1,

b
/ pYrtdr < M(ay " Eo+ p'b") < M (14 p7b").

ay

Lemma 3.2. There exists M = M(T), independent of €, such that

T rb pn
/ / P2y Ldydt < M(l + ?> for any r € (a,b). (3.2)
0 T

Proof. Consider first the case v € (1,2). We estimate

T b T
6/ /p3y”_1dydt < Mf-:/ sup p>~7(t, ) dt
0 T 0 (r

b)
T
MM [ [ ), dy
0 r
T b
M+M€/ / P73 (y " dydt
0 r
T b
= st [ [y g

c T b
< M+/ / p° Y™ dydt,
2 0 r

where, in the last inequality, we have used the Jensen inequality. It follows from the above
computation that

IN

IN

T rb
g/ / Py tdydt < M(T)  for all r € (a,b),
0 r
which arrives at (3.2).
Let now ~ € [2, 3]. First, we notice that
Lil

b b S /b >
sup / py"tdy < sup ( / p”T”_ldT) ( / y"_ldy)
tefo, 1] Jr t€[0,7T7] a r

n(y—1)

Mb v < ML

IN

since b > 1.
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Then we argue as above:

T rb
/ / p3 ynfldydt
0 r

IN

r

T rb
<1+/ /plpr\dydt>
0 T
T rb a =2
= Mb" <1+/ /p2_2p2|py’dydt>
0 r

1 T b
L+ -+ / / Py dydt)
0 r

< Mb"(l + é)

T b
/ (SUPPQ(t,')/ py”’ldy)dt
0 (r,b)

A
=~
[

3

IN
=
[

3

bTL
S Mia
€
where, in the last inequality, we have used the Jensen inequality with powers ﬁ and
ﬁ and the energy estimate (2.3). O

Lemma 3.3. Let K be a compact subset of (a,b). Then, for T > 0, there exists M =
M(K,T) independent of € such that

T
/ / (pY +6p3) drdt < M. (3.3)
0 K

Proof. We divide the proof into five steps.
1. Let w(r) be a smooth positive, compactly supported function on (a,b). We multiply
the momentum equation in (1.5) by w to obtain

-1 -1
n puw — e(w(m, + n

(puw)t + ((pu® + ps)w), + .

m)),
= (pu® + ps — e(m, + nT_lm))wT. (3.4)

Integrating (3.4) in r over (r,b) yields

b b
-1
(/ puw dy)t + / i ” pulw dy + sw(mr + nTm) = w(pu® + ps) + f1, (3.5)

where

b
n—1
fi= / (pu2 +ps —e(my + Tm))wy dy.

2. Multiplying (3.5) by p and using the continuity equation (1.5), we have

b b
n—1 n—1
(p/ puw dy)t + ((pU)r + o —pm = e(pr + TM")) / puw dy

b
n—1 n—1
+p/ ” puw dy + 6pw(mr + Tm)
T

= (p*u® + pps)w + pfi,
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and
b b
(p/ puw dy) + (pu/ puw dy)
r t r r
n— b n—1

+€(— (pw—i—Tpr) puwdy+pw(mr+7m))

= ppsw + f2>
where

n—1 b bp—1
fa=pfi— pm / puw dy — p / putwdy.
r T ™ y

Notice that

n—1 n—1

b
—(prr +— pr)/ puw dy + pw(m, +
s

T
b n—1 b n—1 4
= - <pr puw dy) —pupyw — | ——p | puwdy | — pruw
r T T r T

T

m)

+ 2 p | puwdy+ p urw + puprw + Tp uw
T

b , n_1 (b
= —(p/ puwdy), — (p uw)r—< . p/ puwdy)

9 n—1 b
+p Urw + g P puw dy.
T

It then follows that
b b
<p/ puw dy)t + (pu/ puw dy) —5(;)/ puwdy) —E(pzuw)r
-1 b
—¢ <n " ,0/ PUW dy) + ep*upw

= pspw + f3,

b

n—1

Lo [P puw dy.
3. We multiply (3.7) by w to obtain

(pw/rbpuwdy)t + (puw/r puwdy)r —E(a}(p/?ﬂbpuwdy)r)r

b n—1 b
+e (pwr/ puw dy) —e(pPuw?), —¢ < pw/ pUW dy)
r r r r r

+£p2urw2 + 6p2uwa

where f3 = fo — ¢

b

= pgpr + f47

n—1

b
— pwr fr puw dy.

where f; = wf3 + puw, frb puw dy —

17

(3.6)

(3.8)
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We integrate (3.8) over [0, 7] X [a,b] to obtain

/ (5;)3 + /{p7+1)w2 drdt

T

= / (6p2urw2 + 5p2uwwr) drdt

T

b b T
+ / (pw / puw dy) ’ dr — fadrdt
a r 0 Qr

< 5/ pPw? drdt + aM/ (plur|*w? + plul?|w,|?) drdt
T Qr

b b T
—i—/ (pw/ puw dy) ‘0 dr — / fadrdt
a T Qr
< 8/ pPw? drdt + M (suppw, T, Fy). (3.9)
Qr

The last inequality follows easily from (2.3)—(2.6) and the formula for fy.
4. Claim: There exists M = M (suppw, T, Ep) such that

£ / pPwdrdt < M + Me / P T hw? drdt. (3.10)
t t
If v > 2, the claim is trivial. Let v < 8 < 3. We estimate
5/ pPuwldadt (3.11)
T
<e sup (pﬁ_'YwQ) / pldrdt
Suppw QrNsuppw
<eM sup (pﬁ_va)
suppw
<eM PP |(p2 )y Jw?drdt + eM PPV w|w, |drdt
Qr Qr
< EM( / prdrdt + / (03 )1 2w2drdt + / p25*37w2drdt)
QrNSuppw Qr T
< M(l + 6/ p25_37w2drdt). (3.12)

T
If 26 — 3y < v+ 1, the estimate of the claim follows. Otherwise, since 28 — 3y < 3
(note that 8 < 3), we can iterate (3.11) with g replaced by 23 — 3~ and improve (3.11):

5/ pPPuwtdrdt < M<1 + s/ p46—97w2d7‘dt>. (3.13)
T

T
If 48 — 97 is still larger than « + 1, we iterate the estimate again. In this way, we obtain
a recurrence relation 8, = 28,-1 — 37, Bo = 5 < 3, and the estimate

8/ pPuwtdrdt < M(n) (1 + 5/ pﬁﬂderdt).
Qr Q

T
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Solving the recurrence relation, we obtain
B =2"8 —3y(2"1 —1).

For some n, the expression is less than y+1 (note that 5 < 3). Then the expected estimate
is obtained.

5. Now returning to (3.9), we have
/ (,zﬂJrl + 5p2)w2d7“dt < M (suppw, T, Ey)
Qr
for all small € > 0. O

The following lemma holds for weak entropies n (also cf. [12]).

Lemma 3.4. Let n*(p,m) be the mechanical energy of system (1.3), and let (ny,qy) be
an entropy pair (1.11)—~(1.12) with the generating function 1 (s) satisfying

sup [ (s)] < oo.
S

Then, for any (p,m) € R% and any vector a = (a1, as),
avina'| < My, avinta' for some My, > 0. (3.14)

Lemma 3.5. Let K C (a,b) be compact. There exists M = M(K,T') independent of €
such that, for any e > 0,

T
/ / (p]u\g + p7+9) drdt < M(1+p"b" + gb”)
0 JK

Proof. We divide the proof into five steps.
1. Let (7,¢) be an entropy pair corresponding to 1 (s) = %s|s|. Define

ﬁ(pvm) = ﬁ(pam) - v(p,m)ﬁ(ﬁv 0) ’ (p =P, m) >0,
2

_ . o m

q(p,m) = q(p,m) — V(pmn(p,0) - (m, s +p).

Note that the entropy pair (7, ¢) is defined for system (1.3) with pressure p = kp?, rather
than ps. Then (7, q) is still an entropy pair of (1.3).

We multiply the continuity equation in (1.5) by 7,r"~!, the momentum equation (1.5)
by 7mr™ !, and then add them to obtain

2
~ n— ~ n— n— 5 - m- . S =
" D+ (@) + (n = Dr" 2 (= g+ mij, + pnm+nm(p,0)p(p))

_ n—1 n—1 - O
=er"! ((prr + Tpr)np + (m, + Tm)rnm> - (5p2)r77mrn L (3.15)
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2. Tt can be checked directly that, for some constant M = M(vy) > 0,
q(p,m) > %(p!w?’ + 1) = M(p + plul? + ),
—q+ m(’?p + unm) <0,
| < M (Jul +6°), 1l < M(Juf? + p*),

7l < M(p+plul®> +p7),  plip + witm| < M(p+ plul® + p7),

and, for 7, + uf), considered as a function of (p,u),

|(77p + Uﬁm)p| < M(PG_IM + p20—1)’ |(77p + Uﬁm)u| < M(|U| + :00)-

Also see [8] for these inequalities.
Moreover, note that, at r = b,
q(p,0) = 4(p,0) = co(MP"™’, | (p,0)] = ex(1)0”, 7p(p,0) = 0,
for some positive ¢;(v),7 = 0,1, depending only on ~.

3. We integrate equation (3.15) over (0,7") x (r,b) to find

T b
/ il dr = (0T + / (T, ) — 7(0,4)) v dy
0 r
T b m2
+(n—1) / / <—(1 + mij, + pﬁm> y"2dydr
0 r

T b
+(n—1) /0 / Y211 (5.0) (p(0) — p(p)) dydr

T rb 1 n—1 n
+ ; ey ((Pyy + y -py)Tlp + (my +
T .
[ ] 60y + G )y e

+(n—1) /T /b 8P Ny 2 dydr
= L+ +OI7. '
4. Now we estimate the terms in (3.22). Clearly,
L] < Mp 06"t < MpTb",
since p < 1 and b > 1 for small € > 0.
Notice that |77(p, m)| < n*(p, m). It then follows that

b
1| < /|77(P(T7T),m(T,r))|r"_1dr

A

b
< /n*(p(T,T),m(T#))?""_ld?“-

By the energy estimate (2.6), [I2(t,7)| < Ep.

(3.16)

(3.17)
(3.18)

(3.19)

(3.20)

(3.21)

m)yﬁm) dydr

(3.22)
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The term I3 is nonpositive by (3.17) and can be dropped.
Using Step 2, we have
[I4(t,r)| < M(a1,T)(1+ p"b")  for any (t,7) € [0,T] x [a1,b]. (3.23)

5. Consider I5. We write

n—1

rn_l(prr + Tpr)ﬁp = (Tn_lpr)rﬁp,

n—1

T"_l(mr + Tm)rﬁm = (T”_lmr)rﬁm —(n— 1)T”_3mﬁm,

and employ integration by parts (note that 7,(p,0) = 7, (p,0) = 0) to obtain

t b t b
o= = [ [ Gt ) vy = = [ [ mi g =ayar

t
+6/ (7, 7) rtdr
0
= Ji+ o+ Js. (3.24)
Using the energy estimate (2.3) and Lemma 3.4, we have
|Ji(t,r)| < MEj.
Also, using Step 2 and (3.21), we have

[milm] < M (plul* + 07 + plitm (7, 0)[) < M (5" (p,m) + 5 p).
It follows by the energy estimate (2.3) that

b
‘/ ngdr| < M(suppw,T)(l—kﬁ”b"),

for any nonnegative smooth function w with suppw C (a,b).
We write
M = Prilp + MyTm = pr(ﬁp + ufjm) + P
Then we consider the integral

b
/ Jswdr = 6/ p(7p + Wit ) wr r"drdr — (n — 1)5/ p(7p + uim )w " 2drdr
a T

T
—5/ p(pr (Tp + wiim) p + r (7p + Ui )u — Tty )w "™ drdr.
T

Noticing that 7, + un, = 7, + iy, + const. and using Step 2 and estimates (2.3)—(2.6)
and (3.10), we obtain

b
1
’/ Jg(t,?")(&)d?’" SM(al,T,HWHCﬂ)‘i‘*

2/ (plul? +p7+9)wr”_1drd7.

Qr
To estimate I, employing that |(7m),| < Mp?~L, |(fim)u] < M, and the energy estimate
(2.3), we have
52 T rb 52 5
|| < M/ / P ldrdr < M—b" < M=V,
e Jo Jr € €
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where we have used the result of Lemma 3.2 and g < 1 for small € > 0 in the last inequality.

The last term I7 is estimated in the similar fashion:
b R )
‘ / I7wd7“‘ < M (suppw)—>b" < M(suppw)—b",
a € €

since 0 < 1 for small £ > 0.

Finally, we multiply equation (3.22) by the nonnegative smooth function w, integrate it
over (a,b), and use estimate (3.16), together with the above estimates for I;,j =1,---,7,
and an appropriate choice of § to obtain

/ (plul® + p?*) wr"tdrdr

Qt
0 1
< M(1+p70" + =b") + 2/ (p|u|3 + p7+€) wr rdrdr.
€ t
This completes the proof. O

3.2. Weak Entropy Dissipation Estimates. Let a = a(¢) — 0 and b = b(e) — oco. We
choose p = p(e) — 0 and § = 6(¢) — 0 such that
5
Pt + gbn <M uniformly in €. (3.25)

With this choice (p, §), the estimates on the lemmas in §3.1 are uniform in ¢ — 0.

Given a sequence of the initial data functions as in Theorem 1.1, denote (p°, m®) by the
corresponding solution of the viscosity equations (1.5) on Q° = [0,00) X [a(e), b(e)] with
p = p(e) as above.

Proposition 3.1. Let (1, q) be an entropy pair of system (1.3) with form (1.11)—(1.12) for
a smooth, compactly supported function ¥ (s) on R. Then the entropy dissipation measures

n(p®, m ) + q(p,m°), are compact in Hl;; (3.26)
Proof. We divide the proof into seven steps.

1. Denote n° = n(p°,m), ¢¢ = q(p*, m®), and m* = p°u®. We compute

n—1 n—1 1
nHda = = ——put () +e— (o5 + T(;ms)ﬂfn)
—e (o) +mE(n)r) + €5y = (69%)miy
- L4+ L (3.27)

2. We notice that
|15 (8, 7)] < Mp™|uf| (14 (0°)°) < M (1w + p° + (0°)7), (3.28)

bounded in L' (07 T, Llloc(O7 oo)), independent of ¢ (all of the functions are extended by 0
outside (a,b)).

3. Next,

1
10°), = I, + I3, (3.29)
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Since
In® —mn5,| < M(p° + p°luf]?),
then
L,—0 inL, . (R%)ase—0. (3.30)
On the other hand, if w is smooth and compactly supported on R2 , then
n—1
€ /E I5w(t,T) drdt‘ = ¢ / " n°wy drdt

< EM(SUPPW)||Pa||L7+1(suppw)||W||H1(R1)-

Since ||| L++1(suppw) is bounded, independent of ¢ (see (3.3)), the above estimate shows

that
I5,—0  in H '(R%2)ase— 0. (3.31)

loc

4. For I§, we use Lemma 2.1 to obtain
15| = e{(V2n(p",m*) (o5, m5), (o5, m5)]
< My (V27 (oF ) (o, ), (9, ).
Combining (3.32) with Proposition 2.1 and Lemma 3.4, we conclude that
5 is uniformly bounded in L'(0,T; L}, .(0,c)). (3.32)
5. To show that I — 0 in Hl;cl as € — 0, we need the following claim, adopting the

arguments from [18].
Claim: Let K C (0,00) be a compact subset. Then, for any 0 < A <1 and e >0,

T
/ / 3|22 drdt < M(VEAT + A 4 2). (3.33)
0 K

T 3
/ / e2|pe | drdt — 0,
0 JK

2
eny — 0 in LP(0,T; LY, (0,00)) fo7‘p:=2—? € (1,2).
v

In particular,

and

Now we prove the claim. For the simplicity of notation, we suppress superscript ¢ in all

of the functions. Define
2
a>—{g’ e
p)= A2
7+A(p_A)7 p= Aa
so that

¢"(p) = Xgp<ay(p),
2

pd' (p) — ¢(p) = % for p < A,
A2
pd'(p) = 0lp) = o forp=A,

where x 4(p) is the indicator function that is 1 when p € A and 0 otherwise.



24 GUI-QIANG G. CHEN AND MIKHAIL PEREPELITSA

Let w(r) be a nonnegative smooth, compactly supported function on (0, 00). We com-
pute from the continuity equation, the first equation, in (1.5):

1pu min{p, A}

1 n —
(¢W)t + (¢Uw)r — Quw, — 5 (,OQX{,KA} + 52X{p>A})UJuT +

(n—1)e

= e(¢'wpy)r — emin{p, Ajw'p, + wmin{p, A}p, — ew|pr|*xppcny- (3.34)

Integrating (3.34) over (0,7") x (0,00), we obtain

/ / ewlpr*Xgp<ay drdt
= —/¢w|0 dr+/ /gbuwrdrdt
0
1 T ) T n—
+§ ; (p X{p<A}+5X{p>A})WUr drdt — ;

T ) , T rn-1)e |
— e min{p, A}w'p, drdt + ———wmin{p, A}p, drdt
0 0 r
=Ji+--+Js. (3.35)
We estimate the integrals on the right:

pumin{p, A} drdt

T
|J1| < M (suppw) (A2 + A/ / pdrdt) < M (suppw, T)A; (3.36)
uppw

T
| o] < //upp (Alpulxipeny + (A% + Ap)|ulxgp>ay) drdt

T
< A/ / (p+ plul?)dtdt
0 Jsuppw
< M (suppw,T)A; (3.37)
A3 A
|J3] < — / / (p+ eplur| )drdt < M(suppw,T)— (3.38)
suppw \ﬁ
T
| Jy] < M(suppw)A/ / (p+ plul?) drdt < M(suppw, T)A; (3.39)
0 suppw

T . T
|Js] < \/EAQ/ \/Epglprldrdtﬂ%/ / plor|X p<ayw’ drdt
0 Jsuppw 0 Jsuppw

IN

T T 2
E/ p72\pr\2wdrdt+25/ / | | drdt + /eA2 M(suppw, T)
4 Jo 0 uppw w

IN

T
Z/ /]pTIderdt+€M(suppw,T)
0

+vEAZ M(suppw,T). (3.40)
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Moreover, Jg is estimated in the same way as Js. Thus, estimate (3.33) is proved.
Now we prove the second part of the claim. Notice that

| < M (|prlnp + unm| + plur]) < M(|pe|(1+ p%) + plus ). (3.41)

Let ¢ € (1,2) to be chosen later on. Compute

T T T
/ / Eq‘rr]r’qdrdt S M/ / €q|pr‘qdrdt+/ / Eq‘|pr|p9+p|ur‘}qdrdt
0 K 0 K 0 K
A+/ / e%|p,|* drdt

T —
eM [ [ bt lpbul) drde
0 K

< A—i—/ /52]pT]2drdt

T
et 0 [ [ (el o plu ) 4+ 297 drs
0 K

IN

< A—l—/ /52|p| drdt + &9~ 10(T K), (3.42)

provided that 5= = v + 1, which holds if and only if ¢ = 2 — . Combining this with
estimate (3. 33) we arrive at the conclusion of the claim.

6. Consider the last term If. This term is bounded in L'(0,T : L}, .(0,00)). Indeed,
for a compact set K C (0, 00), using the energy estimates (2.3) and Lemma 3.2, we obtain

T T
/ /\I5]drdt M¢/ /(Sp’pr|d7“dt
0 K 0 K
52 T
M(¢,K)(1+/ /p4_7drdt
M(¢,K)(1++/ /p drdt

< M@, K)(1+ = 2. (Szb")

From the choice of §, the term on the right is umformly bounded in €.

IN

IN

IA

7. Combining Steps 1-6, we conclude
n(p*,m%)e +q(p°,m°)r = f*+ ¢, (3.43)

where f¢ is bounded in L' (0,7 Lj,.(0,00)) and g° — 0 in I/Vl;Clq(R%r) for some ¢ € (1, 2).
This implies that, for 1 < ¢; < 2,

n(p®,m%)s + q(p°,m?), are confined in a compact subset of I/Vlgcl’ql. (3.44)
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On the other hand, using formulas (1.11)—(1.12) and the estimates in Proposition 2.1
and Lemma 3.5, we obtain that, for any smooth, compactly supported function ¢ (s) on
R,

n(p®, m°), q(p°,m°) are uniformly bounded in L{? (R%),

loc

for gg = v+ 1> 2 when « > 1. This implies that, for some g3 > 2,
n(ps, m%)s + q(p°,m°), are uniformly bounded in I/Vlgcl’qz. (3.45)

The interpolation compactness theorem (c¢f. [3, 11]) indicates that, for ¢ > 1, ¢2 €
(thOL and qo € [Q17q2)7

(compact set of W,, " (R%)) N (bounded set of W, "% (R2))
C (compact set of w, b (R2)),

loc

which is a generalization of Murat’s lemma in [22, 25]. Combining this interpolation
compactness theorem for 1 < ¢; < 2,¢2 > 2, and g9 = 2 with the facts in (3.44)—(3.45),
we conclude the result. O

3.3. Strong Convergence and the Entropy Inequality. The a prior: estimates and
compactness properties we have obtained in §3.1-§3.2 imply that the viscous solutions
satisfy the compensated compactness framework in Chen-Perepelitsa [8]. Then the com-
pactness theorem established in [8] for the case v > 1 (also see LeFloch-Westdickenberg
[17]) yields that

(p°,m%) = (p,m) ae. (t,r)eREL  in LY (R3) x L} (R2)

loc
forpe[l,7+1) and ¢ € [1, %) This requires the uniform bounds (3.3)—(3.5) and the
estimate:
2
m|? = pilul?p < pluf® + p7T
3(y+1
for ¢ = (Jj:s ),

From the same estimates, we also obtain the convergence of the energy as ¢ — 0:
,r]*(pa’ ms) — 77(/)’ m) in Llloc (Ri)

Since the energy n*(p, m) is a convex function, by passing to the limit in (2.5), we obtain

to o0 )
/ / 7 (o m)(t,7) P drdt < (81— t) / 0o, mo) (£, ) " Ldrdt,
t1 0 0

from which (1.17) follows. This implies that there is no concentration formed in the density
p at the origin r = 0.

Finally, the energy estimates (2.3)—(2.6) and the estimates in Lemmas 3.3-3.5 imply
the equi-integrability of a sequence of

(m?)?
771&;;7 qu’ m€ pn;ﬂ 7071177;7 qz7

for any 1 (s) that is convex with subquadratic growth at infinity: limg_, .o [l — g,
Passing to the limit in (3.27) multiplied by ™ and integrated against a smooth com-
pactly function supported on (0, 00) x (0, 00), we obtain (1.18).
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3.4. Limit in the Equations. Let ¢(¢,7) be a smooth, compactly supported function on
[0,00) X [0,b(¢)), with ¢, (t,7) = 0 for all r close to 0. Assume that the viscosity solutions
(p°, m®) are extended by 0 outside of [a(e),b(¢)]. Multiplying the first equation in (1.5)
by r" 1 and then integrating it over R%r, we have

n—1
/2 (pawt +mEor + ep(@rr + T%)) r"~ldrdt
R

+

+/R p5 (1) (0, ) " Ldr = 0. (3.46)

Note that, by the energy inequality, fol (p%)Y r"~Ldr is bounded, independent of &, which
implies that there is no concentration of mass at r = 0.

Passing to the limit in the above equation, we deduce

/2 (por +mepy) 1" drdt + / po(r)(0,7) r"tdr =0,
R

+ R4
which can be extended to hold for all smooth, compactly supported function ¢(¢,r) on
[0,00) X [0,00), with ¢,(¢,0) = 0.
Consider now the momentum equation in (1.3). Let ¢(¢,r) be a smooth, compactly
supported function on [0,00) x (a(¢),b(¢)). Multiplying the first equation in (1.5) and
then integrating it over R2 , we obtain

/ (m?)? 1

n —
(mSWt + e + ps(p°) (r + Tg@) + Emaﬁ/?rr) " Ldrdt
+ mg(r)e(0,7) " tdr = 0.

R4

2
+

Passing to the limit, we find

2 -1
/ (mgpt + ﬁ@r + p(p) (¢r + n—2 go)) " Ldrdt + mo(r)p(0,7) " tdr = 0.
RZ p r Ry

Note that the term containing §p? converges to zero by Lemma 3.2 since § = 6(g) — 0
as e — 0.

This equation can be extended for all smooth compactly supported function ¢(t,7)
on [0,00) x [0,00) with ¢(t,0) = @,(t,0) = 0, since (™ + p7)(t,r)r"~! € L},((0,00) x
0,050)).
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