OBSTACLE PROBLEM WITH A DEGENERATE FORCE TERM

KAREN YERESSIAN

ABSTRACT. In this paper we study the regularity of the free boundary at its
intersection with the line {z1 = 0} in the obstacle problem

Au = |z1]X{u>0} in D,

where D C R? is a bounded domain such that D N {x1 = 0} # 0.

We obtain a uniform C! bound on cubic blowups, we find all homogenous
global solutions, we prove the uniqueness of the blowup limit in all cases, we
prove the convergence of the free boundary to the free boundary of the blowup
limit, at the points with lowest Weiss balanced energy we prove the convergence
of the normal of the free boundary to the normal of the free boundary of the
blowup limit and that locally the free boundary is a graph and finally for a
particular case we prove that the free boundary is not C1: regular near to a
degenerate point for any 0 < o < 1.

1. INTRODUCTION

Let D C R? be a bounded domain such that D N {z; = 0} # (). Let g € H'(D)
such that g > 0 on dD. Let u € H'(D) be the unique minimiser of the functional

(1.1) / (IVul® + 2|z |u)dx
D
in the admissible set of functions

{uEOa.e. in D and u=gon 8D}.

For the existence and uniqueness of the minimiser « one may refer to [5].
It is known (cf. [6]) that u € C>!(D) and

loc
(1.2) Au = |r1|X{us0y in D

in the sense of distributions.
Let us denote by €2 the noncoincidence set and by I' the free boundary, i.e.

Q={zeD|u(z)>0} and I'=DnNos.

Let us consider two examples. Set D = (—1,1)2. For the first example we take
g(z) = $5(x1 + z2)" and for the second example we take g(z) = x{ (c — |za])T
where ¢ = 0.42559. The noncoincidence set and the free boundary are depicted in
figure 1 for both examples.

In [2], in the case of nondegenerate obstacle problem, i.e. when instead of |z1| we
have f satisfying f > c in D for some ¢ > 0, the Lipschitz and C! regularity of the
free boundary was proved for the first time. A good reference for nondegenerate
obstacle problems is [3] and a good reference for obstacle type problems is [6].

In [13] for a class of degenerate obstacle problems the optimal nondegeneracy
of the solution is obtained. The proof of the optimal nondegeneracy is based on
specially constructed comparison functions using harmonic polynomials. In this
paper the nondegeneracy result in [13] will be used numerous times. Also the
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FIGURE 1. Q and T in the examples.

special harmonic polynomials used in the proof of the nondegeneracy result will be
used to prove one of the directional monotonicity results in this paper.

Our approach to prove the regularity of the free boundaries is based on some
directional monotonicity properties satisfied by the solutions. This method is based
on the proof of C! regularity in [6] and is closely related to the work [1].

We use Hopf’s Lemma to prove the irregularity of the free boundary in a partic-
ular case which corresponds to the free boundary near to the origin in the example
depicted in figure 1b.

Studying obstacle problems with a degenerate force term reveals rather unex-
pected behaviour of the solution. Such as the fact that the free boundary usually is
forming a certain angle at its intersections with the line {x; = 0} where the force
term is degenerate.

In the problem of the free boundary near contact points with the fixed boundary,
cf. [7], where the solution satisfies a homogenous Dirichlet boundary condition, a
similar strong influence of the data of the problem on the structure of the free
boundary has been observed.

In [8, 9, 10] the authors have studied 2-dimensional or axisymmetric 3-dimensional
inviscid incompressible fluids acted on by gravity and with a free surface. These
problems are in the class of Bernoulli free boundary problems. But the degeneracies
in the force terms give rise to similar situations as encountered in this paper and
has been a motivation for considering the problem in this paper.

This paper is structured as follows. In Section 2, the main results of this paper
are presented. In Section 3, we prove uniform C'! bounds on cubic blowups.
In Section 4, using the Weiss balanced energy we prove the homogeneity of the
blowup limits. In Section 5, we classify all possible homogeneous global solutions.
In Section 6, using a lower bound for homogenous global solutions and the optimal
nondegeneracy result in [13] we prove closeness of the free boundary to the free
boundary of a homogenous global solution. In Section 7, we prove the uniqueness
of blowup limits at degenerate points. In Section 8, we prove the uniqueness of the
blowup limits at the points with lowest Weiss balanced energy, i.e. regular points.
In Section 9, we prove the convergence of the free boundary to the free boundary
of the blowup limit. In Section 10, we prove the convergence of the normal of the
free boundary to the normal of the free boundary of the blowup limit at regular
points. In Section 11, we prove that in a neighbourhood of a regular point the free
boundary might be given as a graph. In Section 12, we prove that under some
assumptions the free boundary near to a degenerate point is either flat or not C'*®
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for any 0 < a < 1. In Section 13, we conclude this paper with a discussion about
further directions of research on obstacle problems with degenerate forces.

2. MAIN RESULTS
Let us define a cubic blowup of u as follows
Definition 1. Let B,, C D, then we define for 0 < r < rg

ur(x) = u(:;c) forz € By

and call u, the (cubic) blowup of u at 0.

In the following theorem we prove that for r > 0 the family u, is uniformly
bounded in C*1(By).

Theorem 1 (Uniform C!! Bounds on Blowups). There exists a C > 0 such that
if w is a solution in D, rog >0, By, C D and 0 € I' then we have the estimate

(21) H’U,,«”Cl,l(Bl) S C
forO<r< %7‘0.

The proof of this theorem is based on the optimal growth result proved in [13].

From the uniform bound (2.1) it follows that for any sequence r; there exists a
subsequence 7;, and v € C11(By) such that uj, — v in C1(By).

Let us consider for u € H'(B,) the Weiss balanced energy

(2.2) W(r,u) = %/ (IVul® + 2|z |u)dz — %/ u?s(dr).
™™ JB. ™ JoB,

The Weiss balanced energy has been introduced to study the free boundary in the
nondegenerate obstacle problem in [11, 12]. The energy in (2.2) has been adapted
to the first order homogeneity of the force term |z |. For the Weiss balanced energy
for different homogeneities one may refer to [6].

As we will see, for u a solution in D with 0 € D, by a monotonicity result for the
Weiss balanced energy the right limit W (40, ) exists but might be —co. If 0 € T’
then W (+0,u) > —oo.

Definition 2. Let u be a solution in D, 0 € D and 0 € T'. Then we call v €
CY1(By) a blowup limit if there exists rj — 0 such that u,, — v in C*(By).

Using Weiss balanced energy, if v is a blowup limit at 0 then v is a third order
homogenous global solution and W (+0,u) = W(1,v).
So we are lead to find all the solutions of the obstacle problem

Au = |21 |xuso in R?,
(2.3) ' |Z1]Xu>0
u third order homogeneous.

Clearly u = 0 is a trivial solution of (2.3).
Let us define
Lo +y3 Lo, L s 1,
(2.4) ups(T) = E(ml )? and uy(z) = (z]z1]° + Exg — Z$1Z2)Xx2>|xl‘.
Theorem 2 (Classification of Homogenous Global Solutions). There exists only
the following nontrivial solutions of (2.3), Uw, Uw(T1,—22), Uy + Uy (T1, —T2),
Uns, Uns(—T1,72) and ups + ups(—T1,2).
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{uns(x) > 0} {uns(—z1,22) > 0} {uns (@) +uns(—z1,22) > 0}
{tw(x) > 0} {vw(z1, —22) > 0} {vw(z) + vw(z1, —2z2) > 0}

FiGURE 2. The only possible noncoincidence sets of nontrivial ho-
mogenous global solutions.

To prove Theorem 2 we first find all the solutions of the corresponding no-sign
obstacle problem and then among these solutions we find the nonnegative ones.

All possible noncoincidence sets of nontrivial homogenous global solutions, i.e.
the noncoincidence sets of the nontrivial solutions of (2.3), are depicted in figure 2.

It is easy to see that W (1, uy) = W (1, uw(z1, —22)), W (1, ty + ty(z1, —22)) =
2W(1a uw)v W(]-v uhs) = W(]-a uhs(*xlv 1’2)), W(]-; Uhs+uhs(*x17 l‘g)) = QW(]., uhs)
and by direct computation we see that 0 < W(1,u,,) and

2W (1, 1) < W (1, ups).

So we have the following four possible energy levels together with the order
between them

W (1, uy) < 2W (1, uy) < W(L,ups) < 2W (1, ups).
Let us define for y e TN {zy =0} and r > 0
Based on four possible values of W(+0,z,u) (the value 0 is excluded by the

nondegeneracy) for z € I' N {1 = 0} the points of I' N {1 = 0} get classified in
four types.

Definition 3. We call y € T' N {x1 = 0} a degenerate free boundary point if there
exists rj — 0 such that u, (x +y) — ups(x) or ur, (x +y) — ups(—r1,22)(x) in
Cl(By).

In the example depicted in figure 1b the origin is a degenerate free boundary
point with us as a blowup limit.

By our uniform bounds on the blowups it follows that 0 is degenerate if and only
if W(+0,u) = W(1, ups)-

Theorem 3 (Uniqueness of Degenerate Blowup Limits). If u is a solution in D,
0 € D and0 €T is a degenerate free boundary point then the blowup limit is unique.

The proof of this theorem is not based on directional monotonicity results. The
proof is based on the observation that at the degenerate points the free boundary
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converges tangentially to the line {x17 = 0}. By this observation and the nonde-
generacy result proved in [13] we are able to prove the uniqueness of the blowup
limit.

Definition 4. We cally € TN{z1 = 0} a regular free boundary point if there exists
r; = 0 such that uy, (x +y) = uw(x) or ur, (x +y) = uw (21, —22)(2) in C*(By).

In the example depicted in figure la a point close to the origin is a regular free
boundary point with u,, as a blowup limit.

By our uniform bounds on the blowups it follows that 0 is regular if and only if
W (40,u) = W(1,uy), i.e. it has the lowest Weiss balanced energy.

Theorem 4 (Uniqueness of Regular Blowup Limits). If u is a solution in D, 0 € D
and 0 € T is a regular free boundary point then the blowup limit is unique.

The proof of Theorem 4 is based on a directional monotonicity result which
shows that if 0 is a regular free boundary point with u,, as a blowup limit, then in
a neighbourhood of 0 the function u is nondecreasing in the direction es.

In the cases when W (40, z,u) € {2W (1, uy), 2W (1, uns)} there exists only one
possible blowup limit and thus the limit is unique. So by Theorems 3 and 4 and
this observation we have that always the blowup limit is unique.

Let us define for § > 0 and £ = 0,1

(2.6) ok(6) = sup |[lur —uollcr(m,)
0<r<d

where ug is the unique blowup limit.

Theorem 5 (Convergence of the Free Boundary). There exists C; > 0 and Cz > 0
such that if u is a solution in D, 0 € D and 0 € T then for x € I' and close enough
to 0 if W(40,u) € {W(1,uy),2W (1, uy)} then we have

(2.7) d(,Tuq) < Cr(o0(Cala]))* o]

where Ty, is the free boundary of the unique blowup limit and if W(+0,u) €
{W(1,ups), 2W (1, ups)} then

(28) 1] < Ci(o0(Cala]))* f2].

The proof of this theorem is based on a lower bound for the nontrivial homoge-
nous global solutions and the nondegeneracy result proved in [13].

From Theorem 5, in particular, it follows that all points of I' N {z1 = 0} N
{W (40, z,u) € {W(1,uy),2W (1, uy)}} are isolated points of I' N {z; = 0} (in the
topology of {z1 = 0}).

Theorem 6 (Convergence of Normals and the Free Boundary as a Graph at Regular
Points). There exists C1 > 0 and Cy > 0 such that if u is a solution in D, 0 € D
and 0 € T is a regular free boundary point with blowup limit u,, then there exists
€ >0 and

7€ (=7, PNCH (=7 PO
such that
L {la] < i} NB. = {(Ilﬁ(%)) ‘ T € (—i, i)},

(@) = faa]| < Cu(oo(Calar ) o] Joran € (=3, 7)
and x € €
[/ (1) = 1ol < Cuor(Calanl)F or a1 € (=3, PO
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The proof of this theorem is mainly based on a directional monotonicity result
proved in Lemma 25. There we prove that d,u > 0 in B,(x) for z € T N {x; >
0} N GB% if for a given v € 9By with v - v, > 0, r is small enough and u is close
enough to u,, in C*(By). The vector v, is the normal to the free boundary of u,, in
the half plain {z; > 0}, pointing into the noncoincidence set of u,,. This directional
monotonicity result establishes the convergence of the normal of the free boundary
to the normal of the free boundary of the blowup limit.

As we will see, from Theorem 6 it follows that in the case when 0 is a regular point
but with (1, —22) as blowup limit and in the case when W (40, u) = 2W (1, u,,)
the free boundary is respectively a graph or a union of two graphs.

In the following theorem, in particular cases we show that the free boundary
near to a degenerate point is not C1** smooth.

Theorem 7 (An Irregularity Result at Degenerate Points). If u is a solution in
D, 0 € D, there exists 6 > 0 such that Bs C D, Oy,u <0 in BsN{x1 > 0,22 > 0},
there exists p € C([0,46)) N C*([0,18)) such that p(0) = p'(+0) =0, p > 0 in
(0, %5), p s convexr and

1 1
QNBsN{r1 >0,0< 22 < 55}:Bgm{o<m2 < 55, p(x2) < 21}
then either p = 0 and u = ups in QN BsN{z1 > 0,0 < z2 < %5} or the free
boundary part I' N {x1 > 0} is not C1* regular at 0 for any 0 < a < 1.

Let us notice that the conditions in this theorem correspond to the example
depicted in figure 1b.

The proof of this theorem relies on considering the nonnegative function v =
—0g,u and using the quantitative Hopf Lemma (cf. [4]).

3. UNIFORM BOUNDS ON BLOWUPS

The following theorem is a special case of the optimal growth theorem in [13].
Theorem 8. There exists a C > 0 such that if By(y) C D then we have
u(z) < Cu(y) +r*(r + ) for x € By (y).

Based on this optimal growth estimate in the following theorem we prove an
estimate on the growth of the solution near the free boundary.

Lemma 1. There exists a C > 0 such that if u is a solution in D, y € Q, d = d(y,T)
and Bsq(y) C D then

(3.1) u(x) < Cd*(d+ |y1]) for x € Ba(y).
Proof. Let z € T such that d = |y — z|. We have for r = 4d
By (2) = Baa(2z) C Byayjy—z(y) = Bsaly) C D.
By Theorem 8 we have that because z € I' and B,.(z) C D

(3.2) u(z) < C1r2(r + |z1]) for x € B (z).
We have
(3.3) Ba(y) C Bat|y—2((2) = B2a(2) = B3 (2).

By (3.2) and (3.3) we obtain
u(z) < C1r2(r + |z1]) = C1(4d)?(4d + |21]) < Cod?(d + |21])
< Cod®(d+ |21 — w1 | + 1)
< Chd? (2d+ |y1|) < Csd?(d + |y1]) for 2 € By(y)

which proves the lemma. O
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Let us define
(3.4) U(t) = %m3 for t € R.
and for t;g € R
wy, (t) = P(t) — P(tg) — ' (to)(t — to) for t € R.
Then there exists C > 0 such that for ¢,y € R we have
(3.5) wey (1) < Ot —tof* (Jto] + [t — o).
Proof of Theorem 1. We have

1 1
lwrll Lo (By) = T_3||u||L°°(B,-)a Vur||Loo(By) = T—2||VU||LO<>(B,V)

and )
[Vur]co,l(Bl) = ;[Vu]co,l(BT).
So if we prove that for some C' > 0 we have
(3.6) ull Loe(s,) < Cr,
(3.7) IVl (5,) < Cr®
and
(3.8) [Vu]gor(p,) < Cr

then the lemma is proved.
There exists C > 0 such that for v a harmonic function in B; we have

[V0(O)] < Clloll g5,y and [Velous (s, < Cllell =5,

By scaling we obtain that for v harmonic in B,, we have

C
(3.9) [Vo(0)] < gllvlleBﬂ)
and
C
(3.10) [Velcorsy) < FIIUHL%(&,)-

For x € Q let d = d(x,T") then we have
Bsa(r) C Bsgt|o| C Bsja|+|z| = Bé|a|
so if # € By, then Bsa(z) C D.
Now by Lemma 1 we obtain that for x € Bém we have
(3.11) [l oo (Ba(ay) < Cd(d + |a1]).

Let 0<r< %ro.
To prove (3.6) we compute for = € B,

u(@)] < ullpe(Baey < Cd(d+ |anl) < Cla(|2] + |21]) = 2CJaf® < 2C7°.
To prove (3.7) using w), (z1) = 0, (3.9), (3.11) and (3.5) we compute for x € B,

C
(3.12) [Vu(@)] = [V(u = wa) @) < = w0, |~ (5,000

Ch Ch
< 7||U||L°°(Bd(a-)) + 7||w11||L°°(Bd(3«'))
< Cod(d + |z1]) + C3d(d + |z1]) = Cad(d + |21]).
From (3.12) it follows that
(3.13) |Vu(z)| < 2C4|z)* < 20472
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It remains to prove (3.8). We should show that
|[Vu(z) — Vu(y)| < Cr|z —y|, Vz,y € B,.
Fix z,y € B,. In the case Bj,_,|(%5%) C Q let us denote z = ZEZ. We have
d=d(z,T) > |z —y|
By (3.10) and (3.11) we compute
[Vu(z) - Vu(y)|
]

< [Vuleoa(s e () S [Vulcoa(s, )

< V(= ws)]oor @y @) + w’,|co. 1By (2)
< ﬁl\u — Wz, || Lo (Baz)) + [wzl]Cz(B%(z))

Cl Cl
< plleeae) + g lwa o) + Wloxs, )

C’ (&
< = Cad®(d + |2a]) + —3 Csd(d + |]) + Cald + [1)

= C5(d+ |Zl|) < 2C5kr.
In the case Bj,_, (%) NQ° # 0 by (3.12) we compute
[Vu(z) = Vu(y)| < [Vu(@)| + [Vu(y)]
< Cd(z,T)(d(x,T) + |z1]) + Cd(y,T) (d(y,T) + |y1])
3
Clﬂf = yl(d@, ) +|an]) + 5Cla = yl(d(y,T) + |])
< Crrlr —y|
and this finishes the proof of the theorem. O
4. HOMOGENEITY OF BLOWUP LIMITS

Most of the results in this section are well known, one may refer to [6, 11, 12].
But for the sake of completeness we include the proofs.
The Weiss balanced energy W (r,u) is defined in (2.2).

Lemma 2. Forr,s >0 and u € H'(B,s) we have W (rs,u) = W (s,u,).

For w € HY(B,,), W(r,u) as a function of 0 < r < ro is locally bounded and
absolutely continuous.

For u solution in B,, and 0 < r < rg we have

d
(4.1) —W(r,u) = 2r/ (Opur)?s(de).
d7’ 9B,
For u a third order homogenous solution in B we have
(4.2) W(l,u) = / |z |udz.
B

Proof. Let r,s >0 and u € H'(B,5). We compute

1 3

(rs
:%%Aawmm-mmwmmw_iiévaMM)

W(rs,u) =

) 716 Jon
1 3

== (IVur(2)]* + 2|1 [uy ) do — —7/ u?s(dx) = W(s,u,)
s JB, s" JoB

s

and this proves the first claim.



DEGENERATE OBSTACLE PROBLEM 9

Let u € HY(B,,) then for 0 < r < 7 by direct computation using polar coordi-
nates we have

2 = — 4T L’LI/I ulxr) - rax L U2$S X
(43) /aBT“("””)‘ 2/BTO\BT|I|2 (2)Vu(z) - xd +T0/83m (2)s(dx).

The equation (4.3) together with the fact that for f € L} (R?), fBr fdx as a
function of r is bounded and absolutely continuous proves the second claim.

Let u be a solution in By, then we have (cf. [6]) u C’llocl( o). Let 0 < r <o
then we compute

W(r,u) = ——W(l ur)

l(/ 2Vur - Voru,(x )+2|:cl|8rur)dac76/
2 B

uraTuTs(dm))
0B

\

(Vup(2) - VOruy(x) + |21|0ruy)dz — 3/ Uy Op 5 (der)

B1 631

:/ (= Lur(2)0rur(z) + |21|0puy ) da
B
+ Oty () Opuy(x)s(dx) — 3/631 UpOr iy $(di)

OB
= / (Ovur(z) — 3u,)Opurs(dz).
aB,

It is easy to see that on dB; we have
Oyur(x) — 3uy = 10puy

and this proves the third claim.
Let u be a solution in B;. We compute

W(l,u)= /B (IVu(z)|? + 2|21 |u)dz — 3/ u?s(dz)

0B1

= /Bl(—Au(x))u(ac)dac + - Opu(z)u(z)s(dx) + /31 2|z |udx — 3/831 u?s(dx)

- /631 dpu(x)u(z)s(dx) + /B1 |21 |udz — 3/8]31 u’s(dx)
- /B o1 uda + /631 (0,0 — 3u)us(dz).

For a third order homogenous function we have 0,u = 3u thus the last integral
is null and this proves the last claim. O

If w is a solution in By, for some ¢ > 0 then by (4.1), W (r, u) is nondecreasing
in 0 < r < rg, thus the limit lim, .o >0 W(r,u) = W (40, u) exists but might be
—oo. If 0 € I" then by Theorem 1 we have |[u,||f(p,) < C for small enough 0 < r
and from this it follows that

1
- u?s(dz) = —/ u?s(dx) > —Cy,
r 0B, 0By

thus W(r,u) > —3Cy and W(+0,u) > —3C; > —oc.
For y e I'N{xy =0} and r > 0, W(r,y, u) is defined in (2.5).

Lemma 3. W(+40,z,u) is an upper semicontinuous function of x € I' N {z1 = 0}.
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Proof. For x € I' N {x; = 0} by the monotonicity of W(r,z,u) as a function
of r > 0 and its continuity as a function of z it follows that W(+0,z,u) =
lim, 0 >0 W(r,z,u) is upper semicontinuous in I' N {z1 = 0}. O

Assume v is a third order homogenous function in Bj, i.e. v(0) = 0 and
v(z) = U(ﬁ)(2|x|)3 for all € B1\{0}. Then we might extend v as a third
order homogenous function in R? as follows, v(z) = v(ﬁ)(2|x|)3 for all z € Bf.
Let us note that the term on the right hand side is well defined because for z € Bf
we have 5iZr € By. From this definition of extension it follows that v(rz) = r3u(z)
for all . € R? and r > 0.

The following theorem is a special case of the main theorem in [13].

Theorem 9. There exists a C' > 0 such that if u is a solution in D, y € Q and
B, (y) CC D then we have

(4.4) sup  u > u(y) + Cr?(r + |y1).
QNOB,(y)

A blowup limit is defined in Definition 2.

Lemma 4. Let v be a blowup limit. Then v is a third order nontrivial homogenous
solution in By, the third order homogenous extension of v in R? is a global solution
and W(+0,u) = W(r,v) for r > 0.

Proof. Assume v € C*'(By) is a blowup limit and u,, — v in C*(By).

From w,, > 0 in By it follows that v > 0 in B;. By the convergence u,;, — v in
C'(By) it follows that Au,, — Av in H~!(Bj) and in particular as distributions.
Also Xur; >0 = Xv>0 in L1(B;) and thus |x1|xu”>0 — |z1]xv>0 as distributions.
Now the equation (1.2) holds for u,; in Bj, passing to the limit as j — oo we
obtain that v satisfies (1.2) in B;. This together with v > 0 in By proves that v is
a solution to the obstacle problem in Bj.

For 0 < s < 1 we compute
(4.5) W(+0,u) = jlggo W(srj,u) = lim W(s,u,,) = W(s,v).

J—0o0

Thus W(s,v) is independent of 0 < s < 1.
Now by (4.1) we obtain that for 0 < s < 1

0= iW(s,v) = 23/ (Dsvs)?s(de).
dS 9B,

From here it follows that Vv - — 3v = 0 in B; and hence v is third order
homogenous in Bj.

Now let us prove that v is not 0 in By, i.e. v is nontrivial.

Let 0 > 0 and Bs C D. Let 0 <r < ¢ and y € By, N {2 then we have

B%r(y) - B%rJrlyl - B%TJr%T = B%r ccD

thus by Theorem 9 we have

1
sup u > u(y) + C(=r)>.
9By, () 4

We compute
r(y) c B%r+|y| C B,
so we have

1 1 .
supu> sup u>u(y)+C(7r)° > ZCr°
By 0By, (v) 4 4
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and thus .
S]lgllp Up > E C.

From this inequality taking » = r; — 0 we obtain that v is not identically 0 in B;.

Let us again denote by v the extension of v in R%2. Then it is easy to see that
because v is a solution in By and v(rz) = r3v(x) for x € R? and r > 0, v is a
solution in R?, i.e. a global solution.

By third order homogeneity of v we have W (r,v) = W(3,v) for r > 0 and this
together with (4.5) proves the last claim of the lemma. O

5. HOMOGENEOUS GLOBAL SOLUTIONS

In this section we classify all the possible solutions of the problem (2.3). The
solutions of (2.3) form the subset of nonnegative solutions of the following no-sign
obstacle problem (cf. [6] for more on no-sign obstacle problems)

Au = |r1|x0e@) in R?,
(5.1) Qu) = {u=|Vu| =0},
u third order homogeneous.

We first classify the nontrivial solutions of (5.1) and then find the subset of
nonnegative and nontrivial solutions of (5.1) and thus obtain the classification of
the nontrivial solutions of the problem (2.3).

In the rest of this section we always assume that u # 0 in R?, i.e. we discuss
only the nontrivial solutions, so Q # ().

In both problems, by homogeneity, the set 2 is an open cone in R?\{0}, i.e. for
x € Q and r > 0 we have rx € Q.

Either Q is equal to R?\ {0} or it is at most a countable union of disjoint connected
open cones in R?\{0}.

To classify the solutions in both problems we first establish if there exists a
solution with Q = R?\{0}. Then we find all the connected cones 2 not equal to
R?\{0} for which there exists a corresponding solution.

Lemma 5. If in a connected open cone Q C R?, u is a third order homogenous
function such that Au = |z1| then there exists a € C such that

%agu(ew) = é| cos(0)] cos(0)e? + ae>

for all € € Q (in the rest of this section we identify R? with the complex plane C).

(5.2) u(e') —

Proof. Let us denote v(z) = u(z) — ¥ (1), ¢ is defined in (3.4), then v is a third
order homogenous harmonic function in the connected open cone 2 C R2. Thus
there exists a € C such that

v(x)

R(a(xy + ix2)?) for all z € Q.

So we have
. 1 p .
(5.3) u(e?) = 6' cos(8)® + N(ae?)

for all e? € Q.
Differentiating (5.3) with respect to § we obtain the desired equation. O

Let us denote by U(6) the expression on the left hand side of (5.2), i.e.

(5.4) U = %| cos(0)] cos(8)e? + ae3®.
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By the homogeneity of u it follows that
{zeQ |u(@)=|Vu(z)| =0} ={re? € Q |U®) =0,r>0}.

If Q = R2\{0} then for u to be a solution to (5.1), U should be a periodic
function with period 27 such that U(6) # 0 for all € R and if in addition u is a
solution to (2.3) then we should have RU(#) > 0 for all § € R.

In the case € is an open connected cone not equal to R?\{0} then there exists
01,05 € R such that #; < 03 < 0y + 27 and Q = {rew ‘ r>0 00 <0< 92}. In
this case if u is a solution to (5.1) with Q@ = Q(u), then U should satisfy U(61) =
U(#z) =0, U(F) # 0 for 6; < 6 < 5. And if in addition u is a solution to (2.3)
then we should have RU(6) > 0 for 6, < 6 < 5.

Let us define

(5.5) V(6) = | cos(6)| cos()e*?,
It follows that
(5.6) 6e3°TU(0) = V(6) + 6a.

Lemma 6. u is a solution of (5.1) with Q = R?\{0} if and only if —6a ¢ V(R).

Proof. w is a solution of (5.1) with Q = R?\{0} if and only if U is 27 periodic and
U(0) # 0 for all § € R.

From (5.2) it follows that U is 27 periodic and by (5.6) it is clear that U(6) # 0
for all # € R if and only if —6a & V(R). O

From the definition of V' in (5.5) it is clear that Bf C (V(R))¢, thus by Lemma
6 it follows that there are many solutions of (5.1) with Q = R?\{0}.

Let us notice that for a connected cone specified by #; and 5 the solution with
such a cone is unique. This follows from the fact that because U(61) = 0 then by
(5.4), a is uniquely obtained and by this value of a the solution u is uniquely given
by (5.3). Based on this observation, in the following we do not distinguish between
a connected cone and the corresponding solution.

Lemma 7. u is a solution of (5.1) with a connected open cone 2 # R2\{0} if and
only if one of the following cases hold

(i) 61 ¢ Zr + {5, %5, %L} and 6, = 0, + 2,
(i) 61 € Zr + % and 05 = 01 + T,
(iti) 01 € Zw + % and 0 = 0 + %,

(iv) 01 € Zm + %’T and 05 = 01 + %7‘(.

Proof. Let us remember that we should have 61,05 € R, 6; < 0 < 07 + 27,
U(61) =U(B2) =0, U(#) # 0 for §; < 0 < 6. Although it is possible to find all
such #; and 6 by algebraic computations, but for ease of presentation we resort to
geometric arguments.
By (5.6), U(6) = 0 if and only if —6a = V' (6) hence we should have 61,6, € R,
01 <0y <61 +2m, V(01) =V(02), V(0) # V(0) for 6; < 6 < 02. Thus we should
find smallest closed loops in the range graph of V. The range graph of V', i.e. the
set V(R) is depicted in the figure 3.
Then we have the following four cases
(i) —6a =V (61) € V(R)\{0, £} with 6; € R\ (Zr+{%, 3, 3}) and the smallest
loop is when 63 = 61 + 2,
(i) —6a = V(01) = 0 with ; € Zn + 5 and the smallest loop is when 6, = 6, +,
(ili) —6a = V(61) € {+%} with 6; € Zr + I and the smallest loop is when
0y =601 + %7
(iv) —6a = V(61) € {£4} with 6; € Zr + 2T and the smallest loop is when
92 = 91 + %Tr. O
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F1GURE 3. V(R).

There is some redundancy in the solutions specified in the previous lemma. In
the following lemma we prove that if for two solutions the corresponding connected
cones are rotations of each other by a multiple of 7 then the corresponding solutions
are also rotated by the same angle.

Lemma 8. Let a,a’ € C and U, U’ be the corresponding functions. If n € Z and
0o € R such that U'(6p + nm) = U(6y) then U'(0 + nmw) = U(0) for all 6 € R.

Proof. For any n € Z and 6 € R we have
— . 1 4
U'(0 +nr) = a’e® ™) 6| cos(# + nm)| cos(8 4 nm)e @+

— (—1) @ %| cos(0)] cos(0)e® = ((—1)"@ — 7)e*? + Uy (6)

from which the lemma follows because if U’(6y + nm) = U(6y) for some 6y then
(—=1)"a’ —@ = 0 from which in turn it follows that U’(6 + nm) = U(f) for all §. O

Corollary 1. Letu and v’ be solutions of (5.1) respectively with Q(u) = {re®® | 6, <
0 < 0, 7> 0} and Q(u') = {re? | 65 <6 < 0, r > 0} where 0; < 0 < 61 + 27
and 0] < 0, < 01 +2x. If there exists n € Z such that 0} = 61 +nm and 05 = 0 +nmw
then u/(€'9T7™)) = u(e®) for 6; < 0 < 6.

Proof. Let U(6) correspond to u(xz) and U’(A) to u/(x). Then U(f;) = 0 and
U'(0}) =0. Thus U(#,) = U’'(#}) = U’ (01 +nm). Now by Lemma 8 the corollary is
proved. (I

By this corollary we are able to remove some of the redundancies in Lemma 7
as stated in the following corollary.

Corollary 2. u is a solution of (5.1) with a connected open cone Q # R?\{0} if

and only if one of the following cases hold
(i) 61 €10,2m)\{%, 5, %T”, %’T, 37”, %’T} and 03 = 01 + 27, the solutions correspond-
ing to 01 € [m, QW)\{%, 37”, %“} are respectively equal to the solutions corre-
sponding to 6, € [0, m)\{Z, %, 2%} rotated by =, (
(ii) 61 € {3, 37”} and O3 = 01 + w, the solution corresponding to 61 = ‘% s equal

to the solution corresponding to 61 = 5 rotated by m,

(iii) 01 € {F, %’T} and 0 = 6 + 3, the solution corresponding to 01 = %’T 18 equal
to the solution corresponding to 61 = 7 rotated by ,

(iv) 01 € {35, T2} and 6 = 01 + 37, the solution corresponding to 0, = & is

equal to the solution corresponding to 61 = %T’T rotated by .
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By Lemma 6 we have obtained the solutions of (5.1) with Q = R2?\{0} and
by Corollary 2 we have obtained all the solutions of (5.1) with a connected open
cone 2 # R?\{0}. Now we turn to finding the nonnegative solutions among these
solutions.

To check the nonnegativity of a solution u, in the following lemma we write
u(e?) in a closed form.

Lemma 9. Let 01 < 03 < 61 4+ 27 and u be a solution to (5.1) in the cone corre-
sponding to 01 and 6. Then we have

(5.7) 6u(e?) = | cos(B)|> — | cos(61)| cos(1) cos(30 — 261 ).
Proof. Because U(61) = 0, by (5.6) we have 6a = —V (6;).
Now by (5.3) we compute
6u(e) = |cos(0)[* + R(6ae®?) = | cos(0)* — R(V(61)e*?)
— Jcos(@)] — R(| cos(Br)] cos(By )21 ¢34
— Jcos(6)[* — (| cos(61) |cos< 1)e(30-20)
= | cos(0)|” — | cos(61)] cos(61)R (e
= |cos(0)|® — |cos(91)| cos(fy) cos(30 — 260,). O

(39 201 )’L)

Lemma 10. There exists no solution to the problem (2.3) with Q = {u > 0} =
R%\{0}.
Proof. On the line segments {z; = 0}\{0}, i.e. for § = £5 we have

(5.8) 6u(e®'?) = |<:os(j:g)|3 — | cos(6y)| cos(61) (:os(j::%7r —26q)

= —|cos(61)] cos(67) (:os(:|:377T — 2071) = £ cos(61)] cos(67) sin(261)

If | cos(01)] cos(f1) sin(261) = 0 then u(e*?3) = 0 which is in contradiction with
= {u > 0} = R®\{0}. If |cos(61)|cos(f1)sin(20;) # O then we can choose
= Z or § = —Z and obtain u(e””) < 0 which is again in contradiction with

Q = {u> 0} = R2\{0}. O

Lemma 11. u is a solution of (2.3) with a connected open cone Q # R?\{0} if
and only if one of the following cases hold

(i) 61 € {3, 37’7} and 0> = 61 + 7, solution corresponding to 6, = 37” s equal to
the solution corresponding to 61 = 3 rotated by m,

(ii) 0, € {47 Tt oand Oy =61+ F, solutzon corresponding to 61 = 5% 18 equal to
the solution corresponding to 61 = 7 rotated by .

Proof. We first show that the solutions given in parts (i) and (iv) of Corollary 2 are
not nonnegative and then we show that the solutions given in parts (ii) and (iii)
are nonnegative.

To prove the not nonnegativity of solutions given in part (i) of Corollary 2 we
need only to consider 81 € [0,m)\{F, %, 2} with 5 = 61 + 27 and to prove the not
nonnegativity of solutions given in part (iv) we need only to consider 6, = 3% with
0, =01 + 3%

For all these cases let us consider 6§ = 37” then 6; < 6 < 03 and by a similar
computation as in (5.8) we obtain that

6u(ei377r) = —|cos(61)]| cos(f; ) sin(26,).
Because for 6, € [0, ) we have

| cos(01)| cos(61) sin(260;) = 2| cos(0;)| cos?(0;) sin(61) > 0
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this proves that the respective solutions take a nonpositive value at 6 = 37” If
u(eF) < 0 then u is not nonnegative. If u(e?¥) = 0 and u was nonnegative then

we would have 89u(ei37") = 0 which is in contradiction with the connectedness of
Q.
To prove that the solutions given in part (ii) of Corollary 2 are solutions of (2.3),

we need only to consider the case when 6; = g with 6y = 61 + m. We compute
(5.9) 6u(e?) = | cos(9)|® — |cos(g)| cos(g)cos(?)e - 2(%)) = |cos(0)?

and because |cos(d)| > 0 for 2 < 6 < 3T we obtain that u is a solution of (2.3).
To prove that the solutions given in part (iii) of Corollary 2 are solutions of (2.3),
we need only to consider the case when ) = 7 with 02 = 01 + 5. We compute

(5.10)  6u(e?) = |cos(h)|® — |COS(Z)| COS(Z)COS(?)G - 5)
1 ™ 1.
= | cos(0)|® — 3 cos(30 — 5) = |cos(0)|® — 5 sin(30).

Let 6 = § + for =% <+ < 7 then
o m 5 1 m 5 1
6u(e(5+7) = |cos(5 + ) — 3 sin(3(5 +7)) = |sin()f* + 3 cos(3).

It follows that 6u(e’(2+7)) = 6u(e’(2 =) so we need only to consider 0 < v < Z.
For 0 <+ < & we have sin(y) > 0 thus

(x 1 1
6u(elET)) = sin®(y) + 3 cos(3v) = 3 cos®(y)(tan(y) — 1)*(2tan(y) +1) > 0
therefore we obtain that w is a solution of (2.3). O

Lemma 12. In the original variable x € R? the only solutions of (2.3) with a
connected open cone 2 # R2\{0} are the following four solutions together with
their noncoincidence cone §) and their free boundary T’

u(z) = ups(x), Q@ ={x1 >0}, T = {x; =0},
u(x) = ups(—x1,22), Q@ ={x1 <0}, ' = {z1 =0},

w(z) = uw(x), @=A{2 > [11]}, T' = {22 = [21]},
and
w(z) = up(x1, —22), @ ={as < —|z1|}, T = {22 = —|21]}.
Proof. We compute the solutions given in the Lemma 11 in the original variable.

For solutions given in part (i) of Lemma 11, we only consider the case when
01 = 5 and 02 = 01 + 7. We have
- 3
{xzre“g | r>0,g<9<§}={x1 <O}.
Now for 2 = re’® € {1 < 0} using the computation in (5.9) we compute
3| z

6u(x) = 6u(rei9) = 6r3u(ei9) = 7"3| (:05(9)|3 =7 —1|3 = |£L'1|3 = (:El_)3
r

For solutions given in part (ii) of Lemma 11 we only consider the case when
01 =7 and 02 = 01 + 5. We have

{m:reie ‘ r>0,£<9<¥}:{m2>|x1|}.
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Now for 2 = re'® € {xo > |21|} using the computation in (5.10) we compute
) . . 1
6u(z) = 6u(re’?) = 6r’u(e?) = (| cos(0)[* — 3 sin(36))

=17(|cos(9)]® — %(3 cos?(0) sin(9) — sin®(9)))

l(g(ﬂf@ _ (@)3)) = |z1|® - %(3:0?:02 - :cg) 0

_.30T13
7T(|| 2 r r r

Proof of Theorem 2. By Lemma 10 there exists no solution to the problem (2.3)
with Q = {u > 0} = R?\{0}.

So we are left only with solutions whose noncoincidence open cone €2 is a count-
able union of disjoint connected open cones. But considering the only possible
connected open cones as noncoincidence sets enumerated in Lemma 12, we come
to the conclusion that except the solutions with connected cones, there exists two
additional solutions w,, + ty (21, —22) and ups + ups(—x1, 22), each a combination
of two solutions with connected open cones. O

Lemma 13. We have
™ 1

W(l,ups) = — — (=2

(1 uns) = 55 05"~ 3)

Proof. For any solution of (2.3) with connected open cone we have using (4.2)

W(1,u) / |1 |uda —/ / |1 |us(dx)dr —/ / [rya |u(ry)rs(dy)dr
B 9B, 0B
:/ rsdr/ ly1|u(y)s(dy) = —/ | cos(6)|u(e?)ds.
0 8B1 6 91

For the half space solution ups, we compute using the computation (5.9)

8
and W (1, uy) =

37 s
2 ™

1 2 Pl
W (1, ups) = %/ | cos(6)|*df = 1_8/ cos*(0)dO = %

For the wedge solution u,, we compute using the computation (5.10)

3m

1 4 1
W (1, uy) = %[r (| cos(0)[* — §| cos()|sin(36))d6
1 (3 1 8
=13/, ¢ 4(0)do — —/ cos(0) sin(36)df = 192( - §) O

Corollary 3. We have

0 < W(Luyw) =W, uw(z1, —22)) < W(L, Uy + Uw(x1, —22)) = 2W(1, uy,)
< W(Luhs) = W(lvuhs(_x17x2)) < W(lauhs + Uhs(_x17x2)) = 2W(1;uhs)-

Proof. The only inequality that is not clear is the inequality 2W (1, uy,) < W(1, ups).
But this is verified by the explicit values computed in the previous lemma. O

Corollary 4. The set T' N {x1 = 0} might be decomposed in four disjoint sets
according to four possible values of the Weiss balanced energy. The closure of the
set of points with a given energy w is a subset of the set of points with energy larger
than or equal to w.

Proof. Let y € I' N {1 = 0} then by the translation u(z + y) we might assume
that y = 0. Let 0 < § be such that Bs C D. Let us consider the family w, for
0 < r < 6. By Theorem 1 this family is uniformly bounded in C*!(Bi). Thus
there exists r; — 0 and v € C!(By) such that u,;, — v in C*(By). By Lemma 4, v
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is a nontrivial homogenous global solutions and W (+0,u) = W (1,v). The possible
values of W(1,v) are only of the four values given in the previous corollary and
this shows that the free boundary points I' N {z1 = 0} divide into four disjoint sets
depending on the Weiss balanced energy of the blowups at that point.

The last claim follows from the upper semicontinuity of W (40, x,u) stated in
Lemma 3. O

For example from Corollary 4 it follows that the set 'N{z; = 0}N{W (40, z,u) =
2W (1, ups)} is closed. Actually at the end of section 6 we will show that all points
of TN {xy = 0} N{W(40,z,u) € {W(1,uy),2W (1,uy)}} are isolated points of
I'n {x1 = 0}‘

In the following lemma we obtain a lower bound for the homogenous global
solutions which will be used in Lemma 16.

Lemma 14. There exists a C > 0 such that for all homogenous global solutions u
we have

(5.11) u(x) > Cd*(x, {u = 0})(d(z, {u=0}) + |21]|) for x € R%

Proof. Tt is easy to see that we need to prove (5.11) for the cases when u = u,, or
U = Ups-

In the case u = wups for z1 < 0 both sides of the inequality (5.11) are 0. For
x1 > 0 we have d(z, {ups = 0}) = z1 hence
d(z,{ups =0}) a1

xd = écp(x, {ups = 0})(f + ?)

= %CP(JU, {Uhs = 0})(d(ac, {uhs — 0}) + Il)

(=

ups(z) =

and this proves (5.11) for u = ups.
In the case u = u,, for 3 < |x1| both sides of the inequality are 0. Also by the
symmetry (21, T2) = wy(—21, 22) we need only to consider the case o > x1 > 0.
For xo > x1 > 0 it is easy to see that d(x, {u, = 0}) = ””2;211 thus for zo > x1 >

NG
0 we compute

1 1 1 1
Uy (z) = 630? + Ex% - Zx%xg = E(ch —21)%(221 + 22)

- %(\/id(x, {w = O}))* (321 + V2d(z, {u,y = 0}))

Y2 (0t = 0, (v = ) 4 )

and this proves the desired inequality. (I

>

In the following lemma we prove directional monotonicity type inequalities which
will be used in Lemmas 22 and 25.

Lemma 15. There exists a C > 0 such that
(i) aOpyty — Uy >0 in By N{xo > |21]} ifa > C,
(i) adyty — Uy > 0 in By N{(1 4+ €)z1 > a2 > 21 > 0} if v = ei(%*‘”), 0<e,
—Z <y<Z and C(: +1)e < cos(v).
Proof. For x5 > x1 > 0 we have
Ll 15 1,

1

Uw(l') = 61'1 —+ ELL’Q — lexQ = E(I’Q — 1'1)2(21'1 —+ 1'2),
, 1 1

O, Uy () = §:E1 — §m1x2 = 75(:@ —x1)x1
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and

L o

Oy (T) = —5 — 3

1 1
1 181= 1(1'27331)(1'14*1'2).
Thus we may compute for x5 > 1 >0

(5.12)  alyuy () — uy(x) = a(yl(f%(mg —x1)x1) + 1/2(%(932 —x1)(x1 + xg)))
1

- E(l‘g - x1)2(2:c1 + x2)

= %(932 - CE1)(G(*V1£€1 + 1/2(%(931 + :62))) — %(1’2 —21) (211 + x2)>

Thus to have ad,u., () — uy, (z) > 0 for z € R? satisfying x5 > x1 > 0 we should
have

a(—rz1 + VQ(%(fl +33))) > %($2 —x1)(271 + x2)

and rearranging this further, we get the equivalent inequality

1 1
- > — - —(2 — .
1] 14 2$1 (1’2 l‘l)(ga( xr1 + 332) 1/2)
Now for € By we have the bounds z; < 1, zo < 1. And if 0 < 21 < x5 then
x9 — a1 > 0. So it is sufficient to have the inequality
1

1
5.13 — > — I .
(5.13) Va1 Z g (2 Il)(a v2)

For the first part we have v = es, so it is sufficient to have the following inequality

1 1
1 Z 2—.“(1'2 — 1’1)(5 — ].)
If a > 1 then % — 1 < 0 hence because also z2 —x1 > 0 and z1 > 0 the inequality
above holds for € By N {xy > x1 > 0}. By the symmetry equation w,(z1,z2) =
Uy (—21, T2), the desired inequality holds also for € By N{z2 > —z1, z1 < 0} and
this finishes the proof of the first part with any C > 1.
For the second part by 0 < 1 < 22 < (14 €)z; we have 0 < m—ll(xg —11) < €

Thus if % — 19 > 0 then we should have
e/l
vy — V1 2 —(— flfz)
2\a

and if % — v < 0 then we should have v — 1 > 0. Because vy > —1 for both cases
it is sufficient to have

erl
(5.14) vy — 1y > 5(5 +1).
We compute
. 3w 3m
(5.15) Vo — 1 = sm(z +79) — cos(z +7) = V2cos(7).

From (5.14) and (5.15) it follows that it is sufficient to have

cos(y) > ? (é + l)e

and taking C' > \/Tﬁ the second part is also proved. O
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6. CLOSENESS OF THE FREE BOUNDARY TO THE FREE BOUNDARY OF A
HoMOGENOUS GLOBAL SOLUTION

In the following lemma, roughly speaking, we prove two inclusions. First, if u is
close to uo a nontrivial homogenous global solution then for x far from {uo = 0}
we have u(z) > 0. Second, if u is close to a solution ug and for x far from {ug > 0}
we have ¢ € {u = 0}°.

Lemma 16. There exists C > 0 such that if ug is a nontrivial homogenous global
solution and u is a solution in By, then we have

61) {zeB \ Cd?(z, {up = 0})(d(x, {uo = 0}) + |z1)

> flu— u0||Lm(Bl)} c {u>0}

here {ug =0} = {zx € R? | up(z) =0} and {u >0} = {z € By | u(z) > 0}.
If ug and u are solutions in By and

llu —uoll Lo () < C
then

(6.2) {x € Bs ‘ Cd(z, {uo > 0})(d(x, {uo > 0}) + |z1])

> Jlu =t o,y } € {u=0}°
here {ug =0} = {z € By | up(z) =0} and {u =0} = {z € By | u(xz) =0}.
Proof. Assume ug is a nontrivial homogenous global solution and w is a solution in
B;. Using Lemma 14 for x € B; we compute
u(r) = ug(w) + u(r) —uo(x) > uo(x) — ||u —uo| L=(By)
> C1d*(x, {uo = 0}) (d(z, {uo = 0}) + [21]) — [lu — ol L~ (5,

here C is the constant in Lemma 14. So if

e~ woll 1) < 5z, {uo = 0}) (A, {0 = 0) + o)
then
u(zx) > %C’ldQ(x, {uo = 0}) (d(z, {uo = 0}) + |z1])
and this proves (6.1) with 0 < C' < %C’l.

Assume ug and u are solutions in By. By Theorem 9 there exists C; > 0 such
that if y € By, u(y) > 0 and B,(y) CC B then we have

sup u > u(y) + Cor?(r + |y1]).
{u>0}NdB,(y)

Thus if y € By, u(y) > 0, B.(y) CC {up = 0} N By and Cor(r + |11|) >
lu — uo||Loe(B,) then we have

0= sup ug = sup (u— (u—up))
{u>0}NdB(y) {u>0}NOB,(y)
2 sup  u— [lu—uollL=(p,)

T {u>0}n9B,(y)
> u(y) + Cor?(r + |y1]) — [lu — woll L~ (5))
> Cor®(r+ [u1]) — llu — woll Lo (5y)

a contradiction. Thus if y € By, B,(y) CC {up = 0} N By and Caor?(r + |y1]) >
lu — uo|| Lo (B,) then u(y) = 0.
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For y € ({ug = 0} N By)° setting r = 1d(y, ({uo = 0} N By)°) it follows that if

Cy

Ly, ({wo = 0) 0 B)*) (3w, ({wo = 0} 0 BL)*) + [yal) > = vl =,

then u(y) = 0. This proves that
02 2 c c
{x € B ‘ =& (@, ({uo = 0} N B1)*) (d(a, ({uo = 0} 1 BY)°) + [z1])
> Hu — UOHLOC(Bl)} C {u = 0}

By the continuity of d(x, ({ug = 0} N B1)¢) as a function of x it follows that

63) {re By | 2 (fuo = 0} 1 B dla, (fuo = 0} 1 B)) + ]
> [lu— woll=(my b € {u=0}".
Let @ € B, then we compute
d(z, ({ug = 0} N By)°) = d(z, {uo > 0} U BY)
— min(d(x, {uo > 0}), d(z, BS)) > min(d(x, {uo > 0}), %)
so we have
(6.4)  d*(z,({uo = 0} N B1))(d(=, ({uo = 0} N B1) ) + |21])
= min((z, {uo > 0)(d(z, {uo > 0}) + ), (5)°(5 + 1))
> min (i, {un > 0})(d(r, {uo > 0}) + |z1]), %)

So by (6.3) and (6.4), if

lu— woll ey < 22
ollz=(m) < &7

then
Cy 4
(6.5) {x € B, ‘ =& (@, {uo > 0}) (d(a, {uo > 0}) + [z1)
> ||u - u0||Loo(Bl)} - {U = O}O
and by choosing 0 < C' < % this finishes the proof the lemma. O

By the inclusions proved in the previous lemma, in the following lemma we
show that for w a solution and ug a nontrivial homogenous global solution, if u
is close enough to ug then the free boundary of u is in a quantitatively specified
neighbourhood of the free boundary of ug.

Lemma 17. There exists C > 0 such that if u is a solution in By and ug is a
nontrivial homogenous global solution then if

(6.6) [lu — ’U;OHLOO(BI) <C
we have

I By < {Cd(2,T,) (d(z, Tug) + 211) < 1= woll oy }-
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Proof. If uw = ug in By then the claim is obvious, so we assume that ug # u in Bj.
Assume there exists z € I' N B% such that

CdP (1, D) (A, Tug) + ) > [ = ol o 31

here C > 0 is as in Lemma 16.
Then because

d(z,Ty,) = max(d(z, {uo = 0}), d(z, {uo > 0}))

we should have either

(6.7) Cd?(x, {uo = 0})(d(=, {uo = 0}) + [a1]) > [lu — uo|| oo (my)
(6.8) Cd®(z, {uo > 0})(d(z, {uo > 0}) + |z1]) > ||u — ol (5,)-

In the case when (6.7) holds then by (6.1) we obtain that u(x) > 0 which is in
contradiction with x € T

In the case when (6.8) holds then because also (6.6) holds by (6.1) we obtain
that z € {u = 0}° which is in contradiction with € T and this finishes the proof
of the lemma. d

Lemma 18. There exists C > 0 and C; > 0 such that if ug is a nontrivial ho-
mogenous global solution, u is a solution in D, 0 € D and 0 € T then for x € T
such that By, C D and

Hu4m — UOHLOO(Bl) <C
we have
C1d® (2, Do ) (d(@, Tuy) + |21]) < |2]* | uaa) — wol| L= (5,)-

Proof. Let C be as in Lemma 16.
Let r > 0 and assume

[ur = uollLoe(B,) < C
then by Lemma 17 we have
Ly, 1By € {Cd(y, D) (d(y, Tug) + 1)) < llty = woll i) J-
Then because I'y, is a cone and I'y N By = r(I'y, N B} ) we obtain
DN B; € {ry € By | Cd®(y.Tuy)(d(y:Tuo) + 1) < llur = woll s }
={ven; \ Cd* (%, D) (A( 2, Tug) + 14 < woll <5 }
_ {:c € B; ‘ Cd* (@, Tuy) (d(@, Ty ) + |71]) < 73|y — u0||Loo(Bl)}.

For those x € I'y, such that By, C D we may consider r = 4|x|.
So if
Hu4m — UOHLOO(Bl) <C

then because x € I'y, N By),| we have

Cd?(w, Ty ) (d(w, D) + |21]) < 43|23 |ugge) — w0l o= 51)- O
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7. UNIQUENESS OF DEGENERATE BLOWUP LIMITS

Lemma 19. Ifu is a solution in D, 0 € D, 0 € T and W(40,u) = W(1, ups) then
there exists € > 0 such that

FﬂBeﬂ{xl > |$2|} = 0.

Proof. Let us denote tps(x) = ups(—x1,22).
Assume z € I, Byj,| C D and

min (|| sz — Uns || oo (81 [[ta)z) — nsllL=(5y)) < C

where C' is as in Lemma 18. Then by Lemma 18 it follows that

Cymin(d(2,Tu,,) (@, Tuy,) + [21), & (2, T, ) (d(, Tay, ) + 1))

< z|® min (|| wage) = whs|| oo (B1)s 0aje] — Gnsllp(B1))-

We have Ty, = I'y,. = {z1 = 0} thus we have d(z,T'y,,) = d(z,T4,.) = |z1]
and

(71) 201|x1|3 S |I|3 min(||u4|m| - uthLoo(Bl), ||U4|m| - ’thHLoo(Bl)).
From Theorem 1 it follows that
(7.2) min(||u,. — uthLoo(Bl), |l — fbthLoo(Bl)) —0asr—0.

From (7.1) and (7.2) it follows that for small enough x € I" we have

V2
(7.3) lz1] < 7|x|
Because {1 > |z2|} = {z1 > §|x|}, (7.3) proves the lemma. O

Proof of Theorem 3. By Lemma 19 there exists € > 0 such that
(7.4) LN BN {xy > |za|} = 0.

For short notation let us denote A = B, N {x1 > |z2]}.

We claim that
(7.5) either A C {u =0} or A C {u > 0}.

To prove this claim let us assume that A ¢ {u = 0} and A ¢ {u > 0}. Then
there exists y,2 € A such that u(y) > 0 and u(z) = 0. By the C! regularity of u
it follows that there exists a point x on the line segment connecting y and z such
that x € I'. From the convexity of A it follows that € A which contradicts with
xz €T and (7.4). This contradiction proves (7.5).

Let us consider the case when A C {u = 0}. Then for 0 < r < 2¢ we have

1 1 r
ur(iel) = r—su(§el) =0
and this proves that in the case A C {u = 0} we have u, — ups(—x1,22) as r — 0.
Now let us consider the case when A C {u > 0}.

Let 0 < r < 2¢ then because ire; € {u > 0} by Theorem 9 we have

sup  u > 0(2)3
8B£(%7'el) 4

which might be written as

1
sup U, > C(—)3
aBi(%el) 4

and this proves that in the case A C {u > 0} we have u, — ups as r — 0. O
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8. UNIQUENESS OF THE REGULAR BLOWUP LIMITS

Although it is possible to prove the uniqueness of the blowup limit at regular
points with the same technique as we proved the uniqueness of the blowup limit at
degenerate points, in this section we first prove a directional monotonicity result
which establishes that near to regular points the solution is either monotonically
nondecreasing or nonincreasing in the direction e; and then from this directional
monotonicity result the uniqueness of the blowup limit follows. We will use the
obtained directional monotonicity result again in Section 11.

Let us define

pa(z) = 27 — 62223 + 25 = |2|* — 82 |x|? + 8xT.
The following lemma is proved in [13].

Lemma 20. There exist b > 0 and C > 0 such that for r > 0, y € R? and
x € B(y)

b r—ylt
(81) N R NE e
Lemma 21. There exists a C > 0 such that if u is a solution in D, y € ,
B, (y) cC D and u(y) — adgz,u(y) > 0 then we have

(8.2) sup  (u — adp,u) > u(y) — ady,uly) + Cre.
QNOB,(y)

Proof. Let y and r be as in the statement of the theorem. Let b > 0 be as in Lemma
20.
Let us define for x € D
b
h@) = u(z) = adeyu(@) = (uly) — adeu(y)) = (wy, (21) + —pa(@ —y)).

We compute

(8.3) Ah(z) = Au(z) — alz, Au(z) — (Awy1 (1) + 2&])4(:0 — y))
= |$1| — |$1| =0in Q.

Because wy, (y1) = 0 we have

(3.4) W) = —(uy, (1) + Zpa0)) = 0.

For z € T' we have u(z) — ady,u(x) = 0, thus if u(y) — ady,u(y) > 0 then by
Lemma 20 we have

(85)  h(z) = —(u(y) — ady,u(y)) — (wy, (z1) + 2174(93 —y)) <OonT.

By (8.3) we have that h is harmonic in the domain QN B, (y). Applying the
maximum principle for the domain 2N B, (y) and the harmonic function h we have

(8.6) h(y) < sup h.
9(QNB,(y))

By (8.4) and (8.6) we obtain

(8.7) 0<  sup A
o(QNBr(y))

Because
6(Q N Br(y)) = (09 N Br(y)) U (Q N 0B,.(y))
by (8.5) and (8.7) we obtain

(8.8) 0< sup h.
QNOB;-(y)
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By the definition of A, from (8.8) we get the inequality

(89) uly) —aduuly) +_nf (g, (1) + “pale — )

inf
QNOB, (y)

< sup  (u— adg,u).

" QNIB,(y)
Now by Lemma 20 we obtain for = € 9B, (y)
b _ 4
(8.10) Wy, (1) + ;p4(m —y) > C’M =Cri.
By (8.9) and (8.10) the lemma is proved. O

In the following lemma we proof a directional monotonicity result which even-
tually will show that for solutions with u,, as a blowup limit, the solution is mono-
tonically nondecreasing in the direction es in a neighbourhood of 0.

Lemma 22. There exist § > 0 and a > 0 such that if u is a solution in By and
v = uwllcr(p,) < 6 then adzyu —u 2 0 in By.

Proof. By Lemma 21 there exist C > 0 and a > 0 such that if there exists y €
QN By, u(y) — adz,u(y) > 0 then

1
(8.11) sup  (u — adp,u) > u(y) — ady,uly) + =C.
QnoB  (v) 3

By Lemma 15 there exists C; > 0 such that if a > C; then a0y, — uy > 0.
Thus for a > C7 we estimate

(8.12) sup (v — ady,u)
QnaBy (v)

< sup (uw - aaa:zuw) +  sup ((u - uw) - aazQ (U - uw))
QNIB L (y) QNoBy (y)

< sup (u—uy)+ sup (*aam (u— uw))
QNIB 1 (y) QNIBy (y)

< lu—uwllos,) + allOpu — O uwllcs,)

< Comax(1,a)llu — uwllcr(p,)-

From (8.11) and (8.12) it follows that
1
§C < Coymax(1,a)||u — uwl|c1(py)

thus if ||u—uy|lc1(p,) < 8Cz+ax(1,a) = § we are in contradiction and hence a0y, u —
u > 0in B%. O

A regular free boundary point is defined in Definition 4.

Lemma 23. If u is a solution in D, 0 € D and 0 € T is a regular free boundary
point with blowup limit u,,, then there exists C > 0 and € > 0 such that

(8.13) COpyu—u >0 in B..

Proof. By assumption there exists r; — 0 such that u,;, — u,, in Cl(By).

Hence by Lemma 22 there exists a > 0 such that for large enough j we have
aamzurj —up; > 0in By. It is easy to see that this is equivalent to ar; Oz, u—u >0
in B i and this proves the lemma. O
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Proof of Theorem 4. Let us assume that a blowup limit is u,,. By the previous
lemma there exists a C' > 0 and € > 0 such that (8.13) holds.

Assume that v is another blowup limit, i.e. there exists 7; — 0 and u,; — v in
CY(By).

It follows from (8.13) that

COpyur;(x) — rjur;(x) > 0 for x € B<
passing to the limit as r; — 0 we obtain that
(8.14) 02,0 > 0 in Bj.

We have that W(1,u,,) — W(+0,u) = W(1,uy). Now by Corollary 3 it follows
that either v = uy, or v = uy (21, —22).

But it is easy to check that v = w,(z1,—22) does not satisfy the inequality
(8.14). Thus v = u,, and this completes the proof of the theorem. O

9. CONVERGENCE OF THE FREE BOUNDARY TO THE FREE BOUNDARY OF THE
Browup LiMiT

By the fact that there exists only a single possible blowup limit in the cases when
W (40, u) is equal to 2W (1, u,,) or 2W (1, ups), Theorem 4 in the case W (40,u) =
W (1,u,) and Theorem 3 in the case W(+0,u) = W (1, ups) we have that always
u, converges to a unique blowup limit. Thus o¢(r) — 0 as r — 0.

Proof of Theorem 5. Let us consider the case W (+0,u) = W(1,u,) with the

blowup limit w,,. Then for x € {z1 > 0,22 > —x1} we have d(z,T',, ) = §|z27:£1|
and for z € {x1 > 0,20 < —z1}, d(x,Ty,) = |2| > §|x2 — x1]. Thus we compute

for z1 >0
V2
d(z,Tu,) + 21| 2 Sl — 21 + |21] 2 Cila].

By symmetry we obtain the same inequality for z; < 0.

Now by Lemma 18 we obtain the inequality (2.7). For the rest of cases when
W(+0,u) € {W(1, uy), 2W (1, u,)} we can compute similarly.

In the cases when W (+0,u) € {W(1,ups),2W (1, ups)} we have I'y,, = {z1 = 0},
d(z,Ty,) = |z1] and (2.8) follows immediately from Lemma 18. O

Corollary 5. Letu be a solution in D then the points of TN{x1 = 0}N{W (+0,z,u) €
{W(1,uy), 2W (1, uy)}} are isolated points of T' N {x1 = 0} (in the topology of
{z1=0}).

Proof. Assume W (+,u) € {W(1,uy), 2W (1, uy)} then by (2.7) the free boundary
should converge to the free boundary of the blowup limit tangentially. But this is
not the case if 0 is not an isolated point of I' N {x; = 0}. O

10. CONVERGENCE OF THE NORMAL OF THE FREE BOUNDARY TO THE
NORMAL OF THE FREE BOUNDARY OF THE BLOWUP LIMIT AT REGULAR
PoiNTs

In the following lemma we prove a nondegeneracy type result for u — ad,u far
from the degeneracy line {x; = 0}.

Lemma 24. If u is a solution in D, y € Q, B.(y) CC DN{x; > %} and
u(y) — 550,u(y) > 0 then we have
- ( )
< sup (u—ad,u).
128 ™ 0noB.(y)
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Proof. Let y and r be as in the statement of the theorem.
We define for a > 0 and ¢ > 0

h(z) = u(z) — adyu(z) = (uly) — adyuly)) - clzr — y|*.

We compute

1 1
Ah(m):|m1|*a1/1£*46>—*a740inﬂﬁ{mlzﬁ}

|1’1| — 16
so if we choose a = é and ¢ = ﬁ then we have
1
(10.1) AhinnQﬂ{mlzﬁ}.

Also we have
(10.2) h(y) = 0.
For 2 € T' we have u(x) — 350, u(x) = 0, thus if u(y) — 558,u(y) > 0 then we

have
|z =yl

(10.3) hz) = —(uly) - éav“(y)) © 128

Because B,(y) C {z1 > {5} by (10.1) we have that h is subharmonic in the
domain QN B,.(y). Applying the maximum principle for the domain QN B, (y) and
the subharmonic function h we have

(10.4) h(y) < sup h.
o(QNBr(y))

<0OonlT.

By (10.2) and (10.4) we obtain

(10.5) 0<  sup A
o(QNBr(y))

Because
(2N B, (y)) = (02N B, (y)) U (2N 0B, (y))
by (10.3) and (10.5) we obtain

(10.6) 0< sup h.
QNOB, (v)

By the definition of h, from (10.6) we get the inequality

1 r? 1
10. ——0, — < ——0,
(10.7) u(y) 328 u(y) + 128 = mztgz(y)(u 328 u)
and this proves the lemma. O

Let vy, be the normal to I'y,, N {z1 > 0} pointing into {u,, > 0}, i.e.

(_L 1)
Uy = .
w \/§
In the following lemma we prove a crucial directional monotonicity result which
will be used in the proof of the convergence of normals.

Lemma 25. There exists C > 0 such that if u is a solution in By, x, € FuﬂaBi N
{x1 > 0}, v € 9By, r > 0 such that

1
lw = vl gy +7<Cv-vy

then

1 .
3—2&,u —u>0in QN By(xy,).
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Proof. We have

2
{zu,} =Tu, NOB1 N{z1 > 0} where z,, = %(17 1).

Step 1. In this step we show that there exists C; > 0 such that
1
(10.8) [Tu = Tu, | < C1l|lu = tw|[f o (p,)-

By Lemma 17 there exists C' > 0 such that if ||u — uy|[p~(p,) < C then

(109) TN By ¢ {CWe, T, )2 (e, To,) +la1]) < u—wullo o .

We have z,, € I'y N 0B N {1 > 0} thus by (10.9)

(10.10) C(d(wu, Ty ) (A, Tun) + [Tu1]) < lu— ol Lo (By)-
From (10.10) it follows that there exists C1 > 0 such that

(10.11) T = T, | < Crllu — twl|F o g,)-

Step 2. In this step we show that there exists § > 0 such that if

— U || 7,00 <dand0<r< -—
lu — || oo (By) an r 5

then for 2 € QN B (x) if u(z) — =+ 0,u(x) > 0 we have

g (u— Lo,
> sup u— —=0o,u).
128 QMIB, (z) 32
By step 1 if
1 1
Cl||U7Uw||iOQ(Bl) < 4_8

then |z, — z,, | < é. Thus xy,1 > Ty,,1 — 4—18 and

1 1 1
—t={z1>2u,1 — o

Bi(xu)c{xl >muw,1—4—8—48 51

and for # € B 1 (x) we have

Bi(x)c{m1>xuw717i*4—18}:{ﬂ?1>$uw,1*i}
:{x1>\é§ }C~{ac1>1 }*{1 _6}'
Now by Lemma 24 if
0<7°<i,

48
€ QN B () and u(z) — 350uu(x) > 0 then we have

r? 1
sup  (u—

< — o, u).
128 = gnam, (o) 32 )

27

Step 3. In this step we show that there exists C; > 0 such that é&,uw — Uy >0

in By(zy,)if0<n< 16,V€831 and Con < v - vy,.
Assume x € By (#y,,) with 0 <7 < 5. Then

1 V2 1

1
> Tyl =N > Tyl — o = e — > =
e T A R T

1
16 16
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and

T2 Ty — X1 |z — 21]

214 <1+
X1 X1 X1
=14 16|zg — 21| = 1+ 16V2d(x, {xy = 21 })

<1+ 16V2)x — a2y, | <1+ 16vV2p

hence by Lemma 15 we have éayuw(ac) — uy(z) > 0if v € 9By and

C(% +1)(16v2n) < v -1y
32

with C' > 0 as in Lemma 15.
Step 4. In this step we show that there exists §; > 0 and C3 > 0 such that if

1 1
(1012) HU7uw||Loo(Bl)<(51,0<7’<£,0<T1<4—8,
(10.13) v € 0By, 02(7“ +7r1 + C’1Hu — uszx(Bl)) <v-vy
and
1
(10.14) Csllu = uwllén g,y <7
then
1

(10.15) u— 3—28,,u <0in QN By, (zy).

By step 1 there exists 0 < §; < ¢ such that if
(1016) ||u_uw||L°°(B1) < 51
then

1

(10.17) |y, — Ty | < TR

Let
(10.18) 0< <i d0o< <i

. r 15 an 71 15

Assume now that both (10.16) and (10.18) hold.
We define

N=r+7r+|Ty — Tu,|

then by (10.17) and (10.18) we have
1
10.1 —.
(10.19) 0<n< 6
By step 2 for z € QN By, (zy,) if u(z) — 550, u(z) > 0 then
2

1
—dyu).

(=33

138 = oo o
By (10.19) and step 3 we have 559,y — wy > 0 in By.(2) C By(y,,) if
(10.20) v € 0By and Con < v - 1y,
Assume now that (10.20) holds.
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We compute

1
sup (u— —=0,u
QﬁaB,.(az)( 32 )

1 1 1
< sup (U — —=0vuy) +  sup  (u— —=0,u — (U — —=pUy
QﬂaBr(:c)( 32 ) QOBBT(@-)( 32 ( 32 )

< Cullu = uwllcr(s,)-

Therefore if
2

r
195 > Callu —uwllor(sy
then
1
U — 3—2&,u <0in QN By, (zy).
Step 5. In this step we finish the proof of the lemma.
Choosing

1
r=2Cslu — wyl|énp,)

then (10.14) holds. Noticing that v - v, < 1 we obtain that by choosing C' > 0
small enough, if

1
v € 0B;, ||u—uw||é1(31) +7r1 < Cv-uy

holds then (10.12) and (10.13) hold and thus by step 4, (10.15) holds and this proves
the Lemma. O

For 0 < § < 1 let us define the open cone
ng{:nERQ ‘ :c~1/w>5|:c|}.

Corollary 6. There exists C > 0 such that if u is a solution in By, x € I'N aB% N
{1 >0},0<d <1, >0 such that

1
u— vl g,y +r<Co

with C > 0 as in Lemma 25, then

(10.21) B.(z) N (z+ C5) C {u> 0} and B.(z) N (z — Cs) C {u=0}.
Proof. By Lemma 25 and the definition of Cs we have that for all v € Cs
(10.22) Oyu > 0 in By (zy,).

From (10.27) because u > 0
(10.23) if z € By(x) and u(z) = 0 then B,(x) N (z — Cs) C {u = 0}.

In particular because u(x) = 0 we have
B.(z) N (z —Cs) C {u=0}.

Now assume there exists y € B,(z) N (z+ Cs) such that u(y) = 0. By (10.23) we
have that v = 0 in B,(z) N (y — Cs). From y € = + Cjs it follows that z € y — Cs,
thus 2 is in the interior of B, (z) N (y — Cs) where we have shown that u = 0 and
this contradicts with « € I. O

It is easy to see that for the cone Cj conjugate to the cone C5 we have

(10.24) cg:{meRQ ‘x~yZO,Vy€C’5}:%.
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Theorem 10. There exists C; > 0 such that if u is a solution in D, 0 € D and
0 € T is a reqular point with blowup limit u,, then there exists € > 0 such that all
points of T N {x1 > 0} N Be are usual (for x1 > 0 the force term is nondegenerate)
reqular free boundary points and

1
(10.25) In(z) = vl < Ctlluajz) = wwllén p,)
for z € T N{z1 > 0} N B, where n(x) is the normal to T at z, pointing into ).

Proof. If there exists » > 0 such that u = u,, in B, then the claim of the theorem
holds trivially. So we might assume that for all » > 0 we have u # u,, in B,..

Let z € T N{x; > 0} N B;. By the uniqueness of the blowup limit and Theorem
1 we have that wgj,| — uy in C'(B1) as @ — 0. Thus there exists € > 0 such that
for |z| < e we have

c

(10.26) wajz) = vwller(s,) < (5)2
with C' > 0 as in Lemma 25.

Let y = iﬁ Then y € I'y,,, N9B1 N {1 > 0}. By (10.26) if we choose

2 1
(10.27) 0= 6||u4|1.| - uw||é1(31)

then 0 < 6 < 1.
Also let us set

1
(10.28) 7= [[ugje) = vwllé p,)-
Then by (10.27) and (10.28) we have

(10.29) lwagal — wallgn g, + 7 = C8

and consequently by Corollary 6 we have

(10.30)  Br(y) N (y + Cs) C {uajz > 0} and By (y) N (y — Cs) C {uajz = 0}
From (10.30) it follows that

(10.31)  Byjpip(z) N (x4 Cs) C {u > 0} and By, (z) N (z — C5) C {u = 0}.

Now if x is a singular free boundary point then the blowup limit is a nonzero
homogenous quadratic polynomial. But by (10.31) this polynomial should be equal
to 0 in —Cs5 which brings us to contradiction. Thus all points of I' N {1 > 0} N B.
are regular points.

Now assume |z| < € then because z is a regular point, I' has a normal at this
point. Let n(x) be the normal to I' pointing into 2. From (10.31) it follows that
n(z) € C§5. Now by (10.24) we have

n(x) vy > V1-—62

SO

We compute

2
20 < 262

1+vV1—-62
and from (10.27) and (10.32), (10.25) follows. O

(10.32)  |n(z) —vw|* =2 —2n(z) vy <2—2y/1 - 62 =
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11. FREE BOUNDARY AS A GRAPH NEAR REGULAR POINTS
The following two lemmas will be used in Lemma 28.

Lemma 26. If u is a solution in D, 0 € D and 0 € T is a regular free boundary
point with blowup limit w, then there exists an ¢ > 0 such that u(0,t) > 0 for
0<t<eand (0,t) € {u=0}° for —e<t<O.

Proof. Let x = (0,t) € B, 0 < t < € then we compute

(10.1) - (g o = O (Al {w = 0D + I

— B = 0)) = V2
= (g e = 0) = P (gen fuw = 0)) = ()
For small enough e if |z| < € then
V2
(11.2) luzja = ol sy < C()?
with C as in Lemma 16. Thus by (11.1), (11.2) and (6.1) we have ugm(ﬁ) >0
so u(z) > 0.
Let x = (0, t) € B, —e < t < 0 then we compute
X
(113) d*(—— {ww > O} (d(5, {t > O}) + |2
Al ( 4| P 4] )
1
=d* ( | i Auw > 0}) = ds(—zeg,{uw >0}) = eR

For small enough e if |z| < € then

1
(114) ||u4|1| — uw||Loo(Bl) < EC

Thus by (11.3), (11.4) and (6.2) we have I € {ug)z) = 0}°, 502 € {u=0}°. O

Lemma 27. If u is a solution in D, 0 € D and 0 € I is a reqular free boundary
point with blowup limit u, then there exists an € > 0 such that for every 0 <z < §
there exists a unique xo such that v = (x1,z2) € I'N Be and for (x1,t) € B we
have u(z1,t) >0 if t > z2 and (z1,t) € {u=0}° if t < x2.

Proof. First we show that there exists ¢ > 0 such that for all 0 < x; < 7 there
exists xo such that (z1,z2) € ' N B..
Let € > 0 to be chosen later. Let 0 < z1 < 7 then we compute

1, 2P < (57 + (G = e < &
thus (z1, 2€) € B.. We compute
(D) = = 23 my s 2B L)V
and
P2, 2), (= 01 (@2, 3, s = 01) +122))
X1 3 @

> d*(2 ) = 01 = ()"

Thus if € is small enough such that

V2.

ltee =l < O
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with C' as in Lemma 16, then by (6.1) we obtain that

I 3
ue( ; ,4) >0
and therefore
3
(11.5) u(zy, 16) > 0.
Let 0 <z < 3 then we compute

e oSz (Sy2 o (V202 (L
=P < 2+ (52 = (o < (3o

thus (z1,—%) € B%e C B;.
We compute

] =

d((_a _i)v {uw > 0}) >

€

and

dQ((%a _2)7{1610 > 0}) (d((x—el7 —i), {Uw > 0}) + |%|) >

Thus if € is small enough such that

1
E .

1
Hue — uwHLoo(Bl) < EC
then by (6.2) we obtain that
I 1 - °
(2, -7) € {uc =0}
and therefore
1
(11.6) (21, 716) € {u=0}°.

From (11.5), (11.6) and the continuity of u it follows that there exists —§ <
To < %e such that (x1,z2) € T'. This finishes the proof of the existence of xs.

By Lemma 23 if € > 0 is small enough then
(11.7) Oz,u > 0 in B.

Assume there exists t > xa, (t,22) € B, such that u(z1,t) = 0. Then from (11.7)
it follows that

(11.8) u(zy1,s) =0 for all z5 < s < 1.

From Theorem 10 it follows that for small enough €, because |z| < €, we have

2
[n(z1, 22) — V| < %

Therefore
n(x1,x2) - €2 = vy - €2 + (n(x1,22) — V) - €2

2
> vy - eg — (21, 22) — V| = > = In(z1,22) — Nyl >0

and this is in contradiction with (11.8) which proves that u(xy,t) > 0 for ¢ > zo
and (x1,t) € Be.

If t <@g, (x1,t) € Be then from (11.7) it follows that u(zq,t) = 0.

Now if (21,t) € T then switching the place of 23 and ¢, and arguing as above we
come to contradiction, hence (z1,t) € T. O

In the following lemma we prove that near to regular points the free boundary
is a graph.
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Lemma 28. If u is a solution in D, 0 € D and 0 € I is a reqular free boundary
point with blowup limit u,, then there exists an € > 0 and v € C([0, §)) such that
7(0) =0, for 0 < x1 < § we have (x1,7(x1)) € Be and

(11.9) {u:O}ﬂBeﬂ{0§x1<§}={x€B€ ‘ 0§x1<§,x2§’y(x1)}.

Proof. By Lemma 27 there exists an € > 0 such that for every 0 < x; < § there
exists a unique xo such that z = (z1,22) € T'N B, let us define y(x1) = 2. Let us
also define v(0) = 0.

Then by Lemmas 26 and 27, we have (11.9).

Now let us show that v is continuous. Assume there exists 0 < y < § such that
«v is discontinuous at y. Then there exists x; — y such that y(z;) — 2z and either

z>(y) or 2 <(y).

In the case z > v(y) we have u(y, z) > 0 which is in contradiction with u(z;, v(z;)) =
0 and the continuity of u.

In the case z < v(y) we have (y,z) € {u = 0}° which is in contradiction with
(j,7(z;)) € I. 0

The functions og and o; are defined in (2.6).
In the following lemma we formulate the convergence of the free boundary in
terms of the function ~.

Lemma 29. There exists C1 > 0 and Cy > 0 such that if uw is a solution in D,
0€ D and 0 € T is a regular free boundary point with blowup limit u,, then with
€ >0 and v as in Lemma 28 we have

(1) = 21| < Cu(oo(Caler )| | for 0 < a1 < 5
where og is defined in (2.6).
Proof. By Theorem 5 we have
d(,Tu,) < Ca(o0(Cala])) * 2.
For x1 > 0 we estimate
d(z,Ty,) > g|I2 — 21|

thus

(11.10)  |y(a1) — 1] < Cs(00(Calz)) % x| < Ca(oo(Calz]))® (1 (21)| + |a1])
< Ca(oo(Calz))? (7(21) — 21| + 21 )

By the continuity of y at 0 we have that y(z1) — 7(0) = 0 asx; — 0. Hence |z| <
Cs(|y(z1)| + |z1]) — 0 as 1 — 0. From this convergence we obtain oo(Caz|z|) — 0
as 1 — 0.

Thus from (11.10) it follows that

(11.11) V(@1) = 21| < Co(00(Calz])? |21,
In turn from (11.11) it follows that
(11.12) 2| < Cs(Jv(@1)| + |21]) < Cs(|v(w1) — 21| + 221 ])
< G5 (Co(00(Cala]))? || + 2a1]) = C5(C(00(Calal)) 2 +2)|an| < Crlana].
Now by (11.11) and (11.12) the lemma is proved. O

In the following lemma we formulate the convergence of the normals in terms of
the function ~.
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Lemma 30. There exists C; > 0 and Cy > 0 such that if u is a solution in D,
0€ D and 0 € T is a reqular free boundary point with blowup limit u, and € > 0

€

and v as in Lemma 28, then we have v € C*(0, 7) and

[ (21) = 1] < Ci(01(Cal]))?
where a1 is defined in (2.6).
Proof. By Theorem 10 for small enough € > 0 all points of T' N {z; > 0} N B,

are usual regular points. Let 0 < 1 < £. Hence (cf. [6]) I' is a C* curve in a
neighbourhood of (z1,v(x1)). From (10.25) it follows that for small enough € and

|z] < e we have n(z) & {—e1,e1}. It follows that 7/(z1) exists and
!
— 1
n(z) = (—r(@1), 1)

VI+ (/@)
From here it follows that there exists C' > 0 such that for n(z) close enough to
vy we have

(11.13) 1Y (z1) — 1] < C|n(x) — vl
Now by (10.25) and (11.13) we obtain

1
(11.14) /(1) = 1] < Colusgag = s
By (11.12) together with the definition of oy and (11.14) the lemma is proved. O

Proof of Theorem 6. Follows from Lemmas 28, 29, 30 and the symmetry of the
problem with respect to the line {z; = 0}. O

In the case when 0 is a regular point but with w,, (21, —22) as the blowup limit,
we consider the even reflection @(x1,x2) = u(z1, —22), apply Theorem 6 to @ and
obtain that the free boundary of u is a graph with properties as in Theorem 6 but
reflected with respect to the line {xo = 0}.

By the following two lemmas we prove that if W(+0,u) = 2W(1,u,,) then u
might be decomposed into the sum of two functions each having 0 as a regular
point.

Lemma 31. If u is a solution in D, 0 € D, 0 € T' and W(+0,u) = 2W (1, uy)
then there exists an € > 0 such that u(x1,0) =0 for |x1| < e.

Proof. Let ug = ty + Uy (21, —22). We have

d(iiel, {UO > 0}) = g

We compute

1 1 1 V2., V2 1
2 2
d (:I:Z(Bl, {uo > 0}) (d(ilel’ {'LL() > 0}) + Z) = (?) (? + Z)
Now if |z1| > 0 is small enough such that
V2,v2 1
ttajes = woll e () < C(5)* (5 + 7)
with C' as in Lemma 16 then by (6.2) we have uy),, (++e1) = 0. Thus u(zq,0) =
0. (]

Lemma 32. If u is a solution in D, 0 € D, 0 € T' and W(+0,u) = 2W (1, uy)
then there exists an € > 0 such that uy = Xg,>0u and u_ = Xz,<oU are solutions in
B.. We have W(40,us) = W(1,uy), the blowup limit of uy is u, and the blowup
limit of u_ is uy (21, —T2).
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Proof. By Lemma 31 there exists an € > 0 such that u(x1,0) = 0 for |z1] < e.
Because v > 0, u € CL_ (D) and u(z1,0) = 0 for |z;| < € it follows that
Vu(z1,0) =0 for |z1] < e.
From this it follows that uy and u_ are solutions in B.. We have u,(z) —
U+ (21, —22) in CH(By) asr — 0. Thus Xz,>0Ur — Uy in C*(By) and uy . (z) =
73X r2y>0U(rT) = Xzp>0ur(7) hence uy ,(z) — uy in C1(By) and

W(+0,uy) = lim W(r,ug) = lim W(1,ut,) = W(1, uy).
r—+0 r——+0
Similarly we argue for u_. O

In the case W(+0,u) = 2W(1,u,) by Lemma 32 and Theorem 6 it follows that
the free boundary near to 0 is the union of two graphs, one graph is as in Theorem
6 and the other a graph with properties as in Theorem 6 but reflected with respect
to the line {zo = 0}.

12. AN IRREGULARITY RESULT FOR THE FREE BOUNDARY NEAR DEGENERATE
PoiNTs

Lemma 33. If u is a solution in D, 0 € D, there exists > 0 such that Bs C D,
O, <0 in BsN{zy > 0,20 >0}, TN BsN{xy =0,290 >0} # 0 and Bs N {z1 >
0,22 > 0} C Q then u = ups in BsN{x1 > 0,29 > 0}.

Proof. For short notation let us denote v = —0,,u. We have that v is harmonic in
Qand v >0in Bs N {x; > 0,z2 > 0}.

Assume y € I'NBsN{z1 = 0,25 > 0}, then by the optimal growth Theorem 8 we
have 9;,v(y) = 0. For small enough r > 0 we have B,(re; +y) C Q. Now because
v is nonnegative and harmonic in B;(re; + y) and 9, v(y) = 0 by Hopf’s Lemma
we conclude that v = 0 in B, (re; + ). Because v is harmonic in  we obtain that
v=01in BsN{z1 > 0,22 > 0}. Hence v = u(x1) in Bs N{x1 > 0,22 > 0}. By this
and the assumption I' N Bs N {z1 = 0,25 > 0} # () the claim follows. O

Lemma 34. If u is a solution in D, 0 € D, there exists § > 0 such that Bs C D,
dz,u < 0 in Bs N {z1 > 0,22 > 0}, there exists p € C([0,36)) N C([0,10)) such
that p(0) = p'(+0) =0, p > 0 in (0,36), p is conver and

1 1
(12.1) QN BsN {xl >0,0< 29 < 55} = Bs N {0 <T2 < 55, p(wg) < xl}

then for every q > 1 there exist C > 0 and ty > 0 such that
(12.2) p(t) > Ct1 and p'(t) > CtT1 for 0 < t < to.

Proof. Again for short notation let us denote v = —9;,u. The proof is divided in
multiple steps.

Step 1. In this step we show that v > 0 in Bs N {0 < z2 < %5, plaz) < x1}.

If there would exist z € BsN{0 < 2 < 36, p(z2) < 21} such that v(z) = 0 then
because v is harmonic and nonnegative in BsN{0 < z2 < 34, p(z2) < 21} it follows
that v = 01in Bs N {0 < 22 < 16, p(x2) < 21}, but then because u(p(t),t) = 0 for
0 <t < 36 we come to contradiction with (12.1).

Step 2. In this step we show that for each ¢ > 1 and n > (tan(2—’;))’1 there
exist C; > 0 (depends on u) and t; > 0 such that

(12.3) v(xy) > C1t? for 0 < t < t;
where
xe = (nt,t) € Q.
Let ¢ > 1 and
T
Qg = —.
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Because p'(+0) = 0 there exists t, > 0 such that p(t) < m for 0 <t < tq.

Let us denote
i e
7 tan(ay)’
If follows that
Qq:{x:rew ‘ 0<r<rg, 0<9<aq}CQ.
Let us define the function

vy(x) = r??sin(2¢0) for = = re’ € Q.

We have
D(39) = 5, U A,
where
Sq = {xzrew ‘ 0<r< %rq, 0 e {0,aq}}
and

, 1
Aq:{x:rew ‘ 7’:57’(1, 0§9§aq}.

Let a = 1rqe; and b = 3rqee’® be the end points of the arc A,. We have b € (
hence v(b) > 0. Either v(a) > 0 or v(a) = 0 and by Hopf’s Lemma we have
Oz,v(a) > 0. Also we have v > 0 on A4\{a,b}.

Thus there exists € > 0 such that

(12.4) evg < v on Ag.
We have vy = 0 and v > 0 on S, thus
(12.5) evg < von Y.

Putting (12.4) and (12.5) together we have
evg < v on 8(%Qq).
Now by the maximum principle we obtain that
(12.6) evg < v in %Qq.
We compute |x¢| = /1 + 1%t so for

1
O<t< =

Tq
21472

we have |z;| < 17, also we compute

1
T2 _ Z < tan(ayg)
Tt,1 n
thus we have
1 1
(12.7) xp € —Qgfor 0 <t < L R
2 2/1+n?

Now by (12.6) and (12.7) we have

1 1 r
v(xe) > evg () = €|a|*? sin(2q arctan(=)) = C1t27 for 0 < t < = ——L—
(2¢) 2 evg(xt) = €|z ( (77)) 1 ViR
where )
C1 = €(1 +n*)?sin(2q arctan(—)) > 0.
n
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Step 3. In this step we show that there exists C2 > 0 (independent of u) and
ty > 0 such that if
O<t<tyandn<1

then there exists y; = (p(y¢,2), Yt,2) € I' with 0 < y, 2 < t4 such that
dy = |yt - $t| = d(vat)
and

C
(12.8) On(y)V(ye) > d—jv(act).

Here n(y) is the normal to I' at y, pointing into .
Let

Hq:{0<acl<7°q7 O<ac2<tq}
then we have
Fq:FﬁHq:{(p(t),t) ‘ 0<t<tq}.

One may see that

(12.9) d(z¢, 011g) = min{nt,rqy — nt,t,ty —t} =nt
if .
,
t <min(=%, —2 ) and n < 1.
(27) 1+77) K

Because n > (tan(ay))™! and 0 < t < t, we have that p(t) < m < nt. Also
we have p(t) > 0 thus

d(@e, (p(t),1)) = nt = p(t) <nt.
Now because (p(t),t) € I', we have

(12.10) d(z,T) < nt.
By (12.9) and (12.10) there exists y;, € I'y such that
(12.11) de = |yt — ¢ = d(T, x¢).
Because

d(z:, 0lly) = nt > d(I', z¢) = dy
we have
By, (z¢) C II; C .
Because y; € 0Bg,(x) by the quantitative Hopf Lemma (cf. [4]) there exists
Cy > 0 (independent of v and t) such that (12.8) holds.
Step 4. In this step we show that
(12.12) On(y)v(y) = —na(y)ys for y € T'y.

By the equation Au = |21|xyu>0 and the smoothness of the free boundary T,
i.e. smoothness of p, it follows that in a neighbourhood of y € I'; we have

(12.13) Av = —nglzy |[HLT,

From (12.1) and (12.13) the equation (12.12) follows.
Step 5. In this step we show that for 0 < t < t we have

(12.14) Y2 < (1 +n)t.
We have
(1, —p'(y2))
12.15 n(y) = —————==— for Iy
- W= T e Y
and

Yt = Tt — dtn(yt)~
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Thus
o (yt,z)

Y2 =t + dt———mee—
L+ (0 (y2,2))?

and
yro <t+d, <t+nt=(1+n)t.
Step 6. In this step we show that there exists C3 > 0 and t3 > 0 such that
(12.16) p(yi2)p (ye2) > C3t?77 1 for 0 < t < t3.
Set t3 = min(¢1,t2). From (12.3), (12.8) and (12.12) it follows that

C C
(12.17) —n2(Yt)Yt,1 = On(y)v(Ye) > d—21)(:£t) > d—201t2q for 0 < t < t3.
t t
From (12.17), (12.15), (12.10) and (12.11) we get

0 (yt,2)

p(yt72)p’(yt’2) = p/(yt,2)yt,1 E——
L+ (0 (y2,2))?

Yt,1

& 1
= —n2(yt)y,1 > d—QCthq > Z0,09t2 1 = gt
t n

Step 7. In this step using the convexity of p we finish the proof of the lemma.
By the convexity of p, the function pp’ is nondecreasing hence by (12.14) and

(12.16) we have
P((L+m)p (L +0)t) = p(ye2)p' (ye2) = Cst* = for 0 <t < ts.
Letting 7 = (1 + n)t we have that

p(r)p' (1) = C3(ﬁ)2q_l = Cyr? for 0 < 7 < (1 + )tz = 7.

If follows that
(p*) (1) > 20471 L for 0 < 7 < 19

and by an integration we obtain
p(1) = Cs7% for 0 < 7 < 79.
From the convexity of p it follows that 7p'(7) > p(7) hence
P (1) >CstTfor 0<7 <79

and this completes the proof of the lemma.

O

Proof of Theorem 7. By Lemmas 33 and 34 we have that either p = 0 in (0, %5)
and u = ups in QN Bs N {x1 > 0,22 > 0} or for all ¢ > 1 there exists C > 0 and

to > 0 such that (12.2) holds.

In the latter case if I' is O regular for some 0 < o < 1 at the origin then there

exists C' > 0 and d; > 0 such that
|0/ (x2) — p'(+0)| < Clag|® for 0 < z2 < dy.
But because p'(+0) = 0 and p'(xz2) > 0 we should have
p'(z2) < Cx§ for 0 < x5 < dy.

This contradicts with (12.2) if we take 1 < ¢ <14 a.
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13. FURTHER DIRECTIONS

The problem considered in this paper might be thought of as a prototype of free
boundary problems, specially the obstacle problem, with a degenerate force term.
There are many open questions in these problems and we are working to complete
some works on these questions.

Some further directions are as follows.

1) Higher dimension. It is interesting to consider the same problem in higher
dimensions with possibly different dimensions for the set where the force term
vanishes. In [13] the key nondegeneracy result is proved for such higher dimensional
problems when the set where the force term vanishes is a linear subspace.

2) More general force terms. Partial results show that when the force term is
of the form |x1|® for @ > 0 then the number of homogenous global solutions and
together with it the possible Weiss balanced energy levels grows linearly with o > 0.
Again in [13] the key nondegeneracy result is proved for such general force terms.
Many results in this paper could be written for such more general forces, but to
have a reasonable bound on the size of the paper we have opted to consider the
case a = 1 only.

3) Degenerate free boundary points and points where W (+0, 2, u) = 2W (1, ups).
We know that at these points the blowup limit is unique and the free boundary
converges tangentially to the line {x; = 0} and we know some topological structure
of the set of these points based on the upper semicontinuity of the Weiss balanced
energy. Also in a particular case we have proved an irregularity result for the
free boundary at such points. It is interesting to study the structure of the free
boundary near to such points in more details.

4) Uniform results. For the nondegenerate obstacle problems there are many
results which hold uniformly for a class of problems, cf. [6]. But in this paper we
have only considered a single solution alone.

5) Parabolic problem. The problem considered in this paper has a parabolic
analogue. It is interesting to know the exact influence of the degeneracy of the
force term in the parabolic problems.
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