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On the Optimality of Circular Block Designs Under
a Mixed Interference Model

KATARZYNA FILIPIAK AND AUGUSTYN MARKIEWICZ

Department of Mathematical and Statistical Methods, Poznan University of Life
Sciences, Poznan, Poland

Filipiak and Markiewicz (2012) proved the universal optimality of circular weakly
neighbor balanced designs (CWNBDs) under the interference model with fixed neighbor
effects among the class of complete block designs. In two special cases where a CWNBD
cannot exist, Filipiak et al. (2012) characterized D-optimal designs. The aim of this
paper is to show the universal optimality of CWNBDs and to characterize D-optimal
designs under the interference model with random neighbor effects.

Keywords Circular weakly neighbor balanced designs; D-optimality; Information
matrix; Interference model; Left-neighboring matrix; Universal optimality.

Mathematics Subject Classification 62K05; 62K10.

1. Introduction

A basic problem in the theory of experimental designs is to characterize optimal designs.
If in an experiment the response to a treatment is affected by the other treatments (for
example, in agricultural and horticultural experiments), then the optimality of designs
under an interference model is studied. David et al. (2001) use several models to analyze
data from such trials, including a model with random interference effects. Jones et al. (1992)
give information matrices for a mixed effects model with random interference effects with
the same variances and determine optimal repeated measurements designs. Filipiak and
Markiewicz (2003, 2007) proved the universal optimality of circular neighbor balanced
designs (CNBDs) under an interference model with random neighbor effects. This is an
extension of results presented by Druilhet (1999) for a fixed interference model. Filipiak and
Markiewicz (2012) showed that circular weakly neighbor balanced designs (CWNBDs) are
universally optimal under the fixed interference model. The aim of this paper is to generalize
these results for the mixed interference model with random neighbor effects.

The conditions for the existence of CNBDs and CWNBDs are quite strict: see, for
example, Druilhet (1999) and Filipiak and Markiewicz (2012). In the case where the
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universally optimal designs cannot exist, optimality with respect to the specified criteria is
considered. Filipiak et al. (2008) and Filipiak et al. (2012) characterized E- and D-optimal
designs under the fixed interference models over some classes of complete block designs
with ¢ treatments and b =t — 2 or b = ¢. It is interesting to extend these results to the
mixed interference model. The problem of the characterization of E-optimal complete
block designs is considered in Filipiak and Rézanski (2012). The aim of this paper is
to characterize D-optimal designs among some complete block designs under the mixed
interference model.

This paper is organized as follows. First we present some general definitions and nota-
tion. In Sec. 3 we prove the universal optimality of CWNBDs over the class of equireplicated
complete block designs. In Sec. 4 we characterize the structure of the left-neighboring ma-
trix of a D-optimal design with t = k = b + 2 and t = k = b, and we make some remarks
on the construction of D-optimal designs with examples. In both sections we assume the
mixed interference model.

2. Definitions and Notation

Let us consider an experiment in which ¢ treatments are arranged in » non-homogeneous
units grouped in b blocks each of size k. The set of such designs we denote by D, ;, x. An
interference model with left-neighbor effects associated with the design d € D; 5, x can be
written as

y=Tst+L;A+Bp +e, (D)

where T and § are the vectors of treatment and block effects, respectively. Here A and
e are the vectors of random left-neighbor effects and random errors, respectively, with
EA) =0, Cov(h) = JLZI,, E(e) =0,, Cov(e) =1,, and Cov(r, &) = ®,, where af is
a known constant. The matrices I, and ®,, are identity and zero matrices of order n,
respectively, and 0,, is n-dimensional vector of zeros. The matrix B = I, ® 1; is the design
matrix of block effects, where 1; is a k-dimensional vector of ones and ® denotes the
Kronecker product. By ¥ we denote Cov(y) = aLzLdL;, + Ipk.

Let T, be the design matrix of treatment effects in block u, 1 < u < b. Further, define
T, = (T, :---:T),) as the design matrix of treatment effects. For each u we define
L,, = H,T,,, where H; is a k x k matrix of the form:

1
H, = (Ik—l Ok—l) ’

Then, L; = (I, @H,)T, is the design matrix of left-neighbor effects. This form of the matrix
H; follows from the assumption that each treatment has a left neighbor. This situation may
occur if each block of a design has the form of a circle. If plots in blocks are arranged in
linear forms, we can obtain the effect of circularity by adding border plots at the beginning
of each block, where the treatment at the border plot is the same as the treatment at the
opposite end of the block (for more details see, e.g., Druilhet, 1999). The border plots
receive treatments but are not used for measuring the response variables.

Model (1) with random neighbor effects A is called a mixed interference model and is
denoted by M, . Following Jones et al. (1992), by M, we denote the model in which the
variance tends to infinity (GL2 = 00). Such a model is called a fixed interference model. On
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the other hand, if 0L2 = 0, model (1) is a model without neighbor effects and is denoted by
M.

For any m x n matrix A we define Q4 = I,, — A(A’A)” A/, the orthogonal projector
onto the orthocomplement of the column span of a matrix A, where (A’A)” denotes a
generalized inverse of A’A. Observe that Qg = I, ® E;, where E, = I, — %lk 1.

Further, let C, , denote information matrices of d for estimating = in model M, under
normality, where u € {o, oo}.

From Filipiak and Markiewicz (2007), for Cov(X) = UI%I, the information matrix C,
can be expressed as

Cio =T)QsTs — 07T, QsLy(0;L,QsLy +1,)'L)QsT, )
or equivalently, from Jones et al. (1992), as

Cio =T, 27 'T, — T, 'BB'EZ'B)"'BX'T, =T,27"?Qx 12" ?Ty (3)

2
with ' =1, — LdAL;, where A is a diagonal matrix of order ¢ with #, i=1,---,1,
iop
and r; is the number of replications of the ith treatment in the design.
Since 1, is a vector in the column span of matrix B, the following inequality is satisfied:

Cio =T, 27 2Qg 1257 '?T,; <1 T,272Qx 10, 7121y, 4)

for every design d € D, p, x, where for two ¢ x ¢ symmetric matrices A and B the notation
A =<; Bmeans that A is below B in the Loewner ordering, i.e., B—A is non-negative definite.
The matrix on the right-hand side of (4) is the information matrix for the interference model
with general mean and random neighbor effects and without block effects, i.e.,

y=ul, + Tyt +LsA + &, (5)

with Cov(y) = aLzLdL; + Ipx. Such a model can be studied if the experiment is assumed
to use circular blocks, but the experimental conditions may be equal in every block; cf.
Hwang (1973).

It should be noted that from the equality H;E,H; = E; it follows that L/,QzL; =
T/,QzT,. Moreover, since the matrix QT,; has zero row sums, the matrices T;Q s T4,
T, QzL, in (2) and C4,, have row and column sums zero. Observe that

T,QsLs = T)Ls — k'T,BB'L; =S, — k" 'NyN/,

where S; = T:,Ld = (84,ij)1<i,j<: 1s called a left-neighboring matrix of design d (c.f. Fil-
ipiak et al., 2008) and N; = B'T; = B'L; = (n4,j)1<i<:,1<j<p is an incidence matrix of
design d. For a designd € D, x the symbols s, ;; and n, ;; are, respectively, the number of
occurrences of treatment i with treatment j as a left neighbor and the number of occurrences
of treatment 7 in block j. It is easy to see that S;1, = r,, where ry; = (rz;)1<i< 1S a vector of
replications of treatments. Moreover, for binary complete block designs, i.e., designs with
t = k such that every treatment occurs once in each block, N; = 1,1 and the information
matrix C, , depends on the design only with respect to S;.

Since the matrix C;, has zero row and column sums, to characterize universally
optimal designs we use Kiefer’s (1975) Proposition 1.

Assume that we have a design d* € D, ;, ; such that Cy- ,, u € {0, 0o} is completely
symmetric and that trCy- , is maximal over D; j ;. Then the design d* is universally optimal
in Kiefer’s sense in the class D, ; ; under the model M,,.
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Recall that an m x m matrix A is called completely symmetric if all its diagonal elements
are equal and all its off-diagonal elements are equal.

Itis known that for some combinations of design parameters, for example, r = k = b+2
or t = k = b, universally optimal designs cannot exist (for more details see, e.g., Druilhet,
1999, Filipiak and Markiewicz, 2003, 2007, 2012). Therefore in such cases we characterize
D-optimal designs over some special classes of designs under the mixed interference model.
The presented results are an extension of results given by Filipiak et al. (2012) for the fixed
interference model.

Adesignd* € D, is called D-optimal over D, j 1 if []/Z) 2i(Ca-u) = [1:Z1 2i(Ca),
u € {o, oo}, for all designs d € D;  x, where 0 = Ao(Cyg,) < M1(Cpy) < -+ < A-1(Cy )
are the eigenvalues of the information matrix C, ,; cf. Pukelsheim (1993).

Throughout the paper we will use the property of permutational similarity. Recall, that
the matrix P’AP, where P € P, is a permutation matrix of order ¢ and A is an arbitrary ¢ x ¢
matrix, is said to be permutationally similar to A. It is known that the eigenvalues (and
consequently the determinant) of A and a matrix permutationally similar to A are equal.

3. Universal Optimality of Designs
Let us define CWNBDS as follows.

Definition 1. (Filipiak and Markiewicz, 2012)
Let b # x(t — 1), x € N. A circular binary design d € D; p; with s4;; € {x — 1, x},
i # j, and completely symmetric matrix S;S,, is called a CWNBD.

Note that for b = x(t — 1) we obtain the definition of CNBD, i.e., a design with
Ss = x(1,1; — I,); cf. Druilhet (1999).

From Filipiak and Markiewicz (2012) it follows that a necessary condition for the
existence of a CWNBD with (x — 1)(t — 1) <b <x(t —1),x € Nis

b(b—2x+1)
—— €
t—1

N.

Filipiak and Markiewicz (2012) proved the universal optimality of CWNBDs under
the model M, among the designs from D, ,; if b <t — 1, and from R, ;,, if b >t — 1,
where %,ﬁb, x C Dy 1 1s the class of equireplicated designs with no treatment preceded by
itself. In this section, we study the universal optimality of CWNBDs under the model M,,.
By R:»x C D, we denote the class of equireplicated designs.

Theorem 1. For every 0L2 € (& oo] a CWNBD is universally optimal over the class R, p ;,
b <t — 1, and over the class R, ., b > t — 1, under the interference model M.

Proof. Letd* € D, ,beaCWNBD suchthat (x —1)(t —1) < b < x(t—1),x € N. Since

CWNBD is binary and complete, T/.B = 1,1, 2~ = I;; — %Ld*LQ* and

T 'Ty = b, — Sa+S., T,.X'B= 1,1,

_% _t
1+ bo} 1 + bo}

o? 1
BX 'B=¢[I, - L 1,1, BT 'B)! = - 21,1/
(b 1+b02bb> ( ) t(b+0th)



Downloaded by [Uniwersytet Przyrodniczy W Poznaniu], [Katarzyna Filipiak] at 00:31 22 October 2014

4538 Filipiak and Markiewicz

are the elements of (3). Hence

2
o} b

Cpo =bl, — —=—S;:S,.
4 ! 1+boL2d d

- 1,1 6
t(1+bo?) " ©

Observe that all diagonal entries of S;+ are equal to zero, and in each row (b — (x — 1)(r — 1))
entries are equal to x and (x(¢ — 1) — b) entries are equal to x — 1. Thus, fori =1, ---,¢

(SasSy)ii = (b — (x = D — x> + (x(t — D) = b)(x — 1)* =
=b2x -1 —x(x—D@E-=1)
and
b Uf

tr Cyr o = bt — — tr S-S =
. 1+baL2 1+bO'L2 424

= bt —

’ 'of (bQ2x — 1) —x(x = D@ — 1))
— x—1)—xx— — .
1+bo} 1+bo}

Letd € R; . Then

/1 02 , /5 —1 b /5 —1 bt
T,27 ' T; =bl, — —ZSde, T,27'1, = —21,, 1,x7'1, = 5
1+ boj 1+ boj 1+ boj
and from (4)
o? b
Cyo < bI, — —L /- 1,1. 7
d,oc 2L t —I—bO'E dO g t(1~|—b0'1?)lt ()
‘We obtain
b o2
trCy, < bt — — L__tS,S
o= T hbo?  14be?
and it is enough to show
tr S4S); > tr Sy-S.. (®)
(a) Letb <t — 1. Then
t t t t
tr S8, = Z Zsiij > Sa,ij = bt =tr S-S
i=1 j=1 i=1 j=1
(b)Letb>t—1landletu=(x,---,x,x —1,---,x — 1) be the #(+ — 1)-dimensional

vector of integers with Zi(:tzl) u; = bt. Observe that u is majorized by any other vector of

integers v with v'1,,_y = bt, 1.e., vecSy- is majorized by vecS, foralld € ﬁ,,b,,, b>r1—1,
where vecS, denotes the vector formed by writing the columns of S; one under the other
in sequence. Thus due to Proposition C.1. of Marshall and Olkin (1979, p. 64), we obtain
(8). (]

Remark. A CWNBD is binary and complete, so it is balanced with respect to the blocks.
Such designs are universally optimal over D, ; ; under the model My; see, e.g., Shah and
Sinha (1989).
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A method of construction of some CWNBDs is given in Filipiak and Markiewicz
(2012).

Example 1. The following CWNBD is universally optimal over R7 3 7:

2 3 4 5 6 17
d'=|1 3 5 7 2 4 6
5 2 6 3 7 4

Now we show an example of a non-equireplicated design d* such that
tr (T;# Eil/zqu/zln Eil/sz#) > tr Cys o,

where d* is CWNBD. This example shows that inequality (4) does not give a good upper
bound for the trace of the information matrix.

Example 2. For the following design:

2 1 4 5 6 7
d=11 3 5 7 2 4 6
1 5 2 6 3 7 4

and d* from Example 1 we have

2 (=1 - 402 +90})
tr (Tw27"?Qgo12y Z7V?Tps) —tr Cye 5 = " :
(T Q-2 ) @ 21 + 18707 + 5400} + 50407

which is positive for every o7 > 212 However

2 (14807 + 190} + 240))

trCyt g —trCye g = —
- - 7+ 6102 + 17207 + 15607

is negative for every o> and d* is not better then d*.
We should note that the above results are not surprising. Kunert (1994) considered a
model

y=nul, + Tyt +BB +¢

with Cov(y) = o2BB’ +1,, and with variable block sizes. He showed that balanced incom-
plete block designs which are universally optimal under the model without block effects
and under the model with fixed block effects are not necessary universally optimal under
the model with random block effects. In such a case competing designs have unequal block
sizes. Observe that in model (5) the role of Bf is played by L;A, with an unequal number
of replications instead of unequal block sizes.

4. D-optimality of Designs

In this section, we characterize D-optimal designs under the mixed interference model over
the classes of complete block designs with b =t — 2 and b = t. The results are based on
the paper by Filipiak et al. (2012).
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Let 73, be the class of permutation matrices of order ¢ with zeros on the diagonal (the
class of derangement matrices) and let B; , ; be the class of binary designs. We define the
following classes:

EZ,Z—Z,I ={debB ;8= 1t1; -I, —P;,P; e 75’r}
and
B;z,z,z ={deB,;:S;= 111; -L+Py, Py e 75;}

Observe that every derangement matrix P, is permutationally similar to the diagonal
matrix diag(H,,, ---, H; ), ZT \tj =t, tj #1, where m is the number of cycles in a
permutation matrix and 7; is the length of the jth cycle. We should note that, if Py is
permutationally similar to H;, then the designs from B, (—2,, and B, (. can be constructed
from CNBDs with b =t — 1 by, respectively, removing and repeating one block. This
follows from the form of the left-neighboring matrix of CNBD, i.e., if a design d* is a
CNBD withb =1 — 1, then Sp» = 1,1, — I;; cf. Druilhet (1999).

Since designs from the class B3; ;_» ; and f)’\, +. are binary and complete, the information
matrix has the form (6).

4.1. D-optimality Over R, ;3 ;
Assume d € g,,,_g,t and P; € 5,. From (6)

20?7 t =241t —4)o? 02
Cd,a:(t_z_ L 2)11_ ( )letlt 2( d+Pd)'
I+ —2)o; t(1 4+ (t = 2)o;) 1+ —2)o;

Observe that the matrices C;, and Cy, + 8 1,1; have the same eigenvectors and that
the eigenvalues corresponding to those eigenvectors are the same, except the vector 1;,
which is an eigenvector of both matrices corresponding to the eigenvalues O and St,
respectively. Thus the product of # — 1 eigenvalues of C, , is equal to the determinant of

_ 2

C..» + B1,1; divided by B, and it is enough to compare determinants of %Cdﬁ +
L

t—24t(t— 4)(7L 1 1/

faL
For convenience, we denote the above matrix by Cd,(,.
The following lemma will be useful in proving D-optimality results.

= oI, — (P; + P)) for different matrices Py, with o = 1* —

Lemma 1. (Filipiak etal., 2012) If P € P; is permutationally similar to H;, then det(aI, —
(P +P)), a > 2, is maximal over P,.

Now we state the following.
Theorem 2. If there exists a design d* € g,,,_z,,, t > 3, such that the left-neighboring
matrix Sy« is permutationally similar to 1,1, — I, — H,, then d* is D-optimal over R, ;_» ,,

under the interference model M.

Proof. Let d* be a design such that S+ is permutationally similar to 1,1, — I, —H,, t > 3.
Due to Filipiak et al. (2012) we have

det (oI, — (H, + H))) = =2+ x' + ' )
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a—Var—4 a+var—4
_e-ve-t etV md 10
X > y > (10)

Observe that for « > 2 the following inequalities hold:

— (-2 2 ata-—2
O<x<w=1, oz——:—“<y<a+a=ot. (11)
2 o 2
From (9), (11) and binomial evaluation
detCyo, = det (oI, — (H, + H))) = 1)

=24x+y >y 2> (@-2) -2>a —20a'2-2.

(a) Letd e B'J,,,,z,,. Observe, that for t > 4 and 0L2 € (0, oo] we have a > 2 and the claim
follows directly from Lemma 1. For 7 = 3 there is only one block in the design (S; = Py,
P, € P,) and from (6) it follows that C; , = ; + ——E; does not depend on the design.

(b)Letd € Rys—24 \ th,,,z,,. Due to (4) and (7) we may write

~ t—2
Cuo =1 ( - 2)2> I — S8, + (t — H1,1,. (13)
L

Recall that for every hermitian matrix the product of the eigenvalues of the matrix is
majorized by the product of the diagonal entries of the matrix; cf. Marshall and Olkin (1979).
Observe that the row and column sums of S, is r — 2. Since forevery d € R, 2, \ Br1—2.
at least one entry of S, is not smaller than 2, at least one diagonal entry of the matrix on
the right-hand side of (13) is not greater than % +@t -2 —t+@—4)=a—2,and
the remaining diagonal entries are not greater than % +t-2—-t -2+t -4 =0.
Hence

t
detCyy < ]_[ Cio), <o N —2). (14)

Comparing (12) and (14) we obtain
o N a—2)— (' —2ta' 2 =2) = 2! 2(t* =61 +2)+2 <0

fort > 6. If t = 5 we obtain the claim by comparing (14) with (a — E) - 2.

Let 7 = 4. Then the design with the given structure of left-neighboring matrix cannot
exist. The only design from the class Bys 4 is a design with the left-neighboring matrix
permutationally similar to 1412‘ -1 — Hi. For example, such a design has the form:

dy = <1 23 4). The remaining designs can be constructed by relabeling treatments in

1432
this design. D-optimality of d, is proved by direct comparison of d; with all equireplicated
designs. -
For t = 3 all designs from R3 ;3 \ B33 are disconnected. Il

We should note that under the fixed interference model the designs given in Theorem
2 are D-optimal over the class D, ,_,,; cf. Filipiak et al. (2012).
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4.2. D-optimality Over ﬁt,t, f
Assume d € Z/S’\,,,,, and P, € f’,. From (6)

207 o?
Coo=t—-—L5 L - 1,1+ —L— (P, +P)).
I +toj 1 +to}

Similarly as in the previous sections, to characterize a D-optimal design it is enough to
compare the determinants of lt’fz Cio+11)=al, + Py + P a=1>-2+ ﬁ for
different matrices P,. For convenience, we denote the above matrix by C; .

The following lemma will be useful in proving D-optimality results.

Lemma 2. [Filipiak et al., 2012] If P € 73, is permutationally similar to

(i) I, ® H, fort =3m, m € N\ {1};
(ii) diag(I,, ® Hz, Hy), for t =3m+4,m e N;
(iii) diag(1,, ® H3, Hs), for t =3m+5 meN, ~
then det(ad; + P + P'), a > 2.5, is maximal over Py. Moreover, if 2 <t <5 then
the determinant of a1, + H; + H; is maximal over P, for a > 2.

Now we state the following.

Theorem 3. If there exists a design d* € B’\,,,,,, t > 3, such that Sy+ is permutationally
similar to

(i) L, ®H; + 1,1, — 1, fort =3m, m € N;
(ii) diag(I,, ® H3, Hy) + 1,1, — L, for t =3m+4, m e NU {0},
(iii) diag(I, ® H3, Hs) + 1,1, — I, for t =3m +5,m e NU{0},
then d* is D-optimal over ﬁ,,,,, under the interference model M.

Proof. Letd* be a design such that S+ is permutationally similar to the respective matrix
from the theorem. Due to Filipiak et al. (2012) we obtain

—2+x"+y, for even ¢,

2+ x4y, for odd ¢, (15

det (oI, + H, + H)) = {

with x and y defined in (10). Observe that for ¢ > 2.13 the following inequalities are valid:

a—(x—1) 1 3 a+a—1 o+«
O<x<——m = —, 00— —=——=<y<
- 2 2 20 2 - 2

=a. (16)

From (15) we have

deted*ﬂz
(2+x3+y%)", fort =3m, m € N,
=1 Q@+ +y)" (=24 x*+)*), fort=3m+4, meNU{0},
2+x*+y*)" 24+x°+y°), fort=3m+5 meNU{0}.

Using (16) we may write

y—2y'* fort =3m+4, m e NU{0},
t

dete * > ..
4o { v, for remaining 7.
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It is easy to see that det éd*,a > y' —2y'~*. Observe that sincea > 7,y > o — % Thus,
using binomial evaluation,

det/(id*,(T > (a _ %)174 at — 6% + ? + 12;4 _ 2%) -
> (at74 %(t2 )t 6) (a4 —6a2).

(a)Letd € B\,,,,,. Observe that for every r > 3 the parameter ¢ > 2.5 and the claim follows

directly from Lemma 2.
(b)Letd € R, \ B;;;. Due to (4) and (7) we may write

~ t
Cuv =1 (—2 + zz) I, — S8, +11,1,.
or

Observe that at least 7 off-diagonal entries of S, are not smaller than 2, or at least one entry

of S, is greater than 2 and in both cases at least one off-diagonal entry of S, is zero. Thus

at least one diagonal entry of Cd o is not greater than ¢> + L_ —@G+4+t—dH+t=a-2,

and the remaining diagonal entries are not greater than «. We obtain

t
det (Cy.0) ]_[ (Cuo).. < o' '@ —2).
i=1
It is enough to show that

al =207 < (a’4 — @atﬂ (a4 — 6a2).

‘We obtain
al —2at1 — (0{’ —4 3(t 4) al~ 6)( — 6 )
= —a'™* (203 — 3ta? + ot —4)) =
- —a’_4(216 a1t 1203 42482 — 31 — 524 (17)
+t(2t2 +3t02Q2t —t —4) + 6041t — 13 — 42 + 2t + 4)))
oo )

Observe that both 276 — 317 — 12¢* + 1213 + 2412 — 3t — 52 as well as 2t2 + 3t0>(2t* —
t —4) +60*(t* — t3 — 41> + 2t + 4) are positive for every t > 3 and the expression in (17)
is negative. O

We should note that under the fixed interference model the designs given in Theorem
3 are D-optimal over the class D, ;_,,; cf. Filipiak et al. (2012).

4.3. Remarks

Since the following relation holds between the information matrices Cy ,,, u € {0, o, oo}:
Cio =1 Cio <1 Cup

(cf. Markiewicz, 1997), all the results for model M, hold also for model M .. Moreover,
since the designs which satisfy the conditions of Theorem 4.1 and Theorem 4.2 are binary
and complete, they are balanced with respect to the blocks. Such designs are universally
optimal over D 5, , under the model My; see, e.g., Shah and Sinha (1989).
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From Filipiak et al. (2012) it follows that D-optimal designs under the fixed and mixed
interference models have the same structure of left-neighboring matrices. Thus all the
construction methods may be applied.

Recall that a D-optimal design from R,;_», can be constructed from a CNBD by
removing one arbitrary block. A catalogue of CNBDs with ¢t =k, b =t — 1 is given in
Azais et al. (1993). Observe, however, that for t =6 a CNBD withb =t — 1 and r =k
cannot exist. Moreover, numericaLcalculations show that a design with S; = 15 1/6 —Is—Hg
does not exist either. In the class Bg 4.6 there exist only designs with left-neighboring matrix
permutationally similar to 1615 — Is — diag(Hy : Hy) (say Sy,) or 161y — Is — I; @ H; (say
S4,). For such designs we have

det (del,g — det (de%g =
1024(1 4 407)* (210} 4 130} +2)>  4096(1 4 407) (1 +307)°

12 12
o o

L
1024(1 4+ 402)%(1 + 302)?
1+ UL)( + UL) -0

8
op

for every 0L2 € (0, oo]. Moreover, for a design d € Rg 4.6, from (14)

128(1 + 302)(2 + 762)

detCyo < a(a —2) = -
or

and

128(2 + 702)2(1230F + 11967 + 3807 + 4) 0
>

10
op

det ffdm — det éd_(, >

for every (7,% € (0, oo]. Thus the design d; is D-optimal over R¢ 4.6.

Example 3. The following design is D-optimal over R 4.6:

6 2 4 5

1
1
1
1

N B~ W
B D W
N W N AN

4 6
6 5
3 2
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