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Abstract

A well-posedness theory for the initial value problem for hydroelastic waves in two spatial
dimensions is presented. This problem, which arises in numerous applications, describes the
evolution of a thin elastic membrane in a two-dimensional potential flow. We use a model for
the elastic sheet that accounts for bending stresses and membrane tension, but which neglects
the mass of the membrane. The analysis is based on a vortex sheet formulation, and following
earlier analyses and numerical computations in 2D interfacial flow with surface tension, we
use an angle-arclength representation of the problem. We prove short-time well-posedness in
Sobolev spaces. The proof is based on energy estimates, and the main challenge is to find a
definition of the energy and estimates on high-order nonlocal terms so that an a priori bound
can be obtained.

1 Introduction

The hydroelastic problem describes the interaction between elastic bodies and hydrodynamic flow.
We are interested in the particular version of this problem where an elastic sheet or membrane
evolves in a potential flow. This problem is important in biology, medicine, and ocean engineering,
and arises, for example, as a model for the dynamics of flapping flags [1], heart valves [28], ice
sheets in the ocean [36], and very large floating structures [35]. A review which summarizes recent
work on the analysis, numerical simulation, and applications of the hydroelastic problem is given by
Korobkin, Parau and Vanden Broeck [29].

This paper presents an existence and uniqueness theory for the initial value problem for hy-
droelastic waves. Recently, Plotnikov and Toland [32] derived nonlinear equations that model the
interaction of a thin, heavy elastic sheet with a three-dimensional inviscid, irrotational fluid. Their
derivation is based on the Cosserat theory of shells satisfying Kirchoff’s hypothesis, and accounts
for bending stresses in the sheet as well as a membrane stretching tension. A similar model for
the bending stress can be derived from minimization of the Willmore energy functional. Here, we
consider a model for the 2D hydroelastic time-evolution problem (that is, a 1D interface evolving
in 2D fluid flow) that is consistent with the hydroelastic formulation of Plotnikov and Toland, but
which neglects the mass of the elastic membrane. The model is derived follwing the approach of
[12]. Our main result is the local well-posedness of this problem.

The mathematical analysis of fluid-structure interaction presents significant challenges, and the
only rigourous results for the hydroelastic problem that we are aware of are on the existence of steady
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traveling waves [33, 38, 39]. There is more work on the well-posedness of models for the interaction
of a viscous (Navier-Stokes) fluid with an elastic membrane or solid. For example, Cheng et al. [14]
have developed an existence and uniqueness theory for the problem of a nonlinear elastic ‘bio-fluid’
shell interacting with a viscous incompressible bulk fluid governed by the Navier-Stokes equations.
Their model for the elastic shell involves a bending stress which extremizes the Willmore energy
functional, similar to here, and a membrane or surface energy that is a function of the local area
ratio. Wang et al. [40] prove the local well-posedness of an elastic surface model consisting of
a viscous incompressible membrane fluid, but neglect the interaction with the bulk fluid. Their
work generalizes an earlier analysis by Hu et al. [27]. Other work includes existence results for the
interaction of a viscous fluid with, respectively, an elastic body moving in the fluid interior (e.g.
[20]), finite thickness elastic shells [15], and regularized models of elastic plates (e.g. [13]). At first
glance, one might surmise that theory developed in this paper can follow from the zero viscosity limit
of [14]. A difficulty with this idea is that the Navier-Stokes and Euler’s equations admit different
kinds of boundary conditions, and the relationship between the zero viscosity limit of Navier-Stokes
and Euler remains an open problem.

The approach developed in this paper relies on a boundary integral formulation of the hydroelastic
problem. The analysis uses several important ideas from the numerical work of Hou, Lowengrub and
Shelley (HLS) [25] and the analysis of Ambrose [3] of the initial value problem for vortex sheets with
surface tension. These works recast the evolution equation by using the tangent angle # and the
arclength s as the dependent variables, rather than the natural Cartesian variables z and y. This
choice of variables simplifies the curvature terms in the evolution equations. Additionally, they make
a special choice of the tangential velocity V (a,t) of the interface (which may be chosen arbitrarily,
and defines the parameterization «) so that s, is independent of a. With this choice of V', the
parameterization, normalized so that « is between 0 and 27, is an equal arclength parameterization.
There is a jump in velocity at the interface which is then a vortex sheet, and we denote the vortex
sheet strength by . These choices simplify the analysis since the leading order or high derivative
terms are linear as functions of 8 and ~.

The analysis requires special care in the handling of terms with the highest number of spatial
derivatives, which are contained within a singular integral operator known as the Birkhoff-Rott
integral. To facilitate this, our proof makes use of the small scale decomposition (SSD) introduced
in HLS. In the SSD, the leading order or highest derivative terms that are dominant at small
spatial scales are identified and written in a simple form involving Hilbert transforms, rather than
the more complicated Birkhoff-Rott integral. The small scale decomposition was used in HLS for
computational purposes, but here it is employed in an essential way to simplify terms that need to
be treated carefully in the analysis.

The main result of this paper is that the initial value problem for the hydroelastic flow of a
periodic interface is well-posed in Sobolev spaces. In particular, given periodic initial data 6(-,) € H®
and (-, 0) € H*73/2 for s large enough (so that the interface variables z(c, t) and y(a,t) are in H**')
there is a nonzero time in which the solution exists, is unique, has the same regularity as the initial
conditions, and depends continuously on the data.

The proof uses energy methods. The analysis is similar to that for vortex sheets with surface
tension in [3], and the main challenge compared to the previous analysis is that the elasticity intro-
duces higher order (nonlocal) terms, some of which are nonlinear. This requires a different definition
of energy and more care in the energy estimates to achieve closure, that is, a bound on the time
derivative of the energy by a function of the energy itself, which is a critical step in the proof.

The rest of this paper is organized as follows. In §2 we present an instructive example that illus-



trates the essential features of the energy estimate. Governing equations and preliminary estimates
are presented in §3 and §4. The main existence proof is given in §5, and uniqueness and continuous
dependence of the solution on the data is demonstrated in §6. Concluding remarks are given in §7.
The appendix §8 derives an expression for the pressure jump at the interface that is used in the
model.

1.1 Function spaces, norms, operators, and notation

Derivatives with respect to the independent variables ¢ and « will be denoted either by using the
partial derivative operators d; and O, or with subscripts; thus f; = 0;f, fo = Oaf, faa = 0> f, and
SO on.

We comment now about the function spaces we will use. We use the L?-based Sobolev spaces in
the 2m-periodic setting. For f € H* with k € N, we use the following as the norm:

1/2

1= ([ 7@+ @@ da)

For f e H’”%, with k € N, we use the following as the norm:

1/2

ey = ([ 7(0) + @7 (@)(HOE f(@) da)

Here, H is the periodic Hilbert transform, which has symbol H’(g) = —isgn(§). (Notice that if f has
mean zero, then H2f = —f. For more information on the periodic Hilbert transform, the interested
reader might consult [24]). Using Plancherel’s Theorem, it is clear that

1/2
1 f sy = (Zﬁ:(l + IEIQ’““)If(f)IQ) ;

so this is equivalent to any other usual definition of the H k3 norm.

We will frequently use the notation A for the operator A = Hd,; with this definition, the symbol
of A is A(€) = [¢], and this implies that A is self-adjoint. This implies the following, which we will
use many times:

d 27 27 27
a /O gAg da = 2[0 gAg, do = 2[0 giAg do. (1)

This will be relevant as we estimate the growth of quantities which are equivalent to H k3 norms.
We will sometimes use the projection P, which removes the zero mode of a periodic function:

27
Pf:f—%fo f(a) da.

We may sometimes denote the mean of a periodic function as { f), so that we could say Pf = f—{f).
We also introduce the mean-zero antiderivative operator, d;'. This is defined through its symbol as
;' f(k) =+ f(k), for k#0, and 931 f(0) = 0.



2 An instructive example

Let c1, co, c3, ¢4, and c5 all be positive constants. We consider the following linear system, which
has the same types of leading-order terms as the hydroelastic wave system we will be studying.

0 = H(7va) + (c1 - c2)0 H(7),

Ve = —c300aaa + (C4 - C5)9aa

The coefficients of the second terms on the right-hand sides, which are ¢; —co and ¢4 — ¢5, are written
this way to make clear that we will be able to estimate these terms regardless of whether these
coefficients are positive or negative. For the purpose of the present example, we take (6,v) to be
a solution of this system which is sufficiently smooth for all of the integrals we are about to use to
make sense.

The energy we will estimate will serve as an upper bound for a constant times the square of the
H3-norm of # and the square of the H*?-norm of . We let E(t) be given by

E(t) = Eo(t) + E1 (t) + Eg(t) + Eg(t) + E’4(7f)7

where

1 2 9 9
Eo(t):f[ 0+~ da,
2 Jo
27
Bi()=3 [7(020)" da.

()= [ (@) (A0u7) do

and F3 and F, will be defined shortly.
Taking the time derivative, it is straightforward that the growth of Ey is bounded in terms of FE :

dE,
—Y <cE. 2
7S¢ (2)

We next take the time derivative of Fj :
dE
il [ (926)(826,) da.

Substituting from the evolution equation for 6, this is

@_c f (920)(HO') da+03(cl—62)f (9260)(HO) da. 3)

Next, we take the time derivative of Fs :

dE
] f (80y) (ADuyy) dav.

Plugging in from the evolution equation, this is

dEs

27 5 27 3
—r=c fo (Do) (AD20) da + (cq — c5) fo (0a7)(AD,0) da.



We use the fact that A is self-adjoint, and we use the definition A = HO,, :
dE2 ~ 27 9 5 27 9 3
e (HO57)(050) do+ (cq —c5) A (HO57)(050) dao.

We integrate by parts twice in the first integral on the right-hand side:

dE 27
Loy [T HOE)@30) da+ (es—c5) [ (HEE)(@320) do. 4
We add (3) and (4), finding that the terms with the most derivatives cancel. We are left with
% + d£2 [(ca+c1e3) — (c5 + cacs)] [ (HO2)(920) da. (5)

Notice that this integral is not bounded in terms of the energy, since the energy controls three
derivatives of 6 and 3/2 of a derivative of 7; thus, this integral contains terms with 1/2 of a derivative
more than we can control. We will cancel this by using F3 and F,, which we now define as

d 2m
By =5 [ (020)* da,

d 27
Bi(t) =2 [ 5(0) da.

The positive constants d; and ds will be specified soon.
We take the time derivative of Ej5 :

@_d[ (926)(826,) da.

Plugging in from the evolution equation, this is

i

d, f (920)(HO~) da+dy(c1 - ¢2) f (920)(H.7) da.
We integrate by parts once in the first integral on the right-hand side:

27
dES -4, [ (D30)(HO2) do+di(er —c2) [ (820)(HOu) da (6)
0
We next take the time derivative of Fy :
dE,

27T
—:df Av,) da.
= 207(%)04

We plug in from the evolution equation, finding the following:

dE, 2 A2
o —czda f Y(A9,0) do+ da(ca —c5) f V(AD,0) da
0 0

For the first integral on the right-hand side, we use the fact that A is self-adjoint, and we use the
definition A = Hd,, and we also integrate by parts once (we also use A = Hd,, in the second integral):

dE,

27 5 3 27 3
L= cady fo (HO2)(920) da+ d(cs - c5) fo +(H826) da. (7)



We now add (5), (6), and (7), to find the following;:

dE, dFEy dE dE 2m
d—tl + d—tz + d—t?’ + 7; =[-dy + c3da + ¢4 + 103 — 5 — C2c3] /(; (H@i’y)(@i@) da
27 21
rdi(er—e2) [T (020)(HOuy) da+da(es—cs) [~ A(HO0) da (3)
0 0

If we choose
Cs + CaC3
dy =c4+cie3, dy = ——,
Cc3

then the first integral on the right-hand side of (8) vanishes. We then have

dE, dFEs dEs dE, ELISION 2m 3

L ER L E0 S (e ) [ (020)(HOun) da+ da(es = c5) [ A(H0) da
di + di + di + dat 1(c1-c2) 0 (020)( ) do+da(cq —c5) 0 V(HOL0) dev
Since the remaining integrals involve at most one derivative of v and at most three derivatives of 6,

this can be estimated in terms of the energy:

@+@+@+@30E. (9)
dt dt dt dt

Adding (2) and (9), we get

dE dEy, dE, dE, dEs dE,
—=—+—+—+—+—<ck.
dt dt dt dt dt dt

This implies that the energy grows at most exponentially. Since the constants dy, ds, and cs are

positive, we have the following:

. [1 c: c
min {2 24 (1013 + 1h1.) < B() < BO)e

Thus, the norm of (6,+) grows at most exponentially.

3 Equations of motion

In this section, we formulate the evolution equations for periodic hydroelastic waves, using the 6 — L
formulation of Hou, Lowengrub, and Shelley [25], [26]. This formulation has previously been used by
the first author to develop the well-posedness theory of vortex sheets, water waves, and Hele-Shaw
flows [3], [4], [5], [7]. Other authors have also used this formulation to prove results for water waves
and Hele-Shaw flows including well-posedness, stability, and regularity results, among others [16],
7], [19], [21], [23], [42], [43].

We consider an interface S separating two inviscid, irrotational, incompressible fluids. The lower
(respectively, upper) fluid is denoted by a subscript 1 (respectively, 2). The one-dimensional free
surface is (z(a,t),y(a,t)), where « is the parameter along the curve, and t is time. We take the
curve to be 2w-periodic, so that

x(a+2m,t) = z(a,t) + 2m, y(a+2m,t) = y(a,t),



for all o and ¢. We let £ and fi be the unit tangent and normal vectors along the curve, defined as

(xomya)7 fi= (_waxa)’

Sa Sa

=

with the arclength element, s, defined by

2 _ .2 2
Sa_xa"’_ya‘

We let U and V denote the normal and tangential velocities of the free surface, so that
(z,y)¢ = Un+ V. (10)

We introduce 6, the tangent angle that the curve forms with the horizontal, defined as 6 =
tan™! (Yo /o). We can infer evolution equations for s, and 6 from (10) [25]; we find

Sa,t = Vo - aaUa (11)
Uy + Ve,

Sa

0, (12)

We make note of the following geometric identities:
ta=0,-0,  f,=-0,-t. (13)

Of course, we also have the relationship between curvature and tangent angle:

While the normal velocity is dictated by the physics of the problem, the tangential velocity is not.
That is to say, changing the tangential velocity only changes the parameterization of the interface,
and so we may use the tangential velocity to enforce our preferred parameterization. Our preferred
parameterization is a normalized arclength parameterization: we would like s, to be independent of
a. If we let L(t) denote the length of one period of the curve, then we would like s, (o, t) = L(t)/27
for all ¢. If this equation holds at the initial time, then it will hold at later times as long as

Ly
2

Sa,t =

Since L(t) = fo27T sa(a,t) da, we see from (11) using the periodicity of V(«,t) that

2
Ly=- 0, U do.
0
Considering again (11), this implies
Ly
Va=—+0,U=P(60,U). (14)
27
Integrating, we thus have
V =0 P(0,U) + V(0,t). (15)



The integration constant V' (0,¢) is later chosen so that the mean of V is the same as the mean of
W -t.

Since there is no vorticity in the bulk of the fluid, we are able to use a vortex sheet formulation.
The average of the upper and lower fluid velocities evlauated at the interface S is denoted by
W = (W, Ws) and is specified by the Birkhoff-Rott integral. In terms of the complex notation
(z,y) — = + 1y, the Birkhoff-Rott integral is given by

Wy = iWs = ﬁPv fo%v(a') cot (%(z(oa) - z(o/))) dol’ (16)
The curve z is the complex form of the interface (x,y) :
z(a,t) = z(a,t) +iy(a,t).
The normal velocity is the normal component of the Birkhoff-Rott integral:
U=W-i. (17)

The function v is the vortex sheet strength; it is the jump in velocity (lower minus upper fluid)
across the interface. Since the velocity potential on each side of the interface satisfies a Bernoulli
equation, upon taking the limit at the interface, an evolution equation for the jump in potential
across the interface can be found. Differentiating this leads to the following evolution equation for
’)/ N

2

2 [p]oc + %((V_Wf)v)a - 2A(QI;_‘_VVt E + %’77& - (V_WE)WO( -‘E+gya). (18)

pP1+ P2

Ve =~

where [p] = (p1 - p2)|s is the jump in pressure at the interface and g is the acceleration due to
gravity. For details of the derivation of (18), the reader could consult [7] or [10] . The jump in
pressure across the interface is given by (see §8)

3
[p] = By(kas + 5 = c(t)r) (19)

In the above, p; and po are the densities of fluid 1 and fluid 2, respectively. The Atwood number,
A is A= ﬁ, and FE} is the bending modulus.

We present a nondimensionalized version of the equation for 7. Lengths are nondimensionalized
by a representative length of the periodic domain I, pressure is made dimensionless by Eg/I3, the
surface tension parameter c(t) by Eg/I?, velocity by /Ig, v by /g, and time by \/l/_g Introduce
the dimensionless parameter

S = L.
(p1+p2)lg

The nondimensional equation for « is then

%:S( Kaa K> _ ) +((V—W~f)’y)a

Sa

2
-2A (Wt-f)sa—(V—W~f)Wa'E+;304(72)+ya]~
Sa



If we use the relationship & = 6,/s,, and distribute the derivative on the first term on the right-hand
side, this is

4 2 _ £
%:S(_aae_ 362000 +Cleaa)+ (V-W -

s3 2s3 Sa Sa

2
—QA[(Wt )80~ (V-W-t)W, -t + %aa (72) +ya] . (20)
Sa

3.1 Approximating the Birkhoff-Rott integral

We introduce a bit of notation which is helpful to us as we switch back forth between real and
complex notation. We let ® : R? - C be the complexification map,

®(a,b) =a+ib.

Thus, for instance, z = ®(x,y). We will denote the complex conjugate with *, as in z* = x — iy.
We introduced previously the periodic Hilbert transform, H, but we only discussed it in terms
of its symbol. There is an integral form of the Hilbert transform; if f € L2, say, then

1 2 1
Hf(a) = —PV f f(a") cot (f(a - o/)) da'.
27 0 2
We notice that (16), the formula for the Birkhoff-Rott integral, looks something like the Hilbert

transform. We thus introduce the following operator, which is the error in approximating an integral
like (16) with a Hilbert transform:

K[za]f () = ﬁfozﬂ £(a") [cot(;(zd(a)—zd(a')))— Za(la,) cot(;(a—o/))] Ao/, (21)

Here, we have introduced the quantity z4, which is defined as
Zd(Oé, t) = Z(O[7t) - Z(0>t)a

we have already used in (21) the fact that z(a,t) — z(a,t) = zq(,t) — z4(/, ). It is convenient to
use z4 instead of z because zg is determined uniquely from 6, while z is not. Notice furthermore
that 0,2z = 0,24 We will also need the commutator of the Hilbert transform with multiplication by
a smooth function:
[H,¢]f () = H(¢f) () = () H(f) ().

The operators K[ z4] and [H, ¢] are both smoothing operators; estimates demonstrating this smooth-
ing will be given in Section 4 below.

We will not provide the full details here, but having introduced these operators, we are able to
write W, as follows:

W, = %H(%)ﬁ - %H(yea)f +m, (22)

where m is a collection of smoother terms given by

®(m)* :za;c[zd]((l)a)y;%[H,Zlg](za(l)a). (23)



Formulas (22) and (23) were initially developed by the first author in [3], and used subsequently in
several papers, including most recently [5].

We now give a useful formula for V' — W - t. Notice that we can use (13) to find that (W -t),, =
W, -t+(W-i)b,. Since V,, = QL—; +6,U, and since U = W -1, we see that

. . L
(V-W-1)q=-Wg,-t+—".
2

We substitute from (22) to find

(V=W -8) = TH(y00) -m -+ 2.
L 2

This can be rewritten by using the operator P; note that the left-hand side has no mean, and that
a Hilbert transform has no mean. Thus, we have the following:

(V-W-b)o = ZH(16.) - P(m-).
We apply the operator d;', and we also introduce the notation Viy =V - W -t get
Vi = 0! (%H(’y&a) —IP’(m«‘E)) . (24)

We note that it is implicit in this that the mean of V is chosen to be the same as the mean of W -t;
this is possible since the equation defining V' is an equation for V,,, and the mean of V is then free
to be chosen.
We close this section with an expression for ;. We start from (12), and we use the equation
U =W - to find
Uy =W, -fi— (W-t)b,.

Together with (22), this implies

272

2
2 L

Gt: L

H(vq) + Z%VWOQ +—m-i. (25)

3.2 Calculation of (W, -t)s,

In this section, we will rewrite (W - t)s,, which appears on the right-hand side of (20). To begin,
we can write W, as

P(W)) = ﬁPVf Y (a') cot (%(z(a) - z(o/))) do/
- %PV / () (z(a) - z(a)) esc? (%(z(a) - z(a'))) da’.

We then write (W, t)s, as
(Wi t)sa = Tlzal(m) + R,

10



with the operator J[z4] defined by
TLzal(P(@) =Re 2PV [ f(a)eot(5(:(0) - 2(a")) dar}.
and the term R is given by
R-=Re {—%PV [ @) @) -zl esc? (%(z(a) _ z(o/))) do/} .

We will continue to rewrite R. To begin, we put in some factors of z,(a’) and recognize a perfect
derivative:

R:Re{ P f 1(a ,) (ze(@) = z(a")) za (') csc? (%(z(oz)—z(o/))) do/}

= Re {_ZL;iPV ;((0;’,)) (ze(@) = 2e(a') Do (cot (%(z(a) - z(o/)))) da'} :

We then integrate by parts:

R- Re{;TQZ.PVfaw (’Y(o/)(Zt(oe) _Zt(a’)))cot(;(z(a) _Z(O/))) do/}

za ()

We apply the derivative, and write R = R1+ Ro, where Ry and Ry are given by the following formulas:

Ry ZRe{—:;‘Z_PV wcot(%(z(a)—z(a’))) do/},

za ()
Ry = Re{4mPVf O ( ) (ze(a) = z: (")) cot(;(z(a) - z(o/))) da'}.

Of these, we need to continue to rewrite Ry, since it has significant terms we need to treat carefully.
For Rs, we need to rewrite it in order to see that it contains no such significant terms. We treat Rs
first, by using K :

Ry = —Re {;‘;[H ] (Zla (;)Q)} +Re {zazth[zd] ((;)Q)} “Re {zaK[zd] (zt (;)Q)} . (26)
We add and subtract in R :
Ry = Re {—QZH (fé“ )} ~Re {zalC[zd] (VZ“ )} .

To extract the important terms from this, we need a useful expression for z;,. We know that
2o = 54€% and s, = L/27, so we have

Ly . Ly ,
Zto = —2€ 100,20 = =L 20 + 0120
2w L

11



Using this, we have the following for R; :

e (2 e ()] refekcal2)

To continue, we substitute for 6, from (25):

=T () e T (P e T (20

L2 Za Za Za

+Re {—ZO‘Lt H (%)} -Re {ZQIC[zd] (’yzm )} . (27)

2L Za

Next, for the first two terms on the right-hand side of (27), we pull some things through the Hilbert
transform, incurring commutators in the process:

w2 ™ 7r22a y TZa Viy
RI—LQ’V'VOL_LVWH('VQQ)"'RG{_ 72 [va] (H('}/a))}"_Re{_L [Hvz] ('VQQ)}

+Re{—%ﬂ(7m'ﬁ)} +Re{—Z“LtH(l)} —Re{Za’C[Zd] (%”‘)}. (28)

2 2L 2 2,

We give the name R3 to the sum of the last four terms on the right-hand side of (28), so that we

have
2

s ™
Rl = E’Y’Ya - ZVWH(’YHQ) + RB- (29)

The conclusion of this subsection is the following formula:

2
~ T Y
(W -t)s, = —ZVWH(vé’a) * 72 Vet J[za]ve + Re + Rs. (30)

We will estimate J[z4](7:), Re, and Rs in Section 4 below.

3.3 Our small-scale decomposition

We are now going to rewrite the above evolution equations in an important ways: we will emphasize
the terms in the 6, and 7, evolution equations which must be treated carefully in the energy estimates.
We pick up from (20), and we replace s, with L/27w. We also introduce the notation
~ S 8mS
S(t) = 73 = .
s L3

[

We also apply the a—derivative in the second term on the right hand side in (20). These considera-
tions yield the following:

27
Yt = S —aie - 0aa §93 - L7, + 27r’78aVW i 27TVW’7(1
2 472 L L

. .1 4m2~2
—QA[(Wt-t)SQ—VWwa't‘FSaa( L;/)_ya:|~

12



Next, we substitute for both (W, -t)s, from (30) and for W, - £, using (22). In doing so, there is
an important cancellation, since both of these terms contribute a term 7 Vi H (7v04), with opposite
signs. After making this cancellation, we are left with

27
e = §(—a§t9—9w (‘393 Lo )) L 2m0%aVw | 27V

472 L L
2

~ v
—QA[j[Zd]% +Ry+R3-Vyym-t+ 72V Ya = Va

which is an integral equation for ;. Finally, we group together some like terms, writing the integral
equation above as

Ve = =8040 - S000Q1 + 70 Q2 + Qs, (31)
where @1, @2, and Q3 are the following collections of smoother terms:
3., L%
= t)=-07 -

Ql Ql(aa ) 9 a 471_2 )

27TVW 2A7T2

= t) = e

QQ QQ(O&, ) L L2 Vs
2my0s Viv .
Qs = Qs(a,t) = —7 - 2AT[za]ve — 2ARs - 2AR3 + 2AVyym - t — 2Ay,,.

It will be helpful to have a brief notation for the evolution equations, so we introduce the following:
(9,'7)15:8:(81,82)~ (32)

The definitions of By and Bs are clearly just given by the right-hand sides of the the equations (25)
and (31).

4 Preliminary estimates

We present without proof several important lemmas that are used in the subsequent estimates. The
proofs of Lemmas 1 through 5 can be found in [3]. A version of Lemma 6 also appears in [3], but the
particular form of the statement and proof of Lemma 6 is from [18] (see also [10] and [41]). Versions
of many of these lemmas may also be found in [6] or [11].

The first lemma is a standard interpolation lemma for Sobolev spaces:

Lemma 1 Let m >0 and £ > m be given. Let f € H be given. Then, the following inequality holds:

e W W P (33)

The remainder operator K is a smoothing operator; the following lemma makes this precise.
Establishing this requires an assumption on the chord arc quantity

za(a) — zq(a’)

Q1(a7a,) = ’
-«

which states that the interfacial curve z4 is not close to self-intersecting.
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Lemma 2 Let n > 2 be an integer. Assume zq € H". Assume there exists 51 >0 such that for all a
and o,

‘Q1(O‘7O‘,)| > 61~
Then K[zq]: H' = H™ and K[z4]: H® - H"2, with the estimates

IKTza]fln-1 < Cif[ £l exp{Ca]zaln} ,

IKlzalflln-2 < Cif[ floexp {Ca[zaln} -

We also will need a Lipschitz estimate for K, when we establish uniqueness and continuous
dependence of solutions.

Lemma 3 Let 0 and 0" be in H>. Let L and L' be the corresponding lengths of the associated curves
zq and 2, and let g1 and q] be the associated chord-arc quantities. Assume there exists positive
constants $1 and By such that L < By and L' < 3o, and for all a and o,

a1 (e, @) > Br, i (e a)[> Br

Then the following Lipschitz estimate holds, for any f € H3:

IK[zalf = K[zalflls < 6= 0[[3] /5.

A version of Lemma 3 was proved in [2] giving an estimate in H' rather than H*. The same proof
goes through, however, in H?, so we omit it.

We have two different commutator estimates for the commutator of the Hilbert transform and
multiplication by a smooth function. The first of these yields less regularity for the commutator,
but requires less regularity on the functions.

Lemma 4 Let n > 1 be an integer. Let ¢ € H™ be given. Then [H,¢]: H® - H" ' and [H, ] :
H™' > H" 2 with the estimates

ILH, 61 f [n-1 < cldlnl flo,
ILH, 61 f[n-2 < cldllnl fl-1- (34)

Our second commutator lemma gives higher regularity of the commutator, by requiring more regu-
larity on the functions.

Lemma 5 Let j > 1 be an integer. Let n > 2j be an integer. Let ¢ € H" be given. Then, [H, 9] :
H"™ - H™, with the estimate
ILH, 01 f [ < cldllnl flln-j-

We need a lemma giving solvability of our +; integral equation (31).

Lemma 6 Assume zq € H™ for n > 3. The operator (I + QAJ[zd])_l is bounded from H® to H°,
with the estimate .
|(7+247 1) F| < erexpiealzals}IFlo.

14



5 Existence

Before proving existence of solutions, we first must introduce a regularized system of evolution
equations. We will first prove existence of solutions for the regularized system, and then prove
energy estimates for the regularized system. We will then be able to pass to the limit as the
regularization parameter vanishes, finding that solutions of the non-regularized system of evolution
equations exist.

5.1 The mollified system

We will need to be careful about reconstructing a curve from a tangent angle; this is because not
every periodic tangent angle function will lead to a periodic curve. In particular, say 7 is our tangent
angle function, perhaps at a step of an iteration procedure (so that 1 cannot be assumed to be a
solution of our evolution equation). First we concern ourselves with defining the length of the curve;
this comes from the horizontal periodicity.

The derivative of the horizontal component of the curve to be constructed from 7 is

raln L] = 5 cos(). (35)

The horizontal periodicity requires that z[n, L](27) — 2[n, L](0) = 27, so we have

2 L 27
21 = / Zo[n, L](a) da = — / cos(n(a)) da.
0 2 Jo
Solving for L, this is
472

jo% cos(n(a)) da

For yu[n, L], we want f027r Yo, L](a) da = 0. To enforce our periodicity condition on x[n, L],
we were able to choose L[n] accordingly; there is no corresponding choice we can make in this case.
Instead, we simply must project the mean away. We define y,[7, L] to be

Lln] =

yalr) = A ingy), (36)

where P is the projection which zeros out the mean.
We must define the mollified curve, and we use the above discussion as guidance. We let 6° be
given. We let the length, L, be defined as

LF =L[6°].
Naturally, since S = 87;,5 , we will use the notation S¢ :
5;6 _ 871'35 .
(L5)?
The derivative of the curve is given by
LE
xf, =xa[0°, L°] = — cos(6°), (37)
2w

15



LE
Yo, = Yal0°, L] = —Psin(6°). (38)
2T

The mollified curve is then defined by integrating:
L ro
25=— [ cos(6%) + iPsin(6%) da, (39)
2 Jo
and the unit normal and tangent curves are defined to be
t° = (cos(6#°),sin(6%)), A = (—sin(6°), cos(6%)). (40)

(Note that if 65 does not satisfy Psin(6°) = sin(6°), then these vectors £° and #° are not actually
the unit tangent and normal vectors to the curve zj;. We will ensure that when 6¢ is a solution of of
the evolution equation (to be defined), that the property Psin(6°) = sin(6°) holds.)

For the exact evolution equations, we have 6; = U“:,ivea. If we study [0% sin(0(a,t)) da in this
case, we find °

2m 27
4 f sin(0(a,t)) da = L [ cos(0)(Uy +Vb,) da.
dt Jo S JO

We notice that cos(6)0, = 0, sin(f), and we integrate by parts for this term. We also recall (14),
which says that V,, = £ + 0, U. These considerations yield the following:

T 27
d 27 . 1 2m . Lt 27 .
— f sin(0(a,t)) da= — f [cos(0)U, —sin(0)0,U] da— — f sin(0) da.
dt Jo Sq JO L Jo

Integrating by parts in the first term, we see that

d 2m . Lt 2m .
£A sin(6(a, t)) da——f ; sin(6) da.

This implies that the mean of sin(f) grows or decays exponentially, with the exponential growth
rate related to L and L;. Thus, for a solution, 0, of the exact evolution equations, we see that if the
mean of sin(f) is initially zero, then it will remain zero at positive times.

We introduce the following analogue of (32) for the mollified system:

(98775)15 = (B§+M5785)a (41)

where we must now define Bj, B5, and . Of these, Bf and B5 will be rather clearly similar to B;
and By, but with mollification operators applied in a variety of places. The other term, u®, will be
used to enforce our periodicity requirement, that P(sin(6°)) = sin(6°). We remark that u® is taken
to be a function of ¢ only, and to not depend on «; that is, u° will be related to spatial averages of
other quantities, and will thus be a constant function with respect to the spatial variable.

The previous argument, for the non-mollified system, showed that the structure of the non-
mollified evolution equations implies % fOQW sin(f(a,t)) da = 0. For solutions of the mollified system,
we no longer have the exact structure that we used previously, and we instead define u® to achieve
our desired goal. In particular, we have the following:

2 27 2 2m
4 f sin(0°) da = f 05 cos(6°) da = [ B3 cos(0°) da + p° f cos(0°) da.
dt Jo 0 0 0
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Since we want this to equal zero, we make the following definition of u° :

L = _fo27r Bi cos(6°) da _Le e
jo% cos(6°) da 4m2 Jo

7 cos(6°) da. (42)

The point of this is that, if (6°,7°) solves (41), then P(sin(6¢)) = sin(#¢). In light of (35) and (36),

this implies

L(t)
21

as desired; this would not be the case if the mean of sin(6°) were nonzero.

We let the mollifier with parameter € be denoted x.; this operator acts through truncation of
the Fourier series, zeroing out modes with wavenumber larger than 1/e. As such, x. is a projection,
so that x? = x..

We now define B] and B5. To begin, we make the following definitions:

|20 (a, t)] = Va

)

< 272 e 2m € € 2m £ =ae
By = WXEH(%) + TeXe (Viv (xebs)) + F (43)
By = —5°X0,6° - 5°x- (QT (Xeaa)) + Xe (Q5(x=72)) + Q5. (44)

In some of the terms the mollification operator x* appears twice; the reason for this is so that we
can perform integration by parts in the energy estimate. The placement of mollifiers will become
clear in the proof of Theorem 10. At this point, we have almost completely specified the mollified
system. What remains now is to give the definition of some of the mollified versions of the auxiliary
quantities, such as Vi3, and @7, among others.

Vi =0 (£ H (") (:02) ~ B ) ). (45)
Q5= Soeoyr - EL (16)

We define m® the same way that m is defined in (23), but we use the mollified quantities instead:

o= arti(5) ) 3 e (2(2)) @

The mollified Birkhoff-Rott integral, W¢, is similarly defined the same way as W, but in terms
of the new quantities. We have

B(W*)" = ﬁpv /Ozﬂve(a')cot(%(zfi(a)—zj(o/))) do’.

Then, we define U® to be
U =WF°®-i°.

We also need the mollified version of (22)

WE

= LHGR - L HET)E + m, (48)
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We let V¢ be the mollified version of V, which was defined in (15):
Ve =0 '"P(ASU) + VE(0,1). (49)

We next define Q5 and Q5. Of these, ()5 is straightforward and )5 will take some effort. We let
Q5 be given by
2rVs,  2An?
T e (1e)e!
To define @, we first need to rewrite, again, the -, equation (to deal with the fact that it is
actually an integral equation). We write it as

Q3 B (50)

Y = —2AT [za]e + E,
where _ _ _
E=-5040-5Q1 +7.Q2 + Q3,
with Qs given by
~  2my0.,Vw
Q3=——7F—

Then, we can solve for 7, :

—2AR, - 2ARs + 2AViym - t - 2Ay,.

Ve = (I + QAJ[ZdD_lE.
We can then rewrite Q3 as
Qs = Qs - 2AT [24](I +2AT [24]) ' =
We can then define Q5 and Z° :

— 2 € g N
5 = %VW —2AR; - 2AR; + 2AVi,m " — 2447,
B = -5°0,6° - 5°Q% + 7505 + Q5.

This, naturally, still leaves us needing to define R5 and RS; we will do this in a moment. First,
however, we define ()5 as

Q5 = Q5 - 2AT[23](I +2A7 [23]) ' =" (51)

For Rg3, the original statement of its definition involved L; and z:;,; we now rewrite Rz by
substituting for these:

Ry = Re{—% [H, Z—W] (70(1)} +Re{‘lH(7m.ﬁ)}

« « ZOC
27
Za 0,U da N n
+Re{ (6" - )H(v)}_Re{Za,qzd](WM)},
2L7, Za Za
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Defining RS is then straightforward:

Re{_m; [H ng] (fag)} R{H(m)}
L Z5, Z5, Z5,

2m

Zli [ 93[]8 do € € EnE efe

+Re Us , )H N Reaeiopas) (L0UTR VA - )
2L%i (28)

For Rs, we rewrite (26) by substituting for z; :

Ry = —Re {2 [H, Un+Vt](Zla (;;)a)}+Re{za(Uﬁ+VE)/C[Zd]((Za)a)}

- Re{zalC[zd] ((Uﬁ + VD) (l) )} .
ZO( «
Defining Rj is then straightforward:

R;:—Re{?ﬁ[H,Ufﬁ€+V6£6](1(7) )}+Re{z;(Uf S VERK[S (( ) )}
7 25 \%a ) 4 o

—Re{zg/c[zg]((szn€+v€t )(a) )} (53)

Qm

5.2 Auxiliary estimates

In this section, we give estimates for quantities like W¢ or V{3, in terms of norms of #° and . We
note that the same estimates apply when there is no regularization, i.e., when ¢ = 0, and the proof
is exactly the same. The estimates on regularized quantitites is used in the proof of Theorem 10,
while those for unregularized quantities is used in the proof of Theorem 12.

Lemma 7 Let (0°,7°) € O be given, such that 0° satisfies {(sin(0°)) = 0. Then, the following esti-
mates are satisfied:
|zl e < e(L+ (6% a-),

|zall eer < (U4 16%] 52 ),
18 e < (U + 6% 10)

[0%] zre < (L + 6| &)

a
g

[ s < erlly [ gra-are exp{ea||6°] s},
U frs-ar2 < erllv® | pre-sre exp{ea]| 6% m- },

W= 8] groare < exlly® [ ro-sre exp{e2]6%] -},

(=}
—

(

(

(

(

(

(

(

Vvl zra-1r2 < ex V"] pre-srz exp{ea]| 0] as }, (
[V a1z < erlV® [ pre-sre exp{ea]| 6% m- }, (
|QT e <e(1+]6%] ), (
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|Q2l rre-sr2 < 1V | pro-sre exp{ea| 0% =}, (64)
1Q5 1 a2 < 1 (17" [Fe-sr + 1) exp{ez |0 -}, (65)

| < x|Vl ge-are exp{ea |0 | =} (66)

where the constants are independent of ¢.

Proof: The estimate (54) follows immediately from (37) and (38), together with (a) a standard
composition estimate [37], and (b) the fact that the definition of O includes a bound on the length.
The estimates (56) and (57), in light of (40), are similar. Since 25 is defined in (39) by integrating
x5, and g, the estimate (55) follows.

To establish (58), we use Lemma 2 to bound the first term on the right-hand side of (47), and
we use Lemma 5 to bound the second term on the right-hand side of (47). To establish (58), we also
rely on (54) and (55). The estimate (59) follows from (48) and the bound (58) on m®. To establish
the estimate on W< -£°, we use (W®-t%), = WS - + U%6%; the estimate then follows by taking
the tangential component of (48) and using the previous estimate on U®. The estimates on V{j, and
V¢ readily follow from (45) and (49) and the bound on m®. The estimates of Q5 and Q5 are easily
obtained from their definitions (46) and (50) using prior estimates.

The estimate on ()5 defined in (51) is the most involved. We first obtain bounds on R and Rj
of the form | RS | ge-s2 < ¢1||7¢| gre-s2 exp{ca||6|| =} for i = 2, 3. The estimate on Rj follows from
using Lemma 5 to bound the first term on the right hand side of (53) and Lemma 2 to bound the
second and third terms. The estimate on R5 uses Lemma 4 to bound the first term on the right
hand side of (52) and Lemma 2 to bound the fourth term; estimates on the second and third terms
are straighforward, with the Schwartz inequality used to obtain a bound on the integral quantity
fOQTr 0,U da. Proceeding with the estimate on ()5, we use previous estimates to obtain a bound on
the first term in (51):

1Q5 1 kro-sr2 < ex (I° 1 Femssz expleal| 0% =} + 16 rr-) - (67)

Next, since we have assumed s is sufficiently large so that Z° ¢ H°, Lemma 6 implies that the second
term in (51) satisfies (I +2AJ[25]) ™ =% =75 € H, and in particular |v{[o < c. We then find an
estimate on the second term in (51), J[z5]v;, from Hy to the higher norm H,_;. To obtain this
estimate, we write

Jzalve

. e o e _ el
Re( Zepv f ' cot ZAEd g
4 0 ’ 2

€ ET~E | i€ 1 €
Re (_ZQK[Zd]’Yt + lZa[H7 ;](Vt )) )

«

and then apply Lemmas 2 and 4 to get

(MEIe

IN

clvi o exp {c6°] .}
crexp {c|0°[m,}- (68)

Hg1

IA

Combining (67) with (68) gives the estimate (65). Finally, the estimate on u® is readily obtained
from its definition (42) using previous estimates and the Schwartz inequality.
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5.3 The energy estimate

We state the Picard theorem for ordinary differential equations on a Banach space; the particular
statement we quote is from [31], and a similar statement can be found in [44].

Theorem 8 (Picard) Let O € B be an open subset of a Banach space, B. Let F : O — B. Assume
that F' is locally Lipschitz continuous, i.e., that for all x € O, there exists an open neighborhood of
z, U, €O, and ¢ >0 such that for all x1,z9 € Uy,

|F(z1) = F(22)|B < c|z1 - 22| B-

Then, for every xq € O, there exists T >0 and x € C*((-T,T);O) such that x is the solution of the

initial value problem

Z—f = F(x), z(0) = xo.

~ In order to use the Picard theorem, we introduce the following open set, O. Let positive constants
dy, ds, and d3 be given. We let O be the subset of H?® x H*573/2 guch that for all (f1, f2) € O, the
following three conditions are satisfied:

|Cfrs f) | mpoxppese <diy L[f1] < da, (69)

lai[f1](e, @) > ds, Va,d. (70)

The conditions in (69) state that the set O is a subset of an open ball, such that the curves generated
by tangent angle f; all have bounded length. The condition in (70) states that the curves generated
by tangent angle f; are not close to self-intersection.

Theorem 9 Let (6p,v) € O be given, with 0y satisfying {(sin(by)) = 0. There exists T. > 0 and
(60°,7%) € CY((-T¢,T¢);0) such that (6°,7°) is the unique solution of the initial value problem
given by (41) with initial data (69,70)-

We have thus demonstrated the existence of solutions to the mollified system. We would like to
pass to the limit as ¢ - 0*. However, we cannot do this yet, as the time interval from Theorem 9
could go to zero as € vanishes. Our next step is to prove an energy estimate, uniformly in e, for the
solutions (0°,7%). We can then use the continuation theorem for ordinary differential equations on
a Banach space to find that the solutions of the mollified system exist on a common time interval;
after this, we will be able to pass to the limit as the regularization vanishes.

Theorem 10 Let (6g,70) € O be given, with 0y satisfying (sin(fp)) = 0. Let € > 0 be given. Let
(6°,~4%) € C([0,T];0) be a solution of (41), with initial conditions (0y,v0). (Note that this T may
depend on e.) Then there exist constants ¢1 € (0,00), ¢ € (0,1), and c3 € (0,00), depending only on
S, d_l, JQ, CZgn H90 ”Hs, and H"yoHHs—:s/z, such that

16° 15 + 1v° ||§{s-s/2 < —ci1In(cp - cst). (71)

Proof: We will define an energy functional, F, such that

1
5 (7IE+ 177 15sp2) < B, (72)
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and such that there exist constants Cq7 >0 and Cs > 0 such that
dE
E < Cl exp{C'gE}. (73)

The inequality (73) implies

- 111(6702]3(0) - Clcgt)
Cs '

In light of (72), and renaming the constants, we see that (71) is then satisfied. Thus, we need only
to establish (73). Throughout the proof, we make frequent use of the properties of the mollifier of
=g, i.e., that it is self-adjoint and commutes with derivatives.

As in the example of Section 2, we will define the energy a bit at a time. The energy will be
given by

E(t)<- (74)

E=FEy+ E;q +E2+E3+E4+E57

where we will now give the definition of Ey, F1, and Fs. The rest of the terms will be defined as
needed. We have

1 27
Eo=5 [ (692 + (4 da,
0
Ca(t) [ e
B =22 [T (0:6%)? da

C2
FEs =

O [ 0 A0 do

We see that property (72) is satisfied as long as ¢1(t) > 1, co(¢t) > 1, for all ¢, and E; > 0 for i € {3,4,5}.
When we choose ¢y, ¢, F3, E4, and Es, all of these properties will be satisfied.
To begin, we take the time derivative of Ej :

dEy _

2m
o —fo 6°0; + v v; da.

Since s is sufficiently large, it is immediate, from the evolution equation (41), the definitions (42),
(43), (44), and related equations, as well as the estimates of Section 5.2, that this can be bounded

in terms of the energy:

% < Crexp{CE}.

We next take the time derivative of Fj :

@_dcl 1 2m

27
- . S NE\2 s ne s ne
a  dt 2o (926°) da+01/0 (020°)(0567) da. (75)

We note that 0,u° = 0, so there is no contribution from p° in (75). To proceed with (75), we will
write a formula for 926;. Applying 95 to (43), we get

S NE 27(-2 S £ 27T S £ € 27r £ S 1
0950; = WX&H(aa+1’7 )+ Ic (Xs(aaVW)(Xsea)) + EXE (VW(XEaa+19 )) + @y, (76)
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where @ is given by the formula

@y = 2705 (m”8) 4 o (z( ) ajvm(xsa;ﬁleg)).

All of the summands here involve at most s — 1 derivatives of V{3, and at most s derivatives of 6°.
Therefore, the estimates of Section 5.2 and (72) immediately imply that |®1 o < Cy exp{C2E}.

We then plug (76) into (75). Using the property that the mollifier x. is self-adjoint and commutes
with derivatives, we compute the following:

dFE 272¢ 2m s e s c 2me s ne sY/€ €
-t :(LE);/ (X0307) (x- HOL ) dav+ = 9a0°) (02 Viv ) (x<0a,) dov
27TC1 s ne s+1 e dcl 1 s nEN2 2 S neE
f (0309 (05 0 Wiy das 02 [ 7 (026%) da+f0 (920°)®, da. (77)

For the third term on the right-hand side of (77), we recognize a perfect derivative and integrate by
parts:
dEl _ 271'201

dt — (L5)2

21y
Le

2m 2m
fo (X056°) (X HO A7) dav + , (06090 Viw) (xeb) da+ Wy, (T78)

where ¥y is defined as

TC1 m s neEN2 € dep 1 2 s nEN2 2m s ne
v =T fo (XD 0°) 20, Vi, da+E~§/(; ) da+c1f0 (06°)®, da.  (79)
Before we are able to choose c¢;, we must compute %, which we now do. To begin, we have
simply
dE. de 1 m s— S— 2m S— 5—
Rk [T OOMOT ) dav e [0 (HOT ) da (30)
We next must compute 957275 :
o 2'Yt = _§6X68;+298 - §EX€ ((x0507)Q7) + X< ((Xaai_l’YE)Qg) + ®g, (81)
where ®, is defined as
s -2\ s 20N [ A5—2— e s-2 G+l e[ Aas—2—j A 5-2 e
@o=- 3 (7 )5 (@)@ 00) + 3 (7 e (et )@ @s)) + 03705
j=0 j=0

From the estimates of Section 5.2, since the summands here involve at most s — 1 derivatives of 6°,
at most s — 2 derivatives of ¢, and at most s — 2 derivatives of Q; for 7 € {1,2,3}, the estimates of
Section 5.2 imply ||®2l|;/2 < C1 exp{C2E}.

We plug (81) into (80), and we again repeatedly use the fact that x. is self-adjoint (as well as
the fact that x. = x?):

dEs

dt
2
+02f0 (X HOZ ') (X057 ') Q5 dat ——

~ 2m ~ 2
= -8 [ OHOT ) (00307) da- o8 [T (CHOT) (x0307)Q5 da
dC2 1

27
(02_276)A(8Z_275) da+cy f (A@Z_Qve)(l)g do.
dt 2 0

(82)
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We integrate the first term on the right-hand side of (82) by parts twice, and we recall the definition
of S¢:

dEQ 87‘(‘3 SCQ

2T 2T
_ s+l _e S ne Te s—1_e S ne e
dt - (Lg)g —A (XEH8a+ Y )(Xfaae ) da+625 A (XEHaa Y )(Xeaae )Ql dOé+\I/27 (83)

where Wy is defined as

2 - (>4 S— £ dC s—2 S— 1>
Voo [ (CHOT ) (605 das S22 [T (07 %9)A 0 7) da

2w
‘e fo (ADS2)Dy dav. (84)

We now add (78) and (83), and group the like terms:

+ -
dt dt

@ @_ 2n2c;  8m3Sesy
L2 (Le)?
27rcl

27
| [ ozt oonery do

27
O ) @V (e2) dar- S [ HO ) (xe0207) Q5 s s+ 0 (85)
0
To make the first term on the right-hand side of (85) vanish, we choose ¢; and ¢y to satisfy

22¢;  8mw3Seo

@) (L7

this is satisfied as long as
¢ 4nS

Co Le

Recall also the previous conditions ¢; > 1 and cg > 1. Therefore, we choose

L? 47 S
ngmaX{LE, }, il 02.

? C1 = LE (86)

Clearly ¢y > 1 by definition; for ¢y, it follows that ¢;(¢) > 1 for all ¢ since the horizontal periodicity
of the interface implies L*(t) > 27 for all ¢. Having made these choices for ¢; and cq, we have

27 2m
D T 2 [ 00OV (eb2) daen8° [ (e HO 7)1 030)Q5 a0,
(87)
The integrals on the right-hand side of (87) cannot be estimated in terms of the energy; we must
choose Ej5 to achieve an additional cancellation. First, however, we will rewrite (87) in order to more
fully understand the terms which cannot be bounded in terms of the energy.

Applying 97 to Vij,, using (45), and extracting the leading-order term, we have

asVW 7 (XEOE)H(XE(?S 1,}/5)_}_ 7[H Xs ](Xsas 1’}/8)

7.[.52

T & (; D (0 (c0:700)) -0 () (59)
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We substitute (88) and (46) into (87), and we also use (86) to substitute for ¢;. We collect like terms,
and we collect lower-order terms, arriving at the following:

dE, dEs /‘277 2wS¢; 4738 9 »
—— —_ = _ 695 R 805 EH S £ d \I/ 7

dt " dt 2 0 Le (L#)3 (Xe02)” | (x0a07) (x-HOG " 7") da+ W3 (89)
where U3 is given by

8>S 27 5 e € H(s-1 j € s—j pe
W3 =0+ Uy + (7TL€)§2 ,[0 (era;e )(XEea) (Z (S‘7 )H ((Xaazjx'y )(Xsaa 0 ))) da
=0

T3 Ses 4 -1
PSS [ ) 02 ({05 (') d
ST [T o) et @3 ) da (00

We define E5 and E4 as
t 21
By = L”é ) f (x:057'6) da,
0

B=y [ T eatan @ OM (Verla (05 ) da

Note that Ej is in the form [ gAg da, so we may make use of (1) when taking its time derivative.
We will specify ¢3(t) and c4(c,t) in short order; these will satisfy ¢z >0 and ¢4 > 1, so that E3 >0,
E4 >0, and also so that derivatives of \/c; remain bounded. These conditions ensure that (72) is
satisfied. In order to take the time derivatives of E3 and Ey, it is again helpful to have formulas for
spatial derivatives of 0 and ~; :

2

9570; = (LZPXE Do + Dy, (91)
D5734F = =S x0T 0° + D, (92)

where &4 and ®5 are given by
Dy fxsas l(Vw(XEGE)H*@S '(m®-a%), (93)
®5 = ~5°X:057° (QT (Xebaa)) + X057 (Q5(xe7a)) + 057°Q5. (94)

We compute the time derivative of Fj :
O [T et 07 o [ s 0°) (e0507) d (95)
We substitute (91) into (95):

% = (Z; fo " c3(x=0510°) (x=HO Y ) da+ Uy, (96)
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where U, is defined as

27
m:[ e3(xe057107) (o B4) da+E ff (x-0516°)? da. (97)
0

Next, we compute the time derivative of Ej :

G s OO ) da [ O DA ) do

We comment now on the factor A(\/c1(857377)). We rewrite this first by using the definition A =
HJ,, and the product rule:

AE(07%)) = H(Va(0:2y)) H( (Do) (D2 %E))

NG

Next, for the first term on the right-hand side, we pull \/c4 through the Hilbert transform, incurring
a commutator:

ANVET(03759)) = JEHO o + [H, &) (05 + H (ja(@a%)(az%f)) |

Now, making use of this formula, and substituting from (92), we find the following:

@ 8047T S
dt — (L5)3

f (x=05710°) (X HOZ ) da + Vs, (98)

where U5 is defined as

s = 02”(@SEX€65+195)H(f(a )% 378))

- [ VES O N0 ) dae [ (EB)A/E(0: ) da

2 864 s-3 ¢ s-3 ¢
+f0 - w_a VAT (927397)) da. (99)

Next, we combine the time derivatives of F;, Fs, E3, and F,. We integrate by parts in the
integrals on the right-hand sides of (96) and (98), adding the results to (89):

dFE, dE2 dE3 dE4
dt o dt dt dt
_ fQﬂ' |:27TSCQCl 47‘(3502( 5)2 o2 C3 87T3SC4
Xe @
0

Le (L°)3 (Ls)z (L#)3

] (Xe050°) (x-HZ ' y°)
(LE)3/ (Baca) (xe0209) ( HO24F) da+Ws + Uy + U5, (100)

Then, we choose c3 and ¢4 so that the first integral on the right-hand side of (100) vanishes; recall
that we have said ¢4 = c4(a, t); this is because our choice of ¢4 will involve (x.6%)%. Recall further
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that we have stated that we will choose ¢4 so that ¢4 > 1; by bounding ¢4 away from zero, we ensure
that the factors of \/csy which appear in denominators are not troublesome. Also recall that the
constant ¢; may be either positive or negative, while ¢y is positive. We write ¢; using its positive
and negative parts:

a=(@) -(a),
with these defined the usual way ((¢1)* = max{0,¢;} and (¢;)” = —min{0,& }, so that (¢;)* >0 and
(¢1)” 20). Then, we choose c3 and ¢4 so that ¢35 >0, ¢4 > 1, and

2mwSeq(c1)* ~ 2mwSeo(C1)” B 473 8Scs
LE Le (LE)3

212c3  813Sc
2 3 4
(XEG(Ey) - (LE)Q + (LE)?’ - 0

We can accomplish our desired goals with the following choices of ¢3 and ¢4 :
LESCQ(61)+ 47 S
C3 = + s
m Le
(L5)%ca(er)”
472

The remaining terms on the right-hand side of (100) can then be bounded in terms of the energy. m

Ca = + %(Xsag)hy

5.4 Existence and regularity

We now state and complete the proof of our existence theorem.

Theorem 11 Let (0,70) € O be given, with 6y satisfying {sin(6p)) = 0. There exists T > 0 and
there exists (8,7) € C([0,T];O) such that (0,7) satisfies (25), (20) with (6(-,0),7(-,0)) = (60,70)-

Note that the set @ denotes the closure of the open set O.

Proof: Theorem 10 implies that the norm of solutions of the mollified problem, (0°,7%), cannot
immediately blow up; indeed, the estimate (71) indicates that the solutions (6%,~°) are bounded
independently of . By the continuation theorem for autonomous ODEs on a Banach space [31], this
implies that the solutions all exist on a common time interval. We conclude there exists T' > 0 such
that for all € > 0, solutions of the initial value problem (0°,+%) are in C'([0,T]O). (We note that to
draw this conclusion, we must also check that the time derivative of the length is bounded and that
the chord-arc condition continues to be satisfied. We note that these conclusions also follow from
(71), since the time derivatives of these quantities can be controlled by the norm of (6,7).)

We have proved that there exists T' > 0 and (6°,~4°) € C([0,T];O) which solve the mollified
evolution equations (41), with this T independent of €. Since O is a bounded subset of H® x H37312,
and since we have taken s to be sufficiently large, this implies that each of 65, 07, 75, and 7; are
uniformly bounded periodic functions. Thus, #° and 7° are bounded, equicontinuous families. By
the Arzela-Ascoli theorem, there exists (6,7) € C([0,2n] x [0,T]) x C([0,2n] x [0,T]) such that a
subsequence of (6°,~¢) converges uniformly to (6,v) on [0,27] x [0,T]. We will now show that this
pair, (6,7), is in the closure of O, and also that it solves the non-mollified evolution equation, (32).

Since each of § and v are in C([0,27] x [0,7]), we see that they are also in L?([0,27]) at
each time. By Lemma 1, we can conclude that the subsequence of (6°,~%) actually converges to
(6,7) in HY x H¥32 for any s’ satisfying 3/2 < s’ < s. For any such s, this implies (6,7) ¢
L=([0,T); HY x H32).
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Since the solutions 6° all satisfy (70), we can pass to the limit, finding
lg1[0](a, @) > d3 >0, Va,a'.

Furthermore, the solutions #° all satisfy

2m
f sin(0°) da = 0;
0

since, along our subsequence, §° converges uniformly to 8, we can pass to the limit, finding P(sin(0)) =
sin(#). We can pass to the limit as ¢ vanishes (along our subsequence) in u° as well. Recalling (42),
and again in light of the regularity which we have already established, we see that

L 2m
lim pf =

27
lim 7 J, Bcos(0) da = —% fo (Us +V0O,) cos(8) da.

We have previously calculated this integral; it is equal to

Ly

2m
51 Jo sin(0) da.

Since we have seen that this integral is equal to zero, we see that p® vanishes as € vanishes.
We now integrate (41) by integrating in time:

t
(67 = (00,70) + [ (85 +47.5) ds,

for any t € [0,7]. We have established sufficient regularity thus far to be able to pass to the limit
(along our subsequence) here, finding

(9/7) = (90770) + —/O\t(BhBQ) ds.

Differentiating this with respect to time, we have shown that (6,+) is indeed a solution of (32), as
desired.

It remains to demonstrate that (6,7) € C([0,T]; H* x H*3/2). For any t € [0,T], the sequence
(6°(-,t),7°(-,)) is uniformly bounded (with respect to both € and t) in H* x H*~3/2, Since the unit
ball of a Hilbert space is weakly compact, there exists a weak limit along a (further) subsequence.
However, this weak limit must clearly be (8,~); this implies that (6,7) € L=([0,T]; H® x H*=3/?).

To show continuity in time in H® x H%3/2, we must show that for any ¢, € [0,T],

thjg ||0(at) - 9('at*)‘|5 + ”7(’t) _7('at*)‘|s—3/2 =0. (101)

(Of course, if t, = 0 or ¢, = T, then the limit in (101) is to be taken as a one-sided limit.) We see
in (101) that we are trying to establish convergence in a Hilbert space (i.e., we are showing that
(6(-,t),v(-,t)) converges to (0(-,t.),v(-,t.)) in H® x H*=3/2_ which is a Hilbert space). To establish
convergence in a Hilbert space, it is sufficient to establish weak convergence, plus convergence of the
norm.

For weak convergence, we focus on 6, but there is no esential difference with . Let any s’
satisfying 0 < s’ < s be given. We know that 6(-, ) - 6(-,t,) in H*. Let ¢ € H™* be given. Since
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0< s’ <s, we have —s < —s’, and thus H™* is dense in H~*. Since we know that for all ¢ € [0,T], we
have 6(-,t) € H®, subject to the uniform bound that comes from the energy estimate, we can let K
denote the upper bound; so for any t € [0,7T], we have |0(-,t)||gs < K. Let 6 > 0 be given. Choose
¢s € H be given such that |¢ — ¢s s < ﬁ. Then we compute the following;:

(0(7t) - 9('at*)a ¢> = <0(at) - 0('7t*)7¢5> + <0(’t) - 9('at*)a d) - ¢5)

2K
3(+K) S

smaller than % by taking ¢ sufficiently close to t,.. This proves the weak convergence.

The second term on the right-hand side is bounded by 23—6. The first integral can be made

Finally, all that remains is to prove that the H® x H*=3/2 norm of (6,7) is continuous in time.
We omit the details of this, as the argument is identical to the corresponding argument in [3]. m

6 Uniqueness and continuous dependence

That solutions are unique follows from continuous dependence, so we will actually prove continuous
dependence here. We have proved above that solutions (6,v) exist in the space H® x H 532 We
therefore will assume that we have two solutions, (6,7) and (6’,~") in this space, and estimate the
difference in a lower-regularity space, which we choose as H® x H*/?. This space is chosen to be high
enough so that the estimates have positive powers of derivatives, but low enough so that the terms
can be bounded by [|0]|gs and ||7y||gs-s/2-

Before beginning, we note that we will use the estimates in Lemma 7 with unregularized quan-
tities, i.e., for e = 0. We also remark that the estimate that we now perform, for (6 —6',v—+') in
H? x H3? will be very similar to the energy estimate above for the existence proof.

Theorem 12 Let (0y,70) € O and (0),7}) € O be given, with {sin(6y)}) = (sin(6y)) = 0. If there
exists T > 0 such that there exists (0,7) € C([0,T]; O) which solves (25), (31) with (6(-,0),7(:,0)) =
(60,7), and (0',7") € C([0,T];0) which solves (25), (31) with (0'(-,0),~7'(-,0)) = (6{,7), then
there exists ¢ >0 such that

sup, (IL =L+ 10 =0 g2 + |7 = | ss2) < e (IL(0) = L'(0)| + 100 = O | 2 + |70 = volarsr2) - (102)
te[0,

Moreover, the solution of the initial value problem (25), (31) with initial data (6o,70) € O is unique.

Proof: We define E4 to be
Ed=Z0+Z1+ZQ+Z3+Z4,

where ) | o
Zo=S(L=L)? 45 [T (0-0)2 4 (v-) da,
2 2 Jo
2m
leidlét)f (920 -026')? da,
0

_d2(t) 2 _ / 2., 92,/
7= [0 (Day = 0arVH (02 = 2") dav,
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The coefficients d; and dy will be chosen as we make the estimate. We will also define Z3 and Z4
in due course. We note, however, that (as in the proof of Theorem 10), all of these choices will be
made to ensure that E; controls a norm; in particular, we will have

1
S (1001 + Iy =" Ip0) < B

Before we begin to estimate Ey, we discuss the strategy. We will show that if (6,~) and (6',+")
are in O, then

—— <cF
dt &

Solving this inequality, we find
E4(t) < Eq(0)e.

This implies both continuous dependence and uniqueness. If we want E4(t) to be small, then we
can achieve this by taking E4(0) to be sufficiently small. This is for the H® x H 3/2 norm; higher
norms follow by interpolation. This is the continuous dependence. For uniqueness, we note that if
E4(0) =0, then E4(t) =0, so we have 6 = 6" and v =~'.

It is important to be able to estimate differences of the various quantities associated to (6,7)
and (0',7"), so we will make such estimates now, before beginning the estimate of E4. The simplest
associated quantites are the unit tangent and normal vectors; the following bounds follow from
standard Lipschitz estimates for sine and cosine:

1§ =) s = | (cos(8) — cos(8"), sin(8) —sin(8")) | s < c|6— 6| gs < cEY?,

and similarly,
|- &' s < cEY.

Then, since z, = %t, a bound for z, — 2/, follows:

L-L"\.
S

Next, we estimate m —m’. We write

L, ~ ~r 1/2
+ — et s <cEy (103)
2m

S(m-m')* =T+11,

() (2]
5t C) Sl ell4(2))

We rewrite I by adding and subtracting:
1= o=kt (1) )t ((2) )= =n((2) -(Z) )
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With the assumed uniform bounds on 6 and 7, and using (103), the first term on the right-hand
side is bounded by CE;/ % For the second term, we apply Lemma 3, and we thus see that this term
is also bounded by CE;/ % For the third term on the right-hand side, its norm in H? is bounded by

CE;/2 since K[2] is a smoothing operator (i.e., we use Lemma 2).
We now turn our attention to the term I1. We start by adding and subtracting:

1=y L Za(l) calg Lt oL Za(l)
2i 22 zala) 2 22 (z)? Zala
2, 1 Y s
Zolg — |z L) -2 (2] ).
+2i[ ’(zg)‘z](z (za)a Z“(z;l)a)

The first term on the right-hand side can be immediately bounded by cEcli/ % The third term can

be bounded by cEé/ 2 by using Lemma 4. For the second term on the right-hand side, we bound it
not by using smoothing properties of commutators, but by not regarding it as a commutator at all.
That is, we write the term out, letting the function f temporarily denote f = z4(7/24)a :

1 1 1 1 1 1
[H <zg>2]f:H((za‘ <zg>2)f)’(z3’ (zg>2)Hf'

Each of the terms on the right-hand side can clearly be bounded by CE;/ % This completes the
estimate of m — m; we conclude

|m - | gs < cEY?. (104)

We next estimate Vi — V4. From formula (24), after adding and subtracting several times, and
using the above estimates for t —t" and m — m’, the following estimate can be found:

IViv = Vil = < cES2. (105)

We omit the details of most other differences to be estimated, since they are similar to the above.
However, we do remark that one interesting estimate is for the difference (I +2AJ[z4])7* - (I +
2AJ[z5])"'. We consider invertible linear operators By and Bz, and we see that

Bi' - By' = B{'ByBy' - B{'B1By' = By (B2 - B;)B;*. (106)

Thus, we see that we can make a Lipschitz estimate for the inverses by estimating the inverses
individually and by making a Lipschitz estimate for the forward operators. If we let By = I[+2A7[24]
and By = I +2AJ[2}], then By and B; are bounded invertible operators by Lemma 6, and we see
from (106) that we need to be able to estimate By — By = 2A(J[2}]- T [24]). Since we can decompose
J as commutators plus terms involving K, and since we know how to make Lipschitz estimates for
both of these kinds of terms, we are able to make the estimate for the difference.

We can use these estimates to conclude

dZ
— < cEy. 107
a - (107)
Now, we get to the most important part of the proof of the theorem, which is to take the time
derivative of Z; and Z5. We have
dz 2m dd: 1 r2=
==, fo (930 - 036) (0301 - 336)) da+ 2L fo (030 -520')? da. (108)
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Applying 92 to (25), we get
2
30, = —HOly (a3vw)a + —VW(840) +Yi,
where Y7 is defined as
67r 2 2 67T 3 2 3 ~
= f(aavw)(aae) + f(aavw)(aae) + faa(m-n).

Of course, we get the corresponding formula for 926’. These considerations allow us to substitute
into (108):

%_ 3 3 4 4 /
- _d1[0 (926-9 9)( HO (L,)QHG
+d f (926-826") (a?’v Yo - (B0 dasd f 820-930' V 849 7TV’ 940)) d
1 0 w I Ve W)Y« a+ay o ( ) W( ) W( @ ) o
dd,

+d1f0 (820 -020") (Y1 - Y!) da k= ff (039 920")? do. (109)

There are five integrals on the right-hand side of (109), and we give these names; we write

%:T1+T2+T3+T4+T5.

We must manipulate and estimate these, and we begin now with Y;.

We add and subtract to write Y7 as follows:
272 272
L2 (L')?

27
Tl—dlf (930 - 039)( )(Ha HO'Y) da+d1f (age—af;e')( )H@iv'da.
0

Of the two integrals on the right-hand side, the second can clearly be bounded in terms of F; since

the definition of Z, includes (L — L’)? (and recall that L and L’ must both be greater than or equal
to 2m). Therefore, we have

T, <d1/ (020 - 339)( )(H HOY') da+ cEy.
To work with Y5, we first expand 93 Vi :

2 A
83VW = %QQH’YOM + E[H’ ea]('}/aa) + %H(’Yaoaa) + %H(’Y&i@) - ai(m ) t)'

L
After some adding and subtracting, the leading-order term of
2 21
= (@3Viw )0~ T (Vi )0
can then be seen to be

272
ﬁei(HrYOza - H’yzlxa);
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indeed, the contributions to Y5 from all the other terms can then be bounded in terms of E;. These
considerations yield the following:

T2<d1/ (926 - 539)( 92)(H HO2Y') do + cEy.

Each of T3, T4, and Y5 are bounded by cE,. For Y4, this follows from the estimates such as

104) and (105). For Y5, the fact that it can be bounded by cE, follows immediately since 94t is
( y y i

bounded; of course, we have not yet defined d;, but once we do, it will be clear that d; and & dt are
bounded. To be slightly more precise, di, when we do define it, will be in terms of (6,v) only, and
we have assumed that (6,+) is a bounded solution.

For T3, we add and subtract to reach the following:

Tg—dlf (936 839)( VW)(849 849)da+d1f (936 339)( Vi — /VW)(849)da

L
The first of these can be integrated by parts:

_h

T32

2
( 0 VW)(839 0.0') dar. +d1/ (920 - 539)( VW)(849)da
Both of these terms, then, can be bounded by cFE,. So far, then, we have calculated

7
%:T1+T2+T3+T4+T5SCE,1

+/0 (27r d1)(63(0 0 HO (- 7)d0+£ (%Ldzl)(a?)(a 0 HO? (v -~') da.

We now are ready to take the time derivative of Z5. To begin, we have

dZs

“a2 2 / dd2 2
7 —d2f (Yat = Vo) (HOZy - HO2Y') dav + f (Yo = Vo) (HO2y - HO2Y') da.

We take the derivative of 4, finding

3
87;3S) %0 - (87T S) (020) (393 Zﬂcl ) +YaaQ2 + Y2, (110)

aa'Yt = _(

where Y5 denotes the following collection of terms:

YQ = _5604(18(1@1 + ’YozaonQ + aaQB
Zo

We dispense with many of the details; we only get two significant terms from dd—t, and these corre-

spond to the first two terms on the right-hand side of (110). We get the following estimate:

ZSCEd+[02”( SWLSdz)(aﬂe 0))(H (7 - ")) da

f2”( 127T35d29(2y 2w Sdocy
+ - L
0

I3 7 )(83(9—9'))(H3i(’y—’y'))da. (111)
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We choose d; and ds so that
2r2d;  8m3Sds

L2 s

Specifically, we make the choices

_ 47TSd2

1
dgzmax{l,g}, dy 7

Then, when adding % and %, the leading terms cancel, leaving the following:
dZq dZs fzﬂ 27T2d192 127T35d292 2w Sdocy 3 ’ 9 '
— +—<cE;+ & - <+ 05(0-0"))(HOL (v - do. (112
LS cen, = = 20 ) (330~ 0) (HOE (7)) dat. (112)

Using the definition of dy, this simplifies:

le dZ2 2m 47T35d292 27T5d251 3 ’ 2 /
e Y ) — el 0-0"))(H - da. 11
L2 cop s ( T o | (@0~ 00) (HEE (= )) da (113)

We now define Z3, and we will soon define Z4; these terms will allow us to cancel the integral
on the right-hand side of (113); notice that this integral is not bounded in terms of E,, since it has
too many derivatives. We let Z3 be given by

ds(t)

2m
Zs = 7f (920 - 920')? da.
2 0

Taking its time derivative, we get

2
% ~dy [ (020, 026)) (926 - 020') dar+

ddy

1 27
i fo (920 - 826') da.

Applying two spatial derivatives to 8, we get the following:
272
639,5 = ?Hai’y + YE),,
where the term Y3 is defined as

Ygz@i(%vwea+2%m-ﬁ). (114)

As above, we do not include all details, but there is only one term which is not bounded in terms of
Ed :

dt L?

In the integral on the right-hand side, we integrate by parts once:

é 2 7T2 3 / /
Y cemye [ (2 d)(Haim—w))(ai(e—e» da.

dZ3 <cEq+ f% (-2”;;{3) (HO? (v -~"))(92(6-6")) da. (115)

For the final piece of F;, we define Z,. Before doing so, we note that the coefficients dy, ds, and
d3 that we have introduced thus far are functions of ¢ only. Now, however, the term Z, will involve
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a coefficient d4 which we must take to depend on both « and t¢; this is because it will be used to
cancel terms in (112) which involve #2. With this in mind, our definition is

Zi= [ (VB@D( ) Ho (Ve 5y 1) da

We note that the form of Z; may at first look unusual; we note, however, that it is in the form
[ gAg da, with g = \/ds(y-7"), and we may thus use (1) to estimate its time derivative. Furthermore,
we will choose d4 to satisfy ds > 1 so that it is clear that derivatives of Vd, are bounded. Taking
the time derivative of Z4, we get

T [0, (Vi) da [ o= O (Vi =) do

As for Z3, when considering Zy, there is only one significant term, and this is from the leading-order
term in (31). After our usual adding and subtracting, we arrive at

dZ4<cEd+/02”( 8”35)\/_(349 0')) Ha(\/da (v - ) da.

dt

We are able to pass the second factor of \/d4 above through HJ,, incurring only terms which can
be bounded by cFE4. We are left, then with

dz 2m (- 8w35d
chEﬁ[O (_ = 4)(a§(0_9'))H8a(7—7/) da.

We integrate by parts in this integral, retaining just one integral that is not bounded by cFj :

27 3
%<6Ed fo (SWLgd‘*)(85;(9—9'))Ha§(7—7’) do. (116)

We now add (113), (115), and (116), arriving at the following:

d(Zl + ZQ + Z3 + Z4)

<cF,
dt = e
27 47T35d29§ 2w Sdycy 27T2d3 873 Sdy 3 2
+f0 (_ e, A S 020 -0 HO (v =) da. (117)

The choice of d3 and d4 depends on the sign of ¢;; this is exactly the same as occured when choosing
c3 and ¢4 in the proof of Theorem 10. Indeed, our choices of d3 and d4 are almost identical:

LSd2(51)+ N @

d =
3 T L )
L2d2(61)
d4 T 0 +1.

With these choices, then, the integral on the right—hand side of (117) vanishes. Combining (117)
with (107), we conclude
— <ck
at -
As discussed at the beginning of the proof, this completes the proof. [ ]
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7 Conclusion

We have presented a well-posedness theory for the initial value problem describing the evolution of
hydroelastic waves in two dimensions. Our model assumes a thin, massless elastic sheet interacts
with an inviscid, irrotational flow. The elastic model accounts for membrane bending stresses and
surface tension. We prove short time well-posedness in Sobolev spaces. More precisely, given periodic
initial data 6(-,) € H® and ~(-,0) € H*3/2 for s large enough so that our estimates hold, there is a
nonzero time in which the solution exists, is unique, has the same regularity as the initial conditions,
and depends continuously on the data. The proof is based on energy estimates, and makes use of
an arclength-angle representation of the interface and a small scale decomposition first introduced
for computational reasons in [25].

In future work, we expect to treat the three-dimensional problem, as well as the problem with
mass (in either two or three dimensions). To replace the arclength parameterization, we expect to
use a generalized isothermal parameterization as discussed in [8], [9].
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8 Appendix: Pressure jump at the interface

The elastic interface deforms due to the pressure exterted on it by the fluids. In this section, the
relation (19) for the pressure jump at the interface is derived. The approach follows [12].

We imagine the 1D interface (z(a,t),y(a,t)) to be the trace in the x — y plane of a 2D elastic
sheet or plate with no variation in the z—direction. Suppressing the dependence on time, let F(s)
be the resultant internal force and M(s) the moment of internal force (both per unit length in the
z—direction) on a cross section of the sheet, which is assumed to have thickness h. The resultant
external force on the sheet is the jump in pressure at the interface, [p] = (p1 —p2)|g. The equations
of mechanical equilibrium for the deformed sheet or plate are [22], [30]

dF . dM N
% :—[p]Il7 E =Fxt. (118)

Decompose F(s) into tangential and normal components as F(s) = T'(s)t + N(s)ii, and note that
M(s) is in the z—direction so we can write M(s) = M (s)k. Substitute these relations into (118),
take the derivative with respect to s and use the Frenet formulae to obtain

(T' - Nk)t + (N’ + kT)i ~[p]n, (119)
M = -N,

where the prime denotes derivative with respect to s. Equating normal and tangential components
in (119), we obtain the system of equations

T' - Nk =0,
N'+ kT =-[p], (120)
M'+N=0.
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We assume a linear constitutive relationship for the elastic moment [34]
M =Epk (121)

where Ep is the bending modulus. Thin shell theory provides the relation Ep = ER3/[12(1 - 1?)],
where F is Young’s modulus, v is Poisson’s ratio and h is the plate thickness. Insert (121) into the
third equation of (120) to eliminate M and N and integrate once with respect to arclength to obtain
the relation for the pressure jump

Ep .
[p] = Epr" + TBNS -c1(t)k. (122)

where ¢;(t) is a constant (in space) of integration. The first two terms on the right hand side of
(19) represent the internal bending stress of the elastic sheet, and the thrid term is surface tension.
This result is consistent with the hydroelastic model of Plotnikov and Toland [32].
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