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Abstract

One of the first and therefore most important theorems in perturbation theory
claims that for an arbitrary self-adjoint operator A there exists a perturbation B
of Hilbert-Schmidt class with arbitrary small operator norm, which destroys com-
pletely the absolutely continuous (a.c.) spectrum of the initial operator A (von
Neumann). However, if A is the discrete free 1-D Schrédinger operator and B is an
arbitrary Jacobi matrix (of Hilbert-Schmidt class) the a.c. spectrum remains per-
fectly the same, that is, the interval [—2,2]. Moreover, Killip and Simon described
explicitly the spectral properties for such A + B. Jointly with Damanik they gen-
eralized this result to the case of perturbations of periodic Jacobi matrices in the
non-degenerated case. Recall that the spectrum of a periodic Jacobi matrix is a
system of intervals of a very specific nature. Christiansen, Simon and Zinchenko
posed in a review dedicated to F. Gesztesy (2013) the following question: “is there
an extension of the Damanik-Killip-Simon theorem to the general finite system of
intervals case?” In this paper we solve this problem completely. Our method deals
with the Jacobi flow on GSMP matrices. GSMP matrices are probably a new ob-
ject in the spectral theory. They form a certain Generalization of matrices related
to the Strong Moment Problem, the latter ones are a very close relative of Jacobi
and CMV matrices. The Jacobi flow on them is also a probably new member of
the rich family of integrable systems. Finally, related to Jacobi matrices of Killip-
Simon class, analytic vector bundles and their curvature play a certain role in our
construction and, at least on the level of ideology, this role is quite essential.

1 Introduction

1.1 Main result

(1) Von Neumann Theorem [42] states that for an arbitrary self-adjoint operator A,

having a nontrivial absolutely continuous (a.c.) component of the spectrum, there

exists a self-adjont perturbation §A of Hilbert-Schmidt class such that A + §A has a

pure point spectrum. Moreover, d A may have an arbitrary small operator norm.
Therefore, the following result is already quite non-trivial.

(2) Deift-Killip Theorem [11]. For a discrete one-dimensional Schrodinger operator with

square summable potential, the absolutely continuous part of the spectrum is [—2, 2].
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Thus, under a special perturbations of Hilbert-Schmidt class (the square summable
potential) the absolutely continuous spectrum of the free, discrete 1-D Schrédinger
operator is perfectly preserved. It is totally surprising that one can find a complete
explicit characterization of the spectral data if the perturbation is an arbitrary Jacobi
matrix of Hilbert-Schmidt class.

(3) Killip-Simon Theorem [20]. Let do be a probability measure on R with bounded but
infinite support. As it is well known the orthonormal polynomials P, (z) with respect
to this measure obey a three-term recurrence relation

xPp(z) = a(n)Py—1(z) + b(n)Pp(z) + a(n + 1) Pyyi(z), a(n) > 0.
The following are equivalent:

(Op) ZnZl ‘a(n) - 1|2 < o0 and ano |b(n)|2 < 0.

(sp) The measure do is supported on [—2,2] U X, and moreover

2 3
/_2\loga’(x)\/4—x2d:r—|— Z \/7:—4 < oo. (1.1)

X

Remark 1.1. Of course the (op)-condition means that the Jacobi matrix

o
represents a Hilbert-Schmidt class perturbation of the matrix J, with the constant

coeflicients fz(n) =1 and b(n) = 0. In this case we consider J; as an operator acting
in the standard space of one-sided sequences l%_. In its turn, the (sp)-condition means
that the related spectral measure do has an absolutely continuous component supported
on [—2,2]. Moreover, the spectral density o’(z) with respect to the Lebesgue measure
satisfies an explicitly given integral condition, which in particular means that o’(x) # 0
a.e. on this interval. Besides that, the measure may have at most countably many
mass points (the set X) outside of the given interval. Again, the corresponding set X
satisfies an explicitly given condition, which in particular means that the only possible
accumulation points of this set are the endpoints £2. Finally, note that there is no
restriction on the singular component of the measure do on the interval [—2, 2].

Later, the authors jointly with David Damanik generalized their result on the case
of perturbations of periodic Jacobi matrices. To state this theorem we need a couple of
definitions.

We define a distance between two one-sided sequences b = {b(n)}n>0 and b =
{b(n)}n>o from I by

dist®(b,b) = dist2(b,0) := » _|b(n) — b(n)]*n*", 5 € (0,1). (1.2)
n>0



The distance dist(Jy,J;) between two Jacobi matrices is defined via the distances
between the generating coefficient sequences.

Let J(FE) be the isospectral set of periodic two-sided Jacobi matrices with a given
spectral set E C R. The distance between J; and J(F) is defined in a standard way

o

dist(Js, J(E)) = inf{dist(J5, J+) : J € J(E)},

where J is the restriction of a two-sided matrix J on the positive half-axis.
(4) Damanik-Killip-Simon Theorem (DKST) [9]. Assume that J4 is a Jacobi matrix
and let do be the associated spectral measure. The following are equivalent:

(opp) Let S denote the shift operator in 3. Then

> dist?((ST)" I8, J(E)) < oo (1.3)
n>0

(spp) The measure do is supported on E U X, and moreover

/E [log o' () |y/dist(z, R\ E)dz + 3 /dist(ay, E) < oo, (1.4)

rreX

Remark 1.2. Note that (1.3) means that the shifts of the given Jacobi matrix J4

o
approach to the isospectral set J(E), but possibly not to a specific element J of this
set. In the same time (1.4) looks as a straightforward counterpart of the condition (1.1).

Remark 1.3. Let us point out that the spectral set of any periodic two-sided Jacobi

matrix J is a system of interval of a very special nature: the system of intervals £ =
[bo, ag] \ UJ_;(a;, bj) represents the spectrum of a periodic Jacobi matrix if and only
if £ = T.1([-2,2]), where T},(z) is a polynomial with only real critical points, that
is, T/ (¢) = 0 for ¢ € R, and its critical values T,,(c) obey the conditions |T,,(c)| > 2.
Actually, the Damanik-Killip-Simon Theorem was proved under an additional regularity
condition |T;,(c)| > 2 for all critical points c. In this case the degree m = g + 1.

The paper [7] reviews recent progress in the understanding of the class of so-called
finite gap Jacobi matrices and their perturbations. In the end of the article the authors
posed the following question: “Is there an extension of the Damanik-Killip-Simon the-
orem to the general finite system of intervals E case?” In the present paper we solve
completely this problem, see Theorem 1.5 below. Naturally, this question was posed as
soon as the original Killip-Simon theorem was published or even presented or proved.
From this point of view [7] is just an explicit recent reference.

Finite gap Jacobi matrices were discovered in the context of approximation theory
2, 3], [5, Chapter X]. They became especially famous because of their relation with the
theory of integrable systems, for historical comments we would refer to [24] with many
references therein. But the true meaning of this class was significantly clarified recently



by C. Remling: for a system of intervals E the finite gap class J(F) consists of all limit
points of Jacobi matrices with an essential spectrum on F, having this F as the support
of their a.c. spectrum.

(5) Remling Theorem [32]. Let E be a system of intervals. Let J; be a Jacobi matrix
with the generating coefficient sequences {a(n),b(n)} such that its spectrum o(J;) =
E U X, where X is a set of points, which accumulate only to the endpoints of the
intervals, and o’(x) # 0 for a.e. z € E. If

a(n) = lim_a(n+mg), b(n)=lm b(n+m),

for all n € Z, then the corresponding two-sided Jacobi matrix J belongs to J(E).
Note that the system of shifts {(5%)"J;S"}n>0 forms a precompact set in the
compact-open topology (generated by the distance (1.2)).
For E = [bo, a9]\Uj_, (a;, b;) the class J(E) represents a g-dimensional torus, which
can be parametrized explicitly.
(6) Baker-Akhiezer parametrization for the class J(E), see e.g. [40, Theorem 9.4]. For
a € RI/Z9 let

L0+ p+a)b(a—p+a)

0(a — Q
Ala) =a s oy G o))

O(a+ @)

, B(a)=b+0:1In : (1.5)

9(2) _ G(Z,Q) _ Z em’<Qn,n)—|—27ri<z,n)7 = (Cg’
nez9

with the following system of parameters depending on FE:
e () is a symmetric g X g matrix with a positive imaginary part, Im €2 > 0;
e & € CY is an appropriate shift;

o 1 € RI/Z9 and £ € RY are certain fixed directions of discrete and continuous
translations on the torus RY/Z9, respectively;

e @ >0 and b € R are normalization constants.
Then J € J(E) if and only if
8(n)> = Ala — un), b(n) = B(a — pn), (1.6)
for some o € R9/7Z9. In this case we write J= J(a). Thus,
JE)={J(a): a€RI/Z}. (1.7)

Definition 1.4. For an arbitrary finite system of intervals E, we say that a Jacobi
matrix J; belongs to the Killip-Simon class KS(F) if for some X the corresponding
spectral measure do is supported on E U X and obeys (1.4).



Theorem 1.5. J; belongs to KS(E) if and only if there exist eo(n) € I3(RY) and
€a(n) € 12, ey(n) € 12 such that (cf. (1.6))

n n

a(n)? = A(Z €a(k) —un) + €4(n), b(n)= B(Z €a(k) — un) + e(n), (1.8)

k=0 k=0
where A(a) and B(a) are defined in (1.5).

Remark 1.6. In the one interval case the functions A and B are constants, e.g. if
E =[-2,2], then A =1 and B = 0 and we obtain the original Killip-Simon Theorem.

Remark 1.7. It is easy to see that a Jacobi matrix of the form (1.8) satisfies (1.3), see
Lemma 7.2. Moreover, from our explicit formulas one can give immediately a suitable
approximant for (S%)"J,S", this is J(ay,) € J(E), an = > _j_g €alk) — pn; or conclude
that, if the series 8 := > 7, €q(k) conditionally converges, then the coefficients of J
approach, in fact, to the coefficients of the fixed element J(5) € J(E),

a?(n) — A(B — pn) — 0 and b(n) — B(8 — pun) — 0, where n — oo.

The representation (1.8) contains a certain ambiguity, for the reason see Remark 7.1.

1.2 Basic ideas of the method and the structure of the paper
The proof of DKST was based on two things:
(i) Magic formula for periodic Jacobi matrices
(ii) Matrix version of the Killip-Simon theorem
The first one is the following identity. Let S be the shift in the space of two sided

sequences 2. If E = [bg,aq] \ U?:l(aja b;) = Tg]_ll([—Z, 2]), then

Tyir(J) = 97 4 56D

for all J € J(F). The last matrix can be understood as the (¢ + 1) x (g + 1)-block

Jacobi matrix with the constant block coefficients A(n) = Iy41 and B(n) = 0g41.
Now, for J the matrix T,41(J4) is a (2g + 3)-diagonal matrix, or, also a one-sided
(g+1) x (9 + 1) Jacobi block-matrix, see survey [10],
B(0) A1)
() = | A0 BO) A@)

Such matrix has a spectral (g + 1) x (¢ + 1) matrix-measure, say d=. According to [9]
the matrix analog of (1.1) is of the form

2 3
/ |log det Z/(y)|\/4 — y2dy + Z \Vyi—4 < oo, (1.9)
-2

ykEY



as before [—2,2] UY is the support of d=. On the one hand this condition can be
rewritten by means of the spectral measure do of the initial Jacobi matrix J; into
the form (1.4), y = Ty41(x). On the other hand, due to the matrix version of the
Killip-Simon theorem, (1.9) is equivalent to Ty (J1) — (S'f_Jrl +(S%)9") belongs to the
Hilbert-Schmidt class. This is a certain bunch of conditions on the coefficients of J,
but we should recognize that extracting from this simple-looking condition the final one
(1.3), is a very non-trivial task.

Our first basic observation is the following.

Lemma 1.8. For a system of intervals E there exists a unique rational function A(z)
such that

g
= [bo, a0 \ | J(a;,b “L(-2,2)),
7j=1

and ImA(z) >0 for Imz > 0.

Proof. Let ¥(z) be the Ahlfors function in the domain C\ E. Among all analytic
functions in this domain, which vanish at infinity and are bounded by one in absolute
value, this function has the biggest possible value Cap,(E) = |2V (2)|.=00 (the so-called
analytic capacity) [1]. As it is well known [30]

e
Then

M) = g+ ) = (1.11)
where A\; >0, 7 >0, and ¥(c;) =0, ¢; € (a;,b;), j > 1. O

Note that in this proof we represented A(z) as a superposition of a function V¥ :
C\ E — D with the Zhukovskii map. Essentially, (1.11) is our generalized magic
formula, though it holds of course not for Jacobi matrices.

Jacobi, CMV and SMP matrices. Jacobi matrices probably the oldest object in the
spectral theory of self-adjoint operators generated by the moment problem [4]

Sk = /mkda. (1.12)

In this problem we are looking for a measure do supported on the real axis, which
provides the representation (1.12) for the given moments {sy}r>0. In this sense CMV
matrices are related to the trigonometric moment problem, which corresponds to the
same question with respect to a measure supported on the unit circle. Note that this
problem is also classical [4], but corresponding CMV matrices are a comparably fresh
object in the spectral theory [33, 34]. The strong moment problem corresponds to



measures on the real axis in the case that the moments are given for all integers k.
An extensive bibliography of works on the strong moment problem can be found in the
survey [19], concerning its matrix generalization see [37, 38|.
As usual the solution of the problem deals with the orthogonalization of the gener-
ating system of functions, that is, the system
-1 (=1 ,

L, —z,———, 2% ...
x x

in the given case. The multiplication operator by the independent variable in L(210'
with respect to the related orthonormal basis we call SMP matriz (this is exactly the
way of the appearance of Jacobi and CMV matrices in connection with the power
and trigonometric moment problem, respectively). In another terminology they are
called Laurent-Jacobi matrices [6, 12, 18]. Very similar to the CMV-case, this is a five-
diagonal matrix of a special structure, say Ay = A4 (do). We assume that the measure
is compactly supported and the origin does not belong to the support of this measure.
In this case our A4 is bounded, moreover Ajrl is also a bounded operator of a similar
five-diagonal structure (just shifted by one element!)

Note that, by a linear change of variable, we can always normalize an arbitrary two
intervals system to the form c¢; = 0, see (1.11), that is,

E = [bo,ao] \ (a1, by) = Ail([—2,2]), A(Z) =X +co— % (1.13)

Without going into detail, dealing with the structure of SMP matrices, we can formulate
our second basic observation.

Proposition 1.9. [153] Let A(E) be the set of all two sided SMP matrices of period two
with their spectrum on E (1.13). Then A € A(E) if and only if

o

A(A) = 2A+co— M(A) ! = 52+ 572, (1.14)

Remark 1.10. It is highly important in (1.14) to be hold that both A and (A)~! are
five-diagonal matrices.

Naturally, (1.13)-(1.14) have to be generalized to the multi-interval case. This leads
to the concept of GSMP matrices (G for generalized), see the next subsection. However,
even after such a generalization the result on spectral properties of ("some”) GSMP
matrices of Killip-Simon class would be interesting probably only to a small circle of
specialists, working with the strong moment problem. The point is that GSMP matrices
are used here as a certain intermediate (but very important) object. In a sense, this
is the best possible choice of a system of coordinates. We can try to clarify the last
sentence. The standard point of view on J(E) is to associate it with the hyperelliptic
Riemann surface Rg = {(z,w) : w? = gzo(z —a;)(z —bj)}. Then J(E) corresponds
to the "real part” of the Jacobian variety Jac(Rg) of this surface see e.g. [24, 25].
Periodic GSMP matrices, satisfying

A(A) = 5971 4 5o+ (1.15)



for A(z) given in (1.11), are most likely the best possible choice for a coordinate system
on the affine part of Jac(?g), at least in the application to spectral theory.

Thus, the point is to go back to Jacobi matrices. Let do be compactly supported
and 0 does not belong to its support. We can define the map

F4 : SMP — Jacobi

just setting J4 (o) in correspondence with the given A, (o). If so, we can define (in a
naive way) a discrete dynamical system (Jacobi flow on SMP matrices) by the map J,
which corresponds to the following commutative diagram:

sMp 25 sMmP

f+l }'+l (1.16)

Jacobi i Jacobi

where Sy J, = S57J,. 5.

The third basic observation deals with the idea of getting properties of the class
KS(F) from the corresponding properties of the class of SMP (or, generally, GSMP)
matrices using the above introduced dynamical system Ay (n) = J"(A4).

This definition (1.16) is naive for the following reason. In the transformation
Jy(n) = S¢"J4 the eigenvalues in the gaps start to move. E.g., in a generic case

for an initial J,, which corresponds to one of our fundamental operators J € J(E),
the eigenvalues will cover densely the spectral gaps (a;,b;). Thus, corresponding to
such measures Ay (n) just can not be properly defined. The easiest way to explain that
nevertheless our program is doable is the following: pass to two-sided Jacobi matri-
ces and enjoy unitarity of the shift S in [?! (One can actually work with one-sided
matrices but still use methods related to two dimensional cyclic subspaces, which are
naturally required if one works with two-sided matrices). In fact, an arbitrary one-sided
Jacobi matrix J,, with its essential spectrum on E, can be extended by a Jacobi matrix

J_ =P :}P_, T e J(E), such that (c; — J)~! exists for the resulting two sided matrix
J and all ¢;, see Lemma 5.1.

In the next subsection we give formal definitions for GSMP matrices and the Jacobi
flow on them, but probably we can already outline the structure of the current paper:

Section 2. We recall the functional model for finite gap Jacobi matrices. In this
model each operator is marked by a Hardy space H?(a) of character-automorphic func-
tions in the domain C \ E, where « is a character of the fundamental group of this
domain (2.1), so, as before, o € R9/Z9 cf. (1.7). Here J(«) is the multiplication oper-
ator by the independent variable with respect to the basis {ef }nez (2.3), and {eg },>0
is an intrinsic basis in H2(«). The point is that in this domain the inner function
VU(z) and the fixed ordering C = {cy, ...,c4} of its zeros generate another natural basis
{f&} >0 in H?() (2.7). Thus, we obtain a new family of operators (the multiplication



operator in the new bases)
A(E,C)={A(a,C): acRI/Z}.

This is the collection of all periodic GSMP matrices associated with the given spectral
set E and a fixed ordering C of zeros of the Ahlfors function ¥(z). The fact that ¥(z)
is single valued (the character corresponding to this function is trivial) is responsible
for the periodicity of an arbitrary A(«, C).

Another characteristic feature of W(z) is its certain conformal invariance. Indeed, if
w = w; = ——, then ¥;(w) := ¥(z) is the Ahlfors function in the w-plane. The given

c;j—2z’
ordering C generates the specific ordering

1 1 1 1
Cj+1 — Cj Cg—Cy €1 —Cy Cj—-1—Cj

and the multiplication by w is again a periodic GSMP matriz (up to an appropriate
shift). That is,

§7(cj — A(a, ©)) 1S € A(E;, Cy), (1.17)
where E; = {y = — : x € E}. Note that 0 = w(c0). Let us point out that

Cj—X

the spectral condition (1.4) possesses the same conformal invariance property. Thus,
passing from the e-basis to the f-basis in H?(«), we payed a certain prize: J(«) is three
diagonal and A(a, C) is a (2g + 3)-diagonal matrix. In the same time we essentially
win, since (¢; — J())~! has infinitely many non-trivial diagonals, but due to (1.17) all
matrices (c; — A(a, C))~! are still (2g + 3) diagonal. For them (1.11) (in the chosen
basis) is nothing but the magic formula (1.15).

The Jacobi flow on A(E, C) can be defined in a very natural way. Since S~!1J(a)S =
J(a— ), we set JA(a,C) = A(a — p, C). As we see, this is just one, probably new,
object in the family of integrable systems.

As a result, thanks to this section we are well prepared to understand and describe
the structure of GSMP matrices, A € GSMP(C), and the Jacobi flow on them, A(n) =
J°" A, in the general case. This is done in the Sections 3 and 4, respectively.

Section 5. Using the block-matrix version of the Killip-Simon theorem, it is a fairly
simple task to write the necessary and sufficient condition for A € GSMP(C) with the
spectral data (1.4) in the form

A(A) — (S~ 1+ 891 is in the Hilbert-Schmidt class. (1.18)

Note that the relation between corresponding spectral densities of V(A) and A has a
quite elegant form (5.5). Further, (1.18) is equivalent to

H:(A) < oo (1.19)

for the Killip-Simon functional of the problem, which is basically the I3-part of the trace
of (A(A) — (St 4 §9+1))2 for the precise expression see (5.9). In the spirit of our



third basic observation, we compute the ”derivative” of this functional in the direction
of the Jacobi flow, that is, the value

67H(A) = Hy(A) — Hi(TA),

see Lemma 5.5. This derivative represents a finite sum of squares! Now, we can rewrite
(1.19) as the "integral” > ., 07H(J°"A) < oo and, thus, get certain [*>-properties.
Note that they are already more related to the Jacobi matrix J = FA than to the given
GSMP matrix A itself.

Section 6. Nevertheless, all these conditions were given by means the coefficients
of V(A), not by the ones of A (or the system of iterates A(n), to be more precise).
This is probably the hardest technical part of the work. To indicate the difficulty, we
would mention the following. In [26] we found higher-order generalizations of Killip-
Simon sum rules (relations between coefficients of J; and the spectral measure do), for
a single interval spectrum. But only for a very special family (related to Chebyshev
polynomials of an arbitrary degree n), which was initially found in [22], we were able
to convert the result of the form (1.18) to explicit relations on the coefficients of the
given Jy. Otherwise, each particular case becomes a reason for an interesting research,
see e.g. [21, 16, 36]. Moreover, a nice looking general conjecture was recently disproved
by M. Lukic [23]. By the way, for a highly interesting new development in this area see
[15]. In this section we prove Theorem 1.21. Practically, this is already a parametric
representation for coefficients of Jacobi matrices of KS(E).

Section 7. In this section we finalize the parametric representation for Killip-Simon
Jacobi matrices associated to an arbitrary system of intervals F, that is, we prove the
main Theorem 1.5. In the end of this section we demonstrate implicitly our last basic
for this paper observation that the spectral theory in the spirit of [8] could be more
powerful than the classical orthogonal polynomials approach [4, 35], see Subsection 7.2
and especially Remark 7.4. Explicitly this was demonstrated in [28, 41, 27], as well as
in Section 2 of the current paper. At the moment we are not able to present a theory
of spaces of vector bundles, which corresponds as model spaces to Jacobi matrices of
Killip-Simon class (in full generality) even in a finite gap case.

1.3 GSMP matrices and Jacobi flow on them in solving the Killip-
Simon problem

In this subsection we give formal definitions for the named objects so that in the end
of it we are able to state Theorem 1.21. This is the main ingredient in our proof of
Theorem 1.5.

Let {e,} be the standard basis in /2. Depending on the context, [2 is the set of
square-summable one-sided sequences or the subspace of [? spanned by {en}n>0. In
the last case (2 := [? © 1% and P; : [* — [2 is the orthogonal projector. Also {0x}7_,
denotes the standard basis in the Euclidian space C9*1.

By T* we denote the conjugated operator to an operator 7', or the conjugated
matrix if 7" is a matrix. In particular, for a vector-column 7€ CI*L (5)* is a (g + 1)-
dimensional vector-row. Consequently, the scalar product in C9T! can be given in the

10



following form (p,q) = (¢)*p. The notation T~ denotes the upper triangular part of a
matrix 7' (including the main diagonal), respectively T := T'—T~ is its lower triangular
part (excluding the main diagonal).

GSMP matrices form a certain special subclass of real symmetric (2g + 3)-diagonal
matrices, g > 1. First of all, the class depends on an ordered collection of distinct points
C = {ci,...,¢c4}. That is, if needed we will specify the notation GSMP(C). We will
define two-sided GSMP matrices, but their restrictions on the positive half-axis will be
highly important.

Definition 1.11. We say that A is GSMP-structured if it is a (g + 1)-block Jacobi
matrix

G| e BE A L20)

such that
B=(0q) €R¥"?,  A(p) =65" BB)= (@) +@7)" +C, (1.21)
and
C . .
1 p(()y) q(()J)
C= o= | g=| |, ¥ >0 (1.22)
Cg () ()
0 9 dg

We call {p;};jez the generating coefficient sequences (for the given A).

Remark 1.12. Concerning the last condition in (1.22): actually, it is important that

pgj ) % 0. The choice p_((}j ) > 0 is a matter of normalization. Further, throughout this
paper we will assume in this definition that the much stronger condition

inf p¥) > 0 1.23
inf pg” > (1.23)
holds. Note that these coefficients {pgj )}jeZ form the non-trivial part of the last upper
non-vanishing (g + 1)-th diagonal of a GSMP-structured matrix A.

Definition 1.13. Let S be the shift operator Se, = e,11. A GSMP-structured matrix
A belongs to the GSMP class if the matrices {c, — A}]_, are invertible, and moreover
S~F(cp — A)~1S* are GSMP-structured, see (1.20)-(1.22). To abbreviate we write A €
GSMP(C).

Remark 1.14. As it follows from the definition the entries of the last upper non-
trivial (g + 1)-th diagonal of the matrix S~*(c, — A)~1S* should satisfy a counterpart
of the condition (1.23). This set of conditions can be written explicitly by means of
the coefficients of the initial GSMP-structured matrix A, see (3.9). Moreover, this set

11



of conditions on the forming sequences {pP;};cz can be considered as a constructive
definition of GSMP matrices, see Theorem 3.3. That is, A € GSMP(C) if it is GSMP-
structured and (3.9) holds for the generating sequences.

Let J be a Jacobi matrix with coefficients {a(n),b(n)}:
Jen, = a(n)ep—1 +b(n)en, +a(n+ 1)eyy1, a(n) >0, n € Z. (1.24)

The two-dimensional space spanned by e_; and eg forms a cyclic subspace for J. Also,
J can be represented as a two-dimensional perturbation of the orthogonal sum with
respect to the decomposition 1? = 2 & 12

J= [JO JOJ +a(0)(eo(s e 1) + e 1 (- e0). (1.25)

We have a similar decomposition for A € GSMP(C)

A_ 0 o ~ ~ 3 3 1
A= [ A ] + |lol| (€0 (-, €—1) + €—1(-,€0)), €—1 = e€_1, €y := ——PrAe_1. (1.26)
0 A o]
Definition 1.15. For A € GSMP the Jacobi matrix J = FA is uniquely defined by
the conditions

re(z) = ((Je — 2) teciti, e 1) = ((Ap — Z)_léiil,é—gil% a(0) = ||pol|- (1.27)

2 2 2

Note that the image of F consists of Jacobi matrices J with ¢; € C\ o(J). For an
explicit construction see Subsection 7.2, particularly (7.9).

Definition 1.16. Let SJ := S~1.JS. The Jacobi flow on GSMP matrices is generated
by the transformation J, which makes the following diagram commutative

asmMp L asMmp
Fl Fl (1.28)

Jacobi S Jacobi
The corresponding discrete dynamical system (Jacobi flow) is of the form
An+1)=TJAn), A(0)=A.

Essentially, it can be reduced to an open (input-output) dynamical system (4.14).
The coefficients of the Jacobi matrix J = F A are easily represented by means of the
Jacobi flow acting on the initial A. Namely,

Corollary 1.17. Let J = FA and A(n) = J°"A. In the above notations (1.24)

a(n) = [Fo(n)ll,  b(n—1) = g5 (n)pi (n). (1.29)

12



Now we can define the Killip-Simon class of GSMP matrices. Let E be a system of
g + 1 disjoint intervals, E' = [bg,ao] \ Ui_;(a;,b;). Let A(z) = Ag(2) be the unique
function, which was given in (1.11).

Proposition 1.18. A € GSMP(C), generated by coefficients p = (P, q), belongs to the
isospectral set of periodic matrices A(E,C) if and only if it obeys the magic formula
(1.15). Moreover, the isospectral surface IS is given by, see (2.24), (2.25) and (3.2),

g—1
Pe= 5 45 =€~ o > pig, MB) =M, k=1,...9. (1.30)
j=1

0

Definition 1.19. Let A € GSMP(C). Let o1 be the related spectral measures, that

: r+(2) _/dai(x),

x—z
where r4(z) are given in (1.27). We say that A belongs to the Killip-Simon class
KSA(E, C) if the measures o4 are supported on £'U X, and both satisfy (1.4).

The following theorem is just a consequence of the matrix version of Killip-Simon
theorem.

Theorem 1.20. A € GSMP(C) belongs to the Killip-Simon class KSA(E, C) if the
difference Ap(A) — (S~ 4+ §91Y belongs to the Hilbert-Schmidt class.

However, the next statement is already highly non-trivial. Practically, it gives a
parametrization of the coefficients of Jacobi matrices of Killip-Simon class with the
essential spectrum on F.

Theorem 1.21. For A € GSMP(C), let A(n+1) = JA(n), A(0) = A. Let {p;(n)}jcz
be the forming A(n) coefficient sequences. The given A belongs to KSA(FE,C) if and
only if (see (1.30))

0 = p hzo € B, {ay "V (0) = 47 (n)}azo € 13, (1.31)
DPop(n) = 1hzo € 2, {olio(n), @o(n)) + eolnzo € 12, (1.32)
{Ax(Bo(n)) = Ar}nzo € 13 (1.33)

hold for all j =0,...,9—1 and allk=1,...,q.
To summarise, in this paper solving Killip-Simon problem

e we introduce GSMP matrices as possibly the best coordinate system on the Ja-
cobeans of hyperelliptic Riemann surfaces associated to finite band operators;

e we introduce and study the Jacobi flow on GSMP matrices as a one more impor-
tant object in a rich family of integrable systems;

e our study is based essentially on the Damanik-Killip-Simon theorem on Hilbert-
Schmidt perturbations of Jacobi block-matrices with constant coefficients;

e we follow the ideology of application of analytic vector bundles in spectral theory,
explicitly in Section 2 and implicitly in Section 7.
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2 Functional models for J(F) and A(F,C). Jacobi flow on
periodic GSMP matrices

2.1 Hardy spaces and class J(F)

In what follows, we will use functional models for the class of reflectionless matrices
J(E) in the form as considered in [39]. To this end, we need to recall certain special
functions related to function theory in the common resolvent domain 2 = C \ E for
J € J(FE). Note that in this case, E can be a set of an essentially more complicated
structure [17, 29, 43], than a system of intervals.

Let D/T ~ C\ E be a uniformization of the domain Q. It means that there exists
a Fuchsian group I' and a meromorphic function 3 : D — C\ E, 30y =3 for all y € T,
such that

Vze C\E 3 eD: 3(¢) =z and 3(¢1) = 3(¢2) = ¢ = 7(¢2)-

We assume that 3 meets the normalization 3(0) = oo, ({3)(0) > 0.
Let I'* be the group of characters of the discrete group T,

I' ={a| a:T — R/Z such that a(y172) = a(y1) + a(y2)}

Since I" is formed by ¢ independent generators, say {%J }?:1, the group I'* is equivalent
to RY/Z9,

a~{a(y),...,a(7,)} € RI/Z5. (2.1)

Definition 2.1. For a € I'* we define the Hardy space of character automorphic func-

tions as '
H3(a) = Hi(a) = {f € H*: fory=e™o0)f, 5 €T},

where H? denotes the standard Hardy class in .

Fix zg € Q and let orb(¢p) = 37 (20) = {7(¢0) }yer. The Blaschke product b,, with
zeros at 371(zg) is called the Green function of the group I' (cf. [39]). It is related to

the standard Green function G(z, 29) in the domain Q by log m =G (3(¢),20). The

function b,, is character automorphic, that is, b,, oy = €2>™*#=0b,,, where yu,, € ['*. For
b, we fix the normalization b,,(0) > 0 if zy # oo and (30)(0) > 0 for the Blaschke
product b related to infinity.

We define k¢ (¢) = k°(¢, o) as the reproducing kernel of the space H?(a), that is,

(f, k&) = f(¢o) Vfe€H(a)

Remark 2.2. Let us point out that in our case this reproducing kernels possess a
representation by means of  functions associated with the given Riemann surface [14].
As already mentioned, £ has sense in a much more general situation, say, domains of
Widom type. Although, generally speaking, they can not be represented via 6 functions,
they still play a role of special functions in the related problems.
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Let k%(¢) = k§'(C), b(C) = by(0)(2), and p1 = p5(0). We have an evident decomposition

k4 (¢)

H?(a) = {e*Y @ bH?* (v — 1), €% = ) 2.2
() ={e"} @ bH*(a = p) e (22
This decomposition plays an essential role in the proof of the following theorem.
Theorem 2.3. The system of functions
kM(C)
0 =) (2.3)

(i) forms an orthonormal basis in H*(a) for n € N and

(ii) forms an orthonormal basis in L?(a) for n € 7Z,

where A
L¥a) = {f € L% foqy= el yeT}).

Proof. Ttem (i) follows from the above paragraphs and a proof for (ii) in a much more
general case can be found in [39, Theorem E]. O

The following theorem describes all elements of J(E) for a given finite-gap set E.

Theorem 2.4. The multiplication operator by 3 in L*(a) with respect to the basis {e2}
from Theorem 2.3 is the following Jacobi matriz J = J(«):

3e, = a(n;a)e, 1 +b(n;a)en +a(n + 1;a)ey 4,
where
a(n;a) = Al —np),  A(e) = (3b)(0)

and

b(n;a) = Bla — npu), B(a)=

) { (k) (0) (k) (0) } L @'
b(0) %2(0) ) y(0)

This Jacobi matriz J(«) belongs to J(E). Thus, we have a map from T'* to J(E).
Moreover, this map is one-to-one.

Remark 2.5. Using the representation of the reproducing kernels via 6 functions, see
Remark 2.2, one gets A(«) and B(«) in the form (1.5).

Remark 2.6. The following important relation is an immediate consequence of the
above functional model

S™HI(a)S = J(a—p), Sen:i=enii. (2.4)

In particular, J(«) is periodic if and only if Ny = Op- for a certain positive integer N.
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2.2 Class A(F,C) and Jacobi flow

Now we turn to the functional model for A(E,C). The rational function A(z) and
the single valued function ¥(z), z € C\ E, were defined in (1.10)-(1.11). Let us list
characteristic properties of W(z):

(i) Y| <1lin Qand |¥|=1o0n F,
(i) ¥(o0) =¥(c;) =0,1<j < g, otherwise ¥(z) # 0.
All this implies that W(z) is given by ¥(3(C)) = b(C) [TI=; be;(¢). In particular, p +
Z?:l He; = Op+.
Let us fix ¢; € D such that 3(¢;) = ¢; and %j(cj) = (; for the generator %j of the

group I'. In order to construct a functional model for operators from A(F, C), we start
with the following counterpart of the orthogonal decomposition (2.2):

H(0) = (k2. kS O} @ WHX() = {f§} @ - @ {f3} & WH(a),  (25)
where
. e—ma(vl)k e—mi(a— ucl)(h)bclkg Hey . ngl bcjk:‘””f“
fo = ai fi'= p— y e fg = ~ Tty (2.6)
kCl(Cl) k@ 1(<2) (0)

Theorem 2.7. The system of functions
fo =YY", n=(g+1)m+j, j€0,...,9] (2.7)
(i) forms an orthonormal basis in H*(a) for n € N and

(ii) forms an orthonormal basis in L?(a) for n € 7Z.

Proof. Ttem (i) follows from (2.5) and for (ii) we have to use the description of the
orthogonal complement L?(a) © H?(«), see [39]. O

Similarly as we had before, this allows us to parametrize all elements of A(E, C) for
a given F by the characters of I'*.

Theorem 2.8. In the above notations the multiplication operator by 3 with respect to the
basis {5} is a GSMP matriz A(a; C) € A(E,C). Moreover, this map I'* — A(E;C)
is one-to-one up to the identification (p;,q;) — (—pj, —q;) in A(E;C), 0<j <g—1.

Proof. The structure of the matrix is fixed by the choice of the orthonormal basis. We
only need to check that, under the normalization (2.6), p;(a) and gj(c) are real. For

Bj = — 3 7_1 Mey, We have

— I{:BJ(O,C)
pila) = G f20) Hbck mB () i)
’ K2 (G ket 0)
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Since k2(¢) = kP(¢) for all B € T*, we get

K (¢) = KB(G) = K9(5,(Gp)) = e 2800 RA(G)).

Therefore, e‘mﬁ(%j)kﬂ(cj) = e"rw(g’i)kﬂ((), (j) is real. Note that the square root of

e=278(%;) is defined up to the multiplier +£1. Similarly, we prove that 4;() are real
based on py(a)gj(a) = ( ga’qu>'

If a periodic A € A(E,C) is given, we introduce its resolvent function r(z), see
Theorem 2.13 below, and define a exactly as in the Jacobi matrix case, see e.g. [39,
(2.3.2)-(2.3.3) and Theorem A]. O

Definition 2.9. We define the Jacobi flow on A(E; C) as the dynamical system gener-
ated by the following map (see (2.4), (1.28)):

JA(a) = Al — ), ael™.
We can describe this operation in a very explicit form.

Lemma 2.10. Let

o) = oty o) 28
Let O(a) be the unitary, periodic (g +1) x (g + 1)-block diagonal matriz given by
O(0) [egripm - Closimia] = [Erim - Clgimid O@),  (2.9)
where
0@) = "2 ity B0l costotan)] = &“p = fp( ”). 2.10)
Then
OA(0;C) = S710()* A(0; C)O()S = Al + fiey; €gr 1.1 Cgo). (211)

Proof. Actually, in this operation we just switched the order of two reproducing kernels
related to ¢, and oo. This is a rotation in the two dimensional space. Then, up
to the shift, we derived a GSMP basis of the form (2.6), but with the new ordering
(cg,€1,...,¢4-1) and the new character o + puc,. O

Theorem 2.11. In the above notations
JA(a; C) = O A(e; C) (2.12)

Proof. We use (2.11), having in mind that Z?zl pe; = —p and that after all permuta-
tions we obtain the original ordering C. O

17



The next lemma allows us to estimate components of the vector f]-o‘, j=20,.,9,in
its decomposition with respect to the basis {e& },,>0.

Lemma 2.12. Let & = 3 Fl(a)ef. Then
[Fl(@)| <CEW, j=0,....9, (2.13)
where 1 > n > max{[b(¢1)|,...,[6(¢)}-

Proof. First of all, we note that C(E) < k¢ || < C(E) uniformly on o € T*. Also
|be,, (¢;)| > c(E) and by definition (2.3), |e%(¢,)| < €(E)n*. Since

(ex bcnkgj> = { ]f kg]>
=T [E - be, lbcnk?ﬁ“% <cn>nl Lin b (Ga)
Bj+iicy,
ek (&) Z ke, " (Cj)ek@n)
Hn 1 Cn(CJ n=1 bcn kﬂfi_#cn(gn) Hl 1,l#n Cl(Cn)
and this is e*”iﬂj(g’j)nk?j ||F;z(a), we get (2.13). O

2.3 Transfer matrix

In this subsection we discuss briefly the direct spectral problem of the class A(E, C).
For v = p, ¢, we use the following notations

(up¥)* = [vo ’Ug_k] , (dp)* = [vk vg] .

Let {(5]-}?:0 be the standard basis in C9*! and let M,’s be upper triangular matrices
such that

o " My 0 S N
B(p) — p(§)* = M(P) := My = [ 01 0} + (=P'ag + dpy)0, (2.14)
and
M; 0 . . .
M= "0 |+ (—uipag—j +udpg—3)05—, 5> 1. (2.15)
0 cgr1-j

Theorem 2.13. Let

[Roo(z) ROg(Z)} _ [<(Bo — 2755 (Bo—2)" 10y, P) (2.16)
Rgo(2) Rgg(2) ((Bo — Z)_lﬁ» 6g) ((Bo — Z)_159759> '

and r4(2) = ||pl|?{(As — 2)"1éo, &0). Then the shift by one block for a one-sided GSMP
matric Ay — A(j), see (2.18), by means of the spectral function has the following form
()} (2) + Ao (2)
gy (2)r1)(2) + Ao (2)

r(2) =

where

D STR 5P 1 ROORgg_Rgg —Roo
W)= [9121 %J ) [



Proof. We represent A, as a two dimensional perturbation of the block diagonal matrix

B(p) 0 ., (1 (1
Ay = ) | + 15Ol eg( 57 + ¢ e)) (2.18)
0 Ay
and apply the resolvent perturbation formula. O

Note that in the definition (2.17) we use the normalization det2((z) = 1.

Definition 2.14. Let p* = [p q]. The matrix function

1

C—z

.. . o =1
a(z,c;p) =1 — PP, 12[1 0} (2.19)

represents the so-called Blaschke-Potapov factor of the third kind with a real pole ¢
[31]. A specific factor related to infinity we introduce in the form

(2 p) = a2, 003 p) = {0 ‘p] (2.20)

Theorem 2.15. Let pj = [pj Qj]. The matriz function 2A(z), given in (2.17), pos-
sesses the following multiplicative representation

A(z) = a(z,c1;p0)a(z, c2;p1) . .. a(z, cg; Pg—1)a(2; Pg)- (2.21)
Proof. We use the representation (2.14) and definitions (2.16), (2.20) to get 2A(z) =
Ao (z)a(z; pg), where

Ag(z) =T - [«Ml )T wpup) (M- 97 g, “1@] j (2.22)

(M1 = 2) g, wd) (M = 2)" ' q, wad)

Then, we use one after another (2.15) and definitions (2.19) to get
Aj-1(2) = A;(2)a(z, ¢g41-5; Pg—j),

where

T (M = 2)" g, uiq) (M — 2) " uyd ugp)]
A=) =1 [<<M]~ — o)) (M — z)*uthum} )

That is, we obtain (2.21). O

Definition 2.16. Let A € A(F,C). Then the product (2.21) is called the transfer

matriz associated with the given A.

The role of the transfer matrix is described in the following theorem.
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Theorem 2.17. Let A € A(E, C) with the transfer matriz 2A(z), given in (2.21), and
let A(z) :=tr A(z). Then the spectrum E of A is given by

E=A1[-2,2) ={z: A(z) € [-2,2]}. (2.23)
Moreover, A(z) is of the form (1.11), where
g

Aopg =1, XY pigj+co=0, (2.24)

J=0

and A\, = Ap(P) := —Res ¢, tr2A(z), i.e.,

k—2 g—1
Mo = —tr { ] ] a(cr, ¢j115P5)Pe-1P5 1 [ [ (k. cj415p))a(ck; pg)}- (2.25)
j=0 =k

Proof. A proof of (2.23) is the same as for the transfer matrix in the Jacobi matrices
case. The relations (2.24) and (2.25) follow immediately from (2.21). O

Proof of Proposition 1.18. First of all, we have a parametrization of A(E,C) by the
characters I'*. It is evident that, in the basis (2.7), multiplication by W is the shift
S fo — 3+(g+1). Thus, the magic formula for GSMP matrices corresponds to the
definition (1.11). The relations (2.24), (2.25) imply the form of the isospectral surface,

that is, (1.30). O
Later, in Section 6, we will use another representation for g,.

Lemma 2.18. ¢, allows the following alternative representation

k—2 g—1
qg +Co = zg:tr {TT alers cjs15p5)pr-1pi_1j [ | aler, cji1;p;) [8 ?] b (2.26)
k=1  j=0 j=k Py
Proof. From the second relation in (2.24) and (2.22) one has
qg+co = % tr Ap(2) {8 ?] dz = Zg:Res e, tr Ao(2) [8 (1)] ,
Tt J|z|=R Pg 1 Pg
which is (2.26). O

3 GSMP matrices, general case.

We hope after Theorem 2.17, and especially (2.25), it would be easy to perceive the
following notations.
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Notation 3.1. For £k =1,..., g the following functions (polynomials) are given by

A;%k - A#( (J+1) e 7p](€]—|—11)7p](§)17 e 7p£(7]))

- gil . .
= —tr{ H a ck,cm+1,Pn]fl))p;(fﬁll)(P,(f_)l)*j H a(ck, emi1;PY)a(er; PP (3.1)

m=k
If pgn) p%H) = py, for all m € [0, g] this notation is simplified to
Ak(ﬁ) :Af(p&?pkflapkflv?pg) (32)

Lemma 3.2. Let A belong to the GSMP class. Then the vector f(cy) := (cp—A) tep_1,
k=1,..,q, is of the form

filew) =0, §&{-1,0,1}, f; = fi(er) = {(fj(cr))n}i_y € CIT

and (f-1)o = ... = (f-1)k—2 = 0, (fi)k = ... = (f1)g = 0. The non-zero entries are
given by:
A e = 1 AL (f)eo1 =1, (3.3)
(py ) = Cy.py
(-1 = _mna(Ck7Cj+l’pj )AT7 (34)
]:k} —1,k‘
. k2 1)
(P’ (1)) Pi-1
m = a(Ck, Cj+1,P; . 3.5
(f1) Pa—— jzl:n[H (Ck, Cj41,P; )Agfk (3.5)

In particular,

(-1) ~(0)

(A(A)e-1,e-1) = )\opé 1)qg +co — Z)‘k ; ;1 (3.6)
k=1 g AT
where

- (0) k—2 g—1
7 0 0 _ _ —1)\ s - .
?0)1] - H a(ck7cj+1;p§‘ ))pl(c—)l’ {771(@_11) P;(ﬁ_ll)} = —(P;(C_11)) JH a(Ck7Cj+1;P§~ V) j
Pr—1 §=0 j=k 57)
3.7

Proof. This is a purely linear algebra. Using (2.14), we solve the system

—A(p-1)f-1 = 0,
(e — B(P-1))f-1 — Aofo = 0,
—A%(p0) f-1 + (e — B(Po)) fo — APV 1 = k-1,
—A*(p1) fo+ (e, = B(B1))f1 = 0,
—A*(p2)fi = 0. (3.8)
It is worth to recall that B(p) is an upper or lower triangular matrix up to a one-

dimensional perturbation and its main diagonal in this case is C, see definition (1.21).
That is, all inverse matrices can be found exactly like in the previous section. ]
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Theorem 3.3. A GSMP structured matriz A belongs to the GSMP class if and only if
the forming sequences {p;,q;} satisfy the following conditions

: # _
]l'reléAj’k >0, forallk=1,...,9. (3.9)
Proof. Solvability of the system (3.8) is equivalent to (3.3). In this case all ¢ — A are

invertible, see (3.4), (3.5).
O

4 Jacobi flow, general case

Let us mention once again that Theorem 2.11 gives already a certain hint for the correct
definition of the Jacobi flow. It will be defined via the unitary transformation, which
after g rotations and one shift, maps GSMP(cy,...,cq) into itself. The first rotation
creates the matrix A which belongs (up to a suitable shift) to GSMP(cg,c1, ..., Cq—1)
class. Then we create a matrix of the class GSMP(cy4_1, ¢4, €1, ...,€9—2), and so on...
On the last step (making the shift) we get the required Jacobi flow transform, see (4.5).
Having in mind (2.9) and (2.10), we give the following definition.

Definition 4.1. We define the map
O : GSMP(cy, ca, ...,¢4) = GSMP(cy, c1, ...,Ce—1)

in the following way. Let O = O 4 be the block-diagonal matrix

O_4
Oo

where Oy, are the (g + 1) x (g + 1) orthogonal matrices, see (2.8),
k k
[Péfa pg )}

P2 + Py

I 0
0 ofek)

O = [ ] , [sin ¢ cos ¢k] =

Then
OA:= SOHZAO4S7 . (4.1)

It is required, but easy to check correctness of this definition. Note that for p-entries
of A= 0A we get
Y =p0 cospy, 1<j<g-1 (4.2)

(pg?1)2 + (ng))Q (—1)

=(0) _ (0) \2 (0)\2 _
Py’ =\ (py21)% + (pg ' )?cosp_1 = = ——p
PV (T2 + 5 )2

(4.3)
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Also,

(-1)_(-1) (1) (-1)
NSV ey, b
(0] (0)~0) = 0(¢-1) [g T R e ]0(¢-1)'

P FONONY D =D (1)

65—1)135—1) 13(()0)
—1
4g-1'P 99 Pg

Thus, the g-entries have the form

TN e e U LN N R A
Our next definition is a counterpart of (2.12).
Definition 4.2. We define the Jacobi flow transform
J : GSMP(cy, ¢, ...,cq) = GSMP(cy, ca, ..., cg)

by
JA=8"0tD 09459+ = 0°9(§—(9+1) ggo+1y, (4.5)

Let us note that
S O(A)§9H = O(S~ D ASITL). (4.6)
This has an important consequence.

Corollary 4.3.
O(T"A) = T"(OA). (4.7)

Proof. Due to (4.5) and (4.6) we get
J(OA) = (909(5—(9+1)OA59+1) — @0(9+1)(5—(9+1)A59+1) = O(JA).
O]
Let us turn to explicit formulas for the given transform. First of all, we note that
JA = S71URAULS, (4.8)

where Uy is a (g + 1) x (g + 1)-block diagonal matrix

The block matrices U = U(p) are given by the products of orthogonal matrices, i.e.,

[pe—1 lldip]l]

v = {Ig()_2 0(259)} [O(gl) IgO_J » [sing coseu] = [l di—17]l

(4.9)
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Lemma 4.4. In the notation above, we have for 1 <k <g

0

1 1

=D = | Bl | (4.10)
di_ d o

||ﬂ| || k 15”” kﬁ” —pk—ldkp

Proof. 1t follows from (4.9). O

U(p)do = U(p)or =

Theorem 4.5. Let A(1) = JA and let {p,g)(l),q,ij)(l)} be generating coefficient se-
quences of A(1). Then

. i *
a5’ (1) 3 (1) (1 _
S AT I R N L T VR S N PR PY
JE B L B v 1 71 R I e AL C AT '
(1) : o) ’
9-1 pg—l(l)
' 7541l 5 ' 1051 (B(Bj+1)Pj+1,Djs1)
Py () = S5 6 () = = PSR @)
Pj pg 1D+l Pj+1
Proof. We obtain (4.11) and (4.12) from (4.8) by Lemma 4.4. O
A(0) || P-1(0),3-1(0) 70(0), 4o (0) 71(0), q1(0)
a0(0), bo(0) a1(0),6:1(0)
A1) ||P-1(1),q-1(1) Po(1),qo(1) (1), q(1)
(4.13)
ao(1),bo(1) ai(1),b1(1)
A2) ||P-1(2),7-1(2) P0(2), q(2) 71(2),q1(2)

Remark 4.6. In view of Theorem 4.5 the Jacobi flow on GSMP matrices can be related
to an open (input-output) dynamical system, see (4.13). Let us fix a block-position
j =0, but vary n in A(n + 1) = JA(n). Then the coefficients related to the next
block j = 1 are involved only in (4.12) and in a very specific way. If we define the two
dimensional input by

) o g (BB R0, 5 ()
a(n) = ), ¥ () (T
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and consider the parameters {py(n), qo(n)} as the internal state of the system, then the
open dynamical system is defined by

b (n—1)  fo(n+1)* ] _
[ Fo(n+1)  B(Bo(n + 1>>] |
g R I Y

and a®(n) = ||po(n + 1)||. Note that the output {a®**(n),b°"* (n — 1)} are the Jacobi
parameters of J = FA (cf. (1.29)) and the input is related to FS—(¢+1) 489+ That
is, this system represents the GSMP transform on Jacobi matrices.

5 KS-functional

5.1 Killip-Simon spectral conditions for one- and two-sided Jacobi ma-
trices

First of all we mention the following

Lemma 5.1. Assume that Ji is a one-sided Jacobi matriz with essential spectrum on

E. Then it can be extended by a matric J- = P_JP_, J € J(E), such that each c;
belongs to the resolvent set (domain) of the resulting matriz (1.25).

Proof. Let

-1

dy :[r_(z)l a(0)

R(z):=&E*(J —2)7 1€ = / a0) ()]

(5.1)

r—z

C_

where £ : C?> — [? such that £ [C } = c_e_1 + cqep. In particular, for the diagonal
_l’_

entries of R(z) we have

_1:—1a2rz—1:_1a2r2
R—l,—l(z) 7’_(2)+ (0) +< )7 RO,O(Z) T+(Z)+ (0) _( ) (52)

If 74 (c;) is zero or infinity, we chose J such that r_(c;) is regular, that is, r_(c;) # 0,
r_(c;j) # oo. And vice versa, if 71 (c;) is regular, we set r_(c;) = 0. In both cases
R_1,_1(cj) # oo and Ry (cj) # oo. Therefore the whole matrix (c;—J) is invertible. [

The spectral Killip-Simon condition can be formulated either in terms of measures
o+, see Definition 1.19, or by means of the matrix measure X.

Lemma 5.2. The measures o4+ both satisfy the Killip-Simon condition if and only if
the matriz measure dX is supported on EUY and obeys

/E]logdetZ'(:c)]\/dist(x,R\E)da:+ Z \/dist(yk,E)3 < 0. (5.3)

YkEY
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Proof. We note two properties of an arbitrary function F(z), which is analytic in the
upper half-plan and has positive imaginary part. If such a function has a meromorphic
extension in an interval (a;,b;) C R when its zeros and poles interlay. Secondary, F'(z)
is of bounded characteristic in the upper half-plane, and therefore

| log ()|

R 1 —+ CL'Z
From the first property we get that all poles of the first and second functions in (5.2)
satisfy the Killip-Simon condition in R\ E. Applying this fact once again we obtain that
poles of R_1 _1 and Ry, that is the set Y, satisfy this condition. Similar observations

show the opposite directions.
With respect to the a.c. part of the measure we have

N N O |

dr < 00 (5.4)

Therefore

det ¥'(z) = — r-(z)
-1 (z) + a(0)?r_(x)
Applying (5.4) to r_(z) and —r;*(2) + a(0)*r_(z), we obtain an equivalence of the
conditions for det ¥'(z) and o/, (z). O

5.2 Scalar and block-matrix spectral Killip-Simon conditions

Theorem 5.3. Let A € GSMP(C). Its spectral measure satisfies (5.3) if and only if
the block Jacobi matriz A(A) belongs to the Killip-Simon class.

A proof follows from the lemma given below. We prove the corresponding lemma
for a scalar measure o, assuming that o(c;) = 0. A proof for a 2 x 2 matrix measure ¥
is essentially the same but requires more space in a presentation. Note even if we start
with an initial one-sided matrix J4 such that o4 (c;) > 0 for some j, due to the Lemma
5.1, we always can get a two-sided J such that 3(c;) = 0. Also, it is more uniform to let

Az) = ?:1 C;‘iz. To pass to our case, where A(z) is of the form (1.11), it is enough
to send one of this c; to infinity by a suitable linear fractional transform.
So, let do be a scalar measure with an essential support on £ = A~1([-2,2]) such

that o(c;) = 0. We define the matrix measure d= by

=) _ by z)do(x T
/y_z .—/V(x)_zvv( Yo ()W (),

where

W =gt - 5

In other words, d= is the matrix measure of the multiplication by A(z) in L?_
with respect to a suitable cyclic subspace. Note that one can normalize this measure
by a triangular (constant) matrix L such that L* [ d=(y)L = I, that is, to choose an
appropriate orthonormal basis in the fixed cyclic subspace.
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Lemma 5.4. Let Z/(y) be the density of the a.c. part of the measure d= on [—2,2] and
o'(z) be the density of do, respectively. Then

~ aw)—y U’(ﬂﬁ).

det Z'(y) = (5.5)
izl Ak
Proof. Let {x1,...,z4} = A7 (y), y € [-2,2]. Then
= v 0 ()
) = Y @) L w(a)
Al(x)
Az)=y
1 1 * [o'(z1 1 1
ci—x1 cg—T1 Al(z1) ci—x1 °°° cg—T1
1 1 o (zg) 1 1
ci—xg 7 Cg—Ig Al(zg) ci—xg 7 Cg—Tyg
As it is well known
1 1
Cc1—T1 Cg—x1 B (1 — s (ci — cs
det : : _ (—1)Q(QT1) Hk<]( k J)Hk;<]( k j). (5.6)

L ILk(cj — k)

c1—xg 77 Ccg—xyg

On the other hand,

Therefore,
[Tk (e — ) I1;(cx — ;)
~A'(z ):y#— and — N\ =y=i—m——.
(= [1;(zk — c;) T (e — )
That is,
Al(ay) = M Hk;éj(xk 7)) Hk:yﬁj(ck - Cj).
[[;(zx —c;)  IL(ck — )
Thus,
[Ticj (@ — 25)%(ck — ¢))?
A(ay) = —~ Ak- 5.7
S | W >0
Combining (5.6) and (5.7), we obtain (5.5). O

Proof of Theorem 5.3. Clearly, the eigenvalue spectral condition on A corresponds to
the eigenvalue spectral condition for A(A) of the Killip-Simon class matrices with
asymptotically constant matrix-block coefficients. By (5.5), we get the corresponding

condition on the a.c. spectrum of A(A).
Ul
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5.3 “Derivative” in the Jacobi flow direction

Let us make the block decomposition of A(A) in (g + 1) x (g + 1) blocks

B Uil tv_1 Yo

where 1oy, is a self-adjoint matrix and v is a lower triangular one, i.e.,

A ] o o
W, = . y D = 0
k k k k

wid L wl o o)

Due to the previous subsection and general results on Jacobi block-matrices of Killip-
Simon class [9], the spectral condition (1.4) is equivalent to the boundedness of the
following KS-functional

1 . .
Hi(A) = 5 ) {tr (0]0; + 107 +0410741) = 2(g+ 1) logH oo 2L (5.9)
j=0
Lemma 5.5. Let
1
0 H(A) = S{A(TA)e-1, AT A)e1) — 1 log(T ), (T o))

Then
Hy(A)=H(JA)+6,;H+(A).

Proof. First of all, we recall that J A is of the form (4.8). Therefore H, (JA)+d;H(A)
is given by P part of the matrix UJA(A)U4. Since U(A) is of a block diagonal form,
we can use the identities

tr U™ (pj)o;0;U(p)) = tr vjv;, tr U(p, )m U(p;) = tr m

tr U™ (0j)0j4105,U(F)) = tr 0410541

Also, since all v; are triangular matrices, we have

g
Hvz(]z det v; = det U™ (pj-1)v;U ().
=0
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6 Proof of Theorem 1.21

Lemma 6.1. Let A € KSA(E,C) and A(n+1) = JA(n), A(0) = A. Then (1.31) and
the first relation in (1.32) are satisfied.

First we prove the following sublemma.

Lemma 6.2. Assume that for sequences 1, and 1;,1 there are sequences T, and T, such
that

T 0 - 1 0 2

ot ot |y 2] e, (6.1
that is, all entries of the above matriz form li—sequences. Assume in addition that there
is 1 > 0 such that for all n we have a priori estimations
> T 2. (6.2)

CoS P > 1, COSPy =1, — > Ty >,

=
|-

Then {e?n — etn bnso € 12
Proof. Directly from (6.1) we have
{cos 1), — cos &n}nzo € li and {7, cos 1, — T, cos 7Z}n}n20 € li.

Then (6.2) implies {7,, — 7 }n>0 € [3. Now, we have another two conditions

{7 sin 1, — sin &n}nzo € li and {sin,, — 7, sin @Z;n}nzo € lf_.

Therefore,
sin iy, — Tp T Siny, — T, (sin ey, — 7, siny,)

belongs to 12, that is, {sinyn(1 — 7,7n)}n>0 € li. Thus, (72 — 1)sin, forms an
[2 -sequence, as well as (7, — 1) sin),,. Finally, since

sin ), — sin, = T, sin ¢, — sin ¥, — (T, — 1) siny,,
both {sin,, — sin 1[1”}”20 and {cos v, — cos 1[1”},120 are li—sequences. d

Proof of Lemma 6.1. The first relation (1.31) follows immediately from Lemma 5.5.

Let A = O(A), see (4.1). We use tilde for all entries related to A and A(A) (5.8),

respectively. The entries of A(n) we denote by {pg-k) (n), q(-k) (n)} and we use a similar

notation for the entries of A(A(n)) and A(A(n)). Due to Definition 4.1,

o 500,
g-1g-1(n) 0 0(¢”(n)) = o(6{ " (n)) [%() y

o) aepy ()] T(n) T (n)

] . (6.3)
Applying Lemma 5.5 to the matrix A, we obtain
PopM(n) = hnzo € 2, (o) (n)}nzo € 13
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Similarly for the entries related to A we have {)\015(90) (n)—1}n>0 € 13, {wé?g) (n)}n>0 €
I3. Thus, we can apply Lemma 6.2 with respect to (6.3). We get {sin oV (n) —

sin (¥ (n)} belongs to (2. That is, {pf}__ll) (n) —péo_)l(n)}nzo €2,
Using (4.2), (4.3), we get similar relations for all others j’s. Using (4.4), we prove

the second part of (1.31). O

Proof of Theorem 1.21. Lemma 6.2 implies that (véill)ygfl(n) — 1)sin ¢§71)(n) form an

li—sequence, or, equivalently, see (3.1),

{7, () = AP\ Y () }nzo € 2., (6.4)

Since péill) (n) may approach to zero, it does not imply yet that {A#L g (n) — Ag} belongs

to li. Let us show that

(A%, () = A)as Y () }nzo € 2., (6.5)

g—1
To this end, we note that

Since inf,, ((q(_l)(n))2 + (pé__ll)(n))2) > 0, both (6.4) and (6.5) give us (1.33) for m = g.

cos gi)g*l) (n)

A, (n+1)= A", (n). (6.6)
Lg cos ¢§—2) (n) Lg
Indeed, by definition of the Jacobi flow

-2

”z(J,g :
N

- 0,0 -
U(p-2(n)) (n+1) =01 (n)U(P-1(n))

* *
* * * U§:11),g71

the second from below entry in the last column in this matrix identity means exactly
(6.6). Therefore, by Lemma 6.2, we get

{A*) (n+1) = A" (n)}aso € 12 (6.7)

Now, by (4.11)

(1) .
(A#, (n) = AP () = —(AF () — AT (n + 1)2 D) ldg1 ()]
’ “ 1)l

9— g
In combination with (6.7) we have (6.5), and therefore (1.33) for k = g.

The same arguments with respect to OFA, k = 1,...,g — 1, in a combination with
(4.7), give (1.33) for all other k.
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To show the opposite direction, we evaluate the entries of A(A)e_;1. Let h(ck) =
(cr. — A)~te_1. We use notations from Lemma 3.2. Due to this lemma, we have

(f-1)i (py_})"i ﬁ (=1 (-1 )[)I(q())l
(hfl(ck))l = — (hfl)k—l = a Ckvc]Jrl?p )pl )
(f=1)k—1 Cli1 — C ? A7

~<o

for kK <l+1 and (h—l(cl+1))l = _A

. By the definition

—1,k

I+1

(_)—pf, 1)(1>\0+Z 1(Ck) )i Ak
k=1

We substitute in this expression ﬁ;o_)l from (3.7). We use (1.31), (1.32), (1.33), and the
identity

-1

H Cl(Z Cj+1; p]

j=0 k=1

Zl: Resc, [Tj=o a(% ¢j+1:p;)

zZ — Ck

evaluated at the point ¢;11. As the result, we obtain wl( 1)( et forall0 << yg.

To prove that wé,gl)( ) € [2 we use (3.6) and a little bit more involved identity (2.26)
0)

shown in Lemma 2.18. Similarly, one can prove that {Ué,_gl)(n) — 1} and vé /(n), for
0<l<yg, form l%r sequences. ]

7 Proof of the main Theorem 1.5

7.1 From GSMP to Jacobi

Assume that A € GSMP(C). Let A(n) = J°"A. Recall that the coefficients of
the Jacobi matrix J = FA are given by (1.29) and [? properties of the coefficients
{p-1(n),q-1(n),po(n),do(n)} are given in Theorem 1.21. We consider the isospectral
surface ZSg given by (1.30), see (2.25), with the identification (pj,q;) = (—pj, —q;),
7 =0,...,9— 1. Note that this is a g dimensional torus, which we can parametrize by
a € RI/79 according to Theorem 2.8. Moreover, for the given manifold

0< _inf |(TB)TE) 7' < suwp [TB)TB)| < o, (7.1)
{B}€ZSE {P}€ZSE
where
[ oA IAg T
5 T
oA, oR,
9q0 T 8!10
TPp)=| ... (7.2)
A4 A,
Opg— Tt Opg_
T
_a(qul T 8‘]971_
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We define a periodic GSMP matrix A(ay,) generated by {p(a,)} € ZSE such that

o

dist(po(n),ZS k) = dist(po(n), p(am)). (7.3)

Using the standard Lagrange multipliers method, we can estimate the distance from
Po(n) to the isospectral set in terms of ||(T(8)*T(p))~!||. Then, by (1.32), (1.33) and
(7.1), we have

Zdlst (Bo(n), Blawm)) < o (7.4)
and also, see (1.29),
a(n)? — Aay) €12, b(n) — B(ay) € 1% (7.5)

On the other hand, by (1.31)-(1.33) and the uniform smoothness of the Jacobi flow
transform (4.11), (4.12)

dist(Bo(n + 1), Blaw — ) < C(B, J){dist(Bo(n), B(an)) + dist(Bo(n), B1 (1)) }.
That is,

(o]

dist(Bans1), Blan — 1)) < C(B,J){dist(Bo(n), Blam)) + dist(Bo(n), B1(n))}

+  dist(Bo(n + 1), P(an+1))-

Since i i
lor = Bl < Cr(E)dist(B(ex), B(5)),
(7.4) and (1.31) imply

Z lea(n)||? < where €,(n) = apt1 — (v, — p).

In combination with (7.5), we obtain (1.8).

Remark 7.1. Of course in this proof it is not necessary to choose o, as the best ap-
proximation to pg(n), see (7.3). It is enough to have this distance under an appropriate
control. This explains a certain ambiguity in the representation (1.8).

7.2 From Jacobi to GSMP

In this section our goal is to estimate p;(n) —;)j (o) and gj(n) — 8j(an) by means of the
related distances dist((S™"JS™)4, J(E)) < co. In fact, we prove the following lemma.

Lemma 7.2. Let J be of the form (1.8). Then

Zdistz((S*"JS")Jr, J(ap)t) <00, ap =) eq(k)—pn. (7.6)
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Note that (7.6) evidently implies a word-by-word counterpart of (1.3) in DKST, see
Remark 1.7.

Proof of Lemma 7.2. We have

n+k
|b(k +n) — Blan — pk)| < les(k +n)| + CL(E)| Y €alf
j=n+1
where C1(E) = sup,epro /zs |lgrad B(a)||. For n < 1, we have
n+k n+k n+k
D\ 2 WPt <3 D lealPkn™ =3 3 > lealIPhn*
n>0 \k>1 j=n+1 n>0k>1 j=n+1 k>1n>0j5=n+1
oo oo
<D R EllealI® <Y llealDIP Y K20,
k>1 j=1 j=1 k>1
Making a similar estimation for |a(k 4+ n)? — A(a, — k)| we obtain (7.6). O

Now, let J = FA, see (1.25)-(1.26), that is, J = F*AF, where F : [? — [? is
the unitary map such that Fe_y = e_; and FP; = P, F, in particular, Feg = ¢y =
P, Ae_;1. We note that

{(h=(A—c1)f: fel?, (f,éo) =0} ={hecl?, (he) =0} (7.7)

Thus, F*eg can be described by means of an orthogonal complement in the following
construction.
Let ¢ € o(J). We assume that c is real. We define

Be={h=0—0o)f: fel}, (fe) =0} (7.8)
Recall that 74 (2) = ((J+ — 2) " teo, o).

a(O)

Lemma 7.3. Let Re = I3 © 13 .. This is a one dimensional space, i.e., Re = {>c}.
Moreover, we can choose

se = (J —c)"He_1a(0)sin ¢ + eg cos @), (7.9)
where - .
tan p = tan¢(c) = r4(c), 5 <¢ < 5 (7.10)
including ¢ = 5 if 1 (c) = oo, that is, c is a pole of this function. In this notations
/
2 r(c) /
—_— = . A1
Il = e o = ¢ (7.11)
Moreover, the following two-sided estimation holds
min{a 1 max{a(0)?,1
@01} _ oy < maxfa0) 1), 12
(| + 11J1)? dist*(c, a(J))

33



Proof. If r, (c) # oo, we have ». = (J; —c) legcos . Otherwise s is collinear to the
corresponding eigenvector of J. These prove (7.9), (7.10).
Further, we have

ri(c)

I3e]|* = ((J4 — €)2eo, eq) cos® p = Ttri ()

which proves (7.11). We use (5.1). Since [dX = I, we have

1 / _ dx 1
(Il + [|71)? s Rle)= / (x —c)? = dist?(c, X(J))’

Using (5.1), we obtain

[ (c) 1
1 3 0 1
<R r—(c) , R < _—
Qe+ e =™ |70 e, | 9= Gt o)
L 7‘+ C i
or -, -
RO e 0| R
G+ 712 = | 0 26| = dt(e.o()
L T+ h

Comparing the values in the lower corner of these matrices, we get

1+ G%T+(C)2 r (C) 1+ a(2)7“+ (C)2
(e[ +[171)* = 7 = dist*(c,0(J))

Thus, (7.12) is also proved. O

Defining s, by (7.7) and (7.8), we obtain F*ey = ””TlH%Cl. Therefore,
1

He, - a(0) sinp(cq)
¢'(cr)

[ |
Remark 7.4. Note that K, is well define for all z € C\ o(J), that is, in fact, we have
a Hermitian analytic vector bundle in this domain. Its fundamental characteristic, the
so-called curvature, is of the form A log(s,, 5), see e.g. [8]. Being restricted on the real
axis, it represents the Schwarzian derivative of r;(z). Our further considerations are
based on estimations of related expressions and involve derivatives of exactly this level,
see Lemma 7.5 below. We can conjecture that a certain Hermitian analytic vector bundle
model, which generalized the model described in Section 2, is possible for operators of
Killip-Simon class. Under more restrictive assumptions, when the absolutely continuos
part of the spectral measure satisfies the Szegt condition and positions of the eigenvalues
outside F obey the Blaschke condition, such model does exist. This is the so-called
scattering model for the given operator [28, 41, 27].

p2(0) = (Ae_1, e0) = (Je_1,
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Lemma 7.5. Let J € J(E). In the previous notations,

(] = T) e, %) = sin(@(e) — ¢(c)). (7.13)

Consequently, there exists C' = C(o(J),c) < oo such that

[sin(@(e) — p(e)| < Cdisty (L, J4) (7.14)

and simultaneously for the derivatives

(@)™ (e) — ™(c)| < Cdisty (4, J ) (7.15)
form =1,2,3 and n > |b(c)|.

Proof. We have

o o o

(J = J)ste, 226) = ((J = €)3te, 726) — (J — €)5te, 7).

We simplify the first term

(e_1a(0)sin ¢ + eg cos @, 3e) = ——((J — €)e_1, 32c) cos p = sin @ cos .

(0)

Qo

Thus, ((J — J) e, ) = sin @ cos ¢ — sin g cos ¢ and (7.13) is proved.
The upper estimation in (7.12) in combination with (7.13), (7.11) implies

sin(@(c) — 0(@))] < Ve @@ =Dzl o oI = Dxell =g 1

o [e]
172l [[52cll

o o
Now, the vector %%a in the functional model for J = J(«a) corresponds to the normal-
e

ized reproducing kernel Mk? , where (. € D is such that 3({c) = c¢. The components
el Se

of this vector were estimated in (2.13). Thus,

1

I(J = T)se|l < C(B)disty(J1, J1), [b(e)| <n <1,

o
[l

and (7.16) implies (7.14).
To get (7.15) we differentiate (7.13) with respect to ¢

[}

cos(P(c) — p(e)((D)'(€) ~ ¢(€)) = (] — T)shy Sac) + (] = T)seer Gec)). (7.17)

Since sin(p(c) — ¢(c)) was estimated from above, we have a uniform estimation for
| cos(¢(c) — p(c))| from below. Using (7.9), we evaluate »<,. Based on its explicit form
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and the estimation for ¢, we obtain that ||s<| is also bounded by the distance from ¢
to o(J). Evidently, the coefficients of (32 ) also satisfies (2.13). Thus,

i) — ey - N = Dellloell + 1T = DGz el
M [cos($(e) — o(c))

implies (7.15). Taking the second and third derivatives in (7.17), we obtain (7.15) for
m=2,3. O

Corollary 7.6. If J is of the form (1.8) and A(n) = F~1(S™"JS"), then

n

S 15 () — polan)® < o0, an = ealk) — pn. (7.18)
n=0 k=0

Proof. By (7.14), (7.15) we can estimate the difference

O () o (o) — a(n)sin ¢(cy) B Loz(O) sin g%(cl) 3: T
20 ( ) pO( n) 90/((:1) ((Op)’(cl> ) ( n)a
by means of dist((S™"JS™)4, J(an)+). Due to (7.6), we have (7.18). O

Finishing the proof of Theorem 1.5. It remains to show that (1.8) imply (1.31)-(1.33).
Consider the ordered system of vectors

/ /
€1, Moy s oo s Hegy €0, Koy -+ ey €1 (7.19)

Let us point out that the orthogonalization of the system

o o (o] o
€1, Heys - - - Hey, €05 (%c,)s- -, (%Cg)/, e1 (7.20)

leads to the family {fja}?fﬁ, see (2.6), where J = J(a).

To evaluate the Gram-Schmidt matrix of the system (7.19) we use

ri(cj) = ri(Cm)

sin((cs) = plen)

(%c;s Hep) = e cos p(c;j) cos p(cp) = P
J m 7 m
Therefore,
(54, ) = COS(@(:;):c :(cm))w,(cj) B Sin(?((:i . 73(2%))
and
o o,) = L) (o)) + )
snlole) = o) ), - oSEED=vlem) 4,
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Having uniform estimations from below for all Gram-Schmidt determinants of the
system (7.20), from (7.14), (7.15), similarly to (7.18), we obtain

Z|pjm) —pj(an)|* < oo, Z\q] n) — gj(an)|* < oo, m=0,1, j=0,...,9.

This implies (1.31)-(1.33), in particular, > 7, \pél)(n) _pgo) (n)]? <o00,j=0,..,9—1.
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