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Abstract

Sheffield (2011) introduced a discrete inventory accumulation model which encodes a random planar
map decorated by a collection of loops sampled from the critical Fortuin-Kasteleyn (FK) model and
showed that a certain two-dimensional random walk associated with an infinite-volume version of the
model converges in the scaling limit to a correlated planar Brownian motion. We improve on this
scaling limit result by showing that the times corresponding to complementary connected components of
FK loops (or “flexible orders”) in the discrete model converge to the 7/2-cone times of this correlated
Brownian motion. Our result can be used to obtain convergence of many interesting functionals of the
FK loops (e.g. their lengths and areas) toward the corresponding “quantum” functionals of the loops of
a conformal loop ensemble on a Liouville quantum gravity surface.
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1 Introduction

The critical Fortuin-Kasteleyn (FK) cluster model with parameter ¢ > 0 on a planar map M is a statistical
physics model, first introduced in [FK72|, in which one chooses a random subset S of the set of edges of
M. This collection of edges gives rise to a collection £ of loops on M which form the interfaces between the
edges in S and the edges not in S. The probability of any given realization of S is proportional to ¢#*. The
FK model is closely related to the critical g-state Potts model [BKWT76| for general integer values of ¢; to
critical percolation for ¢ = 1; and to the Ising model for ¢ = 2. See e.g. [KN04,/Gri06| for more on the FK
model and its relationship to other statistical physics models.

If the pair (M, L) is chosen according to the uniform measure on such pairs, weighted by ¢, the loop-
decorated planar map thus obtained is conjectured to converge in the scaling limit to a conformal loop
ensemble (CLE, ) [She09L[SW12| with « € (4, 8) satistying ¢ = 2+ 2 cos(87/k) on top of a Liouville quantum
gravity surface [DS11}L|ShelOLDMS14] with parameter v = 4/4/k. We refer the reader to [KN04,Shell] and
the references therein for more details regarding this conjecture.

In [Shell], Sheffield introduces a simple inventory accumulation model involving a word X in an alphabet
of five symbols representing two types of “burgers” and three types of “orders”; and constructs a bijection
between certain realizations of this model and rooted random planar maps M decorated by a collection £
of loops. There is a family of probability measures on realizations of this model, indexed by a parameter
p € (0,1/2), with the property that the law of the pair (M, L) when the inventory accumulation model is
sampled according to the probability measure with parameter p is given by the uniform measure on such
pairs weighted by ¢*/2, where K is the number of loops and ¢ = 4p?/(1 — p)?. In [Shell, Theorem 2.5], it
is shown that a random walk which encodes an infinite-volume version of his model converges in the scaling
limit to a pair of Brownian motions with correlation depending on p.

In [DMS14} Sections 9 and 10] (see also [MS13]), it is shown that a CLE,, on a 4/y/k-Liouville quantum
gravity surface can be encoded by a pair of correlated Brownian motions via a procedure which is directly
analogous to the bijection in [Shell|. The correlation between this pair of Brownian motions is the same as
the correlation between the pair of limiting Brownian motions in [Shell] Theorem 2.5] provided

_ 2+ 2 cos(8m/k)
P 2+ /2 + 2cos(87/k)’

which is consistent with the conjectured relationship between the FK model and CLE described above.

In this paper, we will improve on the scaling limit result of [Shell] by showing that the times corre-
sponding to FK loops (or “flexible orders”) in the infinite-volume discrete model converge in the scaling
limit to the 7/2-cone times of the Brownian motion (see Section below for a precise statement). As we
will explain below, this result answers [DMS14, Question 13.3] (at least in the infinite-volume setting).

Along the way, we will also prove several other results regarding the model of [Shell| which are of
independent interest. We prove tail estimates for various quantities associated with this model, including a
polynomial lower bound for the probability that a word of length 2n in the discrete model reduces to the
empty word (Proposition which confirms a prediction of Sheffield in [Shell, Section 4.2]. Several of the
laws of these quantities are in fact shown to have regularly varying tails (see Section . We also obtain
the scaling limit of the discrete path conditioned on the event that the reduced word contains no burgers,
or equivalently the event that this path stays in the first quadrant until a certain time when run backward
(Theorem . Scaling limit results for random walks with independent increments conditioned to stay in
a cone are obtained in several places in the literature (see [Shi91l|Garl1lDW11] and the references therein).
Our Theorem [£.1]is an analogue of these results for a certain random walk with non-independent increments.

Although this paper is motivated by the relationships between the inventory accumulation model of [Shell],
the FK cluster model on a random planar map, and CLE, on a Liouville quantum gravity surface, our proofs
use only basic properties of the inventory accumulation model, Brownian motion, and stable processes.

Our results can be viewed as a small step toward proving the convergence of the FK cluster model loops
on an infinite-volume random planar map to CLE on a quantum gravity surface, in the sense that our main
result implies the convergence of many quantities associated with the discrete loops to the corresponding
“quantum” quantities associated with the CLE loops (e.g. the quantum areas and quantum boundary
lengths of the complementary connected components of the macroscopic loops). In order to obtain a full
convergence result, one must additionally embed each FK-weighted random planar map into the Riemann
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sphere and show that the loops themselves converge in an appropriate sense to CLE loops. We expect that
proving this convergence is a substantially more difficult problem than proving the convergence statements
of this paper. Nevertheless, due to the correspondence between the bijection in [Shell] and the encoding of
CLE via Brownian motion in [DMS14], our results have direct applications to the study of CLE. For example,
some the results of this paper will be used in the forthcoming paper |[GM] to prove conformal invariance of
whole-plane CLE,, for s € (4, 8).

We end by pointing out some forthcoming related works. Shortly before this paper was posted, we learned
of an independent work [BLR15| which calculates tail exponents for several quantities related to a generic
loop on an FK-weighted random planar map, and which has been posted to the ArXiv at the same time
as this work. In the forthcoming paper [SW15|, the third author and D. Wilson study unicycle-decorated
random planar maps via the bijection of [Shell] and obtain the joint distribution of the length and area of
the unicycle in the infinite volume limit. The first and third authors are currently preparing a sequel |[GS| to
the present paper in which we prove various scaling limit results for the finite-volume version of the model
of [Shell|] (which is the version of the model for which [Shell] describes the bijection with FK-weighted
random planar maps).

Acknowledgments We thank Jason Miller and Scott Sheffield for helpful discussions, and Jason Miller for
comments on an earlier version of this paper. We thank Nathanaél Berestycki, Benoit Laslier, and Gourab
Ray for sharing and discussing their work |[BLR15] with us. We thank the Isaac Newton Institute for
Mathematical Sciences, Cambridge, for support and hospitality during the Random Geometry programme,
where part of this work was completed. The first author was supported by the U.S. Department of Defense
via an NDSEG fellowship. The third author was partially supported by NSF grant DMS-1209044.

1.1 Inventory accumulation model

In this paper, we will consider a discrete model first introduced by Sheffield [Shell], which we describe in this
section. The notation introduced in this section will remain fixed throughout the remainder of the paper.
Let © be the collection of symbols {@, @, , , } We can think of these symbols as representing,
respectively, a hamburger, a cheeseburger, and hamburger order, a cheeseburger order, and a flexible order.
We view © as the generating set of a semigroup, which consists of the set of all finite words in elements of

©, modulo the relations
= {[H] = O[] = @[F] =0 (2)
=[H[O), = (3)

(commutativity). Given a word W in elements of O, we denote by R(W') the word reduced modulo the
above relations, with all burgers to the right of all orders. In the burger interpretation, R(W) represents
the burgers which remain after all orders have been fulfilled along with the unfulfilled orders. We also write
|W| for the number of symbols in W (regardless of whether or not W is reduced).

For p € [0,1] (in this paper we will in fact typically take p € (0,1/2), for reasons which will become
apparent just below), we define a probability measure on © by

(@) ¢ (©) -1 F@)-r[@)-'F" r(E@)-4 »

Let X = ... X_1XoX;... be an infinite word with each symbol sampled independently according to the
probabilities . For a < b e R, we set

(order fulfilment) and

X(a,b) :R(XI_GJXI_bJ) (5)

Remark 1.1. There is an explicit bijection between words W in © with |W| = 2n and R(W) = 0; and pairs
(M, L), where M is a rooted planar map with n edges and L is a set of loops on M [Shell, Section 4.1].
If W is is chosen according to the law of X ... X5, (as above) with p € (0,1/2), conditioned on the event
that X (1,2n) = 0, then the law of (M, L) is that of a collection of FK-loops on top of an FK-weighted
random planar map, as described in the introduction. This latter model is conjectured to converge under an



appropriate scaling limit to a CLE,; (with k and p related as in ) on top of an independent 4/,/k-quantum
sphere [DMS14].

As explained in [Shell], Section 4.2], the unconditioned word X corresponds to an infinite-volume limit
of FK-weighted random planar maps decorated by FK loops (a more detailed description of the bijection
in the infinite volume case will appear in the forthcoming work [BLR15|). This infinite-volume model can
be viewed as a discrete analogue of a CLE, on top of a quantum cone, a certain type of infinite-volume
Liouville quantum gravity surface [DMS14]. In this paper we focus on the infinite-volume case. The finite
volume case will be treated in a subsequent paper [GS].

By [Shelll Proposition 2.2], it is a.s. the case that each symbol X; in the word X has a unique match
which cancels it out in the reduced word (i.e. burgers are matched to orders and orders matched to burgers).
Heuristically, the reduced word X (—oo, 00) is a.s. empty.

Notation 1.2. For i € Z we write ¢(i) for the index of the match of X;.

Notation 1.3. For § € © and a word W consisting of elements of ©, we write Ny(W) for the number of
0-symbols in W. We also let

The notations for C and D are taken from [Shell|]. The reason for the notation d and d* is that these

functions give the distances in the tree and dual tree which encode the collection of loops in the bijection
of |[Shell], Section 4.1].

For i € Z, we define Y; = X; if X; € {{{),(0),[H],[C]}; Vi = [H]if X; = [F]and X4y = @); and ¥; =[C]
if X; = and Xg;) = @ For a < b € R, define Y (a,b) as in with Y in place of X.

For n > 0, define C(n) = C(Y(1,n)) and for n < 0, define C(n) = —C(Y(n + 1,0)). Define D(n), d(n),
and d*(n) similarly. Extend each of these functions from Z to R by linear interpolation.

Remark 1.4. Note that we have inserted a minus sign in the definition of C(n), etc., when n < 0. This is
done so that the definitions of C(-), D(-), d(-), and d*(-) are translation invariant.

Let
D(t) := (d(t),d"(t)). (6)

For n € N and t € R, let
U™(t) :==n"Y2d(nt), V™(t):=n"Y2d*(nt), ZP:= U, V). (7)

For p € [0,1/2), we also let Z = (U, V) be a two-sided two-dimensional Brownian motion with Z(0) = 0 and
variances and covariances at each time ¢t € R given by

I—p I—p P
Var(U(0) = 5 2l Var(v() = 25l Cov(U(), V() = Xl 0
It is shown in [Shell, Theorem 2.5] that as n — oo, the random paths ¢ — n~'/2(C(nt), D(nt)) converge in
law in the topology of uniform convergence on compacts to a pair of independent Brownian motions, with
respective variances 1 and (1 — 2p) V 0. The following result is an immediate consequence.

Theorem 1.5 (Sheffield). For p € (0,1/2), the random paths Z™ defined in converge in law in the
topology of uniform convergence on compacts to the random path Z of .

Throughout the remainder of this paper, we fix p € (0,1/2) and do not make dependence on p explicit.



Figure 1: An illustration of a left 7/2-cone time t for a path Z = (U, V). The set Z([uz(t),vz(t)]) is shown
in red. The set Z([vz(t),t]) is shown in green. We note that we may have U, ) < U; (as shown in the
figure) or U, 1) > Us.

1.2 Cone times

The main result of this paper is Theorem below, which says that the times for which X; = converge
under a suitable scaling limit to the 7/2-cone times of Z, defined as follows.

Definition 1.6. A time t is called a (weak) 7/2-cone time for a function Z = (U,V) : R — R? if there
exists t' < t such that U; > Uy and Vi >V, for s € [/, t]. Equivalently, Z([t',t]) is contained in the “cone”
Zy+{z€C:argz € [0,7/2]}. We write vz(t) for the infimum of the times ¢’ for which this condition is
satisfied, i.e. vz(t) is the entrance time of the cone. We say that t is a left (resp. right) w/2-cone time if
Vi = Vi, (resp. Uy = U,,)). Two m/2-cone times for Z are said to be in the same direction if they are
both left or both right 7/2-cone times, and in the opposite direction otherwise. For a 7/2-cone time ¢, we
write uz(t) for the supremum of the times t* < ¢ such that

inf U;<U; and inf V<V,
set*,t] sEt*,t]
That is, uz(t) is the last time before ¢ that Z crosses the boundary line of the cone which it does not cross
at time vz (t).

See Figure [I] for an illustration of Definition [[.6] The reader may easily check that if ¢ € Z is such that
X; =|F], then i/n is a (weak) m/2-cone time for Z" with vzn(i/n) = (¢(i) — 1)/n, and the direction of this
7/2-cone time is determined by what type of burger X ;) is (this assertion requires the minus sign discussed
in Remark. We further note that a Brownian motion Z with variances and covariances as in a.s. has
uncountably many m/2-cone times . There is a substantial literature concerning cone times of
Brownian motion; we refer the reader to Sections 3 and 4], Section 10.4], and the references
therein for more on this topic.



The following remark explains why 7/2-cone times are of interest in the study of CLE, and why one
should expect these times to be related to the times ¢ € Z for which X; = .

Remark 1.7. In the context of a whole-plane conformal loop ensemble (CLE,) on a Liouville quantum
gravity surface, the quantum lengths Z; = (L, R;) of the left and right boundaries of the space-filling SLE,
process 1’ which traces the CLE, loops when it is parametrized by quantum mass has the same law as the
Brownian motion (see |[DMS14, Theorem 9.1]). In this setting, m/2-cone times for Z E| correspond to
times at which ' finishes filling in “bubbles” which it disconnects from oo, as explained in [DMS14, Figure
1.16]. Each bounded complementary connected component of a CLE loop is such a bubble. The time vz (t)
corresponds to the time at which 1’ disconnects the bubble which it finishes tracing at time ¢, and the time
uyz(t) corresponds to the time at which 1’ begins tracing the boundary of this bubble. The quantum area and
quantum boundary length of this bubble are given, respectively, by t —vz(t); and Ls — L, (+) or Ry — R, (1),
depending on the direction of the cone time t.

In the context of an infinite-volume FK-weighted random planar map M, making sense of “bounded
complementary connected components” of FK loops requires a little more thought because these loops do
not have self-intersections. One considers bounded complementary connected components of the union of an
FK loop L and the set of quadrilaterals of the quadrangulation Q (M) associated with M (as in [Shelll Section
4.1]) which intersect L. Each such complementary connected component C' corresponds under Sheffield’s
bijection to a discrete interval of times {¢(4), ..., i} with X; = [F]; the discrete exploration path of [Shell,
Section 4.1] traces the last edge in C' at time i and traces the first edge in C at time ¢(¢). It is natural to
define the area of the component C to be the number of edges of Q(M) it contains, and the boundary length
of C to be the number of edges of M or its dual graph which are adjacent to the outer boundary of C. Then
the area of C is i — ¢(i) and its boundary length is either d* (i) — d*(¢(i)) or d(i) — d(¢(i)) (as defined in (),
depending on whether Xy;) = @ or Xy = @

Thus “bounded complementary connected components” of FK loops are described by the times ¢ for
which X; = in the same manner in which bonded complementary connected components of CLE loops
are described by the 7/2-cone times of Z. One can similarly describe other functionals of the CLE loops and
the FK loops, respectively, in terms of the 7/2-cone times for Z and the times for which X; = 7 e.g. the
boundary length of the unbounded complementary connected component of each loop, whether or not two
given loops are nested, and whether or not two given loops intersect. For such functionals, one has a similar
correspondence between the discrete and continuum descriptions.

A more detailed discussion of the relationship between Sheffield’s inventory accumulation model and
loops in the FK model can be found in [BLR15]. More detailed descriptions of several functionals of CLE
loops on a quantum gravity surface and the corresponding functionals of FK loops on a random planar map
will appear in |[GM].

In light of Remark it is natural to expect that the times for which X; = converge in the scaling
limit to the m/2-cone times for Z. This is indeed the case, but one needs to be careful about the precise
sense in which this convergence occurs. Indeed, there are uncountably many 7/2-cone times for Z, but only
countably many times for which X; = . To get around this issue, we prove convergence of several large
but countable sets of distinguished 7 /2-cone times which are dense enough to approximate most interesting
functionals of the set of 7/2-cone times for Z. One such set is defined as follows.

Definition 1.8. A 7/2-cone time for Z is called a mazimal 7 /2-cone time in an (open or closed) interval I C
R if [vz(t),t] C I and there is no 7/2-cone time t’' for Z such that [vz(¢'),t'] C I and [vz(¢),t] C (vz(t'), ).
An integer ¢ € Z is called a mazimal flexible order time in an interval I C R if X; = , {p(i),...,i} C I,
and there is no i’ € Z with ¢(i') = [F], {¢(i),...,i} € {¢(#) +1,...,i" =1}, and {¢(),...,i'} C 1.

We are now ready to state our main result.

Theorem 1.9. Let T be the set of w/2-cone times for Z. Let T be the set of i € Z such that X; = and
forn € Nlet T, = {n=%i : i € Z}. There is a coupling of countably many instances (X™) of the infinite
word X described in Section [I.1) with the Brownian motion Z such that when Z" and T, are constructed
from X™, the following holds a.s.

IThe definition of a 7/2-cone time used in this paper corresponds to a 7/2-cone time for the time reversal of Z in the
terminology of [DMS14].



1. Z™ — Z uniformly on compacts.

2. T is precisely the set of limits of convergent sequences (ty,,) € Tn, satisfying liminf;_, o (t,, —vzn; (tn,)) >
0 as (n;) ranges over all strictly increasing sequences of positive integers.

3. For each sequence of times t,,; € Ty, as in condition|d, we have im;_, oo vz7; (tn;) = vz(t), im0 uzni (tn;) =

J

uz(t), and the direction of the m/2-cone time t,,; is the same as the direction of t for sufficiently large
7.

4. Suppose given a bounded open interval I C R with rational endpoints and a € I N Q. Let t be the
mazimal (Definition[1.8) 7/2-cone time for Z in I with a € [vz(t),t]. Forn € N, let iy, be the mazimal
flexible order time (with respect to X™) i in nl with an € [$(i),4] (if such an i exists) and i, = [an]
otherwise; and let t, =n"'i,. Then a.s. t, — t.

5. Forr >0 and a € R, let 7" be the smallest /2-cone time t for Z such thatt > a and t —vz(t) > r.
Forn € N, let v2" be the smallest © € N such that X' = , i >an, and i — ¢(i) > rn —1; and let
70" =~ 1% We have 74" — 7" for each (a,7) € Q x (Q N [0, 00)).

Using Theorem [1.9] one can obtain the convergence in law of most reasonable functionals of the sets
T, to the corresponding functionals of 7. By Remark this implies the convergence of many quantities
associated with the complementary connected components of CLE, loops on a Liouville quantum gravity
surface, e.g. the quantum areas of these components, the quantum lengths of their boundaries, or the
adjacency graph of the set of loops. Hence Theorem provides a complete solution to [DMS14 Question
13.3].

The main difficulty in the proof of Theorem is showing that there in fact exist “macroscopic
excursions” in the discrete model with high probability when n is large. More precisely,

Proposition 1.10. For § > 0 and n € N, let £,(0) be the event that there is an i € {|dn],...,n} such that
X; =[F| and ¢(i) < 0. Then
lim lim inf P (£,(8)) = 1.
§—0 n—oo
We will prove Proposition in Section [5.1] via an argument which requires most of the results of the
earlier sections of the paper.

Remark 1.11. Proposition is not obvious from the results of [Shell|. At first glance, it may appear
that one should be able to obtain large —excursions in the discrete model by applying [Shell] Theorem 2.5]
and considering times ¢ which are “close” to being m/2-cone times for Z"™. However, this line of reasoning
only yields times ¢ at which U"(¢) < U™(s) + € and V"(t) < V"™(s) + € for each s € [t/,¢] for some ' < t.
One still needs Proposition or something similar to clear out the remaining en'/? burgers on the stack
at time |tn] and produce an actual [F Fexcursion.

1.3 Basic notation

Throughout the remainder of the paper, we will use the following notation.

Notation 1.12. If a and b are two quantities, we write a < b (resp. a = b) if there is a constant C
(independent of the parameters of interest) such that a < Cb (resp. a > Cb). We write a < b if a < b and
a>b.

Notation 1.13. If a and b are two quantities which depend on a parameter x, we write a = 0,(b) (resp.
a=0,()) if a/b = 0 (resp. a/b remains bounded) as x — 0 (or as © — oo, depending on context). We
write a = 03°(b) if a = 0,(b°) for each s € R.

Notation 1.14. For a < b € R, we define the discrete intervals [a,b]z := [a,b] NZ and (a,b)z := (a,b) N Z.

Unless otherwise stated, all implicit constants in =<, <, and = and O.(-) and o0,(-) errors involved in the
proof of a result are required to satisfy the same dependencies as described in the statement of the lemma.



1.4 Outline

The remainder of this paper is structured as follows. In Section 2] we prove a variety of probabilistic
estimates. These include some estimates for Brownian motion, lower bounds for the probabilities of several
rare events associated with the word X (including the probability that the reduced word is empty), and
an upper bound for the number of flexible orders remaining on the stack at a given time. In Section 3] we
prove a regularity result for the conditional law of the path Z™ given that the word X (—n,—1) contains no
burgers. In Section {4} we use said regularity result to prove convergence of the conditional law of Z"|[_ g
given that that X (—n,—1) has no burgers to the law of a correlated Brownian motion conditioned to stay
in the third quadrant. In Section [5] we prove Theorem

2 Probabilistic estimates

In this section we will prove a variety of probabilistic estimates. In Section we will prove some estimates
for Brownian motion, mostly using results from [Shi85], and make sense of the notion of a Brownian motion
conditioned to stay in the first quadrant. In Section[2.2] we will use our estimates for Brownian motion prove
lower bounds for various rare events associated with the word X. In Section[2.3] we will prove an upper bound
for the number of [F Fsymbols in the reduced word X (1,n), which is a sharper version of [She11, Lemma 3.7].
In Section [2.4] we will prove an explicit power-law lower bound for the probability that the reduced word
X(1,2n) is empty, thereby confirming a prediction made by Sheffield in [Shell]. Several of the estimates
in this section are not optimal, and will be improved upon later in the paper. However, the proofs of said
improvements require the results of this section.

2.1 Brownian motion lemmas

In [Shi85, Theorem 2|, the author constructs for each 8 € (0,27) a probability measure on the space of
continuous functions [0,1] — R? which can be viewed as the law of a standard two-dimensional Brownian
motion (started from 0) conditioned to stay in the cone {z € C : 0 < argz < 0} until time 1. By applying
an appropriate linear transformation to a path with this law, we obtain a law on continuous paths in R?
which we interpret as that of the correlated two-dimensional Brownian motion Z in conditioned to stay
in the first quadrant until time 1. For o = 0, this law is uniquely characterized as follows.

Lemma 2.1. Let Z = (U, V) : [0,1] — R? be sampled from the conditional law of Zlj0,1] given that it stays

in the first quadrant. Then 7 is a.s. continuous and satisfies the following conditions.

1. For each t € (0,1, a.s. U(t) > 0 and V(t) > 0.

2. For each ¢ € (0,1), the conditional law of 2“4)1] given 2“0,4] is that of a Brownian motion with

covariances as in (§), starting from Z((), parametrized by [¢, 1], and conditioned on the (a.s. positive
probability) event that it stays in the first quadrant.

IfZ = ((7, YN/) :[0,1] — R? is another random a.s. continuous path satisfying the above two conditions, then
747
Proof of Lemma, First we verify that 7 satisfies the above two conditions. It is clear from the form of
the density for Z; given in [Shi85, Theorem 3] that condition [If holds. To verify condition |2} fix ¢ > 0. We
have that Z is the limit in law in the uniform topology as 6 — 0 of the law of Z|j 1) conditioned on the
event Es that U(t) > —6 and V(¢t) > —4 for each ¢t € [0,1]. By the Markov property, for each ¢ > 0, the
conditional law of Z|¢ 1 given Z|j, ¢ and Ejs is that of a Brownian motion with covariances as in , starting
from Z((), parametrized by [¢, 1], and conditioned to stay in the §-neighborhood of the first quadrant. As
d — 0, this law converges to the law described in condition

Now suppose that Z = (U, V) : [0,1] — R? is another random continuous path satisfying the above two
conditions. For ¢ > 0, let Z¢ : [0,1] — R? be the random continuous path such that Z<(t) = Z(t + ¢) for
t € [0,1 — ¢]; and conditioned on Za\[oﬂ, Z¢ evolves as a Brownian motion with variances and covariances

as in started from Z(1) and conditioned to stay in the first quadrant for ¢ € [1 — ¢,1]. By condition



and [Shi85| Theorem 2], we can find e € (0, «/2) such that the Prokhorov distance (in the uniform topology)
between the conditional law of Z¢ given any realization of Z|(g ¢ for which |Z(¢)| < e is at most a/2. By

continuity, we can find (o > 0 such that for ¢ € (0, (o], we have P (SuPte[o,g] |Z(t)| > a/2> < «/2. Hence for
¢ € (0,¢p] the Prokhorov distance between the law of Z¢ and the law of Z is at most a. Since « is arbitrary
we obtain Z¢ — Z in law. By continuity, AS converges to Z in law as ¢ — 0. Hence z717 O

Lemma 2.2. Let p € (0,1/2) and s € (4,8) be related as in (1]). Let

pi= T =L = =" (9)
2 (7‘(‘ — arctan %) 8’ 2 (71' + arctan %) 4(k —2)

Let Z = (U, V) be as in [§). For § >0 and C > 1, let

Es = { inf U(t) > —0Y2 and inf V(t) > —5/?
t€[0,1] t€[0,1]

Ej:= {U(t) > 642 or V(t) > =62 for each t € [0,1] }

G(C) = { sup |Z(t)] < C’} N{U@1)>C"" and V(1) > C'}.

te[0,1]

For each C > 1 we have

P(EsNG(C)) <P (Es) < (10)
and )
P(E5NG(C)) <P (Fj5) =< (11)
with the implicit constants independent of d.
Proof. Let
1 —&= ~ -~
1-p

Then Z is a pair of independent Brownian motions. Note that A maps the first quadrant to the cone

VI=2
F, = {wEC : 0<argw<7r—arctanp} (13)
p
and the complement of the third quadrant to the cone
V1—=2
F,:= {w eC:argwé¢ |:71',2’/T — arctan p} } . (14)
p

Let F) be the §/2-neighborhood of F, and let z := exp (% <7r — arctan 7@;%)) be the unit vector pointing
into F,,. We have
{Z(10,1)) € F**} € E5 < {Z([0,1]) € >}

for positive constants ¢; and c¢o depending only on A. By scale invariance of Brownian motion, we have
HP (Z([o, 1)) Fg) — §HPp (2([0,5*11) tzC Fp) .
By [Shi85, Equation 4.3] this quantity converges to a finite positive constant as § — 0. We therefore obtain
P (Es) < oM.

Similarly, we have ,
P (Ej5) =< 6.



This proves the second proportions in and . By [Shi85|, Theorem 2], the conditional law of A l10,1]
given {Z([0,1]) C F;f } converges in the uniform topology as § — 0 to the law P of a continuous path
Z :]0,1] — C satisfying (with G(C) as in the statement of the lemma)

~

P(G(C)>0 VC>1, and lim P(G(C)) =1.

C'—o0

By combining this observation with our argument above, we obtain the first proportion in . We similarly
obtain the first proportion in . O

2.2 Lower bounds for various probabilities

In this section we will prove lower bounds for the probabilities of various rare events associated with the word
X. This will be accomplished by breaking up a segment of the word X of length n into sub-words of length
approximately 6*n for § small but fixed and k& € N such that 6*n > 1; then estimating the probabilities of
events for each sub-word using [Shelll Theorem 2.5] and Lemma

Lemma 2.3. Let p be as in @[) Forn €N and C > 1, let R, (C) be the event that the following is true.

1. X(1,n) contains no burgers.

2. X(1,n) contains at least C~'n'? hamburger orders, at least C~'n'/?

Cnl/? total orders.

cheeseburger orders, and at most

Also let R} (C) be the event that the following is true.

1. X(1,n) contains no orders.

1/2

2. X(1,n) contains at least C~'n'/2 burgers of each type and at most Cn'/? total burgers.

If C is chosen sufficiently large, then
P (R,(C)) > n~rton() (15)

and
P (R;,(C)) > nrron(D), (16)

Remark 2.4. We will prove a sharper version of the estimate later, which also includes an upper bound
(see Proposition below).

Remark 2.5. As explained in [BLR15|, Lemma and the stronger Proposition can be viewed as
estimates for the area of the "envelope of a generic loop” in an FK-weighted random planar map M. The
paper [BLR15| obtains asymptotics (including upper bounds, but not regular variation) for the area and
length of a full generic loop.

Proof of Lemma[2.3. We will prove . We find it more convenient to do this with the word X (—n, —1)
in place of the word X (1,n). This sufﬁces by translation invariance. The estimate is proven similarly,
but with the word X read in the forward rather than the reverse direction.

Fix C' > 1 and § < 1/4C?, to be chosen later independently of n. Let

logn
K, = 1
hog 5‘1w ("

be the smallest integer k such that 6*n < 1 and for k € [0, K,,]z let mE := |6*n]. Also let Ej be the event
that the following is true.

1. X(=mF=1, —mF — 1) has at most 0V (C~1(6%n)'/? — 1) burgers of each type.

2. C7H(* 1) Y/2 < Ny (X (—mbE—t, —mb — 1)) < C(6%1n)/? for 0 € {{H],[C]}.

10



Observe that on ﬂii"l Ey, the word X (—n, —1) has empty burger stack and contains at most

oo
20n'/23 " 6" < ARl
k=1

total orders. Furthermore, since X (—n, —m}) contains at least C~'n'/2 hamburger orders and at least the

same number of cheeseburger orders, so does X (—n, —1). Consequently, if m is chosen sufficiently large then
K,
() Ex C R, (40), (18)
k=1

where R, (4C) is defined in the same manner as R, (4C) but with X_,, ... X_; in place of X;...X,,. The
events Ey, for k € [1, K,,]z are independent, and by translation invariance P(R;, (4C)) = P(R,,(4C)). So, to
obtain (with 4C in place of C) we just need to prove a suitable lower bound for P(E}).

To this end, fix a deterministic sequence { = (§;) with £ = 0;(y/j) and for k € [1, K,]z let E}, be the
event that the following is true.

L 0F )i iy, (=) — d(=mf = 1)) > (0 V(C1 (k)12 — 1 — gmﬁ,l)) and similarly with d* in
place of d.

2. CY(oFtn)V/2 4 Epr-1 < d(—mF=1) —d(—mF — 1) < C(6*'n)/% — §,nr—1 and similarly with d* in
place of d.

n

3. N (X(—mlri_l, —mfz — 1)) < fmk—l.

Observe that Ek C Ej. By [Shell, Lemma 3.7], we can choose ¢ in such a way that it holds with probability
tending to 1 as m — oo that X (1,m) has at most &, flexible orders. By [Shell, Theorem 2.5], it follows
that as n — oo, the probability of the event El converges to the probability of the event that Z stays within
the C~'6'/2-neighborhood of the first quadrant in the time interval [0, 1 — 6] and satisfies C~!' < —~U(1) < C
and C~! < —-V(1) < C. By Lemma this latter event has probability > 0* with the implicit constant
independent of §. Hence we can find b € (0,1), independent of 4, and m, = m.(d,C, &) such that whenever

m’fl > my, we have [P(Ek) > bd* (here we use that Ej and Ek are defined in the same manner as F; and El
but with §*~1n in place of n).
Let k. be the largest k € [1, K,,]z for which m¥ < m.,. Then

k.
P (ﬂ Ek) > bk*5k*“ > bKn(SKn,u > n*#+05(1)7
k=1

with the 05(1) independent of n. Since the event ﬂkK:"k*H E}, involves only the word X ... X, , P (ﬂkK:"k*H Ek>
is at least a positive constant which does not depend on n. We infer from that

P (R; (40)) - n—#—C+05(1)’
with the implicit constant depending on &, but not n. Since § is arbitrary, this implies . O

From Lemma we obtain the following.

Proposition 2.6. Almost surely, there are infinitely many i € N for which X(1,i) contains no burgers;
infinitely many j € N for which X(—j, —1) contains no orders; and infinitely many —symbols in X(1,00).

Proof. For m € N, let K,,, be the mth smallest ¢ € N for which X (1,4) contains no burgers (or K,, = oo if
there are fewer than m such i). Observe that K,,, can equivalently be described as the smallest i > K,,_1 +1
for which X (K,,—1 + 1,4) contains no burgers. Hence the words Xy, _,4+1... Xk, areiid. It follows that

11



{Km}men is a renewal process. Note that ¢ € N is equal to one of the times K, if and only if the word
X(1,4) contains no burgers. By Lemma we thus have

Z P (i = K,, for some m € N) > Zz‘/‘“’i(l) =0
=1 i=1

since p < 1. By elementary renewal theory, K7 is a.s. finite, whence there are a.s. infinitely many ¢ € N for
which X (1,¢) contains no burgers. We similarly deduce from that there are a.s. infinitely many j € N
for which X (—j,—1) contains no orders. To obtain the last statement, we note that for each m € N, we have

P (XKerl = ) = p/2, so there are a.s. infinitely many m € N for which Xg, 41 =|F|. For each such m,

m

a | F|symbol is added to the order stack at time K,,11. O
Next we consider an analogue of Lemma which involves 37 /2-cone times instead of 7/2-cone times.
Lemma 2.7. Forn € N and C > 4, let R, (C) be the event that the following is true.
1. X(1,4) contains a burger for each i € [1,n]z.
2. X(1,n) contains at least C~'n'/2 hamburger orders and at least C~'n'/? cheeseburger orders.
3. |X(1,n)| < Cn'/2,
Also let (R])*(C) be the event that the following is true.
1. X(—j,—1) contains either a hamburger order or a cheeseburger order for each j € [1,n]z.

1/2

2. X(—n,—1) contains at least C~ n'/? burgers of each type and at most Cn'/? total burgers.

3. | X (—n,—1)| < OCn'/2.

For C > 4 we have )
P (R, (C)) > n~#+orh) (19)

and )
P ((Ry,)*(C)) = n—#Fon (20)
with 1 as in (9).

Proof. We will prove . The estimate is proven similarly, but with the word X read in the reverse,
rather than the forward, direction.

Fix C > 4, 6 € (0,(8C)7?], and a deterministic sequence £ = (&) with & = 0;(v/j) to be chosen later
independently of n. We assume &; < 841/2 for each j € N. Let K,, be as in and let mk = [6%n]| for
k € [0, K]z be defined in the discussion thereafter. For k € [1, K,,|z, let Ej, be the event that the following
is true.

1. Foreachi € [mF+1,mE~1]z, at least one of the following three conditions holds: N (X(m’ﬁb +1, z)) <
ov (C’f (0Fn)t/2 —¢ i 1), N (X(mk+1,49) <0v (C’1(§kn)1/2 7£mﬁ—1); or X (mk +1,4) con-

tains a burger.

2. Np (X(mE +1,mE=1)) > C~1(8%1n)'/2 for 6 € {H),(C)}.
3. Ny (X(mf + 1,mE=1)) > C=1(6*1n)!/2 = ¢ v for 6 € {{H][C]}.
4. |X(mE +1,mE=1)| < C(6F1n)1/2,

12



We claim that

K,
ﬂ E, C R.(8C). (21)

First we observe that conditions and [| ﬁ in the definition of Ej}, imply that condition [1]in the definition
of R}, (8C) holds on ﬂkK:"l E;.. From condition [3{and 4] in the definition of Ej, we infer that on ﬂkK:”'l E;, we

have for 6 € {{H],[C]} that

K,
No (X(1,n)) > O b2 — €0 — Ont/2 Y glk=0/2
k=2

> C*ln1/2 261/20n1/2 7071

N |
oo

where the last inequality is by our choice of §. Thus condition [2| I in the definition of R/,(8C) holds. Finally,
it is clear from condition [4| I in the definition of Ej, that condition (3 I in the definition of R/ (8C) holds on
ﬂkznl Ej.. This completes the proof of .

The events Ej, for k € [1, K,]z are independent, so in light of (2I]), to obtain (with 8C in place of

C') we just need to prove a suitable lower bound for P(E}). To this end, for k € [1, K,,]z let E}, be the event
that the following is true.

1. For each i € [mF +1,mk=1]z, either d(i) —d(mk +1) > 0OA (70*1(5’“71)1/2 + fmﬁd) or d* (i) —d*(mk +
1)>0A (—C’l(dkn)l/Q + gmﬁfl).

2. d(mF=1) —d(mF + 1) and d*(mE=1) — d(mE + 1) are each at least C~1(5%~1n)/2.

3. inf, ek yq k1), (d(0) —d(mf +1)) < —C7H(8*'n)!/? — ¢ 1 and similarly with d* in place of d.

4. Supie[mﬁ+1,mﬁ,_l]z |D(Z)| < (C/Q)((Sk_ln)l/2 — gmﬁ—l.

d. N (X(mfl—%l,m )) <£me 1.
We claim that E,’c C Ej. It is clear that conditions [2| and [5|in the definition of E,’C imply the corresponding
conditions in the definition of Ej.. Since the running infima of d and d* up to time n differ from N (X(1,n))
and J\f X(1,n)), respectively, by at most ./\/ X(1,n)), we find that conditions [3| and imply the

correspondlng conditions in the definition of EJ,.

Suppose condition [l in the definition of Ej holds. If i € [mF + 1,mF~1]z and X (mE + 1,4) contains
no burgers, then the condition d(i) — d(mk 4+ 1) > 0 A (—e(ékn)l/z +& k—l) together with condition [5[ in
the definition of Ej implies N (X(mk+1,9) <0V ( (6kn)1/2 —¢ - 1). A similar statement holds if
d*(i) — d*(mk +1) > 0A (—e(akn)1/2 + gmﬁfl). This proves our claim.

It now follows from the results of [Shell| together with Lemma (c.f. the proof of Lemma [2.3) that if
¢ is chosen appropriately (independently of n) then there is a constant b € (0,1), independent of n and 0,
and a constant m, = m,(J, €, &) such that whenever mj! > m,, we have P(E},) > bé* . We conclude exactly
as in the proof of Lemma O
2.3 Estimate for the number of flexible orders

The main goal of this section is to prove the following more quantitative version of [Shell, Lemma 3.7],
which will turn out to be a relatively straightforward consequence of Lemma [2.7]

13



Lemma 2.8. Let i/ be as in @D For each n € N and each v > 1/ we have

P (Eli > n with ./\/ (X(1,4) > i") =05°(n) (22)
(recall notation [1.15). The same holds if we fix C > 1 condition on the event {X(1,n’) has no burgers} for
some n' € [n,Cnlz, with the o°(n) depending on C' but not n'.

Remark 2.9. Since p/ € (1/3,1/2) for each p € (0,1/2), we have in particular that holds for some
v < 1/2. In other words, with high probability the number of flexible orders in X (1,%) is of strictly smaller
polynomial order than the length of X(1,4), for each i > n.

Remark 2.10. The exponent p’ in Lemma is not optimal. We will show in Corollary below that '
can be replaced by 1 — u < p/. However, the proof of Corollary indirectly uses Lemma [2.8

Lemma 2.11. Fori € N, let E; be the event that X (1,1) contains no burgers. Let 0 =ig < i1 < -+ < i, € N.

Then we have
P (m Elk) = H P(Eiy—ie_1)- (23)
k=1 k=1

Furthermore, for each i < j € N we have

2'7IP(E;) < P(E;) < P(E;). (24)

Proof. Let i’ > i. If E; occurs, then E; occurs if and only if X (i41,4") contains no burgers. By independence
of Xj...X; and X;41... Xy and translation invariance, we have

P(Ey | X1...X;) =P ( X(i+1,7) contains no burgers) = P ( X (1,7 — i) contains no burgers) .
g g

Hence, in the setting of we have

n n—1
P (ﬂ Ei | E) =P (Ei,—i, ),
k=1 k=1
SO

n n—1
P (ﬂ E) =P (Ei,—i, ,)P (ﬂ E) )
k=1 k=1

We can now obtain by induction on n.

The lower bound in is immediate from (note P(E;) = 1/2). For the upper bound, let J be the
smallest J € N for which X (—.J, —1) contains a burger. Then we have

P(E;) =P ( X(—i,—1) contains no burgers) = P (J > i),
which is manifestly decreasing in . O

Lemma 2.12. Forn € N, let B,, be the number of i € [1,n]z for which X(1,n) has empty burger stack. Let
i be as in @ Then for k € N we have

E (BE) < plt'+on(®), (25)

Proof. We first consider the case k = 1. Let Ky = 0 and for m € N, let K,,, be the mth smallest ¢ € N such
that X (1,4) has empty burger stack. Note that the times K, — K,,—1 are iid and each has the same law as
K. Furthermore, we have

B, =sup{m e N : K,, <n}. (26)

Therefore,

[P(Bn>m)§[P(Km§n)<lP< max (KjKj_1)§n> =P(K;<n)".

a J€[l,m]z
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On the event {K; > n}, X(1,i) contains a burger for each i € [1,n]z. By Lemma[2.7 we therefore have
P (Kl < n)m < (1 _ n-u’-&-on(l))

Hence
n

E(B) <> (1- n—ﬂ’+0n<l>)m _ ' on(l).

m=1

Now consider the case k > 1. Define the events E; as in Lemma [2.11] By Lemma [2.11] we have

B3 Y eEaBn-nE.)

i=11<j1,....0k—1<n
n k-1

ji[P(EZ-)—FZZ > PENE,N-NE;,)
i=1

=1 m=1i<j1<-<jm<n

n n k—1
=Y P(E)+ Y P(E) Y > P(Ej,_in---NEj, )

m=1i<j1<<jm<n

n n k—1
SZ[P(Ei)+Z[P(Ei) > > P(E; N---NE;)

m=11<j1<-<jm<n

k 1
E(B)), (27)
m:O
with implicit constants depending on k, but not n. We can now obtain by induction on k. O

Proof of Lemma[2.8 Let

A, = {Hi > n with ./\/ (X(1,4)) > i”}

be the event of (22)). By Lemma [2.12] for k € N and i € N we have (in the notation of that lemma)

N <[EBk <k,u+o,(1)
£ (Aer.0) s e <

By the Chebyshev inequality,

P </\/ (X(1,4)) > 7,) < kW =)toi(1)
By the union bound,

L)
Z "—v)4oi( < n1+k:(;/7u)+oi(l).

Since k is arbitrary we obtain (22)). For the statement about the conditional law, we use Lemma to get
that for each n € N,

P (An) < nk(/ffu)+p,+o"(1),

P (A, | X(1,n) has no b <
(An | X(1,7) has no burgers) < P (X(1,n") has no burgers) —

with the 0, (1) depending on n//n. We then conclude as above. O
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2.4 Probability that the reduced word is empty

In this section, we will prove a polynomial lower bound for the probability that the reduced word X (1,2n) is
empty. We expect, but do not prove, that this lower bound is sharp. The result of this section is not needed
later in the paper, but confirms a prediction made by Sheffield in [Shell| Section 4.2]. We will prove several
additional estimates (using different methods) for events related to an empty reduced word in |GS].

Proposition 2.13. Let i be as in @ For each n € N,
P(X(1,2n) = 0) > n- 2 1+ea(), (28)

The proof of Proposition [2.13] uses a similar idea to the proofs of Lemmas [2.3] and First we need to
estimate an appropriate probability for Brownian motion.

Lemma 2.14. Fiz a constant C > 1. Let z € [C~Y,C]%. Let Z be a Brownian motion as in (started
from 0). For § > 0, let FZ be the event that U(t) > —3'/2 and V(t) > —6'/2 for each t € [0,1]; and
|Z(1) — 2| < 6Y/2. Then P (F§) = 6#*+1, where pu is as in (O) and the implicit constant depends on C, but
not z or§.

Proof. Let Ej be the event that U(t) > —4%/2 and V (t) > —6'/2 for each s € [0,1/2]; and Z(1/2) € [C~1, C]2.
By Lemma H and scale invariance, we have P (E(;) = §*. The conditional law of Z|[1/271] given Z|[071/2] is

that of a Brownian motion with covariances as in started from Z(1/2). On the event Es, the probability
that such a Brownian motion stays in the first quadrant until time 1 and satisfies |Z(1) — z| < §'/2 is

proportional to 4. Hence P (F Z Eg) = 4. The statement of the lemma follows. O

Proof of Proposition[2.13 We find it more convenient to prove with X (—2n,—1) in place of X(1,2n)
(which we can do by translation invariance). Fix 6 > 0 and C' > 1, to be chosen later. Let K, be as in
and let mE = |6*n] for k € [0, K,,]z be defined in the discussion thereafter.

Let bf (resp. bS') be the number of hamburgers (resp. cheeseburgers) in X (—2n, —n—1). For k € [0, K,,]z

let b (resp. b$') be the number of hamburgers (resp. cheeseburgers) in X (—2n, —mk —1).

Let 1/ be as in (9) and fix v € (¢/,1/2). Let Gy = R};(C/7) be the event of Lemma but with
X_op...X_p—1 in place of X;...X,, and C/7 in place of C. For k € [1, K,,]z, let G be the event that the
following is true.

L No (X (=m}~!, =mk — 1)) <0V (C71(8%n)"/? = (n)* =D — 1) for ¢ € {{H),©O)}.

V(k—l).

—mk-1 —mk — n
2. A (X (=l —ml = 1) < (9n)

3. b — 4078 )2 — (on)v D) < Ny (X(mE~t +1,mk)) < bl — 3C~(6Fn)Y/2 — (on)*k—1) for
6 € {(H][C]}.

By Lemma if C'is chosen sufficiently large then we have P(Gg) > n—#*°(1). By inspection, if k € [1, K|z
and mF is sufficiently large then on Gy, the word X (—2n, —m¥ — 1) contains no orders and

C7HoFn)Y2 < <6C71(%n)/? and CTH(0%n)Y? <Y < 6C1(6Fn)Y/2, (29)
By [Shell], Theorem 2.5], Lemma [2.8 and Lemma we can choose m, € N, independent of n, in such a
way that there is a deterministic constant ¢ € (0,1), independent of n and §, such that whenever & € [1, K,,]z
with mkE > m,, holds on the event G}, and
P (Gk ‘ X,gn “ee X,mﬁ) :I]_C,*,671 Z C(S“+1]].Gk71.
Let k. be the largest k € [1, K,,]z for which me > m,. Then

ks
P (m Gk> > Kn §Kn(pt1) ) —pton(1) > n—2h—1+0n(1)+05(1) (30)
k=0
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with the o5(1) independent of n. It follows from that on ﬂ’,:*:o Gk, the word X (—2n, —mF —1) contains
no orders and fewer than m*+ burgers. Since m, does not depend on n and m#* < §~1m,, we have

K
P (X(LG) =01 Gk) =1, (31)

k=0

with the implicit constant independent of n. By combining and and using that § is arbitrary, we
obtain the statement of the proposition. O

3 Regularity conditioned on no burgers

3.1 Statement and overview of the proof

The goal of this section is to prove a regularity statement for the conditional law of the word X (1,n) given
the event that it contains no burgers. It will be convenient to read the word backwards, rather than forward,
so we will mostly work with X (—n, —1) instead of X (1,n).

We will use the following notation. Let J be the smallest j € N for which X (—j, —1) contains a burger.
Note that {.J > n} is the same as the event that X (—n, —1) contains no burgers. Let 1/ be as in Lemma [2.§]
and fix v € (/,1/2). Let F,, be the event that N (X(—n,—1)) < n”, so that by Lemma we have

P(F,) >1—05°(n). For e > 0 and n € N, let E,(¢) be the event that J > n and X (1,n) contains at least
en'/? hamburger orders and at least en'/? cheeseburger orders. Let

an(e) =P (E,(e)|JJ >n). (32)
The main result of this section is the following.

Proposition 3.1. In the above setting,

21_{1(1) hnlr_l)loléf an(e) = 1. (33)

It will take quite a bit of work to prove Proposition[3.1} We give a brief overview. We will start by reading
the word X forward. For n € N, let K, be the last time ¢ < n for which X (1, ¢) contains no burgers. We will
argue (via an argument based on translation invariance of the word X') that X (1, K,,) has uniformly positive
probability to contain at least en'/? hamburger orders and at least en'/? cheeseburger orders if € is chosen
sufficiently small. By taking n large and conditioning on X (1, K,,), this will allow us to extract a (possibly
very sparse) sequence m; — oo for which liminf; . a,,,(€) > 0. This is accomplished in Section

In Section we will prove a general result which, for s € (0, 1), allows us to compare the conditional law
of Z"(-) = Z"(—s) given {J > n} and a realization of X_|,s|... X_1 to the law of Z(-) — Z(—s) conditioned
to stay in a neighborhood of the third quadrant.

In Section we will use the result of Section to show that if a,,(€) is bounded below for some small
e > 0 and m is very large, then a, (€) is close to 1 for n > m such that m/n is of constant order. The intuitive
reason why this is the case is that if € is very small and E,,(¢) fails to occur, then it is unlikely that J > n;
and if F,,(e) N {J > n} occurs, then (by [Shell, Theorem 2.5]) E,(e) is likely to occur for small e. We will
then complete the proof of Proposition [3.1] using an induction argument and the results of Section See
Figure 2] for an illustration of the basic idea of this argument.

3.2 Regularity along a subsequence
In this section we will prove the following result, which is a much weaker version of Proposition 3.1

Lemma 3.2. In the notation of , there is a eg > 0 and a qo € (0,1) such that for e € (0, eg] there exists
a sequence of positive integers m; — oo (depending on €) such that for each j € N,

Am; (6) 2 qo- (34)
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D([=m,0))

> >

Figure 2: An illustration of the main ideas of the proof of Proposition Suppose m < n € N with m
at least a constant times n. Left figure: if E,, () occurs, i.e. the path D (defined as in (6))) is at uniformly
positive distance from the boundary of the first quadrant at time m. By Lemma [3.6] if m is very large then
it holds with uniformly positive probability that J > n and E, (¢) occurs, i.e. D stays in the first quadrant
until time n and ends up at uniformly positive distance away from the boundary. Right side: if E,,(¢) fails
to occur and n is very large, then it is unlikely that J > n. Hence if we start from a suitably large value of m
for which a,,(€) is uniformly positive, then Bayes’ rule and an induction argument imply that a,(e) is close
to 1 for n > 2m, say. We prove the existence of arbitrarily large values of m for which a,,(¢) is uniformly
positive in Section [3.2]

The proof of Lemma [3.2] will require several further lemmas. First we need a result to the effect that
the —excursions around 0, i.e. the discrete interval [¢ (i), ]z containing 0 with X; = , are not extremely
likely to have all of their mass on the right side of 0.

Lemma 3.3. Forn € N, let K,, be the largest i € [1,n]z for which X; =|F| and ¢(i) <0 (or K, =n+1 if
no such k exists). For e >0, let Ay, (¢) be the event that K,, <n+1 and K, < (1 —¢)(K,, — ¢(K,)). There
exists €g > 0, ng € N, and qo € (0,1/3) such that for each € € (0, €] and n > ng,

P (An(e)) > 3q0~

Proof. The idea of the proof is as follow. We look at a carefully chosen collection of disjoint discrete intervals
I =[¢()),J]z with X; = . We will choose these intervals in such a way that for each such interval I, the
event A, (¢) occurs (with ¢ rather than 0 playing the role of the starting point of the word X) whenever i € I
with i > e(j — (7)) + ¢(4) (i-e., for “most” points of I). We then use translation invariance to conclude the
statement of the lemma. See Figure [3|for an illustration.

*

i

Figure 3: An illustration of the proof of Lemma On the event @, defined in the proof, we have
0 < K} < ¢(KR) <i < my. Intervals belonging to Z,, are shown with square endpoints. Points shown
in red are those for which we know A7 (€) occurs. If we make ¢ > 0 small enough, the red points occupy a

uniformly positive fraction of [0, n] with uniformly positive probability. Since P(A?(¢)) does not depend on
i, this yields a lower bound for P(A?(€)).
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Forn € Nandi € Z, let K" be the largest j € [i,i+n]z for which X; = |F|and ¢(j) < ¢ (if such a j exists)
and otherwise let K" =i. For € > 0, let A (e) be the event that K* # ¢ and K" —i < (1 —¢€)(K — ¢(K")),
so in particular A?(0) = {K[* # i}. Note that A} (e) = A,(e), and on the event A, (0) we have K, = K.
By translation invariance,

P (A7(0)) = P (A, (), VieZ, Ve > 0. (35)
Let m,, := [n/2]. Let @, be the event that the following is true.
1. For each t € [1,2] we have (in the notation (7)) either U"(¢) > U™ (my,/n)+1 or V"'(t) > V" (m, /n)+1

2. For each t € [m,,/n, 1], either U™(t) > U™(0) + 1 or V"(¢) > V"(0) + 1

By [Shelll Theorem 2.5], there exists go € (0,1), independent of n, such that P (Q,) > go for each n € N
with n > 100 (say). We observe that for each i € Z, n K" is a m/2-cone time for Z" (Definition with
vzn (n 1K) < n~li. Consequently, conditionin the definition of @, implies K" < n for each i € [1,my]z.
Similarly, condition [2]in the definition of @, implies K§ < m,,.

We claim that on Q,,, each i € [1, K]z satisfies K = K. Since K]* < n, it follows from the definition
of KJ that either K' = K§ or ¢(K?) > 0. Since two [F lexcursions are either nested or disjoint, if
¢(KT) > 0, then [¢p(KT), K"z C (¢(KF), K{)z, which contradicts maximality of K*. Therefore we in fact
have K' = K.

Let i{ be the smallest i € [1,m,]z such that K]* > m,,. By maximality of K7, , we have ¢(KJ.) < my <
K. < Ky, whence [¢(K7,), Ki]z C [¢(K), ), K}, ]z and

Furthermore, on the event ), we have i > K.
Let Z,, be the set of maximal [F Fexcursions in [K7, " —1]z, i.e. the set of discrete intervals I = [¢(5), j]z C

[K{', 1Y — 1]z with X; = |F | which are not contained in any larger such discrete interval. For I = [¢(j), j]z €
Z,, we write len(I) = j — ¢(j).

Observe that if ¢ € I for some I = [¢(j),j]z € T, then K = j. Indeed, we have K' < m, and
i € [¢(4), 4]z, so the claim follows from maximality of I and K!". Conversely, suppose i € (K{,i?)z and
A?(0) occurs. Then K" € (K{,i%)z. By maximality of K}, we must have ¢(K!*) > 0, so by maximality
of K" we have [¢(K!), K]z € Z,,. Thus Z can alternatively be described as the set of discrete intervals
(T, K2z for i € [6()). 1z

On @, we therefore have
Z]].An(o) < Z len +K6L—|-mn —Z: (37)
I€T,

On the other hand, if ¢ € I for some I = [¢(j),j]z € Z,, and i > e(p(j) — j) + j, then since K" = j, we have
that A7 (e) occurs. Therefore, on @, we have

iﬂf‘?“) >(1—6) S len(l) + (1 - K. (38)

1€z,

By Proposition we have P (A?(0)) — 1 as n — oo (uniformly in ¢ by translation invariance) so for
sufficiently large n we have

- (ﬂ% Zﬂw) = PA0)NQu) = (P(Qu) — 0u(1) mn = Ly,
=1 i=1

By (37),
E (nQn 3 len(I)> +E (1o, K5) + E (g, (mn — i) = T

1€z,
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y (33),
(ﬂQn Z 1an e)> (1—e) Om —E(1q, (mn — i) — €E(1g,15) - (39)

On the event A} (€)¢, we have m,, — ¢(K], ) < en, whence implies m,, —i? < en. On @, we always
have m,, — i} < m,,. Therefore,

E(1g, (my, — i) < m,P (A% ()N Qy) + enP (AL, (6)°NQy)
< m,P (A} () + en.

It is clear that E (1q,tf) < en, so implies that for sufficiently large n,
Mn q
n 0
E <1Q" Z 1A?(6)> +mnP (Amn (6)) (1—¢)= 5 m, — 2en.
i=1

By (35), B
2maP (An(€)) > (1 — e)%omn — %en.

Re-arranging this inequality implies the statement of the lemma for appropriate ¢g > 0 and ¢ € (0,1/3). O

Lemma 3.4. Let K,, be defined as in the statement of Lemma . For e > 0, let G, (€) be the event that
X(1,K,) contains at least ey/K,, hamburger orders and at least ex/K,, cheeseburger orders. Let qo be as in
Lemma . There exists ey > 0 and ng € N (depending only on qo) such that for € € (0,€] and n > ng,

P (Gn(€)) > 2qp.

Proof. Let €y > 0 and ng € N be chosen so that the conclusion of Lemma holds (with € in place of €
and 79 in place of ng). For n € N let A, (€y) be the event of that lemma (with e = €)). Then for n > 1y, we
have P (A, (¢0)) > 3qo.

Fix a € (0,1). Let Fk, be defined as in Section with K, in place of n and X(1,K,) in place of
X(-K,,—1). By Lemma we can find m € N such that the probability that there is even one k > m such
that X (1,%) contains more than k* [F}symbols is at most a/2. By Proposition we can find nj > ng
such that for n > n{, we have P (K,, > m) > 1 — «/2. For n > n(, we therefore have

P(Fk,)>1—a. (40)

For € > 0 and k € N, let JH(e) (resp. J< (€)) be the smallest 5 € N for which the word X (—3,0) contains
at least ek'/? + k¥ + 1 hamburgers (resp. cheeseburgers). By [Shell, Theorem 2.5], the times J/(¢) and
JE (€) are typically of order €2k. More precisely, we can find €y € (0, €] and ko € N such that for k > ko and
e € (0, €],

P (JH () v JE (€) > €Gk) < a.

By Proposition we can find ng > n{, such that for n > ng, we have P (K,, < k) < a.
On the event G, (€)° N Fk,, we have —¢(K,) < Jf (€) V J§ (). Since Gn(e)® N F, N {K, > ko} is
independent from ... X_5X_;, it follows that for n > n{ we have

P (Gn(e)° N Fr, N{~¢(Kpn) > G K, })
<P (K, < ko) +E (P (Gn(e)° N Fr, N{—¢(K,) > EK,} | X1 Xa...) Lix, >ko))
<a+E(P(JE () VIL (€) > @Kn|Kn) Lk, >k)) < 20v.
By definition, on the event A, (¢y) we have —¢(K,,) > €3K,, so we have
P (—¢(Ky) > €gKn) > 3qo.
Therefore,

P(Gn(e)°NFk,) <1—3qg+ 2a.
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By combining this with we obtain
P (Gn(e)) = 3q0 — 3a.
Since « is arbitrary this implies the statement of the lemma. O

Proof of Lemma[3.3. Let qo be as in Lemma [3.3] For n € N, define the time K, as in Lemma Choose
€0 > 0 and ng € N such that the conclusion of Lemma [3.4] holds, and fix ¢ € (0, ¢]. By Proposition if
we are given j € N, we can choose n > ng such that P (j + 1 < K,, <n) > 1 — qo/2. Henceforth fix such an
n. Then with G, (€) as in the statement of Lemma we have

P(Gu(e)N{j+1<Kn<n})> gqo.

We therefore have

Hence we can find some m; € [j,n — 1]z for which
3
P (Cale)| Ko =my +1) > S0
We can write {K, = m; + 1} as the intersection of the event that X(1,m,) contains no burgers; and the

event that X, 11 = |F|and N (X(mj +2,n)) = 0. The latter event is independent of X ... X,,,, so the

conditional law of Xi ... X,,, given {K, = m; + 1} is the same as its conditional law given that X (1,m;)
contains no burgers. The event G, (€) N {K,, = m; + 1} is the same as the event that K, = m; + 1 and
X (1,m;) contains at least e(m; 4 1)/ hamburger orders and at least e(m; + 1)*/2 cheeseburger orders. By
Lemma and translation invariance, holds for this choice of m; (with a slightly smaller choice of €)
provided j is chosen sufficiently large. Since m; > j and j € N was arbitrary, we conclude. O

3.3 Conditioning on an initial segment of the word

Notation 3.5. Fort; <ty € R, we write
[Ttll,tg] = (Zn — Zn (n_l I_’ntg — 1J)) |[t1,n*1Lnt2—1J] and Z[tl,tg] = (Z — Z(t2))|[t1,t2]' (41)
We extend the definition of Z[Ttll,tz] to [t1,t2] be defining it to be identically zero fort € [n’l |nty — 1J,t2],

The reason why we use n~!|nty — 1] instead of just t5 in the definition of Zjy, 1,) is that this choice
implies that Z[?l,tz] is independent of X|4,, | X |tyn)41----

In this section we will prove a lemma which allows us to estimate the conditional law of Z[’i
s € (0,1) given {J > n} and a realization of X_ |, ... X 1.

Lemma 3.6. Fiz A € (0,1/2). Forn € N and s € [\,1 — A] define

hy = (sn)_l/QJ\/' (X(—|sn],—1)) and ¢} := (sn)_l/zN (X(—|sn],-1)). (42)

1,—s] for

For ey,e5 >0, let

G ey, €2) i= { inf (U, —U_,) > —51/261} N { inf  (V, —V_,) > —31/262} . (43)
te[—1,—s] te[—1,—s]

Suppose given € > 0 and a > 0. There is an n, € N and a { > 0 (depending only on A, €, and «) such
that the following holds. Supposen > n.; s € [\, 1=\]; e1,€2 > ¢; and x is a realization of X_|4,) ... X1 for
which X (—|sn|,—1) contains no burgers, |h;, — 1| < C, [c;, — e2| <, and F ) (as defined in Section
occurs. Then the Prokhorov distance (in the uniform metric) between the conditional law of Z[”_1 4] given
{J>nyn{X_p, ... X1 =z} and the conditional law of Zj_, _4 given G (€1, €2) is at most . Moreover,
we can arrange that the same holds if we instead condition on {J >n}N{X_,,, ... X 1=a}NF,.
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Proof. Let v be as in Section For €1,€e2 > 0, let G, (€1, €2) be the event that N@ (X(—n,—|sn| —1)) <
€1(sn)'/? and N@ (X (=n,—|sn] —1)) < ea(sn)*/2. Let G, (€1, €2) be the event that N@ (X(—n,—|sn| — 1)) <
e1(sn)'/? 4+ (sn)” and J\/@ (X(=n,—|sn] — 1)) < ex(sn)*/? + (sn)”.
For any realization x of X_|,) ... X1 for which F|,,) occurs, we have
{(X_jsn) - Xa=2}nG (b, cn) CH{X |on) - X1 =20 {J >n}
CAX ) - X1 =2} NG, (RS, ch). (44)
By and independence of X_ |4, ... X1 from Z["fosp we obtain that for any open subset U of the

space of continuous functions [~1, —s] — R? in the uniform topology,

P (27, g €U Glhici) | (hch)

ns “n n»-n

P (L) | (hgcp)
P (21, g €U Crlh i) | (i)

B PG (h3s i) [ (h3s c3)

n»-n nr-n

g[P(Z["_L_S] CUT>n, X oy X4 :x)

Let ~
r:= inf P (Gs(el, 62)) .
€1,62>€
sE[A,1-)]
Then r is a positive constant depending only on € and A. We can find ¢ € (0, @) depending only on r and «
such that for €1,e2 > e and s € [A\,1 — )],

'[P (és (€1 +¢ e +C)> -P (és (€1 —C €2 — C))’ <ra. (46)

By [Shell, Theorem 2.5], we can find an n, € N depending only on r and « such that for n > n,, the
Prokhorov distance between the unconditional law of Z™|;_; ¢ and the law of Z|[_; o] is at most a constant
(depending only on €) times ra. The same holds with the laws of Z™|;_ oj and Z|[_1 o) replaced by the laws
of Z[”_l,_s] and Z[_; _,) for each choice of s € [\,1 — A]. By Lemma [2.8 by possibly further increasing n.,
we can arrange that the same holds with the law of Z"|_; _, replaced by the conditional law of Z["_ 1—s]
given F), for each choice of s € [\;1 — A]. By combining this with our choice of ¢ in , we obtain that

whenever n > n, and €, e} > 0 with |€} — €] and |e] — e2| each smaller than ¢,
’IP (é;(dﬂé‘)) -P (6’8(61,62))‘ < ra,

with the implicit constant depending only on e, and similarly with G2 (¢7,€%) in place of G, (€}, €}). Since
« is arbitrary the statement of the lemma now follows from . O

3.4 Regularity at all sufficiently large times
In this section we will deduce Proposition from Lemma and an induction argument.

Lemma 3.7. Let ¢ € (0,1) and A € (0,1). There is a o > 0 (depending only on q and \) such that for
each 6 € (0,60] and each € > 0, there exists ny, = n.(\,6,€) € N such that for n > n, and m € N with
A <m/n <1—=A, the following holds. Let x = x_,...2_1 be any realization of X _p, ... X 1 for which
E..(e) N F,, occurs. Then

PE.()|Xp... X g=2,J>n)>1—q.

Remark 3.8. The main point of Lemma[3.7]is that 8 does not depend on € (indeed, the lemma is a trivial
consequence of [Shell, Theorem 2.5] without this requirement).
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Proof of Lemma[3.7 For s € [0,1] and § > 0, let
G°(0):={U1 —Ug >é and V] — V, > 6}.
For €1,e5 > 0 define the event Gs (e1,€2) as in . By Lemma for each choice of § > 0 we can find

n. € N (depending on €, d, ¢, and \) such that the following holds. Suppose n > n,; s € [\,1 — A]; and z is
a realization of X_ |, ... X1 for which F|,,| occurs, h;, > ¢, and ¢}, > ¢, with b}, and c;, as in . Then

P (En(8) | X_janj--- X 1=, ] >n) >P (GS(25) | 68(51/%3,51/%;)) - g

Hence it suffices to prove that for sufficiently small 6 > 0, we have

: s ~s _ Q
inf P (G )]G (61,62)) >1-2. (47)
SE[N1-A]

By [Shi85, Theorem 2] (c.f. the proof of Lemma (2.2))) the conditional laws P ( | G*(e1, 62)) converge weakly

as (€1,€2) — 0 to a non-degenerate limiting distribution. Hence we can find go > 0 and € > 0 depending
only on ¢ and A such that whenever § € (0, o] and €7, e € (0, ¢9], we have

inf [P(Gsé G* ey, )>1—. 48

Lt P (6016 @) 21 (48)

Moreover, by taking the opening angle of the cone in [Shi85, Theorem 2] to be 7 and applying a linear

transformation, we find that the conditional laws P ( | CNT'S(el, €2) ) also converge weakly to a (different) non-

degenerate limiting distribution if we send one of €; or €3 to 0 and leave the other fixed. Hence we can find
do € (0,60] depending only on ¢, A, and €y such that holds whenever ¢ € (0, ] and one of € or e is
at least ey. Hence if § € (0, o], holds for every choice of €1,e5 > 0. This completes the proof of the
lemma. O

Lemma 3.9. Fiz A € (0,1/2), go € (0,1), and € > 0. Suppose we are given mg € N such that am,(€) > qo.
Then for m € N with A <mg/m <1—X\, ne€N with A\ <m/n<1-—X\, and { > 0 we have

P(J>n|En(@) 1
P(J>nlEn(Q) J>m) = C+om(1)’

(49)

where the implicit constant depends only on qo, A, and €; and the o,,,(1) depends only on A, €, and (.
Proof. Let dy be chosen so that the conclusion of Lemma holds with given A and ¢ = 1/2. Let n, =

n. (A, dp, €) be as in that lemma. For mg > n, and m as in the statement of the lemma,

P (Em(60) | Emg(€), J >m) >

N

Hence if mg > n,, then

P (Em(d0) | Em(C)) = P (Em(do) | J >m)

P
P (B (80) | Eung(€), J > m) P (Epny(€) | ] > m)
1
3

(AVARVS

Y]

P(Emy(e)|J >m). (50)

By Bayes’ rule,

P(J > m|Em,(€) P (Em,(€) [ > mo)

P(J>m|J >mgp)
§ P (> ] By (0) a0 |
~ P(J > m[Ep,(€)) amo(€) + P (J > m, Emy(€)¢|J > mo)

P (Eug(€)| J > m) =
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By [Shell, Theorem 2.5] and our hypothesis on a;,,(€), this quantity is bounded below by a constant
depending only on ¢g, A, and € (not on ¢). By , we arrive at

P (Em(0) [ Em(C)) = 1.
By combining this with [Shell, Theorem 2.5] we obtain
P(J>n[En(C) 2P (J > n|En())P (En(d)|En()) = 1. (52)
Next we consider the denominator in . By Lemma we have

P(J > n, En(C)¢]J > m)

P (Em(Q)|J >m)
_ P >, By Bn(Q)°] > m) + 03, (mo)
= P (Em(Q)° N F | J > m) '

P(J > n|En(C), J>m)=

We have

P(En(Q)NEy|J >m) > P (E,(0)"N Fy| Emo(e)) [P(Emo(e) | J >m)

P (Emo ()

> B (En(Q)° N Fn | By () 7570

By [Shelll Theorem 2.5

on ¢ or mg. By Lemma

, P(Em(Q)¢| Emy(€)) is at least a positive constant depending on € and A but not
P(Emg(€))
P(J>m)

power of mg. Hence (53] implies

is bounded below by a constant (depending only on € and ) times a

P(J >n|En(Q) J>m) <P (J>n|Ey,(Q) Fn, J>m)+ o, (mo).

Observe that if E,,(¢)°N F,, occurs and J > n, then X (—n, —m — 1) contains either at most (m!/2 + 0, (n")
hamburgers or at most (m'/? 4+ O, (n") cheeseburgers. By [Shell, Theorem 2.5], we therefore have

P(J>n|En(Q)° J>m) =2+ ome (). (54)
We conclude by combining and . O

Lemma 3.10. Let g,qo € (0,1) and X € (0,1/2). There is a g > 0 (depending only on q,qo, and A) such
that for each € € (0, €g] we can find m. = m.(q,qo, A\, €) € N with the following property. Suppose m < n € N
with m > my and

A<m/n<1-\ (55)
Suppose further that a.,(€) > qo. Then an(e) >1—q.

Proof. Fix q € (0,1). Let m := ™% By Lemmawe can find ¢y > 0 (depending only on ¢ and ) such
that for € € (0,€g] and ¢ € (0, €], there exists m, = m.({,€,q,\) € N such that if m > m, and holds,
then

P(En(e) | Em(C), J >n) 21—q and P (Ex(Q)|Em(e), J>m)=21—q. (56)

Henceforth fix e € (0, eo].

Fix @ € (0,1) to be chosen later (depending on ¢, go, A, and €). By Lemma we can find ¢ € (0, €
(depending on A, a, qo, and €) and m, > m. (depending on A, a, qo, €, and ¢) for which the following holds.
If m > m,, holds, and a,,(€) > qo, then

P(J>n|En(C) J>m)<aP(J>n|En(C). (57)
Hence if m > m,, holds, and a,,(€) > qo then
o= PEO) P (00| Bl an(0)
P(J>n) = P(J>n|Ez Q) an(C) +P(J >n|Ez(Q), J >m) (1 - az(C))
CPEOIEQ) ) 5

" P >n[Ex(Q)  am(C) +a(l - an(())
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By (56),

P (En(e) | Em(C))
P(J>n|E5z(C)

=P (En(e) | En(C), J >n) > 1—q.

Furthermore,
an(C) 2 P (E(Q) | Em(€), J > m) P (En(e) [ J>m) = (1= q)P (En(e)|J >m). (59)
By Bayes’ rule,

P(J>m|En(€)P(En(e)|J >m)
P(J>m|J>m)

S P(J >m|En(e)) am(e) .

“P(J>m|En(e)am(e) + P(J >m, E,(e)|J >m)

P(Ep(e)| J > i) =

(60)

By [Shell], Theorem 2.5] and our assumption on a,,(€), this quantity is at least a positive constant ¢
depending on go, A and € (but not on (). Therefore, implies a7 (¢) > (1 — q)¢, so implies

(1—g)%c

an(e) > m

If we choose « sufficiently small relative to ¢ (and hence ¢ sufficiently small and m sufficiently large), we can
make this quantity as close to 1 — ¢ as we like. O

Proof of Proposition[3.1} Let qo be as in the conclusion of Lemma Also fix g € (0,1—¢go] and A € (0,1/2).
Let ¢g > 0 and m, = m.(q,qo, \,€0) € N be chosen so that the conclusion of Lemma holds with this
choice of qg. By Lemmawe can find m > m, such that a,,(e0) > qo. It therefore follows from Lemma
that a,(ep) > 1 — ¢ for each n € N with (1 — A)"!'m < n < A~!'m. By induction, for each k € N and each
n € N with (1 — )\)_km <n< )\_km7 we have a,(eg) > 1— ¢ > qo. For sufficiently large k € N, the intervals
[(1 = X) " m,A\"*m] and [(1 — A\)~*~1m, A\=*~1m] overlap, so it follows that for sufficiently large n € N, we
have [n,00) C Upen[(1 — A)7"m, A="m]. Hence a,(eg) > 1 — ¢ for each such n. Thus holds. O

4 Convergence conditioned on no burgers

4.1 Statement and overview of the proof

In this section we will prove the following theorem.

Theorem 4.1. As n — oo, the conditional law of Z™|_y g given the event that X(—n,—1) contains no

burgers converges to the law of Z, where Z(-) = 2(—) and Z has the law of Z|j0,1) conditioned to stay in the
first quadrant (as defined just above Lemma .

Throughout, we continue to use the notation of Section [3.1} so in particular J is the smallest j € N for
which X (—j, —1) contains a burger.

The basic outline of the proof of Theorem [£.1]is as follows. First, in Section [:2] we will prove a result to
the effect that when N € N is large, it holds with uniformly positive probability that there is an i € [n, Nn|z
such that X (1,7) contains no burgers. Using this and an argument similar to the proof of Lemma in
Section we will prove several results to the effect that X (—n,—1) is unlikely to have too many orders
when we condition on {J > n} (complementing Proposition 3.1} which says that it is unlikely to have too few
orders under this conditioning). In Section we will use these results to prove tightness of the conditional
laws of Z"|(_1 ¢ given {J > n}. In Section we will complete the proof of Theorem using Lemma
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4.2 Times with empty burger stack

In this section, we will prove the following straightforward consequence of Lemma which is a weaker
version of Proposition (but which is indirectly needed for the proof of Proposition [1.10)).

Lemma 4.2. Fiz N € N and forn € N, let £, = E,(N) be the event that there is an i € [n, Nn]z such that
X(1,i) has empty burger stack. There is a constant b > 0 and an N, € N (independent of n) such that for
N > N, andn € N,

P(&,) >b, VneN. (61)

First we need the following lemma.

Lemma 4.3. Let J be as in Section and let u be as in (E[) For each N € N, we have
P(J>Nn|J>n)>= N"*+4o0,(1),
with the implicit constant independent of n and N.

Proof. By Proposition [3.1] we can find € > 0, independent of n, such that (in the notation of that lemma) we
have a,,(€) > % +0,(1). By [Shell, Theorem 2.5] and Lemmawe have P (J > Nn| E,(€)) = N~#+0,(1),
with the implicit constant depending on € but not on n. Therefore,

P(J>Nn|J>n)>P(J>Nn|E,(¢)an(e) = N™* +o0,(1).
O

Proof of Lemmal[f.3 For j; < ja € N, let B(j1,j2) be the number of i € [j; + 1, ja]z such that X (1,i) has
empty burger stack. Set B,, := B(n, Nn). Also define the events F; as in Lemma By Lemma we
have

Nn Nn Nn
E(B}) =) _P(E)+2> > P(ENE;)
i=n i=n j=i+1

Nn NZ
=E(B,)+2> > P(E)P(E; )
i=n j=i+1

Nn N(n—1)—i
=E(B,)+2Y P(E) > P(E)
Nu a
=E(B.) +2) P(E)E(B(L,N(n—1) i)
< E(B) + 2E(B,)E (B(L N(n—1)). (62)

By Lemma [4.3] we can find a constant ¢ > 0, independent from N and n, such that for sufficiently large
i € N we have (with J as in that lemma) that

P(Ey;) =P(J > Ni) > cN*P(J > i) = cN *P(E;).

Therefore,
N(n—1) N(n-1)
E(B(LN(n—1)= Y P(E)<c'N* Y P(Eni)+O0n(l).
i=1 i=1

By this quantity is at most ¢ "' N*~'E (B(1, N?(n — 1))) + O,(1). On the other hand,
N

E(B(1,N*(n—1))) =E(B(1,N(n—1))) + Z E(B((k—1)N(n—1)+1,kN(n—1))). (63)
k=2
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By each term in the big sum in is at most E(B,,). Hence
(eN'"H)E(B(1,N(n — 1)) <E(B(1,N(n— 1)) + (N = DE(B,) + On(1).
Upon re-arranging we get that for IV sufficiently large,

E(B(1,N(n—1))) < d\]]\ll%[E(Bn) +0,(1) < N*E(B,) + On(1).

By combining this with , we obtain
E(B2) < E(B,) + N"E(B,)>.
Hence the Payley-Zygmund inequality implies
P(&)=P(B,>0)= N"H

It is clear that P (&,) is increasing in N, so we obtain the statement of the lemma. O

4.3 Upper bound on the number of orders

Proposition tells us that it is unlikely that there are fewer than O, (n'/?) hamburger orders or cheese-
burgers orders in X (—n, —1) when we condition on {J > n}. In this section, we will prove some results to
the effect that it is unlikely that there are more than O,,(n'/?) orders in X (—n, —1) under this conditioning.
These results are needed to prove tightness of the conditional law of Z"||_; ¢ given {J > n}.

We first need an elementary lemma which allows us to compare the lengths of the reduced words which
we get when we read a given word forward to the lengths when we read the same word backward.

Lemma 4.4. Forn € N and j € [2,n]z, we have

Proof. For j € [1,n]z, let A; denote the set of k € [j,n]z with ¢(k) € [1,j — 1]z and let B; denote the set
of k € [j,n]z with ¢(j) < 0 or ¢(j) > n+ 1. Since every symbol in X a.s. has a match, it follows that
|X(j,n)| = |A;| + |Bj|. On the other hand, for £ € A; we have that X4y appears in X (1,j — 1) and for
k € B; we have that X}, appears in X (1,n). The statement of the lemma follows. O

Lemma 4.5. For C > 1 and m € N, let

G (C) = { sup | X(—j,—-1)| < C’nl/Q}.
j€

[1,m]z

There is an N, € N such that for each N > N, there is a constant c,(N) > 0 (depending only on N) such
that the following is true. For each q € (0,1), there exists k. = ki(q, N) such that for k > k., we can find
m € [NF=1 4+ 1, N¥|z satisfying

[P(@m (cx(N)logg™") |J>m) >1—gq. (64)

Proof. The proof is similar to that of Lemma [3.2} For k € N, define the time Ky as in Lemma with
n = N¥. Let A, be the event that Kyr € [N¥~1 +1, N¥]z. For C > 1, let G} (C) be the event that

sup | X(1,4)] < OK VL.
i€[1,K iz

By Lemma there is an N, € N, a k., € N, and a constant ¢y > 0 such that for N > N, and k > k,
we have P (Ag) > coN~*. By the proof of [Shell, Lemma 3.13], there are constants ¢; > 0 and ¢z > 0
(depending only on p) such that for each C > 1,

P sup | X(1,i)] > CN*? | < ¢rem2C.
i€[L,...,N¥]z
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Hence R e
P (G;(C)C N Ak) < creeeNTRC,

The right side of this inequality is < gcgN~#* < gP(Aj) provided we take
C > 2¢,(N)logq™*,

for an appropriate choice of ¢,(IN) > 0 depending only on N. With this value of ¢,(/N) we therefore have

P (Gt (2. (N)logg™)) = (1 - g) P(Ax).

That is,
NF NF
oo (é; (2¢.(N)logq™") | Kye = n) P(Kye=n)>(1—q) > P(Eye=n).
n=Nk-141 n=Nk-141

Hence we can find some m € [N*~!, N¥ — 1] for which

P ( sup | X(1,4)] < 2¢.(N)logq~tm'/? | Kye = m + 1) >1—gq.
i€[1,m]z

By taking a supremum over all j in the inequality of Lemma [£.4] we also have

[P< sup |X(j,m)|§c*(N)logq1m1/2|KNkm+1> >1—gq.
JE

[1,77’7,]2

By the argument at the end of Lemma for this choice of m we have
P (ém (cx(N)logg™) | J > m) >1—gq.
O

Lemma 4.6. Let g € (0,1) and ¢ > 0. There exists Ao, \1 € (0,1) and n. € N (depending on ¢ and q) such
that for each n > n., we can find a deterministic m, = muy((,q) € [Aon, \in]z such that the following is
true. Let G, (¢) be the event that J > m,, and |X(—j,—1)| < (n'/? for each j € [1,m,]z. Then we have

P(Gm, ()] >n)=1-q. (65)

Proof. Fix a € (0,1/4) to be chosen later (depending on ¢ and ¢). Let N, € N be chosen sufficiently large
that the conclusion of Lemma holds. Fix N > N, and let ¢,(N) be as in that lemma. Given ¢ > 0,
let k,, be the largest k& € N for which c,(N)loga™'N*/2 < (n'/2. If n is chosen sufficiently large, then by
Lemma we can find m,, € [N*»~1 N*2]z such that holds with a in place of ¢q. In the notation
of we have

G, (cx(N)loga™) N {J > m,} C G, (C).
Let

p(a) == (c(N) logofl)_1

Then we have A\g(a)n < my, < A1(a)n for Ag(a) = N~2p(a)?¢? and A\ (o) = p(a)?¢2.

We have P (G, (¢)]|J > my,) > 1 — . We need to show that if « is chosen sufficiently small and n is
chosen sufficiently large (depending on ¢ and ¢), then we can transfer this to a lower bound when we further
condition on {J > n}.

By Proposition we can find € > 0 (independent of «, N, and ¢) and n, € N (depending on €, o, N,
and () such that (in the notation of that proposition) we have a,,, (¢) > 1/2 for each n > n,. For this choice
of €, we have for n > n, that

P (J > |G, (Q) 2P (] >n|Ep,(€) NG, (O)P (B, (€) N G, () | T > m10)
> 3[P(J> 1| B, (€) (1 G, (0)).
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By [Shelll Theorem 2.5] and Lemma there is an n, > n, (depending on € and Ag) and a constant ¢y > 0
(independent of all of the other parameters) such that for n > n,,

P (J > 1] B, (6) N Gon, (O)) = coc (N~ p(a) )"

Hence for n > n,,

By Bayes’ rule,

P (J > 1| G (O)P (G ()] T > m)

B (G (1T > 1) 2 G TG (0P (Cony (O | > mm) £ P (G (7T > 1)
(-a)ple) _  (-a)

T apla) ta (—a)Fap@ T

As o — 0, we have ap(a)™! — 0, so if « is chosen sufficiently small (depending on ¢ and ¢), and hence n.,
is chosen sufficiently large (depending on ¢, ¢, and «) this quantity is at least 1 — g. O

4.4 Proof of tightness

In this section we will prove tightness of the conditional laws of Z"|[_; o) given {J > n}. We first need the
following basic consequence of the results of Section [3]

Lemma 4.7. Suppose we are in the setting of Section . Let A € (0,1/2) and q € (0,1). There exists
€ >0 and n, € N, depending only on q and A, such that for each n > n, and m € N with A <m/n <1-— ),

P(En(e)|J>n)>1—g.

Proof. Fix a € (0,1) to be determined later, depending only on ¢. By Proposition we can find ¢y > 0 and
m. € N such that (in the notation of Section [3.1) it holds for each m > m. and € € (0, ¢o] that a,(e) > 1—a.
By Proposition we can find € € (0, ¢] and n, € N with n, > A~2m, such that for n > n, and m as in
the statement of the lemma, we have

P(J>n|En(), J>m)<aP(J>n|Eny()).
By Bayes’ rule,

P(J >n|En(e)) an(e)
(J >n|En(e) am(e) + P (J >n|Epn(e)e, J >m) (1 —am(e))
11—«
T 1l-—a+a?

P (En(9)] 7 > ) =

By choosing « sufficiently small, in a manner which depends only on ¢, we can make this last quantity
greater than or equal to 1 —q. O

Lemma 4.8. The conditional laws of Z"|(_1, given {J > n} for n € N are a tight family of probability
measures on the set of continuous functions on [—1,0] in the topology of uniform convergence.

Proof. For 6,¢ >0 and n € N, let G, (¢, 8) be the event that the following is true. Whenever 1t € [—1,0]
with |1 —t2| < 4, we have | Z"™(t1)—Z"(t2)| < ¢. For a continuous non-decreasing function p : (0,00) — (0, 00)
with lim¢_,0 p(¢) =0, let

Gn(p) = () Gn(<, p(C))-

¢>0

By the Arzéla-Ascoli theorem (note that equicontinuity implies uniform boundedness in this case since each
Z™ vanishes at the origin), we must show that for each given ¢ € (0, 1), we can find p as above, independent
of n, such that

P(Gn(p)|J>n)>1—¢q, VneN. (66)
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First suppose that we are given ¢ > 0 and « € (0,1). By Lemma we can find n; € N and A\g, A1 € (0,1)
(depending on ¢ and «) such that for each n > n; there exists m,, € [Aon, A\1n]z such that (in the notation
of Lemma , we have that holds with 1 — «/2 in place of 1 — g.

By Lemma we can find € > 0 and ny > ny (depending on ¢ and «) such that for n > ny, we have
P(Epn,(e)|J >n) >1—a/2. By Lemma [3.6] that we can find n3 > ny and &y = do(c,() > 0 such that if
n > ng, then with conditional probability at least 1 — « given E,,, (€) N Gy, () N {J > n}, it holds that
whenever tq,ty € [—1, —my, /n] with |t; — t2] < dg, we have |Z™(t1) — Z™(t2)| < ¢. Call this last event A. If
A occurs and Gy, () occurs then Gy, (¢, 8g) occurs. Therefore, if n > ng, then

>P (AN G, (O)]J > n)
> P (Al Em,(€)NGm, (), J >n)P (Em, () NGm,({)]J >n)
> (1-a).

Clearly, there exists a deterministic d € (0, 8] and C > Cy depending only on ng such that G, (2¢, do) N
{supte[_m] |Z™(t)| < C} occurs a.s. for each n € [1,ng]z. Therefore,

P (én(QC,(SO) 1J > n)

P (én(QC,5)|J>n) >(1-a)? VYnel. (67)

Now fix ¢ € (0,1). For j € N, choose §; > 0 for which holds with § = §;, ( = 27771, and « chosen
so that (1 —a)?=1-¢27771 Let

o0
p(¢) = Clp1 o) (O) + Y 51— 2-s41)(C)-
j=1
Then holds for this choice of p. O

4.5 Identifying the limiting law

To identify the law of a subsequential limit of the laws of Z"|[_; ¢ given {J > n}, we need the following fact
from elementary probability theory.

Lemma 4.9. Let (X,,Y,) be a sequence of pairs of random variables taking values in a product of separable
metric spaces Qx X Qy and let (X,Y) be another such pair of random variables. Suppose (X,,Y,) — (X,Y)
in law. Suppose further that there is a family of probability measures u, on Qx, indexed by Qy, and a
family of Y, -measurable events E,, with lim, ., P(E,) = 1 such that for each bounded continuous function
f:Qx = R, we have

E(f(Xn)|Yn) 1, = Eu (f)  in law.

Then py is the reqular conditional law of X given Y.

Proof. Let g : 2y — R be a bounded continuous function. Then

E(/(X)g(Y)) = lim E

By the functional monotone class theorem, we have E(F(X,Y)) = E(E,, (F(-,Y))) for every bounded
Borel-measurable function F' on Qx x 2y . This implies the statement of the lemma. O

Proof of Theorem[{.1 By Lemma and the Prokhorov theorem, from any sequence of integers tending to
00, we can extract a subsequence along which the conditional laws of Z™ given J > n converge to the law of
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some random continuous function Z = ((7, YN/) : [-1,0] = R? as n — oo, restricted to this subsequence. We

must show that Z 4 Z, with Z as defined in the statement of the theorem.
By Lemma we a.s. have U(s) > 0 and V(s) > 0 for each s € (0,1). By Lemma |2 . it therefore

suffices to show that for each ¢ € (0,1), the conditional law of Z|[ 1,—¢] given Z|[ ¢,0) is that of a Brownian

motion with covariances as in (8)), starting from Z(—C¢), parametrized by [-1,—(], and conditioned to stay
in the first quadrant.

To lighten notation we henceforth consider only values of n in our subsequence and implicitly assume
that all statements involving n are for n restricted to this subsequence.

Fix ¢ € (0,1) and let [¢n]. Also let D¢ be the path defined in the same manner as the path D of (@)

of Section but with the following modification: if j € [—(n, —1]z7, Xj = |F|, and —¢(—j) > (n, then
D¢(—j)—D¢(—j+1) is equal to zero rather than (1,0) or (0,1). Extend DC to [— (n 0] by linear interpolation.
For t € [, 0], let Z(t) == n~"/2D¢(nt). 1t follows from Lemma [2.§| that sup,c;_c g |ZC( ) — Z7(t)] = 0

in law, even if we condition on {J > n}, whence Z - Z |[ ¢,0] in law. We note that Zg determines and
is determined by X_ ¢y ... X1, so is independent from - X_|¢n)—2X_|¢nj—1 and hence also from Z[_ 0]

(notation [3.5).

Let (X™) be a sequence of random words distributed according to the conditional law of X_,, ... X_
given {J > n}. Let (Z") be the corresponding paths, so that each Z™ has the conditional law of Z" given

{J > n}. Let ZZ be the corresponding random paths Zg By the Skorokhod theorem, we can couple (X")
with Z (with n restricted to our subsequence) in such a way that a.s. Z? — Z|[—<,0] uniformly.

For €1,e2 > 0, define é<(61,62) as in with s = (. By Lemma for each fixed ¢ > 0, the
Prokhorov distance between the conditional law of Z [",1 —¢ given J > n and any realization of z for which

E|¢n)(€)NF| ¢y occurs; and the conditional law of Zj_; _¢ given the event G¢ (17(—(), 17(—4“)) of Lemma

converges to zero as n — co. By combining this with Lemma[£.7] we obtain that for any bounded continuous
function f from the space of continuous functions on [—(, —1] (in the uniform topology) to R, we have

E(f (Zag) 17> m 28) 1m, = E(f (Z1q) 16 (0(=0,V(=0)) (68)

in law. We now conclude by applying Lemma with X,, = Z[ 1,—¢) Yo = ZC’ X = Z|[ 1,—¢], and
Y = Z|_¢o- O

5 Convergence of the cone times

5.1 Regular variation

We say that the law of a random variable A is regularly varying with exponent « if for each ¢ > 1,

P (A > ca)

lim 2 =

oo P(A>a)

In this section we will prove that the laws of several quantities associated with the word X are regularly
varying. In doing so, we will obtain Proposition [1.10

Proposition 5.1. Let J be the smallest j € N for which X(—j,—1) contains a burger. The law of J is
regularly varying with exponent u, as defined in @ If J denotes the smallest j € N for which X (—j,—1)
contains no -symbols, then J s also regqularly varying with exponent .

We note that Propositioncan be viewed as an analogue for the random path D = (d, d*) studied in this
paper of the tail asymptotics for the exit time from a cone of a random walk with independent increments
obtained in [DW11, Theorem 1]. However, unlike the estimate which is implicit in Proposition the
estimate of [DW11] does not involve a slowly varying correction.
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Proof of Proposition[5.1 Fix ¢ > 1. For z € (0,00)2, write ®.(z) for the probability that a two-dimensional
Brownian motion with covariances started from z stays in the first quadrant until time ¢ — 1. Note that
®. is a bounded continuous function of z.

Let Z = (U, V) have the law of VAT 0] conditioned to stay in the first quadrant. For n € N, let Z" be
defined in the same manner as the path Z" used in the proof of Theorem . but with 1 in place of (, so
that Z" determines and is determined by X,n ...X_1 and is independent from ... X_,,_5X_,,_1 and hence
also from Z[_c 1)

By the same argument used to obtain in the proof of Theorem we have that

P (J >en|J>n, 2”) 1, — ®.(Z(1)) (69)

in law, where here (as usual) F), is the event that X(—n,—1) contains at most n” flexible orders for some
ve(w,1/2).

Since the conditional law of Z" given J > n converges to the law of Z and lim,, o P(F,) = 1, we can
take expectations to get
P(J>cn)

P(J>cn|J>n)= P =n)

— f(0),

where f(c) :=E (cpc(zu)))
We have f(1) =1, f(c) € (0,1) for each ¢ > 1, and

N . P(J>ecn) P(J>ccn)
J)I () = nhﬂnc}o P(J > n) “ P (J > cn)

— f(ec)),

We infer that f(c) = ¢ for some a > 0.
To identify «, we need only consider the asymptotics of E (@C(Z(l))) as ¢ — oo. To this end, we
apply [Shi85, Equation 4.3] (c.f. the proof of Lemma to get that for fixed z € (0,00)2, we have

lim *®.(z) = U(z)

c— 00

for some positive continuous function ¥ on (0,00)? which is bounded in every neighborhood of the origin.
By the formula [Shi85, Equation 3.2] for the density of the law of Z(1), it follows that P (\2(1)\ > A) decays
quadratic-exponentially in A. By Brownian scaling and [Shi85, Equation 4.2],

sup [D.(2)| = cTH A
2€BA(0)N(0,00)2

with the implicit constant depending only on p. Hence
E (1@ ZO)L i zayizar) = 0

as A — oo, uniformly in ¢. By the Vitalli convergence theorem, ¢ f(c) = E (CWI)C(Z(I))) converges to a

finite constant as ¢ — oo, whence we must have o = p. B
For the last statement, we note that with probability 1 — p/2 we have J = 1, and with probability p/2,
J is equal to the smallest j € N for which X (—j, —2) contains a burger. It follows that for n > 2 we have

(J > n) =LP(J >n—1). Hence
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From Proposition we can deduce that there a.s. exist macroscopic excursions, which is the key
input in our proof of Theorem in the next section.

Proof of Proposition[I.10. For m € N, let Jon be the mth smallest j € N for which X(—j,—1) contains no
symbols. Then the words X 7 X 7., are iid. By Corollary jl is regularly varying with
exponent —u € (—1,0). For n € N let M, be the largest m € N for which Jm < n. By the Dynkin-
Lamperti theorem [Dyn55, Lam62], n=1 (n — Jys, ) converges in law to a generalized arcsine distribution
with parameter p. Since this distribution does not have a point mass at the origin we obtain the statement
of the proposition. O

Although it will not be needed for the proof of Theorem for the sake of completeness we end by
recording some consequences of Proposition [5.1

Corollary 5.2. The statement of Lemma holds, ezactly as stated, with 1 — p in place of p'.
Proof. Define the events E; as in Lemma Then P(E;) = P(J > i) = i~ #+°(1) where the last inequality
is by Proposition [5.1} Hence, with B,, as in Lemma [2.12] we have
E(B,) = Y P(E;) = nl#ton®),
i=1
The last part of the proof of Lemma now implies that that holds with 1 — y in place of /. We
conclude exactly as in the proof of Lemma |2.8 O

Corollary 5.3. Let K be the smallest i € N for which X (1,4) contains a flexible order. The law of K*' is
regularly varying with exponent 1 — p.

Proof. For m € N, let K be the smallest i € N for which X (1,4) contains at least m flexible orders. The
words XKF_1+1 ... Xgr are iid. For n € N, let My be the largest m € N for which KI < n. Equivalently,
K. is the greatest integer i € [1,n]z such that X; = and ¢(i) < 0. By translation invariance, we have

KE. Ly~ Jy, with the latter defined in the proof of Lemmal1.10| Hence the law of n= K¥, converges to

that of a generalized arcsine distribution with parameter p. Therefore n=1

(n - K ﬂ) converges in law to
a generalized arcsine distribution with parameter 1 — . By the converse to the Dynkin-Lamperti theorem,

K. is regularly varying with exponent 1 — . O

Remark 5.4. In the terminology of [BLR15], Corollarystates that the law of the area of the part traced
after time 0 of the “envelope” of the smallest loop surrounding the root vertex in the infinite-volume model is
regularly varying with exponent 1—p. In [BLR15|, Section 1.2], the authors conjecture that the tail exponent
for the law of the area of this loop itself is 1 — u. We expect that this conjecture (plus a regular variation
statement for the tail) can be deduced from Proposition and Corollary via arguments which are very
similar to some of those given in Sections [3] and [4] of the present paper, but we do not carry this out here.

5.2 Proof of Theorem [1.9

In this section, we will complete the proof of Theorem
To complement Definition one has a notion of a strict w/2-cone time, which is defined in the same
manner as a weak m/2-cone time but with weak inequalities replaced by strict inequalities. More precisely,

Definition 5.5. A time t is called a strict 7/2-cone time for a function Z = (U, V) : R — R? if there exists
t' < t such that U; > U and V, > V; for s € (¥/,¢). Equivalently, Z((¢',t)) is contained in the open “cone”
Zi+{z € C:argz € [0,7]}. We write vz(t) for the infimum of the times ¢’ for which this condition is
satisfied.

Remark 5.6. If ¢ is a strict 7/2-cone time for Z, then ¢ is also a weak 7/2-cone time for Z and we have
Uz (t) < vz(t). The reverse inequality need not hold. For example, Z might enter the close cone at time
Vz(t), hit the boundary of the closed cone at time vz(t) € (vz(t),t), then stay in the open cone until time .
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To prove Theorem we first need a general deterministic statement about the convergence of 7/2-cone
times.

Lemma 5.7. Let Z = (U,V) : R — R? be a continuous path with the following properties.
1. Each weak w/2-cone t time for Z is a strict w/2-cone time for Z and satisfies Vz(t) = vz(t).
2. Z has no weak 7/2-cone times t with Z,, = Z;.
3. liminf;, o U(t) = liminf;, o V(¢) = —oc0.

Let Z™ = (U™, V") be a sequence of continuous paths R — R? such that Z™ — Z uniformly on compacts.
Suppose that for each n € N, t, is a weak w/2-cone time for Z™. Suppose further that almost surely
liminf, oo (tn, —vzn(t,)) > 0. Ift, — t for some t € R, then t is a strict w/2-cone time for Z. Furthermore,
lim,, 00 Vzn () = vz (t), limy, oo uzn (t,) = uz(t), and the direction of the w/2-cone time t,, for Z™ is the
same as the direction of the w/2-cone time t for Z for sufficiently large n.

Proof. We can choose a compact interval [ag, b] C R such that ¢,, € [ag, b] for each n € N. By our assumption
on Z, we can find a; < ag such that inf,cjq, 4, U(s) < infsepq, 5 U(s) and infoepq, a0 V(5) < infeiaq5 V(5).
For sufficiently large n, the same is true with (U™, V™) in place of (U, V'). Therefore, we can find a € (—o0, a1]
such that t,,vzn(t,), and uzn(t,) belong to [a,b] for each n € N.

By uniform convergence, we can find § > 0 such that U(s) > U(t) and V(s) > V(t) for each s € [t — ¢, ],
so t is a weak 7/2-cone time for Z. By assumption (1} ¢ is in fact a strict 7/2-cone time for Z.

Suppose without loss of generality that ¢ is a left m/2-cone time for Z, ie. V(vz(t)) = V(¢). Let
v be any subsequential limit of the times vzn(t,). Then with n restricted to our subsequence we have
limy, 00 U™ (vzn (t,)) = U(v) and limy, 00 V™ (vzn (t,,)) = V(v). Furthermore, U(s) > U(t) and V(s) > V (¢)
for each s € [v,t]. Therefore v > vz(t). We clearly have v < ¢, so since t is not a right m/2-cone time for Z
(assumption [2)) we have U(v) > U(t). Hence U™ (vzn (t,)) > U(t) for sufficiently large n in our subsequence.
Since U™(t,) — U(t), we have U™(vzn(t,)) > U™(t,) for sufficiently large n in our subsequence. Hence
V™(vgn(ty)) = V™(t,) for sufficiently large n in our subsequence. Since this holds for every choice of
subsequence we infer V™ (vzn (t,,)) = V" (t,) for sufficiently large n. Moreover, for every choice of subsequence
we have V(v) = lim,, 00 V™ (t,) = V(t), whence v = vz(t) and vzn (t,) — vz(t).

Finally, let u be any subsequential limit of the times uzn (¢,,). Then along our subsequence we have U(u) =
limy, 00 U™ (ugn (ty)) = limy oo U™ (t,) = U(t). Furthermore, U(s) > U(¢) for each s € [u,t]. Therefore
u = ug(t). Since this holds for every such subsequential limit we obtain lim, o uzn (t,) = uz(t). O

The following is the main ingredient in the proof of Theorem See Figure [4] for an illustration of the
proof.

Lemma 5.8. Fiza € R and r > 0. Define the times 7", 12", and 7" as in the statement of Theorem [1.9,
Suppose we have (using [Shell, Theorem 2.5]) coupled countably many instances of the infinite word X with
the Brownian motion Z in such a way that Z™ — Z uniformly on compacts a.s., with Z™ constructed from
the nth instance of the word X. There exists a sequence of random positive integers (1%"), each measurable
with respect to the nth instance of the discrete model, such that the following is true. With 73" = n=17%7,
we have 70" — 747 a.s. as n — oo; and with probability tending to 1 as n — oo we have 17 = (&7,

Proof. By translation invariance we can assume without loss of generality that a = 0. To lighten notation,
in what follows we fix r and omit both a and r from the notation. Let ¢ > 0 be arbitrary.
We observe the following.

1. By Proposition we can find ¢; € (0,¢) (depending only on €) and an N € N such that for each
n > N, it holds with probability at least 1 — ¢/2 that there is an i € [¢1m, en]z such that X; =
and ¢(#) < 0. Note that for such an 4, X(1,4) has no burgers. By [Shell, Theorem 2.5], after possibly
increasing N we can find 6; > 0 (depending only on (;) such that for n > N , it holds with probability
at least 1 — e that X (1,{1n) contains at least 81n'/? hamburger orders and at least 6;n'/2 cheeseburger
orders. Hence with probability at least 1 — ¢, there is an ¢ € [(1n, en]z such that X; = , (i) <0,
and X (1,4) contains at least §;n'/? hamburger orders and at least §;n'/? cheeseburger orders.
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Figure 4: An illustration of the proof of Lemma 5.8 By uniform convergence, we can find an “approximate”
/2 cone time 7, for Z™ which is close to 7, and which is defined in such a way that 7, is a stopping time for
the filtration generated by the word X. By the Markov property and Proposition it holds with high
probability that when we grow a little bit more of the path Z™ (shown in green), then we arrive at a true
m/2-cone time 7/, for Z™ shortly after time 7,, which corresponds to a flexible order. This 7/2-cone time 7/,
is close to the time 7,, = n~'t,, which we are trying to show converges to 7.

2. Since 7 is a.s. finite, there is some b > 0 such that P(7 < b) > 1 —e.

3. For t € [0,0] let

V):=V(#t)— inf V(s), U@t):=U(t)— inf U(s), Z(t)=(U(),V(t)). (70)

SE[t—r,t] SE[t—r,t]
Note that zeros of Z are precisely the 7/2-cone times of Z in [0,b] with ¢ — vz (t) > r. For dy > 0, the
sets ZP'(Bs,(0)) are compact, and their intersection is ZP™(0). Therefore there a.s. exists a random
d2 > 0 such that ZP*(B;,(0)) C B¢, (ZP*(0)), i.e. whenever |Z(t)| < d2, we have Z(s) = 0 for some

s € [0,b] with |s —¢| < (. We can find a deterministic d2 > 0 such that this condition holds with
probability at least 1 — e.

4. Set § = (8, Ad2). By equicontinuity we can find a deterministic ¢, € (0, (] such that with probability
at least 1 — €, we have |Z"(t) — Z™(s)| < §/2 and |Z(t) — Z(s)| < §/2 whenever t,s € [—r,b] and
‘t — S| S CQ.

5. By uniform convergence, we can find an N € N such that N > ¢, 1V N and with probability at least
1 — €, we have for each n > N that sup,c(o 17 [Z(t) — Z"(t)] < /4.

Let E be the event that the events described in observations [2| through [5| above hold simultaneously.
Then P(E) > 1 — 4e.

35



For n € N let 7,, be the smallest integer i > 0 such that V*(n=1i) < V"(s)+4d and U™ (n"1i) < U"(s)+§
for each s € [n=Yi — r,n"1i] and let 7,, = n~'7,,. We note that the defining condition for 7,, is satisfied with
i = Ln, SO we necessarily have ¢,, > 7,,.

We claim that if n > N, then on E we have

T_Cl S?nST (71)

It is clear from our choice of (5 in observation 4| and our choice of N in observation [5 that the condition in
the definition of 7,, is satisfied provided i is chosen such that n=1i € [r — (2, 7] (such an i must exist since
N > (3 1). Therefore 7,, < 7. By our choice of § in observation 4| and our choice of N in observation |5 we
have on E (in the notation of (70))

V(7)) SV™(7) — _inf _ V"™(s)+20 < b,

ES [;n _""7;n]

and similarly with U in place of V. By observation [3| there exists s € [0,b] such that |s — 7,,| < {1 and
2(5) = 0. This s is a 7/2-cone time for Z with s — vz(s) > r. By definition, s > 7,50 7, > s — (1 > 7 — (1.
This proves .

Observe that each time 7,, is a stopping time for the filtration generated by the word X. By translation
invariance and observation 1} it holds with probability at least 1 — € that there exists ¢ € [i;, + (1n, T, + €nlz
such that X; = , $(i) < Tn, and X (7, +1,4) contains at least §;n'/2 hamburger orders and at least §;n'/?
cheeseburger orders. Let ¢/, denote the smallest such 4 (if such an ¢ exists) and otherwise let v/, = 7,,. For
n € N let G,, be the event that ¢/, > 7;,. Then for n > N we have P(G,, N E) > 1 — 5e.

Let 7/ = n~1! . By (71)), on the event G,,NE we have 7/, > 7,,+ (1 > 7and 0 < 7/, —7 < |7, — 7| +€ < 2¢.
By combining this with we obtain that if F occurs (even if Gy, does not occur) then

|7, — 7| < 2e. (72)

Since V(7)) < V"(s) + 6 and U"(7,) < U™(s) + ¢ for each s € [T, — r, T,] on the event F N G, the word
X (7, —7n,T,) contains at most én'/? < §;n'/? burgers of each type. On G,,, the word X (z,, +1,/,) contains
at least 6;n'/2 hamburger orders and at least §;n'/? cheeseburger orders, so on G,, N E we necessarily have
() <Tp —rn <, —rn. It follows that on G,, N E, we have

I <in <. (73)

We will now let € tend to zero in an appropriate manner and construct the sequence (7,,) in the statement
of the lemma. For j € N let N; € N be the integer in condition [5 corresponding to ¢ = 277. For each
n € [N;, Njt1 — 1]z let E; be the event E above with € = 277 and let 7,,, 7y,, ¢},, 75, and G,, be as defined
above with € = 277, Also let 7,, := ¢, if G, occurs, and otherwise 7, := ¢/,. Define 7,, as in the statement of
the lemma.

Since P(G,,) — 1 as n — oo, we have P(z,, = t,) — 1 as n — co. By the Borel-Cantelli lemma, a.s. E;
occurs for all but finitely many j. By (72)), on E; we have |7, — 7| < 2797 for each n € [N;, Nj11 — 1]z.
Hence a.s. 7, — 7. Furthermore, if n € [Nj, Nj41 — 1]z then on G,, N E; we have by (71), (72)), and
that |7, — 7| < 277F! s0 a.s. T, — 7. O

Proof of Theorem[1.9 By [Shell| Theorem 2.5] and the Skorokhod theorem we can couple countably many
instances of X with Z in such a way that a.s. Z" — Z uniformly on compacts. Define the times (%" and

7&" as in condition [5| and the times 7%", and 7" as in Lemma Then as n — oo, 79" — 7" a.s. for

each (a,r7) € Q x (QN[0,00)) and P(7¢" = 72") — 1. Hence 72" — 7%" in probability. It follows that the
finite-dimensional marginals of the law of

{Z"Yu{r®" @ (a,r) € Q x (QN(0,00))}

converge to those of

{Zyu{r®" : (a,7) € @ x (QN(0,00))}
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as n — oo. By the Skorokhod theorem, we can re-couple in such a way that Z™ — Z uniformly on compacts
and 7%" — 7%" a.s. as n — oo for each a,r € Q x (Q N (0,00)). Henceforth fix such a coupling. By
construction, conditions[I]and [f]in the theorem statement are satisfied. We will verify conditions 2} [3] and [4]

Since each element of T, is a weak 7/2-cone time for Z", it follows from Lemma that each sequence
(tn;) as in condition |2 converges to an element of 7" and satisfies condition

Next we verify that every element of 7 is in fact the limit of a sequence (,,) as in condition [2| Suppose
we are given a 7/2-cone time t for Z. Choose r € QN (0, 00) with r slightly less than t —vz(t) and a sequence
(ar) € Q increasing to t. It is almost surely the case that for each ¢t € 7 and each choice of r and (ay) as
above we have 79" — ¢ as k — oo. For each j € N, we can choose k; € N such that |7 —¢] < 277,
Since Tsk“T — 73" as n — oo, we can find n; € N such that |T7]fjr — 7R < 277, Set tn, = Tffjf’T
Then t,; € Tn;, tn, — vz (tn;) > nil(Lfﬂf — cZ)(L]fLJ]T)) > r for each j € N, and t,, — t. We conclude that
condition 2] holds.

It remains to verify item 4} Fix a bounded open interval I C R with rational endpoints and a € I N Q
and € > 0. We can a.s. find a rational r > 0 (random and depending on §) such that ¢ € [7%",7%" + ¢] and
vz(t) € [vz(7%") — €,v7(T7*")]. By condition [5| we have a.s. have 7" — 7®" as n — oo. By condition
we a.s. have vzn (797) — vz(7%") as n — oco. Hence it is a.s. the case that for sufficiently large n € N,
[vzn (T7), 727 C I. Hence for sufficiently large n € N, we have t,, > 79" >t — €. Since € is arbitrary, a.s.
liminf, o ¢, > t. Similarly limsup,,_, . vzn(tn) < vz(1).

To show that lim,,_, t, = t, we note that from any sequence of integers tending to oo, we can extract
a subsequence n; — oo and a t’ € I N [t,00) such that ¢,, — t’. Our result above implies that [vz(t),t] C
[vz(t"),t']. Since liminf; oo (t,, —vzni(tn;)) >t —vz(t), condition |2 implies that ¢’ is a 7/2-cone time for
Z with [vz(t'),t'] € 1. Since I has rational endpoints it is a.s. the case that neither of these endpoints is
a m/2-cone time for Z or vz of a m/2-cone time for Z, simultaneously for all choices of I. Hence in fact

[vz(t'),t'] C I for every such choice of subsequence. By maximality ¢’ = ¢. O
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