JOINT CONVERGENCE OF RANDOM QUADRANGULATIONS AND
THEIR CORES

LOUIGI ADDARIO-BERRY AND YUTING WEN

ABSTRACT. We show that a uniform quadrangulation, its largest 2-connected block, and
its largest simple block jointly converge to the same Brownian map in distribution for
the Gromov-Hausdorff-Prokhorov topology. We start by deriving a local limit theorem
for the asymptotics of maximal block sizes, extending the result in [3]. The resulting
diameter bounds for pendant submaps of random quadrangulations straightforwardly
lead to Gromov-Hausdorff convergence. To extend the convergence to the Gromov-
Hausdorff-Prokhorov topology, we show that exchangeable “uniformly asymptotically
negligible” attachments of mass simply yield, in the limit, a deterministic scaling of the
mass measure.

1. INTRODUCTION

Much work has been devoted to understanding the asymptotic properties of large ran-
dom planar maps. It is conjectured and known in several cases, that after rescaling the
graph distance properly, planar maps from many families converge to the same universal
metric space, the Brownian map, in the Gromov-Hausdorff-Prokhorov sense. Recently Le
Gall [11] and Miermont [14] independently proved that the Brownian map is the scaling
limit of several important families of planar maps, and Addario-Berry & Albenque [1]
proved that simple triangulations and simple quadrangulations also rescale to the same
limit object.

Further results, the aim of this paper is to show that random quadrangulations and
their cores jointly converge to the same limit object, even after conditioning on their sizes.
Before making this more precise, we state one corollary (Theorem 1.1) of our main result:
the Brownian map is again the scaling limit of random 2-connected quadrangulations.

For the duration of the paper, all maps are embedded in the sphere S? and are consid-
ered up to orientation preserving homeomorphism. A rooted map is a pair M = (M, uv)
where M is a map and wv is an oriented edge of M, i.e., {u,v} € e(M). A quadrangulation
is a map in which every face has degree 4. A quadrangulation is 2-connected if the removal
of any vertex does not disconnect the map. It is simple if it contains no multiple edges.
Write @, R and S for the set of rooted connected, 2-connected, and simple quadrangula-
tions, respectively. It is easy to verify that simple quadrangulations are 2-connected, so
S © R < Q. It is technically convenient to view a single edge as a 2-connected, simple
quadrangulation, and we do this.

Given a finite set G, the notation G €, G means that GG is chosen uniformly at random
from G. Given a finite rooted or unrooted map G write pg for the uniform probability
measure on the vertex set v(G), and for ¢ > 0, write ¢G for the measured metric space
(v(G),c-dg,pa), where dg denotes graph distance. Given a set G of maps and n € N,
write G, = {G € G : |v(G)| = n}. Finally, write M = (M, d, u) for the measured Brownian
map. (See [11] for a definition of M.)
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Theorem 1.1. Let R, €, R, then as r — o0,

2\ 4y
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in distribution for the Gromov-Hausdorff-Prokhorov topology.

A brief overview of the Gromov-Hausdorff-Prokhorov (GHP) distance appears in Sec-

tion 2.2.
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FIGURE 1. (0,1) is the root edge of
M. For the total order <=<j; we
have, e.g., (0,1) < (0,2), (2,12) <
(12,2) < (12,111) < (111,12). Also,
of the two copies of edge (11,111),
the one succeeding (11,2) in the
clockwise order is smaller for <. The
simple block S(M), highlighted in
red, has vertices 0,1,2,11,12,111.

To state our main results, a little more terminology
is needed. Given a rooted map M = (M, uv), we may
define a canonical total order <y on v(M) as follows.
List the vertices of M as u; = u,uz = v,..., U1
according to their order of discovery by a breadth-first
search which starts from the root edge uv and uses the
clockwise of edges around each vertex starting from the
explored edge to determine exploration priority. (See
[7] for a definition of breadth-first search.) We also
define a total order <j; on the set of oriented edges of
M as follows. Let u;u; <u uyuy precisely if either (a)
u; was discovered before u; or (b) ¢ = ¢" and u;u; has
higher priority than w;u;.

Fix a bipartite map M = (M,uv). A cycle C in a
map M is nearly facial if at least one connected compo-
nent of S?\C' contains no vertices of M (it may contain
edges). We say M is nearly simple if every cycle in M
with length two is nearly facial. Write M° = (M°, uv)
for the map obtained by collapsing each nearly facial
2-cycle into an edge. (This is a slight abuse of no-
tation as the edge uv € e(M) may be collapsed with
other edges in forming M°, but the meaning should be

clear.) Note that M is nearly simple precisely if M is simple — in this case we call M° the

simple nerve of M.

For A < v(M), write M[A] for the submap of M

induced by A. For any edge e = {x,y} € ¢(
) be maximal subject to the constraints

B, ¢ v(M

M), let

that {z,y} < B, and that M|[B,] is 2-connected. We
call M[Bc]° a 2-connected block of M. In particular,
write R® = R*(M) = (M[Buyy]°, uv) and call R® the
2-connected root block of M. Likewise, for any edge
e = {x,y} € e(M), let B, < v(M) be maximal such
that {z,y} < B., that M[B!] is nearly simple, and,
subject to these constraints, with vertex set B, mini-
mal with respect to <pr. We call M[BL]° a simple block
of M. Write S* = S*(M) = (M[B,,]°,uv) and call S*
the simple root block of M.

Write R(M) (resp. S(M)) for the largest 2-connected
(resp. simple) block of M, rooted at its <p;-minimal
edge, and write b(M) [v(R(M))| and sb(M) =
[v(S(M))|. If there are multiple 2-connected blocks

CATEN
\e\f /

FIGURE 2. The 2-connected blocks
of M are M[{a,b,c,d}]° and
Ml{d,e, f,g,h,i}]°. The simple
blocks of M are M[{a,b,c,d}]°,
M[{d,e, f,i}]°, and M[{d, g, h,i}]°.

with size b(M), among these blocks we take R(M) to be the one whose root edge w;u;

is <y-minimal, and use the same convention for S(M

. The next theorem states that a
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uniform quadrangulation, its largest 2-connected block, and its largest simple block jointly
converge to the same Brownian map.

Theorem 1.2. Let Q, €, Q, and write Ry = R(Qq), Sq = S(Qq). Then as ¢ — w0,

g\ /4 9\ /4 9\ /4
(&) o () "m0 (5)'s) +oanann

in distribution for the Gromov-Hausdorff-Prokhorov topology.

The convergence of the first coordinate in Theorem 1.2 was proved independently by Le
Gall [11] and by Miermont [14]. The convergence of the third coordinate is related to a
result by Addario-Berry & Albenque [1] who show that if S, is a uniform simple quadran-
gulation for all ¢, then (3/(8]v(S,)|))"/*S, 4 M. Tt is known (3, 9] that |v(Sy)|/q¢ — 1/3
in probability, so in the third coordinate the scaling factor (9/(8¢))/* may be replaced by
(3/(8]v(Sy)])) "4, in agreement with [1]. The second coordinate is related to Theorem 1.1,
but indicates the convergence of 2-connected quadrangulations with random sizes.

Theorem 1.2 and Theorem 1.1 follow from a stronger “local invariance principle”, in
which the sizes of the largest 2-connected block and largest simple block are fixed rather
than random. Given integers ¢ = r > s > 1, let

Qyrs ={Q € Qg : b(Q) = 1,5b(Q) = s},
Rrs ={Q € R, :sb(Q) = s}.
Theorem 1.3. Let (r(q),q = 1) and (s(q),q = 1) be such that r(q) = 7q/15+ O (q2/3) and

s(q) = q/3+ O(q2/3) as q — 0. Let Qq €y Qg r(q),s(q) and write Ry = R(Qq), Sy = S(Qq).-
Then as ¢ — O,

9 1/4 9 1/4 9 1/4
((8q> . (5) ® () Sq)g (MM, M)

in distribution for the Gromov-Hausdorff-Prokhorov topology.

We provide an outline of the proof of Theorem 1.3 (our main result) in Section 1.2.

Now and for the remainder of the paper, fix C' > 0 and let (r(¢q) : ¢ = 1) and (s(q) :
q = 1) be such that |r(¢) — 7¢/15| < Cq*? and |s(q) — 5q/7] < C¢*? for all ¢ sufficiently
large. The scaling of r(¢) and s(g) in Theorem 1.3 is explained by the following local limit
theorem for the asymptotics of maximal block sizes.

Theorem 1.4. Let Q, €, Q. and write 6,(q) = r(a)-Tg/15 0s(q) = w. Then

T ORE
P(6(Q) = r(0):sb(Q) = s(r(0)) = s ERCE 14 o1

where 8 and 3’ are positive constants given in Propositions 4.2 and 4.1 respectively, A :
R — [0,1] is a density.

Here o(1) denotes a function tending to zero whose decay may depend on C, but we
omit this dependence from the notation. We prove Theorem 1.4 using the machinery
developed by Banderier, Flajolet, Schaeffer & Soria [3], based on singularity analysis of
generating functions, in Section 4. Theorem 1.2 follows from Theorem 1.3, Theorem 1.4,
and an easy averaging argument. We similarly deduce Theorem 1.1 by averaging over the
second coordinate in the next proposition.

Proposition 1.5. Let R, €, R, 4) and write S, = S(R,.). Then as r — oo,

21 1/4 21 1/4 d
((407“) Rr ) (407") ST - (M7M>
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in distribution for the Gromov-Hausdorff-Prokhorov topology.

Remarks.

(1) The proof of Proposition 1.5, given in Section 7, uses the convergence of simple
quadrangulations, proved in [1], to deduce convergence of 2-connected quadrangu-
lations, as a stepping stone to proving the joint convergence of Theorem 1.3. The
results of [1] in turn use the “rerooting invariance trick” introduced by Le Gall [11],
together with the convergence of uniform quadrangulations to the Brownian map
[11, 14], to deduce convergence for uniform simple quadrangulations. We mention
this to emphasize that the results of this paper do not constitute an independent
proof of convergence for uniform quadrangulations.

(2) In [1] it is also shown that simple triangulations converge to the Brownian map.
Using this, the arguments of the current paper could be modified to show joint con-
vergence of uniformly random triangulations and their largest loopless and simple

blocks.

Before sketching our proof, we first describe the combinatorial relations between Q, R*(Q)
and S°*(Q), on which our proofs rely.

1.1. Bijections for Q, R and S. Suppose we are given only R* = R*(Q). What addi-
tional information is required to reconstruct Q7 Similarly, what do we require in addition
to S* = S*(R) in order to reconstruct R*? In each case, the reconstruction requires
augmenting the edges with additional data. When reconstructing R® from S°, this data
consists of a 2-connected quadrangulation for each edge of S®. When reconstructing Q
from R°®, we require a sequence of quadrangulations for each edge of R®, together with a
second, binary sequence whose entries specify how to attach the quadrangulations in the
sequence. In both cases, the root edge must be treated slightly differently from the others
(in brief, for the root edge we must specify data twice, once for each side of the edge). We
now turn to details.

A quadrangulation of a 2-gon is a rooted map whose unbounded face has degree 2, with
all other faces of degree 4, rooted such that the unbounded face lies to the left of the root
edge. Temporarily write T for the set of quadrangulations of 2-gons. Given a map in T,
merge the two edges incident to the unbounded face to obtain a map in Q; we call this the
natural bijection between 7 and Q. For n > 3, it in fact restricts to a bijection between
Tn and Q,,. Also, T2 contains only one element: the map with one edge and two vertices.
Recalling that we also view a single edge as a 2-connected quadrangulation, it follows that
T2 = Qg, and it is convenient to view the natural bijection as associating these two sets
with one another.

Let S = (S, uv) be a simple quadrangulation. List the vertices of S in breadth-first order
as uq,...,u, and list the edges of S as uv = eq,...,e,,, oriented so that the tail precedes
the head in breadth-first order. To build a 2-connected quadrangulation with simple root
block S, proceed as follows (see Figure 3).

(1) Create a second copy eg of the edge uv so that eg lies to the left of e;.

(2) For 0 < i < m let M; be a 2-connected quadrangulation, and let MfL = (M;, uv;)
be the quadrangulation of a 2-gon associated to M; by the natural bijection.

(3) For each 0 < ¢ < m, identify the edge e; with the root edge u;v; of M;. The
resulting map has a single facial 2-cycle (lying between My and M;), with vertices
u and v; collapse it and root at the resulting edge uv.
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FIGURE 3. (a) A simple quadrangulation. (b) “Decorations” for the edges. (c)
After attaching the decorations. (d) The map R.

Call the resulting map R. Then R is a 2-connected quadrangulation with S®*(R) = S. We
note that

le(R) |+Z| |1|eM)|#1:_1+Z L+ [e(M)] Leomyyz1y) - (1.1)

Proposition 1.6. The above procedure induces a bijection p between R and the set
((5.6): 55,0 REOI .

Proof. Given a 2-connected quadrangulation of a 2-gon, collapsing the unbounded face
to form a single edge (which is equivalent to taking the simple nerve), then rooting at
this edge, yields a 2-connected quadrangulation. This operation is easily seen to be a
bijection. In view of the fact that the quadrangulation R € R in the above construction
has S*(R) = S, the result follows. O

Next let R = (R, uv) be a 2-connected quadrangulation and list e(R) as ey, ..., en, as
above. For each 1 < i < m, write e; and e; for the head and the tail of e; respectively. To
build a quadrangulation with 2-connected root block R, proceed as follows (see Figure 4).

(1) Create a second copy eg of the edge uv so that eg lies to the left of e;.

(2) For 0 < i < m fix ¢; € Nyg and sequences L; = (M;;,1 < j < ¢) € Qb
b; = (bi’j, 1<j<¥)e {0, 1}&.

(3) For each 1 < i < m, add an additional ¢; copies of e;; label the resulting ¢; + 1
copies of e; as €;1,...,€;,4+1 in clockwise order around e; .

(4) For0<i<m and 1 Jj <4, let M’ be the quadrangulatmn of a 2-gon associated
to M, ; by the natural bijection.

(5) Attach M;] = (M; j,u; jv; ;) inside the 2-cycle formed by e; ; and e; j+1 by identi-
fying w; ; with e; (if b; ; = 0) or €] (if b;; = 1). The resulting map has a single
facial 2-cycle, with edges eg g, +1 and e1,1; collapse it and root at the resulting edge
uv.

Call the resulting map Q. Then Q is a connected quadrangulation with R*(Q) = R. We
note that
e(R)] £

e(Q)] = e(R)| + Z DeOMi )]+ 1+ e, ,)21)

=0 j=1
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&o— & My, My My, Mo

) )

(d)

FIGURE 4. The quadrangulation in (d) can be reconstructed from its 2-connected
core in (a) with the decoration ((L;,b;) : 0 < ¢ < r) where Ly = (Mp1),b0 =
(1),Ly = (My1),b1 = (0), Ly = L3 = by = b3 = &, Ly = (My1,Mys2),bs =
(0,1).

l;
=—-1+ Z < Z zg | + 1+ 1” M ”)#1])) (1.2)

In the following proposition we write (Q x {0,1})* = {J} U J,>,(Q x {0, 1})".

Proposition 1.7. The above procedure induces a bijection 1 between Q and the set
{(R,r) ‘ReR,Te ((Qx{0,1})*) '+1}.
Proof. This is immediate from the fact that the above construction has R*(Q) =R. O

For both decompositions, we refer informally to the maps in the vectors © and I') as
decorations or as pendant submaps.

1.2. Proof sketch for Theorem 1.3. In this subsection, we assume familiarity with the
Gromov-Hausdorff and Gromov-Hausdorff-Prokhorov distances. The relevant definitions
appear in Section 2. We begin by stating (and sketching the proof of) a joint convergence
result for a 2-connected quadrangulation and its largest simple block; the proof of this
result conains most of the key ideas for the proof of Theorem 1.3.

Given R, = (R, e;) €4 R, 5y, it is easily seen that S, = S(R) is uniformly distributed

over Sy(,). Then by [1, Theorem 1], (3/8s(r NS, 4 M as s(r) — oo. Also, the definition

of s(r) guarantees that (g (T))1/4 ( 4 5 1asr— oo

407‘)

Let ¢’ be the <g, -minimal oriented edge of S,. If e, € e(S,) then S, = S*(R;). Write
R, = (R;,€¢'). By Proposition 1.6, R). uniquely decomposes as p(R)) = (5,0) € SS X
RIEGI+L and our choice of ¢ guarantees that S = S,. Write © = (©;,0 <i<2s(r
and

,0
<

~—
\/

L(R,) = max ([v(0;)] : 0 <i<2s(r)—4) ,
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D(R,) = max (diam(0;) : 0 < i < 2s(r) —4) .

In words, L(R,) and D(R,) are the greatest number of vertices and the greatest diameter,
respectively, of any submap pendant to the biggest simple block of R,. The identifica-
tion of S, as a submap of R, gives the bound dgu(R,,S,) < %D(RT). To prove that

(%)1/4 dcu(R,,S,) = o(1) in probability, it thus suffices to show that (%)1/4 D(R,) =
o(1) in probability. (Note that here we have the Gromov-Hausdorff rather than Gromov-
Hausdorff-Prokhorov distance!)

To accomplish this, we use the methodology developed by Banderier, Flajolet, Schaeffer
& Soria [3], which allows one to describe the largest block size of a map whenever the
map may be described by a recursive decomposition into rooted blocks, using a suitable
composition schema; this is explained in greater detail in Section 4. We thereby obtain

the following distributional result for |v(S,)|.

Proposition 1.8. Let R, €, R, then for any A > 0, uniformly over x € [—A, A],

P (sb(Rr) = |5r/7 + xr2/3j> - 5“‘:2(/5“’)(1 +o(1)),

where 8 is given in Proposition 4.2.

The proof of Proposition 1.8 appears in Section 4. The range of values for r in the
above local limit theorem is what leads to our choice for the range of s(r) in Theorem 1.3
and Theorem 1.4. The following proposition bounds the size of the largest simple block of
a random 2-connected quadrangulation.

Proposition 1.9. For any A > 0, there exist positive constants c¢i and co such that for
all r € N and for integer k € (57‘/7 + Ar?/3, r], if Ry €y Ry,

P (sh(R,) = k) < ¢1 exp (—ch (k/r — 5/7)3) :

This proposition is a slight extension of [3, Theorem 1] (which proves similar bounds
but requires that (r — k)/r*3 — o). We use Proposition 1.9 in proving stretched expo-
nential tail bounds for the size of the largest pendant submap in a random 2-connected
quadrangulation.

Proposition 1.10. For alle € (0,1/3), there exist positive constants c1, ca, and c3 = c3(¢)
such that for all r € N, if Ry €4 Ry 57y

P (L(RT) > 7"2/3%) < cpexp (—cor®) .

Proofs for Proposition 1.9 and Proposition 1.10 are given in Section 5.
Next we deduce a bound for D(R,.) through extending a result by Chassaing & Schaeffer
[6]. The following proposition follows straightforwardly from [6, Proposition 4].

Proposition 1.11. ([6]) There exist positive constants yo, C1, and Co such that for all
y>wyo and g €N, if Qq €y Qq,

P (diam (Qq) > yq1/4> < Crexp(—Cay) .

This bound is for connected quadrangulations rather than 2-connected ones. However,
at the cost of polynomial corrections, we are able to transfer the result to the latter family
of quadrangulations, as shown in Section 5.1. This in particular yields the following bound.

Proposition 1.12. Let R, €, R, 4, then there exist positive constants C1, Ca, and C3
such that
P (D(Rr) > 7‘5/24) < Cyexp (—CQTCS) .
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The above results immediately give rise to Gromov-
Hausdorff convergence of (R,,S,) after rescaling, as shown . .
in Proposition 5.2 in the end of Section 5.1. However, to ®
deduce GHP convergence, the above propositions are insuf-
ficient, as they do not guarantee that the uniform measures
on v(R,;) and v(S,) are close in the Prokhorov sense. Here is °
an example of the sort of issue that may a priori still occur. €s
For all s € N, let S, €, S have root edge e;. Let Ps be the
quadrangulation of a 2-gon with 2|s/5|+2 vertices composed
of parallel alternating 1-paths and 3-paths, and write e/, for [ S—
one of the boundary edges of Ps. Then identify e with e/, 7 AN
embed Ps in the face of S, to the left of e, and write R,
for the resulting quadrangulation; see Figure 5. Recall that
M = (M,d, p) is the Brownian map. Then it is not hard to _FIGURE 5. Parallel alternat-
see that (R, Ss) converges after rescaling to (M’, M), where }ungh 1(—1ptat}t1; and ; 3—G{)aths at-
M’ = (M,d, ;') has the geometry of the Brownian map but ACheC 10 PG TOOR Ba8e O
has mass measure %,u + %5p, where p is a point of M with
law p.

To prevent the masses of “pendant submaps” from concentrating on small regions in
this manner, we use that they attach to exchangeable random locations on the simple
block and that each of them has asymptotically negligible size. The first follows from the
details of the construction of a 2-connected quadrangulation from its simple root block,
explained in Section 1.1; the second is a consequence of Proposition 1.10.

In order to show that the facts from the preceding paragraph suffice to imply joint
convergence, we prove a general result on the preservation of Gromov-Hausdorff-Prohkorov
convergence under small random modifications; our result relies on results of Aldous on
concentration for partial sums of exchangeable random variables. Details for this part of
the proof appear in Sections 6 and 7.

We conclude the proof sketch by explaining how we strengthen Proposition 1.5 to prove
Theorem 1.3. First, with Qq €y Qg r(g),s(q)» We show that R(Q,) contains S(Q,) with high
probability. The joint convergence of the second and third coordinates in Theorem 1.3
then follows from Proposition 1.5.

The convergence of the first coordinate does not follow from the existing result by Le
Gall [11] or Miermont [14], because Q, here is not uniformly distributed over Q,, but
conditioned on b(Q,) = r(¢) and sb(Q,) = s(¢). To deal with this, we require versions of
Propositions 1.10 and 1.12 that apply to uniform quadrangulations sampled from Q, and
Qu.r(q),s(r(q))- These follows straightforwardly once we show that with high probability,
S(R(Qq)) = S(Qq). We postpone the details.

A reprise of the argument for Proposition 1.5 then shows that if Q, €, Q

4,7(g),s(q)> then

(Qq, R(Qy)) 4 (M, M) as ¢ — 0. Since we also know (R(Qq),S(Qq)) 4 (M, M) as
q — o0, Theorem 1.3 follows immediately.

2. PRELIMINARIES

2.1. Hausdorff and Prokhorov distances. Let (V,d) be a compact metric space with
its Borel o-algebra B(V'). Given A ¢ V, the e-neighborhood of A is defined as

A*={x eV :yeVd(xy) <e} .

The Hausdorff distance dy : V* — [0, 00) between two non-empty subsets X, Y of (V,d) is
defined as

du(X,Y)=inf(6 >0: X c Y Y < X°) |
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Denote by P(V) the collection of all probability measures on the measurable space
(V,B(V)). The Prokhorov distance dp : P(V)? — [0,0) between two Borel probability
measures i and v on V is given by

dp(p,v) =1inf (e > 0: p(A) < v(A%) + € and v(A) < u(A°) +¢,YAe B(V)) .

2.2. Gromov-Hausdorff(-Prokhorov) distance. We refer the reader to [5] and [11, 14]
for more details on the Gromov-Hausdorff and Gromov-Hausdorff-Prokhorov distances
and the topologies they induce. Let (V,d) and (V’,d’) be two compact metric spaces. A
correspondence between V and V' is a set C < V x V' such that for every x € V, there is
2’ € V! with (z,2') € C, and vice versa. We write C(V, V') for the set of correspondences
between V and V'. The distortion of any set C = V x V' with respect to d and d’ is given
by
dis (C;d,d') = sup (|d(z,y) — d'(2",y)| : (v,2") € C, (y,4) € C) .
The Gromov-Hausdorff distance between (V,d) and (V',d’) is defined as
dau ((V,d), (V',d')) =inf (¢ > 0:3C € C(V, V'), dis(C;d, d’) < 2¢) .

Next, suppose p and p’ are non-negative Borel measures on (V,d) and (V' d'), re-
spectively. The Gromov-Hausdorff-Prokhorov distance between V = (V,d,u) and V' =
(V',d', i) is given by

deup(V, V') = inf (max {du(¢(V),¢'(V')), dp(dsp, dipt) })
where the infimum is taken over all isometries ¢, ¢’ from V, V' into a metric space (Z,4)
(see Miermont [13, Section 6.2]). Writing K for the set of all isometry classes of compact

metric spaces, (K, dgnp) is a Polish space; when we refer to GHP convergence we mean
convergence in this space.

2.3. The Airy distribution. The Airy distribution is the probability distribution whose
density is

A(z) =228 (zAi(2?) — AT (42))

(2 1
= E Z x3%/3)n Msin(—%m/?)) ,
n=1
where the Airy function Ai is given by
1

w .
AI(Z) :g J ez(zt+t3/3)dt

PNCEEOIK Msin@(n—l— 1)7/3) .

|
n=0 n:

32/3

3. COMPOSITION SCHEMATA

Let F(z) = 2,50 Fnz" be a generating function with positive radius of convergence
r =rp. We say F' is singular with exponent 3/2 if the following properties hold.

e There exists € > 0 such that F' is continuable in A = {z: |z| <r+e,z ¢ [r,r+¢)}.
e There exist positive constants a = ap,b = bp,c = c¢p such that F(z) = a —b(1 —
2/r) 4+ c(1 — 2/r)3? + O((1 — z/r)?) as z — r in A.
Gao and Wormald [9] derived asymptotics for the coefficients of F' under the above
conditions.

Proposition 3.1 (][9], Theorem 1 (iii)). Let F' be singular with exponent 3/2, let r and c

be as above. Then

3c r "

B ~ Arl/2 n5/2
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Next, let C' and H be generating functions with positive coefficients, and define a
bivariate generating function M by M(z,u) = C(uH(z)); Banderier, Flajolet, Schaeffer
& Soria [3] call this a composition schema. We generically write Cj, = [2*]C(z) and
M, = [2"]|M(z,1), and for n > 1 let X,, be a real random variable with law given by

P(X, =k) = %[z"]H(z)k.

We quote from [3]:

Combinatorially, this corresponds to a composition M = C o H between
classes of [rooted] objects, where objects of type H are substituted freely
at individual “atoms” (e.e., nodes, edges, or faces) of elements of C...
[2"u*]M (z,u) gives the number of M-ojbects of total size n whose C-
component (the “core”) has size k, and X, is the corresponding random
variable describing core-size in this general context.

More precisely, X,, is the law of the size of the C-component containing the root, in an
object chosen uniformly at random from among all M-objects of size n. The connection
with the bijections for quadrangulations described in Section 1.1 should be clear. We say
the triple (M, C, H) is a map schema if C' and H are both singular with exponent 3/2 and
additionally H(rg) = rc.! The latter condition heuristically states that the singularity
of M(z) = M(z,1) closest to the origin is caused by the singularity of C', rather than by
a failure of the implicit function theorem/the Lagrange inversion theorem. The following
results are all from [3].

Proposition 3.2 ([3], Theorems 1 and 5). Suppose (M,C, H) is a map schema with
C(2) = co — er(l = 2/ro) + e3pp(1 = 2/r¢)** + O (1 = 2/rc)?)
H(z) = ho — hi(1 = z/ry) + hajo(1 — 2/ry)*? + O (1 — z/rp)?) .
Let a = ano,m), B = Bou,o,my and v = Yo,y are defined by

_ Clh3/2h(1)/2 + 03/2h§/2 _ h?/B v = ) Cg/2h?/2
hg/Q 7 (3h3/2)%/3ho’ a- hg/Q
Then
n 3a 4"

Furthermore, writing oo = oo (ar,c,my = ho/h1, for any A >0,

lim sup [n%°P <Xn = |aon + mnz/SJ) —vA(Bz)| =0. (3.1)
N0 pe[—A,A]
Finally, there exist continuous functions f : [ag,1] — (0,00) and g : [ag, 1] — (0,00) such
that for any function X : N — N with A(n) — o,

n — ag)/? 3
P(X,=k) = (1 + 0(1))f(k/n) nif;/(l — k;?})gﬂ e~ n(k/n—ao) g(k/n)7 (3.2)

the preceding asymptotic holding uniformly in agn + n?3X(n) < k <n —n?3X(n).

Remark. In [3], schema of the form M(z,u) = C(uH(z)) + D(z) are also considered.
Replacing M (z,u) by M(z,u) — D(z) turns this into a compositional schema, if the latter
is a map schema then Proposition 3.2 applies. The equation involving D is convenient

when considering map families in which the core may have size zero; such families should
be counted by [u’]M (2, u), which is identically zero in C(uH (%)).

1y [3], this is called a critical composition schema of singular type (% o %) We shorten this to “map
schema” as such schemata seem to primarily arise in the study of maps.
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Corollary 3.3. Suppose (M,C, H) is a map schema, and let ag = g (v,c,m), f and g be
as in Proposition 3.2. Then for any function A : N — N with A(n) — o and any a > 0,

(k/n - ao)l/? —n(k/n—og)3g(k/n
P(X,=Fk) =0()- R k/n)3/26 (k/n—a0)°g(k/ ),

uniformly over integers k € [agn + an®3,n — A(n)n?/3).

Proof. Note that if k = agn + cn?? then

(k/n — 040)1/2 —n(k/n—a0)3g(k/n) _ c!/?

n12(1 — k/n)3P2 n23(1 — k/n)32°
For |k — agn| = O(n?/3), the latter is ©(n=%?). By (3.1), we indeed have P (X,, = k) =
O(n~2/3) for such k.
If the claim of the corollary fails then there exists a sequence (n;,i > 1) and k; €
2/3] along which the ratio of P (X,,, = k;) and

7

—c3g(ap +c/n1/3)

[agni + an®3, n; — A(ni)n

(ki/ni — 040)1/2 efni(ki/mfao):ig(ki/ni)
nz-l/z(l — ki/ni)3/2

either diverges or tends to zero. By passing to a subsequence if necessary, we may assume

that either k; —agn; = O(n2/3) or (k; —aoni)/n?/?’ — 00. In view of the above computation,
the first possibility is in contradiction with (3.1). The second possibility is in contradiction
with (3.2); thus neither can occur. O

Corollary 3.4 ([3], Theorem 7). Suppose (M, C, H) is a map schema with cg = o (a1,0,1)
and B = B,c,m) defined in Proposition 3.2. Let X} be the size of the largest C-component
n a random M-map of size n with uniform distribution. Then

P (X;: = laon + xn2/3J> _ pABz) (1+0(1)),

n2/3

uniformly for x in any bounded interval.

Let M(z),C(z),B(z) be the generating functions of rooted connected, 2-connected,
and simple quadrangulations respectively. More precisely, we take [z"|M(2) = |Qp+2l,
[2"]C(2) = |Rn+2|, and |[2"]|B(z)] = |Sp+2| for n > 1, and ["|M(z) = ["]C(z) =
[2"]B(z) = 0 for n = 0. (The latter is slightly at odds with our convention of viewing
a single edge as a 2-connected quadrangulation, but is algebraically convienent below.)

(

U(z)=2(1+C(2)* . (3.4)
The following two lemmas follow immediately from Propositions 1.6 and 1.7 respectively.

Lemma 3.5. We have the following substitution relation between M (z) and C(z):
1 22(1+ M(2))

M(z) = C(H(2)) - 7= 2:(1+ M(2))  1-2z(1+M(2))

(3.5)

FEquivalently,
M(z) = C(H(2)) +22(1 + M(2))* . (3.6)

(3.6) is obtained by multiplying both sides of (3.5) by 1 — 2z(1 + M(z)) and then
rearranging elements. To see that (3.6) gives a composition schema, we can rewrite it as
M(z) = C(H(z)) with M(z) = M(z) — 2z(1 + M(2))>.

We now take a closer look at equation (3.3), which describes the “M-decorations”
of an edge of a C-object (i.e. of a 2-connected map). This is best understood with
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the bijection from Proposition 1.6 at hand. In the term 2z(1 + M(z)), the multiplier 2
counts the choice of extremity at which the decoration is attached; M (z) counts the case
when attachment is a quadrangulation with at least 3 vertices (recalling that z marks the
number of vertices less two, and the lowest power term of M (z) is 2z); the additive term 1
counts the case when attachment is a single edge; the multiplier z adjusts the counting of
extra vertices resulting from the attachment (we multiply by z instead of z? because the
attachment vertex is already counted in the core). Taking the reciprocal of 1—2z(1+ M (z))
accounts for the fact that we can attach a sequence of submaps (each two separated by an
edge). Squaring the reciprocal accounts for the fact that in a quadrangulation @@ we have
e(Q)] = 2(|v(@)] = 2).
2z(1+M(z))

In equation (3.5), the term To2:(1+ M () takes into consideration when the root block is a
single edge. The multiplication m in the first term accounts for the extra submap
attachment due to split of the root edge (recall the construction preceding Proposition 1.6).
Lemma 3.6. We have the following substitution relation between C(z) and B(z):

C(z)=BU(2)-(1+C(2)) . (3.7)

To see that this identity gives a composition schema, note that it may equivalently be

written as C'(z) = B(U(z)) with B = B/(1 — B). The multiplication (1 + C(z)) accounts

for the extra submap attachment due to the split of the root edge (see the construction
preceding Proposition 1.7).

4. AIRY DISTRIBUTION FOR QUADRANGULATIONS

In this section, we describe composition schemata for both rooted connected and 2-
connected quadrangulations, and then establish corresponding distributional results.

Proposition 4.1. The triple (M,C, H) is a map schema with

7 40 52/3.15 9
=—,a=—, 8= = . 4.1
W= 15 YT op 28 T 5By (4.1)
Proposition 4.2. The triple (C,B,U) is a map schema with
5 2112 .9 32/3 . 45 32/3. 995 (4.2)
a)p=—, 0 = ———— = — = —0 . .
0= 7 512 50° 14173.8 77 1413 . 56

These two map schemata lead to the Airy distributional results stated in Propositions 1.8
and 4.3.

Proof of Proposition 1.8. This now follows immediately from Corollary 3.4 and Propo-
sition 4.2. 0

We will also need the following analogue of Proposition 1.8 for the largest 2-connected
block of a general quadrangulation.

Proposition 4.3. Let Qq €, Qq, then for any A > 0, uniformly over x € [—A, A],

P (b(Qq) = [7q/15 + :Bq2/3J> = M;Z(gx) (1+0(1)) ,

where B is given in Proposition 4.1.
Proof. This follows from Corollary 3.4 and Proposition 4.1. O

Before proving Propositions 4.1 and 4.2, we first establish a system of parameterization
for M(z), which is the key to showing that M(z) is singular with exponent 3/2 and to
extracting the coefficients of M(z),C(z) and H(z).
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Lemma 4.4. Let iy (t) = ;gz;g;g, let ¢ar(t) = iz, and let Lar(z) be defined by the

implicit relation Ly (z) = zop(Laf(2)), then
M(z) = um(Lm(2)) -

Algebraic functions with such parameterization are called Lagrangean. The proof is a
textbook application of the so-called quadratic method. A Lagrangean parametrization for
M is derived in [3, Proposition 1]. The parameterization in Lemma 4.4 is slightly different,
but the derivation is quite the same, and refer readers to that work the idea of the proof.
(Also, in [3] the parameterization is stated for the generating function of general maps but
this is equivalent, using Tutte’s angular bijection, to quadrangulations. See also Goulden
& Jackson [10, Section 2.9] for a detailed explanation of the quadratic method for map
enumeration.) One may inspect the Taylor expansion of ¥/ (Las(2)) at z = 0 to conclude
that this parametrization gives M (z) = 2z + 92% 4 5423 + 3782% + O (2°).

Corollary 4.5 (Tutte [16]).

- é(l —122)Y% (4.3)

| =

Ly(2) =

M(z) = % — %(1 —122) + 2(1 —122)32 + 0 ((1-122)%) . (4.4)

In particular, M(z) is singular with exponent 3/2.

Proof. Using Lemma 4.4, Lagrange inversion yields the explicit formulas

11 1
Lu(2) = 5 = c(1 - 122)V2 ) M(z) = -1+ s (- —182) + (1- 122)3/2) .

Writing y = 1 — 12z, the asymptotic expansion for M follows easily by rearrangement. [

Implicit functional equations can be used to derive asymptotic expansions in great
generality, even when no closed form is available, and we exploit this machinery in the
current paper. We now sketch how the method is applied in our setting in slightly more
detail, referring the reader to [3] and [8, VIL8] for a full exposition.

Suppose we are given y defined by an implicit formula y(z) = z¢(y(z)), where ¢ is ana-
lytic, non-zero at 0, has non-negative Taylor coefficients, and has lim,_,,, z¢'(x)/¢(x) > 1,
where r, € (0,00] is the radius of convergence of ¢. (In our case, ¢ will always in fact
be a rational function satisfying the preceding conditions.) Then, using Lagrange inver-
sion, one obtains an asymptotic expansion of y around its dominant singularity (see [8,
Section VI.7]). Given another function m expressible as m(z) = ¥ (y(z)) where ¢ is a
rational function whose radius of convergence is at least as large as that of y, this yields
an asymptotic expansion for m as follows.

First, we locate the radius of convergence for y. By [8, Theorem VI.6], we can expand

y(z) as
y(z) =1 — L/ (1- z/ry)l/2 +4L(1—z/ry)+0 <(1 — z/ry)3/2> ) (4.5)
where the coefficients [;/; are to be determined for i € N, and r, and 7 are determined by

the equations
.
7 (1) — (1) =0, 1y = —— .
( ) ( ) Y (b(T)
To determine [y, and Iy, let h(t) = ry — % Then h(r) = 0 = W/(7), so expanding h(t)

around 7 yields

1—2z/ry
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- h;(;) (t-7)+ :;E; t-7°+0(t—7)"
= h;”(n:) —l1/2 (1 - Z/Ty)l/Q T (1 _ Z/’I”y) L0 ((1 B z/ry)S/Q)]z
h///(y) [—l1/2 1—z/r)?+1,(1—2/r,) + 0O ((1 _ Z/ry)g/Q)]:a L O((—)Y)
h”( ) h”(T) h///( )

3/2 2
= 2 y l1/2( —Z/'ry) - <2 2ry ll/Qll 67‘ ll/2> (1 — 1/7’y) / +O <(1 - 1/7’y) ) .

By comparing the coefficients of the terms (1 — z/r,) we obtain

1/2 = h”(T) - ¢//(T) ) .
and by comparing the coefficients of the terms (1 — z/r,)%? we have

h”l( )l?/z
6" (7)l1/2

Now we use the expansion (4.5) to derive an expansion for m(z) around its dominant
singularity r,,. First, the equation m(z) = v¥(y(z)) and the assumption that ry > r,
together imply that 7, = 7. In the current work, we always have that ¢/(7) = 0 (indeed,
this seems to generally be the case in compositional schemata involving maps); together
with (4.5), a Taylor expansion of 1) around 7 then yields

m(z) = ¥(y(2))
— (r - 11/2 (L= 2/ry) "2 + 141 = 2/ry) + O ((1 = 2/r,)*"?) )

V() + 20" () [l (= 2fr) 2+ 10— 2ry) + 0 (L= 2/ )|
%w”% [l 0= 2/r) V2 1 11— 2/r) + 0 (= 2r)*?) |
+0 ((1 —2/ry)?)
= 64 OV (= o) = (07 ()l + g (1) ) (1= 2/,
+0((1=2/n)) .

We remark that the vanishing term ' (1) = 0 accounts for the shift of the singular
exponent to 3/2.

Using the compositional relation given in Lemma 3.5 together with the expansion of
Ly (z) given in Corollary 4.5, we show that H(z) is also Lagrangean and expand H(z) at
its radius of convergence. We similarly deduce such kind of expansions for C(z),U(z) and
B(z).

I =— (4.7)

Lemma 4.6. Table 1 gives Lagrangean parameterizations for M(z), H(z),C(z),U(z), B(z).
Consequently, H(z),C(z),U(z), and B(z) each has radius of convergence and asymp-
totic expansion around rg,rc,ry and rp as given in Table 2.

Proof. Let H(z) be defined as in Proposition 4.1, and let 15/(t) be given in Lemma 4.4.
Write ¢t = Ljs(2), then

B 1 > 1 2 (=143t
H(Z)_Z<1—2z(1+M(z))> - Z<1—2z(1+wM(LM(z)))) o (-stese)?]
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this proves the first assertion. Then taking 1 (t) as given by Table 1 yields H(z) =
Yu(Lm(2)).

The remaining parameterizations of Table 1 are established similarly, using (3.5) for
C(z), and (3.7) for U(z) and B(z). The radius of convergence and expansions around the

radius are derived using Lagrange inversion as in Corollary 4.5. O
f of Vs
1 t(—1+3¢t)3
H 1-3t T (1-5t+8t2)2
C (1—5t+8t%)? t2(—1+5t)
T Ce | st
U (1—5t+8t%)2 t(—1+4¢t)2
T (—1+30)3 T (—1+3t)3
B (—1+3¢t)3 t2(—1+5t)
T (—144t)2 (—1+4t)(1-5t+8t2)

TABLE 1. (Always with Ly(z) = z¢s(Ls(2)), where f is one of the functions
H,C,U, and B.)

f Ty expansion at 7y

H| 1/12 20 A0 (1 -122) + 25 (1-122)"2 + O (1 - 122)?)

C | 27/196 | £ — 2 (1 -1962/27) + 32, /T (1 - 1962/27)%? + O ((1 — 1962/27)?)
U | 27/196 | o= — 22 (1 —1962/27) + %\/%(1 —1962/27)*% + O ((1 — 1962/27)?)
B| 4/27 = 2T (1 272/4) + 93 (1 - 272/4)%2 + O (1 — 272/4)?)

TABLE 2

Remark. One of the fundamental facts of singularity analysis is that the radius of con-
vergence of a generating function determines the exponential growth rate of the associated
combinatorial family. Under Tutte’s angular bijection (see [16]), 2-connected and simple
quadrangulations respectively correspond to 2-edge-connected and 2-connected maps. In
view of this, the values ro = 27/196 and rp = 4/27 agree with the known exponential
growth rates for loopless bridgeless maps Walsh & Lehman [17, (7)] and for 2-connected
maps [3, Table 2] (noting that the coefficients of the expansion for B(z) are slightly dif-
ferent than in [3], because in that work a single loop is counted as a 2-connected map).

Proofs of Propositions 4.1 and 4.2. We have verified that M (z) and H(z) are singu-
lar with exponent 3/2 in Lemmas 4.5 and 4.6 respectively. The facts that H(ry) = r¢ and
that U(ry) = rp are immediate from the values and expansions given in Table 2. Thus,
(M,C,H) and (C, B,U) are map schemata. The values claimed in (4.1) and (4.2) are then
derived by routine arithmetic. O

5. SIZES AND DIAMETERS OF PENDANT SUBMAPS

In this section, we first obtain a size bound for the decorations of the largest simple
block in a uniform rooted 2-connected quadrangulation. Using this we then derive a cor-
responding diameter bound which leads to a “GH convergence version” of Proposition 1.5,
shown in Section 5.1. Analogous tail bounds for uniform rooted quadrangulations are
stated in Section 5.2.
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Proof of Proposition 1.9. Let A : N — N be a function tending to infinity with A(r) <
%. For k < r — r2/3X(r), the bound follows straightforwardly from Proposition 1.8,
Corollary 3.3, and the fact that the largest block is larger than or equal in size to the
root block. We hereafter assume that r — r?3\(r) < k < r. Note that for r large enough,

r —1r2/3X(r) > 1/2, so there must be less than one largest simple block of size k.

Let R, €, R, and note that P (sb(R,) = k) = |§€’Tk‘| . By Proposition 3.1 and Lemma 4.6,

R = [2""2]C(2) = ©(1) - 1"_5/27“57" as r — o0 with r¢g = %.

Each element of R, ) may be constructed by first choosing S € S and a collection
(Mg, e € e(8S)) of rooted 2-connected quadrangulations, each with at most k vertices, and
with > c ) le(Me)| = 2(r — k); then attaching each M. to e € e(S) to obtain a map R
with 7 edges; and, finally, fixing a root edge € in R. This builds a map (R,€) € R, , and
any element of R, ; may be so built. It follows that

Rok| < (4r —8) - (2k —4)" % - |Sk| - [Rr—i|

where (4r — 8) accounts for the re-assignment of the oriented root edge, and |Sx| =
[25721B(z2), |[Rr—| = [2" " 2]C(z2). So

Ryg| < (4r —8) - (2k — 4"k k=52 02k (r — k)52 grth

where rp and r¢ appear in Table 2.
Altogether, for r — r23\(r) < k <,

k
P(sb(R,) = k) = '5{77' <O(r)- (2k —4)F 2 (p — k)2 002 (:g)

For large enough r we have r — k < A\(r)r?/3 < (logr)Q, so for such r,
T T

— -log(2k —4) | < .

(logr? 1% )) o (logn“)

We have ;¢ < 1, so there exists b > 0 such that (¢ < exp (—b). It follows that for some
positive constants c¢; and ca,

(2k —4)" % = exp ((r — k) - log(2k — 4)) < exp (

P(sb(R,) = k) < (4r —8) - k=2 . (r — k)% . %% . exp <—b it ; )
ogr

< crexp (—eor(k/r —5/7)%) . 0
Proof of Proposition 1.10. For all positive integers r and x with x < r— s(r) + 2 write
Lre={ReR, 4 : LR) =2z} .
Fix ¢ € (0,1/3) for the remainder of the proof. Letting R €, R, 4(),

r—s(r)+2
P(LR,) = 24) = [Rosl " D) [l (5.1)

x:[r2/3+s]
Since s(r) = 5r/7+ O (T2/3) as r — o0, by Proposition 1.8,
Rpsr] = © (1722) - [R,| = 0 2%) 7792 05r = 0(710) rg . (5.2)

Thus, it remains to bound |L, ;|.

Each element of L, , can be obtained by attaching some R, € R, to the largest simple
block of some R € R,_, 13 4 With sb(R) < z, then possibly re-assigning the root edge.
We therefore have

‘ﬁﬁz‘ < @(7“ : S(T)) : ’Rr—x-&-Z,s(r)’ : ‘Rm‘ (53)
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as v — 00. Then to bound |L, .|, it suffices to bound [R,_, 42 ¢y| and [R.|. For large
enough r and for all z € [r?3+¢ r — s(r) + 2], we have 5(r —z + 2)/7 + (r —z + 2)%? <
s(r) < r—x + 2. For z in this range, we may apply Proposition 1.9: we obtain that for

some Cl > 0,
;27 —x+2,5(7 S\1

|’R«rfx+2| r—x

For all possible z, by Proposition 3.2 and Lemma 4.6 we have |R,_,42| = O(1) - (r —
x)*5/2,,,57‘+1‘7 SO

3
Ry—ssmsn)] = O(1) - (r—2)5 157 - exp (c’&m(“” 5/7) ) |

r—zx
Then (5.3) gives
—5/2 —5/2 ,—r ' s(r) ’
’ET,QT‘:O(T'S(T))'I. (T_x) ‘T - €XP —C (7"—$) m—5/7 .
Since £ > 5/7 — Cr=Y/3, we have for large r,
s(r) 3 3
exp | —C'(r — ) <r—x — 5/7) < exp (—C”(r — x)_Q <5m/7 — Cr2/3) ) .

<z <r—s(r), and for large enough r, we thus have

=O(r-s(r)) a2 (r—z)™2.r5" - exp (—C’(r —x)7? (590/7 — Cr2/3>3>

-2 3
= O(r-s(r) -z™2. (r—2a)™%?%. ro’ - exp (—C’ (r - r2/3+5> (5r2/3+5/7 - Crz/?’) >

=r " -exp (-C"- 7“3‘5) , (5.4)

for some C” > 0.
Finally, combining (5.1), (5.2), (5.4) and the fact that s(r) = 5r/7+ O (r2/3), there exist
positive constants ¢1, ca and c¢3 = ¢3(e) such that

r—s(r)+2
P (L(Rr) > r2/3+€) — Rl Y |Lral < crexp(—ear®) . O
I:[T.2/3+e-|

5.1. Diameters of submaps pendant to the largest simple block. We want to apply
[6] to obtain a diameter bound, but first we need to transfer the diameter tail bound from
[6] to the setting of 2-connected quadrangulations.

Lemma 5.1. Let R, €, R, then there exist positive constants xqg, c¢1 and co such that for
all x > xy,

P (diam (R;) > xr1/4) < err?Bexp (—caz) .

Proof. For g € N, let Qg €, Q4. Given that b(Q,) = r, R(Qg) has the same distribution
as R,. So for all ¢ = r and x > 0, we have

P (diam (R;) > :m“l/4) =P <diam (R(Qy)) > opl/4 | b(Q,) = 7“)

<P <diam Q) > ar'/* | b(Q,) = r)
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P (diam (Qq) > art/4)
P (b(Qg) =7)

Now let ¢ = |157/7], then zr'/* > x(7/15)Y4¢"/* so by Proposition 1.11, there exist
positive constants xg, C7, Cs such that for all x > xo,

P <diam (Qq) > xr1/4> < O exp(—Cax) .
On the other hand, by Proposition 4.3, there exists C'3 > 0 such that for all r € N,
P(b(Q,) =7) = Car~ 3.

~

Altogether, we have

P (diam (R,) > o) < LE2EC)
3T

Then setting ¢; = C1/C3 and ¢y = Cs concludes the proof. O

Proof of Proposition 1.12. Fix a positive integer r and let £ € N with k¥ < min{s(r),r—
s(r)}. Let R, = (Ry,er) €4 Ry (), write S, = S(R,), let €’ be the <r,-minimal oriented
edge of S,, and write R, = (R,,€’). It follows from Proposition 1.6 that R/ uniquely
decomposes as (S,,0) € S x RI€GrI+1 Write © = (09, 01, ... , Oe(s(R,))|); Tecall that ©
has two entries corresponding to the root edge.

For any 0 < i < |e(S,)], given that [v(0;)| = k, ©; is uniformly distributed over Ry.
By Lemma 5.1 and since k < r, there exist positive constants xg, ¢; and ¢y such that for
all z > z0, and for all 0 <i < |e(S,)],

P <diam(@i) > zk'/ | [v(6;)] = k:> < er?Bexp (—eoz) . (5.5)

Note that |e(S;)| = 2s(r)—4 and recall that D(R,) = max(diam(©;) : 0 < i < 2s(r)—4).
Fix £ € (0,1/7). Using a union bound,

i (D(RT) > 7-5/24)

2s(r)—4 | |r2/3+¢]
< Y | Y (diam (@)= 5 (@) = k) + P (jo(@,)] = r2/5+)
1=0 k=1

2s(r)—4 [ |r2/3+¢]
Z Z P (diam (©;) = ro/%
i=0

= k=1

<

[v(©;)] = k:) +P <|U(91)| > 7n2/3+e)

By (5.5), for k < r2/3+¢ and for each 0 < i < 2s(r) — 4,

P (diam (©;) = 1%

0(0,)] = k) < crr® exp (—car 1)

< err?PBexp (_027,1/2475/4>

Finally, by Proposition 1.10, there exist positive constants ki, ko and ks = k3(e) such that
for each 0 <7 < 2s(r) — 4,

P (jo(@)] > r5%) <P (L(R,) > 125%) < by oxp (—kart)

combining the preceding 3 inequalities and using that s(r) < r and that 1/24—¢/4 > 1/168
yields

P (D(Rr) > 7“5/24> < (2s(r) — 3) [r2/3+5 - e1r?/3 exp (—627“1/24_5/4> + k1exp <k2rk3>]

=0 (r7/3+€ exp (—627”1/168>) +0 (T - exp (—kzrk3)> .
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By choosing the constants C1, Cy and Cj carefully, we may conclude the proof. O

Given the diameter bound, we immediately have the “GH convergence version” of
Proposition 1.5:

Proposition 5.2. Let R, €, R, () and write S, = S(R;), then as r — 0,

1/4 1/4
<<v<Rr>,<3> -dm> , (wsn(jﬁq) 'dsr))g«M,d),(M,d)) (5:6)

in distribution for the Gromov-Hausdorff topology.

Proof. For any compact metric space X = (X,d) and any subspace Y = (Y, d|yxy) we
have dgu(X,Y) < §sup,ex d(z,Y). By Proposition 1.12, SUDyey(R,,) r~4dg, (v,S,) 5 0,
and the result follows. g

5.2. Analogous results for the largest 2-connected block. By analogy to Proposi-
tions 1.10 and 1.12, we have the following bounds for the submaps pendant to the largest
2-connected block in a uniform quadrangulation.

Given Qg = (Qq, eq) € Qy, write Rq = R(Qq), let €’ be the <q -minimal oriented edge
of Ry, and write Q; = (Qq,¢’). By Proposition 1.7, Q; uniquely decomposes as

(Rgs (L 0i) - 0 < i < 2[e(Rg)[ —4))

where L = (M;; : 1 < j <l;) € Qi and b; = (b;; : 1 < j < ;) € {0,1}%, and
(I; : 0 < i < 2|e(Ry)| — 4) are suitable non-negative integers. Write

L/(Qq) = max ([o(Mij)| : 0 < i < 2le(R >|—4 1<)l (5.7

D'(Q,) = max (diam(M; ;) : 0 < i < 2]e(Ry)| — <j<l) . (5.8)

Proposition 5.3. For all ¢ € (0,1/3), there exist positive constants c1, co, and c3 = c3(¢)
such that, if Qq €u Qy.r(q);

P (L’(Qq) > q2/3+5) < cpexp (—c2q®) .

Proposition 5.4. Let Qq €y Qg r(q), then there exist positive constants C1, Cq, and Cj
such that

P (D'(Qy) = %) < Crexp (—Cag™) .

We omit proofs for the above propositions since the arguments are very similar as those
for Propositions 1.10 and 1.12.

6. EXCHANGEABLE DECORATIONS

This section provides bounds on the Prokhorov distance between three sorts of measures
on the vertices of a graph: the uniform measure, the degree-biased measure, and measures
obtained by assigning vertices exchangeable random masses. In subsequent sections, these
bounds help control the GHP distance between a map and its largest block.

Recall from the introduction that for a map G, and ¢ > 0, ¢G denotes the measured
metric space (v(G),c - dg, ug). Given a map G, write degq(v) for the degree of v € v(G)
in G; the degree-biased measure on G is the measure p8 on v(G) satisfying uB(S) =

2ves dega(v)/(2]e(G)]).-

Lemma 6.1. For any quadrangulation Q@ and any € > 0, with pg and ,ug viewed as
measures on €Q, we have

dp (g, 1) < max(e, 1/[v(Q)]).
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Proof. Let n be the number of faces of @, so that [v(Q)] = n + 2 and |e(Q)| = 2n. Fix
V < v(Q) (the remaining case is trivial). Write N(V) = {v € v(Q) : dg(v,V) < 1}. Let
VT =V uN(V); we claim that

HB(V*) 2 (V) - o (6.1)
If this is so then in Q) we obtain pug (V) < ug(VE) + 1/|v(Q)|; since V' was arbitrary, the
lemma then follows easily. We now prove (6.1).

First suppose Q[V] is connected, and write p = |V|. If p = 1 then the inequality is
easily checked. If p > 2 then view Q[V] as a quadrangulation with boundaries; let the
boundaries have lengths ¢1, ..., ¢, and write Zle l; = £. We have k > 1 since V' # v(Q).
A face f of @ is an internal face of Q[V] if all vertices of f lie in V; it is a boundary face
of Q[V] if some edge of Q[V] is incident to f, but not all edges incident to f belong to
Q]

Writing 4 for the number of internal faces of Q[V], Euler’s formula straightforwardly
yields p = ¢ + 2 + £/2 — k. Furthermore, if f is a boundary face of Q[V'] then all edges of
f lie within Q[V*]. Now, a boundary face can be incident to at most two edges of Q[V],
so Q[V] must have at least £/2 boundary faces. It follows that

> degg(v) = > A= 4(i+0/2) =4(p+k—2) > 4(p—1).
veV+ f internal to Q[V+]
Since Y, g) degq(v) = 2[e(Q)] = 4n, it follows that

p—1 n+2-—2p 1
ug(V)ZT:NQ(V)_m>NQ(V)_m‘

Finally, if Q[V] is not connected, the same argument applied component-wise yields the
same bound. O

Since both 1/s — 0 and (83—5)1/4 — 0 as s — o0, the following is immediate.

Corollary 6.2. For S; € S,, with pg, and '“SBS viewed as measures on (%)1/4 Ss, we have
dP(NSS7M§S) — 0 as s — 0.

In what follows, for a vector x = (z1,...,7;) € R¥ write x|, = (Zle z?)Y/P. Suppose
that G = (G, e) is a rooted map. Enumerate the edges of G as ey, ..., ey, where m =

le(G)|, and let eg be a second copy of the root edge e. (This makes sense even if G is
random, as long as it is possible to specify a canonical way to order the edges of G; for
example, we may use the order <g described in the introduction.)

For each 0 < i < m, let w; be a uniformly random endpoint of e;. Let n = (ng,...,nn,)
be a vector of non-negative real numbers with |n|; > 0. Define a (random) probability
measure v on v(G) as follows: for V < v(G), let

BV = Y s 6.2)

If one views (w; : 0 < i < 2s — 4) as attachment locations for pendant submaps, and n
as listing the masses of these submaps, then v/ is the probability measure assigning each
vertex v a mass proportional to the total mass of submaps pendant to v.

Lemma 6.3. Let G = (G, e) have |e(G)| = m and let n = (ng,...,ny) be an exchangeable
random vector of non-negative real numbers with |n|y deterministic and strictly positive.
Then for any V < v(G),

P (1nB07) - )] > 2+ )<4exp(—2t2).

Inl; " m+1 n|3
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In the proof, we will use the following result of Aldous [2, Theorem 20.6], which in-
formally says that partial sums constructed by sampling without replacement may be
obtained by first sampling with replacement and then taking a suitable projection.

Proposition 6.4 ([2], Proposition 20.6). Fiz xz1,...,2m € R and k € {1,...,m}, let o
be a uniformly random permutation of {1,...,m}, and let I1,..., Iy be independent and
uniform on {1,...,m}. Then there exists a pair of random variables (X,Y) such that

E[Y|X] =X and

k k
d d
X:Zxa(j), Y:Zl‘]j.
j=1 j=1

Aldous [2] notes the following consequence of the preceding proposition, which is what
we will in fact use.

Corollary 6.5 ([15], Theorem 2). Under the conditions of Proposition 6.4, for all contin-
uous convex functions ¢ : R - R,

E[p(X)] <E[o(Y)] .

Proof of Lemma 6.3. Given V < v(G), write 0.V = {{u,v} € e(G) : u ¢ V,v € V} for
the edge boundary of S. By definition, for 0 < j < m, the vertex wj; is a uniformly random
endpoint of e;. We have

_ Z{j:ejeG[V]} nj + Z{j:EanEV} 1[wj€V]nj
- [y '

ve(V) (6.3)

We now show that v&(V') is concentrated using Proposition 6.4. Independently for each
j=1let I; €, {0,...,m}. By the exchangeability of n, it follows that for any continuous
convex ¢ : R — R,

E ¢({ Zm}nj) <E ¢<{ > n1j>

je;eG j:ejeG[V]}

Also by exchangeability,

S IR ]

{j:ejeG[V]}

Taking ¢(z) = e“* for suitably chosen ¢ and applying Markov’s inequality as in [12, The-
orem 2.5] yields Hoeffding’s inequality-type bounds for ) (reseGIV]} TV

| v om ey
reseanyy B meH Lk

=E |P

s LGV
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recalling that |n|3 is deterministic. The random variables 1[w,ev] are iid Bernoulli(1/2),
so a reprise of the argument yields

1. cvTy . 212
P Z fwseVI™ [0V > ! < 2exp <—t> .
n

GBI ZmED| T Tl e
We have | 2Ae(GIV])| + [0V
B e + [COe
pa(V) = —— deg(v) = )
0 GVl |V 1
B o € . e
He(V) m+1 2(m+1)'\m+1'

Considering (6.3), we then have

2t 1 Lw,evny 0.V t
P(|lva(V)—puB(V) > —+ ——) <P ’ -
<’VG( )=Vl > n\1+7n+1> {j-%m nf; 2(m +1) - nf;
1€jE0e

>
nj; m+1 n|;

ve(| 3 o em),

{7:ejeGV]}
Now combine the three probability inequalities. O
It is easily seen that the above lemma applies even for random sets V', so long as V is

independent of the randomness used to select the endpoints w; of the edges; we will use
this in what follows.

7. PROJECTION OF MASSES IN RANDOM QUADRANGULATIONS

In this section we apply Lemma 6.3 to study projection of masses in large random
quadrangulations, and in particular to prove Proposition 1.5. We begin by stating a
straightforward corollary of Lemma 6.3. For a metric space X = (X,d) and x € X write
B(z,r;X) ={y : d(z,y) <r}.

Corollary 7.1. For s e N let ng = (nsp,...,ns2s—4) be an exchangeable random vector of
non-negative real numbers. Let Ss €, Ss, and for v € v(S,) write B(v,r) = B(v,r-s/%8,).
Conditional on Sg, let U and U’ be independent, uniformly random elements of v(Ss). If
Ing|1 — 0 and |ngle/|ns|y — O then for all x =0,

v8* (B(U,2)) = p§. (B(U,x))| -0, (7.1)

vg (B(U,z) n B(U',x)) — u§, (B(U,z) n B(U',z))| — 0 (7.2)
i probability as s — o0.

Proof. Fix x > 0. We assumed that |ng[; — o0 and |ng|e/|ns|1 — 0; we may therefore
choose a sequence t(s) such that ¢(s)/|ns|1 — 0 and ¢(s)/|ns|2 — . Now take V =
B(U, x). Recalling that |e(Ss)| + 1 = 2s — 3, for any € > 0, Lemma 6.3 gives

limsup P (\ng(B((L x)) — MES(U,CCN = 5)
§—00 ’

2t 1
<limsupP <|1/§:(V) —uS.(V)| = (5) + >

o 2t(3)2>

|ns|%

<limsup 4 exp (—

§—00

-0,
which is (7.1). To prove (7.2) take V = B(U,z) n B(U', ) and argue similarly. O
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Corollary 7.2. Under the assumptions of Corollary 7.1, with ng and ,uSBS viewed as

measures on (%)1/4 Ss, we have dp(us,, yg‘:) — 0 in probability as s — 0.

Proof. By Corollary 6.2, it suffices to show that dp(,uSBs, 1/3:) 2 0. To achieve this, we use
Corollary 7.1 and the compactness of the Brownian map M = (M, d, ). For the remainder
of the proof we abuse notation by writing us = ,ugs and vy = ygs, for readability.

Fix € > 0. By [1, Theorem 1], the triple <v(Ss) ( )1/4

bution to M as r — 00. Since M is almost surely compact and p a.s. has support M, if
(U; : i € N) are independent with law p then we almost surely have

ds,, s, ) converges in distri-

k
Ky :=inf (k‘eN: UB(Ui,E;M) =./\/l> < 0.

i=1

For se N, let (Us; : i € N) be independent with law ug,, and let

k
— inf (k eN: | B(Usi 5 (3/89)18,) = v(ss)> :

i=1
The aformentioned distributional convergence and the a.s. finiteness of K, together imply

that there exists K € N such that for all se N, P(K; > K) <¢
For ¢ > 1 let

B; =B (Usﬂ-,g; (3/(85)) 4 ss) . (7.3)
Let Ay = By, and for i > 1 let A; = B;\ U;;ll B;. Then Ay,..., Ak, is a covering of v(S;)
by disjoint sets.

Suppose that dp(us,vs) > €. Then there exists a set S < v(Ss) such that either
ws(S%) < vs(S) — e or vg(S%) < ps(S) —e. Since Ay, ..., Ak, partition v(Sy), there is j
such that either

ps (SN Aj) <vs(SnAj) —e/Ks <vs(A;) —e/K or

vs (SN Aj) < ps (SN Ay) —e/Ks < ps(Aj) —e/Ks .
For one of these to occur we must have S n A; # . Since A; has radius at most ¢, it
follows that A; < S°. Thus, either

ps (A5) <vs(Aj) —e/Kg  or  vs(A4)) < ps(45) —e/Ks .
This yields the bound

P(dP(M57Vs) > ¢)
P (Jus (Aj) — vs (Aj)] > e/K, for some 1 < j < Kj)

P(|ps (4j) —vs (Aj)| > /K5, Ks < K) + P (K > K)

/A
M =

<.
Il
—_

P (lns (Aj) —vs (45)] > e/K) + ¢ . (7.4)

/AN
Mw

<.
Il
_

By the triangle inequality, for all 1 < i < K,
|1s(Ai) — vs(Ai)]

s< i\ Uiz IB) s(Bi\U;;llBj)‘

< ‘IU,S(BZ) — Vs(Bi) s <BZ N U;;llB]) — Vg (Bz N U;;llBJ>‘
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i—1
< |ps(Bi) — vs(Bi)| + Z |us (Bi 0 Bj) — vs (Bi 0 Bj)l
j=1
where the last sum equals 0 in the case ¢ = 1. Recalling the definitions of the B; from
(7.3), the preceding inequality and Corollary 7.1 imply that for each fixed i > 1,

s (Ai) = vs (Ai)| =0
in probability as s — c0. Combining this with (7.4), we obtain
limsup P (dp(us,vs) > €) < e .
§—00

Since € > 0 was arbitrary, this completes the proof. O

We are almost ready to prove Proposition 1.5; before doing so we state two easy facts,
which each provide bounds on the GHP distance between a measured metric space and an
induced (in some sense) subspace. The first fact is immediate from the definition of dgyp.

Fact 7.3. Fiz a measured metric space X = (X,d,pu) and Y < X, and let uy be a Borel
measure on (Y,dy), where dy = d|yxy is the induced metric. Write Y = (Y,dy,py).
Then dgup(X,Y) < max(du(X,Y), dp(p, py))-

The second fact informally says that in a compact measured metric space, projecting
onto an e-net does not change the space very much (in the GHP sense). The proof is left
to the reader.

Fact 7.4. Let X = (X,d, p) be a compact measured metric space, and let S < X be finite
so that there exists € > 0 with X < S°. Let (X, : s € S) be such that | J,.g Xs = X, that
w(Xsn Xg) =0 for s # s, and that Xs < B(s,e;X) for all s € S. Define a measure v on
S by v(s) = u(Xs) for any se S, and let S = (S,d|sxs,v). Then

dGHp(X, S) <e

Proof of Proposition 1.5. For r € N, let R, €, R, ), and let S, = S(R,). Write
R, = (R,,e;), and let ¢’ be the <g,-minimal oriented edge of S,.. Next, apply the bijection
of Proposition 1.6 to the map R, = (R,,¢'): this decomposes R, into S, together with a
sequence (©; : 0 < 7 < 2s(r) — 4) of submaps of R,.. Let n.o = [e(©0)|1[c(o,)>1], and for
1<i<2s(r)—4let ny; =1+ [e(0:)|1e0 DI>1]- Then let n, = (nno,... Ny 2s(r)—4) and
construct the measure vg™ as in (6.2): for 0 <4 < 2s(r) — 4, w; is a random endpoint of

e;, and
1
ug:(v) =51 Z T -

(The difference of 1 in the definition of n, o accounts for the fact that when reconstructing
R, from S, and the ©;, we identify two copies of the root edge; the fact that 2r — 4 is the
correct normalization follows from (1.1).)

We have |n,|; = 2r—4 — o asr — 0. Furthermore, if L(R,) < 7/ thenn,; < or3/4_3
for all 4, so [n,|2/In,|1 = O(r~'/%) — 0. By Proposition 1.10, we have P (L(R;) < r¥/%) —
1, 5o |n.|/|n.|; B 0.

Corollary 7.2 now implies that dp(us,,vg") — 0 as r — o0, with the measures viewed

as living on (ﬂ)l/ 4 S,. For Borel measures p, v on a compact metric space (X,d), we
have denp (X, d, 1), (X, d,v)) = dp(u,v), so

danp ((Z)Y1S,, (v(Sy), (Z)V4 - ds,,187)) > 0. (7.5)

We now bound the distance from (2L 05 L)I/4R, to the latter space. It is convenient to work
with a graph with edge lengths rather than a finite measured metric space. More precisely,
view each edge e of R, as an isometric copy I, of the unit interval [0, 1], endowed with the

3/4



JOINT CONVERGENCE OF RANDOM QUADRANGULATIONS AND THEIR CORES 25

rescaled Lebesgue measure (2r —4)~! - Leby_, and write R’ = (R.., d.., i) for the resulting
measured metric space. We then have ul(R.) = (2r —4)~!- Dece(r,) Lebr (Ie) = 1.

We may naturally identify v(R,) with the set of endpoints of edges in R/, and this is an
isometric embedding in that with this identification we have dr, = d;[y(g,). Furthermore,
the degree-biased measure p7 may be obtained by projection onto v(R,): for v € v(R,)
we have pf (v) = p.(B(v,1/2;R’)) = degp, (v)/(2(25 — 4)). By Fact 7.4, it follows that
for any € > 0,

denp(eR/, (v(R,), edp,, uB ) <e. (7.6)

The space S, = (v(S,), dST) is likewise isometrically embedded within R’, and we may
also obtain the measure vg” by projection. To do so, let E; = e(0;) for 1 <i < 2s(r) —4,
let Ey = E(©¢)\{¢'}, and for v e wv(Sy) let

U Un
{t:w;=v} eeE;

Then vg"(v) = p.(Xy). Furthermore, (X, : v € v(S;)) covers R, and p;(Xu N Xy) = 0
for u # v since edges only intersect at their endpoints. Recalling the definition of D(R,)
from Section 1.2, for any v € V we have X, € B(v, D(R;); R). It follows from Fact 7.4
that for all € > 0,

danp(eR/, (v(Sy),eds,,vg")) <e- D(R;). (7.7)
We always have D(R,) > 1, so combining (7.6), (7.7) gives

dGHP((U(ST)a 6d5r7 V§Z)7 (U<R’r)7 8dR'r7 Mgr)) < 2 D(RT)

Using Lemma 6.1 to bound dgup((v(R;),edg,, “%>75RT)7 the triangle inequality then
gives

daup((v(Sr), eds,, vg"),eRy) < 2¢ - D(R,) + max (¢,1/7) . (7.8)
By Proposition 1.12, 7~Y/4D(R,) 2 0, and (7.5) then implies that

danp ((45:)"*Sr, (i) Ry) 0.

Since g ( 7 Sr L Masr— o, and g (T) = (1+ 0(1)) 2L, the result follows. O

8. THE REMAINING PROOFS

Recall that K is the set of measured isometry classes of compact metric spaces, and that
GHP convergence refers to convergence in the the Polish space (K, dgmp).

Proof of Theorem 1.1. Let g : K — R be a bounded continuous function, and write

g|| = sup |g| < co. Recall that R, €, R,, and let M, = (4 . We show that
Recall that R, €, R,, and let M, = (2L)*R,. We show th

Elg(M,)] — E[g(M)] (8.1)

as r — o0; the result then follows by the Portmanteau theorem.

The proof of (8.1) is simply summarized: average over the size of sb(R,.). The details are
also fairly straightforward. Fix € € (0,1/2) with e < 1/|/g|, let A be the Airy density and
let B given by Proposition 1.8. Then fix C. > 0 large enough that S?ECE BA(Bzx)dr > 1—e¢.
Recall from the introduction s(r) satisfies |s(r) — 5r/7| < Cr?/? for large r. The constant
C was fixed but arbitrary, so we may assume that C' > C..

Next, for r,s € N with s < r, let R, 5 €, R, s and write M, s = (
that

1/4 .
2LyVAR . We claim

sup 19(My5) —g(M)| — 0 (8:2)
{seN:|s—5r/7|<Ccr2/3}

as r — 00. Indeed: otherwise we may find a sequence (3(r),r > 1) such that [3(r) —
5r/7] < Cor?® < Cr?/3 with limsup,_,, |g(M ri(ry) — 9(M)| # 0. By the Portmanteau
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theorem, this implies that M, ; does not converge in distribution to M, contradicting
Proposition 1.5. This establishes (8.2).
Now for each r € N, let

- { Isb(R,.) — 57/7| < c€r2/3} .

Recalling the definition of ds(-) from Theorem 1.4, it follows from Proposition 1.8 and a
Riemann approximation that for large enough r,

P(E,) = (1 +o(1)) N Mgw

{seN:|s—5r/7|<C:12/3}
Ce
—Wro) [ pA(s) ds
—C.
> 1 — 2e.
Then for large enough r,
E[g(M,)] = E[g(M, 1ig,))]| <P (EF) lg]l < 2¢]g] - (8.3)

We now show that }IE[ M, 1i5,1)] — E[g(M)]] is also small. The conditional law of R,
given that sb(R,) = s is identical to that of R, g, so

E[g(M, 15,))] = > P (sb(R,) = s)E[g(M,.,)] .
{seN:|s—5r/7|<Cer2/3}

By the triangle inequality, we therefore have

[E[9(M, 1(g,1)] - E[g(M)]]

< >, P(sb(Ry) = s) - [E[9(M,s)] — E[g(M)]]
{seN:|s—5r/7|<Cer2/3}
< sup lg(M, ) — g(M)]. (8.4)

{seN:|s—57/7|<Cer2/3}

This tends to 0 by (8.2), which with (8.3) gives limsup,_,, |E [¢(M,)]—E [¢(M)] | < 2¢]|g].
Since € > 0 was arbitrary, this establishes (8.1) and completes the proof. O

In the remaining proofs, we use the following simple fact. Recall the definition of L’
from (5.7).

Fact 8.1. Let Qq € Qg, write R; = R(Qq) and Sy = S(Qq). Note that if S; # S(Ry), then
sb(Qq) = sb(Ry), and it follows that Qg contains at least two 2-connected blocks of size at
least sb(Ry), implying that L'(Qq) = sb(Ry).

Proof of Theorem 1.4. Fix ¢ € N and write R, = R(Q,). Let R €, R,(,). Given that
b(Qq) =7(g), Ry 4 R, so
P (b(Qq) :7’( ):sb(Ryq) = 5(r(q)))
=P (sh(Rq) = 5(r(a) | b(Qq) =7(a)) - P (b(Qq) = 7(a))
= P(sb(R ) ( (9)) - P(b(Qq) = r(q)) -
Writing 8 = 2 /3 15 and 3 = 320345 by Propositions 4.3 and 1.8, we thus have

141/3.8>
P (b(Q,) = r(q),sb(Ry) = s(r(q))) = oA (fgf;"(q)) Bl“iggzj?fq» (1+0(1)) . (8.5)

Next,

[P (b(Qq) = (q),sb(Ryg) = s(r(q))) — P (b(Qq) = 7(q),sb(Qq) = s(r(q)))|
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< P(b(Qq) = 7(9),sb(Qq) # 5(r(q)),sb(Ry) = s(r(9)))
+P(b(Qq) = 7(9),sb(Qq) = 5(r(q)),sb(Ry) # s(r(9))) (8.6)
(g

It {b(Qq) = 7(q),sb(Qq) # s(r(q)),sb(Ry) = s(r(q))} occurs then L'(Qq) > 5(r(q)), as
explained in Fact 8.1. Similarly, if {b(Qq) = 1(q),sb(Qq) = s(r(q)),sb(Ry) # s(r(q))}
occurs then Q, must contain a simple block of size s(r(g)) that does not lie within Ry;
since b(Qq) = 7(q) > s(r(g)), in this case we also obtain L'(Q,) = s(r(g)). It follows from
Proposition 5.3 that there exist positive constants cy, co, c3 such that

P (b(Qq) = r(q),sb(Ryg) = s(r(q))) — P (b(Qq) = r(q),sh(Qq) = s(r(q)))|
2P (L'(Qq) = s(r(q)))

c1 exp (—caq®)

o(q7?) ,

which combined with (8.5) proves the theorem. O

NN

For the proof of Theorem 1.3, we require a lemma bounding the maximum degree in a
quadrangulation uniformly drawn from Qg ,(q),s(¢); the lemma follows easily from the fact
that degrees in uniform quadrangulations have exponential tails.

Lemma 8.2. Let Qg €y Qg r(q),s(q)- Then for all q sufficiently large,

P (max(deng(w) rwev(Qq)) = (lnq)2> < ¢ v,

Proof. By [4, Theorem 2.1 (a)] (and Tutte’s angular bijection between maps and quad-
rangulations), for all € > 0 there exists B > 0 such that for all ¢ > 3, if Q €, Q, and
u €, v(Q) then

d
P (degq(v) > d) < B (; + s) : (8.7)
Given that b(Q) = r(q) and sb(R(Q)) = s(g), the conditional law of Q is uniform on
Qo (9),5(0) SO
P (max(degQ (W) 1 wev(Qy)) > )
~ P (max(degq(w) : we v(Q)) > d | b(Q) = r(g), sh(R(Q)) = s(q))
< ¢ P (degg(u) > d| b(Q) = (q),sb(R(Q)) = s(q))
P(degQ > )

ST PMH(Q) = (), H(R(Q)) = 5(2))
= 0(¢"*)P (deggq (u) > d) ,

the final inequality by Theorem 1.4 and the definition of 7(¢) and s(g). Taking d = In?¢
and € < 1/2, the result then follows from (8.7). O

Proof of Theorem 1.3. Recall that Q; €, Qg,(q),s(q) and Ry = R(Qg) and S; =

S(Qq). Let Q €, Q,. Given that b(Q) = r(q) and sb(Q) = s(q), we have Q, < Q.
By Fact 8.1, we then have

P (S, # S(Ry) = P (S(Q) # S(R(Q))[b(Q) = r(0), sh(Q) = s(a))
< P(L(Q) > s(0)|b(Q) = r(g), $h(Q) = 5(a)
_ P(L(Q) > 5(a)b(Q) = r(g))
= B0(Q) = 1(0)5h(Q) = 5(0))
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Combined with Theorem 1.4, this gives
B (S, # S(Ry)) = O (¢) - P(L(Q) = s(a)|b(Q) = r(0)) -

Since s(q) = q¢/3 + O (q 3), by Proposition 5.3 there exist co,c3 > 0 such that
P (L'(Q) = s(q)[p(Q) = () = O (exp (—c2¢™)) .

Hence,
P (S, # S(Ry)) = O <q4/3 - exp (—02qc3)> . (8.8)

Now let R €, R, (g)s(q)- Given that S; = S(Ry), we have Ry €, R, (q).s(q)> 50 (8.8) implies
easily that for any bounded continuous function g : K> — R

oo ()" (at) )| -5 [o () v () “s0) | 0.

as ¢ — . By Proposition 1.5 and the Portmanteau theorem, it follows that as r(q) — o0,

Moreover, by the definition of r(gq), there exist C7,Cy > 0 such that for all ¢ > 0,
9 21 9
< < :
8q + C1g?3 ~ 40r(q) ~ 8¢ — Cag??

From this and (8.9) we obtain

(@) m@) s s

as ¢ — oo0. To finish the proof, we show that also

((;q) v Q.. (;q) v Rq> 9 (M, M). (8.11)

Joint convergence of the triple to the limit (M, M, M) is immediate from (8.10) and
(8.11), so it remains to prove (8.11). (Note that we may not simply invoke the result of

Le Gall [11] and of Miermont [14] to conclude that the (—) Qg 4 M since Qg is not

uniformly distributed over Q,, but over Q a),5(a)" .) The argument is similar to that in
Proposition 1.5, and we focus on explalmng the points where it differs.

Let ¢’ be the <Q,-minimal oriented edge of Rg; by definition, this is the root edge of
R,. Write Q, = (@, ¢q) and Ry = (Ry, ¢’). Also, let Q; = (Qy,€'). The bijection 1 from
Proposition 1.7 gives a decomposition of Qfl as

(Rg, ((Lis bi) : 0 < i< 2r(q) —4))
where the L; = (M;j : 1 < j < ¢;) € Q% satisfy (recalling (1.2))

|6 Rq | ‘ez

‘(Qq)‘— |+ Z Z|€ Z]|+1+1 (M, ;)= 1]) (8.12)
=0 j=1
and b; = (bm’ 1< < &) € {0, 1}51‘_

List the elements of e(R;) as (e; : 1 < i < |e(Ry)]) according to the order <g,; like in
Section 1.1, we view e; as oriented (we oriented so that the tail e; precedes the head ei
according to the breadth-first order described in the introduction, but this is unimportant;
all that matters is to have a fixed rule for choosing the orientation). Also, let ey be a copy
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of ¢/. Under the bijection 1, for each 0 < i < |e(Ry)| and 1 < j < {;, the value b;
indicates the endpoint e; at which M; ; is attached.

Recall that p? = ,ugq is the degree-biased measure on v(Q,), We now compare uP with
a random projection of ;i onto R,. First define a vector n, as follows. Let ng = 0 if
fo = 0 and otherwise let ng = Zﬁozl(\e(Mo,j)\ + 1+ Ljje(nsy ;| #1))s and for 1 < i < 2r(q) —4
et

£;
ni =1+ > (le(Mij)| + 1+ e, 1) (8.13)
j=1
Set ng = (n; : 0 < i < 2r(q) —4); it is immediate from Proposition 1.7 that n, is
exchangeable. Now define the measure v™ = I/;‘Z as in (6.2): more precisely, for each edge
e; € e(Ry,) choose a uniformly random endpoint w; of e;. Then v™ is specified by letting

for V< v(Ry). (The fact that 2¢ — 4 is the correct normalizing constant follows from
(8.12).)

If max(n; : 0 < i < 2r(q) —4)/(2¢—4) 2 0 then |n,|2/|ng|1 = 0 and the same argument
which led to Corollary 7.2 gives dp(ur,, ™) 2, 0. Assuming this holds then just as in
(7.5) we obtain

dane ((£) "Ry, (v(Ry), (&)1 dr,v™) ) 5 0. (8.14)

Recall the definition of D’ from (5.8). Reprising the argument for (7.8) now gives that for
e >0,

doup((v(Ry), edr,, v™),eQq) < 2¢ - (D'(Qq) + 1) + max(e, 1/q) . (8.15)

This has a very slightly different form from (7.8), where the bound was 2¢D(R,) +
max(e, 1/r). The reason for the difference is that in the current setting, the submaps
of Q, pendant to R, only attach to one end of an edge of R,. When we project the mass
to form v™¢ we may choose the “wrong end”. This source of error did not appear when
projecting mass onto the largest simple block because the 2-connected “decorations” of
the largest simple block are attached at both endpoints of their respective edges.

At any rate, by Proposition 5.4, D'(Q,)/q"* 5 0, so (8.15) and (8.14) together give
dGHP((%)1/4Qq, (8%)1/4Rq) 2, 0. But by (8.10) we know that the second argument con-
verges to M, and (8.11) follows.

It thus remains to prove that max(n; : 0 < i < 2r(q) — 4)/(2¢ — 4) 2 0. But this is
easy: {; is the number of copies of a particular edge in Qg, so maxo<;<24—4¢; is at most
max(degq, (w) : w € v(Qq)). By (8.13) we then have

max(n; : 0 <i<2r(g) —4) <1+ max(degq, (w) : w e v(Qq)) - (2 + max|e(M; ;)|).
irj

By Lemma 8.2, the largest degree is at most In? ¢ with high probability, and Proposition 5.3
gives that ¢=%/* - max; ; |e(M; ;)| < ¢~%*- (2L'(Q,) — 4) > 0. The result follows. O

Proof of Theorem 1.2. The theorem follows from Theorem 1.3 in exactly the same way
as Theorem 1.1 followed from Proposition 1.5, using Theorem 1.4 in place of Proposition 1.8
for the averaging argument. O
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