FROM CONSTANT TO NON-DEGENERATELY VANISHING MAGNETIC
FIELDS IN SUPERCONDUCTIVITY

BERNARD HELFFER AND AYMAN KACHMAR

ABsTRACT. We explore the relationship between two reference functions arising in the analysis
of the Ginzburg-Landau functional. The first function describes the distribution of superconduc-
tivity in a type II superconductor subjected to a constant magnetic field. The second function
describes the distribution of superconductivity in a type II superconductor submitted to a vari-
able magnetic field that vanishes non-degenerately along a smooth curve.

1. INTRODUCTION

The Ginzburg-Landau functional is a celebrated phenomenological model that describes the
response of a superconductor to a magnetic field [8]. In non-dimensional units, the functional is
defined as follows,

2
E(,A) = / (\(v — iAW — K2 |Y)? + %W + |curl A — heXB()]2> dz (1.1)
Q

where:

e (O C R? is an open, bounded and simply connected set with a smooth boundary; € is
the cross section of a cylindrical superconducting sample placed vertically ;

o (,A) € H(;C) x H'(£2;R?) describe the state of superconductivity as follows: ||
measures the density of the superconducting Cooper pairs and curl A measures the in-
duced magnetic field in the sample;

e k> 0 is the Ginzburg-Landau parameter, a material characteristic of the sample ;

® hex > 0 measures the intensity of the applied magnetic field ;

e B is a smooth function defined in Q. The applied magnetic field is hexBo€, where

€=1(0,0,1).
We introduce the ground state energy of the functional in (1.1) as follows,
By, hex) = inf{E(, A) = (1, A) € HI(9;C) x H (@ R?)}. (1:2)

In physical terms, (1.2) describes the energy of a type II superconductor submitted to a constant
magnetic field of intensity hey.

The behavior of the ground state energy in (1.2) strongly depends on the values of k and hex.
This is the subject of a vast mathematical literature. In the two monographs [6, 14|, a survey
of many important results regarding the behavior of Egs(k, hex) is given. The results are valid
when hex = hex(k) is a function of k and kK — +o0.

Let us recall two important results regarding the ground state energy in (1.2). The first result
is obtained in [15] and says, if b € (0,1] is a constant, hey = bx? and By = 1, then

Egs (K, hex) = g(0)|Q[k* + o(k?)  (k — +00), (1.3)

where ¢(b) is a constant that will be defined in (1.11) below.
The second result is given in [9] and valid under the following assumption on the function Bjy.

Assumption 1.1. Suppose that By : Q — R is a smooth function satisfying
e [Bo| + [VBo| > ¢ in Q, where ¢ > 0 is a constant ;
o I'={xcQ : By(x) =0} is the union of a finite number of smooth curves;
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e ' NI is a finite set.

Under these assumptions on By, if b > 0 is a constant and hex = bx>, then,

Egs (K, hex) = K < /F (b|VB0(:U)|)1/ 3E<b|VBo(x)|> ds(ac)) +o(k), (1.4)

where E(+) is a continuous function that will be defined in (1.18) below, and ds is the arc-length
measure in I'.

In physical terms, (1.4) describes the energy of a type II superconductor subjected to a variable
magnetic field that vanishes along a smooth curve. Such magnetic fields are of special importance
in the analysis of the Ginzburg-Landau model in surfaces (see [5]).

Magnetic fields satisfying Assumption 1.1 have an early appearance in the literature, for
instance in a paper by Montgomery [10]. Pan and Kwek [13| study the breakdown of supercon-
ductivity under the Assumption 1.1. They find a constant cq > 0 such that, if hex = b&3, b > co
and r is sufficiently large, then Egg(k, hex) = 0. Recently, the results of Pan-Kwek have been
improved in [3, 11]. The discussion in [9] proves that the formula in (1.4) is consistent with the
conclusion in [13] and with Theorem 1.7 in [3].

As proven in [9], the formula in (1.4) continues to hold when hey, = bx® and b = b(k) satisfies !,

V2 < b(k) €1 (K — +00). (1.5)
When the condition in (1.5) is violated by allowing?

< b(k) STV (k= 400)
then the formula in (1.4) is replaced with (see [9]),

Egs(k, hex) = /QQ/Qg (b(k) k|Bo(x)|) dz+ o (b(m)_lﬁ) . (1.6)

Note that (1.6) is still true for lower values of the external field but with a different expression
for the remainder term (see |1, 2]).
The comparison of the formulas in (1.4) and (1.6) at the border regime

b(k) ~ k™2

suggests that there might exist a relation between the two reference functions ¢(-) and E(-). This
paper confirms the existence of such a relationship.

The two functions g(-) and E(-) are defined via simplified versions of the functional in (1.1).
As we shall see, g(-) will be defined via a constant magnetic field, while, for E(-), this will be via
a magnetic field that vanishes along a line.

Let us recall the definition of the function g(-). Consider b € (0,4+00), r > 0, and Q, =
(—=r/2,r/2) x (=r/2,r/2). Define the functional,

3

Fro, (u) = / (b|(V —iAg)ul — [uf? + ;u|4> de,  forue H'(Q)). (1.7)
Here, Ag is the magnetic ;)otential,
Ao(z) = %(—mg, ©1), forz = (z1,0) € R2. (1.8)
Define the two Dirichlet and Neumann ground state energies,
en(b,r) = inf{Fq,(u) : ue Hy(Qn)}, (1.9)
en(b,r) =inf{F, o, (u) : uve H(Q,)}. (1.10)

1The notation a(k) < b(k) means that a(k) = 6(x)b(x) and lirf (k) =0.
K—r+00
2The notation a(x) < b(x) means that there exists a constant ¢ > 0 and ko > 0 such that, for all k > ko,
a(k) < cb(k) .
3The notation a(k) &~ b(x) means that a(k) < b(x) and b(k) < a(k).

~
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Thanks to [1, 7, 15], g(-) may be defined as follows,

. €D (bv T) . eN(ba ’I")
YVb>0, g = lim = lim )
O= "o =2 e,

where |Q,| denotes the area of @, (|Q,| = 7?).
Moreover the function g(-) is a non decreasing continuous function such that

1
g(0) = —5 and g(b) =0 when b > 1.

Now we introduce the function E(-).
Let L >0, R>0, Sgp = (—R/2,R/2) x R and

2
Aan(z) = (—%,O) . for x = (x1,29) € R%.
Notice that Ay, is a magnetic potential generating the magnetic field
Byan(z) = curl Ayan = x2,

which vanishes along the z9-axis.
Consider the functional

L—2/3
) = [ {10V = iAvumul® = L9l + = fult | do.
Sr

and the ground state energy

ees(L; R) = inf{EL r(u) : u € Hyyo(Sr)},

where
Hélag,O(SR) = {u € L*(Sg) : (V—iAyum)u € L*(Sg) and u=0on dSp}.
Thanks to [9], we may define E(-) as follows,
. ees(Ls R)
E(L) = lim ==
B =R

In this paper, we obtain a relationship between the functions F(-) and g(-):

Theorem 1.2. Let g(-) and E(-) be as in (1.11) and (1.18) respectively. It holds,
1
E(L) = 2L—4/3/ g(b)db+o(L™*3) as L — 0, .
0

As a consequence of Theorem 1.2 and the co-area formula, we obtain:
Theorem 1.3. Suppose that the function By satisfies Assumption 1.1 and
k< bk) < 1.
Let g(-) and E(-) be the energies introduced in (1.3) and (1.6) respectively. It holds,

/ 9(b(x) 5 [ Bo(a)]) da
[9]

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

- ﬁ—l/r (b(ﬁ)’VBo(xﬂ)l/SE(b(/@)WBo(x)\) ds(z) + o(b(k) k1)) s (i - +00).

This yields the following improvement of the main result in [9):
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Theorem 1.4. Suppose that Assumption 1.1 holds and
hex = b(K)R®, K 1< b(k) <1 (k— 400).

The ground state energy in (1.4) satisfies,

Egs (K, hex) = K /F (b(m)|VB0(m)|)1/ ’ B(b(5) [V Bo(a)]) ds(z) + o(b(x) %) . (x = +0)

The rest of the paper is devoted to the proof of Theorems 1.2 and 1.3. Note that, along the
proof of Theorem 1.2, we provide explicit estimates of the remainder terms (see Theorems 3.1
and 4.1).

2. PRELIMINARIES

In this section, we collect useful results regarding the two functionals in (1.3) and (1.4).
For the functional in (1.3) and the corresponding ground state energies in (1.9) and (1.10),
the following results are given in [2, 7|:

Proposition 2.1.

(1) There exist minimizers of the ground state energies in (1.9) and (1.10).
(2) For allr >0 and b> 0, a minimizer uy, of (1.9) or (1.10) satisfies

’ub,r| <1 in Qr .

(3) Forallr >0 andb> 0, ep(b,R) > en(b,R).
(4) For allr >0 andb>1, ep(b,r) =0.

(5) There exists a constant C' > 0 such that, for allb >0 and r > 1, then
en(b,R) > ep(b,r) — Crv/b. (2.1)
(6) There exists a constant C' such that, for all > 1 and b € (0, 1),

eﬁg”) < g(b) + c\f. (2.2)

Remark 2.2. The estimate in (2.2) continues to hold when b > 1, since in this case g(b) = 0 and
ep(b,r) =0.

g(b) <

Remark 2.3. Let us mention that Inequality (2.1) is proved in [2, Prop. 2.2] for 0 < b < 1 and
can be easily extended for b = 1. For b > 1, we have, ep(b, R) = 0, and by a simple comparison
argument,

en(b,r) > en(1l,7) > ep(l,r) — Cr =ep(b,r) — Cr > ep(b,r) — Crvb.

Remark 2.4. We recall the following simple consequence of the assertions (3)-(6) in Proposi-
tion 2.1. Knowing that g(b) = 0 for all b > 1, we may find a constant C' > 0 such that, for all
b>0andr>1,

€N(b, ’l“) \/l;

Q. Z9-C

The next lemma indicates a regime where the Neumann energy in (1.10) vanishes.

Lemma 2.5. There exists a constant ro > 0 such that, for all v > ry and b > ro,

en(b,r)=0.
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Proof. We have the trivial upper bound, valid for all b > 0 and r > 0,
ex(b,r) < Fyg, (0) = 0.

Now we will prove that exn (b, ) > 0 for sufficiently large values of b and r. Let u be an arbitrary
function in H(Q,).
We apply a rescaling to obtain,

/ (V —iAg)ul|® dz = 7“4/ |(r72V — iAg)v)? dy, (2.3)
s 1

where
v(y) = u(ry) .
For every h > 0, we introduce the following ground state eigenvalue,

|hV —iAg)v|? dy
pa(h) = inf Q1
UEIZI#(OQl) / ‘U|2 dy
Q1

It is a known fact that (see [4, 12, 6]),

. M1(h)_
hlg& h =1,

where ©; € (0,1) is a universal constant.
In that way, we get a constant 71 > 0 such that, for all » > rq, we infer from (2.3),

‘ S} ©
/ (V —iAg)ul* dx > 21/ lo(y)|> r?dy = 21/ |u(z) | da .
T Ql QT

We insert this into the expression of Fj g, (u) to get, for all 7 > r; and b > 0,

By, > / (bgl - 1> lul? dz .
Qr \ 2

Let ro = max(ry,207"). Clearly, for all » > 7o, b > ro and v € HYQ,), Fyq,(u) >

0
Consequently, en(b,7) > 0. O
The functional in (1.4) is studied in [9]. In particular, the following results were obtained:

Proposition 2.6.

(1) For all L >0 and R > 0, there exists a minimizer ¢, g of (1.16).
(2) The function ¢, r satisfies

’SOL,R’ S 1 n SR.
(3) There exists a constant C' > 0 such that, for all L >0 and R > 0,

/S lprr(z)? de < CL72R. (2.4)
R
(4) For all L >0 and R > 0,
S L;
B < ER - k) (2.5)

(5) There exists a constant C' > 0 such that, for all L >0 and R >4,

egs(é? R) <E(L)+C (1 + L*2/3> R2/3. (2.6)
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3. PROOF OF THEOREM 1.2: LOWER BOUND

The aim of this section is to prove the lower bound in Theorem 1.2. Note that the lower bound
below is with a better remainder term.

Theorem 3.1. There exist two constants Ly > 0 and C' > 0 such that, for all L € (0, L),

1
E(L) > 2L—4/3/ g(b)db— CL™,
0

where E(-) and g(-) are the energies introduced in (1.18) and (1.11) respectively.
The proof of Theorem 3.1 relies on the following lemma:
Lemma 3.2. Let M > 0. There exist two constants C > 0 and Ay > 4 such that, if
A>Ay, R>1, 0<L<A? weH'Sg),
lulle <1 and / w2 de < ML™2R,

Sr
then

L—2/3 1
o 2 r—2/3), 12 4 —4/3 _ ~1
van fa .
/ |(V — iAvan)u|® — L™ |u|” + |u|* | de > 2RL / g(b)db— CRL
Srn{|z2|>A} 2 0

Proof. Let L € (0,1), A > 0 and R and u satisfy the assumptions in Lemma 3.2. If D C Sg,
then we use the notation

E(u; D) = /D (](V — iAyan)ul? — L72B3u)? + éL_Q/?’ |u|4> dz . (3.1)
We will prove that,
E(u; SpN {xa > A}) > RL™/3 /1 g(b)db— CRL™!, (3.2)
and ' )
E(w; SpN {wy < —A}) > RL™Y3 /0 g(b)db— CRL™!, (3.3)

for some constant C' independent of L, R, A, L and u.

We will write the detailed proof of (3.2). The proof of (3.3) is identical.

Let 79 be the universal constant introduced in Lemma 2.5. We define by = 2max(1,7?).
Thanks to Lemma 2.5, we have,

Vbz%‘), Vr>+by, en(br)=0, (3.4)
where ey is the Neumann ground state energy introduced in (1.10).
We define the constant Ag = 4v/by. We introduce n € N and
{=n"'R.
We will fix a choice of n later at the end of this proof such that (for all A > Ay),
Vin
2v/bg
which ensures that 0 < £ < 1, some n always exists, and
VAL > 2\/by.
Let (Qrj)jes be the lattice of squares generated by
Qe=(—R/2,-R/2+ () x (A, A+ 1),
and covering R? \ {zy < A}.

R<n<
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For every j € J, let ¢; = (¢j1,¢j2) € R? be the center of the square Quj, ie.
Qé,j = (—6/2 + cj,1,£/2 + Cj71) X (—5/2 + Cj72,€/2 + CjVQ) .

Let Ao be the magnetic potential in (1.8), j € J, a; = (aj1,a;52) € Q¢; be an arbitrary point

and
1 , 1
Fj(o,a2) = (= 5(22 = a;0)% 5 (22 = a50) (01 — az0) ).
Note that, for the sake of simplicity, we omitted the reference to ¢ in the notion of ¢;, a; and F;.

It is easy to check that
curl A, = curl (aj’QA.O + Fj) in Q.

Since the square Qg ; is a simply connected domain in R?, then there exists a real-valued smooth
function ¢; defined in Qg ; such that

Avan = aj,QAO + Fj - qu] in Qﬁ,j .

Let us define the smooth function

oj(x) = fi(x) + aj2ho(ci) -z (v € Qpy). (3.6)
Now, we have,
Avan(a:) = aj,ng(a; — Cj) + F](.I') — V(Z%(l’) in Q@J . (3.7)
Thanks to the definition of F;, we have,
Fj(z)| < in Q. (3.8)
Now, we write the obvious decomposition formula,
E(u;SpN{za > A}) = E(u; Quy) . (3.9)
jeg

We write a lower bound for £(u; Qg ;) when j € J. Recall that, by assumption, for all j € J,
Qrj C {z2 > A}. Let 0 <1 < i. Thanks to (3.7), we may write,

E(u; Qu,j) —/

, . L-2/3 .
(} (V — i(Avan + V(bj))e“éju|2 — IJ_2/3’|€Z¢J'1L\2 + 2\e’¢jul4> dx
Qo5

, , L-2/3 .
> / ((1 —m|(V —ia;2Ao(x — cj))ez¢ju|2 — L723)eiy)? 4 \e’¢jul4> dx
Qe,j

! / F ()2 [uf? de
14

d
Using the bound in (3.8), we get further,

E(u; Qe j) > / ((1 —n)|(V —iaj2Ao(z — Cj))€i¢ju‘2

Qe,j
) L-2/3 .
— L723|e iy + T!ewfwz dr — 077154/ Juf® da.
Qe,j

Recall the definition of the energy in (1.10). A change of variable yields,

1
. N> - _ 172/3 , —lp4 2 g _
£05Qu) 2 p e (L= wlagalt?” Vflwal o) o0 | fpunfae. @10
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Let us introduce the two new sets of indices,
~ . 1 1
T={i €T : Quinflwl < Sho(1-n)"'L 2%} # 0}
yy .0, Lot = m-1p-2
and  Joo ={j €T + Qu; C {lz2f = bo(1 =) L7"}}.

Note that J = j U Js and we can decompose every sum over J in the following obvious way
IEDID I 1)
€T jeg I€J=

Furthermore, the set 7 is non-empty if A4 < by(1 — n)'L~2/3. Since 1 € (0, 3) and by > 1, this
last condition is satisfied when 0 < L < A=3/2. We will assume this condition henceforth.
Since |aja| > A and by > 1, then the condition in (3.5) ensures that

Vl0ajal > 2y/bg > 1.

Now, if j € 7, then we can use the lower bound in (2.4) with b = (1-n)|a;jz2|L?3 and r = \/]a;ja| ¢
to write, for a different constant C' > 0,

Eu; Qr) = L™ (g((1 = m)a;| L) - %\/1 —yLt) - Cn‘lf“/ Jul* da .
Qe,j
If j € Joo, then (1 —1n)|ajo|L?/3 > b and we can use the identity in (3.4) to write

N<(1 —n)laj2l L3, \/MTQM) =0.

Now we can infer from (3.9) the following estimate,

E(u; SpN{xa > A}) > L7%/3 Z (g((l—?])‘an’LQ/S) —% V31— nL1/3)€2 —Cn1€4/ lu|? da .

€T S
Using the assumption on the L?-norm of u (see Lemma 3.2), we get further,
E(u; Sp N {wy > AY) > L2 (g((1 —n)]a;2|L¥?) — % V1- nL1/3>£2 — Cn~YWrRLT?B.
JjeJ
For any j € J, we choose in @ the previously free point a; as a; := (cj71, cjo+ %)
Since ¢(-) is a non decreasing function, this choice yields that,

2 2
g((1 =n)ajals) = sup g((1 —n)tLs).
t€(—§+0j,2,0j,2+%)

In that way, the sum

Y g((1—n)la2| L*?)
jeg

is an upper Riemann sum of the function (z1,x2) — g((1 — 7])\3:2|L%) on D g = Ujej Qy,j and

E(u;SpN{zy > A}) > L2/3/ g((1— 77)|x2\L2/3) deydey — C(1—n)"Y2L7'R

Dr,r
— Oy YARLT23,
We now observe that, by definition of J and J )

DL,R = U Q&j C {(.%'1,.%'2) S RQ : |.%'1‘ < R/2 and A< x9 < bo(l — 77)_1L_2/3 +£} .
jeg



FROM CONSTANT TO NON-DEGENERATELY VANISHING MAGNETIC FIELDS 9

Since g(+) is valued in | — 00, 0] and g(b) = 0 for all b > 1, then

/ 9((1 - 77)‘$2|L2/3) dxidxg > /
DL.r

/ g((l 777)|x2\L2/3) dridzs,
0<aa<bo(1—n) "1 L=2/3+0 J|z1|<R/2

and a simple change of variable yields,

1
/ (1 = m)|x2|L*?) dz1dzz > R(1 — n)‘lL‘z/g/ g(t)dt.
DrL.r 0

Therefore, we have proved the following lower bound,
1
E(w;SpN{wy > AY) > L™Y3R(1 — )} / gt)dt —C(1—n)"Y2L'R— Cn W RL™?/3.
0

Now, we choose n = [R + 1] where [-] denotes the integer part. In that way, the condition in
(3.5) is satisfied for all R > 1 and A > Ay = 4/bg. Moreover, we have the lower bound,

1

E(u; SpN {my > AY) > 2L 3R —n)~* / gt)dt —C(1—n) Y2 L'R— Cn'RL7?/3.
0

Now, we choose n = %Ll/g so that, for all L € (0,1), n € (0, %), nL723 = oLt pL=Y3 =
$L~! and the lower bound in (3.2) is satisfied. O

Proof of Theorem 3.1. We use the conclusion in Lemma 3.2 with the following choices,
R=4, A=A, 0<L§L0::A_3/2, U= QLR,

where ¢, g is a minimizer of £7 g. Notice that, the estimates in Proposition 2.6 ensure that the
function u = ¢ g satisfies the assumptions in Lemma 3.2
Thanks to (2.6), we may write,

£
B(L) > L.R(#L,R)
R
By splitting the integral over Sg into two parts

= +/ ,
/SR /SRﬂ{xz>A} SpN{|z2|<A}

—2/3

2

—C(1+ L7243, (3.12)

then using that

2

)

. _ L _
(V= iAvan)or r]* — L7230 R|* + lorrl' > —L72P oL R

we get,

' 7,-2/3
(V= iAvan)or,r|? — L7230 R|* + loLg|" | da
RO{|22]>A} 2

—/ L™ op g|* du .
SRﬂ{|IQ|§A}

Now, we use the conclusion in Lemma 3.2 and the bound ||¢r rlle < 1 to write,

Er.r(eL.R) > /

S

1
Err(pr.r) > 2RL™Y/3 / g(b)db — CRL™' —2ARL™?/3.
0

We insert this into (3.12) to finish the proof of Theorem 3.1. |
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4. PROOF OF THEOREM 1.2: UPPER BOUND

The aim of this section is prove the following upper bound version of Theorem 1.2. Note that
we provide an explicit control of the remainder term.

Theorem 4.1. There exist two constants Ly > 0 and C' > 0 such that, for all L € (0, Lg),
1
E(L) < 2L—4/3/ g(b)ydb+CL™Y3,
0

where E(-) and g(-) are the energies introduced in (1.18) and (1.11) respectively.
The proof of Theorem 4.1 relies on the following lemma:
Lemma 4.2. Let R>1, L >0, ¢ € (0,1), n € (0,1), ¢ = (c1,c2) € R? and
Qo= (—0/24c1,c1 +0/2) x (—£/2+ ca,ca+£/2).
Suppose that
Qi C {(z1,22) €ER? : |z1| < R/2 and |z > %2}
For all R > 1, it holds,

inf{€ r(w) : we HS(QZ)}
1 {0 ()
Qe

where, for all w € H(Qp), EL.r(w) is introduced in (1.15) by setting w = 0 outside Qq, and
C > 0 is a constant independent of £, n, ¢, L and R.

Proof. We write the details of the proof when Q; C {zy > £7?}. The case Q; C {zy < —£2}
can be handled similarly. Let a = (a1,a2) € Q. As we did in the derivation of (3.7), we may
define a smooth function ¢ in @y such that,

Avan(z) = agAo(z —¢) + F(z) — Vo(z) in Q, (4.1)
and
[F(z)| <CF* inQy, (4.2)
where C' > 0 is a universal constant.
We introduce the following three parameters,

ne(0,1), b=ay(1+n)L?, r=/azt. (4.3)
Define the following function,
u(z) = ei‘ﬁ(“)ub,r(\/@(x — c)) , T €Qy,

where up, € H}(Q,) is a minimizer of the energy ep(b,r) in (1.9).
Clearly, u € H}(Qy). Hence,

inf{EL,R(w) Tw e H&(QZ)} < ELyR(u) .
Using (4.1) and the Cauchy-Schwarz inequality, we compute the energy of u as follows,

. 2/3
Er.r(u) < / <(1 + )V —iagAg(z — ¢))e " Pul? — L72/3)u|? + 2|u|4) dz

L
o / B () 2|uf? dz .
Qe

Using (4.2), the bound |up,| < 1, a change of variable and (4.3), we get,
L-2/3

gL,R(u) < Fb,r(ub,r‘) + 077_156 )

a2
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where Fp, is the functional in (1.7).
Our choice of uy, ensures that,

Fb,r(ubﬂ«) = €D(b, 7’).
Again, thanks to the choice of b and r in (4.3), we get,
L—2/3

Err(u) < €D <(1 +n)a2L2/3,\/c72€> + O~ US .
2

Now, by the assumption Q, C {z2 > ¢~2}, we know that ,/az £ > 1. Thus we may use (2.2) to
write,

,-2/3

a2
AT 71/3
=723 (g((l +m)aa L) + ClJ;T’L> 4O~

which is uniformly true for a € Q.
We now select a = (cl, co — g) . Since ¢(-) is a non-decreasing function, then

g((1+m)asL??) = inf  g((L+mal??).

$2€(*§+02762+§)

CyT+nL'/?
¢

Er.r(u) < <g((1 +n)azL*?) + ) (Vazt)® + Cn~ 40

This yields,
2 g((1+n)asl??) < / (1 +n)x2L*?) dardzs

Qo

and finishes the proof of Lemma 4.2. O
Proof of Theorem 4.1.
Let R=4, L€ (0,1),n= L and ¢ = i. Let (Qe;); be the lattice of squares generated by the
square
Q= (—R/2,—R/2+0) x ({2072 47).
Define the set of indices
J = {j t Qrj CSrRN{xy > 6_2} and Qg ; N{z2 < (1+ n)_lL_z/?’} #+ @} .
For all x = (71, z2) € R? with 2o > 0, define u(z) as follows,
_ uf,j(gj) lf] S j7

“m‘{o ¢,
where uy; € Hj(Qg;) is a minimizer of the following ground state energy

inf{EL,R(w) w e H&(Q&j)} .
We extend u(z) in {z2 < 0} as follows,

u(z) = u(r1,—x2), = (r1,272) and xg <O0.

Clearly, u € Hl%’lag,o(SR)' Notice that,

ELr(u) =2 ELr(ue;),
JjeJ
and for j € J, the square () ; satisfies the assumption in Lemma 4.2. We use Lemma 4.2 to
write,

gL,R(U) < 2L_2/3/
Dy

where the domain D, is given as follows,

D= Quj-

JjeT

g((l + n)L2/3x2> dzidxs + CL™V3Dy| (4.4)
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Thanks to the definition of the set 7, it is clear that,
SpN{? <ay<(14+n) 'Ly Dy Spn{0< e < (L4+n) ' L7714}
This yields:
Dyl = O(RL™'),

and (since the function g(-) is valued in [—3,0] and g(b) = 0 for all b > 1),

(14n)~1L=2/3 ,R/2
/ g((l + 77)L2/3SC2) dridzy < / / g((l + n)L2/3x2> dxridzs
Dy =2 —R/2

1

(@) LR [ g(t)di
£-2(14) L2/3

<(1+ n)1L2/3R/01 g(t)dt +{*R.
Substitution into (4.4) yields (recall that n = L € (0,1) and ¢ = 1),
Err(u) < 2L—4/3R/01 g(t)dt + CRL™'/3
Since u € Hy ., o(Sr), then

1
egs < Epp(u) < 2L743R / g(t)dt + CRL™Y3.
0
We divide by R and use (2.5) to deduce that

1
E(L) <2L7*PR / g(t)dt + CL™/3.
0

5. PROOF OF THEOREM 1.3

Let £ € (0,1) be a parameter independent of x. Define the two sets,

Qee={2ze€Q : |By(x)| < and dist(z,00) > ¢}, T,,={z el : dist(z,00) > (}.

1
b(k)k
Recall that I' = {By = 0} and by Assumption 1.1, I' N 0Q is a finite set. Thus, the area of €, ,
and the length of I, ; satisfy, for & sufficiently large and some constant C' > 0 (independent of
k and /),
< Ce(0)
T b(k)Kk
where €(+) is a function independent of £ and satisfying lim,_,o, €(£) = 0.

The standard proof of (5.1) is left to the reader. The estimate in (5.1) is easier to verify under
the additional assumption that I" and 0f2 intersect transversally, and in this case €(¢) = ¢. Note
that g(-) vanishes in [1,00). Thus,

Thel < Ce(0), (5.1)

e(l
/g(b(m)K|Bo(x)|)dx :/ g(b(/@)/ﬁ|Bo(:U)|)dx+(’)( () > . (5.2)
Q Qe b(k)k
Since b(k)k — 400, then Assumption 1.1 yields, for s sufficiently large,
C

3C>0, VzeQ,, \ [VBo()| ™" = [V Bo(p(x))| ! \ < (5.3)

~ b(k)k
Here, for r sufficiently large and for all € €, ¢, the point p(z) € I' is uniquely defined by the
relation

dist(z,I') = dist(x, p(z)) .
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The co-area formula yields,

/QM g(b(/ﬁ) K |Bo(x)|) dr = /0 </{|Bor}ﬂﬂn,g |V By(x)] g(b(/ﬁ)n 'r) ds) dr.

Thanks to (5.3), we get further,

/ g(b(/i) K |Bo(:z:)\) dx

Qe
_ Zor 2Nt K)k7T)ds | dr #
_/0 </{Bo|=r}mm,e VBolp(=)I™ g (bls)nr) d ) o ((b(fi)fif) '

Now, a simple calculation yields,

/bmn (/ [V Bo(p(x))| ™ g(b(r)kT) ds) dr
0 {|Bo|=r}nQ, ¢

— /W (/ [V By (p(z))| ™ ds) 9(b(r)rr)dr,
0 {I1Bol=r}nQ .

and (using a simple analysis of the arc-length measure in the curve {| By| = r} and the assumption
that T'N 0N is a finite set),

< 71)(’1)’{> ’ /{|B |=r}nQ | ‘ Bo(p(x))| ldS
VB p\x 1(18+ K)+¢€ K

where 7)(-) satisfies
lim n(k) =0.

KR—00

As a consequence, we get the following formula,

/Q,i’[g(b(ﬂ) K |Bo(z)]) da = /1“ (/0 g(b(r)kT) dr) |[VBy(z)| " ds(z) + O < b(s) )

A change of variable and Theorem 1.2 yield,

Zon 1!
/0 g(b(k)kr) dr = 5 /0 g(t)dt

where limy,_,pe1(L) =0.
For k sufficiently large, we take
L =b(r)|VBo(z)|,

and get,

o (k) + (k) + ()
/wg(b(n)mwo(xn) dz = 2/£/p |VBo(gg)|1/3E(b(/<;)|VBo(x)|)ds(:c)+(’)< 3 > :

where A\(-) satisfies ILm A(k) = 0. Inserting this into (5.2) and noticing that n(x) — 0 as k — oo

and ¢ was arbitrary in (0,1), then we get the conclusion in Theorem 2.6.

Acknowledgements
This work was done when the first author was Simons foundation Visiting Fellow at the Isaac



14

BERNARD HELFFER AND AYMAN KACHMAR

Newton Institute in Cambridge. The support of the ANR project Nosevol is also acknowledged.
The second author acknowledges financial support through a fund from Lebanese University.

(1]
2]
3]
[4]
[5]
[6]
(7]

8]
[9]

[10]
(11]

[12]
[13]
[14]

[15]

REFERENCES

K. Attar. The ground state energy of the two dimensional Ginzburg-Landau functional with variable mag-
netic field. To appear in Annales de I’ Institut Henri Poincaré - Analyse Non-Linéaire.

K. Attar. Energy and vorticity of the Ginzburg-Landau model with variable magnetic field. To appear in
Asymptotic Analysis (2015).

K. Attar. Pinning with a variable magnetic field of the two dimensional Ginzburg-Landau model. Preprint
2015.

V. Bonnaillie. On the fundamental state for a Schrédinger operator with magnetic fields in domains with
corners. Asympt. Anal. 41 (3-4) pp. 215-258 (2015).

A. Contreras, X. Lamy. Persistence of superconductivity in thin shells beyond H.. arXiv:1411.1078v1
[math.AP] (2014).

S. Fournais, B. Helffer. Spectral Methods in Surface Superconductivity. Progress in Nonlinear Differential
Equations and Their Applications. 77 Birkhauser (2010).

S. Fournais, A. Kachmar. The ground state energy of the three dimensional Ginzburg-Landau functional.
Part I. Bulk regime. Communications in Partial Differential Equations. 38 339-383 (2013).

P.G. de Gennes. Boundary effects in superconductors. Rev. Mod. Phys. January 1964.

B. Helffer, A. Kachmar. The Ginzburg-Landau functional with a vanishing magnetic field. Arch. Ration.
Mech. Anal. (2015) doi:10.1007/s00205-015-0856-z.

R. Montgomery. Hearing the zero locus of a magnetic field. Commun. Math. Phys. 168 (3) 651-675 (1995).
J-P. Miqueu. Equation de Schrédinger avec un champ magnétique qui s’annule. Thése de doctorat (in
preparation).

X.B. Pan. Upper critical field for domains with edges and corners. Calc. Var. and PDE. 14 (4) pp. 447-482
(2002).

X.B. Pan, K.H. Kwek. Schrédinger operators with non-degenerately vanishing magnetic fields in bounded
domains. Trans. Amer. Math. Soc. 354 (10) 4201-4227 (2002).

E. Sandier, S. Serfaty. Vortices for the Magnetic Ginzburg-Landau Model. Progress in Nonlinear Differential
Equations and their Applications. 70 Birkh&user (2007).

E. Sandier, S. Serfaty. The decrease of bulk superconductivity close to the second critical field in the
Ginzburg-Landau model. SIAM. J. Math. Anal. 34 No. 4 (2003), 939-956.

(B. Helffer) LABORATOIRE DE MATHEMATIQUES, UNIVERSITE DE PARIS-SUD 11, BAT 425, 91405 ORsAY,
FRANCE AND LABORATOIRE JEAN LERAY (UNIVERSITE DE NANTES)
E-mail address: bernard.helffer@math.u-psud.fr

(A. Kachmar) DEPARTMENT OF MATHEMATICS, LEBANESE UNIVERSITY, HADAT, LEBANON
E-mail address: ayman.kashmar@gmail.com



