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Abstract

We consider the strong field asymptotics for the occurrence of zero modes
of certain Weyl-Dirac operators on R3. In particular we are interested in those
operators Dp for which the associated magnetic field B is given by pulling
back a 2-form 8 from the sphere S? to R? using a combination of the Hopf
fibration and inverse stereographic projection. If fgg B # 0 we show that

T2
g dim Ker D;p = )
8
0<t<T

/ ﬂ] 18]+ o(T?)
S2 S2

as T'— +o0o. The result relies on Erd6s and Solovej’s characterisation of the
spectrum of D;p in terms of a family of Dirac operators on S?, together with
information about the strong field localisation of the Aharonov-Casher zero
modes of the latter.

1 Introduction

Suppose B is a (smooth) magnetic field on R3, viewed either as a divergence free
vector field B = (By, Bs, B3) or as a closed 2-form

B = Bl dl’g VAN dl’g + B2 dCL’g VAN dl’l + Bg dJ]l A dl’g.

Choose a corresponding magnetic potential (or 1-form) A = Ay dzy+ Ay dxo+ As dxg
which generates B in the sense that B = dA (such potentials exist by Poincaré’s
Lemma). A Weyl-Dirac operator operator can then be defined by

3
Dasp =) 0;(=iV; = 4)), (1)
j=1

where o1, 09 and o3 are the Pauli matrices and V = (Vy, V3, V3) denotes the usual
gradient operator on R®. The operator Dgs p acts on 2 component spinor-fields
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which, on R?, can be viewed simply as C? valued functions. Standard arguments
(see [T, Theorem 4.3] for example) show that Dgs p is essentially self-adjoint on
C5°. We also use Dgs p to denote the corresponding closure which is an unbounded
self-adjoint operator on L?(R3, C?).

We are interested in the question of when 0 is an eigenvalue of Dgs 5 or, equiv-
alently, of determining when Dgs g has a non-trivial kernel.

Definition. Any eigenfunction of Dgs g corresponding to 0 is called a zero mode.

Remark. The potential A (and hence the operator Dgs ) is not uniquely determined
by B. However if dA = B = dA’ then A — A’ = d¢ for some ¢ € C*°(R?) (using
Poincaré’s Lemma). Multiplication by ¢ then establishes a unitary equivalence
between the operators Dgs p defined using the potentials A and A’. It follows that
spectral properties of Dgs p, and in particular the existence of zero modes, depend
only on B.

Zero modes have been studied in a number of contexts in mathematical physics
including the stability of matter ([FLL|, [LY]) and chiral gauge theories ([AMN1],
[AMNZ2]). Most early work concentrated on the construction of explicit examples, in-
cluding the original example ([LY]), examples with arbitrary multiplicity ([AMN2]),
compact support ([E1]) and a certain rotational type of symmetry ([ES]; further
details below). Some subsequent work moved toward studying the set of all zero
mode producing fields (or potentials) within a given class; in particular, this set
is nowhere dense ([BE1], [BE2]) and is generically a co-dimension 1 sub-manifold
([E2]; slightly different classes of potentials were considered in these works).

To further our understanding of which fields produce zero modes it is reasonable
to consider the problem in various asymptotic regimes. We focus on the strong field
regime (which, via a simple rescaling of the zero mode equation, is equivalent to the
semi-classical regime). For a fixed field B define a counting function Ng by

Ns(T) = > dimKer Dps
0<t<T
for any T € RT. The behaviour of Ng(7T") as T — +oo is more regular than that
of dim Ker Dgs ;5 and clearly gives information about the occurrence of zero modes
for strong fields.

In [ET] an upper bound of the form Ng(T') < C||A||3,T* was obtained, valid for
any T > 0 and potential A € L3 (with B = dA). The purpose of the present work is
to determine the precise leading order asymptotic behaviour of Ng(T") as T' — 400
for a large class of symmetric magnetic fields first considered in [ES]. Before defining
this class we need to introduce some supporting ideas and notation.

Let Q*(S?) denote the set of 2-forms on S* and let vez € Q?(S?) denote the
standard volume 2-form. Any 3 € Q?(S?) can then be written as 8 = fvg: for a
unique f € C*(S?). The flur of 3 is defined to be

(I)(ﬁ) ! /82/3 ! Jvse.
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We also define || to be the (not necessarily smooth) 2-form given by || = | f|vsz.

Definition. Let h : S — S? and 7 : $* \ {(0,0,0,—1)} — R? denote the Hopf
fibration and stereographic projection respectively. Set

b = {77 W8 B e QX(S?), ®(B) # 0}

(where * denotes the pullback). Define Byg similarly except without the condition

() £ 0,

Elements of Byg are closed 2-forms on R? and can thus be viewed as magnetic
fields (note that, all 2-forms on S? are closed). Furthermore fields B € Byg are
smooth and satisfy bounds of the form |B(z)| = O(|z|™*) as |z| — oo, while it is
always possible to find a smooth potential A with B = dA which satisfies bounds
of the form |A(z)| = O(|z|™3) as |z| — oo. It follows that fields in Bgg (and their
associated potentials) fall into the classes considered in [BE1], [BE2] and [E2].

Our main result is the following.

Theorem 1.1. Let B € Blyg with B = (7 ')*h*3 for B € Q*(S?). Then
Np(T) = 3 [2(8)| ®(IB) T* + o(T?) as T — +oo. (2)

The lower asymptotic bound in (2), together with the explicit form of Ng(T)
for the special case of the “constant” field § = vgz, were obtained in [Tal. It is
also clear where the argument for the upper bound in [ET] may gain an order in T,
although it remains unclear whether the O(7®) upper bound might yet be sharp for
some magnetic field B.

Fields in Bgg are invariant under the symmetry of R?® induced by the rotation
of S* along the S! fibres of the Hopf fibration. The main work in [ES] is to show
how this symmetry can be used to express the spectrum of Dgsp in terms of the
spectra of a family of Dirac operators on S? (see Section 3 for further details). To
calculate Np(7') we need to consider eigenvalues of the latter with modulus up to
1/4. Aharonov-Casher zero modes (see Theorem 2.1) correspond to an eigenvalue
of 0 and contribute 3|®(3)|* to the leading order coefficient on the right hand side
of (2); when (8 has a variable sign the remaining part of this coefficient comes from
“approximate zero modes” which arise from the localising effects of strong fields (see
Section 4 for further details).

This paper is organised as follows. Some background on Dirac operators on S?
is outlined in Section 2 while the key results we require from [ES] are stated at the
start of Section 3. The proof of Theorem 1.1 is then reduced to determining the
large k asymptotics of a spectral quantity Ngf) relating to a family of Dirac operators
on S?; see (7) and Theorem 3.3.

The relatively straightforward lower bound in Theorem 3.3 is covered in Section
4. Necessary information about the asymptotic number of approximate zero modes
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for Dirac operators on S? is given in Theorem 4.1 and justified in Section 8 using
equivalent results for the plane (from [E3]). Section 4 concludes with further es-
timates relating to approximate zero modes; some of the arguments rely on ideas
from differential geometry and are deferred to Section 9.

The remaining sections are dedicated to the justification of the upper bound in
Theorem 3.3. In Section 5 the quantity Ngf) is expressed as the number of eigenvalues
of a (non-self-adjoint) operator L within a particular set; see Proposition 5.1. In
turn this is estimated from the singular values of L via Weyl’s inequality; Section 6 is
devoted to estimating the singular values while the argument is tied up in Section 7.

Notation

We use spec(T') to denote the set of eigenvalues of an operator T' with entries re-
peated according to geometric multiplicity. The subset of positive eigenvalues is
denoted by spec™(T'). General positive constants are denoted by C, with numeri-
cal subscripts used when we wish to keep track of specific constants in subsequent
discussions. The open disc in R? with radius » and centre 0 is denoted ID,., while I,
denotes the 2 x 2 identity matrix.

2 Dirac operators on S?

In order to discuss Dirac operators on S?* we firstly recall some notions from Rie-
mannian geometry as well as the idea of a spin® structure (spin® spinor bundles,
Clifford multiplication and spin® connections). A fuller introduction can be found
in [F] (see also [ES] for a discussion in a similar spirit to that presented here).

Let (-,-)s2 denote the standard Riemannian metric on (the tangent bundle of)
S?, with corresponding norm |-|sz. The same symbols will be used for the induced
metric on the exterior bundle A*T*S?. For n = 0,1,2 let Q"(S?) denote the set of
n-forms (that is, sections of the n-form bundle A"T*S?). Note that, [, Vs = 47
while |3| = |B|s2vs2 for any 3 € Q*(S?).

A spin® spinor bundle ¥ on S? is a hermitian vector bundle over S? with fibre
C? on which we can define Clifford multiplication. The latter is a unitary map
o : T*S* — Hom(¥) which satisfies

a(w)a(p) +a(p)o(w) = 2{w, p)s1
for all 1-forms w and p; here Hom(W) denotes the set of endomorphisms on ¥
with inner product given by (A, B)nomw) = 3 tr(A*B), and I € Hom(V) is the
identity. (Clifford multiplication gives a unitary representation of the Clifford alge-
bra Cl(T#S?) on C* which is isomorphic to the standard representation and varies
smoothly with z € S2.) Clifford multiplication extends naturally as a linear isomor-
phism o : A*T*S? — Hom(V); in particular

o(w)o(vsz2) + o(vee)o(w) =0 (3)
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for any 1-form w, while o(vs2)? = I. The latter expression allows us to write
U = L, @ L_ where the line bundles L. are defined by £ € Ly iff o(vg2)é = ££.
We use (-, )y and ||y to denote the (fibrewise) inner-product and norm on ¥, while
['(W) is the space of spinors (sections of W).

Associated to a spin® spinor bundle ¥ is a line bundle which (for S?) is given as
L = U AV (the determinant bundle of ¥). This line bundle determines ¥ up to
isomorphism (note that, H*(S* Z) = Z which has no 2-torsion). On S? there are
infinitely many mutually non-isomorphic spin® spinor bundles which we denote as
U®) for k € Z, labelled so that the first Chern number of the associated line bundle
satisfies ¢; (L") [vg:] = 2k.

Fix k € Z. A spin® connection on W) is a connection V which is compatible
with hermitian structure on W®*) and the Clifford multiplication. For &,1 € I'(¥*))
and X € T'S? the former compatibility means

X<£7 77>\I/(k) = <%X€7 77>\I/<’€) + <€7 %Xn%l/(k)a

while the latter means [Vy,o(w)] = o(Vxw) for all forms w; here V is the Levi-
Civita connection on S? (for the metric (-,-)s2). As Vxvg: = 0 we get

[Vx,o(vs)] = 0. (4)

A spin® connection V on k) ig uniquely determined by a choice of (hermitian)
connection on L®) . It follows that the set of all spin® connections is an affine space
modelled on iQ'(S?) (note that, L*¥) has structure group U(1) with Lie algebra iR).
In particular given v any other spin® connection on W*) can be written as V —ia
for some o € Q!(S?).

The curvature of the connection V can be viewed as the Hom (¥®)) valued 2-form
given by B L o B

R(X,Y)§ =VxVy{ = VyVx& — Vixyi

for all X,Y € TS? and & € U®). The magnetic 2-form of V is then defined to be
B = LTr(R) € Q*(S?). The first Chern class of L® is the cohomology class of 14
SO |
8(0) = 5= [ 6= taa(L®) v = k
T Js2

that is, the total flux of any magnetic 2-form on U®*) must be equal to k. This
flux condition is also sufficient for a 2-form to be the magnetic 2-form of a spin®
connection on W), More precisely if ' € Q*(S?) with ®(8') = k then ' = 8 + da
for some o € Q'(S?) (this follows from the Hodge decomposition theorem and the
fact that the harmonic 2-forms on S? are simply the constant multiples of vg2). A
straightforward calculation then shows 3’ is the magnetic 2-form associated to the
spin® connection V' = V — ia.. The choice of « is only unique up to the addition of
a closed 1-form.



Given a spin® connection V on U4 we define a Dirac operator D = —iTr oV.
If {e1,ex} is a local orthonormal frame (of vector fields) with corresponding dual
frame {6, 6>} (of 1-forms) we can equivalently write

D = —i0(91>vel - iU(@Q)VBQ.

The operator D maps I'(U®) — TI'(U*)). Taking closures D becomes a(n un-
bounded) self-adjoint operator on the L? sections of W(¥); we denote the latter by
H. Since D is a first order elliptic differential operator on a compact manifold it has
a compact resolvent and discrete spectrum. Furthermore (3) and (4) give

D(o(vgz) ) = —o(ve)D, (5)

so the spectrum of D is symmetric about 0. Combined with the Aharonov-Casher
theorem ([AC]; see [ES] for the S? version) we then have the following.

Theorem 2.1. For any Dirac operator D on W% we have dim Ker D = |k|, while
the spectrum of D 1s symmetric about 0.

Remark. For the decomposition W*) = Lglf) & L") (induced by o(vs2)) (5) leads to

0 D_
P- <D+ 0 )
with Dy : T(LY )) — F(L$ )). The Aharonov-Casher theorem can then be viewed as

a combination of the Atiyah-Singer index theorem and a vanishing theorem for D;
the former gives

dimKer D, — dimKerD_ = 1¢;(LW)[ve] = £,

while the latter forces either Ker Dy or Ker D_ to be trivial.

A straightforward calculation shows that the Dirac operator associated to the
spin® connection V' = V —ia is D' = D — o(«a). Dirac operators also satisfy a
simple gauge transformation rule; if ¢ € C*(S?) = Q°(S?) then

eVD(e”™.) =D — o(dy),

the Dirac operator corresponding to the spin® connection V- idip. In particular the
Dirac operators corresponding to the spin® connections V and V —idi) are unitarily
equivalent and hence have the same spectrum. It follows that the spectrum of a Dirac
operator on S? is determined entirely by the magnetic 2-form of the corresponding
spin® connection (note that H'(S?) = 0 so dQ°(S?) is precisely the set of exact
1-forms).

Let V®) denote a spin® connection on ¥®*) corresponding to the “constant”
magnetic 2-form gsz and let D®) denote the corresponding Dirac operator. If
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B € Q*(S?) is any other 2-form with ®(8) = ®(£vs) = k we can find a € Q'(S?)
with 3 = £vge + da (as above). The spin® connection V® — i then has magnetic
2-form [ and corresponding Dirac operator

DX =D _ 5(a). (6)

This operator is uniquely determined by 5 up to gauge (and hence unitary) equiv-
alence. We can view « as generating the “non-constant” part of 5.

The situation for Dirac operators on S? is rather simpler. All Spin¢ bundles on S?
are isomorphic to the trivial bundle S? x C?, while any closed 2-form b € Q%(S?) gives
rise to a self-adjoint Dirac operator Dss ;, which is unique up to unitary equivalence;
see [ES] for further details.

3 Reduction to §?

Let 8 € Q*(S?) with () = 1. From the above discussion we can write § = $vs2+da
for some o € Q'(S?). Also set b = h*(3, the closed 2-form on S? obtained by pulling
S back using the Hopf fibration h : S* — S?. For t € R the magnetic field tb is
invariant under rotations of S? along the level sets of h. This symmetry is inherited
by the Dirac operator Dss g, which allows the spectrum of Dgs y, to be expressed
in terms of the spectra of a family of Dirac operators on S?. The following is a
restatement of [ES, Theorem 8.1] (note that the metric (-, -)s2 is used in [ES] so
eigenvalues of Dirac operators on S? must include an extra factor of 2 here).

Theorem 3.1. For any t € R the spectrum of Dss 4, 15

U SpU{-3+ VAN + (k—t)? -1 — a2+ (k—1t)2: X € spec+(Dt(§))}

keZ

where Xy contains the number —1 — sgn(k) (k —t) counted with multiplicity |k| (so
Yo =0). The multiplicity of an eigenvalue of Dgs g, is equal to the number of times

it appears in the above list when the elements of ¥ and spec+(D§§)) are counted
with their relevant multiplicities.

Set B = (77 Y)*b = (7 ')*h* € Bgg. From [ES, Theorem 8.7] we have the
following link between the Dirac operators Dgs ,, and Dgs p.

Theorem 3.2. For any t € R we have dim Ker Dgs ;5 = dim Ker Dgs 4.
Consider the disjoint partition of R given by the intervals

(=k—3.k+1] ifk>0,

?k: [_%7%] 1fk:07

[~k —3,k+3) ifk<O,

7



for k € Z. Also let 7, = (k —1/2,k+ 1/2) and 7, = [k — 1/2,k + 1/2] denote the
interior and closure of 7, respectively. To identify the contribution to Ng coming
from ¢t € 7, and t € 7}, set

Mgf) = Z dim Ker Dgs;p  and Ng) = Z dim Ker Dgs ;.

teTE teTy,

From Theorems 3.1 and 3.2 it is clear that Ker Dgs,;p is non-trivial precisely
when there exists k € Z such that either 0 € ¥, or 4\? + (k — )? = 1/4 for some

S spec*(DEi)), with corresponding agreement of multiplicities. In the latter case
we have A > 0 which forces (k —t)? < 1/4 or t € 7. Tt follows that

Mg) _ #{(t’ )\) ‘N E Spec+ (D§Z)> and 4/\2 + (/{? — t)2 = %}

We also know that 0 is contained in the spectrum of Dgz) with multiplicity |k|
for any ¢ € R (see Theorem 2.1), while 0> + (k — t)> = 1/4 has two solutions

(t = k£1/2). Furthermore the spectrum of Dt(];) is symmetric about 0. Combining
these observations we get

#{(t,\) : X € spec(DY) and 402 + (k — )2 = 1} = 2M + 2[|.

ta

On the other hand 0 € X, with multiplicity |k|, iff ¢ € 7 \ 7%. It follows that
N — M® = |k| and so

) (7)

=

1
NG — SH{EN A€ spec(Di)) and 4X? + (k — )2 =

Clearly in calculating the right hand side of (7) we need only consider t € 7} and

eigenvalues of D in [—1/4,1/4]. In addition to the eigenvalue 0 with multiplicity
|k| (the Aharonov-Casher zero modes) there may be small non-zero eigenvalues (the
approximate zero modes). The total number of these eigenvalues can be determined
asymptotically in |k| (see Theorem 4.1) which ultimately leads to the following.

Theorem 3.3. We have Ng) = ®(|5]) |k| + o(|k|) as |k| — oc.

The lower bound for Ngf) contained in Theorem 3.3 was given in [Ta] and is
included here for completeness (see Section 4). The justification of the upper bound

for Ng;) appears in Section 7.

Given Theorem 3.3 the proof of our main result is now straightforward.

Proof of Theorem 1.1. We can extend the definition of Ng(7T) to cover T < 0 by
summing over 7' < ¢ < 0 in this case. Together with the scaling properties of (2) it
thus suffices to restrict to the case ®(8) = 1 and prove

Np(T) = L&(|8]) T2 + o(T?) as T — +oc. 8)

— 2
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Now let T > 0 and pick ky € Z with T € 7. Then T, 7 € [0, 7] € U~ 7 s0

kp—1 kr
> NG < Np(T) <y Ny,
k=1 k=0
Using Theorem 3.3 and the fact that |kr — T'| < 1/2 we get
ke ko
D NG =D IR(8) E +o(k)] = 3 (18] b + o(K) = § () T + o(T?)
k=0 k=0

as T' — +oo. Since the removal of the first and last terms from the sum will not
change this asymptotic (8) for 7" > 0 now follows. A similar argument clearly deals
with the case T < 0. [ |

4 The lower bound

Throughout the next four sections we consider a fixed 8 € Q?(S?) with ®(8) = 1

and write § = $vs2 + da for some a € Q(S?). For each k € Z and &, R > 0 set

n(e) = npale) = #{\ € spec(DYY) : [N < ¢}

(counting according to multiplicity) and

n(R) —n(e) if R>e,

n(R,e) =nga(R, ) = {0 ifR<e

Since D,(f];) has |k| zero modes (recall Theorem 2.1) we have n(e) > |k| = |®(kP)|; a
strict inequality (for suitable ¢) reflects the presence of approximate zero modes. In
general there will be O(|k|) approximate zero modes whenever /5 has variable sign;
more precisely we have the following.

Theorem 4.1. Suppose ¢, = Ce "’ for some C,c > 0 and 0 < p < 1, while
Ry, = o(|k|*?) as |k| — oo. Then

1 1
liminfw Nkoler) > ©(|5]) and limsup — ngo(Ri) < O(|5)).

|k|—00 |k|—=o00 |k|
Consequently ny.a(ei) = (1)) [k + o(|k]) and nya(Ri,e) = of|k]) as k| — .

The proof of this result is given in Section 8 where it is reduced to a similar
result for the Pauli operator on a disc in R?.

From (6) we get
D =D — t5(a). (9)

9



It follows that ¢ — Dgi) defines a self-adjoint holomorphic family of operators. Using
standard perturbation theory (see [K]) we can then choose real-analytic functions
i, for n € Z so that the full set of eigenvalues of Dt(fé) (including multiplicities) is
{pn(t) : m € Z} for any t € R. We can now rewrite (7) as

1
k
N§B>:§#{(n,t)62xR DA (1) (t— k)2 =11, (10)
Proof of lower bound in Theorem 3.3. Fix € € (0,1/4) and suppose |u, (k)| < e for
some n € Z. Then 4u,(k)*> + (k — k)? < 4e* < 1/4. However p,, is continuous and
Apn(k +1/2)% + (k +1/2 — k)*> > 1/4, so there are at least two values of ¢ with
Apn(t)* + (t — k)* = 1/4. From (10) it follows that

NG > #{n € Z: (k)| < e} = npale). (11)
The lower bound in Theorem 3.3 now follows from Theorem 4.1. [ |

The complication with obtaining the upper bound in Theorem 3.3 is that, for
each n € Z with p,(k) < 1/4, we need upper bounds on the number of values of
t with 4p,(t)*> + (t — k)? = 1/4; in general there is no reason why this can’t be
more than two. We need some information about how rapidly pu,(t) can change
with respect to t.

Proposition 4.2. For j = 1,2 suppose \; is an eigenvalue of Dﬁs) with normalised
eigenvector &;. Then [(&1,0(a)E)| < m(|A1] + [Xa]) ||| for any o € QF(S?).

The proof of this result is given in Section 9.

Remark. If £ € Ker D" Proposition 4.2 gives (£, 0(c/)€) = 0 for any o/ € Q'(S?),
which forces the value of ¢ to lie in either Lgf) or L™ at each point of S?. This
result can be viewed as a local version of the vanishing theorem underlying the
Aharonov-Casher theorem.

Corollary 4.3. Set a = 27||a||p. For anyn € Z and t € R we have
e~ M (B)] < [ ()] < €M ().

Proof. Fix n. Since Dgﬁ) is a self-adjoint holomorphic family we can choose a nor-
malised eigenfunction £(t) for pu,(t) which is real-analytic in ¢ (see [K]). Applying
standard first order perturbation theory to (9) then gives

%“n@) = —(£(t), a(@)&(1)).

Thus |du,/dt| < a|p,| by Proposition 4.2. Integration completes the result. |
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Let € > 0 and suppose |, (k)| < e (ultimately we will use ¢ to control the size of
the approximate zero modes of D,Ef;)). For sufficiently small £ Corollary 4.3 provides
enough control over the behaviour of y,(¢) when ¢ € T to ensure that there are
precisely two values of ¢ with 4u,,(t)? + (t — k)* = 1/4. Therefore the issue of extra
values of ¢ can only arise when ¢ < |u,(k)] < 1/4. For reasonable choices of ¢
Theorem 4.1 shows there are at most o(|k|) such eigenvalues; we need to show that
these eigenvalues lead to at most o(|k|) extra values of t.

5 Linearisation

Our aim (Proposition 5.1) is to re-express the quantity Ngf) as the number of eigen-
values of some (compact non-self-adjoint) operator L within a prescribed set. In

essence this is achieved by using (9) and (10) to view Ng;) as the number of the real
eigenvalues of a quadratic spectral pencil and then linearising this pencil by moving
to a suitably chosen 2 x 2 system.

Introduce a shifted parameter s = ¢t — k + 1. Then t € 7 iff s € J where
J =1[1/2,3/2]. Also set D = D((,’:)_l)a and A = o(«) so (9) becomes

P*) — D _ A

ta

Let I = I ® I, denote the identity on H? = H ® C?. Introduce further operators
P and Q = Qg + Q; on H? where
2D — 11 1
— 11 = 2
P— 2D®O’3+[®O’1 21—( I —QD—%[)’
0 I 24 0
QO_I@Ul_([ 0) and Q1—2A®O'3—(0 —2A>

In particular

2AD—sA)  (1-s) \
P-sQ= ( (1—s)I —2D- sA)) ol

The operators P and Q are self-adjoint with P unbounded and Q bounded. In

particular Dom P = (Dom D)? while P — sQ has a compact resolvent for any s € R
(as D — sA does). Also

(P —sQ+ 312 = [4(D —sA)? + (s — 1)’I] @ L. (12)

Taking s = 0 we get (P +1/2)? > I so |[P| > I/2 where P = |P|U is the polar
decomposition of P. It follows that |P|~/2? is an injective compact operator with
||P|~/2|| < +/2. Define a further compact operator by

L=U[P|"?Q|P| "/~
Let C) = 4e¥?. For 0 < e < 1/C; set s =14 (1—C1e)/250 J =[5, 5¢]. Also

set J© = [sF,s¢] and JZ = [sy,sC].
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Proposition 5.1. We have

N = %#{)\ e spec(L) : At e J}. (13)
Furthermore if 0 < ¢ < 1/Cy then

#{X € spec(L) : A" € J=} > n(e). (14)

Approximate zero modes correspond to the eigenvalues of L with reciprocals in
J* and J_; (14) is the corresponding restatement of (11).

Proof. From (10) and (12) we get

}

N,

k) _ 1 . 2 2 _
Ny —52#{nEZ.4un(s+k—1) +(s—1) =

sedJ

= iZdimKer[(P —sQ+ %I)2 - iI]‘

sed

Now (I®02)(P—sQ)(I®0s) = —(P—sQ)—I (note that o3 = I, while 090;09 = —0;
for j = 1,3). It follows that

dim Ker[(P — sQ + 1I)* — 1I] = dim Ker(P — sQ) + dim Ker(P — sQ + I)
= 2dim Ker(P — sQ).

However I — sL = U|P|"Y/2(P — sQ)|P|~'/? so dim Ker(I — sL) = dim Ker(P — sQ)
for any s (recall that [P|~'/2 is injective). Combining the above gives (13).
Now [sf — 1] = (1 — C1e)/2 < 1/2. If |u, (k)| < e < 1/Cy for some n € Z then

tim (K + 57 = 1)] < e |pn (k)| < {Cre

using Corollary 4.3. It follows that

App(k+sZ =1 + (st —1)* < L(Cre)®* + (1 - Cre)* < L.
However 4/, (k + st — 1) + (s — 1)? > 1/4 while p,, is continuous. Thus there is
(at least) one s € J* with 4y, (k+s—1)2+(s—1)> = 1/4. Since n(e) = #{n € Z:
|n (k)| < e} estimate (14) now follows. |
6 Estimates for singular values
Define compact self-adjoint operators by

K; = |P[72Q;|P|7'2, j=0,1

12



and K = Ky + K;. Then L = UK so L*L = K?; in particular, the singular values
of L are simply the moduli of the eigenvalues of K. In order to study the latter we
treat K; as a perturbation of Ky; in turn, the spectrum of Ky can be determined
from that of D.

For any d € R let X; denote the symmetric 2 x 2 matrix

C(2d-% 1
Xd_( 1 —zd—l)'

The eigenvalues of Xy are —1/2+ A and —1/2 — A where A = v/4d?> +1 > 1. Thus
IXal ™2 = (A = 5)7 < min{v2, ja 2}, (15)
Define a quadratic polynomial by
pa(A) =N+ AT A+ 1A%

Then py(0) < —3/4 so pg has one root of each sign; let x*(d) denote the reciprocal
of the root with sign +1. Note that x*(0) =2 and x~(0) = —2/3.

Lemma 6.1. The eigenvalues of the 2 x 2 matriz | X 4|~ %01 | X4|7Y/? are k7 (d) and
k= (d). Furthermore +r%(d) < min{2,|d|™'} and |x*(d) — k*(0)| < 16d>.

Let 25 € C? denote a normalised eigenvector of | X |'/20| X4|~/? corresponding
to kE(d).

Proof. We have det(|X4|o1) = —|det Xy| = T — A? while 2A[Xy|+ Xy = (2A% - 1)1,
so Tr(2A|Xy4|o1) = —Tr(X401) = —2. Thus p, is the characteristic polynomial of
| X4|o1 and hence | X4|'/201| X4|'/2. The first part of the result follows as o7 = o7,
while the second part can then be obtained from (15) and the fact that ||oy|| = 1.

Let xT = 1/k%(d) denote the roots of pg; in particular |x5| > 1/2. Now pa()) is
decreasing in d? for fixed A > 0 so xj > x5 = 1/2. Also

pa(A? =1 >A-L14+AT)>0
(recall that A > 1) so X;r < A?—-1/2. Thus 0 < Xg — Xa < A% —1=4d? On the
other hand x7 + x; = —A~! for any d so
(d —x8) + (g —xo) =1—A7" €0, 2d7].
It follows that |x; — xo | < 4d*. Combined we then get

XT — X0 2
K5(d) — k*(0)] = <
Xzl xol ~— 3)(E)

completing the result. [ |

= 16d?,
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Set v, = pn(k — 1) for n € Z (the eigenvalues of D). By Corollary 4.3 we have

e pn(F)| < vn| < €| (k)|. (16)

Choose an orthonormal basis {&, : n € Z} of H with D¢, = v,§,. For each n € Z
set Ky = K5(1,) and vl = &, ® i € H?. The definitions of K, and X, lead to

Koul = kXut so, in partlcular {un, u, :m € Z} is an eigenbasis for K.

Givene, R > 0set M. = {n € Z: |u,(k)| < e} and My ={n € Z : |u,(k)| > R}.
Let TI£, I’y and II. g denote the (orthogonal) spectral projections of Ky with

RanIlF = Sp{u’ : n € M.}, RanlIl}, = Sp{u, i n € My}

and II. p = I — IIF — II_ — II%. Clearly
dimRanII¥ = #M. = n(e) and dimRanIl, = 2n(R,¢).

Lemma 6.2. Let &, R > 0. Then +KoIIE > 0 while ||[Ko — £*(0) I IIE|| < Coe?
and [|[KoIl|| < CooR™! for some constants Caq and Ca .

Proof. We have £x% > 0 for all n while Lemma 6.1 and (16) give
IkE — KE(0)] < 1617 < 16e%€2

for n € M, and |xkE| < |v,|7! < e*R7! for n € M. The result follows (with
02’1 = 16€2a and 02’2 = €a>. |

Next we consider K;; we begin with some estimates of how K; acts on the
eigenspaces of Kj.

Lemma 6.3. Suppose e, R > 0 and my,mo € {+,—}. Then [[IITK;I172|| < C31en(e)
and ||[K || < C32R™Y? for some constants Cs; and Cs .

Proof. Since {uf : n € M.} is an orthonormal basis for Ran IT* the Hilbert-Schmidt
norm leads to the estimate

MBI < ) [up Kup) (17)

m,neM,

Now the definitions of K; and Q; give

R K) = (P QU )
= (€, AL <’Xum’ 1/2,.m o3 X, |~ 1/21'7T2>

Note that [|os]| = 1 so |<|Xym|*1/2x:jn,03|Xyn|*1/2x{2)| < 2 by (15). On the other
hand when m,n € M, Proposition 4.2 and (16) give

[{€my AL} | = [(Ems 0(@)En) | < 7([vm] + [va]) [l e < aee.
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Therefore |(ult, Kqjur?)| < C31e with C51 = 2ae®. Since #M, = n(e) the first part
of the result now follows from (17).
Now let u € Ran ;. Then u = ZneM,R £, ® 2, for some z, € C?, so

P| ™20 = Z En @1 X,, |22,

!
nEMR

For n € M, (15) and (16) lead to
10| 7220l < o] M lzall? < € R7 ||
Since {&, : n € M}y} is an orthonormal set (in #) it follows that

P 2ul® = ) 11X, 722l < "R Y lzall® = e Rl

neEM, neEM,
Therefore |||P|~'/211%|| < e*?R™/2. Since |||P|7Y?|| < V2 and ||Q| = || A| =
|||z the required estimate for ||K IT%| follows with Cs5 = v/2e%2|||| oo u

For ¢, R > 0 set
6(e, R) = Co1e +4C5 1en(e) + Coa R 4 205, R2, (18)

Let {\} : n € N} and {)\, : n € N} denote the sets of positive and negative
eigenvalues of K = K + K, enumerated to include multiplicities and ordered so
that Ay <)\ <---<0<---<Af <AL

Proposition 6.4. Suppose ¢, R > 0. Then
#{n e N: |\F| > £x5(0) +6(c,R)} < 2n(R,¢) (19)

and

#{n e N:|XI| > d(c,R)} <n(e) + 2n(R,e). (20)

The basic argument is a variational one viewing K; as perturbation of Ky. Lem-
mas 6.2 and Lemma 6.3 provided the relevant information about Ky and K respec-
tively.

Proof. Set M = dimRanll. gp = 2n(R,¢) and let H < H? with dimH = M + 1.
Choose u € H with |lu]| =1 and II. gu = 0. Then u = (II} + II_ + IT%;)u so

(since KoIIZ < 0 from Lemma 6.2) while
(u, Kyu) = (u, (TIF 4+ T2 K (TTF + T2 )w) + (u, K pu) + (K Mpu, (T + 11 ))u)
< (I + 2K (I 4 TI0) ]|+ 2{[ K I .
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Using a variational argument it follows that
Arer < KT || + (KT | + [[(ILF + TIZ) K (TIF + T + 2K T .

Lemmas 6.2 and 6.3 then give A}, ; < k7(0) + 6(¢, R). The case of the upper sign
in (19) clearly follows. The lower sign can be obtained by a similar argument.

Now set M = dim Ran(II7 +II. g) = n(e) + 2n(R,e). A slightly simpler version
of the above argument leads to

M < (Kol + [T KT ||+ 2K IR < Cop R+ Cyen(e) + 203 0R™Y2.
Since the right hand side is clearly bounded above by é(e, R) (20) now follows. H

7 'The upper bound

The upper bound in Theorem 3.3 follows from Theorem 4.1 if we can show that the
difference Ng) — Ngo(ek) s o(|k|) for suitably chosen e,. We firstly estimate this
difference using Propositions 5.1 and 6.4 together with Weyl’s inequality.

Lemma 7.1. Suppose 0 < e < 1/Cy and R > 0. Then
[2 - 3(z, R)] NG — nia(e)] < [0(c, R) + Crelnga(e) + 2| K| no(R, &)

Proof. Put N = QNg) and M = N — 2n(e). Let A = {) € spec(L) : A= € J} so
#A = N by Proposition 5.1. Also let K C spec(K) denote the collection of the N
eigenvalues of K with largest moduli. Since L*L = K? the singular values of L are
precisely the moduli of the eigenvalues of K. Weyl’s inequality ([W]) then gives

DAY L (21)

AEA AeK
For any A € A we have A™' € J =[1/2,3/2] so A > 2/3. If \™! € J= then
1 2
A>— = > 2(1—Che).
T s 1+CiEe ™ ( i€)

From Proposition 5.1 it follows that

D> A>2(1—Cie)n(e) + 2N —n(e)] = 2(3 — Cie)n(e) + 2M. (22)
AEA
Write 6 = d(e, R). Proposition 6.4 shows that K has at most 4n(R, €) eigenvalues
outside [—2/3—6, 24+4], and at most n(e)+2n(R, €) eigenvalues in each of the intervals
(—o0,—4d) and (4, 00). Furthermore #K — (2n(g) +4n(R,e)) = M — 4n(R,e) < M.
Since the spectral radius of K is ||K]|| it follows that

D N < 4K|n(R,e) + (3 +6)n(e) + (2+ 6)n(e) + oM. (23)
AeK
The result now follows when we combine (21), (22) and (23). |
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Remark. Key to our argument is the identification of those eigenvalues and singular
values of L which arise from the Aharonov-Casher and approximate zero modes.
These contribute $n(e) to each side of (21), the cancellation of which allows the

quantity Ngf) — ng.o(€) to be estimated with sufficient precision.
Since |||P|7/?|| < /2 straightforward bounds on Q give

K| < 2(1Qo + Qull = 2(1 + 4l|arf7) 2. (24)

Proof of upper bound in Theorem 8.3. Set e, = e~ M"* and Ry, = |k|'/* for all k € Z.
As |k| = oo we clearly have €, = o(|k|™!) and Rj, — oo, while Theorem 4.1 gives
n(ex) = ®(|8|)|k| + o(|k|) and n(Ry,ex) = o(|k]). It follows that §(ex, Rx) = o(1)
(recall (18)) and so Ng) — nga(er) < o(]k|) by Lemma 7.1 and (24). [ |

8 Approximate zero modes on S?

Let S% (respectively S? ) denote the sphere with the south (respectively north) pole
removed; if we view S? as the unit sphere in R?® then S = $?\ {(0,0,F1)}. Let
21 S — R? denote stereographic projection, given by

1

24 (x) = TEo (z1,22), = (21,29,73) € S3.

Set Q(z) = 2(1 + |z[>)~* for z € R?, and Q4 = Qo zy. It is straightforward to
check that the map z. is an isometry if R? is given the conformal metric Q (-, )r2
(where (-, -)g2 is the usual Euclidean metric on R2). Hence 2% (Q%vg2) = vz (where
vrz = dxy A dzo is the usual volume form on R?).

For any ¢ € [0,1] set S, = S* N {£x3 < §}; in particular S§ . = S§ while S§ |
and Sj _ are the north and south hemispheres. It is easy to check that 2+ (S5, ) = D
where 72 = (1+6)/(1 — §), while we have the bounds

)
1-6<Qz)<2, zeb,. (25)

Using the isometry 23! we can pull-back the (restricted) spin® bundle W*) from

S2 to get a spin® bundle on R?. Since R? is contractible the latter is isomorphic
to the trivial bundle R? x C?, so sections of this bundle (spinors) can be identified

with maps R? — C2. For ¢ € T(U®) with supp(¢) € S% let = £ 0 23 denote the
corresponding map in C§°(R?, C?). Then

60 = [, eforve = [ €0 ml Bve = [l (20
+

Using the isometry z4 and the above identification of spin® bundles any Dirac op-
erator on S? can be restricted to S% and then considered as a Dirac operator on R?
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with the conformal metric € (-, )rz. Conformal mapping properties of Dirac opera-
tors (see [H, Section 1.4] or [ES, Theorem 4.3]) mean the latter is simply related to a
Dirac operator on R? with the usual metric. Under the above identification of spin®
bundles a Dirac operator on R? becomes a Weyl-Dirac operator corresponding to a

potential A’ = A dx;+ Al dzy on R?; that is, an operator given by the 2-dimensional

version of (1). More precisely let a € Q!(S?) and consider the Dirac operator DY

on ¥®) . Then we can find A € Q'(R?) so that
(DI (0 22) = (Dga.aum) o 2 (27)

for all n : R2 — C2 (note that 5oz € T'(TY), where U is the restriction of

TH) to S%). Furthermore the magnetic field corresponding to Dge 4. is simply the

pull-back of that corresponding to D under the map z;'; if the latter is f = fvge

then the former will be given by S+ = dAL = (f o 21") O2vge. In particular for any

open subset U C R? we have
[o=] & (28)
U P (%)

For A" € Q'R?) and r > 0 let Pp, 4 denote the Pauli operator on D, with
magnetic potential A’ and Dirichlet boundary conditions; this can be defined as the
non-negative self-adjoint operator associated to the closure of the quadratic form
given by n = ||Drz2 4|72 @) for n € C5°(D,, C?).

For the next result let D&k) denote a Dirac operator on W) and let Ay denote
the corresponding 1-forms on R? as discussed above.

Proposition 8.1. There exists Cy > 0 so that for any p > 0 and § € (0, 1] we have

#{\ € spec(DP) 1 [A| < u}
> #{X espec(Ppa,) : A< p?} + #{ X €spec(Ppa_): A < i’} (29)

and

#{\ e spec(DW) : N2 < p? — Cy07%}
<#{\e spec(Pp,;,4,) 1 A < (A4p)*} + #{) € spec(Pp, 4 ) 1 A < (4p)?}. (30)
Proof. Let ny € C°(D,C?). Set & = (ﬁ_l/Zni) o z;' giving £y € F(\Ifgf)) with
supp(£+) C SE .. Extend & by 0 and set £ = &, +& € I'(¥™). From (25) we have
Q > 1 on . Together with (26) and (27) we then get

~ 2
€82ty = 92 Py 2 7 2oy
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and
~_ 2
||D((1k)€i||%2(gi) — HQ 1/2DR27A2‘:T]:|:HL2(D) S ||DD7Aini||%2(D)'

Since ¢, and £_ have disjoint support it follows that
112252y = N6+ 11T2s2) + 11€-NZ2s2 ) = 2oy + In-IIZ2m)
and
||D¢(1k)§||%2(82) = ||D¢(;yk)§+||%2(83_)+||D¢(1k)§—||i2(82_) < Po,a; 0+ l72m) + 1P,a-n-172(m).

A standard variational argument then leads to (29).

Now choose non-negative functions ys= € Cg°(Sj.) so that x5, + x5_ = 1
and |dys+| < Cu00~! on S?, where Cyq is independent of §. Let ¢ € ['(¥®)
and define compactly supported sections of \I/(jéC ) by setting &5+ = x5+ Also set
Mo = Q2654 0 2y giving 154 € C°(D,,, C2). Then (26), (the upper bound in)
(25) and (27) give

~ 2
||§5,i||2L2(S§t) = HQI/Z%,iHLz(Rz) < 2||776,i||%2(m5)
SO
||5||%2(s2) = ||55,+||%2(Si) + ||§5,—||%2(S2_) < 2[||7757+||%2(DT5) + ||775,—||%2(ID>T5)}'
Similarly
~_ 2
1D &5 2117262y = ||2 1/2DR2,Ain5,iHL2(R2) > 5 1Po,, a5, 122, )
while
IDPEN 7262y = X6+ DPENT 252y + Ixa-PLPEN T 2e2
. 2 . 2
= HD((I]C)657+ - ZJ(dX5,+)£||L2(S2) + Hpt(yk)gﬁ,f - ZU(dX(S,*)€||L2(S2)
= %U|D&k)56,+”%2(si) + ”D((xk)ﬁé,—ﬂiz(sz)] - 202,05_2|15H%2(s2)-
Therefore

IDEVENI7as2) + 20300 lI€lI72s2) = 5 [IPors a4 220, + 1Py a5 72, ]

A standard variational argument now gives (30) (with Cy = 2C%; note that I'(U(*))

is a core for D&k)). |

We can use (27) to transfer results about approximate zero modes on R? to S
information about the former was obtained in [E3].
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Proof of Theorem 4.1. For each k € Z we have a Dirac operator D,(CZ) on U®) with
magnetic 2-form k’(%VSZ + da). Pulling this back to R? using z4 as discussed above,
we can arrange so that the corresponding 1-forms on R? are simply kA, for fixed
(k independent) 1-forms Ay. The corresponding field is k8. where S = dAL. By

(28) we have
[ pel=[ 18 dep 31)

) 8,+

From [E3, Theorem 1.2] and (31) we get

liminf — #{)\Espec(PDkAi) )\<5k}>—/|ﬁjE 1/ 18]

ES 7

Combined with Proposition 8.1 we then have

1 1 1
liminf — ng o (ex) > —/ B8] + 2—/ 18] = @(|8]).
5+ TJsE -

|k|—oo | K| 27

Now let § > 0 and set R, = 16(R2 + C46~2) for k € Z. Then Ry, = o(|k|) as
|k| — o0, so [ES, Theorem 1.1] and (31) give

lim sup —
koo K]

1
#{)\ € spec(Pp,, kas) 1 A < Rk} < —W/ 1B+ = /2 18]
S,i
Combined with Proposition 8.1 we then have

ol S50 [ 81+ 5 [ 1= 208D +00

lim sup — 5

k| —00 W

as & — 0% (note that £ is bounded while [S5 , NS5 _| = O(4)). Taking § — 07 leads
to the stated upper bound for ny o (Ry). [ |

9 Spin-field estimates on S?

For any n let d : Q*(S?) — Q" }(S?) and § : Q*(S?) — Q" (S?) denote the
exterior derivative and its adjoint with respect to the Hodge * operator. We have
x 1 Q"(S?) — Q*(S?) with #* = (—1)" and § = — x d*. Also xvgz = 1.

The expression dd + dd defines the Laplace-de Rham operator on n-forms. For
n = 0 this reduces to dd = —A, the negative of the Laplace-Beltrami operator on
(scalar) functions. The Green’s function for the latter is given in terms of log(1—x.y)
(where the dot product is defined by viewing S? as the unit sphere in R?); more
precisely for any f € C*°(S?) with [, fvs: = 0 we have

1

fla)= 4

/ log(1 — 2.4) Af(y) vss(y) (32)
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for all x € S? (see [FS, Theorem 4.15]). From this we can obtain a related integral
representation for 1-forms. Firstly for any y € R? let p, € Q(S?) denote the exterior
derivative of x — z.y.

Proposition 9.1. For any w € Q'(S?) and x € S* we have

o) = 4= | P 5) veay) — / G2 g,

T 4r e l—zy 4m s 1—zy
Proof. Suppose f € C(S?) satisfies [, fvs: = 0. Taking the exterior derivative of
(32) with respect to = gives
1 Pyl
i) = 1= [ L s ve ) (33)

e e l—zy

Now suppose v € Q*(S?) with [, v = 0. Set g = v € C®(S?) so év = — * dg and
(6dg)vse = dov. Applying the Hodge * to (33) then leads to

v(x) = ! / md(ﬁ(y). (34)

C4rm 2 1—ay
Finally suppose w € Q(S?). Since H'(S?) = 0 the Hodge decomposition theorem

gives f € C(S?) and v € Q*(S?) such that w = df + dv. Since d1 = 0 = dvg: we
may assume [, fvs2 = 0 = [, v. The result now follows from (33) and (34). =

For any z,y € S? it is easy to check |p,(z)|sz = |(*py)(2)|s2z = 1 — (z.y)?. A
straightforward calculation then gives

/Sz pu(7) VSQ(J;):%?:/SQ

Coupled with Proposition 9.1 we immediately get the following estimate for 1-forms.

(xpy) ()

T vsz ().

1—2zy

Corollary 9.2. For any w € Q'(S?) we have ||lw||r1 < 37 (||dw]r1 + [|dw]|11)-

When needed {eq, e5} denotes an orthonormal frame (of local vector fields) while
{601,605} denotes the corresponding orthonormal dual frame (of local 1-forms). We

assume {eq, ex} is positively oriented so vsz = 01 Ay, Also x6; = 0y and x0y = —6.
For any w € Q'(S?) we have the local expression
dw=—trVw = —[(Vew)(e1) + (Ve,w)(e2)], (35)

where V denotes the Levi-Civita connection (on 1-forms; see [GHL, Lemma 4.8]).

For any spinors &,1 € T(W¥®)) let we,, € Q1(S?) be the unique 1-form satisfying

(wWems P)s2 = (€, 0(P)N) gy

for all p € Q'(S?). In terms of a local orthonormal frame we can write

Wey = (&, 0(01)n) g b1 + (&, 0(02)n) g O2.
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Lemma 9.3. Let V be a spin® connection on O®) . If¢, n € D(U®) and X € T(TS?)
then Vxwen = we ¢, +We s,y

Proof. We have X (we;, p)s2 = (Vxwe, p)sz + (wen, Vxp)s2 while
X(&a(p)ngw = (& Vxa(p)nhym + (€ Vx(a(p)n))gw
= (£, Vxa(p)mew + (& 0(p)Vxa(p)n)ww + (§a(Vxp)n)yw.
The result now follows from the definition of we . [ ]

Recall that Clifford multiplication extends naturally to 2-forms; in particular
o(vs2) = 0(01)o(02) while for any 1-form p

a(p)o(vsr) = —o(xp). (36)
Proposition 9.4. Let D be a Dirac operator on W . If & n e T(¥R) then
Swey = i(DE M) g — (& Dn)gw (37)
and
dwey = —i[(DE, 0 (Ve2)n) g + (€ 0(Ve2) D)y | Ve2. (38)

Proof. Let V denote the spin® connection defining D. By (35) and Lemma 9.3
0wey = —Ve,wep(er) — Ve,wepn(ea)
= —wg, 577(61) —wg, 517(62) - w§§ n(el) - 5@ 271(62)
= <[ (61) Vel +0(02)V 62}5 77>\11<k) <§ [ (61) Vel + o (62) 62}77>\1/(k>
_<2D§7 77>\I!(k) - <£7 ZDn>\Il(k)'

On the other hand working in a local orthonormal frame and applying (36) gives

*We n = (§, 0(=*02)m) gy %01 + (€, o (x61)0) gy %02
= —(§, 0(02)a(vez)n) w2 + (§, 0 (01)o(Va2)n) wir (—01) = We o (vao)n-

Together with (5) and (37) we get
Oxwe = _5(”5,0(\’82)77 = i(D§, o(vez)n) gy — i(§, —0(Ve2) D) g -
However d = — * §* and *1 = vgz so (38) follows. |

Proof of Proposition 4.2. Define a vector field X’ on S* by o/ = (X’,-)s2. Then
| X'|s2 = |o/|s2 while (&1, 0(a’)&) g = we, ¢, (X'). Hence

[(€1,0(a")&2)| < /2|<€1,0(a')§2>\p<k>“’§2 < /JX/|S2 |we, 2|52 Ve

:]

< || oo (s2) lwey o 11 (s2) <35 &[] oo s2) [|10we, 5 | 1(s2) + Ildwey 0]l 11(s2)]
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by Corollary 9.2. On the other hand Proposition 9.4 leads to

k k
0wy g |52, [dwe, gals2 < | DI €| gy 12l + 161w |Din o] 4o
= (M) +1X2]) &l [E2lww

(note that o(vs2) is a unitary operator in the fibres of ¥*)). However

2/SQ|51\\1:<'€> [alwiwy vs2 < /82 “fﬂ?p(k) + |§2|§,<k)} Vs2 = H§1||%2(s2) + ||52H%2(S2) = 2.

The result follows. [ ]

Acknowledgements

The author wishes to thank I. Sorrell and D. Vassiliev for several useful discussions.
This research was supported by EPSRC under grant EP/E037410/1. The author
also acknowledges the hospitality of the Isaac Newton Institute for Mathematical
Sciences in Cambridge, where this work was completed during the programme Pe-
riodic and Ergodic Spectral Problems.

References

[AMN1] C. Adam, B. Muratori and C. Nash, Zero modes of the Dirac operator in three
dimensions, Phys. Rev. D, 60 (1999) 125001.

[AMN2] C. Adam, B. Muratori and C. Nash, Degeneracy of zero modes of the Dirac
operator in three dimensions, Phys. Lett. B 485 (2000) 314-318.

[AC] Y. Aharonov and A. Casher, Ground state of a spin-1/2 charged particle in a two-
dimensional magnetic field, Phys. Rev. A, 19, no. 6 (1979) 2461-2462.

[BE1] A. A. Balinsky and W. D. Evans, On the zero modes of Pauli operators, J. Funct.
Anal. 179 (2001) 120-135.

[BE2] A. A. Balinsky and W. D. Evans, On the zero modes of Weyl-Dirac operators and
their multiplicity, Bull. London Math. Soc. 34 (2002) 236-242.

[E1] D. M. Elton, New examples of zero modes, J. Phys. A 33 (2000) 7297-7303.

[E2] D. M. Elton, The local structure of the set of zero mode producing magnetic poten-
tials, Commun. Math. Phys. 229 (2002) 121-139.

[E3] D. M. Elton Approzimate Zero Modes for the Pauli Operator on a Region,
arXiv:1408.3678.

[ET] D.M. Elton, N. T. Ta, Figenvalue Counting Estimates for a Class of Linear Spectral
Pencils with Applications to Zero Modes, J. Math. Anal. Appl. 391, (2012) 613-618.

23



[ES]

[F'S]

[F]

[FLL]

L. Erdés and J. P. Solovej, The kernel of Dirac operators on S® and R3, Rev. Math.
Phys. 13 (2001) 1247-1280.

W. Freeden and M. Schreiner, Spherical Functions of Mathematical Geosciences,
Springer-Verlag, Berlin (2009).

T. Friedrich, Dirac Operators in Riemannian Geometry, Graduate Studies in Math-
ematics 25, AMS, Providence (2000).

J. Frohlich, E. Lieb and M. Loss, Stability of Coulomb Systems with Magnetic
Fields I. The One Electron Atom Commun. Math. Phys. 104 (1986) 251-270.

[GHL] S. Gallot, D. Hulin and J. Lafontaine, Riemannian Geometry, 2nd Edition,

H]

K]

[LY]

[Tal

[T]

(W]

Springer-Verlag, Berlin (1990).
N. Hitchin, Harmonic Spinors, Advances in Math. 14 (1974) 1-55.

T. Kato, Perturbation Theory for Linear Operators, 2nd Edition, Springer-Verlag,
Berlin (1980).

M. Loss and H. T. Yau, Stability of Coulomb systems with magnetic fields III. Zero
energy states of the Pauli operator, Commun. Math. Phys. 104 (1986) 283-290.

N. T. Ta, Results on the Number of Zero Modes of the Weyl-Dirac Operator, PhD
Thesis, Lancaster University (2009).

B. Thaller, The Dirac Equation, Springer-Verlag, Berlin (1992).

H. Weyl, Inequalities between two kinds of eigenvalues of a linear transformation,
Proc. Nat. Acad. Sci. U.S.A. 35 (1949) 408-411.

Daniel M. Elton

Department of Mathematics and Statistics
Fylde College

Lancaster University

Lancaster LA1 4YF

United Kingdom

E-mail: d.m.elton@lancaster.ac.uk

24



