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Abstract

We extend the techniques and results of the multi-particle variant of the
Fractional Moment Method, developed by Aizenman and Warzel, to disor-
dered quantum systems in general finite or countable graphs with polyno-
mial growth of balls, in presence of an exponentially decaying interaction.
In the strong disorder regime, we prove complete exponential multi-particle
strong localization. Prior results, obtained with the help of the multi-scale
analysis, proved only a sub-exponential decay of eigenfunction correlators.

1 Introduction. The motivation and the model

The rigorous multi-particle Anderson localization theory is a relatively recent di-
rection in the spectral theory of disordered media. The first results in this direc-
tion, establishing the stability of Anderson localization in a two-particle system
in Z¢ with respect to a short-range interaction [16], have been immediately fol-
lowed by the proofs of exponential spectral localization (cf. [5, 17]) and exponen-
tial strong dynamical localization (cf. [5]) in /N-particle systems, for any fixed
N > 2.

In the multi-particle models with finite-range interaction, the MPFMM, when
applicable, provides the strongest decay bounds upon the eigenfunction correla-
tors (EFC), as does its original, single-particle variant. In particular, such bounds
are stronger than those proved with the help of the multi-particle MSA (MPMSA),
provided both methods apply to the same model. However, the relations between
the two approaches are more complex in the realm of multi-particle, interactive
models than for the systems with no interaction. In particular, in the situation
where the interaction potential decays slower than exponentially, the existing
techniques (based on the MPFMM or the MPMSA) allow one to prove only a
sub-exponential decay of the EFCs; in the case of the MPFMM this results in a



similar — sub-exponential — decay of the eigenfunctions, for the latter is derived
from the analysis of the fractional moments and, ultimately, of the eigenfunction
correlators. The MPMSA is free from this limitation, since one can carry out in-
dependent analyses of the EFC and of the EFs. Exponential decay of the EFs in
presence of a sub-exponentially decaying interaction was proved in discrete V-
particle Anderson models (cf. [19]) and in a class of continuous models with the
so-called alloy-type random potential (cf. [11]).

For these reasons, we consider in the present paper only the case of expo-
nentially decaying interactions, where an extension of the MPFMM techniques
developed by Aizenman and Warzel [5] allows us to prove exponential decay of
the eigenfunctions and of their correlators.

1.1 The multi-particle Hamiltonian

Consider a finite or countable connected graph (2, £) without cyclic edges en-
dowed with the canonical graph distance d = d¥): d(z,y) is the length of the
shortest path from z to y over the graph edges; d(x, z) = 0. We assume that

VL>1 sup cardBy(x) < CyLe.

T€Z
Further, consider the Cartesian power ZN N > 2, with the graph structure de-
fined as follows: x = (z1,...,zx) andy = (y1,...,yy) form an edge iff there
exists j such that d(z;,y;) = land z; = y; foralli € {1,...,N} \ {j}. The
graph with the vertex set Z" and the defined edge set will be denoted by Z%V.
For Z = 74, this construction gives rise to the graph (Z4)"N = 7N with the usual
graph structure.

The vertices of Z represent the configurations of N distinguishable quantum
particles in Z. An important characteristics of x = (xy,...,xy) is its support
[Ix := {zy,...,zny}. (Notice that in a system of N indistinguishable Fermi-
particles, IIx is the configuration.) We define the diameter of a configuration by

diam x = diam [Ix = max d(y, z). (1.1)
y,z€llx

It will be convenient to use also the max-distance in Z%,

p(x,y) = max d(x;,y;), (1.2)

1<i<N

and the so-called Hausdorff (pseudo-)-distance, defined actually for the supports
ITx, ITy and formally extended to the configurations:

dy(x,y) = max [maxd(z, Ily), m%xd(y,ﬂx) : (1.3)
yelly

zellx



A more natural object than the max-distance is its symmetrized counterpart
ds(x,y) = min p(x,7(y)) ; (1.4)
TeGN

here the elements 7 of the symmetric group Gy act on configurations by permu-
tations of the particle positions. As we explain below, the localization bounds in
our model can be established only in terms of a permutation-invariant metric in
the N-particle configuration space. Note that d4 is also permutation-invariant.
An important relation between dg and dy, is the following inequality:

dy(x,y) > ds(x,y) — min[diam x, diam y]. (1.5)

We study a random bounded self-adjoint operator in £2( ZV), of the form

H(w) = i ( — AV 4 gV(xj;w)) + U(x),

j=1
where V' : Z x () — R is a random field on Z (the single-particle configuration

space), relative to some probability space (€2, §,P), U is the operator of multipli-
cation by the function

X = (Il)"'amN) = ZU(|J:Z _xJD )
i#]
generated by a two-body interaction potential N > r + U(r), and AY) are repli-

cas of the canonical graph Laplacian on Z, acting on the respective variables
(particle positions) ;.

1.2 Assumptions

We assume that the interaction potential satisfies the following condition.
U)vr>0 |U(r)|<Ce ™, C,ac (0,+00).
Our main assumption on the external (random) potential is as follows.
(V1) The random field V' : Z x Q2 — R is IID, a.s. bounded, with
P{V(z;w) €[0,1]} =1,
and admits a bounded marginal probability density py (-).

The assumption of positivity is not essential, for a bounded random potential
V/, since one can introduce a new potential V (z;w) := V(z;w) — inf V' > 0, and
this simply results in a global energy shift, leaving invariant all eigenfunctions.
Restricting the support to the interval [0, 1] is convenient, but does not result in a
loss of generality, due to the presence of the amplitude g in the random potential
gV (5 w).



1.3 Main results

Theorem 1.1. Assume that the interaction potential U in the Hamiltonian H(w)
decays exponentially fast at infinity (cf. Assumption (U2)) and the external ran-
dom potential satisfies Assumption (N1). For gq large enough and for all g with
lg| > g0, H(w) exhibits exponential decay of the fractional moments of the Green
functions. Specifically, let I C R be an interval of length |I| < oo, then there
exists some m = m(g) > 0 such that for any pair of N-particle configurations
X,y one has

/E[|G(x,y;E)|5] dE < |I| e mdntxy), (1.6)
R

Remark 1.1. m(g) — +o00 as |g| — +oc.

Theorem 1.2. Consider an N-particle Anderson model with the single-particle
configuration space 7' and the Hamiltonian

H,(w) = —A+ ¢V (x;w) + hU(x), h €R.

Assume that the inter-particle interaction potential U decays exponentially fast at
infinity (cf. Assumption (U2)) and the external random potential satisfies Assump-
tion (V1). For any g # 0 there exists ho = ho(|g|, Fv, ||U]|) > 0 and m > 0 such
that for all h € [—ho, ho|, the random Hamiltonian H,(w) exhibits exponential
decay of the fractional moments of the Green functions: for any bounded interval
I CR

/E[ G(x,y; B)|* | dE < |I]e™mdn0Y), (1.7)

I

Theorem 1.3. The exponential decay of the fractional moments of the form (1.6)—
(1.7) implies complete exponential strong dynamical localization: for any config-
urations X,y

E {sup(ly | H®@) 1 | < O(x)e ™ sy, (1.8)
teR

Our proofs are closer to the original technique from [5] than to a more ad-
vanced method developed by Fauser and Warzel [21].

2 Basic notation and preliminary remarks

We will systematically make use of the elementary inequality which is one of the
cornerstones of the FMM technique: V's € (0,1) | 30, a,|” < 32, |an|*.

Another standard ingredient of the localization analysis is the second resol-
vent identity, (A+ B) ' = A" — A 'B(A+ B)"' = A" — (A+ B)"'BA™Y,
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valid as long as A and (A + B) are invertible elements of some algebra. It
will be always used in a situation where A and B are linear operators in finite-
dimensional (Hilbert) spaces, so there is no need to address the issue of bound-
edness and domains. Often, albeit not always, it will be used in the case where
A=A DA H—H,

Ho=02(A) @ C(A) = (A UAy), A (A;) = (A,

A; C Z being finite subsets with the boundaries D; = 0~ A;, D1 ND, =: D # @.
As to the operator B, it has the form (in Dirac’s "ket-bra" notation)

> (L)1 +11,)(1a]),

(zy)

where (xy) runs over all pairs with z € Dy, y € Dy and d(z,y) = 1. In this case
the resolvent equation takes the form often called the Geometric Resolvent Equa-
tion (GRE) and implies the Geometric Resolvent Inequality (GRI), sometimes
also referred to as the Simon-Lieb Inequality (SLI). Its FMM-flavoured variant
(which will be referred to as the FGRI = Fractional GRI) reads as follows:

Gale, g B)P < Y |Ga (@, ws E)PIGA(w g E))

(w,w’>€D1 X Do

Following [5], we introduce the energy-disorder expectation E! [-]: given an
interval / C R of length |/| > 1 and a measurable function f : R x 2, we set

B (f(B.w) = 1] [EL1(E.w) dE.
I
where [E [ -] is the conventional expectation relative to (£2,?). The benefits of
averaging over the augmented, energy-disorder probability space are two-fold:

1. In the fractional moment analysis of the Green functions, it allows one to
focus on the decay properties of the eigenfunction correlators and prove a
crucial result on finiteness of the fractional moments by a “soft” argument,
based on the Boole identity (cf. Appendix C) and an explicit integration in
the energy.

2. The derivation of the decay bounds on the eigenfunction correlators from
the bounds on the fractional moments of the Green functions, used in the
present paper (cf. Sect 2.1), employs a Chebyshev-type argument in the
energy-disorder space rather than in the disorder space, so the bounds in
terms of the expectations E! [ -] turn out to be a natural tool for such a
derivation.



The following elementary statement explains what makes the 2-particle sys-
tems special in the framework of our analysis:

Vx,y € 2% dy(x,y) =ds(x,y).

For example, with Z = 7%, the Hausdorff distance is the symmetrized version
of the genuine norm-distance in (Z%)? = 7Z2?. Thus the 2-particle decay es-
timates established in the Hausdorff distance imply those in the (symmetrized)
norm-distance.

2.1 Finiteness of the fractional moments

A priori bounds on the fractional moments of the resolvents have been one of the
inescapable ingredients of the FMM since its inception in [1]. Their adaptation
to the multi-particle models (cf. [5]) is, however, more involved than in the 1-
particle theory. Both Ref. [5] and a more recent work [21], as well as [4] dedicated
to the FMM for differential random operators, refer to some general results on
maximally dissipative operators and related topics; cf., e.g., [4], [7, 8, 30].

We will need the following statement.

Lemma 2.1. For any s € (0, 1) there exists Cy < oo such that for any finite
connected subset A C Z, any two sites uy,uy € Z, with n := card {u;,us} €
{1,2}, and any pair of configurations x,y € A? with 1Ix > uy, Ily > uy, the
following bound holds:

E[|G(X,¥; E)* | §urus | < My < 400, (2.1)

where
MS = MS($797FV7n) S C(FVan) |g|_s? (22)

for some C(Fy,n) < oo.

In Ref. [5], the proof of such an a priori bound has been clearly outlined, with
direct references to prior works containing necessary analytic and probabilistic
results and making the proof complete; it does not rely on any specific form of
the interaction potential, be it of finite or infinite range, since only the random
potential is used in the main argument. However, for the reader’s convenience,
we provide in Appendix D a detailed, self-contained proof of Lemma 2.1 relying
on a bare minimum of analytic tools, including the Birman—Schwinger relation
for finite-dimensional operators and the Boole formula [6] (proved in Appendix
C; the remarkably short and elementary argument is due to Loomis [27]). The
proof shows that M is a continuous function of the interaction potential. In par-
ticular, for the interaction of the form AU (x), with fixed U(-) and h € R, it
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depends continuously on h; this fact is used in the application of the MPFMM to
the perturbations of the non-interacting /V-particle system by weak interactions
hU, |h| < 1.

2.2 From the fractional moments to the EFCs

This subsection may prove to be of limited interest to a reader familiar with mod-
ern methods of derivation of strong dynamical localization from the suitable esti-
mates, in probability or in expectation, obtained through a fixed-energy localiza-
tion analysis. The main goal here is to show that the scaling analysis performed in
Section 3 implies indeed /V-particle dynamical localization for any given N > 1,
provided the localization for the single-particle systems is sufficiently strong.

We employ an argument developed by Elgart et al. [20]; this is in essence an
advanced version of an older Chebyshev-type argument given by Martinelli and
Scoppola [28] in the general context of the MSA (the FMM was not known yet in
1985). Its form given below appeared in [9] and [18].

Given a ball By, (z), introduce a function

(B,w) = F,(E;w) =F,(F;w) == max |Gg,(»(z,y;:E;w)|
y€0~Br(z)
In a number of formulae below, the radius L will be fixed (and clear from the
context), so it will be often omitted from notation I, ;, for brevity.
We denote by X(Hg, (,)(w)) the (finite) spectrum of the operator Hg, () (w).

Lemma 2.2. Let be given a ball By(z), a bounded interval I C R, and real
numbers ay,, by, cr, qr, > 0 satisfying

by < min{arcs, e} (2.3)

and
P{F,(F;w)>ar} <qr. (2.4)

Then there exists an event Sy, such that P{ S, , } < bzqu and for any w & Sy 5,
the set {E € I : F,(F;w) > 2ar} is covered by a union of intervals

K,
UL, L ={E:|E-)\|<2c}, K.<|B(z)],
=1

centered at the eigenvalues \; € ¥(Hg, (5)(w)) N I.

Proof. Consider the random Borel' subsets of I parameterized by a’ > 0,

Swa(w)={F €l:F,(F)>d}

'Recall that F, is continuous outside the finite spectrum of Hg L(2)-
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and, with a, satisfying (2.3), the events parameterized by ¢’ > 0:
Sy o :={w: mes(&,,,) > b}

Assuming (2.3)—(2.4), apply Chebyshev’s inequality and the Fubini theorem:

P{S,»} <b,'E {/1FZ<E>>aL dE} = bil/E [ 1r,(2)5a, | dE
I I (2.5)

e /IP’{FZ(E) > an} dE < b 1] q.
I

Fix any w & Sp, ., so that mes (&,(ar;w)) < by, and consider the random sets
parameterized by ¢ > 0:

RZ()={ eR: mjin I\ (w) = Al > '}

Note that for 0 < by, < ¢p, o, = {E : dist(F,Z(2cL)) < br} C Z(cL), hence
the set @%,,CL is a union of sub-intervals at distance > ¢, from the spectrum. Let us
show that

Vw Sy, {F:F.(Fw)>2a}NA(2cL) =02.

Assume otherwise and pick any point A\* in the non-empty intersection figuring in
the LHS. Let J := {E': |E' — \*| < b} C o, C #(cL),soforany £ € J we
have ||G(E)| < ¢;'. Further, by the second resolvent identity, for any £ € J we

have
IGE) = G = A = EHGA)IIG(E)|

> 2ap, — be;® > ay,

owing to (2.3). Therefore, &, O J, which is impossible, since mes &, ,(w) < by,
while mes J = 2b;,.
The obtained contradiction completes the proof. [

Theorem 2.1. Let be given a bounded interval I C R and real numbers ay, by,
cr, qr > 0 satisfying (2.3) and

max supP{F,(E) >ar} <qr. (2.6)

ze{x,y} Eel

Assume also that for some function f : [0,1] — R, one has
]P{diSt(E(HBL(I)),E(HBL(y)» S S} S f(S) (27)
Then

P{3E cR: min{Fx(E),Fy(E)} >a,} <2/I|b " 'qr + f(der).  (2.8)



Proof. Introduce the events Sy, , = {w :mes{F € I: F,(FE) > ar} > bL},
and the random sets &, ,(w) := {EF € I : F,(F;w) > ar}, forz € {x,y}, as
in Lemma 2.2. By Lemma 2.2, we have P{S,, , } < b;" |I| q1, so for the event
Sy, = Sp,x USy, y one has P{S,, } < 2b;'|I|. Forany w ¢ S,,, each of the
two sets &, x(w), &,, y(w) has Lebesgue measure bounded by b, thus

P { sup min F,(F) > aL} <P{éa, NEya, #9}

Eel ze{xy}

<P{S}+P{ {fea, NGy # 01\ S, |
<2011+ P{ {Gay Ny, # 2T\ S, |-

By construction of the set &, ,,,z € {x,y}, forany w ¢ S, it is contained in the
2c-neighborhood of the spectrum %, (w) of Hg, (5)(w), hence

P{ {cas N vy # D3\ iy | <P {dist(Sx(w), Ty (w)) < dep }
< f(der),

by virtue of the eigenvalue comparison bound (2.7). This completes the proof. [

It is readily seen that the condition (2.3) is fulfilled with

ImL

_1 _2 _1
a;p = e 3mL’ bL:e SmL’ cp =e sm mL

y qp =€ )

The proof of the above theorem relies on the EV comparison bound (2.7). For
our purposes, it would suffice to quote Ref. [15] where a suitable bound was
proved.

Note also that in the context of multi-particle Anderson models in a contin-
uous configuration space (R?), Klein and Nguyen [26] recently improved and
extended the multi-particle two-volume bound to a large class of alloy-type An-
derson Hamiltonians; in particular, this class is larger than the one considered in
Refs. [12,21].

Proposition 2.2 (Cf. [25, Corollary 2.4]). Assume that the marginal probability
distribution of the random potential V' admits a bounded density py. Then for any
pair of N-particle configurations X,y with dy(x,y) > 2L, one has

P{dist(S(Hp,(x), X(Hgp, () <€} < C(N)L*|pv| €. (2.9)

The next statement is given in the form presented in [9] and [18], but the
credit goes essentially to Germinet and Klein [22] who proved a stronger and more
general result. It refers to an interval / C R, to be consistent with the previous
discussion. However, unlike Theorem 2.1 where integration over / is performed,
here the boundedness of I is not important; for example, one could take I = R,
provided the validity of the hypothesis (2.10) is established in I = R.
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Theorem 2.3 (Cf. [9, Lemma 9]). Given a positive integer L, assume that the
following bound holds true for a pair of disjoint balls By (x), B (y) and some
ar, hL > 0:

P { sup min [Fx(E),Fy(E)] > a;, } < hy. (2.10)
Eel

Then for any finite connected graph G O B (x) U B/ (y) one has

E <2arp+hy. (2.11)

sup | (1x]o(Ha)[1y)|
pe%#1(R)

Proof. Fix a finite graph G D B (x) UB[(y). The random operator Hg(-) has a
finite orthonormal basis {W;(-)} with associated EVs { £;(-)}. Let

S, = {w: supmin [Fx(E),Fy(E)] > a.}.

Bel
By hypothesis, P{ Sy } < hy. Fix some w € 8§ = Q\ S, and suppose that for
each eigenvalue E; = E;(w) there is z; € {x,y} such that B.(z; is F;-NS; let

{vi} = {x,y} \ {z:}. Denote %, := |(1«|¢(Ha)|1,)|, then by the GRI for the
ball By (z;) we have, with w fixed and omitted from notation for brevity,

Dy < 0]l Z |T;(x) Oi(y| < Z @ (vi) Wy (z))|

Eiel E;el
< > [T h(CLM) T Y i)
E,el (u,u’)ed—
h
< OLLNd Z |‘IIZ(‘1)‘ Z (l\IJz(X>‘ + “I’z(Y)D
Eiel (u,u’)eo—
hi|B]| 1

(|2%:(w)|* + | (w)] + [@:(w)])

max —
— OLNd weg 2
E;el

h
< 7 max (2|1 "+ |1+ [|1y[[") < 20

where the last line follows from Bessel’s inequality. Hence
E[@x,y] S E [132%,y} +E[]—SL@)(,y] S QCLL + hL-

O

Collecting Theorems 2.1 and 2.3 and Proposition 2.2, we come to the follow-
ing conclusion.
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Theorem 2.4. Suppose that the following condition is fulfilled: for some Ry € N
and all N > R > Ry, for any configurations x,y € ZN with dy(x,y) > 2R

max_supP { F.(E) > e_%mR} <e ME (2.12)
ze{x,y} Eel

Then for any pair of configurations x,y € ZN with dg(x,y) > 2R > 2R, and
finite connected subgraph G O Br(x) U Bg(y) one has

E| sup [(Lo(Hg)|1y)| | < (CilI] + Cy)e 5™ 4 Cge=5™F. (2.13)

pc#1(R)

Furthermore, on account of the geometrical inequality
dH(X7 Y) Z dS<X7 y) — diam I[Ix = dS(Xu y) - O(X) )

one has, therefore,

E

Sup ‘<]‘X‘¢(Hg)’1y>} SConst(x)e*Nds(xvy)_
¢€e%1(R)

The dependence of the RHS factor on x, through diam IIx, renders the dy-
namical localization bound non-uniform in the /N-particle configuration space,
for N > 3, while for N = 2 one can actually replace Const(x) by an absolute
constant, owing to the equivalence between dg and dy in this particular case.

2.3 From EFCs to GFs

In this subsection we provide a detailed proof of a fairly general relation between
the resolvents and the EF correlators, which had been used in numerous works
on the FMM. The single- or multi-particle nature of the Hamiltonian at hand is
irrelevant, as long as the fractional moments of the EFC can be effectively assessed
in the intended application(s) of the general relation. Recall that it suffices for our
purposes to establish strong dynamical localization in arbitrarily large but finite
domains in the configuration space (with the remaining work to be done with the
help of the Fatou lemma, as in [2—4]), so we can indeed restrict our analysis to the
finite-dimensional operators.

Lemma 2.3. Let H = Hg be an N-particle Hamiltonian in a finite graph G, and
G(x,y; E) the kernel of its resolvent G(E) = (Hy — E)_l and Q(x,y) the EF

correlators®

Q(x,y) = Z P, (%), ().

2We choose the eigenfunctions real.

11



Then for any bounded interval I C R and any s € (0, 1)

2| ‘ls

[IGtyiB)rar < (@) @.14)

Proof. In this deterministic statement, the EFs are fixed, and the only relevant
variable is £. Fix the points x and y. The GF is a rational function, and we divide
it into the sum of two terms, according to the signs of the numerators:

C; C;
E) =) d L = G'x,y;E)+ G x,y; E).
G(X7y7 ) EZ _E + Ez _E G X’y’ )+G X? yﬂ )

E;:c;>0 FE;:c;<0

We have
/y ]dE</]G+ \dE+/\G B)|* dE

Both integrals are assessed in the same way, so we focus on the first one.

It is convenient at this point to introduce probabilistic language, as we are go-
ing to apply a standard technique for the probability distribution functions (PDF),
and consider the probability space (I,B;, mes;), where B is the Borel sigma-
algebra and mes; := |I| 'mes the normalized (i.e., probability) Lebesgue mea-
sure in I C RR. Further, consider the measurable function G* : E — G*(FE) (i.e.,
a "random variable" on (/, mes;)), and let F'¢ (¢) be the PDF of its absolute value:

Fi(t) = mes;{E: |GTx,y; E)| < t}.

Then
[164 ey Bl dE = 11 B (1G4 ey B)] = 11| [ #aFu(
I 0

Using integration by parts for the Stiltjes integral, we obtain for any s > 0

/ tSdF.(t) = 3/ 71 (1 = Fy(t)) dt,
0 0
where both integrals converge or diverge simultaneously. The goal of this trans-
formation is to reduce the estimate to that of the tail distribution function ¢ —
1 — Fi(t) = mes;{F : G*(E) > t}, with the help of the Boole identity (cf.
Proposition C.1), applicable to any rational function with simple, real poles and
positive expansion coefficients, f : ¢t — Z and stating that

2 Z?:l Gi
t )

zlt

mes {\: |f(\)] >t} =
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hence

2 7»1_ C;
mesy{A: [f(N)] >t} < %

Recall that, in fact, ¢; = 1,(x)%,;(y) (we choose the EFs real), so that

Z ¢ < Qy(x,y), Z (—ci) £ Q_(x,y),

i:¢; >0 i:¢; <0

where QL (x,y) are components of the EF correlator:

Qi (xy)+Q (xy)= ) lal <Qxy).

kel

Thus, denoting for brevity Q+ = QL (x,y), we have

. _ 2Q
1 — Fu(t) < min (1,2Qx([1[t) ™) = Ljpaq./n(t) + |I—|f1[2Qi/|1,+oo) (t)
and - -
/ t5dFL(t) < s/ 571 (1 — Fy(t)) dt.
0 0
2Q/| s
< s/ ts‘ldt+25Qi/ 572 dt
0 2Q/|1
QQi)S (2Q.)"!
=) T2Qe 7,
( || [1]*(1 = s)
QU
1—-s
Therefore,
S 2S|_[|7$ S S
ey ) dE < 1121 @, ey + Qo))
I
_ Qe y)l
- 1—s '
where the last inequality follows from *F2° < (242)" "5 < 1. O

3 Decay of the fractional moments of the GF's
Following [5], we will use the sequence of length scales { Ly, k > 0} defined by
Lyyq = Q(Lk—I—l), kE=0,1,..., (3.1)
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or, explicitly,
Ly =2"(Lo+2) — 2. (3.2)

We consider two N-particle configurations x,y with R := dy(X,y) € (L, Li+1]
for some k£ € N, and choose some a € IIx, y € Ily such that R = d(a,y). Such
points a, y exist by definition of the Hausdorff distance.
On Fig. 1, where the case Z = 7! is illustrated, we set a = 0, by translation
invariance of the random potential in the 1-particle configuration space.
Introduce the following notation:

XM u) = XMV () = {x e AV : TIx 3 u, diam TIx < L}. (3.3)

Equivalently, setting u = (u,u,...,u), X4 (u) = Ar(u) N AV is the set of all
N-particle configurations in the "physical" domain A at distance < L from the
position .

For notational brevity, the Green functions G(x,y) with no subscript (and the
energy FE usually omitted from notation, as we perform a fixed-energy analysis
in the scaling procedure) refer to the Hamiltonian in the above mentioned large —
and fixed — domain A.

In order to successfully carry out the scale induction, one needs of course
some technical assumptions relative to the fractional moments and eigenfunction
correlators at a (properly chosen) initial scale Lj. Such initial scale estimates will
appear in the course of the induction step; their validity at the scale L is discussed
in Section 4 below.

As to the magnitude of L, suitable for the induction, it can be arbitrary for
the proof of localization at large disorder: the larger L, the larger must be the
amplitude |g| of the random potential guaranteeing the onset of the N-particle
localization. The strong disorder manifests itself in a very clear way — through a
small constant M, < C'|g|~* figuring in a number of formulae.

However, in the case of an N-particle system in one dimension, with possibly
small disorder amplitude |g|, one has to choose L, large enough, to ensure that
the decay of GFs/EFs/EFCs at distance L is perceptible. See a brief discussion
of the Lyapunov exponents in one dimension in Section 4.2.

Assumption for the step N — 1 ~~ N, N > 2,
For all n € [1, N — 1], the EF correlators Q" (x,y) of n-particle systems in
the domain A fulfill the following condition: for some A,my_; > 0 and all
X,y € X"

E[QM(x,y)] < Ae mn-1dnloy), (3.4)
Observe that the expectation in (3.4) is relative only to the disorder, since the EFCs
do not depend upon energy.

The rest of this section is the central part of the paper. Its role and relations
with other sections can be described as follows.
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1. Below we focus on the derivation of exponential decay bounds on the frac-
tional moments of the N-particle system in A, with some my € (0, my_1)
to be chosen appropriately.

2. The validity of the assumption (3.4) for N = 2, i.e., relative to the 1-particle
systems, is discussed in Section 4. It follows from the well-known results
of the single-particle fractional moment analysis.

3. Once the exponential decay bounds on the fractional moments of the V-
particle GFs are established, the corresponding exponential bounds on the
N-particle EFCs (required for the next step of the induction on the number
of particles, N ~» N + 1) will follow from the general arguments given in
Sect. 2.2. An important (and unfortunate) feature of the existing methods
of the multi-particle Anderson localization theory, including the MPFMM,
is a deterioration of the decay rate m,, at each induction step n ~» n + 1:

My > Mo+ > My_1 > My. 3.5)

In fact, both the MPMSA and the MPFMM result in my ~ O(my /(N — 1)!).

For notational brevity, below we often drop the subscripts from the notations
for the decay rates like m,,. We work here with the N-particle systems and their
subsystems of n < N — 1 particles in A, so the minimal decay rate is given by
my—_1 > 0 which we denote by m.

Theorem 3.1. Fix N > 2 and assume that for alln = 1,..., N — 1, the ex-
ponential decay of theEFCs is established, in the Hausdorff distance(s) for n-
particle Hamiltonians H™ (w) with decay exponents my > my > -+ > m,,_1.
Then for some ¢ > 0, the N-particle Hamiltonian H™)(w) also feature ex-
ponential decay of the EFCs in the Hausdorff distance, with decay exponent
my > cmy—1/(N —1).

Proof. The argument given below relies heavily on Theorem 3.2. The analysis of
the case where max [diam x, diam y} > Lj/2 can be performed separately, and
we do so in Section 5. By Lemma 5.1, the assumption diam x > L /2 along with
(3.1) and the inductive hypothesis (3.4) imply

CMN-_Lp.
Y

E/[|G(x,y)|?] < Aem™r = Ae™ W c> 0. (3.6)

Hence we can focus on the pairs of configurations of diameter < L /2.
Since [Ix > a and diamx < L;/2, we have x € By, /»(a), where we denote
a=(a,a,...,a). By construction,

7
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Figure 1. An example for the proof of Theorem 3.1. Here d = 1, N = 2.

thus y ¢ IIB;, /»(a). By the FGRI applied to the cube B, /»(a),

E'[|G(x.y)I°]

< |0Bp, 2(a o
= | Lk/2( >‘ (w,w')€IBL, /o(a)

= s s (3.8)
B |Gy, oo (6 W) GO )|

Here ITw' = {w, wh, ..., wiy_,} with d(0,w’) = 1Lj, + 1. Setu; = w', up = y.
Then wy, us & Ap, /2(0), so GBLk/Z(a) (x, W) iS § £y, u,-measurable, with F 4y, .,
generated by {V'(z;-), 2 € Q \ {uy, us}}, so for any fixed pair w, w’ as above,
B! |Gy, (6 W) [GOW, )l |
~ . 3.9
< B[ (G, 00 (% W) BT [IGW, 3)I" | Sorur) ]| -

Applying Lemma 2.1 (cf. Eqn. (2.1)), we obtain a uniform upper bound

E [|1GW,)* | Foruruy | < Cslgl ™, (3.10)

thus
B (|G, y)I*] < Culgl~|0Br, ja(a)| B [ G, 00 (5, W)
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Aplying the bound (3.13), we conclude that
E'[|G(xy)["] < Cilg|*[0By, 2(a)| e,

]

Assessing the RHS expectation in (3.9) is the most tedious task, and it is en-

trusted to the multi-scale induction in Theorem 3.2. Introduce the following nota-
tions, to be used below with L = L; ;) (cf. (3.3):

T(L):=0B(a)] sup > E'[|Ga(x,w)|"]. (3.11)
ACBL(a) d(a,u)=L
xeXé/Q(a)
WEX/L\/Q(w)

We also need a slightly modified® quantity, defined for L = L; 4, j > 0:

Y(Ljy1) := |0Br,,,(a)] sup > E'|Ga(x, W] (3.12)
ASBL G daw)=Lj 41
XEX%J_/Q(CL)
WEX%j/2(w)

The correlators Y(L,), Y(L,+1) are required to carry out the scale induction, but
Y (Lj41) are simpler to assess®.

Theorem 3.2. Forall k > 0,
Y(Ly) < e embn, (3.13)

Proof. Unlike Theorem 3.1, we consider now the pairs x,y with [Ix 5 a, [Iw >
w with specific values of the distance d(a, w) = L;, j > 1, so the scale induction
will be carried out only for such distances. To avoid confusion with the previously
used notation and arguments, the scales will be labeled by the index j.

We have x € By, 2(a) C B, (a), w € 0"Bg,(a). Here w is L;/2-split and
distant from x: diam w > L;/2, ds(x,w) < L,/2, thus by Lemma 5.1,

R! [|GBL(3)(X, W)|S} < Const ek

From this point on, we consider the configurations w of restricted diameter.

3Observe that, in the definition of Y(L) with L = L; 1, the diameter L;/2 figuring in (3.12)
would have to be replaced by a larger one: L; /2.

*As mentioned in the Introduction, we always work with energy intervals I of length |I]| > 1,
and while a more detailed definition of the correlators T, T would include the supremum over all
I with |I] > 1 (cf. [5]), we drop it from the equations (3.11)—(3.12) which are already excessively
cumbersome. In any case, the supremum in question is finite.

17



We aim to show first that the quantities Y(L;), j > 0, satisfy the recursion

Al
T(2(L; +1)) < |g|sT2(Lj) + ALY e, (3.14)

and then infer from (3.14) that Y(L,) decay exponentially.
Approximation by truncated correlators. Let us show that (cf. (3.11)—(3.12))

0 < Y(Ljp1) — T(Ljy1) < 2A - (Ljq)%e b, (3.15)

Consider any term E/ [|Ga(x,w)|*] figuring in the sum for Y(L;;) but absent
in Y(L;41). Its exclusion from Y (L, ;) implies that

1 1
§Lj < diamw < §Lj+1 ;

here the RHS inequality is due to the constraint figuring in the definition of Y (L, ).
Both bounds on diam w are important. First, [Ix 5 a and IIw > w with d(a, w) =
L1, so it follows from the upper bound diam x < L, /2 that
1 1

du(x,w) > d(a,u) — ELj-f—l = §Lj+1-
Next, the lower bound diamw > L;/2 enables us to apply Lemma 5.1 on R-
distant configurations at least one of which is R-split; here we have R = L,/2
with L] = %Lj+1 —-1> %Lj+1, thus

E'[|Ga(x, W)[*] < Ae oL = Aemsmbin,

so it remains only to assess the number of relevant terms.

There are < C' L%ﬁ*l)d choices for the pair (x, w), since IIw > u with u fixed,
IIx > a, and diam x, diamw < %Ljﬂ. Thus the number of terms which consti-
tute the difference Y (L;;1) — T(LJH) is bounded by CL>" """ This completes

j+1
the proof of (3.15).
Recursion with truncated correlators. Consider the correlator T(Ljﬂ). In-
troduce the configuration w = (w,w,...,w) (it plays the role similar to that
of a = (a,a,...,a), and denote for brevity B’ = By, (a), B” = B, (W),
A" =By, 2(0), A" = Bg,j2(u). By the FGRI, we can write

B [1G(x, w)[*]
> E[Gu(x2)"|Ge(v. W) B |G V)" [§aun] |.

(z,2") EHBLJ. (a)
(v,v') E@BLJ. (w)

IN
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V \\/ B”:BLk(‘;\V)

\ BLk (w)

aiming, of course, to obtain a uniform upper bound on the conditional expectation
in the RHS. To this end, notice that d(z’,a) = 1 + L;/2, thus Iz’ > 2’ with
2 ¢ N. Similarly, IIv' 5 v/ with o' ¢ A”.

Therefore, the sigma-sub-algebra §../,, generated by the random potential
in Z\ {2/,v'} is larger than §.s~, and applying Lemma 2.1 to the expectation
R/ [+ | §22rar |, we obtain

E' “G(Z/7V/)|S | 3A/UA~] =E; [EI“G<Z/7V/)|S | S#Z’,v’] ‘SA’UA”] <

<A

Thus

| Q

EIGxwII<= Y.  E[Gexu)l]E [[|Gp(v,W)] .
(z,z')E@BLj (a)
(V,V/>€8BLJ. (w)

Q

Now consider E’ [ |G/ (x, u)|*]; the remaining expectation in the RHS is as-
sessed similarly. This is done in two steps:

(a) For z with diamu < L;/2 we use the scale induction:
Y E'IGa(x2)] < (L),

(z,z')EBBLj (a)
diam u<L;/2
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(b) If diamz > L;/2, then we apply Lemma 5.1:

E'[|Gar(x,2)|°] < Ae” 2l

Collecting all possible vertices z of the categories (a) and (b), and upper-
bounding the number of vertices from each category by |0~ A (x)|, we obtain

SUE (|G (x,2)]"] < C (Y(Ly) + C'Lie ™), q = 2(N —1)d.

Similarly,

SR [|Gar(v.w)*] < Clgl (Y (Ly) + C'Lie™51).

Denote My = 2C'|g|~*, then

1 n
T(Ljs) < 5 M, (Y(L;) + C'Lie 510",

where
Applying the approximation formula (3.15), we obtain

1 m m

M. (Y(Ly) + Cle™51)" 4 ALY, e %1

1 m 2 1 m (3.16)
< 5M; (T(L;) +e 35) + 56—3%,

T(Lj41) <

provided L is large enough (depending on m > 0).
Let T; = T(L;) + e~ 5Li, then (3.16) can be re-written as follows:

Yo < GMG 4 geih, (3.17)

In order to complete the induction step, we have to assume that
MY, <1, (3.18)

thus R
Fv>0: fyi=e MY, < eV, (3.19)

The validity of the assumption (3.18) (hence, that of (3.19)) is established in Sec-
tion 4: (i) for strongly disordered systems, and (ii) for sufficiently weak perturba-
tions of localized non-interacting systems in one dimension.
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Denote (), = eQVMS1 / Q?k, k > 0, then we have the recursion

1 1 m
Bre1 < 567211513 + 562”M;/2671Lk
1 1 _m
< ée_z”ﬁg + 58_?&“,

(3.20)

provided that L is large enough. A simple calculation (cf. Lemma A.1) shows
that (3.20) implies -
Vk>0 7Y(Lg) < Const e ALk

with some 1 > e¢m > 0 (specified in Lemma A.1). This completes Step 4 and
the proof of exponential decay of the fractional moments of the N-particle Green
functions. As was explained before, the output from the induction step N—1 ~» N
for the GFs implies exponential decay of the N-particle EFCs (cf. Sect. 2.2). This
makes possible the next induction step N ~» N + 1, but only if the initial decay
rate my (cf. (3.5)) is large enough, or, more to the point, if the obtained decay rate
my for the N-particle systems is not too small — this is why the induction in N
cannot be continued indefinitely.

4 Initial scale estimates for the N-parictle system

4.1 Strongly disordered systems in any dimension

The bounds for 1-particles Hamiltonians, sufficient for our purposes, are estab-
lished in a number of papers on the conventional Fractional Moment Method;
cf. [1-3]. The scaling procedure in Section 3 allows one to establish the expo-
nential decay bounds on the fractional moments of the /N-particle Green func-
tions. Section 2.2 provides then the derivation of the exponential decay bounds
on the N-particle eigenfunction correlators, thus completing the logical cycle
EFC(N —1) - GF(N) - EFC(N), i.e., the induction step N — 1 ~» N
for the EFCs.

4.2 One-dimensional systems with arbitrarily small disorder

Apart from the strongly disordered Anderson models in any dimension, Aizenman
and Warzel [5] considered also the situation where the non-interacting system
(formally speaking, in any dimension) features strong localization properties, and
proved stability of Anderson localization under weak perturbations, i.e., with an
interaction (of finite range) of sufficiently small amplitude; the latter may depend
upon quantitative characteristics of localization in the non-interactive system.
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The most appealing case is the N-particle system in Z!, for Anderson local-
ization in one dimension is non-perturbative, i.e., occurs for arbitrarily small but
nonzero disorder amplitude; cf. [24]. In fact, it occurs for any nontrivial proba-
bility distribution of the IID random potential, but the Fractional Moment Method
can only be applied under a much more restrictive assumption of Holder continu-
ity of some order § € (0, 1].

Below we consider only the extension to the one-dimensional N-particle sys-
tems with exponentially decaying interaction, but it will be clear from the argu-
ments that general result on stability under weak interactions remains valid in any
dimension.

Recall that in order to carry out the inductive procedure and, in particular, to
apply Lemma A.1, it suffices to find m > 0 and Ly € N* such that (cf. (3.18)—
(3.20))

T(Lo) + e 5lo < M7V2, (4.1)

for some s € (0, 1) and M defined in (2.2). It follows from the results of the frac-
tional moment analysis of the one-dimensional lattice Anderson model that for
any amplitude |g| # 0 of the random potential (z,w) — gV (z;w), the eigenfunc-
tion correlators for the single-particle Hamiltonian H (w) decay exponentially fast,
with rate m(g) > 0. It is closely related to the upper Lyapunov exponent ~(F)
for the one-dimensional lattice Schrodinger operator, the asymptotical behaviour
of which, for |g| \, 0, is well-known; cf. [13,14,23,29,31,32].

The bottom line is that for A = 0, i.e., in absence of interaction, Y (Lg) <
e #Lo for some o > 0, thus both terms in the LHS of (4.1) can be made arbitrary
small by choosing L large enough, thus guaranteeing the validity of (4.1) (for
h = 0). Since for L, fixed, the EFCs are continuous functions of the parameters
of the Hamiltonian, the strict inequality of the form (4.1) is preserved for all A
with |h| < he, provided h, > 0 is small enough. This provides the required
starting point for the quadratic recursive inequality for the sequence (3., studied in
Appendix A.

S Tunneling from split configurations

Here we establish a key ingredient of the multi-scale inductive procedure, Lemma
5.1, allowing one to extend the techniques from [5] to the interactions of infinite
range. The main argument does not use scale induction carried out in Section 3,
which is one of the reasons we prove Lemma 5.1 separately.

Lemma 5.1. Suppose that

min [dy(x,y), diam (x) V diam (y)] > R > 0.
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Assume also that the n-particle EF correlators feature an exponential decay, with
a positive decay exponent m (= m(N — 1)). Then for some ¢ > 0, one has

E[|G(x,y)"] < Ae”". (5.1)

In other words, the EFC decay with exponent m(N — 1) in subsystems of up to
N — 1 particles results in exponential decay of the fractional moments of the N -
particle Green functions, with exponent m(N) > ecm(N — 1).

Proof. Without loss of generality, assume that diam x > max [diam y, R} . Then
for some partition of the index set {1,..., N} = J U J°, we have x = (X7, X7¢)
with dist(IIx 7, [Ix 7c) > ¢(x) := R/(N — 1), and, respectively,

H=H"©1+19H” + U
_HIIT L yIIe
We shall treat U7+7" as a perturbation of H”+"*. By the second resolvent identity,
Gxy)" < IGT (x,y)I" + [(GTTUTG) (x,y)I" (5.2)
e Let us show first that

VuvezV E [|GTT (u,v)[*] < Aemds(uv), (5.3)

Indeed, by induction in the number of particles we know that

! [QJ(XJ, y7:R) ] < Ae—de(XJaYJ)’

E' [Q7 (xge,y7eiR)] < Aemdnbioeyse),

and by (B.1), using the deterministic bounds 0 < @7, Q7" < 1,

E! [QJQJC} < e-mminldn (X7 yg)duxgey el < g=mdu(xy)),

It follows from Lemma 2.3 that

C

— S

C

A fde(u,v).
1—s¢

B/ [1Q77 (u,v)] <

I J, T s
B (167 (uv)]'] < 5

e Consider the perturbation term in (5.2). Setting {7(w) := dy(W7, Wre), we
have

er = er(w) == |GJ"7€UG)(Bx,y)}S

IN

Yo+ Y | EIGTT xw) [UW) G(w,y|'] (5.4)
Ly(w)<R/4 Lg(w)>R/4

< ||U|| Sy + e Fs/4 8,
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where e~%*/*/4 is an upper bound on |[U77°|* over the set {w : £;(w) > R/4},

and
Si= Y E[IGTT(x,w)|G(w,y)'],
Ly (w)<R/4

Sp= Yy EIGT (e w)* |G(w,y)*] .
Ly (w)>R/4
Using the Cauchy—Schwarz inequality and an a priori bound (2.1), we get

s Y (Brermwr])” (@ ewyr])

<> (® [|G~77~7“(:)<,w)|25})1/2

wezN

Const (5:5)

(1= 28)1 2]
provided 2s < 1, so the above expectations are finite. By (5.3) and Lemma B.2,

Z E! [|G‘7"7C(X,W)|s] <A Z emdnW) —. A < 400, (5.6)

wezN wezN
thus
e—asR/452 < O( )|g| s —asR/4 (57)
Next, assess S;. Denote
d%(X,W) = Imax [dH(XJ,Wj), dH<ch,ch)]. (58)
By Lemma B.1,
. ¢(x) — R/4 3R
dg > > =:1y. 5.9
W:KJI&?SRM w(xw) 2 2 ~8(N —-1) "o (5-9)
For any r > 7, the number of configurations w with
df(x,w) =r (5.10)

is bounded by O(r¥9). Indeed, we have R = ary with a = 8(N — 1)/3, so each
w; € IIw must be inside the ball in Z centered at z; (or at any other particle
position in x) of radius

8(N —1)
——

By assumption on the graph Z, the cardinality of such ball is bounded by Cy(cr)?,
yielding the required bound.

2 EI |:|GJJ7 X W |25 E Cr Nd —de(xw
05 (W< >R (5.11)
—1
S Cle—cl mR

r+diamx=r+R<cr, c=1+
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with Oy, ¢! depending upon N, d, m and uniformly bounded for all m > 1, R >
land N < N*, with fixed N*.
Taking into account (5.7), (5.6) and (5.11), we obtain

o len] < Const Re_mR N Const i D C(S)e_%R (5.12)
lgl° (1—2s)|g[* |g]*
Collecting (5.3) and (5.12), the claim follows. O

Appendix A Perturbed quadratic dynamics

Lemma A.1. Let the sequence { Ly, k > 0} satisfy the recursion Ly 1 = 2L, + 2.
Consider a sequence of positive numbers {3y} with By < €, for some v > 0, and

satisfying

1 1
VEeN [ri < §e_2"62 + §e_2”e_2”L"‘. (A.1)
Then forall k > 1
O < max {e_”L’“, e_“L’“}, (A.2)
1 —1
_vtinfy (A3)
I+

Proof. e First, note that if there exists 7 € N such that
ﬁj S e_ULj7 (A4)

then by induction, for all k£ > j we have, using Ly, = $Ly41 — 1,

1 1
5k+1 S Ee—Que—QuLk + §e—2ye—2yLk _ e—21/e—21/L1C — e_”L’““. (AS)

e Next, suppose that (A.4) never occurs, so for all £ we have
Brsr > e vk, (A.6)
Then se~ 267 + 1e e i < ¢72(37, and by (A.1),
VE>0 B < (e776)%

By induction, with  given by (A.3) and 2 = L, /(Lo + 2), for all k > 0,

L

Be < (e7B0)” = (e7 o) o = e~nlx, (A7)
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with = —In(a262) /(Lo +2) = In(a™*B5 1) /(1 + Lo/2).

e Finally, if (A.6) holds on a finite integer interval [[0,j — 1]], and then one
has (A.4), the inequality (A.7) is still valid for & € [[0, 7 — 1]], while the bounds
(A.4), (A.5) take over for the remaining values k > j. [

Consequently,

T, < e MM 2eFLe i .= min(v, p).

A reader familiar with the work by Germinet and Klein [22] can notice that
the above proof is a variant an argument used in the proof of [22, Theorem 5.1];
cf. Eqns. (5.30)—(5.32) in [22].

Appendix B Some geometrical inequalities

Note first that we have the following simple inequality for arbitrary configurations
x,y € Z and any partition (7, J°) of the index set {1,..., N}:

min [dH(XJ7YJ>; d?‘[<xj°7yjc>] > dH<X7 Y> (B.1)

Indeed, assume w.l.0.g. that dy(x,y) = d(z., Ily) for some z, € IIx (otherwise
exchange x <> y). Fix any partition (7, J¢, then

min d(z,Ily7) > min d(z,Ily) = d(x., [ly) = dy(x,y),

z€llx 7 zellx
thus dy(x7,y7) > dy(x,y). Similarly,

min  d(z, [y ) > miHn d(z, y) = dy(x,y),
xellx

Q?EHXJC

which proves dy; (X 7¢,y 7¢) > dy(x,y) and (B.1).
Further, one has

dy(x,w) > p(x,w) — min [diam x, diam w]. (B.2)

For the proof, take z irc € IIx, w, € IIw such that R := d(z,, w,) = p(x,w);
then

dy(x, w) > max dist(z, [Iw) > d(z,, Iw) > d(zo, w,) — diam w

zellx

= R — diam w,

and similarly dy(x, w) > R— > diam w.
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Lemma B.1. Given any configuration u € Z%~ and an arbitrary partition of the
index set {1,... N} = 7T U JC, denote

(7(u) = dist(uz, uge).

Then for all x, w € Z¥ the following inequality holds (cf. (5.8)):

A (x, w) > 7 ) _2€~7 (w) (B.3)

Proof. Let
R:=1l7(x), r:="0g5(W),

so for some j € J and k € J° we have d(w;, wy) = r. Recalling the definition
of the distance di (cf. (5.8)),

4y (x, w) 1= max [dy(x7, wz), dy(xze, wze)], (B.4)
we then have for some ;' € 7 and k' € J°
d(wyr, wy) < dj(x,w), d(zp,wy) < dfj(x, w),
so by the triangle inequality for the graph-distance,
R < d(zj,vp) < d(xj,wy) + d(w;, wy) + d(wy, ) < 7+ 245, (x, w).

Therefore,
d:Z[(X,W) > R2—T _ {7(x) —2€J(W)'

]

Example. Let Z = Z', N = 2,x = (—5,5), w = (—1,1). Then for the unique
nontrivial partition of {1,2} into J = {1} and J¢ = {2}, we have {7(x) = 10,
l7(w) =2, and

lg(x) = ls(W)
5 .

df(x,w)=5—-1=4=
Lemma B.2.

sup Z e MIHW) < C(m, Z) < +o0. (B.5)
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Proof. Fix r > 1 and consider the set

A ={y: duy(x,y) =r}.
Lety € A,, then
Vyelly ye U B, (z;),
j=1
thus .
A < JT1UiB ()] < C(N,d)(r )™,
j=1

Finally,

S el < N e O(N, d)rN < Cm, N, d) < +oo.

wezN r>1

Appendix C Boole’s identity

While there seems to be a consensus that the result stated below was first dis-
covered and proved by George Boole in 1857, we hesitate to refer to the original
work [6] as the source of the most comprehensive proof. Instead, we provide a
very short (10 lines) and elementary proof given almost a century later by Lynn
H. Loomis [27]. Boole’s identity was rediscovered more than once and extended
in various ways in the theory of the Hilbert transform, giving rise to a number of
interesting applications.

Proposition C.1. Let be given real numbers A\ < --- < A, and positive real
numbers cq, . .., c,. Then

G

Vt>0 mes{xeR: :

2% ¢
>t}: 2.iGi,

Proof. [Cf. [27, Proof of Lemma 1]]. We assess first the Lebesgue measure of the
set S, where f(z) := ) . =% >t Since forall z & {\y, ..., \,}

T T—N;

f'@) =3 5y <O

there are exactly n roots x; of the equation f(x) = ¢, and one has \; < xk; < A1,
Kp > An, thus Sy = U2 [;, [; = (N, ki), and mes S =) (K — \i).
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Next, multiplying the equation f(x) := >, %= =t by [[,(z — \;), we see

i Ni—x
that «; are the roots of the polynomial admitting two equivalent representations

tH(x —\i) — ZQH(QC —\j) = tH(:c — Rj).

i=1  j#i

The identity for the sub-principal coefficients gives t> . A\ + > . ¢; =t . K,
yielding mes S = Y. (k; — \i) = ¢+, ¢;. Similarly, mes {2 : f(z) < —t} =
t_l Zz C;. O

Appendix D Proof of Lemma 2.1

We focus on the case where u; # us. The remaining case with u; = us is quite
similar and even simpler; see the complete proof for u; = us in the manuscript
[10].

As we shall see, the relevant representation of the random operator at hand is
gV(w) + A, with the nonrandom component A = H, + U, and we work with
the resolvent G,(E) = (¢V(w) + A — E)~!. The random field V is assumed
bounded, ||V (z; )|l < 400, and it suffices to assume that ||V (z; )|~ < 1, for
larger values are simply obtained by taking |g| larger. In fact, even the particular
model where V' ~ Unif([0, 1]) is of great interest, and it is one of the most popular
models of disorder in physics. Then we can extract the factor g and note that, with
B, =¢g A \N=g¢'E,

E[|Gy(x,¥: E)* | §urus | = 19| °E [(ly, (V(w) + B, — A)_llx)] .

In the rest of the proof, we work with the resolvent of the operator V(w) + B, at
a rescaled energy A (which is fixed in the proof, anyway).

e Reduced probability space. Now the r.v. V(x;w) vary inside I = [0, 1] and
admit a bounded probability density py, ||pv|lcc = P < oo. The conditional
distribution of V' given 4, ., gives rise to the reduced probability space (A, @’),
where A = I2, P is absolutely continuous with respect to the Lebesgue measure
mes ; ® mes; on A, with density (vi,v2) = D(v1,v2) = pr(vi) pr(ve) < P2
Then for any non-negative random variable Z on (Q2,P) and any s € (0,1), the

conditional expectation of (* given §y, 4, has the form (below we allow the
expectation to be +00)

0<E|CW)|Frurms | = [ dor [ dvs py (1) py () C(v1, 095 )
[ } /I /I (D.1)

<p’ / dvy dvy (v, va; @),
A
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where ((vy, vs; ®) is obtained from ((w) by identifying v; = V(uj;w), with the
remaining degrees of freedom fixed by conditioning (they are symbolically repre-
sented by e). Now ( can be considered as a random variable on the square I° with
the normalized Lebesgue measure. For the rest of the argument, P{ } and E| |
refer to this new probability space. Let F(t) =P {( <t }, then

IE[CS] :/ dUl dUQCS<Ul,U2;') = / tSng(t) :S/ ts_l(l—Fc(t)) dt.
A 0 0
(D.2)
We shall return to (D.2), once we obtain a suitable upper bound of the tail proba-
bility distribution function (below mes is the Lebesgue measure on A)

1 — Fe(t) =mes {(v1,v2) € A: ((v1,v2) >t}
e The Birman-Schwinger relation. Introduce the sets
%z(ﬁw}xZﬂMZx{wDﬂA,j:Lz
the (multiplication) operators
0#£#C=1g, +1g, >0, D =1g, —1g,,

and the random variables

1 1
€=§W@w®+V@mw%nziwwnw—VﬁzM)
Then
V(ul; w)131 + V(UQ; u})ls2 = §C + TID
and

H(w) = K(w) + gV (ur;w)1s, + gV (us; w)1s,,
= K + g6C + gnD = K + ¢¢C,
where K(w) is § £uy up-measurable and K(w) = K(w) + n(w)D.
The operator C is non-negative and not identically zero, so we can use the
Birman—Schwinger identity for Kp = K — E:
CI/Q(KE —f—ng)_lCl/Q _ (Cl/2KEJ}CCI/2 +g§1)—1’

where the operator

Kgc = CY*(Kg 4 g€C)~1CY/?

30



is considered acting in the subspace of H,
Hfur sy = (Ker C)" =Span {1y : w € A2, Tw N {uy, uy} # &},

containing in particular 1, and 1y. Its relevance is explained by the fact that both
1, and 1, are eigenvectors of C with positive eigenvalues,

Cly = 15,14 + 1s,1x = (N, (x) + Ny (%)) 1 = i1y,

with
N, (u) :=card {j € {1,2} : u; = w}
(the number of particles in u at the position u), hence
C1/21x _ Oél/le
e (D.3)
C'?1y = oy/?1y,

with 1 < ay, ay < 2. Therefore, with o := (o )2 € [1,1/2],
= <1y7 (KE + ng)_llx)

= a(1,,CY*(Kp + g¢C)~1CY%1,)

= (1, (CKGcCY2 + g61) ' 1)

G(x,y; E)

Since o < 1, one has an implication: for any ¢ > 0,
IG(x,y;E)| >t = ‘ (1y, (CV2KpcCY2 + ge1) ™! 1x) ‘ >t

where the RHS refers to the (finite-dimensional) space Hy, u,}-

e The tail tale and the Boole formula. Consider the linear change of variables
D (v,v9) = (§,m) = ((v1 4+ v2)/2, (v1 — v2)/2) with Jacobian = 2. Note that
with (vy,v2) € A, € varies in [0, 1] and nin [—1/2,1/2].

Let A" := ®(A) C [0,1] x [-1/2,1/2], then by the Fubini theorem,
1/2
/ dvl d'U2 ]—A]-Mt =2 d77 / dg ]-A’ (57 n)lMt © q>_1(£7 77)
R2 ~1/2 R
1/2
<2 [y [ deru oo (D.4)
—1/2 R
< 2-sup mes (Mt(n)),
neR

where
M,(n) = {5 eR: ‘ <1y, (Cl/2KZ?,1C;qC1/2 n g§1)_1 1X) ‘ - t}.
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The function

R: &

S

1y, (CV*Kle, C2 + g€1) ' 1)
_ _ _ -1
=g <1y’ (g ICI/QKE,IC,WCI/2+€1) 1X>

is rational, with real simple poles,

R(E) =D

so we can again apply the Boole formula,

= . Z lg7 ¢;l < |g|™! (by Bessel’s inequality),
J

gfl
Aj—¢

2Zici 2

t gt

mes {¢ : [R(§)| > 1} =

Therefore,

2 4
1:mesA2/ dvydvg 141y, <2 — = —,
R2 gt gt

yielding for the tail probability distribution function
1— Fe(t) <min [1,497¢7"].

e Calculation of the fractional moment. Return to the fractional moment in
(D.2):

B[] = s/ FL(1 = () dt < s/ 1 min(1, 4g~4) dt
0 0

4/g9 +00
= s/ ts_ldt—i—s/ 572 dt
0 4/g

g*(1—s)
Finally, for the conditional fractional moment in (2.1), we obtain the claim:
E = C
E |G, ¥; E)* | §2u,us SZ_?Z]E[CS] < —.
| S FRC
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