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ABSTRACT. It has been shown that for f an instance of the whole-plane SLE
conformal map from the unit disk D to the slit plane, the derivative moments
E(|f'(2)|?) can be written in a closed form for certain values of p depending
continuously on the SLE parameter x € (0,00). We generalize this property

to the mixed moments, E(Ilj;l((j))l‘:), along integrability curves in the moment

plane (p,q) € R? depending continuously on #, by extending the so-called
Beliaev—Smirnov equation to this case. The generalization of this integrability
property to the m-fold transform of f is also given. We define a generalized
integral means spectrum, 3(p,q; k), corresponding to the singular behavior
of the mixed moments above. The average generalized spectrum of whole-
plane SLE takes four possible forms, separated by five phase transition lines
in the moment plane R?, whereas the average generalized spectrum of the m-
fold whole-plane SLE is directly obtained from a linear map acting in that
plane. We also conjecture the form of the universal generalized integral means
spectrum.

1. INTRODUCTION

1.1. Logarithmic coefficients. Consider f, a holomorphic function in the unit
disk D,

(1) f(z) = Zanz”.

n>0
Bieberbach observed in 1916 [4] that if f is further assumed to be injective, then

|az| < 2]ay,
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FIGURE 1. Loewner map z w fi(z) from D to the slit domain
Q = C\([t,00)) (here slit by a single curve ([t,00)) for SLE,<4).
One has f:(0) =0,Yt > 0. Att =0, the driving function A\(0) = 1,
so that the image of z =1 is at the tip v(0) = fo(1) of the curve.

and he conjectured that |a,| < n|a;| for all n > 2. This famous conjecture has
been proved in 1984 by de Branges [5]. A crucial ingredient of his proof is the
theory of growth processes that was developed by Loewner in 1923 [22], precisely
in order to solve the n = 3 case of the Bieberbach conjecture.

Let 7 : [0,00) — C be a simple curve such that |y(t)] = +oo as t — 400 and
such that y(¢) # 0,t > 0. Let @, = C\ y([t,00)) and f; : D = {|z| < 1} — ; be
the Riemann map characterized by f,(0) = 0, f/(0) > 0 (See Fig. [I). It is easy
to see that ¢ — f/(0) is an increasing continuous function, diverging to +oo as
t — +oo. Assuming that f(0) = 1, and changing parameterization if necessary,
we may set f/(0) = e',¢ > 0. Loewner has shown that f; satisfies the following
PDE:

0 0 At) + =
) G 2) = 25 FD N

where A : [0,00) — JD is a continuous function on the unit circle. With the sole
information that |A\(¢)| = 1, V¢, he could prove that |az| < 3|aq].

Besides Loewner’s theory of growth processes, de Branges’ proof also heavily
relied on the considereration, developed by Grunsky [12] and later Lebedev and
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Milin [I7], of logarithmic coefficients. More precisely, if f : D — C is holomorphic
and injective with f(0) = 0, we may consider the power series,

(3) log @ =2 Z Y 2"

n>1

The purpose of introducing this logarithm was to prove Robertson’s conjecture
[26], which was known to imply Bieberbach’s. Let f be in the class S of schlicht
functions, i.e., holomorphic and injective in the unit disk, and normalized as
f(0) = 0, f/(0) = 1. There is a branch f@ of z — /f(22) which is an odd
function in §. Let us then write

(4) FP(2) = e FEE = 3 by 2,

with by = 1. Robertson’s conjecture states that:

(5) V>0, |bynl> <n+ 1.

k=0
The Lebedev and Milin approach to this conjecture consisted in observing that

A=) 1 fz)

log =——=—= = —log —=,
z

N

and consequently that

Z bZnJrlZn = exp <Z 7n2n> .
n=0 n=1

They proved what is now called the second Lebedev-Milin inequality, a combi-
natorial inequality connecting the coefficients of any power series to those of its
exponential, namely

(6)  ¥n>0, ) |bysi|* < (n+1)exp (%ﬂ >N (kl’m? _ %))

k=0 m=1 k=1
This naturally led Milin [24] to conjecture that

n m 1
(7) VfedS, Vn>1, ZZ(M%F—E) < 0;

m=1 k=1

this conjecture, that de Branges proved in 1984, implies Robertson’s, hence
Bieberbach’s conjecture.

Returning to Loewner’s theory, his derivation of Eq. above is only half of the
story. There is indeed a converse: given any continuous function \ : [0, +00[— C
with |A(t)| = 1 for ¢ > 0, the the Loewner equation (Z2)), supplemented by the
boundary (“initial”) condition, lim;_, . fi(e7*2) = z, has a solution (¢,z)
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ft(2), such that (fi(2))i>0 is a chain of Riemann maps onto simply connected
domains (€);) that are increasing with ¢.

In 1999, Schramm [28] introduced into the Loewner equation the random driv-
ing function,

(8) At) = VKB,

where B, is standard one dimensional Brownian motion and s a non-negative
parameter, thereby making Eq. a stochastic PDE, and creating the celebrated
Schramm-Loewner Evolution SLE,..

The associated conformal maps f; from D to C \ v([t, o0), obeying for (8),
define the interior whole-plane Schramm-Loewner evolution. Their coefficients
a,(t), which are random variables, are defined by a normalized series expansion,
as described in the following proposition [9].

Proposition 1.1. Let (fi(2))i>0, 2 € D, be the interior Schramm—Loewner whole-
plane process driven by A(t) = V<P in Eq. @). We write

(9) filz z+zan

and for its logarithm,

(10) tog ) 9570, 002

n>1

Then the conjugate whole-plane Schramm-—Loewner evolution e~ "V<B: f, (ei\/EBtz)

has the same law as fo(z), hence e/~ DViBig, (t) () a,(0). From this and

Eqs. (9), (10), follows the identity eEBiy (1) (1) Yn(0). In the sequel, we set:

Ay = an<0) and Yn = ’Yn(o)

The starting point of the present article is the observation, made in Ref. [§],
that the SLE, process, in its interior whole-plane version, has a rich algebraic
structure, giving rise to a host of (integrability-like) closed form results. The first
hint was the fact that, beyond the coefficient expectations E(a,) for Eq. (9), the
coefficient squared moments, E(|a,|?), have very simple expressions for specific
values of k. This has been developed in detail in Refs. [0] and [I8] (see also
[19, 20, 21]), by using the so-called Beliaev—Smirnov equation, a PDE obeyed
by the derivative moments E(|f’(2)[P), originally derived by the latter authors
[3] to study the average integral means spectrum of the (interior version of the)
whole-plane SLE, map. Note also that similar ideas already appeared in Ref.
[13], where A. Kemppainen studied in detail the coefficients associated with the
Schramm-Loewner evolution, using a stationarity property of SLE [14]. However,
the focus there was on expectations of the moments of those coefficients, rather
than on the moments of their moduli.
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Here, we study the logarithmic coefficients of whole-plane SLE,; and the
generalizations thereof, which are obtained by introducing generalized moments
for the whole-plane SLE map, E(|f'(2)|?/|f(2)|9), for (p,q) € R?. The manifold
identities so obtained in the (p, ¢)-plane encompass all previous results.

1.2. Main results. A first motivation of this article is the proof, originally ob-
tained for small n by the third author [16], of the following.

Theorem 1.1. Let f(z2) := fo(z) be the time 0 unbounded whole-plane SLE,
map, in the same setting as in Proposition[1.1], such that

g 142 = o PRI
n>1
then, for k = 2,

1
B(hf) = 55 W21

The idea behind the proof of Theorem is to differentiate ,
d, 16 _FE 1

Az ° . T flz) 2’

f'(2)

2
e ) We indeed prove:

and to compute ]E(

Theorem 1.2. Let f be the interior whole-plane SLE, map, in the same setting
as in Theorem [I.1}; then for k = 2,

(7

Let us briefly return to the Lebedev-Milin theory. By Theorem [I.I} we have
for SLE,,

2) _(1-90-2

1—2z2Zz

=(33 (s -)) -3

m=1 k=1 m=1 k=1

which gives an example of the validity “in expectation” of the Milin conjecture.
Recalling Definition (4)), we also get, in expectation, a check of Robertson’s con-

jecture ([5)):
> o D241 [? 11
E | log ==———
(Og o Z T

Theorem is actually a consequence of Theorems 3.1 and of Sections
and || below, which give expressions in closed form for the mixed moments,

(1) (@ (((J;f))))// ) o =({75)
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along an integrability curve R, which is a parabola in the (p, q) plane depending
on the SLE parameter . In fact, we establish a general integrability result along
the parabola R for the SLE two-point function:

p p

G(Zl, 22) — E<Zl‘§ (f/<zl)); |:Z2L21 (f/(ZQ))§:| > .
(f(z21))2 L7 (f(z2))2

The mixed moments can also be seen respectively as the value G(z,0) of
this SLE two-point function at (z; = 2,2, — 0) for (a), and the value G(z, 2)
at coinciding points, z; = 2o = z, for (b). These integrability theorems, which
provide full generalizations of the results of Refs. [9] and [I§], give rise to a host
of new algebraic identities concerning the (interior) whole-plane SLE, random
map.

These integrability results can be generalized to the so-called m-fold symmetric
transforms f™ m € N\{0}, of the whole-plane SLE map f. Interestingly enough,
a linear map in the (p, g)-moment plane allows one to directly relate the mixed
moments of the m-fold map to those of f. The extension of the definition to
m € Z \ {0} exchanges exterior and interior whole-plane SLE maps, and relates
their mixed moments; in particular, the case considered by Beliaev and Smirnov
in Ref. [3] appears as the m = —1 transform of the interior SLE map studied
here and in Ref. [0]. We thus believe that the general approach proposed here
to consider generalized mixed moments in the (p, ¢)-plane is the natural one for
dealing with the properties of whole-plane SLE: in particular, it directly relates
the inner and outer versions in a unified framework.

Because of the introduction in Eq. of the mixed moments (b) of moduli
of f" and f for whole-plane SLE, it is also natural to define a generalized integral
means spectrum B(p, q), depending on p and ¢. It is associated with the possible
singular behavior of circle integrals of such moments in D:

|f’(z>!p) e P
[aDE<|f<z>|q del == (A=)

in the sense of the equivalence of the logarithms of both terms.

In this article, we thus study the generalized spectrum, f(p, ¢; ), of whole-
plane SLE, in the whole parameter space (p,q) € R% We show that it takes
four possible forms, By(p), Bup(p), Bin(p) and F1(p,q). The first three spectra
are independent of ¢, and are respectively given by the bulk, the tip and the lin-
ear SLE spectra appearing in the work by Beliaev and Smirnov [3] (and for the
bulk case, corresponding to the harmonic measure multifractal spectrum derived
earlier by the first author in Ref. [6]). The fourth spectrum, £;(p, ¢), is the exten-
sion to non-vanishing ¢ of a novel integral means spectrum, which was discovered
and studied in Refs. [9] and [I8| 20], and which is due to the unboundedness
of whole-plane SLE. As shown in Ref. [9], this spectrum is also closely related
to the SLE tip exponents obtained by quantum gravity techniques in Ref. [7],
and to the so-called radial SLE derivative exponents of Ref. [15]. Five different
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phase transition lines then appear to partition the (p,g)-plane in four different
domains, whose precise form is given.

The generalization of this four-domain structure to the generalized integral
means spectrum of m-fold transforms, fI™, m € Z\ {0}, is obtained in a straight-
forward way from the above mentioned linear map in (p,q) co-ordinates. This
structure appears so robust that the universal generalized spectrum B(p, q), i.e.,
the maximum of f(p, q) over all unbounded univalent functions in the unit disk,
presents a similar partition of the mixed moment plane. We give a precise conjec-
ture for its four forms, which incorporates known results on the standard universal
spectra for univalent, unbounded, functions [11, 25].

1.3. Synopsis. This article is organized as follows. Section [2| deals with log-
arithmic coefficients and with the proof of Theorems and It sets up
the martingale techniques needed for dealing with mixed moments. Section
uses them for the study of the complex one-point function (a) in (L1]), which is
shown to obey a simple differential equation in complex variable z. This leads
to Theorem [3.1] which establishes a closed form for this function along the inte-
grability parabola R in the (p, ¢)-plane. Section [4]is concerned with the moduli
one-point function (b) in (11)), and more generally, with the SLE two-point func-
tion G(z1, 22). A PDE in (z1, 25) is derived for G(z1, Z2), which yields a proof of
Theorem establishing closed form expressions for G for all (p, ¢) € R. Section
deals with the generalization of the previous integrability results to the m-fold
symmetric transforms f™, m € Z\ {0}, of the whole-plane SLE map f. Section
@ is devoted to the study of the averaged generalized spectrum S(p, q; ) of the
whole-plane SLE,, random map f, as well as to the averaged generalized integral
means spectrum (™ (p, ¢; k) of the m-fold transform fI™ for m € Z\ {0}. Of
particular interest are the five phase transition lines separating the four differ-
ent analytic expressions of 3 (or ™) in the moment plane. A more geometric
derivation of these transition lines, based on a conic representation of the spec-
tra, is given in Section [7] In the final Section [§] we give a full description of
the expected form for the universal generalized integral means spectrum, B(p, q),
in terms of known or conjectured results on the standard universal spectrum for
univalent functions.

Acknowledgments. It is a pleasure to thank Kari Astala for extended discus-
sions about the universal generalized integral means spectrum.

2. EXPECTATIONS OF LOGARITHMIC COEFFICIENTS
2.1. A martingale computation. In this section, we first prove the following:

Theorem 2.1. Let f(z) be the whole-plane SLE, map, in the same setting as in
Theorem [1.1]; then for k = 2,

~1/2, n=1,
E(%‘):{ O/ n > 2.
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Differentiating both sides of , we get

f/<2)_ nAy. 2™
(12) zf(z) —1—1—2; 2"

Let us now consider

(13) G(z) :=E (fo((j))) ,

and, following Ref [3], aim at finding a partial differential equation satisfied by G.
For the benefit of the reader not familiar with Ref. [3], let us detail the strategy
of that paper that we will apply in various contexts here.

The starting point is to consider the radial SLE,, solution to the ODE

A(t) + g:(2)
with the initial condition go(2) = z, and where A(t) = V%P, The map g
conformally maps a subdomain of the unit disk onto the latter. As we shall see
shortly, the whole-plane map f is rather related to the map g; ', but this last
function satisfies, by Loewner’s theory, a PDE not well-suited to Ito calculus.
To overcome this difficulty, one runs backward the ODE of radial SLE, i.e., one
compares g; * to g_,. This is the purpose of Lemma 1 in [3] (an analog of Lemma
3.1 in Ref. [27]), which states that, for ¢ € R, g_;(z) has the same law as the
process f,(z), defined as follows.

, 2z €D,

Definition 2.2. The (conjugate, inverse) radial SLE process ft is defined, for
teR, as

(14) fi(z) = g, (2A () /().

The lemma then results from the simple observation that

f8<z) = §-s(2),
where, for fixed s € R, the new process §i(2) := gs1s © g5 ' (2A(5))/A(s) can be

shown to be a radial SLE. This lemma implies in particular that f; is solution to
the ODE:

(15 0.0i(2) = i) DO
fi(2) = At)
To apply Itd’s stochastic calculus, one then uses Lemma 2 in Ref. [3], which is a
version of the SLE’s Markov property,

ft(z> = )‘(S)ft—s(fs(z)//\(s))
To finish, one has to relate the whole-plane SLE to the (modified) radial one.
This is done through Lemma 3 in [3], which is in our present setting (with a
change of an e~ convergence factor there to an e factor here, when passing from
the exterior to the interior of the unit disk D):

) fo(z) =z
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Lemma 2.3. The limit in law, lim;_, | etft(z), exists, and has the same law as
the (time zero) interior whole-plane random map fo(2):

lim e'fi(z) "2 foz).

t——+o00
Let us now turn to the proof of Theorem [2.1]

1aw

Proof. Let us introduce the auxiliary, time-dependent, radial variant of the SLE
one-point function G(z) above,

~ fi(z)
G(z,t) =
(16) (2,) ( e )>

where f; is a modified radial SLE map at time ¢ as in Definition [2.2] Owing to

Lemma , we have
(17) lim G(z,t) = G(z).

t—+o00

We then use a martingale technique to obtain an equation satisfied by G (z,1).
For s < t, define M <

{By, u < s}. (M 5)520 is by constructlon a martingale. Because of the Markov
property of SLE, we have [3]

e -e(m) =50 1

|.7-"S>, where F; is the o-algebra generated by

B fs/ A(s
M)\ fies(fo(2) /A (s |fs>
_ )=
= ~S(z)G(ZS,T),
where z, := fs(z)//\(s), and 7 :=t — s.
We have from Eq. (15
(18) amyﬂ—[ﬂMA}:@+M$_~%@ﬁ
S /s fs = Als)  (fs = Als))?
2
=1 1= 2)
Osfs 2zs+1
(19) 0.log f, = 2l = 2

:+1 .
(20) dzs = zg [z o E] ds — izs\/KdBs.
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The coefficient of the ds-drift term of the It6 derivative of M is obtained from
the above as,

f(2) 2z, Zs+1 K K ~
(21) i) RETENE + 25 (Zs —7 §> 0. — 0 — 52’?83} G(zs,7),

and vanishes by the (local) martingale property. Because f, is univalent, fs’ does
not vanish in D, therefore the bracket above vanishes.

Owing to the existence of the limit , we can now take the 7 — 400 limit
in the above, and obtain the ODE,

(22)  PO)G(:)] = —(13—2)2@(2) +2 (% _ g) ) - S

_ [_% 42 (j—fD 0, — g(z82)2} G(z) = 0.

Following Ref. [9], we now look for solutions to Eq. of the form ¢, (z) =
(1 —2)*. We have
P(0)pa] = A(2,2, )00 + B(2,0)pa—1 + C(2, @) pa—2,

where, in anticipation of the notation that will be introduced in Section |3 below,

A2,2,a) = — gaz,

B(2,a) :==2— <3+ g) o+ Ko,

C2,a) = -2+ (2 + g) a— gaQ,

with, identically, A + B + C' = 0. The linear independence of ¢, a1, Pa—_2
thus shows that P(0)[¢.] = 0 is equivalent to A = B = C' = 0, which yields
k=2,a=1,and G(z) =1 — z. From Definition (13|, we thus get

Lemma 2.4. Let f(z) = fo(z) be the interior whole-plane SLEy map at time 0,
in the same setting as in Proposition (1.1 we then have

!/
E(zf (Z)) =1—z
f(z)
Theorem follows from Lemma and the series expansion ((12)). U

2.2. Proof of Theorem . Using , we get
2

=1+2 Z ny, (2" 4 2") + Z Z MY Ymz" 2"

n>1 n>1 m>1

On the other hand, by Theorem
f/(Z) ? (1_Z)<1_2) n+l=n n=n+1 n=n
E( :(1_—22):1—22 Z—Zzz +22zz.

f(z) n>0 n>0 n>1

&

z
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Identifying the latter with the expectation of , we get the expected coefficients
E(n)=—1/2, E(w) =0, n2>2,

1
E(hnl?) = 55 21

B 1
E(Yn¥n+1) = —m, E

which encompasses Theorems and

3. SLE ONE-POINT FUNCTION

FIGURE 2. Integral curves R of Theorem for k = 2 (blue),
k=4 (red), and k =6 (green). In addition to the origin, the ¢ =0
intersection point with the p-azis is at p(k) := (6 + Kk)(2 + k) /8K,

with p(2) = p(6) = 2 [9; 18].

Let us now turn to the natural generalization of Lemma [2.4]

Theorem 3.1. Let f(z) = fo(z) be the interior whole-plane SLE,, map at time

zero, in the same setting as in Proposition [1.1. Consider the curve R, defined
parametrically by

K K K
(24) p:—§72+<2—|—§)’y, 2p—q:<1+§)’y,'yER.

On R, the whole-plane SLE,, one-point function has the integrable form,

()0
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Remark 3.2. Eq. describes a parabola in the (p, ¢) plane (see (Fig. [2), which

is given in Cartesian coordinates by

2p—q\’ 2% — g
2 2 —(4 _
(25) /1(24_%) (+R)2+/<;+p 0,
with two branches,
! 4+ k)?
oy 1m0 g (e VTR ) g BOE
K
a=2—(1+3)%®).
or, equivalently,
m e B V) 02
(27) p=q+ 8k +r £/ (6+ k) 6rq), q < 16k

Proof. Our aim is to derive an ODE satisfied by the whole-plane SLE one-point
function,

/ p
(28) G(z) :=E (z% (=) ) ,
(f(2))2
which, by construction, stays finite at the origin and such that G(0) = 1.
Let us introduce the shorthand notation,

N5
(29) X = S

where ft is the conjugate, reversed radial SLE process in D, as introduced in
(law)

Definition , and such that by Lemma , the limit, lim,_, 1 €' f;(2) "= fo(2),
is the same in law as the whole-plane map at time zero. Applying the same
method as in the previous section, we consider the time-dependent function

SIS

Y

N

(30) G(z,t) :=E <Z%Xt(z)) ,
such that
(31) tEeroo exp <Z%t) G(z,t) = G(=).

Consider now the martingale (My);>s>0, defined by
M, = E(X(2)|Fy).
By the SLE Markov property we get, setting z, := fs(z)/k(s),

(32) M = X, (2)G(25,7), T:=1—s.

As before, the partial differential equation satisfied by CNJ(zS,T) is obtained by
expressing the fact that the ds-drift term of the It6 differential of Eq. ,

dM, = GdX, + X, dG,
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vanishes. The differential of X, is simply computed from Egs. and

above as:

dX,(2) = X,(2)F(2,)ds,
““) e ]

The Tt6 differential dG brings in the ds terms proportional to aZSé, 8356, and

8TCN¥ ; therefore, in the PDE satisfied by G , the latter terms are exactly the same
as in the PDE (21)). We therefore directly arrive at the vanishing condition of
the overall drift term coefficient in dM,,

(31)  X.(2) [F(@ 2 (ZS L f) 0. — 0, — 52232} (20, 7) = 0.

2s—1 2 27°7%

Since X,(z) does not vanish in D, the bracket in must identically vanish:
L1 _

(35> [F(Zs) + Zsz _l— 132 - aq— — g(zsaz)2j| G(Zs, T) = 07

where we used 20, + 220% = (20,)*.
To derive the ODE satisfied by G(z) (28])), we first recall its expression as the
limit , which further implies

lim exp (p ; qT) 0.G(z, 1) = —]%G(z).

T—+00

Multiplying the PDE satisfied by G by exp(%27) and letting 7 — +o0, we
get

Ko gy 1tz P—q
PO)[G(2)] = [—5@@) — k0 + F(2) + T] G(2)
(36) - {—g(zaz)h%zaz— <1fz)2 + lzz—i—p—q] G(z) = 0.

We now look specifically for solutions to , together with the boundary
condition G(0) = 1, of the form ¢,(z) = (1 — 2)*. This function satisfies the
simple differential operator algebra [9]

(37) P(0)[¢al = A, q, @)pa + B(q, @) pa-1+ C(p, ) a2,
where
(38) Alp,q,0) =p—q+a— gof,
N K 2
(39) B(g,a) :==¢q (3+2)a+m,
L B K 2
(40) C(p.a) == —p+ (245 ) a— o,
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such that, identically, A + B + C = 0. Because ¢,, ¢y—1, Pa—2 are linearly inde-
pendent, the condition P(9)[p,] is equivalent to the system A = C' = 0, hence
C(p,v) =0and A(p,q,7v) —C(p,7) =2p—q— (1 +k/2)y = 0. It yields precisely
the parabola parametrization (24]) given in Theorem , and has for solution
29). 0

4. SLE TWO-POINT FUNCTION

4.1. Beliaev—Smirnov type equations. In this section, we will determine the

mixed moments of moduli, E (”’;l((zz))"f ), for (p, q) belonging to the same parabola

R as in Theorem [3.1] and where f = f; is the (time zero) interior whole-plane
SLE, map.

In contradistinction to the method used in Refs. [3, O] for writing a PDE
obeyed by E(|f'(2)[?), we shall use here a slightly different approach, building on
the results obtained in Section 2.1} We shall study the SLE two-point function
for z1, 20 € D,

e =s(FE R

As before, we define a time-dependent, auxiliary two-point function,

G(z1, 7, t) = E 21% 0?(’21)) (22)) ]

(42) (fi(z1)) (22))
=E (zth(zl)ngt(zg)) ,

where as above ft is the reverse radial SLE,, process , and where we used the

shorthand notation (29)). This time, the two-point function (41)) is the limit

Nk | s

[SISY NS
1
I
[EINTE
—~~ |
b* S

(43) lim e? VG (21, 75, 1) = G(z1, ).

t—+o00

Let us define the two-point martingale (My);>s>0, with

MS = ]E(Xt(Zj)Xt(ZQ”fs)
By the Markov property of SLE,
(44) E(X;(20) X1 (22) | Fs) = Xs(21) X5 (22) G (215, Fas, T), Ti=t — 5,

where

(45) 21 = fi(21)/M$); Zas 1= ful22)/A(5) = fu(22)A(s).
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Their It6 differentials, dz;s and dzss, are as in (20)),

s+ 1 :
dzis = 215 Atk ds — i\/k 21, dBs,
Z1s — 1 2
(46) Zos + 1
dZas = Zog st - E ds + Z\/E Zos dBs.
29 — 1 2

As before, the partial differential equation satisfied by G(z1s, 205, 7) is obtained
by expressing the fact that the ds-drift term of the Ito differential of Eq. ,

(A7) dM, = [dX,(21) X (22) + X, (21)d X (22)] G + X4 (21) X4 (22) dG,

vanishes. -
The differentials of X, X, are as in Eq. above:
dXs(z1) = Xs(21)F(215)ds, dXs(z0) = Xs(22)F(Zs)ds,
b g p q
F(z) == —=— )
() 2 2 (1—2)2+1—z

We thus obtain the simple expression

(49) AM, = Xo(21) X, (22) [[F(zls) + F(2,)] Gds + dé] ,

(48)

and the vanishing of the ds-drift term in dM; requires that of the drift term in
the right-hand side bracket in ([49)), since X(z) does not vanish in D.

The Ito differential of 6(215,225,7) can be obtained from Egs. and Ito
calculus as

(50) dCNJ(zls, 223, T) :816 leS + 526 dégs — 8TCN¥ ds

- ngs 092G ds — gzgs B2G ds + K21, Zay 010G ds,
where use was made of the shorthand notations, &, := 0., and 0y := 9;,. We

observe that the only coupling between the zy,, Zo5 variables arises in the last term
of , the other terms simply resulting from the independent contributions of
the 215 and Zy, parts.

Using again the Ito differentials , we can rewrite as

(51) dG = —iv/k (21,01 — %2505) G dBy
Zz i_ 12’1581@ ds + Z‘: j_L 1225825 ds — 876 ds
- g(zlsal — Zos 52)26 ds,
where we used the obvious formal identity
(52) (2101)* 4 (22 02)* — 221012, 0y = (2101 — 73 00)2.

At this stage, comparing the computations and above with those in
the one-point martingale study in Section [2.1] it is clear that the PDE obeyed by
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G=0G (215, Z2s, T) is obtained as two duplicates of Eq. (35]), completed as in (52)
by the derivative coupling between variables zi,, Zos:

Z1s s+ 1
(53) F<le)+zls 81+F(ng)+223 2

21s — 225 -

62—8 - (21581—2’2382) G = 0.

The existence of the limit further implies that of
lim e(p_q)Tafé(Zb 22, 7_) = _(p - q>G<Z1a 22)‘

T—>00
Multiplying the PDE satisfied by G by exp((p — q)7) and letting 7 — +o0,
then gives the expected PDE for G(z1, Z2). It can be most compactly written in
terms of the ODE (36| as

(54) [P(al) + ,P(ég) + mlﬁlégég] G(Zl, 22) = O,
and its fully explicit expression is
- 1 1
(55)  PDG(a12)] = ~5 (101 = 200G = T 210G = 120G
- — 2
p p q q
— — 2p — 2 = 0.
T OSay U-mp i, 1o ‘-’}G 0

4.2. Moduli one-point function. Note that one can take the z; = 29 = 2z case
in Definition above, thereby obtaining the moduli one-point function,

(56) 612) =& (FINEEE ).

£ (2)]
Because of Eq. , it obeys the corresponding ODE,
1 7
(6T) PG 2)] = ~ 50— 20/ — 12206 ~ 2506
p p q q
_ _ 29 — 2 =
A RS A e R e Q}G 0

which is the generalization to ¢ # 0 of the Beliaev—Smirnov equation studied in

Refs. [9] and [I§].
4.3. Integrable case.

Lemma 4.1. The space of formal series F'(z1,%2) = >, ten Wk 02N 28 with complex
coefficients and that are solutions of the PDE (| ., 15 one-dimensional.

Proof. We assume that F' is a solution to (55)) with F(0,0) = 0; it suffices to
prove that, necessarily, F' = 0. We argue by contradiction: If not, consider the
minimal (necessarily non constant) term ag 2%z in the series of F, with as ¢ # 0
and k + ¢ minimal (and non vanishing). Then P(D)[F] (55) will have a minimal
term, equal to —ay [£(k — £)* + k + (] 225, which is non-zero, contradicting the
fact that P(D)[F] vanishes. O
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As a second step, following Ref. [9], let us consider the action of the operator
P(D) of on a function of the factorized form ¢(z1)p(22) P(21, Z2), which we
write, in a shorthand notation, as ¢@P. By Leibniz’s rule, it is given by

P(D)[ppP] = — g%p@(zlal - 2_28_2)213 — k(2101 — 2_252)(@(,5)(2181 — 2‘28_2)13

14+

o 1+5 -
+ 15(21010) (2000) P — 9P :

2O P — op — 2505 P
— 21 1 -2

142 14+ 25 _ =
! 21010+ @ = 2_23285} P
1 1-2%

K K =~
— | 28(2100)%p + = 0(220:)°p + ¢
lQSO(Zl 1) + 280(22 ) preT—

1—21)2 (1—22)2 1—2’1 1—2’2

Note that the operator 210, — %0, is antisymmetric with respect to 21, Zo; there-
fore, if we choose a symmetric function, P(z1,22) = P(z122), the first line of
P(D)[p@P] above identically vanishes.

One then looks for solutions to of the particular form,

G(21,22) = pa(21)pa(Z2) P(2172),
where, as before, p,(z) = (1 — 2)*. The action of the differential operator then
takes the simple form,
P(D)[QOQ@QP] :ZIEQSO(X—:[@Q—I (KJO(2P - 2(1 — 2122)P/)
+ P(01)[¢al@al’ + P(02)[Palpal,

where P’ is the derivative of P with respect to 212z, and P(9) is the so-called
boundary operator (36)) [9].

The ODE, ka?P(z) — 2(1 — z)P'(z) = 0 with x = 212, and P(0) = 1, has for
solution P(z17;) = (1 — 212) ""/2. It is then sufficient to pick for o the value
v = 75 (p) such that P(0)[¢,] = 0, as obtained in the proof of Theorem

3.1} to get a solution of the PDE, P(D)[¢,%,P] = 0 (55)). By uniqueness of the
solution with G(0,0) = 1, it gives the explicit form of the SLE two-point function,

—ry%/2

+{—< P___P . 9 4 q-|—2p—2q}<papp.

G(z1,22) = y(21) 04 (22) (1 — 2122)
We thus get:

Theorem 4.2. Let f(z) = fo(z) be the interior whole-plane SLE, map in the
setting of Proposition (L.1)); then, for (p,q) belonging to the parabola R defined

m Theorem by Eqs. (24]) or or , and for any pair (z1,22) € D x D,
E( $(f'(=))? { g(f’(22))5D _ (A =z)(1—2z)
21 7 2 g = =\
(f(z))2 L7 (f(22))2 (1—=1%)
Corollary 4.3. In the same setting as in Theorem[{.9, we have for z € D,

PO\ =2-2 s,
E(’Z‘ \f(Z)\q) G-y 7737

_ K 2
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for

1 (44 k)?
=5 (0) = 5 (44 k= VAT R —8Rp), <
1= ) = o (44wt VEFRP =8mp), p<
K
q=2p— (1 + 5) % ().

Let us stress some particular cases of interest. First, the p = 0 case gives some
integral means of f.

Corollary 4.4. The interior whole-plane SLE, map has the integrable moments

(24K)(4+K) o W ) )
. {M} N FICOY I DLl
- & (1 — 2122) (4;:)2 ’

(2+kr)(4+K) w "
E<V@>WU>_&1—@i<1—aﬁ
- )

(4+k)

(1 —22) 2=

Second, taking p = q yields the logarithmic integral means we started with:

Corollary 4.5. The interior whole-plane SLE,, map f(z) = fo(2) has the inte-
grable logarithmic moment

24K

(] ) - s
E(‘zf;g)) ) _ (1—(1z)_n(21;)—;)n'

Theorem [[.2] describes the kK = 2 case of the latter result.

5. GENERALIZATION TO PROCESSES WITH m-FOLD SYMMETRY

The results of Section[d] may be generalized to functions with m-fold symmetry,
with m a positive integer, as was studied in [9]. For f in class S, fI"l(2) is
defined as being the holomorphic branch of f(2™)"™ whose derivative is equal
to 1 at 0. These are the functions in S whose Taylor series is of the form f(z) =
> koo mk+12™ T The m = 2 case corresponds to odd functions that play a
crucial role in the theory of univalent functions.

One can also extend this definition to negative integers m, by considering
then the m-fold transform of the outer whole-plane SLE as the conjugate by the
inversion z +— 1/z of the (—m)-fold transform of the inner whole-plane SLE:
fiml(z) = 1/fm(1/2) for m € Z\ N and z € C\ D. The m = —1 case is of
special interest: fI=1 maps the exterior of the unit disk onto the inverted image of
f(D), which is a domain with bounded boundary. Actually, for f(z) the interior
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whole-plane SLE, map considered in Ref. [9] and here, fI=1(27!) is precisely the
exterior whole-plane SLE, map introduced in Ref. [3].

The moments, E(|(f™)(2)[?) (for m € N\ {0}), as well as their associated
integral means spectra were studied in Ref. [9]. Using It6 calculus, a PDE
satisfied by these moments was derived for each value of m. The introduction
of mixed (p,q) moments allows us to circumvent these calculations in a unified
approach. To see this, notice that

(F™Y (2) = 2 () f )

As a consequence,

219 () ()P 2| Hp(m=1) £GP
| fiml(z) ¢ |f(zm) [P+

so that we identically have

[m]y () |P
(58) (1 S0 = 6einan),

| fiml(2)]
_ — ¢a=p
(59) Gn = 4n(p,q) =P+ ==,
with the notation,
pa) = Gz %) — AP
(60) Gleipa) = G(9) =B (BINEET)

where we have made explicit the dependence on the (p, ¢) parameters of the SLE
moduli one-point function introduced in Section . From Theorem , we
immediately get the following.

Theorem 5.1. Let fI™ be the m-fold whole-plane SLE,. map, m € Z\ {0}, with
ze€D form >0 and z€ C\D form < 0. Then,

SR (1o e
(1 ) = e

for (p,q) belonging to the m-dependent parabola RI™, given in parametric form
by

(61) p=(2+5>a—fa2, q=(m+2+f)a—f(m+1)a2, a €R.

?

2 2 2 2
In Cartesian coordinates, an equivalent statement is
_(m+1)p—gq
m(1+35)
with

2+ kK

q:(m—kl)p—m? <4+H:|:\/<4+li)2—8/£p)7 pg—(4+’i)2

8k
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or,
o q m 24K 3
p_m+1+(m+1)2 P <2m+4+/1:i:\/(2m+4+/<;) —8(m+1)/<q>,
(2m + 4+ k)?

= "8m+ D
As for logarithmic coefficients, first observe that trivially,

[m] 1 m
) 1 5@
z m zZm

From this, and Theorem [I.1], we thus get

Corollary 5.2. Let f™(2) be the m-fold whole-plane SLE; map and

(63) log ﬂM =2 A,

n>1

(62) log

then
n=mk, k>1
otherwise.

Bl = { 3

We can also see this result as a corollary of Theorem which, for the loga-
rithmic case p = ¢, and for any value of m, yields p = ¢ = 2 for k = 2 as the only
integrable case.

6. INTEGRAL MEANS SPECTRUM

6.1. Introduction. In this section we aim at generalizing to the setting of the
present work the integral means spectrum analysis of Refs. [3] and [9] (see also
[18, 19 20]) concerning the whole-plane SLE. The original work by Beliaev—
Smirnov [3] dealt with the exterior version, whereas Ref. [9] and this work concern
the interior case. We thus look for the singular behavior of the integral,

(64 RGO

for r — 17, where f stands for the interior whole-plane SLE map (at time zero).
The integral means spectrum [(p, q) corresponding to this generalized moment
integral is the exponent such that

. LB (e ) 11 = e,

in the sense of the equivalence of the logarithms of both terms.
As mentioned in Sectlonl it is interesting to remark that the map f = fl-t

(e C\Dw fIU(Q) = 1/f(1/C),
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is just the erterior whole-plane map from C \ D to the slit plane considered by
Beliaev and Smirnov in Ref. [3]. We identically have for 0 < r < 1:

o [ e(ror)=m [ e(LE0)

We thus see that the standard integral mean of order (p,q = 0) for the exterior
whole-plane map studied in Ref. [3] coincides (up to an irrelevant power of r)
with the (p, q) integral mean for ¢ = 2p, for the interior whole-plane map.

Remark 6.1. Exterior-Interior Duality. More generally, we obviously have

o [ (:;’(<)>||q”)|q v [ () 0

so that the (p,q’) exterior integral means spectrum coincides with the (p,q) in-
terior integral means spectrum for ¢ + ¢’ = 2p. In particular, the (p,0) interior
derivative moments studied in Ref. [9] correspond to the (p, 2p) mixed moments
of the Beliaev—Smirnov exterior map.

Hence the general setting introduced in this work unifies the integral means
spectrum studies of Refs. [3] and [9] in a broader framework, that also covers the

p = q = ¢ logarithmic case, as well as the integral means of the map f (or f)
itself, in the (0, q) (or (0, —q)) case.

6.2. Modified One-Point Function. Let us now consider the modified SLE
moduli one-point function,

_ /()P
(68) F(z,z) = —G( zZ)=E ( :
|2 |f(z)]
Because of Eq. (57)), it obeys the modified PDE,

1 1
+Zz€)F— +Zz

— - 1—7

+2p - q}F( z) =0,

Z0F

69)  P(D)F(z72)] =— g(za — 29)2F —

p p
_|_ —
[ (1—22 (1-2)
which, of course, differs from Eq. . We can rewrite it as

1 1
+223F— R

(70) P(D)[F(z,7)] = — g(za —39)2F — ~Z0F

—p{(l_lz)2+ (1_12)2+a—11F:0,

in term of the important new parameter,
(71) o:=q/p—1.

This PDE then exactly coincides with Eq. (106) in Ref. [9], where o was meant
to represent £1, whereas here o € R.
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The value o0 = +1 corresponds to the original Beliaev—Smirnov case, where the
integral means spectrum successively involves three functions [3]:

1
(72) Biip(p; ) iz—p—1+é—l(4+/<c—\/(4+/<a)2—8/<ap),
3
(73) for p < py(k) :=—-1— g;
44+ K 5
(74) Bo(p, k) :==—p+ T(4+/€—\/(4+H) — 8kp),
for pj(r) < p < po(k);
- (4 + k)?
(75> Bhn(pu ’i) =P 16K )
3(4+ K)?
fi > =
(76) or p > po(k) 2
As shown in Refs. [9 I8 19, 20] in the 0 = —1 interior case, because of

the unboundedness of the interior whole-plane SLE map, there exists a phase
transition at p = p*(k), with

(k) == 16% ((4—1-:“&)2 42 2(4+n)2+4)

(77) :ﬁ( 2(4+/@)2+4—6) <m+2>.

The integral means spectrum is afterwards given by

1 1
(78) ﬁ(palf/) :Sp_§_§V1+2K‘7forp2p*(’€>

Since p*(k) < po(x) (76)), this transition precedes and supersedes the transition
from the bulk spectrum towards the linear behavior ([75]).

The singularity analysis given in Ref. [9] led us to introduce the o-dependent
function

(79) BL(p, k) = (1—20)p—%(1+\/1—2m{p).

For 0 = —1, it recovers the integral means spectrum above for the interior
whole-plane SLE, while for ¢ = +1 it introduces a new spectrum,

(30) (D (p,m) = —p— 5 (1+ /T 2rp),

the relevance of which for the exterior whole-plane SLE case is analyzed in a joint
work of two of us with D. Beliaev [2].
For general real values of o ([71]), we can rewrite (79) as a function of (p,q, k),

11
(81) BL(p, k) = Bi(p,q; k) :== 3p — 2q — 5 Vit 26(p — q).

We claim that the spectrum generated by the integral means (64)) in the general
(p, q) case will involve the standard multifractal spectra , (74)), , that are
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independent of ¢, and also the new (p, ¢)-dependent multifractal spectrum (81)).
Phase transitions between these spectra will occur along lines drawn in the real
(p,q) plane. The main reason for the occurence of , to be presented in a
future work, is that the analysis performed in Ref. [9], Section 4, for determining
the integral means spectrum, in particular the range of validity of and the
corresponding proofs, can be adapted for general values of the o parameter.

Here, we shall simply describe the corresponding partition of the (p,q) plane
into the respective domains of validity of the four spectra above. We thus need
to determine the boundary curves where pairs (possibly triplets) of these spectra
coincide, which are signaling the onset of the respective transitions.

6.3. Phase transition lines. The best way is perhaps to recall the analytical
derivation of the various multifractal spectra as done in Ref. [9], which was based
on the use of functions A (| . and C' ( . It will be convenient to use
the notation [9],

K
(82) A%(p,7) == —§v2 +7 —op,
such that for o = ¢/p — 1 (71,
K
(83) A%(p,y) =Alp,¢;v)=p—q+~— 572,
as well as
K
(84) B(q,v)=q— <3+§>7+m?,
_ ko AN L
(85) C(p,v) = 57+ <2+ 2)7 P,
K K
(86) B(p,7) = 5’72 —C(p,y) = ky* — (2 + 5) v+,

where the last function, 8(p,~), is the so-called “spectrum function” [9]. Recall
also that this function possesses an important duality property [9],

1

(87) Blp.v) = Bp. ), v+ :=%+§.

Remark 6.2. The B-S spectrum parameter vy, and bulk spectrum (74) £y =
B(p, ), (corresponding to Egs. (11) and (12) in Ref. [3]) are obtained from the
equations (see Ref. [9]),

(88) Cp,70) =05 Bo = Bp,70) = K75/2.
The two solutions to are 75 (p) as in Eq. (26), where the lower branch
Yo := ", is the one selected for the bulk spectrum, fo(p) = 3575 (p)?.

This spectrum (74} . is deﬁned only to the left of a vertical line in the (p,q)
plane, as given by (see Fig.

(89) Ay = {pzug—;)z,qemﬁ}.
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Remark 6.3. The o-dependent spectrum is obtained from the equations

(90) A%(p,y) =0; B(p.v) =rr*/2—C(p, 7).
The solutions to Eq. are
1
00 L) = (1= /T Zomp),
1
(92) BL(p) = (1 —20)p — gvi(p) = (1=20)p = 5 (1 £ /1 - 20xp).

The multifractal spectrum is then given by the upper branch 37 (p) [9]. Note
also that this spectrum is defined only for 20kp < 1, hence for points in the (p, q)
plane below the oblique line (Fig. (3)):

(93) Ar:={(p,q) eR* g=p+1/2k}.
q
DO A0 AI
D
T
2 / :
h
¥ 1
7 5

-1-

FIGURE 3. Red parabola R and green parabola G (for
Kk = 6). From the intersection point Py, originate the two
(half )-lines Dy and Dy (103). The bulk spectrum [y(p) and
the generalized spectrum [i(p,q) coincide along the arc of red
parabola between its tangency points Ty and Ty with Ag and A
(thick red line). They also coincide along the infinite left branch
(199) of the green parabola, up to its tangency point Ty to Ay (thick
green line). The By(p) spectrum and the linear one By, (p) coincide
along Dy, whereas B1(p,q) and Pin(p) coincide along Dy .
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6.3.1. The Red Parabola. The parabola R of Theorems and [£.2] which we
shall hereafter call (and draw in) red (see Fig. |3)), is given by the simultaneous
conditions,

(94) A%(p,v) = Alp.¢,7) =0, C(p,7) =0,
hence also B(q,7) = 0, which recovers the parametric form ([24])

KR KR
p=pr(7) = (2+§>7—§v2,
(95) : )
q=qr(7) = (3+§>7—m , Y ER.

By construction, the associated spectrum ((p,y) is therefore both of the B-S
type, 35 (p), and of the novel type, 8% (p). We successively have:

v=72(p) =% (p); B2(p) =By (p),7 € (—00,1/K],
(96) v =77(p) = 0); BL() =By (p),y € [1/K,2/k+1/2],
v =77() =4 (p); BLWp) =B (p),y € [2/6+1/2,400),

where the change of analytic branch from the first to the second line corresponds
to a tangency at T; of the red parabola to the boundary line A;, whereas the
change from second to third corresponds to a tangency at Ty to the vertical
boundary line Ay. The interval where the multifractal spectra coincide, i.e.,
when 7 (p) = By (p), is thus given by line in the equations above.

In Cartesian coordinates, the red parabola R has for equation ([25)).

6.3.2. The Green Parabola. A second parabola in the (p, ¢) plane, hereafter called

(see Fig. [3) and denoted by G, is such that the multifractal spectra 3; (p)
and 39 (p) = B(p, ¢; k) coincide on part of it. We use the duality property of
the spectrum function [9], and set the simultaneous seed conditions,

(97) A%(p,y) = A(p,¢,7') =0, C(p,v") =0,
’7/+’Y”:2//€+1/27

where +" and 4" are dual of each other and such that 5(p,~’) = B(p,~7").
Eqgs. and immediately give the parametric form for the green parabola,

. N <4+H)2_E )
. p=pg(y) = ” 57
/ (4""“5)2 / 2
q=qg(y) = ot - A ER

Along this locus, we successively have:

Y =77(0),7" = (p); 67(p)
Y =97(), 7" = 0); B7(p)
(99) v =91®),7" =% ); BL(p)

By (p),y € [0,71],

BJ(I’)// € (_0070] )
0
By (p).7 € [, +00),
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where the changes of branches correspond to a tangency of the green parabola
to Ay followed by a tangency to A;. The multifractal spectra coincide when
B5(p) = By (p), which corresponds to the third line in the equations above,
i.e., to the domain where 7' > 1/k.

6.3.3. Quadruple point. The intersection of the red and green parabolae and
can be found by combining the seed equations and . We find either
v =7+ =1/k+1/4, or v = 2/k + 1/4,74 = —1/4, which lead to the two
intersection points,

3(4 4 k)2 (44 K)(8 + k)
( 00) 0 - Do Po(’f) 39k q0 165 )
(84 k)(8 + 3k) (44 K)(8+ k)

( 0 ) 1:-D1 e ) qo 165

Note that these points have same ordinate, while the abscissa of the left-most
one, Py, is po(r) (76)), where the integral means spectrum transits from the B-S
bulk form to its linear form ((75)).

Through this intersection point F further pass two important straight lines in
the (p, q) plane.

Definition 6.4. D, and D, are, respectively, the vertical line and the slope one
line passing through point Fy, of equations

(102) Dy := {(P; q):p= P0}7

16 — K2
103 Dy = Tg—P=0qy— Py = .
( ) 1 {(Z% Q) q—P=4q0— Do 305 }

A key property of D is the following. The difference,

100 Apgr) - Bupr) = (- Vit b-a)

is always positive, and vanishes only on line Dy, where

(4+/~€)2.

(105) v(pa Q) € Dla 61(p7q7 /ﬁ:) = ﬁlin(pa H') =p— 16:‘1

6.3.4. The Blue Quartic. A third locus, the blue quartic Q, will also play an
important role, that is where the B-S tip-spectrum, B, (p; x) (72), coincides
with the novel spectrum, 87(p) = Bi(p,¢;x). The tip spectrum is given by
Biip(p; &) = B(p,70) — 270 — 1, where 7y is solution to C(p,yp) = 0 and such that
the tip contribution is positive, 279 + 1 < 0 [3] [9]; this corresponds to the tip
condition (73) [3]. In the (p, q) plane, this descibes the domain to the left of the
straight line D} (Fig. [)), defined by

(106) Dy :={(p,q) : p = pp(r) = =1 — 3r/8} .
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27 1

FIGURE 4. The blue quartic[I13 for k = 6. It intersects the green

parabola at point Qy (117) and the red parabola at point Q1 (116))
(not marked), both of abscissa py(k) = —1 — 3k/8.

The generalized spectrum is given by 7(p) = B(p,v) where 7 is solution to
A%(p,~) = 0. We therefore look for simultaneous solutions to the seed equations,

ﬁ(p,’}/) = ﬂ(p770> - 2’70 - 17 270 +1 < 07
Aa(pv 7) = 07 C(p7 70) = 0.
Using Eq. , we first find, as for the red and green parabolae,

(107)

K
(108) ¢—p=7-37,
and from and , by substitution in the above,
1 &K
(109) 2P—Q+§:Z(7+’Vo),
4 8

(110) Tk — 1= SR ey

2 2
Solving for vy in terms of ~y gives

8+ kK 1 1

111 — AT = + Az

1
(112) A7) == 4k*y* — 26(4 + K)y + 1(8 + K)? + 4k,
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with A(vy) > 0,Vy € R. The tip relevance inequality in (107), 27 + 1 < 0,
implies the choice of the negative branch in (111): vy = 7, . We thus get the
desired explicit parameterization of that branch of the quartic,

K K K 1.1

K
q=qo(7) =po(y) +7— 5727 v €R.

Remark 6.5. Note that because of the very choice to parameterize the parabolae
and the quartic by =, such that A vanishes, Eq. (108)) holds for each of the

pairs of parametric equations.
We successively have along the branch (113]) of the blue quartic:
Y= 7?(]3), 55(17) = /Btip(p)vf)/ € (—OO, 1//4:] )
(114) 7 =77); BL(p) = Bup(p) < By (p), 7 € [L/rK,1+2/K],
(115) v =71(p); BL(p) = Bup(p) = By (p),y € [1+2/k, +00),

The intersection of the blue quartic (113]) with the red parabola R is located
at

(113)

3K 1 1
116 pp=—-1——,qg=—=(3 S Y=Y =—=
(116) Q1 : 1y g 1= 5Bk ¥=7%=—3,
followed by a second intersection at the origin, p =g = 0, for v = % and vy = 0.
The intersection of the blue quartic (113]) with the parabola G is
located at
3K K 2 1
117 ph=—1—— g =—2— —: v=~"=142Z ~=—=.
(117) Qo : 1y g 1= =l =5
Notice that these two intersection points have same abscissae, py(x) (73)), where
the transition for vg = —% from the B—S bulk spectrum to the tip spectrum takes

place. They are found by combining Egs. or Eqgs. with ((107)).
The tip spectrum and the generalized one coincide in both ~-intervals (114])

and , which together parameterize the branch of the quartic located below
its contact with A; (see Fig. . Because of the tip relevance condition , only
the interval describing the lower infinite branch of the quartic located to
the left of Qg will matter for the integral means spectrum.

6.4. Whole-plane SLE, generalized spectrum.

6.4.1. Summary. Let us briefly summarize the results of Section [6.3] We know
from Eq. that the B=S bulk spectrum [y(p) and the mixed spectrum /3 (p, q)
coincide along the finite sector of parabola R located between tangency points
To and Ty (Fig. |3). From Eq. , we also know that they coincide along the
infinite left branch of parabola G below the tangency point 75 (Fig. |3)).
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The linear bulk spectrum Sy, (p) coincides with 5y(p) along line Dy and super-
sedes the latter to the right of Dy (Fig. [3). We know from that fun(p) and
B1(p, q) coincide along the line Dy (Fig. |3)).

The tip spectrum Sy, (p) coincides with fy(p) along line Dy, and supersedes it
to the left of Dj. We finally know from Eq. that this tip spectrum B, (p)
coincides with f;(p, ¢) along the lower branch of the blue quartic located below
point @ (Fig. {4)).

The only possible scenario which thus emerges to construct the average gen-
eralized integral means spectrum by a continuous matching of the 4 different
spectra along the phase transition lines described above, is the partition of the
(p, q) plane in 4 different regions as indicated in Fig.

e a part (I) to the left of Df, and located above the blue quartic up to point
(o, where the average integral means spectrum is S, (p);

e an upper part (II) bounded by lines Dy, Dy, and located above the section
of the green parabola between points )y and F,, where the spectrum is
given by £o(p);

e an infinite wedge (III) of apex Fy located between the upper half-lines D,
and D;, where the spectrum is given by Sy, (p);

e a lower part (IV) whose boundary is the blue quartic up to point o,
followed by the arc of green parabola between points )y and P, followed
by the half-line D; above Py where the spectrum is 51(p, q).

The two wings T} Py and PyTj of the red parabola (Fig. |3), where we know from

Theorem that the average spectrum is given by Sy(p) = p1(p, ¢), can thus be

seen as the respective extensions of region IV into II and of region II into IV.
This is summarized by the following proposition.

Proposition 6.1. The separatriz curves for the generalized integral means spec-
trum of whole-plane SLE, are in the (p,q) plane (Fig. [3)):

e (i) the vertical half-line Dy above Py = (po, qo) (100]), where
po =34+ K)?/32k,q0 = (4 + k) (8 + k) /16kK;

o (i1) the unit slope half-line Dy originating at Py, whose equation is
q—p= (16 — k?)/32k with p > po;

e (i11) the section of green parabola, with parametric coordinates (pg(7y), qQ(’y))
fory € [1/4+1/k,142/K], between Py and Qo = (pj, ;) , where
pp=—1—3k/8,¢, = —2—TK/8;

e (iv) the vertical half-line D above point Qo;

e (v) the branch of the blue quartic from Qg to oo, with parametric coordi-

nates (pa(v), 4o(7)) for v € [1+2/k, +00).

6.4.2. The B-S line. As mentioned above, the whole-plane SLE case studied by
Beliaev and Smirnov corresponds to the ¢ = 2p line. Because of Eq. , it
intersects the red parabola R only at p = 0. The green parabola G has for
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’ q ]
DO 7 DO Blm(p)
P |
B() 2 D1
0

Biip(P) B @

///@0 ]

FIGURE 5. Respective domains of validity of integral means spectra

Biin(P): Bo(p), Bin(p), and B1(p,q). The thin straight line (coral)
q = 2p corresponds to the version of whole-plane SLE studied in

Ref. [3]. It does not intersect the lower domain where By holds.

Cartesian equation (see also Section [7]),

1 1
(118) S q? - (A4 R 2 —a) Fp+ (A4 R)PE 4 k) =0,
2 8 128
which shows that it intersects the the B-S line at [2]
1
(119) p=pg(k) = —@(4+“)2(8+/€),

which is to the left of the tip transition line at py(k) = —1— %/i . The quartic
Q (113) obeys (see also Section [7)

{(%—q—%f—ﬂ (2p—q—1—g> (ZP—Q):g(p—Q) (2p—q—i—g)2

(120) e=clr) = (8 R+

64 4
which immediately shows that the B-S line ¢ = 2p intersects Q only at the origin
and stays above its lower branch.

The B-S line therefore does not intersect the segment of green parabola G
between P, and @)y, nor the quartic Q below Qo (Fig. [b). Thus the novel
spectrum (37 does not a priori appear in the version of whole-plane SLE considered
in Ref. [3]. The B-S line nevertheless intersects G at p{ to the left of Q,
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in a domain lying above the quartic and where the integral mean receives a non-
vanishing contribution from the SLE tip. But if that integral mean is restricted
to avoid a neighborhood of z = 1, whose image is the tip, only the bulk spectrum
remains, and a phase transition will take place from Sy to #; when the line ¢ = 2p
crosses G. As we shall see in Section [6.5] the 1 spectrum can also directly appear
in the averaged integral means spectra of higher m-fold transforms of the B-S
version of whole-plane SLE.

6.4.3. The Koebe Kk — 0 limit. In this limit, Eq. of the red parabola R
becomes 3p —2g = 0, Eq. of the green one G becomes 3p —2¢ —1 =0, and
Eq. of the quartic factorizes into that of four parallel lines, among which
q = 2p gives the relevant lower branch. Point Fy moves up to infinity, whereas
Qo — (—1,—2). The phase diagram is thus made of only three different regions,
I, where S, (p) = —p — 1, 11, where §y = 0, and IV, where f1(p,q) = 3p —2¢ — 1.

6.4.4. Checks. The proposed partition of the (p, ¢) plane can be checked against
several rigorous results [9]. The red parabola R is parameterized by =y
such that C'(y) = 0, where v = 77 (p) before the tangency point T3, and v = 77 (p)
after it (Fig. . It partitions the half-plane below A; into an open interior Z
of R, where C(v7) > 0 and C(7?) < 0; an open exterior £_ located to the left
of tangency point 77, where C'(y7) > 0; an open exterior £, to the right of 77,
where C'(v7) < 0.

According to Ref. [9], Section 4.2.5, and the generalization thereof to PDE
, there exists then in Z U £_ a supersolution to Eq. of critical exponent
B(v7) = B7(p) = P1(p,q), such that the true average integral means spectrum,
say 5(p,q), is bounded below as 5(p,q) > B1(p, q), whereas there exists in £, a
subsolution to with the same critical exponent 5(v7) = f1(p, q), such that
now B(p,q) < Bi(p. ).

In region Z, and to the left of the thick branch of the green parabola below F,
(Fig. |3), we thus have 51(p, q) < Bo(p) and 51(p, q) < B(p, q), which is consistent
with B(p,q) = Po(p) (Fig. . In region Z, and to the right of the thick branch
of the green parabola below Py, we by contrast have £1(p,q) > 5o(p) still with
B(p,q) > Bi(p, q), in agreement with 3(p,q) = Bi(p, q) there (Fig. [3)).

In region &£, consider now the inside of the curved triangle T} PyTs» (Fig. |3)),
where £1(p,q) > Po(p) > Pun(p), and Bi(p,q) > B(p,q); this is consistent with
B(p,q) = Bo(p) to the left of Dy and 5(p,q) = fun(p) to the right of Dy (Fig. [5).

Consider the region in £, delimited by the arc FyTy of the red parabola, the
arc PyT, of the green parabola, the half-line A; above 75 and the vertical line
Ay (Fig. [3); in this region one has fin(p) < Si1(p,q) < Bo(p), together with
the true spectrum SB(p,q) < Bi1(p, q), and this is both consistent with the claims
B(p,q) = Bi(p, q) below Dy and S(p,q) = Bin(p) above D; (Fig. [5).

In the band in &, between D; and A; and to the left of Ay (Fig. |3), we
have both Bi.(p) < Bi(p,q) and B(p,q) < Pi(p,q), which is consistent with
B(p,q) = Bin(p) there (Fig. [5). In the remainder of the angular sector above A;
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and to the right of Dy, the function f; is no longer defined, and we are left with
the usual linear spectrum Sy, (p) = 5(p, q) as the only possibility (Fig. |5)).

In the part of region &, , with the shape of a curved wedge located in between
the branch of red parabola below Tj and the half-line Ay below Ty (Fig. |3), we
have fo(p) < Bi(p,q) and B(p,q) < Pi1(p,q) which is consistent with the claim
B(p,q) = B1(p,q) in this region (Fig. |5). To the right of Ay and below Dy, the
function fy is no longer defined, and we are left with 5(p,q) = 51(p,q) as the
only possibility (Fig. [5)).

Consider now, in the region to the right of the vertical line D} (Fig. [4)), the
union of the exterior sector £_ and of the open part of Z located to the left of
the green parabola: there 51(p, q) < Bo(p), while we know that 51 (p, q) < B(p, q),
which is consistent with the prediction that the true spectrum there is Gy(p) (Fig.
B).

Finally, consider the tip region to the left of the vertical line D{, (Fig. |4)); the
lowest part of this region lies in the exterior part £, where 5(p,q) < pi(p,q),
followed by a part intersecting ZUE_ where 5(p, q) > f1(p, q), and ending with a
domain above A;. We have along the branch Q of the blue quartic drawn below
its intersection point )y with the green parabola, Bu,(p) = Bi1(p,q); below it,
Bo(p) < Bup(p) < B1(p, q); above it, B1(p,q) < Bup(p). All this is consistent with
the claim A(p, q) = B (p, g) below Q and B(p, g) = Bap(p) in TUE_ above Q (Fig.
5)). Finally, in the domain above A;, the function 5 no longer exists and we are
left with 5(p, q) = Bup(p) > Bo(p) as the only possibility for the average integral
means spectrum (Fig. [f)).

6.5. m-fold spectrum. The generalized integral means spectrum S (p, ¢; k),
associated with the m-fold transform fI™ of the SLE whole-plane map, can be
directly derived from the analysis given in Section .Identities and
immediately imply that

8" (p,q; k) = 8Y(p, i %),
Gm = qm(p,q) = (1 = 1/m)p+q/m,
where BM(p, ¢; k) = B(p, ¢; k) is the m = 1 averaged integral means spectrum of
whole-plane SLE,; studied above.

Let T, = (1,%/,71 1/0m) be the endomorphism of R? given by T, (p, ¢) = (p, gm),
with inverse T),' = (1, 0

(121)

1=m m). Then the separatrix lines for the m-fold case are
the images by 7.1 of those for m = 1. Proposition then yields:

Proposition 6.2. (Figure @ The separatriz curves for the generalized integral
means spectrum of the m-fold whole-plane SLE, are given, for m > 1, by the
same as 1n Proposition for m =1, provided that one replaces there,

e Dy by D([]m], Py by Pgm], qo by q([]m] = po + m(16 — k?)/32k;

e Dy by ng], with ¢ — p = m(16 — k%) /32k;

o 45(7) by pa(7)+m (v — k72/2), Qo by Q4" ) by 0™ = ph—m (1 + 1/2);
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° D6 by Dé[m];
® qo(7) by po(v) +m (v — ky?/2).

For m < —1, the same conclusions hold, except that, because det T,-! = m < 0,

the vertical positions of the respective domains of validity of the spectra are all
reversed, the vertical separatrix lines D([)m} and ng} being now half-lines going
from below P(gm} and an] to —oo, and the domain IV lying above the half-line
ng], the transformed green parabola and the transformed quartic. The concavity

of the separatrix curves is correspondingly inverted (Fig. [6] right).

s[m] [m] [m]
o b b 1
Q[m] 60 -
B T wp 0
P(') 50
II 404
_50._‘
I | 30 v
IV 20 -
-100]
10 [m]
D
1I 1
L B e
4 [m]
-150 -10~P0 - p
s[m] [m]
(m] D D
QO 0 20 0

FIGURE 6. Phase diagram for the m-fold whole-plane SLE, and
domains of validity of spectra By, (I), Bo (1), Bin (III), and B,
(IV). Left: For m = +10 and x = 30, the ¢ = 0 line crosses
successively domains I, II, III and IV. Right: For m = —30 and
Kk = 2, this line crosses successiwvely domains I, II, IV and III.

The allure of the m-separatrices are easily deduced from Proposition [6.2f in
particular, the transformed quartic is asymptotic for p — —oo to a straightline,

¢ = (m+1)p—m(2+r)/s,
whose direction is also that of the axis of the transform of the green parabola
G. Note the slope inversion when going from m > 1 to m < —1. The m = —1
case, i.e., the B-S version of whole-plane SLE, is thus peculiar: the parabola’s
axis and the quartic’s linear asymptote are both horizontal, and G intersects the
p-axis at pj(k) < py(k), in agreement with Section (See Fig. )

In region IV, the m-fold integral means spectrum is thus given by

BN (p, ¢; ) = Bun(D, @ K) := B1(D, G K)

2 2 1 1 2%
122 =(1+2)p-Sg—=— 1+ =@ —0).
(122) <+m)p =5\t (P —a)
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FIGURE 7. Phase diagram for the m = —1 case. (Here k =6.)

Let us focus hereafter on the standard ¢ = 0 case for the m-fold spectrum. It
yields

(123) Bim(p,q = 0;6) = Bi(p, (1 —1/m)p; k)
_ 2y 11 26p
- (HE)p > VT

in agreement with the result obtained in [Ref. [9], Eq. (22)].

In Proposition , observe now that the coordinate q[[)m] of point Po[m] can
become negative. In that case, the ¢ = 0 axis intersects the four different regions
for the m-fold spectrum (Fig. [6). This happens for

rn1 K4 >1
3k+4

which in turn splits into two possibilities, either K > 4,m > 0, or K < 4,m < 0.
In the fist case, when p describes the entire real line, we get the sequence of

spectra, Bip, Bo, bin, and finally §,,, in agreement with [Ref. [9], Eqs. (26)-(29)].
In the second one, we get the sequence of spectra, Biip, Bo, Bm, and finally Sy,

(Fig. [6).
The same conclusions can be obtained by working with the r.h.s. of (123)), i.e.,
by following the line

(125) q=qm(p,0) = (1—1/m)p,

(124)

Y
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FIGURE 8. Phase diagram for the m-fold whole-plane SLE, in the
(p, @m)-plane, and trajectories (125)) (coral color). Left: For m =
+10 and k = 30, the line crosses successively domains I, I1, 11T and

IV. Right: For m = —30 and k = 2, the line crosses successively
domains I, I, IV and III.

in the original (p,q) plane (Fig. . Let us consider the point Py whose coor-

dinates (po, qo) are given by (100). The line OF, has for slope Z—g = ggi:;,

quantity that decreases from 4/3 to 2/3 as x runs from 0 to co and takes the
value 1 for k = 4. As a consequence, for 4 < k, we have qo/py < 1, whereas for
k<4,1<q/po-

In the first case, it is then possible to find m > 0 such that g—g <1- % < 1.
Observe that this inequality is precisely equivalent to since 4 < k. The line
therefore first intersects the vertical line p = py above point Fy, and the
line D; of unit slope afterwards (Fig. . So the spectrum in this case has four
phases, Biip, Bo, Bin and [y, in this order from left to right.

In the second case, it is possible to find m < 0 such that 1 < 1 — % < DL an
inequality again equivalent to , now in the case Kk < 4. The line thus
crosses the line p = pg at a point below point F,. It follows that it first crosses the
green parabola and then crosses the line Dy, after which the spectrum becomes
linear (Fig. . So the spectrum again has four phases, but now in the order
Biips Bo, Br, Bin.

The last example shows that the spectrum 5,,(p, ¢; k) (i.e., f1 at (p, gm)) may
appear even if the boundary of the SLE image domain is bounded. This indeed
happens for m a negative integer: as seen in Section [5 the m-fold transform of
the outer whole-plane SLE is then the conjugate by the inversion z +— 1/z of
the (—m)-fold transform of the inner whole-plane SLE, which gives rise to an
univalent function map onto a domain with bounded boundary. In this case, the
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appearance of the f3,,, i.e., f1 spectrum, is due to a high (—m)-fold branching at
the origin for k < 4.

7. A GEOMETRIC APPROACH

In this section, we develop an alternative approach for the study of the sepa-
ratrix curves involved. Let us recall the four functions to compare,

1 1
Bi(p.q, k) =3p—2q9 — = — =/ 1+ 2k(p— q),

2 2
B (4+k)? (4+k) 5
60(]97 I{) =P + Ak Ak \/(4 + H;) 8:‘4}]77
1
Buplp. ) = —p =1+ 1 (445 — /AR —8p) .
B (4 + K)?
ﬂhn<p7 ’%) =D 16K .
These functions are defined in the sector S, such that
(4+ k)2

< ——,14+2k(p—¢q) >0.
p R (p—q)
Let us introduce a new system of coordinates,

T = \/(4—}—%)2—8/‘4}]9, Y = 1+2/€<p_Q)7

which defines a diffeomorphism from S, onto the quarter plane A = (R7)2. The
inverse diffeomorphism is given by
(126) p:(4+/§)2—w2, q:4+(4+ﬁ)2—x2—4y2‘
8k 8Kk
Note that this polynomial map is defined on the whole plane and maps each
quarter plane bijectively onto Sj.
In the x,y variables, the above functions are

8K K 2 8K K
z? r  (4+kK)?
- 4 _
bo=gp—UFRIL+ 5
8 NG N A
PRk 4 8k 4’
2 (44 k)?
6lin == =
8 16x

We first study the set where 51 = [y. In the z,y variables, we have the nice
factorization:

4k(B1 — Bo) = Qu+2—Kk—2)2y —x+2) = R(x,y) G(z,y),
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/

FIGURE 9. The separatrix curves in the (z,y)-plane for kK = 6 and
k = 50. The dashed parts are lying outside of the first quarter A.

and the set we are looking for is the intersection with A of the union of the red,
R(z,y) = 0, and green, G(z,y) = 0, straight lines (Fig. [J). Returning to the
(p,q) variables, we get two portions of two parabolas R and G, that are both
tangent to the two half-lines defining S,. Using x as a parameter, we have the
following parametric equations:

e For the red parabola R,
(A+r)?P—2* 2k+4)+(k+2)x—a®

- 8k T 4k ’
e For the green parabola G,

(4 + k) — 22 . (4+ k)2 — 227 + 4z

8k ’ 8k
Eliminating x, one easily gets the Cartesian equations of the corresponding sets:
C(r+2)? ) (k+2)(k+4)\*
e R: ( i ) (4 + k) —8/{p)—(q—2p— P ;
4+ k)2 —8 4+ k)%
e G: (4+5) P _ q—2p+ ﬂ ;
4rK2 8K

they can also be respectively recast as Eqs. and ((118).

The set of points such that 5; = [y, is easier to compute, since

B — Bin = ! (y—g>2§

K
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it is thus simply the line y = k/4, i.e., in the (p, ¢)-plane, the straight line D,
such that ¢ — p = %.

In the same way as we found parabolae R and G, let us now discuss the set Q
of points (p, ¢) such that S1(p, q) = Bup(p), i-e., the curve called the blue quartic

in Section [6.3.4] In the x,y variables, this reads
2 2
(127) 4k (By — Bup) = 4 (y - Z) - (:1: - g) 4 6(k+2) =0,

and the set Q is thus a hyperbola centered at (k/2, k/4), whose pair of asymptotes
is given by

(128) (a) x—2y=0, (b)z+2y—r=0.
We easily deduce the parametric equations (in y) of the set Q in the (p, ¢)-plane:
(4 + K)? — 22 1—y?
pi:Tiy ¢+ = p+ + o
(129)
K K\ 2
Ty o= Eﬂ:\/él(y—Z) +6(k + 2).

The Cartesian equation of the blue quartic Q is then

((4+/£)2_8/£p) (1+2k(p—9q)) = (@4‘1—2&(]— (4]?—2(]—/{1_2) > |

an equation which can be shown to be equivalent to Eq. .

Using the (polynomial) map , we then get the desired set by taking the
image of the intersection of hyperbola (127)) with A, i.e., a subset of an algebraic
curve, here a quartic (Fig. [10). The (left) component of the quartic that will
appear in the separatrices for the integral means spectrum is the image of the
hyperbola’s upper component, i.e., of the set parametrized by x, in Eq. .

Note that the lower component has a relevant image in the (p, ¢)-plane only if
it intersects A, which happens iff z_(x/4) > 0, and is equivalent to x > 12-+8v/3.
(Fig. right.) Then there exists a domain where 8; < B, < [y, thus with an
irrelevant tip, and this component of the quartic has no bearing on the spectrum.

Let us conclude with the asymptotic study of the quartic. In (z, y)-coordinates,
it is the hyperbola (127), with asymptotes (128). Near the first asymptote (a),
this hyperbola is thus asymptotic to another one, with equation 4y — x* + 6(x +
2) = 0. This becomes in the (p, ¢)-plane a straight line, ¢ — 2p — (k +2)/8 = 0,
which yields the linear asymptote in between the two components of the quartic
(Fig. [L1).

Similarly, near its second asymptote (b) in , the hyperbola is asymptotic
to either one of the hyperbolae obtained by replacing, in the linear term x — 2y of
Eq. , either x by k — 2y, or 2y by kK —z. In the (p, ¢) variables, these curves
become two parabolae, whose equations have the generic form, P(p, q) := (2p —
q—1/4)? — k(p — q)/2 = ¢, for different values for c. Among this one-parameter
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FIGURE 10. Image in the (p, g)-plane of Fig. [9 by the map (126)),
with corresponding solid/dashed parts. (Here k = 8 and k = 50.)

family, there are a priori two distinguished ones, given by ¢ = lim,_, - P(p, q),
for (p, q) belonging to the relevant branch in each component of the quartic. It
happens that the limits are the same for both components, namely ¢ = g + 13—6/1.
The blue quartic and its asymptotes are shown in Fig.

—_
o
w

-20-

FIGURE 11. The quartic and its asymptotes in the (p, ¢)-plane for
k =6 and k = 50.
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8. UNIVERSAL SPECTRUM

It is worthwhile to compare the above results to universal ones. We aim at
generalizing the universal spectrum for integral means of derivatives of univalent
functions to the case of mixed integrals of the type:

| ety
—de.
| e

More precisely, for f injective and holomorphic in the unit disk, we define 8¢(p, q)
as being the smallest number such that

27 / 0

/ eIl 19 < 01 = ry=100-2 ye 5 0.7 - 1.
o |f(re?)ls

The universal spectrum B(p, q) is then defined as the supremum of 3;(p, q) over

all holomorphic and injective f’s on the disk.

It should be first noticed that if one restricts oneself to bounded univalent func-
tions, there will be no change with respect to the usual integral means spectrum,
i.e., the denominator in the integrand (and thus ¢) plays no role in this case. In
the general case, we will mimic the Feng-McGregor approach [10].

Theorem 8.1. Let f be holomorphic and injective in the unit disk. For p €
R*,q € R such that ¢ < min{2, %p — %}, there exists a constant C' > 0 such that

| e c
) |, o= s

The universal spectrum is therefore finite and such that B(p,q) < 3p—2q —1,
at least in the domain Dy := {0 < p, ¢ < min{2, 2p—3}} of Theorem . In that
domain, the Koebe function, K(z) = z(1 + 2)72, saturates the bound, therefore
B(p,q) =3p —2q—1> 0 for (p,q) € Do.

In order to make the proof lighter, we will neither write the variables in the
functions involved, which are of the form re with r fixed, nor the angular inte-
gration interval, which is meant to be [0, 27].

Proof. Let a,b be two reals, to be fixed later, such that a — b = 1. Let us first
consider the case p < 2, for which Holder’s inequality gives

‘f |p ’f/‘p b~ ( )P/Q ( 2bq/(2_p))(210)/2
S VT AviTEd ) (1 ‘

In order to estimate the first integral on the right-hand side, we invoke Hardy’s
inequality [25]: For any p’ > 0, there exists a constant C’ > 0 such that for any
function f which is holomorphic and injective in the unit disk,

SR < =
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For the rightmost integral in ((131]), we use the Prawitz inequality [25]: For any
p” > 1/2, there exists a constant C” > 0 such that for any function f holomorphic
and injective in the unit disk,

/! C”
L —
/ ’f| — (1 _ 7-)2p”*1

We then take p' := 2 — 2%,1)” = 22%(;, and assume that p’ > 0 and p” > 1/2; we
may then use the two inequalities above and get from ([131]

/p Cr
(132) P

7l = =t
for some C' > 0 and any f as above. For this, we need to find a,b € R such that
a—b=1,p >0, p" >1/2

The first inequality is equivalent to p > aq, and the second one gives aqg > g+ %.
We thus find that the universal bound ((132)) holds for

+1<5
q 5 419-

Recall then the original condition of validity, p < 2, which implies that ¢ < 2.
The theorem being already proved for p < 2, we may now assume that p > 2.
Let then p’ be such that %q + % < p' <2 < p. We now invoke Koebe distortion
theorem:

/'(0)]

VzeD, |f(2)] < 2A TR

from which follows, by writing |f'[° = |f'[P'|f/|P*" and by using (I30) for the
couple (p', q), that for some C' > 0,

133 / o c c

fl7 = (1— )% 201030-%) (1 — r)3p-20-1°

U

Guided by the results obtained above for the generalized integral means spec-
trum of whole-plane SLE, we will now state a conjecture concerning the universal
generalized spectrum. As we shall see, its structure turns out to be very similar,
each of the SLE four spectra having its own analogue in the universal case.

Let us first recall that the universal spectrum for bounded holomorphic and
injective functions, B(p), is known to be equal to p — 1 for p > 2, and equal
to —p — 1 below a certain threshold pf < —2. For p € [pf,2], it is equal to a
unknown function, By(p). Two famous conjectures are that by Brennan, stating
that By(—2) = 1 and implying that pf = —2, and the broader conjecture by
Kraetzer stating that By(p) = p?/4 (see Ref. [25] and references therein).
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For unbounded functions, a classical result by Makarov [23] states that the
universal spectrum is simply given by

(134) max{B(p),3p — 1},

the second term corresponding to the extremal case of the Koebe function.

Now, in the case of generalized spectra, the universal analogue of the SLE gen-
eralized spectrum f;(p, ¢; k) is naturally the spectrum that we have just obtained
in Theorem (8.1 and that corresponds to the Koebe limit of Section [6.4.3],

(135) Bi(p,q) :=3p—2q — 1.

The analogue of the SLE bulk spectrum, Sy(p), is then naturally given by the
function By(p) of the bounded universal spectrum above, while the two remain-
ing SLE spectrum functions, By, (p) and Bin(p), have respectively for universal
analogues, By, (p) :== —p — 1 for p < p', and By,(p) :=p — 1 for p > 2.

We then proceed as for SLE, looking for the sets of points in the (p,q) plane
such that Bi(p, q) = Bip(p), Bi(p,¢) = Bo(p), Bi(p,q) = Bin(p). They turn out
to be, in the same order,

e the line ¢ = 2p for p < pf,

e the curve 2¢ = 3p — 1 — By(p) for p € [p', 2],

e the line p = ¢ for p > 2.
Note that if Brennan’s conjecture holds, p’ = —2, and it is equivalent to the fact
that the separatrix curve, 2¢ = 3p — 1 — By(p), the vertical line, p = —2, and
the separatrix, ¢ = 2p, all meet at point (—2, —4). If Kratzer’s conjecture also
holds, the first curve becomes the segment of parabola 2q = 3p — 1 — p?/4, with
p € [—2,2].

In complete analogy with the SLE case (see Fig. [5), we thus obtain a prediction
for the universal spectrum B(p, q), with a partition of the plane into four zones
corresponding to the four spectra introduced above, as illustrated in Fig. [12]
Observe that the above picture contains, for ¢ = 0, the universal spectrum for all
univalent functions, as well as, along the line ¢ = 2p, the spectrum of bounded
univalent ones. For p < p' (possibly (—2)), the latter line also appears as a
separatriz of the (conjectured) universal spectrum. A small departure from it
triggers a phase transition in the spectrum, which is thus unstable along the
bounded functions line.

Remark 8.2. As work done with Kari Astala shows [1], it is actually possible to
extend Makarov’s approach [23] to the universal generalized spectrum B(p,q),
and to generalize the result (134)) into

B(p,q) = max{B(p),3p — 2q — 1},

therefore entirely confirming the conclusions drawn above for the universal gener-
alized spectrum, the unknown remaining the position of p’ and the form of By(p)
in the standard universal spectrum.
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F1GURE 12. The four functions giving the universal generalized
spectrum (assuming here the validity of Kraetzer’s conjecture).
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