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ABSTRACT. We prove the existence of ballistic transport for the Schrédinger op-
erator with limit-periodic or quasi-periodic potential in dimension two. This is
done under certain regularity assumptions on the potential which have been used
in prior work to establish the existence of an absolutely continuous component and
other spectral properties. The latter include detailed information on the structure
of generalized eigenvalues and eigenfunctions. These allow to establish the crucial
ballistic lower bound through integration by parts on an appropriate extension of
a Cantor set in momentum space, as well as through stationary phase arguments.

1. INTRODUCTION

1.1. Prior results on ballistic transport. A rough qualitative correspondence of
spectral and dynamical properties of Schréodinger operators H = —A + V, either
discrete in H = ¢2(Z%) or continuous in H = L?(RY), is given by the RAGE theorem,
e.g. [29]: It says that solutions W(-,¢) = =4 of the time-dependent Schrédinger
equation are ‘bound states’ if the spectral measure g, of the initial state ¥y is pure
point, while ¥(-,t) is a ’scattering state’ if py, is (abolutely) continuous. However,
knowing the spectral type is not sufficient to quantify transport properties more
precisely, for example in terms of diffusion exponents 5. The latter, if they exist,
characterize how time-averaged moments

(X =5 [ e (=3 ) (060, Xm0 D) (1)

of the position operator X grow as a power T of time T, where (Xu)(z) = |z|u(z).
The special cases f = 1, § = 1/2 and = 0 are interpreted as ballistic transport,
diffusive transport, and dynamical localization, respectively.

Restricting to the most frequently considered case of the second moment m = 2,
the ballistic upper bound (¥(-,¢), X2W(-, 1))y < C1(Vo)T? + C2(¥g) and, thus, also
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its averaged version
(X)) 1 < C1(Wo)T? + C(Wo) (1.2)

are known to hold for general relatively bounded potentials V' and large classes of
initial states Wy [28]. As most authors, we will work here with the Abel mean used
n (1.1), but mention that the existence of a ballistic upper bound can be used to
show that Abel means and Cesaro means T~} fOT ... dt lead to the same diffusion
exponents.

In the late 1980s and 1990s methods were developed which led to more concrete
bounds on diffusion exponents by also taking fractal dimensions of the associated
spectral measures into account. In particular, again for the special case of the second
moment, the Guarneri-Combes theorem [14, 15, 5, 24] says that

(X N1 > Cu, T, (1.3)

for initial states ¥y with uniformly a-Hélder continuous spectral measure (and satis-
fying an additional energy bound in the continuum case [5]). In dimension d = 1 this
provides the equivalence of absolutely continuous spectral measures (o = 1) with bal-
listic transport, as the bounds (1.2) and (1.3) combine to ((X2))r ~ T?2. In particular,
this means that in cases where the spectra of one-dimensional Schrédinger operators
with limit or quasi-periodic potentials were found to have an a.c. component, e.g.
(2, 4, 10, 11, 25, 26, 27], one also gets ballistic transport.

One can not conclude ballistic transport from the existence of a.c. spectrum in di-
mension d > 2. In fact, examples of Schrodinger operators with absolutely continuous
spectrum, but slower than ballistic transport have been found: A two-dimensional
jelly-roll” example with a.c. spectrum and diffusive transport is discussed in [23],
while [3] provides examples of separable potentials in dimension d > 3 with a.c.
spectrum and sub-diffusive transport.

In general, growth properties of generalized eigenfunctions have to be used in
addition to spectral information for a more complete characterization of the dynamics.
General relations between eigenfunction growth and spectral type as well as dynamics
were found in [23]. A series of works studied one-dimensional models with o < 1 and
related the dynamics to transfer matrix bounds, e.g. [6, 7, 8, 9, 13, 17, 31]. In
particular, these methods can establish lower transport bounds in models with sub-
ballistic transport, such as the Fibonacci Hamiltonian and the random dimer model.

Much less has been done for d > 2. Ballistic lower bounds and thus the existence
of waves propagating at non-zero velocity are known only for V' = 0, where this
is classical, e.g. [29], and for periodic potentials [1]. Scattering theoretic methods
show that this extends to potentials of sufficiently rapid decay, or sufficiently rapidly
decaying perturbations of periodic potentials. However, to our knowledge there are
no prior results on ballistic lower bounds for multidimensional Schrodinger operators
with bounded potentials which are not asymptotically periodic. Providing two such
results in dimension d = 2, one for a class of limit-periodic potentials and one for a
class of quasi-periodic potentials, is our main goal here.

For both of these examples, the existence of an absolutely continuous component
in the spectrum has been shown in earlier works [20, 21, 22]|. Essentially, what we do
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here is to show that the properties of generalized eigenfunctions which were obtained
in these works can be used to also conclude ballistic transport.

1.2. Main Results. We study the initial value problem:

i%‘f = HU, U(Z,0) = Uy(Z) (1.4)

for the Schrédinger operator
H=-A+V(Z) (1.5)
in two dimensions, ¥ € R?. For the potential V(¥) we consider two cases, limit-

periodic potentials and quasi-periodic potentials.
In the limit-periodic case, we assume that the potential can be written as

V() =3 Vi(@), (16)
r=1

where {V;.}22, is a family of periodic potentials with doubling periods. More precisely,
V.- has orthogonal periods 2’“‘1al_i7 27=1d,. Without loss of generality, we assume that
d_i = (d170)> d_)2 = (O?dQ) and fQTV;"(f)df = 07 where Q?‘ = [052T_1d1] X [OaQT_ldQ]
is the elementary cell of periods corresponding to V.. We also assume that all V,
are real trigonometric polynomials with the lengths growing at most linearly in the
period. Namely, there exists a positive number Ry < oo such that each potential
admits the Fourier representation

Vo= X e g (B2) )
g€Z2\{0}, 2-"+1|q|<Ro o

(-,-) being the canonical scalar product and | - | the corresponding norm in R?. We
assume that the series (1.6) converges super-exponentially fast:
Z [vr.q| < C exp(—2™) (1.8)
q

for some 7 > ng > 3 - 10* uniform in r. Without loss of generality we can set C=1.
In the quasi-periodic case, we assume that V' is real and can be written in the form

V(f) — Z VvSLSQ627r'i(51+0152,3?)7 (19)

s1,82€Z2,81+as2€8¢

where « is an irrational number and Sg = Sg(«) a finite set depending on a posi-
tive integer . To simplify the construction we will assume that o and Sg are not
degenerate in some sense. More precisely, we impose the following conditions:

C1l 0 < a < 1 is irrational and its irrationality measure p is finite: p < oo (in
other words, this means that « is not a Liouville number). Note also that p > 2 for
any irrational number a.

C2 There are Ny, N1 > 0 such that if |ni| + |[n2| + |n3| > Ny then

ni+ang +a’n3 =0 or |ni+ang +a’ng| > (|ni] + |na| + [n3)) 0. (1.10)
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Note that C2 (and also C1) is automatically satisfied for a quadratic irrational «:
If a triple (n},nb, ns) exists such that

ny + anb + a’nfy =0, (1.11)

then this triple is unique up to trivial multiplication (otherwise « is rational). If
n1+ang+a?ng # 0 for some other triple (n,n2,n3), then (1.10) holds automatically,
since otherwise p = oco. C2 allows to estimate from below the angle between two
non-colinear vectors s; + asy and s} + as), (with s1,s2,s7,8, € Z2) by a negative
power of [s1 + asq| + s} + as)).

We further require that, given « satisfying C1 and C2, there exists a positive
integer  and a finite set Sg = Sg(a) C R? with the following properties:

C3 If 1,89 € Z? are such that s; + ase € S then |s1| + [s2| < Q.

C4 If s1,89,8),s, € Z? are such that s; + ass, s| + as) € Sg and s1 + asy =
ci(s] + ash), then ¢, is rational. This means that if there are several vectors in Sg
with the same direction then they form a subset of a periodic one-dimensional lattice.
As « is irrational, the generating vector of this one-dimensional lattice is also of the
form s; + asg, s1,s9 € Z2. Thus, without loss of generality, we will assume that e
contains generating vectors s +ass of all present directions as well as all their integer
multipliers n(s; + asg), n € Z, such that |n|(|s1]| + [s2]) < @ (to satisfy C3).

In particular, the set S¢ is symmetric with respect to 0 and 0 € Sg. We will assume
though that Vpo = 0. It is shown in [21] that the period of every one-dimensional
sublattice in Sg is not smaller than CQ ™.

A basic example of a quasi-periodic potential satisfying the above assumptions and
not being periodic in any direction is

V (21, 22) = A1 cos(2mx1)+ A2 cos(2mxe) + A3 cos(2m (awy +x2)) + g cos (2 (x1 +axs)),

for arbitrary nonzero coupling constants A, ..., Ay and Liouville number « satisfying
C2, in particular for a quadratic irrational a'.

Now we consider (1.4), V being limit-periodic or quasi-periodic with assumptions
as above. Clearly, the ballistic upper bound of [28] applies and we have (1.2), for
example for ¥y € C3, the C%-functions of compact support.

In our two main results we prove that under the above assumptions, both in
the limit-periodic and quasi-periodic case, one also has corresponding ballistic lower

bounds:

Theorem 1.1. There is an infinite-dimensional projector Eo in L?*(R?) such that
for any Wo € ECS, Vo # 0, the solution ¥ (Z,t) of (1.4) satisfies the estimate

2 [ _
T/o e 2t/THX\I!(-,t)HiQ(R2)dt>cl(\I/0)T2, c >0, (1.12)

when T > Ty (P).

INote, however, that the separable V (1, 22) = cos(27a1) + cos(2rx2) + cos(2max ) + cos(2mams)
does not satisfy C4.



BALLISTIC TRANSPORT 5

Theorem 1.2. If ¥y € C° with EW¥o # 0, where E is as in Theorem 1.1, then
the solution W(Z,t) of (1.4) satisfies the estimate

2 [e.e]
T/ e_2t/THX\IJ(-,t)HQLQ(RQ)dt > c1(Wo)T?, ¢1 >0, (1.13)
0

when T > Tp(Py).

The constant ¢; is defined explicitly in (3.19) and (4.1).

The operator F, is a spectral projector of H. As will be seen from its explicit
construction in Section 2.1.2, it is close to the operator of multiplication by the
characteristic function of an extensive set in Fourier space.

Note the subtle but important difference in the choice of initial conditions in The-
orems 1.1 and 1.2. The latter shows that suitable C§°-initial states lead to ballistic
transport, while Theorem 1.1 requires to project onto the range of E,. In fact, we
believe that Eo, Wy # 0 for any 0 # ¥y € C5° and thus Theorem 1.2 holds for any
such ¥y, but at the moment we do not have a proof.

As already remarked in Section 1.1, both results remain true if the Abel means are
replaced by Cesaro means.

The proofs for the limit-periodic case (1.6) and the quasi-periodic case (1.9) are
analogous. For the sake of definiteness, we present all the details for the limit-
periodic case only. Where necessary, we provide some comments about the quasi-
periodic setting. Also, some statements in the paper [20] on the limit-period case
were presented in a form not very convenient for what we need here and thus need
some technical adjustments, while the corresponding results for the quasi-periodic
case in [22] are more directly applicable. This provides another reason for mostly
focusing on the limit-periodic case here.

In Section 2 we start by recalling results on the spectral properties of the operator
H which were obtained in [20] for the limit-periodic case and in [22] for the quasi-
periodic case. Some of these results will also be adjusted and refined to make them
more suitable for the proof of our main results. In particular, we recall how generalized
cigenvalues Ao (k) and generalized eigenfunctions Wo (K, Z) of H can be constructed
for momenta £ in an asymptotically large Cantor-type subset G, of R%. We also
provide a useful construction which allows to extend the functions A\, and ¥ (-, %)
to smooth functions of k£ € R2. Theorem 1.1 is proven in Section 3 and Theorem 1.2
is proven in Section 4. Having the technical background from [20] and [22] available,
these proofs use rather elementary analysis methods, such as integration by parts and
stationary phase estimates. In Section 5 we collect several appendices which provide
technical details for some of the arguments from earlier sections.

2. SPECTRAL PROPERTIES OF THE OPERATOR H

Our proof of Theorems 1.1 and 1.2 is based on the results and properties of two-
dimensional limit and quasi-periodic Schrédinger operators derived in the papers [20)]
and [22]. While those works derived, in particular, the existence of an absolutely
continuous component of the spectrum, we will show here how the bounds obtained
can be used and, in part, improved, to also conclude ballistic transport. In this section



6

Y. KARPESHINA, Y.-R. LEE, R. SHTERENBERG, G. STOLZ

we give a thorough discussion of the results and methods from [20] and [22], mostly
focusing on the limit-periodic case. In particular, we give a detailed construction of
the spectral projection F,, used in our main theorems.

2.1. The Case of a Limit-Periodic Potential.

2.1.1. Prior results. To describe E,, we recall the spectral properties of H, obtained

in [20]:

(1)

The spectrum of the operator (1.5), (1.6) contains a semiaxis. A proof of an
analogous result by different means can be found in the paper [30]. In [30],
the authors consider the operator H = (—A)! +V, 81 > d+ 3, d # 1(mod 4).
This obviously includes our case | = 1, d = 2. However, there is an additional
rather strong restriction on the potential V' (Z) in [30], which we don’t have
here: In [30] all the period lattices of the potentials V;. need to have a nonzero
vector 7 in common, i.e., V(Z) is periodic in direction .

There are generalized eigenfunctions \IIOO(IZ, Z), corresponding to the semiaxis,
which are close to plane waves: for every k in an extensive subset Goo of R2,
there is a solution ‘IJOO(E, Z) of the equation HVs, = AW which can be
described by the formula:

Voo (K, 7) = eil® (1 + oo (, g:«')) , (2.1)

lusoll e (v2) =jipso0 OURI™), 71 >0, (2.2)

where UOO(E, Z) is a limit-periodic function, as the potential. The eigenvalue
Moo (k) corresponding to W, (k, Z) is close to |k|?:
- - o

Ao (k) = |00 |k|© + O(|k|77?), ~2>0. (2.3)
The “non-resonant” set G, of the vectors k, for which (2.1) — (2.3) hold, is
an extensive Cantor type set: Goo = NS G, where {G,,}72; is a decreasing
sequence of sets in R?. Each G,, has a finite number of holes in each bounded
region. More and more holes appears when n increases, however holes added
at each step are of smaller and smaller size. The set G, satisfies the estimate:

NnB
[ N Br)| =Raoo L+O(RT?), 73 >0, (2.4)
IBr|
where By is the disk of radius R centered at the origin, |- | is the Lebesgue

measure in R .
The set Do (A), defined as a level (isoenergetic) set for Ao (k),

Doo(\) = {E € Goo : Ao(K) = )\} ,

is proven to be a slightly distorted circle with an infinite number of holes. It
can be described by the formula:

Dooc(N) = {k : k = s006(\, D)

N

, V€ Bs(N)}, (2.5)
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where B (M) is a subset of the unit circle S;. The set By (A) can be inter-
preted as the set of possible directions of propagation for the almost plane
waves (2.1). The set B () has a Cantor type structure and an asymptotically
full measure on S as A — oo:

L (Boo(N)) =r 00 27 + 0 (A79/2), (2.6)

here and below L(-) is Lebesgue measure on S;. The value s (A, 7) in (2.5) is
the “radius” of Dug(\) in a direction 7. The function s (A, 7) —A\/2 describes
the deviation of Dao(A) from the perfect circle of radius A'/2. It is proven that
the deviation is asymptotically small, uniformly in 7 € B (A):

00N D) Zasso0 A2HO (A1), 4y > 0. (2.7)

(4) Absolute continuity of the branch of the spectrum (the semiaxis) correspond-
ing to Vo (k, Z) is proven, see details below.

2.1.2. Description of methods: To prove the above results in [20], the authors con-
sidered the sequence of operators:

M,
Hy = —-A, Hn:Ho—}—ZVT, n>1, M, — oo asn — oo.
r=1
Obviously, ||H — H,|| — 0 as n — oo, where || - || is the norm in the class of bounded
operators. Clearly,
My
Hy=Hy 1+ Wy, Wo= > V. (2.8)

r=Mp_1+1

Each operator H,, n > 1, is considered as a perturbation of the previous operator
H,,_1. Every operator H,, is periodic, however the periods go to infinity as n — oco. It
is shown that there is a A\, A, = A.(V), such that the semiaxis [A«, 00) is contained in
the spectra of all operators H,,. For every operator H,, there is a set of eigenfunctions
(corresponding to the semiaxis) being close to plane waves: for every k in an extensive
subset G,, of R?, there is a solution \Iln(E, Z) of the differential equation H,¥,, = A\, ¥,,,
which can be described by the formula:

Uk @) = 00 (14 un(B,7) unllpeeey = O(F™™), 7>0, (29)
|k|—o0
where un(E, -) has periods 2M”*16a, 2Mn=1(, The corresponding eigenvalue AR(E) is
close to |k|?:

An(F) 52+ 0 (\EFW) . 9> 0. (2.10)

k|0

The non-resonant set G,, for which (2.10) holds, is proven to be extensive in R?:

—hsee 1+ O(R™™). (2.11)
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Estimates (2.9) — (2.11) are uniform in n. The set D, ()) is defined as the level

-,

(isoenergetic) set for the non-resonant eigenvalue A, (k):
Dp(\) = {E € G Mn(E) = /\} .

This set is proven to be a slightly distorted circle with a finite number of holes. The
set D, (\) can be described by the formula:

Dp(N) = {k : k = 36,(\, )7, 7 € Bo(\)}, (2.12)

where B, (\) is a subset of the unit circle S;. The set B,(\) can be interpreted as
the set of possible directions of propagation for almost plane waves (2.9). It is shown
that {B,(\)}°2, is a decreasing sequence of sets, since on each step more and more
directions are excluded. Each B, (\) has an asymptotically full measure on S; as
A — oo

L (Ba(M) =xise0 27+ O ()\‘73/2) , (2.13)

the estimate being uniform in n. The set B, has only a finite number of holes, however
their number is growing with n. More and more holes of a smaller and smaller size
are added at each step. The value s, (), 7) — \1/? gives the deviation of D,,()\) from
the perfect circle of radius A2 in direction 7. It is proven that the deviation is
asymptotically small uniformly in n:

dp

¢ being an angle variable 7 = (cos ¢, sin ¢).

On each step more and more points are excluded from the non-resonant sets G,
and, thus, {G,}>2 is a decreasing sequence of sets. The set G is defined as the
limit set: Goo = N521Gy. It has an infinite number of holes in each bounded region,

sta(N ) = A2 40 (A1), =0 (A7), 4,95 >0, (2.14)

but nevertheless satisfies the relation (2.4). For every k € Goo and every n, there is a
generalized eigenfunction of H,, of the type (2.9). It is proven that the sequence of
W, (k, ) has a limit in L>(R2) as n — oo, when k € Goo. The function Wo (K, ) =
lim,, oo \Iln(E, ¥) is a generalized eigenfunction of H. It can be written in the form
(2.1)-(2.2). Naturally, the corresponding eigenvalue Ao(k) is the limit of A, (k) as
n — Q.

We consider the limit Boo(A) of By, (A):
Boo(A) = (| Ba(A),  Bn C Ba-1.
n=1

This set has a Cantor type structure on the unit circle. It is proven that By, () has
asymptotically full measure on the unit circle (see (2.6)). We prove that the sequence
s (N, V), n = 1,2,...,, describing the isoenergetic curves D, quickly converges as
n — oo. Hence, Do () can be described as the limit of Dy, () in the sense (2.5), where
Yoo (A, V) = limy, 00 225 (A, 7) for every U € Boo(A). It is shown that the derivatives of
the functions s, (A, ) (with respect to the angle variable ¢ on the unit circle) have a
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limit as n — oo for every v/ € Boo (). We denote this limit by 8%"578’;). Using (2.14)

we prove that
90 (A, V) =0 (A7), (2.15)
g
Thus, the limit curve Dy, () has a tangent vector in spite of its Cantor type structure,
the tangent vector being the limit of the corresponding tangent vectors for D, () as
n — 00. The curve Dy (A) takes the form of a slightly distorted circle with an infinite
number of holes.

Absolute continuity of the branch of the spectrum [A.(V'),0), corresponding to
the functions W (k, z), k € Goo, follows from continuity properties of the level curves
Doo(N) with respect to A, and from convergence of spectral projections corresponding
to W, (k,Z), k € Goo, to spectral projections of H in the strong sense and uniformly
in A with A > A\ (V).

Let g; be a bounded Lebesgue measurable subset of G,,. We consider the spectral
projection E, (G) of H™ corresponding to functions U, (k,T), k € g.. By [12],
E, (G)) : L*(R?) — L%(R?) can be presented by the formula:

E, (G)) F = ! /g (F, 0, (k)) W, (k) dk (2.16)

42

for any F € C.(IR?), the continuous, compactly supported functions on R?. Here and
below (-, ) is the canonical scalar product in L?(R?), i.e.,

(F, W, (F)) = / F2) 0, (R, 7) d.

RQ
The above formula can be rewritten in the form
En (G,) =50 (G,) Tn (Gr) » (2.17)
Ty : Ce(R?) — L?(G,),  Sn:L™(G)) — L*(R?),
. 1 .
(T F) (k) = 27(F, W, (k)) for any F € Cc.(R?), (2.18)
T
T, F being in L (G)), and
1 - - .
(@) = 5= [ JE(FE7)dE for any [ € L% (G)). (2.19)
g,
By [12],
T F 22y < I1F |l L2 w2 (2.20)
and
1SnfllL2m2y < 1flln2(gr)- (2.21)

Hence, T}, and S,, can be extended by continuity from C.(R?) and L> (G/,) to L?(R?)
and L?(G!), respectively. Thus, the operator E, (G/,) is described by (2.17) in the
whole space L?(RR?).
Let
Gox = {k € Gu - Mu(k) < A} (2.22)

This set is Lebesgue measurable, since G,, is open and An(E) is continuous on G,,.
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Let
Goor = {IZ € Goo : Aoo(k) < )\} . (2.23)

The function A (k) is a Lebesgue measurable function, since it is a limit of a sequence
of measurable functions. Hence, the set G  is measurable. It is shown in [20] that
the measure of the symmetric difference of the two sets G » and G,y converges to
zero as n — 0o, uniformly in A in every bounded interval:

lim ‘goo,)\ A gn,)\‘ =0.
n—0o0

Next, we consider the sequence of operators T},(Goo x) which are given by (2.18)
and act from L?(R?) to L?(Guo ). It is proven in [20] that the sequence 75, (Goo ))
has a strong limit To(Goo,n). The operator Too(Goo ) satisfies ||Too|| < 1 and can
be described by the formula (ThoF)(k) = = (F, \IIOO(E)) for any F € C.(R?). The
convergence of Ty, (Goo n)F t0 Too(Goox)F is uniform in A for every F € L*(R?).
We also consider the sequence of operators Sy, (G x) which are given by (2.19) with
g;, = goo)\:

S(Goon) : L*(Goon) — L*(R?). (2.24)
It is proven in [20] that the sequence of operators S,(Goon) has a strong limit
Sso(Foon)- In fact, a slight modification of the proof (see Appendix 1 below) gives
convergence in operator norm sense. The estimate

[[S50(Goon) = So(Goo )|l < A%, 76 >0, (2.25)

holds for A > A,.
The operator So(Goo,x) satisfies ||Seo|| = 1 and can be described by the formula

—

($D@ =5 [ R V(E ) dF (226)
™ goo’A

for any f € L> (Goo,n). The convergence of Sy, (Goo 1) f t0 Soc(Goo,n) f is uniform in A

for every f € L? (Goo).

The spectral projections E,(Goo \) converge in norm to Eeo(Goox) in L?(R?) as n
tends to infinity, since T;, = S};. The operator E(Gso,) is a spectral projection of H.
It can be represented in the form E(Goo x) = Soo(Goon)To0(Gso,r), Where Soo(Goo 1)
and Too(Goo,x) are limits in norm of Sy, (Goo,n) and T, (Goo,n), respectively. For any
F € C.(R?), we show

1

Ew (goo)\) F= m G (F, \IJOO(E))\IJOO(E) dk, (2'27)

HEq (Goo ) F = ﬁ Ao () (F, oo (B)) Woo (F) dF. (2.28)
Goo,A

Absolute continuity of the branch of the spectrum corresponding to the functions
U (k) follows from properties of Fao (Goo\)-

The projections E(Goo,n) have a strong limit Fo (Goo) as A goes to infinity. Hence,
the operator Eo(Goo) is a projection. The projections Eoo(Goo,n), A € R, and Es(Goo)

reduce the operator H. The family of projections Foo(Goo, A) is the resolution of the
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identity of the operator HEy(Gs) acting in Fu(Goo)L?(R?). Further we denote
Eoo(goo) just by E

In what follows, we may need to increase the parameter A, in a controlled way. We
denote the new A, by A... This means a change of the set Goo: Goo 2., = Goo ). \ Bk, »

where here and below k.. = )\1/ . However, for any fixed value of A, the projec-
tor Foo(Gso) corresponds to a sufficiently rich branch of the absolutely continuous
spectrum covering the half-line [\, 00).

2.1.3. Extension of Ae(k) from Goo to R2. First, we extend the function Aso (k) from
Goo to R2, the result being a C*(R?) function. Note that the extended function is
not an eigenvalue outside of G.

Indeed, let M be a natural number (in fact, we will need M = 7 later). First,

following [20], we represent Ao (k) — k2, k := |K|, k € Goo, in the form:
Ao (B) = K2 = M () — K2 + Z( i1 (E n(E)).
By Theorem 2.6 in [20], with D™ := 0" 05"* we obtain
‘Dm (Al(E) - 18) ‘ < Cp—20lml (2.29)

when % is in the k~7°-neighborhood of G; D G, and the constant depends only on V
and m. Moreover, by Theorem 3.8 and e.t.c. in [20],

Ang1(K) = An(K)| < e ™", (2.30)

for any n > 1, where s, = 2" !s1, s; being chosen sufficiently small with 0 < s; <
10~%. The value of s; is chosen at the beginning of the iteration procedure and,
eventually, A\«(V) and the constants in the estimates depend on s;. Estimate (2.30)
is valid in the (e e~ 50) neighborhood of each keGnD Goo, where e, = € —3F"" and
9o > 0. The constant  in the definition of €,, see [20], is chosen at random. Instead
of 4 1, one can take any fraction ﬁ, M > 1. This will lead, generally speaking, to
an increase of A\.(V), when M > 3. We will denote the new A\.(V) by Au..(V,M).

1 sn
Further we use the notation ¢, = e~ 1" and assume k2 > Aix(V, M). Then we

can rewrite (2.30) as

Ai1 (B) = A (k)‘ < M1 (2.31)

in the (e,k~17%)-neighborhood of any k € Gp. Using analyticity of )\n+1(E)

A (k) in the complex (e,k~17%)-neighborhood of any k € G,,, we obtain (see [20 ])
‘Dm ()\n+1(E) _ )\n(k)>’ < ML=l (1+60)|m] (2.32)

in G, for all m. Next, let 7;(k) be a function in C™ with support in the (real)

k~Y-neighborhood of Gi, satisfying 71 = 1 on G; and ‘Dmm(lg)’ < kwlml - This is

possible since we can take a convolution of the characteristic function of the %k"yo—
neighborhood of G; with w(2k E), where w is a smooth cut-off function with support
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in the unit disc centered at the origin. Similarly, let nn(l;), n > 2, be a C* function
with support in the (e,k~17%)-neighborhood of G,,, satisfying 1, = 1 on G,, and
m _’ —1-4 —Iml
‘D nn(k:)’ < (enkz 0) . (2.33)

In the estimate (2.29), v2 = 2 — 30s; — 20dp, o = 1 + 1651 + 11dp. However, (2.29)
can be improved when |m| < k%1/2 see Lemma 2.5 in [20]. In this case, one can take
Y0 = 3s1 + 269. Choose s; small enough so that 29oM < 79, i.e.,

2(381 + 250)M < 2 —30s1 — 206g

and for sufficiently large k, M < k*1/2 and so (2.29) holds with 4o = 3s1 + 24p.
Next, we extend Ao (k) — k? from Goo to R? using the formula

Aoo(B) = K2 = (M () — K)m (E Z(m M(B)) i (F). (2.34)

It follows from (2.31) and (2.32) that the series converges in C™(R?). Moreover, the
next lemma follows from (2.31)—(2.33).

Lemma 2.1. For every natural number M, there exists M\ (V, M) > 0 such that the
function AOO(E) — k2 can be extended, as a CM function, from Goor,. to R and it
satisfies

‘Dm (AolB) - k2)j < Cyk—2olml (2.35)

for any m € N2 with |m| < M, where —vy2 + 2yoM < 0.

Remark 1. For our needs M = 7 is sufficient and in what follows we assume that
the corresponding s1 and A are chosen for M =17.

2.1.4. Extension of \IIOO(E, %) from Goo to R2. We extend \IJOO(E, Z) by a formula anal-
ogous to (2.34):

—

\I’oo(Ev f) - ei(k,x) = (\Ijl(Ea f) - & ) 771 E +Z ( n+1 \I’n(E7 f)) 77n+1(];:)'
n=1
(2.36)
The series converges by (5.5). Using the last formula and (2.26), we define Soo(Goo)
for any Goo O Goo:

R‘l
\_/

(2.37)

(S‘”(g‘” (@) 271'/ YOMS

It is easy to see that

So0(Go0) = S0(Goc) + Y (Sn41(Goc) = Sn(Goc)) 1, (2:38)

n=0
where So(Goo) is defined by

—

~ 1 G
So(Gue)s = 5 [ B EAaR,
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Nn+1 is multiplication by st (k) and S,,(Gso) is given by (2.19) with G/ being the
intersection of G, with the (€nk~17%)-neighborhood of G, for n > 2 and the k~7°-
neighborhood of G; for n = 1.

Similarly to (2.25), we show that

1550(Goc) = So(Goo)lI < e(V)A®. (2.39)

In what follows we assume that A is chosen so that, in particular, ¢(V)A.® < 1/2.
Thus we have

1550 (Goo) Il < 2. (2.40)
Similarly, with Tj the Fourier transform,
. 1 .
(T F)F) = 5 (F (), el )
T
= (ToF)( Z Toir = To)F) (k) (F). (2.41)

We need one more auxiliary result.

Lemma 2.2. For any given L € N there exists M\(V, L) such that for any F €
CS°(R?), the function TooF as defined above is in CL(R?). Moreover, if 0 < j < L
and m € N3, |m| < L, then

kY D™(Tw F)(k)| < C(L, F), (2.42)

for all k € R2.
A proof of this lemma is given in Appendix 2 below.

Remark 2. In fact, for our needs L = 6 is sufficient and in what follows we assume
that the corresponding A« is chosen for L = 6.

2.2. The Case of a Quasi-periodic Potential. The main results in the case of
quasi-periodic potential [22] are completely analogous to those for limit-periodic po-
tential in Section 2.1.1, the only difference being that us, in (2.1) is quasi-periodic,
i.e., has a representation analogous to that for the potential, but not necessarily a
trigonometric polynomial. The operators H, in the approximation procedure are,
naturally, quite different from (2.8). However, the rest of Section 2.2.2 is completely
analogous for both types of potentials, the quasi-periodic case being even somewhat
simpler, since convergence of the sequence S,, in norm, proven in Appendix 1 for the
limit-periodic case, is already proven in [21], [22] for the quasi-periodic potential. Ex-
tension of Aso (k) and Eo (k) to R? (Section 2.1.3) are also completely similar in both
cases. Note only that in the quasi-periodic case Lemma 2.1 holds with yo = 2 — 88ud,
Y0 = (40p + 1), § > 0, by Theorem 3.3, Corollary 3.4 and Lemma 3.5 in [22] and

M+l — R L (see (2.31)), here [ is a positive constant, 7, is an increasing
sequence going to infinity as n — oo, see Corollaries 5.4, 6.4 in [22].
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3. PROOF oF THEOREM 1.1

Let S be the class of functions in T-C5°(R?), see (2.41). As shown in Lemma 2.2,
if ¥g €S, then
[1F7 D™ (o) (B)] < €y m, ¥o) (3.1)
for anyAl; € R? when j < 6 and |m| < 4.
Let ¥y € S and

1 . e o o
U(Z,t) = / Voo (k, B)e B (k) dE, (3.2)
27 Goo
then this function solves the initial value problem (1.4), where
L1 PP
Wo(@) = 5 [ U)ol dF (3.3)
T JGoo

and Wo(F) € SooS = ExCS°. Obviously, Sy S is dense in Ey, L?(R?).

The first step of the proof is replacing Goo by a small neighborhood Goo and to
estimate the resulting errors in the integrals. This is an important step, since G
is a closed Cantor-type set, while G, is an open set. The second step is integrating
by parts in an integral over Go, with the purpose of obtaining (1.12), the fact that
Goo is open being used for handling boundary terms. All further considerations are
essentially identical for the limit-periodic and quasi-periodic cases. The notations are
mostly identical, in situations where they are different we consider the limit-periodic
case.

To get the lower bound (1.12), we first note that

1
HX‘I’”%%R% 2 ||X‘1’H%2(BR) 2 §||Xw”%2(BR) — || X (¥ - w)”%%BR)a

where Bpg is the open disc with radius R centered at the origin, R = o1, ¢g to be
chosen later, and w(Z,t) is an approximation of ¥ when G, is replaced by its small
neighborhood G,,. Namely,

-

w(@t)i= o [ WalFde PO Epns(F) o (3.4
2r Jg..

715 being a smooth cut-off function with support in a d-neighborhood éoo of G, and
ns = 1 on Goo. The parameter 5 (0 < § < 1) will be chosen later to be sufﬁ(nently
small and depend only on Wy. We take s to be a convolution of a function w(k /26)
with the characteristic function of the §/2-neighborhood of G, where w(k) is a
nonnegative CS°(R?)-function with a support in the unit ball centered at zero and
integral one. Then, 75 € C§°(R?),

0<ns <1, ns(k) = 1 when k € Goo, 75(k) = 0 when k & Goo, | D™ 5| 1oe < Crnd~ ™.

(3.5)

To prove (1.12), we will show that there exist a positive constant ¢; and constants
co and cg such that

;/ —2t/THX HL2 )dt > 6@1T2 — T — c3, (3.6)
0
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as long as cg in the definition of R exceeds a certain value depending only on \Tlo In
formula (3.6), the constant ¢; = 01(\110) depends on \Ilo, but not d or ¢y, while the
constants ¢y = 62(\110, 0) and c3 = 03(\110, 9) depend on \Ilo and 4, but not cg.

We also prove that

/ —2t/THX U — w) HL2(BR)dt < (9, \Tlo)chz7 (3.7)

v(6,Wg) = o(1) as § — 0 uniformly in cq.
Proof of (3.7). Since 15 =1 on G,

1 . B oo
\Il(f) t) - w(fv t) = 75 \Ijoo(kvf)eizt/\DO(k)\I’U(k)n(;(k) dk = f(l‘,t)
27 JGoc\Goo
Since ||X || < R, it suffices to show that
£ agey < (6. F0) (338)

Note that f = Seo(Goo)g1, Where g1 = e MW (k)ns(K)x(Goo \ Goo) and Sse is
defined by (2.37). Now, the estimate (2.40) and Lebesgue’s Dominated Convergence
Theorem complete the proof, where Lemma 2.2 is used to show that \Tlo(lg) decays
sufficiently fast at infinity.

N
Proof of (3.6). Let
1 - N
o(F 1) = / Voo (F, ) O (T By () ) di (3.9)
2r Jg..
Then, using integration by parts and then (2.1), we get
1 . . T
0@ t) = —o= | [v\p (k, ) — it Woo (K, )VAOO(/.C)}e—mw(’ﬂxpo(k)na(k)dk
T JGoo
v [z - twoo(E)] U (K, e~ =B Ty (F)ns (F) dE
2m Jg,
1 . W s e o
— o[- €I Vs (k, )e Do (R (k) d:,

where the boundary term is vanishing due to 7ns and the fast decay of \Tlg. In short,
v=—1Xw+ it — ¢, where

— 1 e e —7 Pt e e e
(1) = o s Voo (F)U o (K, Z)e ") B (ks (k) dik (3.10)
= 1 i(k, @ 7N iAo (K) T (TN (1) AT
0u@t) 1= o [ T e O s )
and, therefore, HXwHL2 (Br) > H¢HL2 (Br) HUHL2 (Br) HgbsHLQ(B Integrating the
last inequality with respect to t we obtain:

27 2T X2,
T Jo L?(BRr)
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L2 (% o otr a2 2 [ ouyry 2
ZS.T/O e ol e (py At — 7 © 101122 ()

_2 /OO e 2T g |2 dt =: Ly - Is. (3.11)
T Jo 3
Now we show that:
I > 18(e1 1% — eo7), (3.12)
I <6~ QH\IJOHWI(RQ (3.13)
I3 <c(V )H‘I’0HL2(R2)- (3.14)

Let us prove (3.13) first. From (3.9), we see that v = Sso(Gao)ga, where gy =
e*itA“(k)V(@o(g)n5(E)), and, therefore, by (2.40), we get

ol ey < 21V (Boms) ey
< 2(IIV %ol 2z + 1 %ollp2e Vsl o ) )
< C5—1H‘I’OHW21(R2)

Now (3.13) is obvious.

Estimate (3.14) can be obtained in the same way as (2.25) or (2.39) with Vius
instead of u, (see Appendix 3 for details).

Finally, we show the estimate (3.12). Substituting (2.1) into (3.10) yields

-

Bt) = oo / Voo (k) elF2) e =2 (K)o (B () d:

- = . N~ -

Voo (B)e Py (k, 2)e BN (k)5 (k) di
= §(& t) + s(7,1).
We use
191725, = %Hcglliz(BR) — |1 sl17 g2y = §H¢~5lliz(Rz> - 5H5II%2(R2\BR) — 165172 (g2)-
Thus,
7 B NGt = . [ B (R ~ 1y )
T J, R T Jo 2

1

- T/o t2e*2t/T|y¢Hi2(R2\BR) dt =: Ry — Ro.

(3.15)

To get a lower bound for R, we notice that

1 ~ ~ 1 ~ ~ ~
5||¢”%2(R2)_”¢3H%2(]R{2) = 5HSO(goo)g?)||%2(R2)—H(Soo(goo)—SO(goo))Q:%H%%R?) (3.16)
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-, ~ -, -,

where g3(k) := Voo (K)WUo(k)ns(k). Now, using (2.39) with ¢(V)An® < 1/4 and
noticing that Sy is just the Fourier transform, we get

N0l2@e) = 105l Tome) 2 (5 = Pllgslliz 6.,

1 PN20E N2 (N2 a7~ L TI208 (N2 AT (3.17)
=3 | DA BPIB ) Pas R aE > § [P P F
Goo Goo
Here we also used that on Ga we have 75 = 1 and [VAs| > |-
The bound (3.17) immediately implies the main estimate of the paper:
1 i~ o
Ry > 8T2/ k2| Wo(k)|* dk =: 20¢, T2, (3.18)
oo
1 215 (V2 IE
a=c(¥Po) = — |k|“|o(k)| dk. (3.19)
160 Jg_
For Rg, let us introduce a new variable 2 := Z/t and consider
~ 1 o . R
d(Ft, 1) = — / et (k2 =2 (B)) o (%) d. (3.20)
2m Jg..

We use the method of stationary phase and integration by parts. Considering (2.34)
and Lemma 2.1, we conclude that the equation for a stationary point

-

Z—VAs(k)=0
has a unique solution lgo(z) .= ko and
- 1
ko = 52?4— O(‘Zr%), v5 > 0.

Let n be a smooth cut-off function satisfying

- 07 E_EO < 1
n(k) = S :
1, |k—ko|>2
Then,
~ 1 7 - - oy o
ot 1) = o / o MEAR®) gy i) (1 — () dF (3.21)
T JGoon{k: |k—ko| <2}
1 O 7 - > o
oo [ IO gy Ry (R R (3.22)
T J Goon{k: |[k—ko|>1}
=: $1(Zt,t) + da(Zt, 1). (3.23)

To estimate ¢1 (2%, t), we first note that gs(1—7) € CA(R?) and (k, 2)—Aoo (k) € C7(R2),
the estimate (2.35) holding for |m| < 7 with —v9 + 779 < 0. Therefore, applying
Theorem 7.7.5 in [16] yields:

~ 1 .7 - .
o1 (3t 1) = 27@“<<’f075>%o<k0>> (1+0(|12]7%)) ga(Fo)t ™" + e(ga)t 2 (3.24)
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for |z|2 > A, and 0 otherwise. Here

gl <e Y sup [D"ga(R)| < || To(F)
<4 [k—Fko| <2

a4z,
C4(R?)

Next, we consider 52 (Zt,t). There is no stationary point. Integrating by parts twice,
we obtain

@22, )| < C(Wo)(§t) (1 +|21) 2, (3.25)

where C(‘/I\fo) is a combination of integrals of the type [ |E|j|DmCI\10(E)|dE, 0<j5<3,
0<|m|<2.

Now, we consider H(E(f, t)HQLQ(RQ\BR). Using the estimates (3.24) and (3.25), we
obtain
I8, Ol oy = IO Oy < [ lon(Ra()Pdz+ 0™
R \13007"/t

as t — 0o, the constant in O(t~!) depending on & and \Tlo. Next, substituting the
above estimate into the formula for Ry (see (3.15)) and changing the variables s = t/T,
we obtain:

Ry < T? / s / lg3(ko(2))|? dZ ds + O(T). (3.26)
0 R2\B

co/s
By Lebesgue’s Dominated Convergence Theorem, the integral on (3.26) goes to zero
when ¢y — oo uniformly in 6. We choose ¢y large enough to ensure that

Ry < e1T? + T,

the constant ¢; being defined by (3.19). Notice that the choice of ¢y depends on \flo,
but not §. Considering the last estimate together with (3.18), we obtain (3.12).
|
Proof of (1.12). After ¢ is fixed as above we choose a sufficiently small 6 = §(co, \TJO)
so that the constant vc2 from (3.7) is smaller than ¢;. Thus, we obtain:
2

T/o e—%/THX\If(-,t)H;(W)dt > 201 (Wo)T? — c2(Vo)T — ¢c3(¥g), ¢ >0. (3.27)

Taking T sufficiently large, we obtain (1.12) for any non-zero ¥y € E.Cg°.
|
4. PROOF OF THEOREM 1.2

Now we prove Theorem 1.2. Let ¥( € C§°(R?) then by Lemma 2.2, T, € CL decays
faster than any polynomials of degree at most L, where

~ - 1 5 N o
Uo(k) = (Tooo)(k) = 2/ U (k, &)Uy (Z) dZ. (4.1)
™ R2
We denote .

)

Uoae = Boo(Goo) W0 = — | Uoo(k, )V (k) dk
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and
\IIO,S =Yy — \IJO,ac'
We notice that Wgs 1 Eoo L?(R?) and [Wosllr2m2y < [[Wollr2(r2). Assume that Wo,c
is not identically zero. We put
U(Z,t) = Wao( @, 1) + Us(7, t) 1= e W oo + e T .
As in the proof of Theorem 1.1, we use
XV r2r2) > [ XV 12(By)
and approximate W,. by w defined as in (3.4). Next, we rewrite

1X(Ws + w725, = X UslZ2(m,) + 1Xw]T2(p,) + 2R(X s, Xw) 120,

Let us note that (X W5, Xw)r2p,) = (¥s, XQw)Lz(BR) and consider its integral over
" s 2 (% oy 2

I:= T/o e 2T |(Wy, X*w) 12, dt. (4.2)
Considering (3.6), we see that it is enough to show that I is small compared with the
r.h.s. of (3.6). We achieve this by proving that X 2w is orthogonal to ¥y up to minor
terms. Indeed, by (3.4) and (2.1),

]. d . 7N~ — — -

()@ 0) = o [ PWl e = O Ry ) dF

2

Using ga4(k, @) = (1 + uso(K, f))@o(g)ng(g) and applying integration by parts as
above, we obtain

2m
1 i(R\E) —ithoo (K k. 7
-5 @)=t K A gy (K, T) dk
+ti/ GilE.&) y—ithoo (F) <v)\oo(l§) Viega(k ff)> dk
T JGoo o |
L 1<E,f> ¢ ’Lt)\oo(k) L 7
g | e (A)\ (k)) e 9a(k, ¥) dk

The last three integrals can be estimated as in the proof of (3.6) (see (3.13),(3.14)),
and the corresponding contribution to I is bounded by a linear function of T" for every
fixed § > 0. For the first integral, we have

2l / GitE)
2 Jé.

1 -
= t2/ Voo (k, T)

-

= 12 . P -
V)\oo(k)‘ e~ ®) g, (F, 7) d

—

— 2 . N~ —.
Voo (k)| e B (k) dk

2

[e o]
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-

1 = S 12 . N~ = g
. /g o Bel) (Ve ()| €O B0 Ry ()
= tQ(Jl + JQ)-

Obviously, ||J2][z2w2) = o(1) as § — 0 uniformly in ¢ (cf. (3.8)) and its contribution

to I is bounded by 71?2, where (3, ¥g) — 0 as § — 0 . To estimate the contribution
from J; we notice that J; = Fo(Gso)J1 and, thus, we arrive at the main point of the
proof:

(Ws, J1)12(Bg) = —(¥s, J1) L2(R2\ BR)-
It remains to estimate

~

2 [ 5 _
L = T/O t%e 2t/T|(\IfS,Jl)LQ(RQ\BR)‘dt. (4.3)

It is easy to see that
i < 2 [% o _oyr |2 1 2 d
ST t%e (ellslzo@ea\r) + 4 1122 @2\B ) At

00 (4.4)
1 _
< eC(Wo)T? + = /0 e (T + Jall72 @ my + 17217282 5 ) -

The estimate for the integral with J; +.J5 is similar to the estimate for Ry (see (3.26)),
while the estimate for the integral with Ja repeats the proof for (3.8). Thus, (4.4) is
bounded by

1 .
eC(To)T* + % (T2%4(co, W) + C(¥o, )T + T(5, o)),

where 4(co, Pg) — 0 as ¢y — oo and (0, ¥y) — 0 as 6 — 0. Now, one chooses small
€, then large cp, small 0 and large Ty to prove (4.2).

5. APPENDICES

Here we provide detailed proofs of some of the facts which were used in Sections 2
and 3 above.

Remark 3. Using the a priori estimates (see [20]) for the solutions ¥,, from (2.9)
and their Fourier coefficients defined by

U, (k, ) = e (1 4 u,y(F, :13’)) : (5.1)
(Rt ), (5.2)
ﬁfnn) being vectors of the dual lattice corresponding to W, and repeating the arguments

which led to Lemma 2.1, one can obtain that the extended coefficients are sufficiently
smooth and satisfy estimates of the type (2.29), (2.32), (2.35). We omit the details.
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5.1. Appendix 1.

Lemma 5.1. The sequence of operators Sy (Goo x) given by (2.24) has a limit Soo(Goo )
in the class of bounded operators. The convergence of Sp(Goox) 10 Soo(Goo,\) is uni-
form in A and estimate (2.25) holds.

Proof. It suffices to prove that S, (G 1) f is a Cauchy sequence. Given @, is the cell

of periods of the operator H(™ | the function Wn(E, x) is quasi-periodic in @,. It can
be represented as a combination of plane waves (5.1), (5.2). The Fourier transform

of \Tln is a combination of d-functions:
= 3 CONRS(E+E+ 7. (0) /).
reZz?

From this, we compute easily the Fourier transform of S, f
( nf) 27T Z C n) g pr( )/N ) ( g_ﬁr(o)/Nn)X(goo)\a _g_ﬁr(o)/Nn)a
reZ?

where x(Goo,x, -) is the characteristic function on G x. Since G » is bounded, the

series contains only a finite number of non-zero terms for every 5 By Parseval’s
identity, triangle inequality and a parallel shift of the variable,

1Snf 1l 2 @2y = 1150 S |l 222

< — Z Hc (=€ = 5r(0)/N,) £ (=€ = 5 (0)/ M) X (Goon, —E — 5 (0)/ N,

L2(R2)

Z IS (k) £(R) L2 (g -

TEZQ
Assume first that the support of f belongs to a ring Ry o for some k such that
k2 > X.(V). Then, the last inequality yields:

]‘ n
HSanL2(R2) S %HfHLQ(Rk’Qk) Z HC1£ )HLOO(R;C’QIQ)' (53)
rez?

-,

By (5.2), Fourier coefficients i ( )
PEOIC ) < 2w, ) exp (=itk, ) s, |Qul /2N
< 16|41 W (K, vt | @nl V2N

Considering that >, o p, 4(0) < ¢, we obtain:

SNCE ey < ¢ _sup (19 E, g g1 @nl /2 N)
rez2 keRg 2ok

can be estimated as follows:

Using (5.3), we arrive at

150 fll 2@y < kN fllL2(Ry ) SUD <|Qn|—1/2N:% sup [0, (K, ->||W;<Qn>> :
k€Ry ok keRy 21
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Similarly,

[(Snt1 = Sn) fllL2m2) <
Ck4||f||L2(Rk,2k) _sup <Qn+l’_1/2Ns+1 _sup I (‘ljnJrl(ku ) = W (k, ')) ||W24(Qn+1)> .
kERkyzk kGRk,zk
It is proven in [23] (Section 5.2) that
@it (k) = Cnlk, Mr2(@uin) < cE3|Quit|Y?, n>1, when k€ Rpop. (5.4)
Applying the equation for eigenfunctions twice, we arrive to:
1@ t1(E, ) = Uk, Miwagnin) < k'eslQuia|'?, n>1, when k€ Rya. (5.5)
Using the last estimate, we obtain
1Sn = Snt)Fllzzeey < A8 ey a0 sup (Nied). (5.6)
kERka

when the support of f is in Ry o;. Considering that ¢, decays super-exponentially
with n (see the formula above (2.31) and the estimate N,, ~ k**, we conclude that

1(Sn = Snt1) fll 22y < el Fll L2y o n (k) (5.7)

i.e., Spf is a Cauchy sequence in L?(R?) for every f € L% (Ryax)-

If f € L*(Gx.)), then we can express it as a sum of functions f such that fj
has support in Ry 2. Summing up estimates (5.7) over all k£ and using the Cauchy-
Schwatz inequality on the right, we easily see that:

1S = Sur) iz < el fllizige yen(ke), n > 1, (5.8)

i.e., Sy is a Cauchy sequence in the space of bounded operators. We denote the limit
of 5n(Goon)f bY Sxo(Goo,n)f- By Theorem 2.3 in [23]

1(S0 — S1)llz2 2y < A (5.9)
Estimate (2.25) easily follows. [ ]

5.2. Appendix 2 (Proof of Lemma 2.2). Next, using (5.1), (5.2) and integrating
by parts j times in (2.18), we obtain:

. 1 (k)|
()| < >y | P
k45> |k /4] T

+ > CEVE)] | NF Iz ze). (5.10)
ril R+ | <[ /4]
Noting that
>l (k)] < 2, (5.11)
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we can estimate the first term in the right hand side of (5.10), i.e.,

" o™ ()|
k[’ m HFHWI 22J+2HFHW1 (R2)- (5.12)
n p’/’
Pl K4 21K /4|
Next, since HV,, = \,,¥,,, we have
ik ) )3
HY, —— TN = A\ (k)CYM (K). (5.13)

Note that

ik ) I )12tk ) ik )
e’ + | e’

H\I}na = \I’nv + \I’nywn .
( Qal ) ( @ Qal

Since the length of V, grows at most linearly with period, i.e., if |]5£n) — ﬁfjl)\ > Ry,
then (W,,),—» = 0, we get

iR+ ) i
\I’m Wn = Z \Ijna (Wn)r—r’

|@n|
" r’:\ﬁfjl)fﬁﬁn)KRo

K+,
|@Qn|

Hence,

c£”>(f%’>=<AH<E>—|E+5$">|2>*1 Z (W) CS(R). (5.14)

and therefore

) ||CTY (R

n) (. |( n
> edis Y > e
relfp ™ |<[k/2) R <21 ) <o ()~ B+ B
¢ )7y < CV)
< == Wh r—r! C,,«l B) < ——.
< (o W ) < S
By a recursive argument, while j < ky./(4Rp), we obtain
PO UE V) (5.15)

I
riR | <|E/4)

Using (5.12) and (5.15) in (5.10), we obtain
1RF (T, F)(8)| < €.V, F).

The case |m| > 0 can be covered using integration by parts. To obtain the decay
rate for Dm(Cﬁn)(E)nn(l_{)) one differentiates the recursive version of (5.14) and uses
a priori estimates for 32, |D™(C™ (B)n, (F))| (see [20] and (5.1), (5.2)).
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5.3. Appendix 3 (Proof of (3.14)). We consider the limit-periodic case. A proof
for the quasi-periodic case is analogous. Indeed, we can write us(k, Z) as follows:

where @, (k, T) = Y ez Cm githr ), ﬁfnn) are vectors of the dual lattice correspond-
ing to W,,. We obtain:

H%Hiz(BR < ||¢s||%2(R2

R2 ooV Yoo

Wo (k) Wo( )?75(’3)?75( ) dk d€ di
: / / i(k—E+p —py™ ) VO () v Om) ()
- e " I 7J:< Crn (k)v Cm()

n,meN r qcZ? R?
¢t oo 13 @) G (7Y T (s (R (€) dF dE d
= 2 % [ sF ) - ) (v C ). V@)

n,meN r qcZ2

Y / (VED (R, VM (1 5 — )

A L)
n,meN r qcZ?2 P )

=it (Moo (B)=Aos (k—i—ﬁ(") “(m))) D00 (E + 3 — 5 (s (B 4 50 — 5m)Y gk
o(k)o(k +pr " —pg " )ns(k)ns(k +pr™ — py"™)

AN X [ VORI VO - ) B df
n meNT. qEZQ goom goo +

£ X T [ VOB VO A )
n,meN r qc72 —pr+Pg )

o (k +ﬁ$«") —py™)[P dk

/ {Z Y INC R VO (k4 5 = ) Ixg (k+ 5 = 5) | [Wo (k) dk

n,meN r qcZ2
< ea(V)[[Woll 72 gy,

since Y, ere Lrgezz [VO (R)| [VC™ (B + 5™ — 5™ Ixg (F + 5 — ™) is
bounded uniformly in k € Go, say, it is bounded by 04(V), see [20].

REFERENCES

[1] J. Asch and A. Knauf, Motion in periodic potentials, Nonlinearity 11 (1998), 175-200.



2]

(10]
(11]
(12]
(13]
(14]
(15]
(16]
(17]
(18]

(19]

20]
(21]
(22]
23]
(24]
[25]
(26]

27]

BALLISTIC TRANSPORT 25

J. Avron and B. Simon, Almost periodic Schridinger operators, I. Limit periodic potentials,
Comm. Math. Phys. 82 (1981), 101-120

J. Bellissard and H. Schulz-Baldes, Subdiffusive quantum transport for 3D Hamiltonians with
absolutely continuous spectra, J. Stat. Phys. 99 (2000), 587-594.

V. Chulaevsky and F. Delyon, Purely absolutely continuous spectrum for almost Mathieu op-
erators, J. Stat. Phys. 55 (1989), 1279-1284

J.-M. Combes, Connections between quantum dynamics and spectral properties of time-evolution
operators, Differential equations with applications to mathematical physics, Mathematics in
Science and Engineering, 192 (1993), 59-68.

D. Damanik, D. Lenz and G. Stolz, Lower transport bounds for one-dimensional continuum
Schradinger operators, Math. Ann. 336 (2006), 361-389.

D. Damanik and S. Tcheremchantsev, Power-law bounds on transfer matrices and quantum
dynamics in one dimension, Comm. Math. Phys. 236 (2003), 513-534.

D. Damanik and S. Tcheremchantsev, Scaling estimates for solutions and dynamical lower
bounds on wavepacket spreading, J. Anal. Math. 97 (2005), 103-131.

D. Damanik and S. Tcheremchantsev, Upper bounds in quantum dynamics, J. Amer. Math.
Soc. 20 (2007), 799-827

E. I. Dinaburg and Ya. Sinai, The one-dimensional Schrédinger equation with a quasi-periodic
potential, Funct. Anal. Appl. 9 (1975), 279289

L. H. Eliasson, Floquet solutions for the I1-dimensional quasi-periodic Schrodinger equation,
Comm. Math. Phys. 146 (1992), 447-482

I. M. Gel'fand, Ezpansion in Eigenfunctions of an Equation with Periodic Coefficients. Dokl.
Akad. Nauk SSSR, 73 (1950), 1117-1120 (in Russian).

F. Germinet, A. Kiselev and S. Tcheremchantsev, Transfer matrices and transport for
Schradinger operators, Ann. Inst. Fourier 54 (2004), 787-830.

1. Guarneri, Spectral properties of quantum diffusion on discrete lattices, Europhysics Lett. 10
(1989), 95-100.

I. Guarneri, On an estimate concerning quantum diffusion in the presence of a fractional spec-
trum, Europhys. Lett. 21 (1993), 729-733.

L. Hérmander, The analysis of linear partial differential operators. I. Distribution theory and
Fourier analysis, Springer, 256 (1990).

S. Jitomirskaya, H. Schulz-Baldes and G. Stolz, Delocalization in random polymer models,
Comm. Math. Phys. 233 (2003), 27-48.

Yu. Karpeshina and Y.-R. Lee, Spectral properties of polyharmonic operators with limit-periodic
potential in dimension two, J. Anal. Math. 102 (2007), 225-310.

Yu. Karpeshina and Y.-R. Lee, Absolutely continuous spectrum of a polyharmonic operator with
a limit-periodic potential in dimension two, Comm. Partial Differential Equations 33 (2008),
1711-1728.

Yu. Karpeshina and Y.-R. Lee, Spectral properties of a limit-periodic Schrédinger operator in
dimension two, J. Anal. Math. 120 (2013), 1-84.

Yu. Karpeshina and R. Shterenberg, Multiscale analysis in momentum space for quasi-periodic
potential in dimension two, J. Math. Phys. 54, 073507 (2013), 1-92.

Yu. Karpeshina and R. Shterenberg, Eztended States for the Schrédinger Operator with Quasi-
periodic Potential in Dimension Two, arXiv:1408.5660 (2014).

A. Kiselev and Y. Last, Solutions, spectrum, and dynamics for Schriodinger operators on infinite
domains, Duke Math. J. 102 (2000), 125-150.

Y. Last, Quantum dynamics and decompositions of singular continuous spectra, J. Funct. Anal.
142 (1996), 406-445.

S. A. Molchanov and V. Chulaevsky, The structure of a spectrum of lacunary-limit-periodic
Schrédinger operator, Functional Anal. Appl. 18 (1984), 343-344

J. Moser and J. Poschel, An extension of a result by Dinaburg and Sinai on quasiperiodic
potentials, Comment. Math. Helv. 59 (1984), 39-85

L. Pastur and A. Figotin, Spectra of random and almost-periodic operators, Springer, 1992



26 Y. KARPESHINA, Y.-R. LEE, R. SHTERENBERG, G. STOLZ

[28] C. Radin and B. Simon, Invariant domains for the time-dependent Schrodinger equation, J.
Differential Equations 29 (1978), 289-296.

[29] M. Reed and B. Simon, Methods of modern mathematical physics. II. Fourier analysis, self-
adjointness. Academic Press, New York-London, 1975

[30] M. M. Skriganov and A. V. Sobolev, On the spectrum of a limit-periodic Schrédinger operator,
Algebra i Analiz, 17 (2005), 5; English translation: St. Petersburg Math. J. 17 (2006), 815-833.

[31] S. Tcheremchantsev, Mized lower bounds for quantum transport, J. Funct. Anal. 197 (2003)
247-282.

DEPARTMENT OF MATHEMATICS, CAMPBELL HALL, UNIVERSITY OF ALABAMA AT BIRMINGHAM,
1300 UNIVERSITY BOULEVARD, BIRMINGHAM, AL 35294.
E-mail address: karpeshi@uab.edu

DEPARTMENT OF MATHEMATICS, SOGANG UNIVERSITY, 5 BAEKBEOM-RO, MAPO-GU, SEOUL,
121-742, SouTH KOREA.
E-mail address: younglee@sogang.ac.kr

DEPARTMENT OF MATHEMATICS, CAMPBELL HALL, UNIVERSITY OF ALABAMA AT BIRMINGHAM,
1300 UNIVERSITY BOULEVARD, BIRMINGHAM, AL 35294.
E-mail address: shterenb@math.uab.edu

DEPARTMENT OF MATHEMATICS, CAMPBELL HALL, UNIVERSITY OF ALABAMA AT BIRMINGHAM,
1300 UNIVERSITY BOULEVARD, BIRMINGHAM, AL 35294.
E-mail address: stolz@uab.edu



