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a b s t r a c t

In this work we present the bulk-surface finite element method (BSFEM) for solving coupled systems of
bulk-surface reaction–diffusion equations (BSRDEs) on stationary volumes. Such systems of coupled
bulk-surface partial differential equations arise naturally in biological applications and fluid dynamics,
for example, in modelling of cellular dynamics in cell motility and transport and diffusion of surfactants
in two phase flows. In this proposed framework, we define the surface triangulation as a collection of the
faces of the elements of the bulk triangulation whose vertices lie on the surface. This implies that the
surface triangulation is the trace of the bulk triangulation. As a result, we construct two finite element
spaces for the interior and surface respectively. To discretise in space we use piecewise bilinear elements
and the implicit second order fractional-step θ scheme is employed to discretise in time. Furthermore,
we use the Newton method to treat the nonlinearities. The BSFEM applied to a coupled system of BSRDEs
reveals interesting patterning behaviour. For a set of appropriate model parameter values, the surface
reaction–diffusion system is not able to generate patterns everywhere in the bulk except for a small
region close to the surface while the bulk reaction–diffusion system is able to induce patterning almost
everywhere. Numerical experiments are presented to reveal such patterning processes associated with
reaction–diffusion theory.
& 2015 Elsevier B.V.. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

Many problems in science and engineering are modelled mathe-
matically by systems of partial differential equations (PDEs). Some of
these problems involve coupling surface and interior (bulk) dynamics
resulting in coupled systems of bulk-surface PDEs. Such systems arise
naturally in many fluid dynamics applications and biological pro-
cesses. In developmental biology, for example, it is essential the
emergence and maintenance of polarised states in the form of het-
erogeneous distributions of chemical substances (proteins and lipids).
Examples of such processes include (but are not limited to) the for-
mation of buds in yeast cells and cell polarisation in biological cells
due to responses to external signals through the outer cell membrane
[26,27]. In the context of reaction–diffusion processes, such symmetry
breaking arises when a uniform steady state, stable in the absence of
diffusion, is driven unstable when diffusion is present thereby giving
rise to the formation of spatially inhomogeneous solutions in a pro-
cess now well-known as the Turing diffusion-driven instability [29].
Classical Turing theory requires that one of the chemical species,
B.V. This is an open access article u

Madzvamuse),
typically the inhibitor, diffuses much faster than the other, the activator
resulting in what is known as long-range inhibition, short-range acti-
vation [10,16].

Recently, there has been a surge in studies on models that couple
bulk dynamics to surface dynamics. For example, Rätz and Röger [27]
study symmetry breaking in a bulk-surface reaction–diffusion model
for signalling networks. In this work, a single diffusion partial differ-
ential equation (the heat equation) is formulated inside the bulk of a
cell, while on the cell-surface, a system of two membrane reaction–
diffusion equations is formulated. The bulk and cell-surface mem-
brane are coupled through a Robin-type boundary condition and a
flux term for the membrane system [27]. Elliott and Ranner [8] study a
finite element approach to a sample elliptic problem: a single elliptic
partial differential equation is posed in the bulk and another is posed
on the surface. These are then coupled through Robin-type boundary
conditions. Burman et al. [4] recently developed cut finite element
methods for coupled bulk-surface problems. In this article, single
time-independent elliptic parabolic equations are coupled in the bulk
and surface through non-zero flux boundary conditions. A trace finite
element method has recently been proposed to study a class of cou-
pled bulk-interface transport problems posed on evolving volumes
and surfaces [12]. Again, coupling of the bulk and surface dynamics is
through non-zero boundary conditions. Novak et al. [24] present an
algorithm for solving a diffusion equation on a curved surface coupled
nder the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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Fig. 1. An example illustrating how the surface triangulation (bottom row) is
naturally induced by the volume or bulk (top row) triangulation. Part of the domain
has been cut away and shown on the right to reveal some internal mesh structure
[21].

Table 2
Model parameter values used in simulations for Figs. 2–9.

Table 1
Parameter values for the coupled system of bulk-surface reaction–diffusion equa-
tions (2.1)–(2.6).

a b d α1 α2 β1 β2 κ1 κ2

0.1 0.9 100 5/12 5 5/12 0 0 5
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to a diffusion model in the volume. Checkkin et al. [6] study bulk-
mediated diffusion on planar surfaces. Again, diffusion models are
posed in the bulk and on the surface coupling them through boundary
conditions. In the area of tissue engineering and regenerative medi-
cine, electrospun membrane are useful in applications such as filtra-
tion systems and sensors for chemical detection. Understanding of the
fibres’ surface, bulk and architectural properties is crucial to the suc-
cessful development of integrative technology. Nisbet et al. [23] pre-
sent detailed review on surface and bulk characterisation of electro-
spun membranes of porous and fibrous polymer materials. To explain
the long-range proton translocation along biological membranes,
Medvedev and Stuchebrukhov [22] propose a model that takes into
account the coupled bulk-diffusion that accompanies the migration of
protons on the surface.

In most of the work above, either elliptic or diffusion models in
the bulk have been coupled to surface-elliptic or surface-diffusion
or surface-reaction–diffusion models posed on the surface through
Robin-type boundary conditions [6,8,22–24,26,27]. Here, our focus
is to couple systems of reaction–diffusion equations posed both in
the bulk and on the surface, setting a mathematical and compu-
tational framework to study more complex interactions such as
those observed in cell biology, tissue engineering and regenerative
medicine, developmental biology and biopharmaceutical [6,8,22–
24,26,27].

The coupled system of bulk-surface reaction–diffusion equa-
tions (BSRDEs) may be numerically solved using various dis-
cretisation schemes and techniques. We choose to employ the bulk
finite element method [9] to numerically solve the bulk-reaction–
diffusion system while the surface finite element method [7] is
employed to compute numerical solutions corresponding to the
surface-reaction–diffusion system. The key idea of the finite ele-
ment method is that two finite element spaces are constructed,
the bulk and surface finite element spaces, by taking a set of all
continuous piecewise polynomial functions on each bulk simplex
or boundary face element [8]. The bulk and surface reaction–dif-
fusion systems are coupled through Robin-type boundary condi-
tions. The coupled bulk-surface finite element algorithm is
implemented in deal.II [1].

Other plausible numerical methods for solving such systems
include (but are not limited to) finite volume methods [5], particle
methods using level set descriptions of the surface [11,14] and
closest-point methods [18,19].

Our article is therefore structured as follows. In Section 2 we
present the coupled bulk-surface reaction–diffusion system on sta-
tionary volumes with appropriate boundary conditions coupling the
bulk and surface partial differential equations. Within this section,
we give some specific examples of the applications of the coupled
system of PDEs. The bulk-surface finite element framework is pre-
sented in Section 3. Here we describe how the two finite element
spaces are constructed to enable us to carry out the spatial dis-
cretisation of the model system. We also detail how the bulk and
surface triangulations are carried out. To discretise in time, we use
the fractional-step θ method coupled with the Newton method to
treat nonlinearities arising from the nonlinear reactions. Numerical
experiments are presented in Section 4 where we discuss how bulk
dynamics influence patterning on the surface and vice versa. We
conclude and discuss the implications of our studies in Section 5 as
well as setting foundations for future research.
Figure dΩ dΓ

2 1.0 1.0
3 1.0 10.0
5 1.0 20.0
6 10.0 1.0
7 10.0 10.0
8 20.0 10.0
9 20.0 20.0
2. Coupled system of bulk-surface reaction–diffusion equa-
tions (BSRDEs) on stationary volumes

In this section we present our model system which comprises a
system of coupled bulk-surface reaction–diffusion equations
(BSRDEs) posed in a three-dimensional volume as well as on its
surface. We impose boundary conditions on the system of reaction–
diffusion equations in the interior of the volume that couple internal
dynamics to surface dynamics. Since we are interested in closed
surfaces (whose boundary is empty) then the system of reaction–
diffusion system on the surface is devoid of boundary conditions.

2.1. Notation

Let Γ be a closed, compact and smooth hypersurface without
boundary in RNþ1 enclosing a convex volume Ω. Let n denote the
unit outer normal to Γ, and let U be any open subset of RNþ1

containing Γ, then for any function u which is differentiable in U,
we define the tangential gradient on Γ by

∇Γu¼∇u� ∇u � nð Þn;

where � denotes the dot product and ∇ denotes the gradient in
RNþ1. The tangential gradient is the projection of the gradient onto
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the tangent plane, thus ∇Γu � n¼ 0. The Laplace–Beltrami operator
on the surface Γ is defined to be the tangential divergence of the
tangential gradient ΔΓu¼∇Γ �∇Γu. For a vector function u¼ ðu1;
u2;…;uNþ1ÞARNþ1 the tangential divergence is defined by

∇Γ � u¼∇ � u�
XNþ1

i ¼ 1

∇ui � nð Þni:

2.2. A coupled system of bulk-surface reaction–diffusion equations
(BSRDEs)

For a bounded volumeΩ�RN ðN¼ 2;3Þwith boundary Γ≔∂Ω
and I¼ ½0; T � ðT40Þ, let us assume that uðx; tÞ; vðx; tÞ : Ω⟶R are
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Fig. 2. Plots of the convergence graphs corresponding to the chemical species u and v in t
coupled system of BSRDEs (2.1)–(2.6) with dΩ ¼ 1 in the bulk, dΓ ¼ 1 on the surface and γ

decay in the L2-norm errors for the bulk and surface species respectively. There are no ex
growth associated with growing wavenumbers to induce patterns. The uniform steady
evolution profile is independent of the geometry; the sphere, cube and ellipsoid all giv
two chemical concentrations (species) that react and diffuse in
Ω and rðx; tÞ; sðx; tÞ : Γ⟶R be two chemical species residing
only on the surface Γ which react and diffuse on the bulk sur-
face. In the absence of cross-diffusion and assuming that cou-
pling is only through the reaction kinetics, we pose the following
non-dimensionalised coupled system of BSRDEs [21]:

ut ¼∇2uþγΩf ðu; vÞ;
vt ¼ dΩ∇2vþγΩgðu; vÞ;

(
x on Ω; t40;

rt ¼∇2
ΓrþγΓ f ðr; sÞ�h1ðu; v; r; sÞð Þ;

st ¼ dΓ∇2
ΓsþγΓ gðr; sÞ�h2ðu; v; r; sÞð Þ;

(
x on Γ; t40;

8>>>>><
>>>>>:

ð2:1Þ
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he bulk (left column) and r and s on the surface (right column) corresponding to the

Ω ¼ γΓ ¼ 500. The convergence criteria are defined by (4.1). Here we observe a rapid
citable wavenumbers to induce patterns and hence we do not observe exponential
state is the only stable solution for the coupled system of BSRDEs (2.1)–(2.6). The
e similar evolution profiles (results not shown).
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with coupling boundary conditions

∂u
∂ν

¼ γΓh1ðu; v; r; sÞ;

dΩ
∂v
∂ν

¼ γΓh2ðu; v; r; sÞ;

8>><
>>: x on Γ; t40: ð2:2Þ

In the above, ∇2 ¼ ∂2
∂x2þ ∂2

∂y2þ ∂2
∂z2 represents the Laplacian operator

while ∇2
Γ denotes the Laplace–Beltrami operator, defined as the

tangential divergence of the tangential gradient. ν represents the
outward pointing normal to the surface. dΩ and dΓ are positive
diffusion coefficients in the bulk and on the surface respectively,
representing the ratio between u and v, and r and s, respectively.
γΩ and γΓ represent the length scale parameters in the bulk and
on the surface respectively. In this formulation, we assume that
f ð�; �Þ and gð�; �Þ are nonlinear reaction kinetics in the bulk and on
the surface. h1ðu; v; r; sÞ and h2ðu; v; r; sÞ are reactions representing
the coupling of internal dynamics in the bulk Ω to the surface
dynamics on the surface Γ. As a first attempt, we will consider
a more generalised form of linear coupling of the following
nature [18]:

h1ðu; v; r; sÞ ¼ α1r�β1u�κ1v; ð2:3Þ

h2ðu; v; r; sÞ ¼ α2s�β2u�κ2v; ð2:4Þ
where α1, α2, β1, β2, κ1 and κ2 are constant non-dimensionalised
parameters. Initial conditions are given by the positive bounded
functions u0ðxÞ, v0ðxÞ, r0ðxÞ and s0ðxÞ.

2.2.1. Activator-depleted reaction kinetics: an illustrative example
From now onwards, we restrict our studies to the well-known

activator-depleted substrate reaction model [10,25,28] also known
as the Brusselator given by

f ðu; vÞ ¼ a�uþu2 v; ð2:5Þ

gðu; vÞ ¼ b�u2 v; ð2:6Þ
where a and b are positive parameters. For analytical simplicity,
we postulate the model system (2.7) in a more compact form
given by

ut ¼∇2uþ f 1ðu; v; r; sÞ;
vt ¼ dΩ∇2vþ f 2ðu; v; r; sÞ;

(
x on Ω; t40;

rt ¼∇2
Γrþ f 3ðu; v; r; sÞ;

st ¼ dΓ∇2
Γsþ f 4ðu; v; r; sÞ;

(
x on Γ; t40;

8>>>>><
>>>>>:

ð2:7Þ

with coupling boundary conditions (2.2). In the above, we have
defined appropriately

f 1ðu; v; r; sÞ ¼ γΩða�uþu2vÞ; ð2:8Þ

f 2ðu; v; r; sÞ ¼ γΩðb�u2vÞ; ð2:9Þ

f 3ðu; v; r; sÞ ¼ γΓ a�rþr2s�α1rþβ1uþκ1v
� �

; ð2:10Þ

f 4ðu; v; r; sÞ ¼ γΓ b�r2s�α2sþβ2uþκ2v
� �

: ð2:11Þ

2.3. Applications

Applications of reaction–diffusion systems are abundant in the
literature and these include (but not limited to) modelling pattern
formation in developmental biology, molecular dynamics in cell
motility, borne and tissue regeneration in biomedical engineering
and fluid–structure interactions in fluid dynamics [13]. Specific
examples are given by models describing the growth of an epi-
taxial layer and dendritic in developmental biology [2], GTPase
molecular dynamics in cell motility [15] and soluble surfactants in
fluid dynamics [3].

2.4. Uniform steady states
Definition 2.1 (Uniform steady state). A point ðun; vn; rn; snÞ is a
uniform steady state of the coupled system of BSRDEs (2.7) with
reaction kinetics (2.5)–(2.6) if it solves the nonlinear algebraic
system given by

f iðun; vn; rn; snÞ ¼ 0 for all i¼ 1;2;3;4;

and satisfies the boundary conditions given by (2.2).

Theorem 2.1 (Existence and uniqueness of the uniform steady
state). The coupled system of BSRDEs (2.7) with boundary conditions
(2.2) admits a unique steady state given by

ðun; vn; rn; snÞ ¼ aþb;
b

ðaþbÞ2
; aþb;

b

ðaþbÞ2

 !
; ð2:12Þ

provided the compatibility condition on the coefficients of the cou-
pling is satisfied:

ðβ1�α1Þðκ2�α2Þ�κ1β2 ¼ 0: ð2:13Þ
Proof. For proof see Madzvamuse et al. [21].□

Remark 2.1. The conditions for diffusion-driven instability for the
coupled system were derived and proved in [21].

Remark 2.2. The compatibility condition (2.13) will be used to
select the parameters associated with the boundary conditions.
3. The bulk-surface finite element method for reaction–diffu-
sion systems on stationary volumes

In the following we present two sets of results. We use the
finite element method to discretise in space with piecewise
bilinear elements, and the implicit second order fractional-step θ
scheme to discretise in time using the Newton method to solve the
non-linearities [20].

3.1. Weak variational form

Let φAH1ðΩÞ and ψAH1ðΓÞ. Then, multiplying (2.7) by φ and
ψ, we seek u; vAL2ð0; t;H1ðΩÞÞ and r; sAL2ð0; t;H1ðΓÞÞ, such that

R
Ω utφþ∇u � ∇φ� �
¼ γΩ

R
Ωða�uþu2vÞφþγΓ

R
Γðα1r�β1u�κ1vÞφ;R

Ω vtφþdΩ∇v � ∇φ
� �
¼ γΩ

R
Ωðb�u2vÞφþγΓ

R
Γðα2s�β2u�κ2vÞφ;

8>>>><
>>>>:

x on Ω; t40;

R
Γ rtψþ∇Γr � ∇Γψ
� �
¼ γΓ

R
Γða�rþr2s�α1rþβ1uþκ1vÞψ ;R

Γ stψþdΓ∇Γs � ∇Γψ
� �
¼ γΓ

R
Γðb�r2s�α2sþβ2uþκ2vÞψ ;

8>>>><
>>>>:

x on Γ; t40:

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð3:1Þ

In the above, we have used Green's identities with the boundary
conditions (2.2) to obtain the boundary integrals.

3.2. Spatial discretisation

Let Ωh �Ω and Γh �Γ be discretisations of the original
domains with NΩ and NΓ vertices respectively. Let us take the
finite dimensional subspaces VΩh

�H1ðΩÞ and VΓh
�H1ðΓÞ. Then,

we seek uh; vhAL2ð0; t;VΩh
Þ and rh; shAL2ð0; t;VΓh

Þ such that for all



Fig. 3. Numerical solutions corresponding to the coupled system of BSRDEs (2.1)–(2.6) with dΩ ¼ 1 in the bulk, dΓ ¼ 10 on the surface and γΩ ¼ γΓ ¼ 500. The surface
reaction–diffusion system induces patterning in a small band close to the surface. In the bulk, no patterns form almost everywhere. The patterning behaviour is independent
of the geometry. Rows 1 and 3: solutions in the bulk representing u and v. Rows 2 and 4: solutions on the surface representing r and s. Second and fourth columns represent
cross sections of the bulk and the surface respectively.
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φhAVΩh
and ψhAVΓh

R
Ωh

uh;tφhþ∇uh � ∇φh

� �
¼ γΩ

R
Ωh

ða�uhþu2
hvhÞφhþγΓ

R
Γh
ðα1rh�β1uh�κ1vhÞφh;R

Ωh
vh;tφhþdΩ∇vh � ∇φh

� �
¼ γΩ

R
Ωh

ðb�u2
hvhÞφhþγΓ

R
Γh
ðα2sh�β2uh�κ2vhÞφh;

8>>>>><
>>>>>:

x on Ωh; t40;

R
Γh

rh;tψhþ∇Γrh � ∇Γψh

� �
¼ γΓ

R
Γh
ða�rhþr2hsh�α1rhþβ1uhþκ1vhÞψh;R

Γh
sh;tψ hþdΓ∇Γsh � ∇Γψh

� �
¼ γΓ

R
Γh
ðb�r2hsh�α2shþβ2uhþκ2vhÞψh;

8>>>>><
>>>>>:

x on Γh; t40:

8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:

Let fφigNΩ
i ¼ 1 and fψ igNΓ

i ¼ 1 be two set of piecewise bilinear shape
functions on Ωh and Γh respectively. Then these sets form a
basis of VΩ and VΓ . Thus, we can write the discrete solution
variables as uh ¼

PNΩ
i ¼ 1 uiφi≔u �φ, and similarly for the other

variables. Then, the above can be written compactly in matrix
form as

MφutþγΩMφuþAφu�γΩBφðu; vÞu
�γΓðα1Mφψ r�β1Mφφu�κ1MφφvÞ ¼ γΩa1φ;

MφvtþdΩAφvþγΩBφðu;uÞv
�γΓðα2Mφψ s�β2Mφφu�κ2MφφvÞ ¼ γΩb1φ;

in Ωh � ð0; T

8>>><
>>>:

3
7775;

MψrtþγΓMψrþAψr�γΓBψ ðr; sÞr
þγΓðα1Mψψ r�β1Mψφu�κ1MψφvÞ ¼ γΓa1ψ ;

MψstþdΓAψsþγΓBψ ðr; rÞs
þγΓðα2Mψψ s�β2Mψφu�κ2MψφvÞ ¼ γΓb1ψ ;

:on Γh � ð0; T �;

8>>><
>>>:

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð3:2Þ

where Aφ and Mφ are the stiffness and mass matrices respec-
tively with entries

ðAφÞij ¼
Z
Ωh

∇φi �∇φj dx and ðMφÞij ¼
Z
Ωh

φiφj dx: ð3:3Þ
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1φ is the column vector with j-th entry
R
Ωh
φj. Given some vec-

tors a, b and c, Bφða;bÞ is the matrix with entries

ðBφÞij ¼
Z
Ωh

ða � φÞðb �φÞφiφj dx: ð3:4Þ

Similar quantities are defined for Aψ , Mψ , 1ψ and Bψ . The
matrices Mφφ, Mφψ , Mψφ and Mψψ have entries

ðMφφÞij ¼
Z
Γh

φiφj dx; ðMφψ Þij ¼
Z
Γh

φiψ j dx;

ðMψφÞij ¼
Z
Γh

ψ iφj dx and ðMψψ Þij ¼
Z
Γh

ψ iψ j dx:

3.2.1. Mesh generation
For finite element methods involving bulk and surface coupled

dynamics, it is natural to define the surface triangulation as a
collection of the faces of the elements of the bulk triangulation
whose vertices lie on the surface. This implies that the surface
triangulation is the trace of the bulk triangulation [17]. First we
approximate Ω by Ωh a bulk triangulation. Next we construct Γh

to be the triangulation of the surface geometry Γ by defining
Γh ¼Ωh j ∂Ωh

, i.e. the vertices of Γh are the same as those lying on
the surface of Ωh. In particular, then, we have ∂Ωh ¼Γh. An
example mesh is shown in Fig. 1 [21]. The bulk triangulation
 0
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Fig. 4. Plots of the convergence graphs corresponding to the chemical species u and v in t
coupled system of BSRDEs (2.1)–(2.6) with dΩ ¼ 1 in the bulk, dΓ ¼ 10 on the surface an
L2-norm errors is characterised by three key phases: (i) an initial rapid decay due to
exponential growth of the positive excitable wavenumbers to induce the formation of spa
and (iii) a final stage where nonlinear terms become dominant and act as bounds to
inhomogeneous state corresponding to the coupled system of BSRDEs (2.1)–(2.6).
induces the surface triangulation as illustrated. Throughout, we
use hexahedral meshes for the bulk geometries which induce
quadrilateral meshes for the surface geometries. For further details
on techniques for generating bulk and surface triangulations with
adaptivity, the reader is referred to the work of Köster et al. [17].
3.3. Time discretisation

We carry out the time-discretisation using the fractional-step θ
method. This method is second order accurate when choosing θ
¼ 1�1=

ffiffiffi
2

p
and was the quickest in a selection of tested methods

in a previous investigation [20]. For convergence, stability and
performance of the numerical method, the reader is referred to
[20]. For the time discretisation let Tm denote the maximum time
of interest, τ denote the time step and J be a fixed nonnegative
integer, then

τ¼ Tm

J
and tk ¼ kτ; k¼ 0;1;2;…; J:

We denote the approximate solution at time tk by uk
h ¼ uhð�; tkÞ ¼

uk � φ and similarly for the other variables. Following from (3.2),
the fractional-step θ method is implemented as follows: Starting
with the previous solution ðun; vn; rn; snÞ, we first solve for the
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he bulk (left column) and r and s on the surface (right column) corresponding to the
d γΩ ¼ γΓ ¼ 500. The convergence criteria are defined by (4.1). The evolution of the
the smoothing effects of diffusion (ii) an intermediate stage characterised by an
tial structure. It is during this phase that the uniform steady state is driven unstable,
the exponentially growing modes resulting in the formation of a spatially stable



Fig. 5. Numerical solutions corresponding to the coupled system of BSRDEs (2.1)–(2.6) with dΩ ¼ 1 in the bulk, dΓ ¼ 20 on the surface and γΩ ¼ γΓ ¼ 500. The pattering
process is similar to that shown in Fig. 3 for large values of dΓ . Rows 2 and 4: solutions on the surface representing r and s. Second and fourth columns represent cross
sections of the bulk and the surface respectively.
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intermediate solution ðunþθ ; vnþθ ; rnþθ ; snþθÞ

Mφ
unþθ�un

θτ
þAφunþθþγΩMφunþθ

�γΓðα1Mφψ rnþθ�β1Mφφunþθ�κ1MφφvnþθÞ ¼ γΩa1φþγΩBφðun; vnÞun;

Mφ
vnþθ�vn

θτ
þdΩAφvnþθ

�γΓðα2Mφψ snþθ�β2Mφφunþθ�κ2MφφvnþθÞ ¼ γΩb1φ�γΩBφðun;unÞvn;

Mψ
rnþθ�rn

θτ
þAψrnþθþγΓMψrnþθ

þγΓ α1Mψψrnþθ�β1Mψφunþθ�κ1Mψφvnþθ
� �¼ γΓa1ψ þγΓBψ ðrn; snÞrn;

Mψ
snþθ�sn

θτ
þdΓAψsnþθ

þγΓ α2Mψψ snþθ�β2Mψφunþθ�κ2Mψφvnþθ
� �¼ γΓb1ψ �γΓBψ ðrn; rnÞsn;

:

8>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>:

then for the second intermediate solution ðunþ1�θ ; vnþ1�θ ; rnþ1�θ
; snþ1�θÞ we solve

Mφ
unþ1�θ�unþθ

ð1�2θÞτ �γΩBφðunþ1�θ; vnþ1�θÞunþ1�θ ¼ γΩa1φ

�Aφunþθ�γΩMφunþθþγΓðα1Mφψrnþθ�β1Mφφunþθ�κ1MφφvnþθÞ

Mφ
vnþ1�θ�vnþθ

ð1�2θÞτ þγΩBφðunþ1�θ;unþ1�θÞvnþ1�θ ¼ γΩb1φ

�dΩAφvnþθþγΓðα2Mφψ snþθ�β2Mφφunþθ�κ2MφφvnþθÞ;

Mψ
rnþ1�θ�rnþθ

ð1�2θÞτ �γΓBψ ðrnþ1�θ ; snþ1�θÞrnþ1�θ ¼ γΓa1ψ

�Aψrnþθ�γΓMψrnþθ�γΓ α1Mψψ rnþθ�β1Mψφunþθ�κ1Mψφvnþθ
� �

;

Mψ
snþ1�θ�snþθ

ð1�2θÞτ þγΓBψ ðrnþ1�θ ; rnþ1�θÞsnþ1�θ ¼ γΓb1ψ

�dΓAψsnþθ�γΓ α2Mψψ snþθ�β2Mψφunþθ�κ2Mψφvnþθ
� �

;

8>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>:

ð3:5Þ



Fig. 6. Numerical solutions corresponding to the coupled system of BSRDEs (2.1)–(2.6) with dΩ ¼ 10 in the bulk, dΓ ¼ 1 on the surface and γΩ ¼ γΓ ¼ 500. The bulk reaction–
diffusion system is able to induce patterning almost everywhere on the surface. Rows 2, 4 and 6: solutions on the surface representing r and s. Second and fourth columns
represent cross sections of the bulk and the surface respectively.
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Fig. 7. Numerical solutions corresponding to the coupled system of BSRDEs (2.1)–(2.6) with dΩ ¼ 10 in the bulk, dΓ ¼ 10 on the surface and γΩ ¼ γΓ ¼ 500. The bulk and
surface reaction–diffusion systems both have the capability to induce patterning. Rows 2, 4 and 6: solutions on the surface representing r and s. Second and fourth columns
represent cross sections of the bulk and the surface respectively.
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Fig. 8. Numerical solutions corresponding to the coupled system of BSRDEs (2.1)–(2.6) with dΩ ¼ 20 in the bulk, dΓ ¼ 10 on the surface and γΩ ¼ γΓ ¼ 500. The coupled
system of BSRDEs induces pattering in the bulk and on the surface. Rows 2 and 4: solutions on the surface representing r and s. Second and fourth columns represent cross
sections of the bulk and the surface respectively.
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and finally for the new solution ðunþ1; vnþ1; rnþ1; snþ1Þ we solve

Mφ
unþ1�unþ1�θ

θτ
þAφunþ1þγΩMφunþ1

�γΓ α1Mφψ rnþ1�β1Mφφunþ1�κ1Mφφvnþ1
� �

¼ γΩa1φþγΩBφðunþ1�θ; vnþ1�θÞunþ1�θ ;

Mφ
vnþ1�vnþ1�θ

θτ
þdΩAφvnþ1

�γΓ α2Mφψ snþ1�β2Mφφunþ1�κ2Mφφvnþ1
� �

¼ γΩb1φ�γΩBφðunþ1�θ ;unþ1�θÞvnþ1�θ ;

Mψ
rnþ1�rnþ1�θ

θτ
þAψrnþ1þγΓMψrnþ1

þγΓ α1Mψψrnþ1�β1Mψφunþ1�κ1Mψφvnþ1
� �

¼ γΓa1ψ þγΓBψ ðrnþ1�θ ; snþ1�θÞrnþ1�θ ;

Mψ
snþ1�snþ1�θ

θτ
þdΓAψsnþ1

þγΓ α2Mψψ snþ1�β2Mψφunþ1�κ2Mψφvnþ1
� �

¼ γΓb1ψ �γΓBψ ðrnþ1�θ ; rnþ1�θÞsnþ1�θ :

:

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

The presence of the B matrices on the left-hand side make the
system in the second step (3.5) nonlinear. The nonlinearities are
solved using the iterative Newton method [20].
4. Numerical simulations of the coupled system of BSRDEs

For illustrative purposes let us take the parameter values
shown in Table 1 which satisfy the compatibility condition (2.13).
For these parameter values the unique equilibrium state is given
by ðun; vn; rn; snÞ ¼ ð1;0:9;1;0:9Þ. We stop the simulations when the
L2-norm of the difference of the numerical solutions between two
successive timesteps reaches some tolerance

Junþ1
h �un

h J
τ

≔
1
τ

Z
Ω
ðunþ1

h �un
hÞ2

� �1=2

r102ε; n40; ð4:1Þ

where ε is the tolerance used for the matrix solver. Similar
quantities are defined for the other variables. We note that these
quantities are related to the time-derivative of the solution and
therefore should become smaller as the solution does not change
much in time and converges.

4.1. Numerical experiments

In this section we will present numerical simulations of the
coupled system of BSRDEs on three different volumes: a sphere of
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radius one, a cube of length one and a triaxial ellipsoid with semi-
axis of lengths 1, 2 and 3. In all our simulations we fix γΩ ¼ γΓ ¼
500 and vary the diffusion coefficients as shown in Table 2. The
numbers of degrees of freedom for the sphere were 59 042/3076
(bulk/surface), for the cube 71 874/12 292 and for the ellipsoid
59 042/3076. The timestep chosen in each case was τ¼ 10�3.

Remark 4.1. In [21] we exhibited a wide variety of patterns in the
bulk and on the surface of the sphere of radius 1. We will omit
some of these results and refer the interested reader to see [21].

Our numerical simulations reveal the following fundamental
characteristics key to the theory of pattern formation:

1. By taking dΩ ¼ 1 in the bulk and dΓ ¼ 1 on the surface, no
patterns emerge (results not shown). This implies that the
system fails to satisfy one of the necessary conditions for the
formation of spatial structure which requires that one of the
molecular species must diffuse much faster (typically the inhi-
bitor) than the other (typically the activator), resulting in what
is known as the long-range inhibition short-range activation
Fig. 9. Numerical solutions corresponding to the coupled system of BSRDEs (2.1)–(2.6
behaviour is more complex for large values of the diffusion coefficients. Rows 2 and 4: s
cross sections of the bulk and the surface respectively.
[10,16]. This entails that both the bulk and surface dynamics are
not able to generate patterns, instead the uniform steady state is
the only stable solution.

2. Taking dΩ ¼ 1 in the bulk and dΓ⪢1 on the surface, the bulk
reaction–diffusion system is not able to generate patterns
everywhere in the bulk. However, the surface reaction–diffusion
system is able to form patterns on the surface as well as indu-
cing patterning in a small band (which we can be considered as
an epidermis) inside the bulk, close to the surface (see
Figs. 3 and 5).

3. On the other hand, taking dΩ⪢1 in the bulk and dΓ ¼ 1 on the
surface, the bulk reaction–diffusion system is now able to gen-
erate patterns everywhere in the bulk including on the surface.
The surface reaction–diffusion system generates patterns with
small amplitudes (which seem to appear uniformly) compared
to those in the bulk with large amplitudes (see Fig. 6).

4. If we take dΩ⪢1 in the bulk and dΓ⪢1 on the surface, then the
coupled bulk-surface reaction–diffusion system generates pat-
terns in the interior as well as on the surface (see Figs. 7–9).

5. The evolution of the patterning forming process is characterised
by three fundamental stages as shown in Figs. 2 and 4 where we
) with dΩ ¼ 20 in the bulk, dΓ ¼ 20 on the surface and γΩ ¼ γΓ ¼ 500. Patterning
olutions on the surface representing r and s . Second and fourth columns represent
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plot the L2-norms of the errors of the numerical solutions. First,
an initial stage that is characterised by a rapid decay due to the
smoothing effects of diffusion. If no wavenumbers are excited,
the decaying convergence process persists until a uniform
steady state is converged to (see Fig. 2). On the other hand, if
there are some excitable wavenumbers, then a second inter-
mediate stage emerges which is characterised by an exponential
growth of the positive excitable wavenumbers to induce the
formation of spatial structure. It is during this phase that the
uniform steady state is driven unstable. A third and final stage is
when the nonlinear terms kick-in and become dominant to act
as bounds for the exponentially growing modes resulting in the
formation of a spatially stable inhomogeneous state corre-
sponding to the coupled system of BSRDEs (2.1)–(2.6) (see
Fig. 4). This evolution process is valid for all parameter values
capable of inducing the formation of spatial structure for
reaction–diffusion type models [16].

The results obtained are independent of the geometry; the sphere,
cube and ellipsoid volumes all exhibit similar results. Furthermore,
our results hold true for different values of the diffusion coeffi-
cients dΩ in the bulk and dΓ on the surface (further results not
shown), and the scaling parameters γΩ and γΓ (further results not
shown). Taking large values of γΩ and γΓ results in more complex
patterns forming while for the same values of the diffusion
coefficients as detailed above, similar patterning behaviour is
observed.
5. Conclusion, discussion and future research challenges

In this study we have presented the bulk-surface finite element
method for solving reaction–diffusion systems posed in the interior
(bulk) of three-dimensional volumes as well as on the surface
enclosing the volume. In doing so, we have set up a theoretical and
computational framework that allows us to model more complex and
experimentally driven models coupling interior and surface dynamics.
In particular, new models can be derived in developmental biology
and cell motility where such processes are experimentally supported.

In an earlier study [21], stability analytical theory was carried
out to establish the conditions that give rise to the formation of
spatial structure for such models (known as Turing diffusion-
driven instability [29]) and this work supports the theoretical
observations published. Our most revealing results are:

� In the absence of diffusion-driven instability in the interior, the
surface reaction–diffusion system is able to generate patterns
on the surface as well as in a small region inside the volume.
This is biologically plausible, since patterns form on the skin as
well as within the epidermis region adjacent to the skin surface.

� In the absence of diffusion-driven instability on the surface, the
bulk reaction–diffusion system has the capability to induce
patterns in the interior as well as on the surface.

The bulk-surface finite element method is inspired by the work
of Elliott and Ranner [9] who were the first to introduce the
method to study elliptic parabolic systems. For the first time, we
have applied the bulk-surface finite element method to study
time-dependent semi-linear parabolic partial differential equa-
tions in the form of reaction–diffusion. Within this framework, we
have defined the surface triangulation as the trace of the bulk
triangulation [17].

A natural extension of this study involves the introduction of
surface evolution to study bulk-surface reaction–diffusion systems
on three-dimensional evolving volumes. There are several ways to
deal with mesh movement under this framework. For example, a
spring type analogy could be used to deform the bulk mesh once
the surface mesh has been evolved under some mechanism. In this
case, the degrees of freedom for the mesh connectivity will remain
unchanged. An alternative method is to introduce mesh adaptivity.
This form is harder to implement since one must introduce mesh
adaptivity strategies based on a priori as well as a posteriori error
estimates. These extensions form part of our current studies.
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