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ABSTRACT. For a wide class of 2D periodic elliptic operators, we show that the minima and
maxima of spectral band functions are attained on at most discrete set of values of the quasi-
momentum.

1. INTRODUCTION

The structure of band edges of periodic Schrodinger operators is an interesting and widely
open question of mathematical physics. For example, suppose that a band function k — FE(k)
has a minimum (or maximum) ky. In solid state physics, the tensor of effective masses Meg
around kg is defined as

{Mg'}, = 1 OE :
gl h? Ok;Ok; |y,
(see [I, Chapter 12, (12.29)] for more details). The choice of sign depends on whether the
extremum is a minumum (“+”, the effective mass of an electron) or a maximum (“—7, the
effective mass of a hole). This definition of M.s makes sense only if the right hand side is
invertible, i. e. the critical point %y is non-degenerate. This is always true in one dimension,
see, for example, [16, Chapter 16]. It is commonly believed that, for d > 2, the spectral
gap edges are non-degenerate for “generic” potentials, see, for example, [14, Conjecture 5.1].
However, there are very few rigorous results in this direction. In [9], it is shown that the lowest
eigenvalue for the periodic Schrodinger operator is non-degenerate. The same holds for the
two-dimensional Pauli operator, see [5]. A wide class of operators for which the lower edge
of the spectrum can be extensively analysed is described in [4]. See also the review [II] on
photonic crystals, where additional references are given. For periodic magnetic Schrodinger
operators, already the lowest eigenvalue may be degenerate [I8] (note, however, that this can
happen only for large enough magnetic potentials, see [19]).

Much less is known about the edges of other bands. In [10], it is established that, for periodic
operators of the form —A + V' with generic V, the extrema of band functions at the edges of
spectral gaps are attained on single bands, but the question of non-degeneracy of these extrema
remains open. In [21], it is shown that for any N there exists a C'*°-neighbourhood of 0 such
that, for potentials V' from a dense Gs-subset of that neighbourhood, the first N band functions
are Morse functions. In other words, any finite number of bands is non-degenerate for generic
C>-small potentials.

In the present paper, we establish the following result (Theorem : for a wide class of 2D
periodic elliptic second order operators, any maximum or minimum of any band function can
only be attained on a discrete set of points. This excludes the possibility of the extrema being
“very degenerate”, i. e. band functions being flat along some curves. We do not need any
genericity or smallness assumptions, and our result holds for all bands, not necessarily edges of

the spectrum. We formulate the results for “smooth” second order elliptic operators (2.1]). We
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believe that, using methods from [I7], the result can be extended to the same generality in which
absolute continuity of the spectrum in 2D is established. The extension beyond dimension 2,
however, seems significantly more challenging, as our technique relies heavily on 2D specifics.

An immediate consequence of our result is that Liouville theorems (in the sense of [13| [14])
hold for the operator at all gap edges, see Corollary The result can also be used in
studying Green’s function asymptotics near spectral gap edges: in [8, [15] it is done under the
assumption that the extremum is non-degenerate and is attained at a single point, but the last
requirement can be relaxed to a finite set of points ([I5, Assumption A3'] and [8, Remark 3.2]).

To our surprise, the statement of the main theorem fails for discrete periodic Schrodinger
operators on 72, already in the case of the potential taking two different values. We explain
the corresponding example in Section 7.
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Institute for Mathematical Sciences, Cambridge, for their support and hospitality. During
the programme, we had several lively and fruitful discussions with Peter Kuchment, Leonid
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2. FORMULATION OF THE RESULT

Let
I' = {n1b1 + TLQbQ, ny, Ny € Z}
be a lattice in R?, and 2 be the elementary cell of T identified with R?/T". We will use notations

such as Clljer(Q), Hllm(Q) for the classes of functions satisfying periodic boundary conditions.

The periodic magnetic Schrodinger operator with metric g is defined by the formal expression
(2.1) (Hu)(z) = (¥ — A(2))"g(x)(—=i¥ — Ax))u(z) + V(@)u(x),
where the electric potential V': R? — R is assumed to satisfy
(2.2) Viz+b;)=V(x), j=12 VeL®Q),
and the magnetic potential A: R? — R? is also I'-periodic and

(2.3) AecC!

per

(;R?), divA =0, / A(x)dzx = 0.
Q

Note that the last two conditions can be imposed without loss of generality by choosing a
suitable gauge. The metric g is assumed to be a I'-periodic symmetric (2 x 2)-matrix function
satisfying

(2.4) 9 € Coar(4M2(R)),  g(w) > my1 >0, where 1= <(1) (1)) ’

for some real constant m,. The operator (2.1) is a self-adjoint operator on L*(R?) with the
domain being the Sobolev space H?(R?). From the standard Floquet-Bloch theory (see, for
example, [16, Chapter 16]), it follows that H is unitarily equivalent to the direct integral

(25) [ Hwa

where () is the elementary cell of the dual lattice

' = {mlb'l + 7TL2b/2, mi, Mo € QWZ}, <bz, b;) = (5@',
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and the operators H (k) are m-sectorial operators in L?(€2) defined on the domain H?(Q) by
(2.6) H(k)=(=iV+k—A)g(—iV+k—-A)+V, keC
The operators H (k) form an analytic type A operator family (in the sense of Kato, [7]) with
compact resolvent. Let us denote the eigenvalues of H(k), taken in the increasing order, by
A;j(k). These eigenvalues, considered as functions of k, are called band functions. These func-
tions are I'-periodic and piecewise real analytic on R2. The spectrum of H

o(H) = JN, A

J

is the union of spectral bands [A;, A]] which are the ranges of A;(-). It is well known (under
much wider assumptions than ours, see |2, [I7]) that there are no degenerate bands, i. e. we
always have \;” < )\j+ . The bands, however, can overlap. The following main result is devoted
to the structure of these functions at the edges of spectral bands.

Theorem 2.1. Let H be an operator (2.1)) with the potentials and the metric satisfying (2.2),
(2.3), (2.4). Suppose that X is a minimum or mazximum of a band function \;(-). Then the set

{k e R*: \;(k) = A}
is finite up to I''-periodicity.

The following Liouville theorem at the edge of the spectrum immediately follows from The-
orem [2.1] see [I3| Theorem 23 and Remark 6.1] or [14, Theorem 4.4].

Corollary 2.2. Under the assumptions of Theorem for any p € O(o(H)), the space of
polynomially bounded solutions of the equation

(—=iV = A(2))"g(2)(=iV — A(z))u(z) + V(z)u(r) = pu(z)

has finite dimension.

Structure of the paper. Until Section 6, we deal with the case of the scalar metric
g(x) = w?(x)1. The proof is based on the identity from [6] showing that the values of k;
such that A(kje; + kaes) = A are eigenvalues of a certain non-selfadjoint operator T} (ko, \) (see
Proposition below). The main observation is that the band edges correspond to degenerate
eigenvalues of that operator. The operator T} is introduced in Section 3, and the main result
can easily be derived from Theorem [3.3] In Section 4, we show that the condition of the op-
erator 17 (ks, A\) having degenerate eigenvalues is an analytic type condition. Hence, either the
set of “degenerate” ks is discrete, or the operator Ti(k2, A) has degenerate eigenvalues for all
ko € C. In Section 5, we show that the latter case is impossible for the free operator and hence,
using perturbation theory and estimates on the symbol, for the perturbed operator. Section 6
describes the reduction of a general C?-metric to a scalar one. In Section 7, we give an example
of a discrete periodic Schrodinger operator for which the statement of the main theorem fails.

3. THE OPERATOR T} (ko, \)
In this section, we deal with the operator family
(3.1) H(k) = (—iV +k — AW (—iV+k—A)+V,
where

(3.2) we C2.(Q)
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is a scalar function such that the metric g(z) = w?(z)1 satisfies ([2.4). The family (3.1)), as well
as , is an analytic type A operator family in the sense of [7]. This means that the domains
Dom H (k) do not depend on k, and H(k)u is a (weakly) analytic vector-valued function of k;
and ky for any u € Dom H (k) = H2 .(Q).

Since the statement of the main result is invariant under rotations and dilations of R?, we
can fix the following choice of basis in terms of the dual lattice:

(3.3) b, = aey, by=Pe +ey, where a,€R.

We also denote the coordinates of k in the standard basis by ki, ke, that is, k = kieq + kaeg,
and we will often denote H (k) = H(kiey + koes) by H(kq, ko).

In the Hilbert space Hll)er(Q) & L%(Q), consider the following unbounded nonselfadjoint oper-
ator family:

0 w2l
(3.4) Ty (K2, A) = (_(H(O, k) — \) 2 (i0) + Ay) — 2iw‘181w> ’

where Dom (T} (k2, \)) = H2_.(Q) @ H! (), and 0; = a%i'

per per

Proposition 3.1. The operators T1(ka, ) satisfy the following properties.
(i) For all ky, X € C, the operator Ty (kz, \) is closed on the domain H?_,(Q2) & H}

per per
a consequence, the family T\ (-, \) is an analytic type A operator family.

(i) k1 € o(T1(ka, X)) if and only if A € o(H(k)), where k = kyey + kaes.
1
(iii) For each ky € C\ o(T'(kq, N)), the resolvent (Tl(kg, A) — Kk <é ?)) 18 compact in
H (Q) & L2(Q).

per

(iv) The set o(T1(k2, \)) is 2ma-periodic.

(Q). As

Proof. Part (i) is standard. To establish (iii), note that a simple computation shows that the

equation
I 0
(roan= o 7)) (2) = (7)
has a solution of the form

u=(H(k) — \)"H(2i0, + 24, — 2iw 0w — k)W’ f — g},
v =w(f + ki),
from which it follows that, if R(k,\) = (H(k) — \)!,

(mon-n (3 9) ()= (2 5) () | |
RN R (e s O ) [ O A B

The first term is essentially the embedding H!_(Q2) C L?(f2), which is compact, and the second

per

term is compact since R(k, \) is bounded as an operator from L?(Q) to H2 (Q2) and hence is

compact from L2(Q) to H._ (). The computation used to obtain (3.5)), in fact, establishes that

per

(3.5)

if (g) is an eigenfunction of 7T} (kq, \) with the eigenvalue ki, then H(k)u = Au. Conversely, if
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H(k)u = u, then v € H2_ (€2), and
u u
Ti (k2 A) (k1w2u> =k <k1w2u> '

This completes the proofs of (iii) and (ii).
Part (iv) follows from the fact that H (k) is unitarily equivalent to H(k + ') for any b’ € T",
and so H(ky, k) is unitarily equivalent to H (k1 + 27, k). B

In the sequel, by “multiplicity of an isolated eigenvalue” we will mean algebraic multiplicity, i.
e. the dimension of the range of the corresponding Riesz projection. We will call an eigenvalue
degenerate if its algebraic multiplicity is greater than or equal to 2. Otherwise, an eigenvalue
is called simple.

Lemma 3.2. Suppose that a band function \;(-) attains its local minimum or mazimum value
e at k= kiey + kaea. Then ky is an eigenvalue of Ty (ka, Ai) of (algebraic) multiplicity at least
two.

Proof. For some ¢ > 0, there are no other eigenvalues of T} (ka, A.) within the closed ball B.(ky).
Denote by P(ks, A) the Riesz projection of Tj(ka, A) onto the subspace corresponding to the
interior of this ball. The standard arguments show that, for some § > 0, rank P(ky, A) is
continuous in A as long as A — \,| < §. Without loss of generality, assume that k is a local
minimum of \;(-).

From the proofs of absolute continuity of the spectrum (for example, [2]), it follows that \;(k)
cannot be constant in k. Then, for sufficiently small ¢ and fixed ko, the equation \;(kq, ks) =
A« + 0 has at least two different solutions as an equation in ky. Hence, rank P(kg, A\ +0) > 2
for all sufficiently small ¢, and therefore rank P(kz, As) = 2 due to continuity. B

The following is the main technical result of the paper.

Theorem 3.3. Suppose that the coefficients w, A,V satisfy (3.2)),(2.3),(2.2). For any A\ € R,
the set

{ky € R: the operator Ti(ke, \) has at least one real degenerate eigenvalue}
is discrete.

Proof of Theorem 2.I: the case of a scalar metric. Fix A\ € R and a band function
A;(+). From Theorem and Lemma , the set of possible ks such that for some k; we have
A;(k) = A, is discrete. For each of these ko, the set of possible values of k; is also discrete by

Proposition 3.1 ®
The rest of the proof of Theorem is a (partially standard) argument of reducing a general

metric to a scalar metric by introducing isotermic coordinates. This is done in Section [6]

4. PROOF OF THEOREM

Let
p(2) = 2"+ an_12" ... +ag
be a monic polynomial with roots z1,..., z,. The discriminant of p is defined as
A(p) = H (2 — 2j)*.
1<i<g<sn

It is clear that A(p) vanishes if and only if p has roots of multiplicity greater than or equal to
2. It is well known (see, for example, [20, Section 5.9]) that A(p) is a polynomial function of
the coefficients ag, ..., a,_1.
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Lemma 4.1. Let C be a simple closed contour in C, and {T'(z),z € D} be an operator family
of type A in a Hilbert space H analytic in a simply connected domain D C C. Suppose that
the spectra of T(z) within C are discrete and finite for all z € D and o(T(2)) NC = & for all
2z € D. Then the set

{z € D: T(z) has at least one degenerate eigenvalue inside of C}

15 a zero set of a function analytic in D, and hence either coincides with D or is discrete in D.

Proof. Let

P(z) = —ﬁ C(T(z) — sD) dse
be the Riesz projection. By assumption, n := rank P(z) = const < 400, and P(z) is analytic in
D. The results of [7, VII.1.3] imply that there exists an analytic in D bounded operator-valued
function U: D — B(H) such that U(-)~! is also analytic in D and P(z) = U(2)P(2)U(z)~".
Take

To(z) :== U(z)_lT(z)U(z)|

The family Tj(z) is an analytic operator family acting in a fixed finite-dimensional space that has
the same eigenvalues and multiplicities as T'(z) restricted to ran P(z). The monic polynomial
p.(2) = (—1)"det(To(z) — 5) is the characteristic polynomial of Ty(z) and has the coefficients
analytic in D (in the variable z). Hence, its discriminant A(p,) is also an analytic function in
D vanishing if and only if Tj(z) (and, as a consequence, T'(2)) has degenerate eigenvalues inside

of C. 1

ran P(zp) *

Recall that we had a special choice of basis in I",
by = aey, by = Pe; + es.
Let also
k= k161 + kgeg, ]fl =r + ill, ]fg =T+ ’ng
The following two theorems are the main technical statements of the paper. We postpone the
proofs to the next section.
Theorem 4.2. There exist constants C = C(A,V,w) and Cy = C1(A,V,w) € 27Z such that
for any § > 0 the operator H(k) defined in (3.1)) is invertible and satisfies
C
1162
provided that dist(ry, 27Z) > 0, I} € 27Z, |l| = Ci. As a consequence, the horizontal lines
Im ky = £C) have empty intersection with o(Ty(ks)).

1 (k)| <

Without loss of generality, one can assume A = 0 by choosing a different V. In the sequel,
we will make this assumption and drop \ from the notation for Ty, that is, T} (ko) := T1(k2,0).

Theorem 4.3. There exists a constant | = (A, V,w) € 277 such that, for all n € 277, the
spectrum of Ty(ky) is simple for ky = 5 +n 4+ (% + l) a.

Proof of Theorem Assume the contrary, i. e. that the set of ky € R for which T3 (k»)
) . . (0) .
has real degenerate eigenvalues has a limit point k. Let us consider two cases.

Case 1. Suppose that dist(k\”,27Z) > 0. Take § = min{r/2, dist(k\”, 27Z)}. There exists a
single n € 277 such that kéo) € [n+0,n+ 2w — d]. Let Cy be a path in the ko-plane starting at
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k:go), then going straight towards the point Z + n, and then going vertically towards the point

kél) =2 +n+i(5+1!)afrom Theorem

The points ky € Cy satisfy the assumptions of Theorem [£.2] Let us consider the eigenvalues
of Ti(ks) lying within the strip |Imk;| < C;, where C is the constant from Theorem .
They form a discrete 2ra-periodic set. For each ko € Cy there exists a point r(k2) € R which
is not a real part of any of these eigenvalues. Moreover, by continuity arguments, this also
holds in a small (complex) neighbourhood of ky. Let us cover Cy by a finite number of these

neighbourhoods D;, j = 1,...,p, so that kéo) € Dy and kél) € D, and denote the corresponding
values of 7(ky) by r;. For each j, denote by C; the boundary of the following rectangle:

T‘j<Rek51<Tj+27TOZ, —C’1<Imk1<Cl.

Informally speaking, each rectangle contains all eigenvalues that we are interested in: they are
initially on the real line, they cannot cross the lines Im k; = +C', and the pictures to the right
and to the left copy the picture in the rectangle due to periodicity.

Let us apply Lemma to each of the domains D; and contours C;. Due to Theorem ,

the spectrum of Tl(kél)) is simple, and hence the set of “degenerate” ko should be discrete in a
neighbourhood D, of kél). By the standard arguments of analytic continuation, it should also

be discrete in every neighbourhood D; ..., D,. However, since kéo) € Dy, it is not discrete in
D1, which is a contradiction.

Case 2. Suppose that kéo) € 2n7Z. The set of real eigenvalues of T} 1(k50)) is, again, discrete and
2ma-periodic. Let us surround the eigenvalues on one period by a contour C not containing any

other eigenvalues. In a small neighbourhood Dq of kéo), these eigenvalues still stay within C.
Apply Lemma [4.1]to C and Dy. Again, since the set of “degenerate” values of ks is not discrete
in Dy, it should coincide with Dy, and hence there exists at least one more point with the same
property that belongs to R\ 27Z, and thus the situation reduces to Case 1.8

5. PROOFs OF THEOREMS [4.2] [4.3]
Let us start from recalling some notation introduced above,
by = aey, by=Per+e, a,f€R;
k= kiey 4+ koes, ki =11 +1ly, ko=ro+ily, 1,170,115 €R.

In this section, we will emphasize the dependence of H on g, A,V and use the notation
H(k;g,A, V). Consider the free operator Hy(k) := H(k;1,0,0). Its eigenfunctions are of
the form

exp{im - x} = exp{i(mib] + mab)) - (x1€1 + x9e2)} = exp{i(amy + Bma)x1 + max2)},
m = mib] +moby, €', my,my € 27Z,
and
Hoy(k)exp{im - 2} = ((—i0) + k1)? + (—i0y + ko)?) exp{im - 2} = h,, (k) exp{im - 2},
where h,, (k) is the symbol of Hy(k):
hin(K) = (amy + Bmg + k1)? + (ma + k2)? = a5, (k) a;,, (k)

qi(kﬁ) = amy + Bmg +7r1 F lg + Z(l1 +my TQ).
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Let also Q* (k) be the operators with symbols ¢= (k) respectively, so that Hy(k) = QT (k)Q~ (k).
Suppose that the magnetic potential A satisfies (2.3). Then there exists a I'-periodic scalar
function ¢ € C2,.(Q) such that

per

G1)  (Vp)(z) = As(z)er — Ar(2)es, /Qso(fc) dr =0, [lpllcz) < CllAller@)-

Let also

B(z) = 0, Ay(z) — DAy (2), w(z) i= e 2@,
The operator H(k;1, A, B) is called the Pauli operator (more precisely, a block of the Pauli
operator). The following is proved in [2] and allows us to reduce the case of the magnetic
potential, essentially, to the case of the free operator.

Proposition 5.1. Under the above assumptions, if Q= (k) are invertible, then H(k;1, A, B) is
also invertible, and

(5.2) H(k;1,A,B)™t =e?Q (k) le Q" (k) e? =
= eso(m)Ho(k)il {6790 + (—z@lw + 82w)Q+(k)*1e“’} .

The following proposition can also be easily verified, see [3]. Tt will be used to reduce the case
of a scalar metric ¢ = w?1 to the case g = 1.

Proposition 5.2. Suppose that w € C2,(Q), V € L*(Q), A € C._(Q). Then

per per

(5.3) H(kw*1, A V) =wH(k; 1, A, w™?V +w ' Aw)w,
(5.4) wH(k;1, A, V)w = H(k;w?1, A, w0’V — wAw).

Proof of Theorem Suppose that dist(ry,27Z) = 0. Since l; + my € 27Z, we have
l¢E (k)| > 6. In addition, Im ¢, (k) + Im g, (k) = 2l;, and hence we either have |g (k)| > |I;] or
|q,,(k)| = |l1]. Combining these estimates, we obtain |h,, (k)| > |/1|d, and
_ 1 N 1
(5.5) [Ho(B) ™M < o QT (R)THI <,
AL 5
which completes the proof for A =0,V =0, w = 1. If A # 0 and V(z) = B(x), then, from

(5.2) and (5.5), we get
i
5.6 H(k1,A,B)7Y < —=,
(56) 1H kLA B) < o
where C depends on A via w and ¢. The standard Neumann series arguments imply that the
bound ({5.6]) holds for an arbitrary V' € L>(Q) (with a different C;) for sufficiently large [;, say,
2|V — Bllue@Ch

92 '
The case of arbitrary w follows from Proposition [5.2] B

| >

We now make some preparations for the proof of Theorem [1.3] Fix ks as in the formulation
of the theorem, so that

(5.7) rgzg—l—n, l2:<g+l>a, I,n € 2nZ.

For these ks, define
Y = {ks € C: hy(k1, ko) =0 for some my, my € 277Z}.
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In other words, it is the set of ky for which Hy(ky, ko) is not invertible. A simple computation
shows that ¥, consists of points r; + ¢/ of the following form:

{m =—am —Pma F (2 +1)

5.8

, My, My € 2.

Since one can replace the variables m; by my + [, one can see that the set 3, does not depend
on l.

Let us describe the set ¥, in more detail. First of all, it is easy to see that different values of
(mq, mgy) give different points of ¥,,, as ms and the signs are uniquely determined by the value
of [, and m; is determined by r; afterwards. Next, the set X, lies on the union of horizontal
lines Im ky € m/24xZ. On each line, it is a sequence of equally spaced points with the spacings
2T

We will also need another set G,, defined by

(5.9) G, = R+irZ)U | (z+m+z' [—gg})

The set G,, consists of horizontal lines Im k; € nZ separating the horizontal lines of 3,. In
addition, for each point of ¥J,,, we include a vertical line segment of the length 7 separating this
point from the next point of ¥, lying on the same line. One can imagine G,, as a “brick wall”
consisting of rectangles such that there is exactly one element of ¥, inside of each rectangle.

Im k’l
3T

27

Re ]{71

—2m

—3r

2T
FIGURE 1. The sets X, and G,,.
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On Figure (1, an example of ¥, and G,, is shown for n = 0, a = 0.75, § = 0.075. The set
G, is represented by thick lines, and the locations of points of X, are indicated by black and
white circles, corresponding to the upper or lower choice of signs in (5.8), respectively.

Lemma 5.3. Suppose that k1 € Gy, ko = 5 +n+i (% + l) a, where l,n € 2wZ. Then
[ (F)| = Cl]
uniformly in mq, mo € 277Z.
Proof. Since | Re g (k) — Re g, (k)| = 2|l2| > C|i|, we have for each m either |}, (k)| > 5C|I| or

g, (k)| = 3C|I|. On the other hand, both |g;} (k)| and |g,, (k)| are distances from k; to a certain
point of ¥,,, which is bounded from below by a positive constant,

(5.10) g (k)| > dist(k1, 2,) > dist(G, $,) = min {g,m} .
The combination of these estimates completes the proof of the lemma. B

Remark 5.4. Lemma [5.3] is the main ingredient of the proof that relies on the assumption
d=2. In d > 3, one cannot construct a set G, with similar properties and constant size of the
bricks.

Corollary 5.5. Under the assumptions of Lemma there exists Lo(A,V,w) > 0 such that,
if 1| > Lo(w, A, V), then
Cw,A,V)

LI
where the constants C' and Ly depend only on ||Allcr), [|[V||Le@), [|w]lc2@) and on the constant
mg from (2.4).

(5.11) [H (ks w1, A, V)7 <

Proof. From Proposition 5.2 we have
1 (ks w1, A, V) THE < omy 2L H (ks 1, A, V)71,

where

Vol = o™V + w™ Awllie@) < mg?[VI=(@) +mg " [wllcz(@)-
From (5.2),(5.1), Lemmal5.3} and (5.10]), we have
_ _ Ci(A
(81,4, 5) ) < Ol < S,
where C(A), C1(A) depend only on ||A|ciq). Since ||B|lr~@) < 2||A|lc1(), we can use the
same Neumann series argument as in the proof of Theorem to replace B by V. i

Proof of Theorem . Denote by T),(ks) the operator T} (k2) with V', A, w replaced by uV/,
A and pw + (1 — p) respectively. It is a one-parametric family connecting the “free” operator
T()(kg) with Tl(kig)

It is easy to see that o(Ty(k2)) = X, because X, is exactly the set of k; € C for which
the symbol of Hy(k) is not invertible. Moreover, an easy computation shows that, for each

. . : . . . eime
ky € X, the corresponding eigenspace is one-dimensional and is spanned by ( 2 eim“>’ where
1

m is determined by k; via (5.8). Note that each value of m appears twice (for two different
values of k1) because of two possible signs. Hence, the total collection of eigenvectors spans
HL..(Q) & L*(Q), so there are no Jordan cells and the spectrum of Ty(ks) is simple.

per
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It remains to prove that T (ko) also has simple spectrum. Consider the Riesz projection of
T, (ks) with respect to the boundary of some rectangle of G,,. For i = 0, the rectangle contains
exactly one simple eigenvalue, and the range of the projection has dimension 1. Let us increase
. The only way for the dimension of the range to change is to have an eigenvalue of T),(kz)
approach the set G. This, however, is impossible for p € [0, 1] due to Corollary and hence
the eigenvalues of T} (ky) stay simple.

Remark 5.6. The proof of Theorem [4.3|is based on the ideas of [6], Section VI].

6. THE CASE OF VARIABLE METRIC

In this section we show how to reduce the case of an operator with arbitrary metric g satis-
fying to the case of the scalar metric. The technical difference with standard arguments
such as in [I7] is that we need to keep track of the quasimomentum in order to ensure that
it is transformed linearly. This is done by an additional “gauge transformation”. The follow-
ing proposition establishes the existence of global isometric coordinates in which the metric g
becomes scalar. See [12, Proposition 18] for the proof.

Proposition 6.1. Suppose that g satisfies (2.4). Then there erists a basis b}, b5 of R* and a
one-to-one map ¥: R? — R?* ¥ € C3(R?), det V() # 0, and a scalar such that
U(0) =0, Y(z+niby + noby) = V(x) + nibj + nabs, Vny,ne € Z,

and
(6.1) | det ()|~ (2)g(2) V' (2)" = w*(T(2))1,
where w € C*(R?) is a T,-periodic strictly positive scalar function.

Let us introduce some notation. Suppose that the operator H(g, A, V') satisfies the assump-
tions of Theorem Let ¥ be the transformation obtained from Proposition [6.1] Denote by
T,: R? — R? the linear transformation defined by T, (b,) = b}, T.(bs) = b3. The transformation

T,, as well as the map V¥, transforms the lattice I' into the new lattice I', with the basis vectors
by, b5. Let also

y="(z), Aly)=(V(x))A), Vily) =vy)V(z), ®.ly)=|det V' (z)[">
Let also
Q‘I’ = \II(Q), Q* = {yle + y2b;7 Y1, Y2 € [07 1)}
Note that both €2, and {2y are fundamental domains of I',, and there is a natural correspondence
between L?(2,) and L?(2y), as both can be identified with R¢/T,.

Lemma 6.2. In the above notation, let ®: L2(Q) — L%(Q) be the unitary operator of change
of variables:

u(z) = u(y)(Qu)(y), y= V()
where u is considered as an element of L*(§,). Then
PH(0;9, A, V)P =, H(0;w?1, A,, V),
Proof. Let v = ®u, and let us extend it I',-periodically into R%. Then, due to (6.1]) and the
change of variable rule, the quadratic form of the left hand side applied to v is equal to
(H(O, g, A, V)(I)_lv, q)_ll))lg(g) = (H(O, g, A, V)U, U)LZ(Q) =
— [to@) (-9, ~ A@)u(e). (<3, - A@)u(a) do + [ V(o) ds
Q

Q
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:/Q (wQ(y)(—iVy—A*(y))i/J*(y)v(y),(—iVy—A*(y))%(y)v(y))dy+/ Vi)u(y)?lo(y) P dy =

Qy

= / (W (W) (=iVy= A (W) (W) (Y), (—iVy— A (1)) (y)v(y)) dy+ / V() u(y)?lo(y)|? dy =

= (H(0;w?1, A,, V)¢, V0)12(0,)- B
Theorem 6.3. Suppose that k € R2. Under the assumptions of Theorem the operator
H(k; g, A, V) is unitarily equivalent to the operator
(62) H (T b, w01, A 02V, + 0B — o)
acting in L2(Q.), where §, is the elementary cell of T,.

Proof. We will perform the required unitary transformation in several steps. First, let us
note that H(k;g,A, V) = H(0;9,A — k,V). Consider the unitary transformation u(z) =
e@y(x), where a € C!_(€2). Under this transformation, the operator H(k;g, A, V) becomes

per

H(0;9,A—k—Va,V). Take a(x) = k(T '¥(z) — x). This function is I-periodic, and
(Va)(z) = W'(2)(T1)'k — k.

Hence, the operator H (k; g, A, V) is unitarily equivalent to H(0, g, A—¥'(2) (T 1)k, V'), which,
by Lemma [6.2] is equivalent to

. H(0,w01, A, — (T, V) = 0 H((T, 1)k, w1, A, V).
Applying and then (5.4), we ultimately obtain
U H((T7Y kw1, A, Vb, = wib, H(T D k1, Ay, w2V + 0w Aw)wi, =
= H((T, 1)k, w21, A, Y2V + Y2wAw — hwA(Y,w)). B

This completes the proof of Theorem [2.1], because its statement has already been established
for the operators ([6.2)), and the operator families H(k; g, A,V) and (6.2) have the same band

functions up to a linear transformation of k.

7. AN EXAMPLE OF DEGENERATE BAND EDGE IN THE DISCRETE CASE

Consider the discrete Schrodinger operator H = D + V in [*(Z?), where

1
(Du)n - 5 (un—i-el + Up—e; + Un+eq + un—ez) ’ nc Z27

is the discrete Laplace operator, and V' is the operator of multiplication by the potential given

by

(Vi) = Vo, %f (ny + ng) ?s even,
ViUy, if (ng + ng) is odd,;

the real numbers vy and v are fixed. In other words, the lattice is formed by two different types
of atoms placed in a chess-like order, and V' is periodic with respect to the lattice spanned by
{2ey, €1 + e2}. The corresponding Floquet-Bloch transform

F:12(Z%) — L*(O x {0;1})
is given by

(Fu)(k;m) = %\/ﬁ Z ek,

ni1+n2=m(mod 2)
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Here k € O = {k € R : |ky + ko| < 7}, m = 0 or m = 1; the operator F is unitary. It is easy
to see that

®
FHF* = / H(k) dk,
o
where H(k) is a self-adjoint operator in C?,

B Vg cos ky + cos ks
H(k) = < cos ki + cos ko o ) '

Eigenvalues of this matrix are

2
)\i(k)zvo—l-vli\/(vo ?Jl) + (cos ky + cos ks)?

2 2

from which it follows that

2
min A_ = vo—gvl — \/(UO 5 Ul) +4, maxA_ = min(vg,vq),

2 2

So, the spectrum of the operator H consists of two zones separated by a gap, whenever vy # v;.

2
min Ay = max(vg,v1), maxA; = Yot + \/(vo Ul) + 4.

FIGURE 2. The band functions A\, (k) and A_(k).

The edges of this gap (vy and v; respectively) are attained on the set
{k: € R%: cosk; + cosky = O} = {k: ER*: kythy=(2p+ 1)7r}p

€L’

which is a countable union of straight lines. Figure [2| shows the graphs of AL(-) for vy = 0,
vy = 2, with the dashed lines indicating the level sets at the edges of the gap [0, 2].
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