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ABSTRACT. In this paper we study a nonlocal diffusion problem on a manifold. These kind of
equations can model diffusions when there are long range effects and have been widely studied
in Euclidean space. We first prove existence and uniqueness of solutions and a comparison
principle. Then, for a convenient rescaling we prove that the operator under consideration
converges to a multiple of the usual Heat-Beltrami operator on the manifold. Next, we look at
the long time behavior on compact manifolds by studying the spectral properties of the operator.
Finally, for the model case of hyperbolic space we study the long time asymptotics and find a
different and interesting behavior.

1. INTRODUCTION.

In this paper we present a nonlocal diffusion equation set on a manifold and study the proper-
ties of its solutions. More precisely, let M be an N—dimensional, Riemannian manifold without
boundary. We assume that there exists a family of isometries 7, : M — M such that 7,(z) = O
(were we have denoted by O a fixed point in M). Let du be a measure on M, invariant under
the family of isometries 7,. Denote by s;, the geodesic distance between the points x and y.
For J : R>¢p — R>(o normalized by

(1.1) [ 0y d =1
M
we define the operator
Lu(w) = [ (s, )ulo) dp, = o)

and consider the corresponding Cauchy problem

up— Lu=0 in M x (0,7,

(1.2) u(z,0) = up(x) in M.

At some points of the article we will assume further that J € C§°(Rx>o).

These kind of diffusion problems have been widely studied in Euclidean space as they model
dispersion when there are long range effects (see for instance, [5, 9, 16]). Classical diffusion
problems can be seen as infinitesimal limits of these nonlocal diffusion models. This is a very
well studied fact from a probabilistic point of view (see, for instance [15, 6]) and has also a PDE
counterpart [12, 11].
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Other nonlocal models correspond to singular kernels and have also been widely studied (we
cite here [13, 30], for instance, but the literature is huge). This study is being extended to
the manifold case, especially on non-compact manifolds such as hyperbolic space HY ([4, 3]).
Nevertheless, we will not consider singular kernels in this article.

In Euclidean space, the relation between jump diffusions as in (1.2) and the classical heat
equation appears in two different asymptotic limits. On one hand, as we have referred to above,
in the infinitesimal limit as jumps go to zero, on the other, as the large time asymptotics. In
fact, when stated in RY with ug € L' N L, the solution of (1.2) decays as t — oo with the
same rate as the one of the heat equation. Moreover, after properly rescaled, the limit profile is
the same as the one of the infinitesimal heat equation with diffusivity q = 2%\, [J()|€)? d€ and
the same initial condition.

These two facts can be seen as the two sides of a coin. They are both a consequence of the
fact that for v € C§°(RY) and J.(¢) = e NJ(e71¢),

ti 5 [ @ =) (0(0) - v(a) dy = a2 (o).
See, for instance, [27] for this discussion.

In this paper, after the study of the well posedness of problem (1.2), we address these kind of
questions. We are interested in studying if and how the geometry of M influences the asymptotics
of the nonlocal problem (1.2) both in the infinitesimal limit and in the large time behavior. In
particular, in order to understand the influence of geometry at infinity we will concentrate on
hyperbolic space. Note that (local) diffusions on hyperbolic space and on general noncompact
manifolds have been considered by many authors (without being exhaustive, we cite [19, 24, 14,
31, 7).

Our first result on the infinitesimal limit states that, for radially symmetric manifolds M the
infinitesimal limit is the Heat-Beltrami problem (Theorem 3.1).

On the other hand, as can be expected, there is a big difference in the time asymptotics
between compact and non-compact manifolds. Surprisingly, on the N—dimensional hyperbolic
space, which is the model of an unbounded manifold with negative curvature, we find stunning
differences between infinitesimal and large time asymptotics, as opposed to the Euclidean case.

Let us outline the results on this article.

In Section 2 we prove our first result that states that for every integrable initial datum there
exists a unique solution in C([0, 00); L'(M)) N L>(0, 00; L' (M)).

We also prove existence and uniqueness as well as a maximum principle for bounded initial
data. Then we prove a comparison result for bounded sub- and supersolutions.

In order to study the infinitesimal limit we consider, in Section 3, a family of rescaled operators

Leulo) 1= 5 [ V(%2 (uty) = @) d,

€

with M a spherically symmetric C? manifold and J with compact support, and we prove that
for every u € L>(0,T; C>T*(M)) there holds that

loc
L.u(x) — qApu(z)

locally uniformly in M x [0,7] where Ay is the Laplace-Beltrami operator on M and q is a
constant that depends on J. When u € L>(0, T, C*T*(M)) the convergence is uniform.
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From this result we are able to prove that the solutions u° of the rescaled problems

uj — Lu® =0 in M x (0,7),
u(z,0) = up(x) in M

converge uniformly in M x [0,T] to the solution u of the Heat-Beltrami equation

up — Apu=0 in M x (0,7,
u(z,0) = ug(x) in M

if u € L*>(0,T,C**(M)). This regularity is attained if, for instance, M € C? and ugy belongs
to the closure of C3(M) in the norm of C?+(M) (see [25]).

We begin the study of the large time asymptotics in Section 4 by looking at the spectral
properties of the operator L in the case of compact manifolds. We prove that there is a non-
decreasing sequence of eigenvalues converging to one, the first one being 0. The normalized
eigenfunctions form an orthonormal basis of L?(M). We deduce that every solution with initial
datum in L?(M) converges to its average exponentially fast in L2(M). For bounded initial data
we prove this convergence in L>°(M). We note at this point that in contrast with the usual heat
operator, there is no regularizing effect. In particular, if the initial datum is not bounded the
solution will not be bounded at any time. Nevertheless, the eigenfunctions are as smooth as the
kernel J in the nonlocal operator.

Then, in Section 5 we turn our attention to the case of the N—dimensional hyperbolic space
as an example of an unbounded, radially symmetric space. In this case, the infinitesimal limit
corresponds to the Heat-Beltrami equation. But, using Fourier transform methods as in [10] for
the Euclidean case, we find that, in contrast to the results in [10], the large time asymptotics for
problem (1.2) are more related to a translated Heat-Beltrami equation. In fact, the final profile
is the same as the one for the problem

vt:(a—l)v—i—b(Ava—F%v), re MY, t>0,
v(z,0) = up(x), r € HY.

Here a > 0 is a weighted integral of the kernel J related to the radial Fourier transform and
b > 0 is also related to the Fourier transform of J.

Finally, there are several interesting features to be discussed. First, it might be more accurate
to normalize the kernel J in the case of hyperbolic space in such a way that a = 1 instead of
the usual normalization (1.1). Then, the solutions will behave exactly as those of the translated
problem

v :b(AHNv+ (N-1)” v), zeHN, t>0,
'U(IL',O) IUO(CE>7 :CEHN)

that may therefore be seen as a more natural model for diffusion on hyperbolic space than the
Heat-Beltrami problem. In particular, in this case the solution decays as t~3/2 in any space
dimension N > 2 as opposed to the rate t~"/2 in Euclidean space, and the exponential decay
of the solution of the Heat-Beltrami equation in hyperbolic space.

We include a discussion on these issues at the end of Section 5.

This model has already been proposed as a “natural” infinitesimal diffusion problem in hy-
perbolic space in previous articles (see, for instance, [1, 26]).
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2. EXISTENCE7 UNIQUENESS AND COMPARISON.

In this section we prove existence, uniqueness and comparison of solutions to the Cauchy
problem (1.2). Since the proofs are entirely similar to the ones in RY we will only give the main
ideas.

To begin with, let us notice that for every x € M there holds that

/ J(82y) dpty = 1.
M

In fact, since for every z € M, szy = S;_(4)7,(y)- Lhere holds that syy = sor, (). Now, since du
is invariant under the change of varlables z = 7;(y), there holds that

/ J(8zy) dpty = / J(s0z)du; =1 by hypothesis.
M M

Observe that u is a solution to (1.2) if and only if

(2.1) u(z,t) = e ug(z / / ~6=) I (sey)uly,r) dpy dr-.
This is a key point in the proof of existence and uniqueness. There holds,
Theorem 2.1. Let ug € L'(M). There exists a unique u € C([0,00); L*(M)) solution to (1.2),

and there holds that ||u(-, )1y < |luollzran-
If moreover, ug € L'(M) N L>(M) there holds that |Ju(-,t)|| feo(ar) < l|uoll Lo (ar)-

Proof. Tt is enough to show that there exists ¢y independent of ug such that the operator

To(z,t) := e tug(z // =) (s 2y) (Y, T) dpiy dr

is a strict contraction in a closed, invariant subset of C([0,to]; L*(M)). Since t( is independent
of ug we can continue with the fixed point argument starting from tg. In this way, we get a
solution in C([0, 00); L1 (M)).

The proof is very easy and completely similar to the one in RV (see [12]). In fact, since the
set

K = {v e C([0,t0]; L' (M), [[o(- )l L1 (ary < llwollran}

is closed in the norm of C([0,to]; L*(M)), Tv(x t) e Kif v e K and 7 is a strict contraction in
K if to is small depending only on [[ugl|z1(ar), there holds that there exists a unique solution in

K.
Analogously, if ug € LY(M) N L*>(M) and we now let

K=A{vel, [lo( )l < luollzee(an}
we again get a closed set invariant under the operator 7, and we get that the unique fixed point
in K belongs to K. Hence, [[u(:,t)| g (ar) < [Juollno(an)- O

Now, we get a comparison result between continuous, bounded sub- and supersolutions. There
holds,

Proposition 2.1. Assume J € L'(M, (1+s%,)du). Letu, v e C(M x[0,T])NL>®(M x (0,T))

be such that
—Lu<wv,—Lv in M x(0,T],

u(z,0) <wv(z,0) in M.
Then, u < v.
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Proof. We divide the proof into two cases.

First, assume M is a compact manifold.

Let w = v —u+ dt and assume that w is negative somewhere in M x [0, T]. Then, there exists
(zo,t0) € M x (0,T] such that w(y,t) > w(xzg,to) for every (y,t) € M x (0,T]. Thus,

0 < we(xo, to) — /M J(s2y) (w(y, to) — w(zo, to)) dpy <0

which is a contradiction. Therefore, w > 0. Letting 6 — 0, we get that u < v.

Now, assume that M is unbounded. Let
1
V(z,t) = 4qNt + <et - 5)3?30

where q = 5% [1, J(500)820 djte-
Then, since 5;2;0 <2825+ 23%11 (this is a consequence of the triangular inequality),
550 — 520 < 570 + 285,
Thus,
/M J(Sfcy)(szo - Sio) dpy < 39260 +2 /M J(Swy)sgy dpy = 33:0 +4qN
because [y, J(say)s3, diy = [3; J(5:0)5%0 dp. = 2qN.
Let now ¢, > 0 and for 0 <t Slog% —¢, let
W(z,t) =w(z,t)+ 6V (z,t).
Then,
34 L
W, — LW > 5[4141\1(5 —e') + ismo} > 0.

Moreover, there exists Rs such that, if s,9 > Rs, t > 0 there holds that W (z,¢) > 0. Hence,
if W is negative somewhere in M x [0,log 3 — €], it attains a minimum at some point (zo, to)
with tg > 0 and, as in the previous case, we get a contradiction.

Therefore, W > 0 for 0 <t < Iog% —e.

Letting first 6 — 0 and then, ¢ — 0 we conclude that u < v for 0 < ¢ < log %

We can proceed in a similar way for log% <t<2log %, etc and we get the inequality u < v
for0<t<T. O

Remark 2.1. Observe that the comparison principle holds as long as the operator L can be
written as

Lo(e) = o [ 52, (uly) = u(e) diy
M
independently of the value of ¢ > 0.
We also have existence and uniqueness of bounded solutions as well as a maximum principle,
by assuming only that ug € L>°(M).

Theorem 2.2. Let ug € L°(M). There exists a unique solution to (1.2) in C(]0,00), L*°(M)).
Moreover, this solution u satisfies that ||ul| oo (arx(0,00)) < |[UollLoo (1)
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Proof. Tt is easy to see that
K ={v € C([0, o], L™(M)) , [[ul| Lo (rrx (0,00)) < [[uolloo(ary }

is closed under the map 7, and this map is a strict contraction in K if to is small (independent
of ug). Therefore, 7 has a unique fixed point. Iterating this argument, we get a unique global
solution. ]

Remark 2.2. Observe that when ug € C(M)NL>*(M) and u € C([0,00), L>°(M)) is the unique
solution with initial datum wug, there holds that «w € C'(M x [0,T7]). This can be seen from (2.1),
for instance.

The same result is true if ug € C(M)N LY (M) and J € L' N L.

3. THE LAPLACE BELTRAMI OPERATOR AS THE INFINITESIMAL LIMIT

In this section we assume that J has compact support contained in [0,1]. Let M be a
spherically symmetric C? manifold which has the property that at any point in M, denoted
by O there exists a small ball Br centered at O and polar coordinates (r,6) such that the
Riemannian metric in Br \ O is given by

ds® = dr® 4+ 4 (r)d6?,

where df? is the standard metric on S¥=1, ) € C?, ¢(0) = 0 and ¢/(0) # 0, see [19]. Without
loss of generality we may assume that ¢/(0) = 1. Here we have made use of the assumption that
there exists for every point an isometry 7, such that 7,(z) = O.

Notice that if ) = r then M = RY, if ¢) = sinr then M = SV and if » = sinhr then M = H.

We consider the measure in M such that, in these coordinates, the volume element assumes

the form
dp = YN "L(r)drds,
with df the usual area element of the (N — 1)-dimensional sphere, and the Laplace Beltrami
operator on M is
Y’ 1
Ay = Opr + (N — 1)EBT + ﬁASNA

where Agn-1 is the Laplace Beltrami operator on S¥~!. Choose R so small that B C M \
{cut locus of O}. It is easy to see that in this case the unique geodesic from any point y € Bgr
to the center x of the ball By is a straight line and that the geodesic ball B, centered at x is
{(5,0):0<s<r, SN

In this section we consider a family of nonlocal diffusion operators defined on M which are
obtained from L by rescaling. Namely,

Leu(w) = 5 [ eI (%2) (uly) - u(a) di,

€
We prove that, when u € CZ*(M), there holds that

loc
(3.1) Leu(z) — qApu(z) as e€—0

locally uniformly in M with Ay the Laplace Beltrami operator on M. If u € C?T%(M), the
convergence is uniform and, moreover

(3.2) |Leu(z) — qApu(z)| < Cllullcztarye® Vo € M.
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Theorem 3.1. Let M and L. be as above. Let q = 5t [on J(|2]) [2[>dz. Then, (3.1) holds
locally uniformly in M. If u € C***(M) globally, the convergence is uniform in M and (3.2)
holds.

Proof. Let us now introduce polar coordinates in a small ball Br centered at x. In this case
Szy = p and thus, taking into account that the support of J is contained in [0, 1], we obtain for
€ small enough

Louta) == [ (2) [ (wpn0) = w1 (o) db .

3

Since u € C2T¥(M) we have,

loc

u(p,0) ~ ) = uy(p,0)p — Sitpp(p,0)0” + O(p**)

= up(p,0)p — %AMU(Pa 0)p” + 2_112(&))

A, 0) + O(p*).

puo(p,0)
1 0>
T2

Observe that u,(p, ) is the derivative in the direction of the outer normal to B,. Therefore, by
applying the divergence theorem on manifolds we get,

et (12 N 1800 .
Lo 000 e o0 = p (14 S5 [ A ey
2
o [ Aute. 0N ot an— B [ Ao, 00 (p) 8 + O )
2 Jsn—1 P2(p) Jsn-1

Now, taking into account that [ov_, Agnv-1u(p,6)dd = 0, % =14+ 0(p), vV L(p) =

PN+ 0(p"), and |B,| = wal(% + O(pN*1)) with wy_1 the usual measure of the sphere

SN-1 we get,

e = RSO Angulp,0) d8 + O(pV+1+)
B,(x SN-1
o(x)
N+1 1
_ N+1 = N+1+a
G U
Therefore,
_ WN-1 ‘ P\ (P p\N-1dp ay a
bt =22 [ [ 522 (2) ™ L st + 00 = a0

And the theorem is proved.
Observe that the error term depends only on [|[¢||c2(p) and |u[|g2+a(py Where B is a small

ball around z. And, if u € C?T%(M), (3.2) holds with a constant depending only on 1. O

Now we have the elements to prove the convergence of the solution of the e—problem to the
solution of the Heat-Beltrami equation. There holds,
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Theorem 3.2. Let u € C*T1+/2(M x [0,T)) be the solution to

ur — qApu =0 in M x (0,T],
u(z,0) = up(z) in M.

Let u® be the solution to
ug — Leu=0 in M x (0,71,
u(z,0) = up(x) in M.

Then, u® — u uniformly in M x [0,T].

Proof. Let w® = u — u®. Then, w® is a continuous solution to
wi — Low® = qApyu — Leu = F; in M x (0,7),
we(z,0) =0 in M.

Recall that we have F; — 0 uniformly in M x (0,7).
Let 2°(x,t) =t || F2| oo (amx(0,7))- Then, 2° is the unique bounded solution to

zi — Le2® = || Fe|| o (arx(0,1)) in M x (0,7),
25(x,0) =0 in M.

So, by the comparison principle (Proposition 2.1 and Remark 2.1) we have
—2°F < wt < 2E.

Since 2 — 0 uniformly in M x (0,7, the theorem is proved. O

Remark 3.1. Let M be a spherically symmetric C® manifold and ug in the clausure of C3(M)
in the norm of C?*®(M). Let u be the unique bounded solution of the Heat-Beltrami equation
in M x (0,T) such that u € C([0,T]; L>(M)). Then, u € C([0,T]; C***(M)). This is a conse-
quence of the uniqueness of bounded solution and the existence of solution in C([0, T]; C**®(M))
(see [25], Theorem 3.7).

4. SPECTRAL PROPERTIES IN COMPACT MANIFOLDS.

In this section we study the spectrum of L when M is compact and connected. We will assume
throughout the section that J(s) is positive for 0 < s < s¢ for a certain sp > 0 and J is Lipschitz
in M. From the spectral properties we deduce the large time asymptotics of the solutions. We
begin by assuming that ug € L?(M). Then, we consider the case of bounded initial data in order
to get unifom decay estimates. We recall that u is a solution to the integral equation (2.1) from
which it is clear that if ug € L*(M) is not bounded, u(-,t) will not be bounded for any t > 0.

Theorem 4.1. Let us consider L as an operator in L*(M). There exists a sequence 0 = \g <
M < Ay < --o 1 of eigenvalues of L and corresponding eigenfunctions {p} that form an
orthonormal basis in L*(M).

Proof. As already observed in [17] for the case of RY, we can write L = Ly — I where [ is the
identity operator and

Lou(e) = [ Ts)uly) du
We then deduce that A is in the spectrum of -L if an only if v = 1 — X is in the spectrum of L.
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It is easy to see that L is a positive, symmetric operator. Moreover, since J is smooth there
holds that Lou € C(M) for every u € L*(M) and,

[ Lowll oo (ary < N (sz0)l2anylullL2anys 1 Lou(z) — Low(Z) || oo (ary < Cumallull z2(ary Sz

Thus, Lg is a compact operator from L?(M) to C(M) and therefore, also in L2(M). Moreover,
its spectrum consists of a nonincreasing sequence of positive eigenvalues converging to 0. We
conclude that the spectrum of — L consists of a nondecreasing sequence of eigenvalues converging
to 1. It is easy to see that all the eigenvalues are nonnegative. This is, if —Ly = Ap and ¢ # 0,
there holds that A > 0. In fact, by multiplying the equation by ¢ and applying Fubini’s theorem
we get,

4 /M o dp = — /M /M I (32y) (0 (W) = (@) (@) d 1y dpis

= ;/M /M () (0(y) = ¢(x))” dpt dpry > 0,

Then we must have A > 0.

Moreover, since the constants are solutions to Lu = 0, there holds that 0 is an eigenvalue of
L. Since M is connected, this eigenvalue is simple. In fact, only the constants are solutions of
the homogeneous equation: if Ly = 0 then, ¢ = Lyp is a smooth function. Since M is compact,
there exists xp € M such that p(zg) = maxp. Let A be the set of points where (x) = ¢(z0).
Then, A is a closed, nonempty set. Let us see that it is open. In fact, if z € A,

p(z) = /M J(szy)p(y) dpy < o(T).

As a consequence, there is equality and ¢(y) must be identically equal to ¢(Z) in the support
of J(szy) that contains a neighborhood of Z by assumption.

Moreover, by the general spectral theory of positive, symmetric, compact operators in a
Hilbert space, there is a set of eigenfunctions of Lg associated to the sequence of eigenvalues
Y, that is an orthonormal basis of L?(M). Since eigenfunctions of Lg associated to 7 \, 0 are
eigenfunctions of —L associated to A\, =1 — ~; ' 1, the theorem is proved. O

As a consequence, we have the following result:

Corollary 4.1. Let ug € L>(M). Let u be the solution to (1.2). Then,

[u(-,t) = (uodllz2(ary < € lluoll2(an)
with (ug) :UEM uo(x) dpg, the mean value of ug on M and A1 > 0 the first nonzero eigenvalue
of —L.

Proof. By separation of variables we have that

[e o]

u(x,t) = chef)"‘tgok(x)

k=0

with the sum converging in L?(M) uniformly in ¢, and ¢; = [, uo(@)pr(z) dps. Since there
holds that copo(x) = (ug) and Ay > A\ > 0 for k£ > 1, we have the result. O

Now, if moreover ug € L (M) we get the same decay in L> norm. In fact,
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Corollary 4.2. Let ug € L>(M). Let u be the solution to (1.2). Then,

(-, ) = {uo)l| oo (ary < Ce™ M |uo| oo (ar)

with (ug) :JEM uo(x) dpg, the mean value of ug on M and A1 > 0 the first nonzero eigenvalue
of —L.

Proof. Recall that
t
u(z,t) = e ‘ug(x) +/ / e T (s )uly, ) dpsy dr-
0o Jm

Using that fg e~ =" dr =1 — e, we have
t
) = (o) =~ (uo(w) = (wo)) + [ e [ o)) = () dy
0 M

t
< CetHnoHooJrCJHuon/ R
0

-\t _ —t

_ e e
= Ce "uglloo + Cylluolle———
1-—X\

Since 1 — Ay = 71 > 0, we have that

|u(z, ) = (uo)| < (lluolloo + luollz)e=,

1-—XM\

and we immediately obtain the desired conclusion. O

5. TIME ASYMPTOTICS ON HYPERBOLIC SPACE

In this section we study the large time asymptotics of the solution of (1.2) in the case of the
hyperbolic space HY, N > 2.

For the sake of clarity we divide the section into several subsections where we recall the
definition and properties of the Fourier transform on hyperbolic space and the study of the
solution of translations of the Heat-Beltrami operator, among other results and ideas that are
used in the last subsections in order to prove the main result of this section, Theorem 5.1.

5.1. Preliminaries on hyperbolic space and its Fourier transform. Hyperbolic space HY
may be defined as the upper branch of a hyperboloid in RV*! with the metric induced by the

Lorentzian metric in RV *1 given by —dx3 + do? + ...+ da%,, i.e., HY = {(zq,...,zn) € RNFL:
:L‘(2) — x% - .= x?\, =1, xp > 0}, which in polar coordinates may be parameterized as

HY = {z e R¥* . ¢ = (coshr,sinhr ), r >0, § € SV},

with the metric gyv = dr? +sinh? r df?, where df? is the canonical metric on S¥~1. Under these
definitions the Laplace-Beltrami operator is given by

coshr 1

AHN = Opp + (N - 1) ASNA,

sinhr " sinh?r
and the volume element is

dpiy = sinh™ =17 dr d6.
We denote by [+, -] the internal product induced by the Lorentzian metric

[z,2] = mozf — 112} — ... — TNTy.
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The hyperbolic distance between two arbitrary points is given by
Sgqr = d(z,2") = cosh™([z, 2']),
and in the particular case that x = (coshr,sinhrw), 2’ = O,
sz0 = d(z,0) =r.
The unit sphere SV ~! is identified with the subset {x € RN*! : [z,2] = 0,29 = 1} via the map
b(w) = (1,w) for w € SN,
Finally, note that hyperbolic space may be written as a symmetric space of rank one as the

. SO(1,N
quotient HY ~ SO((N))'

Now we start by reviewing some basic facts about the Fourier transform on hyperbolic space,
which is a particular case of the Helgason-Fourier transform on symmetric spaces. Some standard
references are [8, 18, 21, 28, 29]. First, the generalized eigenfunctions of the Laplace-Beltrami
operator may be written as

Mrol@) = [e, @), x e HY,
where A € R and w € S¥~!. These satisfy
AHNh)\,w - — (AQ + 7(1\[11)2) h)\,w.

In analogy to the Euclidean space, the Fourier transform on H is defined by
i w) = / (@) o (&) dpte,
HN

for A € R, w € S¥~1. Moreover, the following inversion formula holds:

A

where ¢(\) is the Harish-Chandra coefficient:
11 rEa+ (MFHP
lcN)2 T 22m)N  [D(N)[?
There is also a Plancherel formula:

dw d\
u(z)|*d x:/ (), w)|? ,
Lo w@Pan = [ e

which implies that the Fourier transform extends to an isometry of L?(HY) onto L?(R, x
SN |e(W)|72dA dw).

If u is a radial function, then u is also radial, and the above formulas simplify. In this setting,
it is customary to normalize the measure of S¥~! to one in order not to account for multiplicative
constants. Thus one defines the spherical Fourier transform as

a(N) = /]HIN w(z)P_x\(z) dpy

where
D)\(z) = / h_ () dw
SN-1

is known as the elementary spherical function. In addition, (5.1) reduces to

o) = [ aese)
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Using polar coordinates on HY (with some abuse in notation since ®,(z) is radial) we have
N-1

Dy(r) = CN/ (coshr — sinh 7 cos )~ "2 (sin §)N ~2d.
0

Notice that
D_\(r) = @A(r) = PA(—1),

and that we have normalized ®,(0) = 1. As a function of A, ®) is an even entire function on
the whole complex plane, and in particular, we have the expansion:

2

Dr(r) = Bo(r) + Daaly g BA(r)y +0(N).

Another integral formula is

ar(r) = —N " M(cosh hs)7 ~ld
A(r)—m _re (coshr — cosh s) S,

from where it is easy to estimate

(5.2) @(r)] < [@0(r)] < Ce™ "2 (1 +7).

For large |A| the estimate may be improved to (see Lemma 2.2 in [26])

|P(r)] < —~ ¢ "2 when |A| — 0.

Another result in the case of radially symmetric functions is the following (see [8], Thm. 3.3.1
(iii) or [22] where this result is actually proven): if u € C§°(HY) is radially symmetric, there
holds that @%(X\) can be extended to C as an entire function that decays at infinity faster than
any negative power of |Al.

Finally, we define the convolution operator as
uxv(x) = / u(2 (') dpg,
HN

where 7, : HY — HY is an isometry that takes z into O. If v is a radial function, then the
convolution may be written as

uxv(x) = /]HIN w(x ) v(Sper) ditgr,

and we have the property

—

(5.3) uxv=1uv,

in analogy to the usual Fourier transform.
It is also interesting to observe that

Rgvu=— (32 + 85105 4,

On hyperbolic space there is a well developed theory of Fourier multipliers. In L? spaces every-
thing may be written out explicitly. For instance, let m () be a multiplier in Fourier variables.
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A function (N, w) = m(X)ug(\, w), by the inversion formula for the Fourier transform (5.1) and

expression (5.5), may be written as

x o dwan
u(w) = [ ) /S o A @ o (o)

(5.4) .
_ / /H m(\uo(@'ka(@,27) dpys dA

where we have denoted

(5.5) (i, 2) = |C(1)|2 /S @) byl e

It is known that k) is invariant under isometries, i.e.,
kx(z,2") = kx(tz,72"),
for all 7 € SO(1, N), and in particular,
ka(z,2") = kx(s2ar),

so many times we will simply write ky(p) for p = s,,r. We recall the following formulas for k)
(see, for instance, [2], which refers to [18]):

Lemma 5.1. For N > 3 odd,

N—-1

) oo

sinh p

(5.6) kx(p) = en (

and for N > 2 even,

o0 sinh s Os
. k = As) ds.
(5:7) Ap) = en /p v/cosh s — cosh p (sinh s> (cos As) ds

Before we state our results on hyperbolic space we prove some preliminary statements on the
asymptotic behavior of the kernel ky:

wlz

Lemma 5.2. For each m = 1,2,..., the derivative

9, \"
( sinh p> cos(Ap)

s a finite linear combination of terms of the form

F(p*)g(X p)

where f(z) is an analytic function on |z| < %, and g can be described in two different ways:
1. First,

g(A p) = Ng1((Ap)?)
where g1(z) is an analytic function on C, and n is some integer 2 < n < 2m.
i1. Second, g can be written as a finite linear combination of terms of the form
\n sin(Ap) or )\ncos()\p)’
(Ap)! (Ap)!
for some nonnegative integers n,l, with 2 < n < 2m.
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Proof. By induction. For the initial step m = 1, we calculate

<Sifflp> cos(hp) =X <sirﬁlp> <_ Si;;Ap)) ’

which is of the speciﬁed form. Then, for the step m + 1, first calculate

2
(a0 = L0 2y L HEe a2

sinh p sinh p

SlIlh 0
which has the desired form 4. On the other hand, for 7. just notice that
Op [ m3mn) 1 _ 2/"(p")p  sin(rp) | f(p%)p \2cos(Ap)  f(pP)p \2sin(Mp)
sinh p (Ap)! sinh p (Ap)! sinh p (Ap)itl sinh p (Ap)it2’
and a similar calculation holds when sin Ap is replaced by cos Ap.
This concludes the proof of the Lemma. O

Lemma 5.3. For a function u = u(p), and m =1,2,...,

(Slnhp> ‘o th

such that, for p > 1, we have the bound

1
Rz <Cj——"—= j=1,...,m.
’ ](p)’— ](sinhp)m’ J ’ XL
Proof. By induction in m we see that h]''(p) is a finite linear combination of terms of the form
(coshp)
(sinh p)itm’
So, the result follows. O
Corollary 5.1. For every m = 1,2,... we have the bound (for all A € R)
>1
a m Slnhp m Z p - ’
(5.8) ‘ < —P > cos()\p)‘ <
sinh p
C Z A" 0<p<l.

Proof. The estimate near p = 0 follows from Lemma 5.2, using expansions ¢ or . according to
the value of Ap. On the other hand, for the bound for large p we apply Lemma 5.3 to get

a m m .
‘(sinﬁp) cos(/\p)' < Chl(p)‘(?p cos )\p‘ + Zhn(p))\

n=2
with h,(p) < C(sinh p)~™™ for every n € N. Moreover,
in A
9, cos(Ap) = —Asin \p = —\%p %
and the results follows. O

Remark 5.1. Observe that we also have

9, \" 1 =
< — n.
'(Sinhp> COS(AP)’ ~ (sinhp)™ ;A
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Lemma 5.4. Let N > 2 be an even integer. Assume that the function h satisfies

(5.9) ()] < {

sinh™ 2 s, s>1,
1, 0<s<l.

Then the integral

o 3 h
I(p) ::/ SIS h(s)ds,
» /coshs —coshp

1s bounded by

. N1
1) <C {imh e
If instead
N
inh™ 2 >
(5.10) Ih(s)| < {jsmh S
, <s<l1.
there holds that
. N-1
160) <c{psmh Te ezl
-, 0<p<l.
Proof. We split the region of integration so that
p+2 inh 00 inh
1= S h(s)ds+ SIS (s)ds = I + L.

h
P v/cosh s —cosh p ( p+2 V/cosh s — coshp

First assume that 0 < p < 1. Note that, by Taylor’s expansion at the origin,

2 _ 2 4 _ 4
coshs—coshpzs 2"0 +S 4'[) + ...,

so we can bound I; by

P2 sinh s pt2 s
Ll<C ds < C (s,
ol < /p Jeoshs —coshp = /p Ny

=CV(p+2)?—p*><3C
Next, we estimate 5. First assume h satisfies (5.9) then, since 0 < p <1,
°©  (sinh s)l_%
p+2 V/cosh s — cosh p

Now, assume that p > 1. First observe that

|I2(p)| < ds < C/2 (sinhs)_% ds =C.

cosh s — cosh p > (s — p) sinh p.
Therefore,
1 P+2 (sinh s)1~ 1 2 1
|11(P)|§./ ds < = / TV dr =0 —
(sinhp)'/2 J, Vs—=p (sinhp)"z Jo ( =

sinh p) 2~
In order to bound I3(p), we observe from Taylor’s expansion at s = p that for n odd and s > p,
(s = p)"

n!

[z

cosh s — cosh p > (sinh p)
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so that,

n
2

1 o (sinhs)l_%
L(p)| < / ds.
(sinhp)'/2 /oo (s —p)

By taking n > 2N we get,

C
[2(p)| £ ————5=-

(sinh p) 2

Now, if h satisfies (5.10), we proceed similarly. By using that s < p+2 < 3 when 0 < p <1,
the bound of I; follows in that case. In order to bound I(p) for 0 < p < 1 we proceed as before
and we get,

|I2(p)| < C/ s(sinhs)*¥ ds =C.
2

Finally, for p > 1, since ﬁ < % for s > p+ 2,

1 o s(sinhs)l_%
) < s | s
(sinhp)!/2 Jyorn (s —p)

p /°° (sinh 3)1_% ds
(sinh p)1/2 Jyia (s = p) '
And the result follows by taking n > 2(N + 1). O

n
2

—_

n__
2

5.2. The heat equation on hyperbolic space. The explicit expression for the heat kernel on
hyperbolic space is well known in the literature (see, for instance, [20] and the references therein,
or [14, 2]). However, we provide a direct proof using the Fourier transform in hyperbolic space,
since some of the ingredients will be used in the proof of the main theorem.

Proposition 5.1. The solution of
(5.11) vy = bAgNv + (a—l—i—b%)v in HY x (0, 00),
v(x,0) = up(x) in HY,
may be written explicitly as
o) =0 [ (o) Kol ) i
H

where, for N > 3 odd,

2 2
(5.12) Ko(p.1) = C—= (‘9) T e,

and, for N > 2 even,

. 5\ Y2 52

2 e se” it
Ko(p,t) = Oy —— [ 22— / ds.
o(p, ) N(bt)3/2 <sinhp) p /coshs—coshp °

Moreover, these kernels satisfy the following estimates when t — +o00:

1 P
(5.13) |Ko(p, )| < Cop —5=> P21,
t3/2 (sinh p)¥
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and,

(514) ‘KO(P, )‘ <C=73 0<p<1,

3/2’
Proof. Taking Fourier transform, the solution of (5.11) may be written as
(A, w, 1) = tig(\, w)e @10,

Therefore, by formula (5.4) we can express this solution as

v(z,t) = e(a_l)t/ up (') Ko(Sgars t) ditgr,
HN

where -
Ko(p,t) _/ e ey (p) dA.

More precisely, for N odd, using (5.6) we can write

9 e —bA%t
(5.15) Ko(p,t) =c¢ Snh 2 (cos Ap) dA.

But then we calculate

o 00 oo ip \?
/ eibAQt(COS)\P) d/\:/ e b t+iAp d)\:/ 6_(/\\/17_2‘;,H> dA

—00

2 oo 7 2 2

= 1efbt/ ei(nim/pﬁ) dn = 2 ﬂ-e*ﬁ7
Vbt oo Vbt

which shows (5.12).

Now we prove the estimates (5.13) and (5.14) in the case that N is odd. First, we may use
Lemma 5.2 to bound (5.15) near p = 0. Indeed, by Lemma 5.2, i. if A\p < 1 and 1. if A\p > 1 we
have, for 0 < p <1,

aﬁ NQ_ — n
‘(sinhp) COS)\'O‘ <0 nzz A

so that, if t > 1,

N—-1 00 00
n —bA\2¢ n_—n? C
|Ko(p, )| sc}_;/_ nocy L L [ et g

n=2 b —0oQ
Now, for p > 1, by Corollary 1.1,

‘( % )Nzlcos)\p‘<0 Z)\"
sinh p - (smhp N21 ~

and the same computation as above gives (5.13).
On the other hand, for N even

. N
Ko(p,t) = C/oo e—bA% h sinh 5 Os cos AsdsdA.
’ . » +/coshs —coshp \sinhs

By Lemma 1.2 and Corollary 1.1, we have,

N (o]
Ko(p,t) = ¢ _ I(p) / APVt g\
n=2 -
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where - -
In(p) :/ — hn(s) ds
p Vcoshs —coshp
with
1 0<s<,
[hn(s)] < C4 s s> 1.
(sinh s) 2
Hence, by Lemma 1.4 and the computations above, estimates (5.13) and (5.14) hold. O

Remark 5.2. Observe from the proof of Proposition 2.1 that for 0 < ¢ < 1 the power ¢ 3/2 in
the estimates of K is replaced by ¢~/2, but the t3/2 decay cannot be improved for ¢ large.
In the Discussion section at the end we will provide some heuristic arguments explaining this
exponent.

5.3. Asymptotic profile for the non-local equation. We are given J € C§° (HY) a radially

symmetric kernel. Consider the Cauchy problem

(5.16) u=Jxu—u inHZij(O,oo),
u(x,0) = up(z) on HY.

Recall that the convolution is defined as
J*xu(z) = / w(x') I (Spar) Aty
HN

Note that J = J (\) is a radially symmetric function that has an entire extension to C and
decays at infinity faster than any negative power of |A|. Moreover, the asymptotic behavior of
the solution to (5.16) as t — oo is governed by the behavior of J(A) at the origin. In fact, we
have the expansion

J(A) = a — X2+ A2f(N),
for some f(\) = O(A\?) an even function (note that J being a radially symmetric kernel has even
Fourier transform). These coefficients are given by the formulas

ai:/ J(820)®0(7) dpi,
HN

1

b= 2/ J(Sxo) 5,\,\\>\:0 q>>\($) d//@
HN

Observe that b > 0. In fact,
3A,\¢L,\(P)‘

for every p > 0. Hence,

b= 00T 0) = [T IO () dp < 0.
0

—1

m N
= —cN / (coshp —sinhpcosf) 2 log?(cosh p — sinh p cos 0) df <0
0

We will compare to a translated heat equation on hyperbolic space with the same initial
condition

(5.17) {vt:bAHmH— (a—l+b%>v:0 in HY x (0, 00),

v(x,0) = up(x) in HY,
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according to Proposition 5.1, we can write explicitly the solution to this equation. Indeed,

v(z,t) = e_(l_a)t/ up () Ko(Szar s t) dpigr,

HN
where K is given explicitly in the proposition and it satisfies the estimates for ¢ large
1 P
[Ko(p, )] < C g ————x—, p=1,
t°/% (sinh p) "2
1

Before we state the main result of this section let us prove the following fact:
Lemma 5.5. Let ug be such that the function

v(r) = sup |ug(y)l

SyO=35z20
belongs to L*(HY). Then, g € L=®(R x SN~1).
Proof. There holds,

[to( N\, w)| < / /N ) lug(cosh p, o sinh p)||h_y o, (cosh p, & Simhp)](simhp)N_1 do dp
0 SN—=
< / v(p) / |haw(cosh p, o sinh p) do (sinh p)¥ ! dp.
0 SN-1
The observation that, by [26], Lemma 2.2 (a),

/ |h—xw(cosh p, o sinh p)|dw = Pp(z) < C,
S§N-1

ends the proof.

19

O

Now we state our main result, that is the profile when ¢ — 400 of the convolution equation

is the same one as the one for the translated Heat-Beltrami equation:

Theorem 5.1. Let u be the solution of (5.16) and v the solution of (5.17), with initial condition
ug € L¥(HN) N LYHYN) such that 49 € L®(R x SN=1) (observe that this is the case if, for

instance, uy is radially symmetric).
Then
lim e~ %3/2 sup |u(x,t) — v(x,t)| = 0.

t—o00 z€HN

Proof. Taking Fourier transform and using the properties of the convolution on hyperbolic space,

the solutions of (5.16) and (5.17) may be written, respectively, as
A\ w,t) = do(\, w)ed =Dt

and ,
BN, w, t) = dig(\, w)eldT 1A,

Looking at the expressions for @ and v, from (5.4) we can conclude that

u(z, t) —v(x,t) = / [e(‘j()‘)*l)t L kx(8zz) uo(z') d\ dpig
HY J—o00
)

= e(ail ! K(Sxx’ ) t) Uug (.73/) d,ul,/,
HN
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where -
K(p7t) - / [e(*b)\2+)\2f()\))t _ e*b)\zt] k)\(p) d\.

In order to get the result, we split the integral into two regions:
Kl(p,t) — / |:e(*b/\2+/\2f()\))t _ efb)\Qt:| k/\(p) d\
[Al=7(t)

and
Kz(ﬂ, t) = / |:6(—b)\2+)\2f()\))t _ e—b)\Qti| k‘x(p) d\
IAl<r(?)

for some 7(t) chosen as 7(t) = t~1/2*¢ for some € small enough. We claim that, both in the even
and in the odd case,

t*2 sup {|Ka(p,1)[} =0, as t— foc,
0<p<1

32 sup {(smhp) |K2(p, )\} —0, as t— +oo.
p=1

(5.18)

Now we prove this claim. Let us start with N odd. In this case

9, \ 5
o) =<(hy) o

so that, by Lemma 1.2 and Remark 1.1, if € is small enough,

N—-1
Ko(p,t g/ oDV APFNE g ‘ ? cos )\p‘ dA
| ( )‘ p\|<7_( ) | } (smhp)
N- 1 0<p<l1,
<C eTNINZFO)E Y AT dA 1 o
IA[<7(t) n=1 (sinhp) 7 p

Notice that,
t / e P2 F(N) dX < Ot / e TP )
IAl<T(8) A< (t)
Ct ntd —p? C
:M/ n+4e"dn§—@.
(bt) 2 Jnl<Vbir(t) t 2
Therefore, (5.18) holds.

If N is even we obtain similar bounds by using Lemma 5.4. In fact,

Ks(p, )] < Ln(p Z/ e PRI |3 gy
Al<T(t

where . '
L.(p) :/ sinh s () ds
» Vcoshs—coshp
with
1 0<s<,
0<hp(s)<c 1 s> 1.

N
(sinhs)2
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Now, in order to estimate

K1 (8g0,t) uo(x') dptg
]H[N

we split the kernel Ky as K1 = K11 + K12 with

(5.19) Kii(p,t) = —/ e_b)‘2tk,\(p) dA.
IA[=7(t)
and

Kislp.t) = [ eI ) an
[A[>7(t)

First we turn our attention to (5.19). In the case N is odd, proceeding as before, we get for
the interval 0 < p <1, that

N-1 N-1
2 1 2
Knpol<CY [ W= cy yre " dn,
o= JA>T() = bt)"s S/

So that,

32 sup |Ki1(p,t)] — 0 as t— oo.
0<p<1

Now, if p > 1, by Remark 1.1,

N-1
C 2 CNZtm
[K11(p, )] < WZ/ e PMEA™ g\
(sinh p) 2= ;21 JIA>T(1)
N-1
C & 1
= N—-1 n+1 / ne_UZ dn
(sinhp)~ 2z ;=7 (bt) 2 Jn|>b1/%te
N
C 7151/2t5 1 / n_— 2/2
S———Fx7¢€? - n"e" /= dn.
(sinh )"z ; (bt) "

And we get

32 sup (sinhp)%lKu(p,tﬂ —0 as t— oo.
p>1

Finally, we turn to the kernel K12. We split it again as
K2 = Ki21 + K122
where
Ko (p,t) = / TN =Dtk (p) dA
T(t)<|A<R

and
Kin(p.t) = [ ey () an
IA|I>R

We choose R small so that, J(\) —a < —bAZ if |A| < R with b > 0. Then, since J is analytic,
J(A) — 0 as |[A\| — oo and J(A) < a — 0 if |\| = R for some positive 6§, there holds that
JO) —a < —dif |\ > R.
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Let us consider the term Kj21. There holds,
Kia(p,t) S/ ey (p) dA.
)<|AN<LR

Proceeding as above we see that (5.18) holds with K replaced by Kja;.
We have to treat the term Ki9o in a different way. So, before we proceed let us see what we
have up to now.

lu(z, t) —v(z,t)] < e (170! / N 1K ($2qr, 1) [uo(2)] dpgr + e~ (170 K129 (g, t) uo(a’) dpigy
H

HN

where K = K — K 122. By the estimates we have already proven,

/2 / IR (350, 8)| luo (@) dpter < 01(1) / o)) dpar
HN {

Syl Sl}

/
+ Ot(l)/ M)‘N—l dper < o(1),
{nu>1) ( M

sinh s,,/) "2

under our assumptions for the initial data ug.
In order to finish the proof, let us estimate

= / K122(3xm/> t) UO(ij) dux’-
HN

There holds,

A= / / eIV -a)t / T (2)h () — 22 AN ug(a) dps
HN JAI>R SN-1 lc(N)]
P —ay Prw ()
_ () -ayt e / b Nao(z') dir. AN d
e Awl(@)uo(x”) dptgr, W
/SN-1/A|>R COVE Jgn "7 J0l)
= [ [ @i ) 5T
sN-1 JIx>R lc(N)]
dw dX
— et hixo(2)i0( N, w
L. 1/A>R » P

dw dA
("N = 1) hyu(@)io(\,w) oy = A1+ A
oSt i <P
Using that by hypothesis both ug and g are bounded, the fact that
(5.20) / ()] deo = Bo(2) < C
SN-1

by (5.2), the estimate
lc(A)]72 < CA? for X bounded,

Ay = e yg(z) — —at/ / P ()0 (0, )dwd);’
sv—1 J|x <R [c(N)]

32| A1 (2,1)] < 0y(1) when ¢ — 4o00.

and the formula

it follows that,
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On the other hand, using |c(\)|72 < Cr|A|V~! for |A| > R, the same formula (5.20), and the
fact that J decays faster than any negative power of |\| we get,

dw d\
Agxt <te &/ / h)\w g\, w)|——5
| Az (,1)] s A|>R Mo (@) [0 )‘|C()\)|2
< Cte™% / IANTHI (V)] dX < Cte™o
IAI>R

and the theorem is proved. O

5.4. Discussion. From the previous subsections we find that, in order for the nonlocal problem
to behave as the classical translated diffusion equation on hyperbolic space, namely as

(5.21) ve=b (AHN + %)v

the kernel J should be normalized so that

(5.22) a— / T (520) B0 () djta = 1.
HN

This normalization differs from the one that preserves mass. This is, to normalize J so that
fHN (sz0)dpr = 1 (as a consequence of Fubini’s Theorem this normalization implies mass
preservation).

In Euclidean space, mass preservation and preservation of 4(0,t) are two ways of stating the
same fact. Let us show that the normalization (5.22) implies that

/ (@, Dho o (@) dita = 60,0, )
HN

is preserved for every w € SV,

In fact,

/HN (J = ul-, 1) (2)how(x) dpe = </HN J(520)how () duz> (/HN w(z, t)ho () dltx) .

The proof of this identity follows simply by considering the property (5.3) of the convolution
on hyperbolic space —using that J is radially symmetric— and evaluating the Fourier transforms
that appear at A = 0.

As a consequence, if we impose the normalization (5.22), by multiplying equation (5.16) by
how(z) and integrating on HY we get

% . u(z,t)how () dpty = /HN (J *u(-,t))(z)how(z) dps — /HN w(z, ) how(z) dpg = 0.

This is, there is conservation of the integral
(5.23) / w(x, t)how(x) dug
HN
for every w € SV~!. In addition, integrating on w € SV~ we have that

(5.24) /IHIN u(z, t)Po(x) dug

is also preserved.
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Let us give a closer look at the Heat-Beltrami equation on hyperbolic space. First, observe
that (5.23) and (5.24) are the natural quantities that are preserved for the classical diffusion
equation (5.21) on hyperbolic space (for the proof, just take Fourier transform and evaluate at
A=0).

On the other hand, let us define the quantity

P(r,0,t) = v(r,0,t)®(r)(sinh )V 1,

/ v(x,t)q)o(x)d,ux:/ / P(r,0,t)drde.
HN 0 Jsn-1

A straightforward calculation yields, from (5.21), the equation

Observe also that

coshr 1
(525) P = 87“ <P'r — |:(N — 1) snhr + 28T log (I’():| P> + m ASNflp,

from where we deduce again that [y v(x,t)®o(z) dp, is constant in time.
In equation (5.25) we can recognize a drift term with velocity

coshr

V(r)=(N-1) + 20, log @y,

sinh r

and, by the asymptotics ®¢(r) = e‘¥r(r +0(r)) as 7 — oo, we find that V(r) = 2 + o(r~1).
Since the angular operator in (5.25) is multiplied by an exponentially decaying factor, we can
expect that the right hand side of (5.25) is, at leading order,

2 1
Or (Pr‘f‘TP) :rjar(TQPT)a

which is the Euclidean Laplacian for radial functions in dimension 3. It is well known that the
decay of the fundamental solution for the corresponding heat equation is t73/2, which motivates
the results of the Subsection 5.2 about the decay of the diffusion on hyperbolic space.
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