BEST RATIONAL APPROXIMATION OF FUNCTIONS WITH
LOGARITHMIC SINGULARITIES

ALEXANDER PUSHNITSKI AND DMITRI YAFAEV

ABSTRACT. We consider functions w on the unit circle T with a finite number of
logarithmic singularities. We study the approximation of w by rational functions
and find an asymptotic formula for the distance in the BMO-norm between w
and the set of rational functions of degree n as n — oo. Our approach relies on
the Adamyan-Arov-Krein theorem and on the study of the asymptotic behaviour
of singular values of Hankel operators.

1. INTRODUCTION

1.1. Overview. The rate of convergence of both rational and polynomial approx-
imations to a given function ¢ is determined by the smoothness of . Of course
in general the rational approximations converge much faster than the polynomial
ones.

Let us briefly describe the fundamental results of approximation theory rele-
vant to this paper; see [22] for more information. We denote by P, the set of all
polynomials in = € R of degree < n. Similarly, 7, is the set of all trigonometric
polynomials of degree < n defined on the unit circle T. According to the classical
Jackson-Bernstein theorem (see, e.g., the book [5]), the distance between ¢ and
T, in the L>°-norm satisfies the estimate

dist e (my{, Tn} = 0O(n™*), a >0, n— oo,
if and only if ¢ belongs to the Holder-Zygmund class A, (the definitions of relevant
function classes are collected in the Appendix).
Further, for the function ¢(z) = |z|* defined on some interval of the real line,
for example on [—1,1], S. N. Bernstein [2, 3] proved the existence of the limit
lim n®distpe(—11){|2|%, Pn} = b(a) (1.1)

n—o0

where b(a) # 0 if a # 2,4,.... The number b(«) is known as the Bernstein
constant.

Next, consider the problem of rational approximation. The degree of a rational
function p/q (p, q are polynomials with no non-constant common divisors) is de-
fined as max{degp,degq}. We denote by R,, the set of all rational functions of
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degree < n in the complex plane. D. Newman proved in [14] that for the function
¢(x) = |z| on the interval [—1, 1], the distance between ¢ and R,, in the L norm
satisfies the estimates

e_c“/ﬁ S diStLoo(_Ll){gO,Rn} S e_CQﬁ

with some positive constants ¢y, ¢o. This result was extended by A. A. Gonchar in
[8, 9] to the functions ¢(z) = |z|%; he established the same estimate for all o > 0,
a # 2.4, .... More recently, H. Stahl [22] proved a remarkable result: he showed
that for such functions one has the asymptotic relation

lim e™ver distpee(_1.1y{|2]* Ry} = 477/%|sin iral, a>0; (1.2)

n—o0

see [22] for the history of the problem.

In this paper, we discuss the rational approximation of functions with logarith-
mic singularities of the type (— In|z|)~® near x = 0. More precisely, let us fix & > 0
and consider the function

) (=lnz)™™ xec(0,1/2]
Prl) = {0 ze[~1/2,0]

on the interval [—1/2,1/2]. Clearly, ¢, does not satisfy the Hélder continuity
condition (with any exponent) and so, according to the Jackson-Bernstein theorem,
distze{@4, P} goes to zero slower than any power of n='. On the other hand,
A. A. Gonchar in [9] proved the two-sided estimates

en”® < distpeo(—1/2,1/2) {0+ Rn} < C(lnn/n)® (1.3)

with some positive constants ¢ and C.

Our aim is to obtain an asymptotic relation for the function ¢ (z) (and for
more general functions with similar singularities) in the spirit of (1.2) but with n®
instead of the exponential e™V". We obtain such a relation, but for the BMO-norm
instead of the L*>-norm. In fact, in harmonic analysis the space BMO (functions
with bounded mean oscillation) often plays the role of a proper substitute for
L°°; this space is only slightly larger than L* and L>* C BMO C LP for any
p < oo. Further, this space is particularly well adapted to treating functions with
logarithmic singularities and allows us to study unbounded functions. Indeed, along
with ¢, we consider the function

SDU(I) = (_ln|x|)1_a> S [_1/2’1/2]v
which a priori looks more singular than ¢, because of the extra factor In|z|.
For 0 < v < 1, this function is unbounded, but it is in the VMO class (functions
with vanishing mean oscillation). Just as for ¢, we show that n® distgymo {0, Rn}
attains a finite positive limit as n — oo which we compute explicitly. Comparing
these facts with the classical Bernstein result (1.1), we see that, for functions with

logarithmic singularities, rational approximations play the same role as polynomial
approximations play for functions with power singularities.



BEST RATIONAL APPROXIMATION 3

It will be convenient for us to work with functions defined on the unit circle
T of the complex plane, instead of on an interval of the real line. So, to be more
precise, below we consider the analogues of ¢, and g on the unit circle.

Our approach relies on a combination of the fundamental Adamyan-Arov-Krein
(AAK) theorem [1] and of our previous results [19, 20] on the asymptotic behaviour
of singular values of Hankel operators of a certain class. The AAK theorem relates
the rational approximation of a function ¢ (defined on T) in the BMO-norm to
the singular values of the Hankel operator with the symbol ¢. This explains why
we work with the BMO-norm rather than with the L>°-norm.

Using the AAK theorem, V. V. Peller [16] has obtained the following analogue of
the Jackson-Bernstein theorem for the rational approximations in the BMO norm.
He proved that

distgmom {p; Rn} =0(n™%), a >0, n— oo, (1.4)

if and only if ¢ belongs to a certain Besov-Lorentz class, denoted by B,  in [16].
We reproduce the definition of this class in the Appendix. Of course, the specific
functions ¢ with logarithmic singularities that we consider in this paper belong to
this class.

1.2. BMO and VMO. We denote by T the unit circle in the complex plane,
equipped with the normalized Lebesgue measure dm(u) = (2wip) *du, p € T, and
set LP = LP(T). For f € L, let

/f pidm(p), e,

be the Fourier coefficients of f. For 1 < p < oo, the Hardy classes HY and H” are
defined in a standard way as

HY ={feL’(T): f(j)=0 Vj<0}, H' ={feL’(T):f(j)=0 V¥j=>0}

We denote by P, : L?* — H3 and P_ : L* — H? the orthogonal projections onto
H? and H2. There is a lack of complete symmetry between H? and H2 because the
constant functions belong to H3 but not to H2. This results in a slight asymmetry
in some of the formulas below.

The class BMO(T) =: BMO can be described in many equivalent ways, with
equivalent choices for the norm; see, e.g., [11]. Since we are interested in the asym-
potics of the distance in the BMO-norm, the precise choice of the norm will be
important for us.

Let us start by fixing the BMO-norm for functions analytic outside the unit
disk. A function f € H? belongs to BMO if and only if f — g € L* for some
g € HZ; then we set

| fllemo = inf{||f — gllz=~ : g € HY}, [ € H>. (1.5)
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Remark. Let H}(0) = {f € H} : fl0) = 0}. As is well known (see, e.g. [11,
Section VII.A.1]), the norm (1.5) coincides with the norm of f in the dual space
HL(0)".

Next, for an arbitrary f € L? we set

1 llsno = max{|| P_ fllsvo, |P- fllswmos | F(0)]}, (1.6)

if the right hand side is finite. Here ||P_ f||zmo, ||P-fl|mo are defined by (1.5).
Clearly, the norm (1.6) is invariant with respect to the complex conjugation,

I llsmo = II.flB7o-
With this definition, we have
1P fllsio = max{||P-fllsyio, | F(0)]}, (1.7)
[ fllBmo = max{|| Py f|lsmos | P- fllBmo }- (1.8)

Finally, we recall that the subclass VMO C BMO is the closure of all continuous
functions in the BMO-norm.

Let us comment on our choice of the norm in BMO. Definition (1.5) is absolutely
crucial for our approach, as it ensures the connection of rational approximations
with Hankel operators via the AAK theorem. On the other hand, the details of
the definition (1.6) are less important: the term |f(0)| is inessential and the other
two quantities in the right-hand side can be combined in various ways. Our choice
(1.6) is motivated by the fact that it simplifies the expressions for some coefficients
appearing in the asymptotic formulas below. We could have chosen, for example,
the following alternative definition of the BMO norm:

1f5m0 = 1P-fllemo + || P-fllsmo + [ £(0);
this would only change the constant in the right-hand side of some asymptotic
formulas, such as (1.15) below.
1.3. Rational approximation. We denote by R, the set of all rational functions
of degree < n in the complex plane without poles on T and set
RE=R,NH] = P.(R,).
Notice that R& = {const}, while R, = {0}.
For w € BMO and n > 0, we define

pn(w) = distpymo{w, Ry} := min{||lw — r|lpmo : 7 € R, },

pi(w) = distgymo{ Prw, Ry} = distmo{ Prw, R}, (1.9)

p,, (w) = distgyo{ P-w, R, } = distgmo{P-w, R, }.
There are some simple identities relating the quantities p,, p", p., see Lemma 2.7

below. It is clear that w € VMO (resp. Prw € VMO) if and only if p,(w) — 0
(resp. pf(w) — 0) as n — oc.
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From our choice of the BMO-norm it follows that p, (w) can be alternatively
written as
oy (w) = distp{w, R, + H2}. (1.10)
The problem of approximation by functions of the class R, + H_% in L°°-norm is
known as the Nehari-Takagi problem. Of course, a similar statement is true for
pf(w) (see Lemma 2.1 below):

py(w) = distzee {w, R, + H?}. (1.11)
1.4. Outline of results. To give the flavour of our main result, first we consider
the following model functions:
wo(e) = [log|f]]**x0(6), 6 € [—m, ), (1.12)
w (") = [log|0]]™*x0(0)1L(6), 0 € [—m,). (1.13)
Here o > 0 is a fixed parameter, 1. is the characteristic function of the semi-
axis Ry, and yg is a smooth even cutoff function, whose role is to remove the
“undesired” singularity of the functions (1.12) and (1.13) at |§| = 1. More precisely,
Xo € C§°(R) is a function which vanishes identically for || > ¢ with some ¢ < 1
and such that x¢(6) = 1 in some neighborhood of zero.
The following statement is a particular case of Theorem 3.5 below. We set
s(a) =271 7 B(L, 1) (1.14)
where B(-, ) is the Beta function.
Theorem 1.1. Let o > 0 and let

w(p) = vowo(p) + viw (1) +v_w_(p),

where vy, vy, v_ are arbitrary compler numbers. Put

b* =1(1—a)vy £ 2 (vy —vo).

2mi
Then
lim () = ()5,
n—oo
lim n%p, (w) = se(@) (|67 + b~ [V/*)". (1.15)
n—oo

Remark 1.2. 1. Similarly to Stahl’s formula (1.2), the asymptotic coefficient
#(a) in Theorem 1.1 is quite explicit. In contrast to this, it is not known whether
the Bernstein constant b(«) in (1.1) can be expressed in terms of standard tran-
scendentals; see, e.g. [12] for more on this issue.

2. For 0 < a < 1, the function wy is not in L*°, although wy € VMO.

3. For a = 1, the function wy = xog € C*. This agrees with the fact that in this
case wy makes no contribution to b.

4. For a = 0, the functions wy and w4 are in BMO but not in VMO. Thus, in this
case p,(w) (and pE(w)) do not tend to zero as n — oo. This shows that one
cannot go beyond o > 0 in Theorem 1.1.
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5. Consider the case vy = 0; then the asymptotic coefficients b* vanish precisely
when v, = v_, i.e. when w(e) is an even function of §. This partially explains
the fact that although the even function wy is more singular than w, and w_,
the rational approximations of these functions have the same power rate of
convergence.

6. Comparing Theorem 1.1 with Peller’s result (1.4), we see that the functions wy
and w4 belong to the Besov-Lorentz class %ff‘/a,oo, but do not belong to the class

%f 16,00 for any 8 > «. This yields explicit (and sharp!) examples of functions
in these Besov-Lorentz classes.
7. The analogue of Theorem 1.1 for L*°-distances remains an open problem.

For functions w € BMON HZ | the distances pt(w) = p,(w) do not depend
on the choice of the norm (1.6) — see relations (1.10) and (1.11). Therefore for
functions analytic for |z| < 1 (or for |z| > 1), Theorem 1.1 is stated in a quite
intrinsic form. Consider, for example, the function

w(z) = (=log(1—2)+c)'™ a>0, (1.16)

where a number c is chosen in such a way that log(1 — z) # ¢ for all z with |z| < 1.
Then w(z) is analytic in the unit disk D and is singular only at the point z = 1 on
the unit circle.

The following statement is a particular case of Theorem 3.8 below.

Theorem 1.3. Let the function w(z) be defined by formula (1.16). Then there
erists

lim n®pl(w) = |1 — alx(a).

Two sided estimates by ¢n™ of p;i(w) for the function (1.16) (and for more
general functions of this type) are known. They were obtained by A. A. Pekarskii
in [17] (see Example 2.2). Later (see [18], relation (31)) Pekarskii also proved the
upper bound in the L>®-norm, distz~{w, R} = O(n™?).

We emphasize that our main results, Theorems 3.3 and 3.8 below, allow for an
arbitrary finite number of logarithmic singularities of w on the unit circle.

1.5. Some ideas of the approach. We start by recalling some concepts related
to Hankel operators; for the details, see, e.g., the books [15, 16]. For w € L?, the
Hankel operator K (w) : H? — H? is defined by the formula

K(w)f = P_(wf). (1.17)

In this context, w is called the symbol of K(w). The definition (1.17) makes sense,
for example, on all polynomials f. It is evident that K(w) depends only on the
part P_w of w, i.e. K(w) = K(P-w). Nehari’s theorem ensures that K(w) is a
bounded operator if and only if P.w € BMO, and Hartman’s theorem says that
K(w) is compact if and only if P_w € VMO; see Proposition 2.4 below.
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Another equivalent point of view on Hankel operators appears when one con-
siders the matrix representation of K (w) with respect to the standard bases in
HZ. Consider the bases {1?}52, in H} and {u~'7*}2° in H?. Then the matrix
representation of K (w) with respect to this pair of bases is

(K(w”‘jmu_l_k)lﬂ = @(_1 _j - k)u ju k Z 0.

It will be convenient to have a separate piece of notation for such infinite matrices,
considered as operators on the sequence space (? := (*(Z,). Given a sequence
{h(j)}520 of complex numbers, we define the Hankel operator I'(h) on £* by

=> h(j+ku (1.18)
k=0

Now suppose w € L? and P_w € VMO); take h(j) = @(—1—j) for all j > 0. Then
the operators K(w) and I'(h) have the same matrix representation with respect
to some pairs of orthonormal bases, and hence I'(h) = U* K (w)U, for appropriate
unitary mappings Uy : (> — HZ. It follows that these operators have the same
sequence of singular values (see Section 2.1):

sp(K(w)) = s,(C(h), ¥Yn>0, if h()=0c(-1-j), Vj>0.

The proof of our main result relies on the following two ingredients:

e The Adamyan-Arov-Krein (AAK) theorem. One of the alternative ways to
state this theorem is to say that

sn(K(W)) = p, (W), n=0,

if P.w € VMO. We give some background related to this formula in Sec-
tion 2.

e Our results of [19, 20], which give an asymptotic formula for the singular
values of a class of Hankel operators I'(h). Those are the operators corre-
sponding to the sequences h of the form

h(j) = 7 '(log j)~* + error term, j — oo, (1.19)

and, more generally,
Zbgj (log 7) a([j + error term, j — o0, (1.20)

where by,...,bp € C and (3,...,(; € T. Sequences of the type (1.19) are
required in the proof of Theorems 1.1 and 1.3, while sequences of the type
(1.20) are required in the proof of the more general Theorems 3.5 and 3.8,
which pertain to the functions w with several (= L) singularities on the
unit circle.
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Our construction depends on the interplay between two representations of Han-
kel operators: as K(w) : H2 — H? and as I'(h) : £2 — (. From the technical
point of view, we only have to relate the class of Hankel operators K (w), where
the symbol w has finitely many (= L) logarithmic singularities on T, to the class
of Hankel operators I'(h), where h is of the form (1.20). This requires a rather
careful analysis of the Fourier coefficients of such functions w. We show that every
singularity of w generates one of the terms in the right-hand side of (1.20). This
result is stated as Theorem 3.2.

1.6. The structure of the paper. In Section 2 we recall some background in-
formation related to the theory of Hankel operators and to the AAK theorem.
In Section 3 we state our main results, Theorems 3.5 and 3.8, which are exten-
sions of Theorems 1.1 and 1.3. In the same Section, we deduce our main results
from the technical Theorem 3.2, which describes the asymptotic behaviour of the
Fourier coefficients of functions with logarithmic singularities on T. The proof of
Theorem 3.2 is given in Section 4.

2. BACKGROUND INFORMATION

2.1. Schatten classes. Here we briefly recall some background facts on Schatten
classes; for a detailed presentation, see, e.g. the book [4]. Let B be the algebra of
bounded operators on a Hilbert space H, and let ||| be the operator norm. Singular
values of a compact operator A € B are defined by the relation s, (A) = A, (|4]),
where {\,(]A4])}22, is the non-increasing sequence of eigenvalues of the compact
non-negative operator |A| = v A*A (with multiplicities taken into account). Sin-
gular values may also be defined by the relation

Sp(A) =min{||]A—B||: Be B, rankB<n}, n=0,1,.... (2.1)

For p > 0, the Schatten class S, and the weak Schatten class S, » of compact
operators are defined by the conditions

AeS, & an(A)p < 00,
n=0
Ac€S,. <« sup(n+1)7s,(A) < co.

n>0
Of course, we have S, C S .
2.2. Relations between p,(w), p}(w), p, (w). Recall that R, consists of all
rational functions with at most n poles, including the pole at infinity, but with

no poles on the unit circle T; the poles are counted with multiplicities taken into
account. Thus, r € R,, if and only if

r(z) =p(z) + Z chj,f(z —z)7",

|2;|#1 £=1
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where p is a polynomial and
degr =degp+ L1+ Lo+ --- < mn.

Hence the functions ;. = P,r € R} and r_ = P_r € R, are given by

ri(2)=p() + )0 D ele =) (k)= Y0 Y el —m) T (2.2)

|21>1 £=1 |z]<1 =1

The following simple relations between the distances p,(w), p; (w) and p;, (w) (see
(1.9)) will be useful.

Lemma 2.1. For any w € VMO and any n > 0, we have the relation

o (@) = o7 (). (23)
Moreover, formula (1.11) holds true.

Proof. Put H2(0) = {f € H2 : f(0) = 0} and R;/(0) = {r € R : 7(0) = 0}. Then

H%(0) = H2, R}(0)=TR, and H} = H3(0) +C, R} = R, (0) + C. Therefore,
by the definition (1.9) of p;, we have

pr (@) = min{|[ Py (@ — ry —70)|lB7o = 74 € R (0),7m0 € C}

which in view of the relation (1.7) yields
pif (@) = max{min{||P-w — r_|[pmo : 7— € R;, }, min{[@(0) — ro| : rg € C}}.

Choosing 1o = @(0), we see that the right-hand side here equals p;, (w).
Putting together relations (1.10) and (2.3) and passing to the complex conjuga-
tion, we see that

ph(w) = distpe{@, R, + H2} = distp{w, R; + H2}.

Since

R, +H? =R} (0)+ H2(0) + C = R} (0) + H? +C,
we obtain formula (1.11). O
Lemma 2.2. For any w € VMO and any n > 0, we have the relation

pn(w) = mim{max{,o:,f+ (W), pr_(w)} iy + 1 =n}. (2.4)
Proof. For r € R, denote 7+ = Pyr. From (2.2), it is easy to see that r, € R,
and r_ € R, , where ny +n_ = n. Conversely, it . € Rri? thenr =r, +r_ € R,

with n = ny + n_. By the identity (1.8), we have

|w —7|[BMmO = max{||Piw — r4||Bmo, || P-w — 7_|[B7MO }-

It follows that

+
n4

the right-hand side here coincides with the right-hand side in (2.4). O

pn(w) = min{max{||Pyw — r¢||pmo, [|P-w — 7_||gmo} : r+ € Ry, ,ny +n_ =n};
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It will be convenient to rewrite (2.4) in terms of the following counting functions:
v(w;s) =#{n>0:p.(w) > s}, viw;s)=#{n>0:p-(w) > s}, (2.5)
where s > 0.
Lemma 2.3. For any w € VMO and any s > 0, the relation
v(w;s) = vt (w;s) + v (w;s) (2.6)
holds true.

Proof. Fix s > 0. Observe that p,(w) < s is equivalent to v(w; s) < n, and similarly
for pF(w). By (2.4), for any n > 0, the relation p,(w) < s is equivalent to
I ng+no=mn, pr (w)<sandp, (w)<s.
This can be rewritten as
Ing,n_: ny+n_=mn, vi(ws)<ngandr (w;s) <n_,

which is equivalent to v+ (w;s) + v~ (w; s) < n. We have proven that v(w;s) < n
is equivalent to vt (w; s) + v~ (w; s) < n; thus, we get (2.6). O
2.3. Hankel operators on Hardy spaces. Here we recall several fundamental
results of the theory of Hankel operators. The first proposition below is Nehari’s

theorem [13], which we combine for convenience with the compactness result due
to P. Hartman [10].

Proposition 2.4. [16, Theorems 1.1.3 and 1.5.8] Suppose that w € L*. Then
the Hankel operator K(w) : H2 — H? is bounded (resp. compact) if and only if
P_w € BMO (resp. P-w € VMO). Moreover,

[ K (w)|| = [[P-w|lBmoO- (2.7)

In view of Proposition 2.4, the definition (1.6) of the BMO norm can be rewritten
as
[wllemo = max{|| K (w)]], [ K (@)]], [©(0)]}-
The Kronecker theorem describes all finite rank Hankel operators.

Proposition 2.5. A Hankel operator K(w) has rank n if and only if P-w € R,
(equivalently, if and only if P-w € R.)).

The Adamyan-Arov-Krein theorem states that, for Hankel operators, the mini-
mum in (2.1) can be taken over Hankel operators only. We denote by K the set of
all bounded Hankel operators.

Proposition 2.6. [1, Theorem 0.1] Let K be a compact Hankel operator. Then
$p(K) =min{||K — G| : G € K,rankG <n}, n=0,1,....

Combining Kronecker and Adamyan-Arov-Krein theorems and taking into ac-
count relation (2.7) and Lemma 2.1, one obtains the following result (which is
essentially Theorem 0.2 in [1]).
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Proposition 2.7. Let w € VMO. Then for alln > 0,

pn (W) = $u(K(@)),  pp(w) = sa(K(w)).
Thus, the problem of rational approximation of a function w € VMO is equiva-
lent to the study of the singular values of the corresponding Hankel operator.

2.4. Schatten class properties of Hankel operators. Here we recall impor-
tant results due to V. Peller that characterise Hankel operators of Schatten classes.
Some partial results in this direction were independently obtained by S. Semmes

in [21] and by A. A. Pekarskii in [17]. Definitions of the Besov class By? and the

Besov-Lorentz classe ’B;,,/(Q are given in the Appendix; further relevant information
can be found in Peller’s book [16]. We will not need the three propositions below
in our construction, and they are given here only in order to put our results into
the right context.

Proposition 2.8. [16, Corollaries 6.1.2, 6.2.2 and 6.3.2] Let w € L? and p > 0.
Then the Hankel operator K(w) belongs to the Schatten class S, if and only if
P_we By

In view of Proposition 2.6, this implies the following result on rational approxi-
mation in the BMO norm.

Proposition 2.9. [16, Theorem 6.6.1] Let w € VMO and p > 0. Then the condi-
tion

{dlstBMo{w R }} P(Z,)
is satisfied if and only if w € By

Using real interpolation, Peller has also obtained the “weak version” of this
result (see [16, Section 6.4]).

Proposition 2.10. Let w € VMO and p > 0. Then the condition
distgymo{w, Rn} = O(n_l/p), n — 0o,
is satisfied if and only if w € %Up

2.5. Hankel operators in (2. Here we state the result of [20] on the asymptotics
of singular values of Hankel operators I'(h). First we need some notation. For a
sequence g = {g(j)}32,, we define iteratively the sequences g™ = {g{™(j)}52,
m=0,1,2,..., by setting ¢ (j) = g(j) and

9" = g™ G+ 1) = g™ G), G =0
Theorem 2.11. [20, Theorem 3.1] Let o > 0, let (1,(a,...,(r € T be distinct

numbers, and let by, by, ..., by € C. Let h be a sequence of complex numbers such
that

L
= (bei (log )™ + g, F=2 (2.8)
(=1
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where the error terms g, £ = 1,..., L, obey the estimates

9" (j) = o(j 7" (log )™, j = oo, (2.9)
for allm = 0,1,.... Then the Hankel operator I'(h) defined by formula (1.18) is
compact in 2, and its singular values satisfy the asymptotic relation

sn(D(R)) = an~® + o(n™9), a=sa) <Z|bg|1/a)a, (2.10)
/=1

as m — 0o, where the coefficient »(a) is given by formula (1.14).

Remark. In fact, it suffices to require condition (2.9) for 0 < m < M(«), where
M («) is an explicit finite number.

3. MAIN RESULTS

The structure of this section is as follows. First, we state a technical Theo-
rem 3.2, which gives the asymptotics of the Fourier coefficients for functions w
with logarithmic singularities on the unit circle. The proof of this theorem will
be provided in the next section. Then, using this theorem, we prove Theorem 3.3,
which yields the asymptotics of the singular values for Hankel operators K (w)
with w as above. Finally, we state and prove our main results (Theorems 3.5 and
3.8) on rational approximation of such functions w. They are obtained as simple
corollaries of Theorem 3.3.

3.1. Fourier coefficients of singular functions. Here we consider functions
w(p) which are smooth on the unit circle except at the point u = 1, where w(u)
have logarithmic singularities. These singularities will be slightly more general
than those of the “model functions” wp, ws of Section 1 (see (1.12), (1.13)) and
will contain additional functional parameters.

As in Section 1, we fix an even function o € C*(R) satisfying the condition

{1 for [0] < ¢,

3.1
0 for |6] > ¢, (31)

Xo(0) =

where 0 < ¢; < ¢ are sufficiently small numbers (we will be more specific below).
First let us informally discuss the structure of an admissible singularity of w at
the point p = 1 of the unit circle. Below the index o takes values + and — and 1,
denotes the characteristic function of the semi-axis R,. The more general version
of wy (see (1.12)) is the function

Z vo,0(0)(— logl6] + uO,U(Q))l_ala(e)XO(e)
o=+
where vy, and v, are arbitrary complex valued C*° functions such that

00,4+ (0) = vp.—(0) =: vp. (3.2)
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Similarly, the generalisation of the linear combination of w, and w_ (see (1.13)) is
D 010 (0)(—oglf] + u1,4(6)) Lo (6)x0(6)
o=+

with some C*° functions v;, and u;,. Below we combine these two expressions
more succinctly as a sum of four terms. More precisely, we introduce the following
assumption.

Assumption 3.1. Let o > 0, and let v;,(0) and u;,(0), j = 0,1, 0 = £, be
complex valued C* functions of 6 € R such that condition (3.2) is satisfied. Then
the function w is defined by the relation

W) = 373 0il8) (= Toglé] + 10 (0) T Le(O)x0(6), 0 € (~m, 7). (33)

j=0,10=%

Here ¢, is chosen so small that # = 0 is the only singularity of the functions in
the sum (3.3), that is,

—log|0| +u;x(0) 0 if 60 € [—co o)

for j = 0,1, 0 = £. The function 29=* for z = —log|f| + u;,(#) in (3.3) is defined
by the principal branch, 2/~ = =182 where we assume that

arg(—log|d| + u;,(#)) =0 as 6—0

for all these functions.
For a function w satisfying Assumption 3.1, we put

b=b(w) = (1 - a)uo(} — 2 (104 (0) — g (0))) — 5(v1.4(0) = 01_(0)). (34)
The analytic core of our construction is the following theorem.

Theorem 3.2. Under Assumption 3.1, the Fourier coefficients of w(u) admit the
representation

EJ(_]) = bjil(logj)ia + g(_j)7 j > 27 (35>

where the coefficient b = b(w) is given by formula (3.4) and the error term g(—j)
satisfies the estimates

g"(=j) =0 " (log ) *71),  j = +oo, (3.6)
for all m > 0.

We emphasize that the leading terms of the asymptotics of the Fourier coeffi-
cients of these functions depend on the combination (3.4) only.
The proof of Theorem 3.2 will be given in the next section.
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3.2. Hankel operators with singular symbols. Here we state a result about
the singular value asymptotics for Hankel operators K (w) with symbols w having
finitely many logarithmic singularities.

Theorem 3.3. Let (1,(s,...,(r € T be distinct numbers, and let the functions

Wi, Wa, ..., wr satisfy Assumption 3.1. Define the function
L
w(p) =Y wilu/¢), peT, (3.7)
=1
and set

@) (i pwn) )", (3.8)

where the numbers b(wy) are given by (3.4) and »(«) is the coefficient (1.14). Then
the Hankel operator K(w) is compact and its singular values have the asymptotics

sn(K(w)) = a(w)n™ +o(n™),
as n — oo.

Proof. Observe that for arbitrary ¢ € T and ¢ € L'(T), we have

Oc(j) = 6()CT it oc(p) = (u/C).
7t

Therefore it follows from (3.7) that

B(—j—1)=> @(—j - 1)

Let h(j) = W(—j — 1). According to Theorem 3.2 the sequence h(j) satisfies con-
dition (2.8) as j — +o00; the corresponding asymptotic coefficients b, = b(wy) are
defined by formula (3.4). Thus Theorem 2.11 implies the asymptotic formula (2.10)
for the singular values of the Hankel operator I'(h). Since I'(h) and K (w) have the
same set of singular values, we obtain the desired result. 0

It is important that the singularities of the symbol (3.7) are located at distinct
points (3, ..., (L.

Remark 3.4. Let w be a function satisfying Assumption 3.1, but without the
condition (3.2), i.e. with vy 4(0) # vy —(0); simple examples of such function are

ws(e”) = Nloglf]|'" "L (O)xo(0) or  w(e”) = [log|d]|'~ sign Oxo(6).

Now the terms with j = 1 in (3.3) are inessential and instead of (3.4) we put

b(w) = =55 (v0.+(0) — vo,-(0)).
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Let w be given by formula (3.7) where each wy is as above. Then the operator
K (w) is compact for a > 1 only, and the asymptotics of its singular values is of a
different order:

sp(K(w))=an""+o(n™), v=a-1,

where

i = () (i p@")"

This fact follows from Theorem 3.3 with vy = 0 and « replaced by o — 1.

3.3. Rational approximation. We recall that the distances p, (w) and p(w) are
defined by relations (1.9). Our main result on rational approximation is

Theorem 3.5. Assume the hypothesis of Theorem 3.3 and set

at =aw), a =aw), a=((a")"*+ (a"))"
Then
Tim np7(w) = a®, (3.9)
nh_g)lo npn(w) = a. (3.10)

Proof. To prove (3.9), it suffices to put together Proposition 2.7 and Theorem 3.3.
In order to prove (3.10), we observe that (3.9) can be equivalently rewritten in
terms of the counting functions v*(w; s) (see (2.5)) as

lim sY°0* (w; s) = (a*)Ye.
5s—0

It now follows from Lemma 2.3 that

: 1/a . — (o T\ —\1/a
lim 57w (w; 5) = (a™)7" + (a7) 7%,

which is equivalent to (3.10). O

Remark 3.6. Theorem 3.3 automatically extends to symbols w that include an
error term:

wip) = wi(p/¢) +@(p), peT, (3.11)
(=1

where w is any symbol such that
sp(K(W)) =0(n™), n— oo. (3.12)

This follows by a standard application of Ky Fan’s lemma (see e.g. [7, Section
I1.2.5]). Condition (3.12) is satisfied, for example, when P_w € By, , . Therefore

Theorem 3.5 is also true for functions (3.11) where w € By, | -
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Theorem 1.1 is a particular case of Theorem 3.5, with the following choice of
parameters: L =1, (; = 1, and
vo.£(0) =vo, vix(0) =vs, () =0, wuy(0)=0.

Formula (3.8) is quite intuitive from the viewpoint of singular value asymptotics.
It means that the contributions of different singularities of the symbol w to the
singular values counting function are independent of each other. On the other
hand, this formula does not look obvious in the approximation theory framework.

3.4. Rational approximation of analytic functions. Let us consider the case
of w(2) analytic in the unit disc; then p,(w) = p;; (w). Let u(z) be analytic in D,
u € C*(D); fix some ¢ € T and assume that
—log(¢ —2) +u(z) #0, zeD. (3.13)
Define
w(z) = (—log(¢ — z) + u(z))l_a, zeD, a>0. (3.14)
The branch of the analytic function log(¢ — 2) is fixed by the condition log({—z) =
log(1—7) +ipgif z=7r¢, r € (0,1), and ¢ = e*¥°. We fix arg(— log(¢ —2) + u(z))
by the condition that it tends to zero as z = re*”° and r — 1 — 0. Obviously the

function w(z) is analytic in the unit disc D and is smooth up to the boundary T,
except at the point z = (. Let us find its asymptotic behavior as z € T and z — (.

Lemma 3.7. Let yu = e, { = €™ and 0 := ¢ — 1. Then the function (3.14)
admits the representation

«

w(p) = (—log|0] +us(0))' ™", +0>0,
where ux are C*-smooth functions,
sin(60/2)

uy(l) = im/2 —i0/2 — log 52

+ (e Wot) — g (3.15)
In particular,
uy(0) —u_(0) = ir. (3.16)
Proof. Observe that
108(C — ) = log(e"" — ¢¥) = log(e"(1 = )

= log(1 — € + ity = log(2sin |0/2|) + i arg(1 — ") 4 vy
and arg(1 — e?) = (Fr + 6)/2 for £60 > 0. Therefore

—log(¢ = p) +ulp) = —log |0] + ux(6)
where u (0) is given by (3.15). O

Below we consider sums of functions (3.14) with variable coefficients. Lemma 3.7
allows us to apply Theorem 3.5 in the special case vy 4 (0) = 0.
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Theorem 3.8. Let (1,C2,...,Cr € T be distinct points, and let functions vy, uy,
¢ =1,...,L, be analytic in D and vy, u, € C*°(D), and assume that (3.13) is
satisfied for all ug, Co. Put

ZW —log(¢r— 2) +ue(2)) ", a>0.

Then there exists the lzmzt
. o + . 1/
lim n%p; (w) = |1 = afsx(a ( § |ve (o) )

where the coefficient »(«) is given by (1.14).

Proof. 1t follows from Lemma 3.7 that the function w(z) admits representation
(3.11) where every function wy(z) satisfies Assumption 3.1 with the corresponding
functions vy 4(¢) = 0. Therefore according to relations (3.4) and (3.16) we have
b(@y) = (1 — a)ve(¢r). Now we can apply Theorem 3.5; the smooth error term w
does not affect the asymptotics — see Remark 3.6. 0

4. FOURIER TRANSFORMS OF FUNCTIONS WITH LOGARITHMIC SINGULARITIES

4.1. Statement of the result. Our goal in this section is to prove Theorem 3.2.
In fact, we prove a slightly more general statement, where Fourier coefficients are
replaced by Fourier transforms. It is convenient to introduce the function of x € R,

T - <
Qz) = w(€") TersT (4.1)
0 otherwise.

Theorem 4.1. Under Assumption 3.1, the Fourier transform Q(t) of Q(z) is a
C® function on R, which can be written as

(27)2Q(=t) = bt '(logt) ™ + G(—t), t>1, (4.2)
where b = b(w) is given by (3.4) and the error term G(t) satisfies the estimates
G (—t) = O(t"™(logt)™ "), t— +oo, (4.3)

forallm=0,1,....

Theorem 4.1 will be proven in the rest of this section. Assuming this theorem,
we can give

Proof of Theorem 3.2. Observe that
. 1
w(=j) =

o / . Q) dx = (21) 20 ().
So the asymptotics (3.5) for the Fourier coefficients W(—j) with the error term
g(—7) = G(—j) follows from the asymptotics (4.2) for the Fourier transform Q(—t).
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We only have to check that the estimates (4.3) for the function G and its derivatives
yield the estimates (3.6) for the sequence g. This elementary statement follows, for
example, from the explicit formula

1 1 1
g(m)(—j):/ dt1/ dtQ---/ Aty G (—j 4+t + -+ 1),
0 0 0

which can be checked by induction in m. O]

Theorem 4.1 is proven below through a sequence of steps. In Lemma 4.2 we
compute the asymptotics of the Laplace transform of explicit functions with a
logarithmic singularity. In Lemma 4.3, we use a contour deformation argument to
reduce the question of asymptotics of the Fourier transform to that of the Laplace
transform. In Lemma 4.4 we show that the functions v;, and u;, in the definition
of w (see Assumption 3.1) can be replaced by their values at zero. The proof of
Theorem 4.1 is concluded in Section 4.4.

4.2. Laplace and Fourier transforms of logarithmic functions. Let us start
with an elementary result on the asymptotic expansion of the Laplace transform.

Lemma 4.2. Let « € R, m € Z, and let c € (0,1). Then

/ (—logy) “yme ¥dy =t (logt)™*
0

x (m!+al'(m+ 1)(logt) ™" + O((logt)™?)) (4.4)
as t — +o0o where I'" is the derivative of the Gamma function T.

Proof. First, we split the integral (4.4) into the integrals over (0,¢~'/2) and over
(t71/2 ¢). Due to the factor e7¥* the second integral decays faster than any power
of t=1. Making the change of variables z = yt, we see that the first integral equals

/2

t17™(log t)o‘/o (1- llz%gf)_axme’xdx. (4.5)
Since u = —% > —1/2 for x < t'/2, we can use the estimate
(1+u)™—14au| <Cu’, u>-1/2. (4.6)
Thus the integral (4.5) equals
t1/2
t 17 (logt) ™ /o (1+ ozllfzf) z™e "dx + R(t), (4.7)

where the remainder satisfies the estimate

|R(t)] < Ct_l_m(logt)_o‘_z/ (logz)? z™e “du.
0
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The integral in (4.7) can be extended to Ry and then calculated in terms of the
Gamma function. The arising error decays faster than any power of t ! as t — 4o0.
This yields (4.4). O

The full asymptotic expansion of the Laplace transform (4.4) is of course well
known; see, e.g. Lemma 3 in [6], but the above proof is slightly simpler than that
in [6]. Here we need two terms, but the method allows one to easily obtain the full
expansion.

Next, we discuss the Fourier transform. Below we suppose that argx > 0 for
x > 0. Fix some complex number a. We choose a number ¢ > 0 so small that
—logz +a # 0 for z € (0,¢).

Lemma 4.3. Let a € C, a € R and m € Z,. Suppose that a C* function xo
satisfies condition (3.1) with a sufficiently small c. Then

/_OO (—log|z| + a) “1L(z)xo(z)z™e™ dr = £i" 't ™ (logt) ™™
x (m! +a(I"(m + 1) + ml(7i/2 — a)) (logt) ™ + O((log t)—2)> (4.8)

ast — +o0.

Proof. Consider first the sign “+ 7. For x € (0, ¢), denote

Az, t) = / (—logz+a) “2"e*dz. (4.9)
0

Integrating by parts, we see that

/000 (—logz +a) “xo(z)z"e" dx = — /000 Az, t)xy(x)dx (4.10)

where x; € C5°(R4). Our plan is to find the asymptotics of A(z,t) as t — +o00
for x in compact subsets of (0,c¢) and to substitute it into (4.10). Let us choose
k > 0 so small that —logz + a # 0 for z in the closed rectangle in the complex
plane with the vertices 0, ik, ix + ¢, c. Instead of (0,z), we can integrate over the
line segments (0, ix), (i, ik + ) and (ix + z,x) in (4.9):

K ik+x T
Ax,t) = (/ +/ +/ )(—logz +a) 2" dz
0 iK ik+x

= Ao(t) + Al(l',t) + AQ(ZE,t)
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Let us first consider the integral over (0,ix). Setting z = iy and using (4.6), we
see that

Ap(t) =™+t / (—logy —im/2 + a) “y"e Vdy
0

= "t /OK(— logy)™*(1+ (im/2 — a)a(—logy) ™" +e(y))y™e "'dy

where €(y) = O((logy)™2) as y — 0. Thus we have reduced the question to com-
puting the asymptotics of the Laplace transform. Now it follows from formula (4.4)
that

Ao(t) = it (log t) @
x (m!+ a(I'(m + 1) + ml(ir/2 — a))(log t) " 4+ O((log t)~?)).
Substituting this asymptotics into the integral (4.10), we get the right-hand side
of (4.8).
It remains to show that the terms A; and A5 do not contribute to the asymptotics

of the integral (4.10). Making the change of variables z = ik + y, we see that the
integral

ikt
Ai(z,t) = / (—logz+a) TYmePldy

=e / (—log(ir +y) +a) “(ik + y) e dy
0

decays exponentially as t — co. This implies that the contribution of A;(z,t) to
the integral (4.10) also decays exponentially.
Similarly, making the change of variables z = x + iky, we can rewrite A, as

Ay(x,t) = / (—logz+a) “2"e"dz

K+
1
= —ike'® / (—log(z + iry) + a) " (z + iry)™e " dy.
0

In the right-hand side we can integrate by parts arbitrarily many times. It is
important that the integrand (—log(z + iky) +a)  (z + iky)™ is a C*-smooth
function of y € [0,1]. The contribution of the point y = 1 decays exponentially
and therefore we have the asymptotic expansion
N
Ag(z,t) =™y an(o)t ™"+ O, t— +oo, VN >0, (4.11)
n=1
with some functions a,(z) that are smooth on the interval (0,c). Substituting
(4.11) into (4.10) and integrating by parts with respect to z, we see that the
contribution of As(x,t) decays faster than any power of t~! as t — oo.



BEST RATIONAL APPROXIMATION 21

To prove (4.8) for the sign “—”, we take the relation (4.8) for the sign “4”, make
the change of the variables z — —z and pass to the complex conjugation. 0

For a = 0, the asymptotics of the oscillating integral (4.8) is well known (see
[24]), although our proof seems to be somewhat simpler than that in [24] even in
this case. So we have given the proof of Lemma 4.3 mainly for the completeness of
our presentation. Of course the method of proof of Lemma 4.3 yields the complete
asymptotic expansion of the integral (4.8), but we do not need it.

4.3. Replacing v(x) by v(0) and u(z) by u(0). Here our aim is to prove that
the variable parameters v;, and u,;, in the definition of the function w (see As-
sumption 3.1) can be replaced by their values at zero.

Lemma 4.4. Let « e R, m € Z,, 0 = £, and let functions v,u € C*. Then

/_ ) (v(x)(— log|z| + u(x)) ™ — v(0)(— log|a| + u(O))"") L, () xo(x)a™ e dx

—0(t™"), Yp<m+2, (412)

ast — oo.

Proof. Let ¢ € C™* ! and p™*+2 ¢ Ll  Integrating by parts m + 2 times, we see
that

/ (@) 1o(x)xo(x)e ™ de = O™ %) if  p(0) =+ =" V(0) = 0.
- (4.13)
Let us use the fact that (1 +2)"* =1 — az + R(z) where the remainder
ReC>* and R(0)=R(0)=0. (4.14)
Therefore we have
(—loglz| +u(w))™ = (~ loglz| + u(0)) ™ (1 + w()) "
— (—log|z| + u(O))_a(l — aw(z) + R(w(x))) (4.15)
where
w(z) = (—loglz| + u(0)) ™ (u(z) — u(0)). (4.16)
We substitute the expression (4.15) into the integral (4.12) and consider every
term separately.
First we consider
v(z)(—log|z| + w(0)) ™ *z™ = (v(0) + v'(0)x + vy (z))(— log|z| + u(0))~*z™

where v; € C* and v1(0) = v](0) = 0. The term with v(0) is cancelled out by the
second term in the integrand in (4.12). According to Lemma 4.3, the contribution
of v/(0)x is bounded by Ct~™ 2(logt)~®, and according to (4.13) the contribution
of vy (x) is bounded by Ct=™2.
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Next, we consider the term

v()(=loglz| +u(0)) ™" (u(x) — u(0))z"™.

We have v(x )(u( )—u(0))z™ = v(0)u'(0)x™  + R, (z) where R; € C™ and R;(0) =
e = leH (0) = 0. As we have already seen, by Lemma 4.3 the contribution of
U(O)u (0)z™ ! is bounded by Ct="2(logt)™~ 1 , and by (4.13) the contribution of
Ry (z) is bounded by Ct~™~

It remains to consider the function

p(x) = v(x)(=logle| + u(0))" R(w(z))z™, (4.17)

Clearly, w € C*®((—c,c) \ {0}) and differentiating (4.16) we see that w®(z) =
O(|z|*7%) as z — 0 for all k = 0,1,.... Therefore differentiating the composite
function R(w(z)) and taking into account (4.14), we find that

dci;kR< (@) = O(|«]*™"), k=0,1,....

Finally, differentiating the product (4.17), we see that ¢ € C*((—¢,¢) \ {0}) and
pV(z) = O((=log|z)~*|2[*" "), k=0.1,...,
as  — 0. Thus we can apply relation (4.13) to the function (4.17). O
Putting together Lemmas 4.3 and 4.4, we obtain the following result.
Lemma 4.5. Let the assumptions of Lemma 4.4 be satisfied. Then, as t — 400,

/_OO v(x)(—log 2| + u(x)) " *1i(z)xo(z)2me™ dx = £i" " (logt) @

[e.e]

x v(0) (m! + a(I'(m+ 1) + m!(£7ri/2 — u(0))) (logt) ™" + O((logt)*)). (4.18)

4.4. Proof of Theorem 4.1. Since

(5) (7 hog0) ) = (-1mmtt='=hoge)* (1-+ O(logt) ),

we need to prove that

/ Q(z)z™e™ dz = 2rbi™mlt— " (log t)~*(1 + O((logt) ™)) (4.19)
as t — +o00, where the asymptotic coefficient b is given by equality (3.4).

Recall that the function Q(x) is defined by formulas (3.3) and (4.1). So we
only have to substitute this expression for €(z) into the left-hand side and to use
Lemma 4.5. Thus, keeping only the leading term in the right-hand side of (4.18),
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we find that

Z /_OO v1.6(2)(=log|z| + u o (x) "o (x)xo(z) ™™ dx

= "l (01,4(0) = w1, (0)7" " (log )™ (1 + (log)™"). - (4.20)

Similarly, using (4.18) with « replaced by o — 1, we obtain
Z / V0.0 (7) (= log|z| + oo (2)) 1o (x)xo(z)2™e™ dx = i+ (log t) @
o=+ ">

X {UO,JF(O) <m! logt + (oo — 1)(I"(m + 1) + m!(mi/2 — u07+(0))))

— vp,—(0) (m! logt+ (a—1)(I'"(m+1) + m!(—mi/2 — uoﬁ_(O)))> +O((logt)™) }
(4.21)
Taking into account condition (3.2), we see that the right-hand side here equals
"l (log £) " vo (o — 1) (i — g 4(0) + uo,—(0)) (1 + O((logt) ™).

Thus putting together relations (4.20), (4.21), we conclude the proof of (4.19) and
hence of Theorem 4.1.

APPENDIX A. BESOV AND BESOV-LORENTZ SPACES

Here for completeness we recall the definitions of the Besov class B;,/pp and the
Besov-Lorentz class ‘B;,/& on T. The parameter p > 0 is arbitrary. We refer to the
books [16] (see Section 6.4 and Appendix 2) and [23] for more details.

Let w € C§°(R) be a function with the properties w > 0, suppw = [1/2,2] and

> w(t/2m) =1, vt>1.
n=0

~

Let f be a distribution on L!(T) with the Fourier coefficients f(j), j € Z. For
n € Z, let us denote by f, the polynomial

Falp) =D w(Ej /2" fG)w, weT, 2n>0,
JEZ

and let fo(pu) = f(l)u + f(0) + f(—=1)7z. The Besov class B]%p is defined by the
condition

S 2 £, 8, < oo (A1)

nel
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By definition, f € B,/% if and only if
supt” »_ 2"m({p € T | fu(n)| > t}) < o0

>0 ne”

which is the “weak version” of the condition (A.1). We have

B;éop C %;{& C B4 Vg >p.

4,9’

The Holder-Zygmund class A,, a > 0, is defined in terms of the difference
operator

(Arf) () = frp) = f(p), 7€T.
By definition, f € A, if and only if

AL ()= < Clr — 1

where n is an arbitrary integer such that n > «. Observe that A, coincides with
the Holder class C'“ if « is not integer and C'* C A, if « is an integer. We also
note that A, C ‘B‘l’/a o
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