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Abstract

For a partial order P having infinite antichains by a(P) we denote the
minimal cardinality of an infinite maximal antichain in [P and investigate how
does this cardinal invariant of posets behave in finite products. In particular
we show that min{a(P),p(sqP)} < a(P™) < a(PP), for all n € N, where
p(sqP) is the minimal size of a centered family without a lower bound in
the separative quotient of the poset P, or p(sqP) = oo, if there is no such
family. So we have a(P x P) = a(P) whenever p(sqP) > a(P) and we
show that, in addition, this equality holds for all infinite Boolean algebras
of size < w; (without zero), all reversed trees, all atomic posets and, in
particular, for all posets of the form (C, C), where C is a family of nonempty
closed sets in a compact 717 -space containing all singletons. As a by-product
we obtain the following combinatorial statement: If X is an infinite set and
{A; x B; :i € I} an infinite partition of the square X2, then at least one of
the families {A;: ¢ € I'} and {B, : i € I} contains an infinite partition of X.
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1 Introduction

For a partial order IP having infinite antichains, the cardinal invariant a(IP) is defined
as the minimal size of an infinite maximal antichain in P and can be regarded as
a generalization of the invariant of the continuum a := a((P(w)/Fin)™) (the
almost-disjointness number). More about the other “small cardinals” mentioned
here, p (the pseudointersection number), t (the tower number), b (the distributivity
number) and b (the unbounding number) can be found in [1, 2].

Is there a partial order P such that a(P x P) < a(IP)? Unfortunately, although
the author spent lot of time on this topic, a reader interested in this question will
not find an answer in the present paper which, in fact, shows that the equality

a(P x P) = a(P) (1)

holds over a large class of partial orders.
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While, by a theorem of Kurepa [6], the square of a reversed Suslin tree has
uncountable antichains and, hence, it is consistent that the cellularity of a product
is larger than the cellularity of its factors, the inequality a(IP x P) < a(P) holds for
each poset IP having infinite antichains (if A is a maximal antichain in P, then A x A
is a maximal antichain in P x IP). In fact, we even do not know is it consistent that
the inequality is strong for some poset. Concerning the last question we note that,
as far as we know, it is not clear what is going on with the poset (P(w)/ Fin)™.
Namely, in [10] Spinas defined the small cardinals ay := a(((P(w)/ Fin)*)*), for
A < w,proved that b < a, < ... < as < a; = a and showed the consistency of
b < ay,, foralln € N. Itis known (see [1,2, 7)) thatw; <p=t<h<b<a<yg,
thus in models of b = a we have a) = a, for all A < w, and, in particular, this holds
under CH or MA (implying that p = ¢). As far as we know it is not known whether
the inequality ap < a is consistent with ZFC. We remark that the consistency of
ho < b is proved by Shelah and Spinas (see [8] and [9]).

The equality (1) holds over several important classes of posets. For example,
if B is an infinite complete Boolean algebra, then, clearly, a(IB%+) = w and, hence,
a((BY)") = a(BT), for all n € N. The same holds for each infinite Boolean
algebra B of size < wy (see Corollary 4.2). In Section 3 we show that, in particular,
a(P x P) > min{a(P), p(sqP)}, which implies that the equality (1) holds for each
poset P satisfying p(sqP) > a(PP). Some consequences are given in Section 4; for
example, the equality (1) holds if P = (C, C), where C is a collection of nonempty
closed sets in a compact 7T space containing all singletons. In Sections 5 and 6 we
show that the equality (1) holds for all reversed trees and all atomic posets.

2 Preliminaries

If P = (P, <) is a partial order, then two elements p and ¢ of P are called com-
patible iff there is r € P such that r < p and r < g; otherwise p and ¢ are called
incompatible and we write p 1 q. A set D C P is called dense in P iff for each
p € P there is ¢ € D satisfying ¢ < p. A set is dense in a Boolean algebra B iff it
is dense in the poset BT = (B \ {0}, <g).

Separative quotient A partial order P = (P, <) is called separative iff for each
p,q € P satisfying p £ ¢ there is r € P such that » < pand r L ¢g. The
separative modification of P is the pre-order smP = (P, <*), where p <* ¢ iff
Vr < p ds < r s < q. The separative quotient of IP is the separative partial order
sqP = (P/=*,<), where p =" g & p <* qAq <" p and [p] I [¢] & p <*q.
A proof of the following well known facts can be found in [4].
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Fact 2.1 IfP = (P, <) is a non-separative partial order, then the corresponding
quotient mapping h : P — sq P, given by h(p) = [p), is an epimorphism such that
forall p,q € P we have

p Lp g <= h(p) Lsqp M(q). (2)

The poset sqP is, up to isomorphism, the unique separative partial ordering '
such that there is an epimorphism h : P — P’ satisfying (2).

A poset P is separative iff sqP =2 P iff P is isomorphic to a dense set of some
Boolean algebra, iff P is isomorphic to a dense set of some (unique up to isomor-
phism) complete Boolean algebra (the Boolean completion of P, denoted by ro P).

Atomic and atomless posets If P = (P, <) is a partial order, an element p of P
is an atom iff there are no ¢, < p such that ¢ L r. If At(P) denotes the set of all
atoms of P, then IP is called: atomless iff At(P) = (), atomic iff At(PP) is a dense
subset of PP.

Fact 2.2 Let P = (P, <) be a partial order and p € P. Then

(a) If p € At(P), then p [C [p] N At(P);

(b)p € At(P) iff [p] € At(sqP);

(c) P is atomless iff sq P is atomless;

(d) P is atomic iff sq P is atomic;

(e) P is separative and atomic with k atoms iff P is isomorphic to a suborder
of P(k)™ containing all singletons,

Proof. (a) Let ¢ < p € At(IP). Then ¢ <* p and for each r < p there is s < ¢, 7,
which means that p <* q. So p =" ¢, that is ¢ € [p]. It is clear that ¢ € At(P).

(b) If p is not an atom in [P, then there are ¢, < p such that ¢ | r and, by Fact
2.1, [q],[r] < [p] and [q] Lsqp [r]; thus [p] is not an atom in sqP. Conversely, if
[p] is not an atom in sq P, then there are [g], [r] < [p] such that [g] Lsqp [r]. Since
q,r <* pthere are s,t € P such that

s<gqp and ¢t<rp (3)

and, hence, s,t < p. Suppose that s /p t. Then, by (2), [s] Lsqp [t] and by (3) we
have [s] < [g] and [t] < [r], which is impossible because [q] Lsqp [r]. Thus s Lp ¢
and p is not an atom of P. Clearly, (c) follows from (b).

(d) If P is atomic, [p] € sqP and a € At(P), where a < p, then [a] < [p] and,
by (b), [a] € At(sqP). Thus the set At(sqP) is a dense in sq P.

If sqP is atomic, p € P and [a] € At(sqP), where [a] < [p], then a <* p
and, hence, there is b < a, p. Since by (b) we have a € At(P), by (a) we obtain
b € At(P). Thus the set At(IP) is a dense in PP.
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(e) Let At(P) = {aq : @ € Kk} be an enumeration. Since the set At(PP) is dense
in P, the function f : P — P(k) defined by f(p) = {a € K : aq < p} maps P
into P(x)" and, clearly, p < ¢ implies f(p) C f(q). If =p < g, then, since P is
separative, there is r < p such that » | ¢ and there is a € k, such that a,, < 7,
which implies —aq, < ¢. So, @ € f(p) \ f(¢) and, hence, = f(p) C f(g). Thus, for
each p,q € P we have p < qiff f(p) C f(q), thatis f is an embedding of P into
P(k)* and, clearly, f(aq) = {a}, for each « € k.

If P is a suborder of P(k)" and [k]' C P, then P is dense in P(x) and, by
Fact 2.1, P is separative. Clearly, At(P) = [x]! is dense in P so P is atomic. O

Centered families If P = (P, <) is a partial order, a family C' C P is called
centered iff each finite nonempty subset K C C has a lower bound in P. A
centered family C' C P is called a maximal centered family iff for each centered
family C” C P satisfying C' C C’ we have C’ = C'. An easy application of Zorn’s
lemma shows that each centered family is contained in some maximal centered
family.

If a poset IP contains a centered family without a lower bound we define

p(P) := min{|C| : C C P is a centered family without a lower bound}

and, since each finite centered family has a lower bound, we have p(P) > w and,
hence, |P| > w. Otherwise, we define p(IP) = oco.

Fact 2.3 Let P = (P, <) be a partial order. Then

(a) If the poset P is not atomic, then p(P) < oo and p(sqP) < ooy

(b) A finite set K C P has a lower bound in P iff K has a lower bound in sm P
iff h[ K] has a lower bound in sq IP;

(c) p(P) < p(sqP).

Proof. (a) If the poset PP is not atomic, then there is p € P such that
Vg<p dr,s<q rLs. “4)

Let C be a maximal centered family in IP such that p € C. Suppose that C has a
lower bound q. Then ¢ < p and, by (4), there are r, s < ¢ such that r L s, which
implies r < g and, hence, r ¢ C. If K € [C]<“, thenr < {r}UK, thus CU{r} is
a centered family larger than C, which is impossible. So C'is a centered family in
[P without a lower bound, which implies that p(P) < oco. By Fact 2.2(d) the poset
sq P is not atomic as well and, by the previous consideration, p(sqP) < oo.

(b) We show that for K = {aj,...,a,} C P the following three conditions
are equivalent: (i) Ic € P ¢ <{a; :i <n}, ({)Ide P d <* {a; : i < n}



The minimal size of infinite maximal antichains . . . 5

and (iii) 3[d] € P/ =" [d] < {[a;] : i < n}. Since z < y implies = <* y, which
implies [z] < [y] we have (i) = (ii) = (iii). The implication (iii) = (ii) is true
since the relation < is well-defined. For a proof of (ii) = (i) we assume that d € P
and

Vi<n Ve<d de<c e<a,. 5
By recursion we define cq, . ..,c, € P such that cg = d and ¢; < ¢;—1, a;, fori >
0. Suppose that the sequence cg, . . . , ¢c;—1 satisfies the conditions. By (5), for ¢ and

¢ = ¢;_1 there is ¢; < ¢;_1, a;, and the recursion works. Soc¢, < ¢, 1 < ... < ¢
and for each ¢ > 0 we have ¢; < a;, which implies that ¢,, < a; for all 7 > 0.

(c) Suppose that x := p(sqP) < p(P) and that {[a,] : @ < Kk} is a centered
family without a lower bound in the poset sq P. By (b), {aq : & < K} is a centered
family in P and, since x < p(PP), it has a lower bound in I, say a. So, for each

a < k we have a < a, and, hence, [a] < [a,], which is impossible. O

Antichains If P = (P, <) is a partial order, a set A C P is called an antichain in
Piff a L b, for different a,b € A. By Zorn’s lemma each antichain is contained in
a maximal one. Let A(P) := {|A| : A is a maximal antichain in P} and cc(PP) :=
min{x : each antichain in P is of size < x}. By a theorem of Tarski, cc(P) is a
finite or an uncountable regular cardinal (see [5], p. 245).

If P contains infinite antichains, let us define a(P) := min(A(P) \ w), that is

a(P) := min{|A| : A C P is an infinite maximal antichain in P}.

Fact 2.4 Let P = (P, <) be a partial order and A a nonempty subset of P. Then

(a) The following conditions are equivalent: (i) A is a (maximal) antichain
in P, (ii) A is a (maximal) antichain in smP, (iii) {[a] : a € A} is a (maximal)
antichain in sq P and a #£* b, for different a,b € A;

(b) A(P) = A(sqP). Thus cc(P) = cc(sqP) and, if P contains infinite an-
tichains, a(P) = a(sqP);

(c) If P does not contain infinite antichains, then IP is atomic;

(d) The following conditions are equivalent: (i) P does not contain infinite
antichains, (i) | sqP| < w. Then p(sqP) = oc.

Proof. (a) The equivalence (i) < (ii) is true since by Fact 2.3(b) for a,b € P we
have:
a_Lp b & a Lsmp b & [a] J_Sq[p [b] (6)

(ii) = (iii). If A is an antichain in sm P, then, by (6), for different a,b € A we
have [a] Lsqp [b] and, hence, {[a] : a € A} is an antichain in sqP. In addition,
a =* b would imply ¢ <* a,b and hence a [fq,p b, which is not true. Thus



6 Milos S. Kurili¢

a #* b. If, in addition, A is a maximal antichain in smP, and [p] € P/ =", then,
by the maximality of A there is @ € A such that a fg,p p, which by (6) implies
[a] Lsqp [p] and, hence, {[a] : a € A} is a maximal antichain in sq IP.

(iii) = (i). If (iii) holds, then for different a,b € A we have [a] # [b] and, since
{la] : @ € A} is an antichain in sq P we have [a] Lsqp [b], Which, by (6) implies
a Lp b. So, A is an antichain in P. If, in addition, {[a] : a € A} is a maximal
antichain in sq P, then for p € P we have [p] € P/ =" and, by the maximality,
there is a € A such that [a] fsqp [p], which by (6) implies a [p p. Thus Ais a
maximal antichain in [P.

(b) By (a), if & € A(P) and A is a maximal antichain in P, where | A| = &, then
{[a] : @ € A} is a maximal antichain in sq P of size x and, hence, k € A(sqP).
Conversely, if k € A(sqP) and A is a maximal antichain in sq P, where |A| = k&,
then the set A C P obtained by picking exactly one element from each element of
A is a maximal antichain in IP of size x, thus xk € A(P).

(c) If P is not atomic, then there is p € P such that p | NAt(P) = 0. Since
p & At(PP), there are qp,r9 < p such that g L rg. Since o ¢ At(P), there are
q1,71 < ro such that ¢; L r; etc. Now {g,, : n € w} is an infinite antichain in P.

(d) If cc(P) < w, then by (c) the poset IP is atomic and by Fact 2.2(d), the poset
sqP is atomic and, clearly separative. So, by Fact 2.2(e) if | At(sqP)| = &, then
sq P is isomorphic to a suborder of P(x)" containing all singletons, which implies
that k € A(sqP). By (b) we have k € A(PP) and, since cc(P) < w we have k < w.
So |sqP| < |P(k)"| < w. Conversely, if | sqP| < w, then each antichain in sq P,
and, by (b), in P is finite. Also, since each finite centered family has a lower bound,
we have p(sqP) = oo. O

Example 2.5 By Fact 2.3(c) we have p(P) < p(sqP) < oo and here we give
simple examples showing that everything is possible.

p(P) = p(sqP) = oo holds, if P is the ordinal w. A topological characteriza-
tion of separative posets satisfying p(IP) = oo is given in Theorem 4.3.

p(P) < p(sqP) = oo holds, if P is the reversed ordinal w, in notation w*.

p(P) = p(sqP) < oo holds, if P is the reversed binary tree, (<2, D).

p(P) < p(sqP) < oo holds, if P = (P(w) \ Fin, C) = ([w]¥, C). This poset is
atomless, non-separative and the Fréchet filter witnesses that p(P) = w. Also we
have sqP = (P(w)/Fin)* and the cardinal p(sqP) = p (the pseudointersection
number) is uncountable.

The classes of posets which are relevant for this paper and some of their simple
representatives are described in Figure 1.
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Posets
Atomic
p(sqP) = 0
Uw w* o P(w)+ +1 <[w]w,C>
p(P) = o0
Uw w w
Separative ——

1

U. 1 L ce(P) < w —~ P(w)* (P(w)/Fin) ™"

Figure 1: Relevant classes of posets

Direct products Direct product of partial orders P; = (P;, <;), i € I, is the
poset ([ [;c; Ps, <), where (p; : i € I) < (q; : i € I)iff p; <; ¢;, foralli € I.

Fact 2.6 IfP;, ¢« € I, and P are partial orderings, then
(a) sq (Hiel Pi) = Hiel sqP;
(b) p(]_[iel IPZ) — min {p(]P’i) e I},-
(c) p(P*) = p(P) and p(sq(P*)) = p(sq(P)), for each cardinal k.

If, in addition, at least one of the partial orders P; has infinite antichains then
(d) a<HiE]IP>i) < min{HieI ki (ki1 €1)€ (HieIA(Pi)> \Iw};
(e) a(Hie[ Sq]Pi) = a(Hie[ ]Pz)

Proof. (b) Suppose that x := p([[,c;P;) < min{p(P;) : i € I'}. Then k < oo
and, hence, in Hie 1 P; there is a x-sized centered family without a lower bound,
say C' = {pq : @ € k}. Then, fori € I, C; = {pa(i) : @ € K} is a centered family
in IP; and, by the assumption, it has a lower bound, say ¢;. But then (g; : i € I) is
a lower bound for C in Hie 7 P, which is impossible.

Suppose that  := min{p(P;) : i € I} < p([[;c;P:). Then k < oo and
k = p(P;,), for some ig € I, so, in P;, there is a x-sized centered family without
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a lower bound, say C. Now, for a fixed p € Hiel\{io} IP;, the set C' x {p} is a
centered family in [ [, ; IP; which does not have a lower bound, which implies that
p([[;c; Ps) < x and we obtain a contradiction.

(c) By (b) we have p(P*) = p(P). By (a) and (b) we have p(sq(P*)) =
p(sa(P)") = p(sq(P)).

(d) Let [ [, ~; be the right hand side of the inequality in (d) and, for i € I, let
A; be a maximal antichain in IP; such that |4;| = ;. It is easy to see that [ ], _; A;
is a maximal antichain in [],.; P;. Thus a(T[,c; Pi) < |T1e; Al = [Lics %

(e) By (a) and Fact 2.4(b) we have a(][,c;sa(P;)) = a(sq(J[;c;P:) =
a([Lies i) O

Remark 2.7 We make some comments concerning Fact 2.6(d).

The assumption that at least one of the posets IP; has infinite antichains is nec-
essary since, otherwise, the product [ [, ,, P; would not contain infinite antichains.
(By Ramsey’s theorem, if P x Q contains infinite antichains, then P or Q has that
property. An induction shows that the same holds for all finite products).

If P and Q are partial orders having infinite antichains, then a(P x Q) <
max{a(P),a(Q)} and if, in addition, P and Q do not have finite maximal an-
tichains, this bound is, in general, the best possible. Namely, if A, denotes the
antichain of size s, then a(A, X A,,) = w; = max{a(A,),a(Ay,)}.

If each of the posets PP;, 7 < n, contains both a finite maximal antichain and an
infinite antichain, then, by Fact 2.6(d), a([[,;,, ;) < min{a(P;) : ¢ < n}.

1<n

3 Finite products: bounds on a([ [, P;)

1<n

In this section we prove the following statement giving bounds on a([[,-,, ;).

Theorem 3.1 IfP;, i € {1,...,n}, are partial orders having infinite antichains,
then
w < min({a(P;) i <n}U{p(sqP;):i<n})
< a(HiSn Pl)
< min{][;c, mi: (ki i <n) € ([i<, AP)) \ "w}
< max{a(P;):i <n}

A proof of Theorem 3.1 is given at the end of the section. First we recall some
definitions and facts and prove some auxiliary statements, which will be used in
the rest of the paper. For sets K, H C w we will write K < H iff k < h, for each
k€ Kand h € H. K T H will denote that K C H and H N [0, max(K)] = K.
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We remind the reader that a family of finite sets 7 = {K; : ¢ € I} is called a
A-system iff there is a finite (possibly empty) set R (the root) such that R C K;,
foralli € I, and K;, N K;, = R, for different 71, 2 € I. For uncountable families
of finite sets we have the following statement (A-System Lemma, see [5], p. 49):

Theorem 3.2 (Sanin) Each uncountable family of finite sets contains an uncount-
able A-system.

Fact 3.3 (Folklore) If {K; : i € w} C [w]|<¥, where K; # Kj, for different
i,] € w, then there is M € [w]“ satisfying (a) or (b), where
(a) There is R € [w]|<* such that R & K;, for alli € M, and

Vi,j e M (i <j= R<(Ki\R)<(K;\R)), @)
(b) There is X € [w]* such that
VKCX dncew Vie M\n KCK;. (8)

Proof. In the Cantor space, 2“, the corresponding sequence of characteristic func-
tions, (X, : ¢ € w), has a subsequence (x g, : @ € I) converging to some f € 2*.

If f = xg, for some R € [w]<¥, and m( := max R + 1, then, since the sets of
the form B,,, := {g € 2¥ : g | m = xr | m}, m > my, form a neighborhood base
at the point x g, for each m > my there is k,, € w such that foreachi € I\ k,,
we have x g, € By, thatis K; N [0,m) = R. In addition, since the sets K;, i € I,
are different and P(m) is a finite set, there is [,,, € w such that K; N [m, 00) # 0,
foralli € I\ l,,. So, for i > max{k,,, [, } both conditions are satisfied and, thus,

VYm>mg Incw Viel\n (Kiﬂ[O,m):R A Kﬂ\[m,oo);é@). )

By recursion we define a sequence (i; : j € w) in I and a sequence (m; : j € w)
in w, such that mg := max R + 1 and that for all j, ;' € w we have:

@) Kij N [0, mj) = Rand Kij N [mj, o0) # 0,

) Ifj < j/, then ij < ij/, my; < My and R < (Kij \R) < (KZ’]., \R)
First, by (9) we take 4o such that K;, N [0,mg) = R and K;, N [mg, 00) # 0.

If j/ > O0andif (i; : j < j') and (m; : j < j’) are sequences satisfying (i) and
(ii), then we define m; := max Ki]’/—l + 1. Then, by (ii), Uj<j, Ki; C [0,mj),
by (i) we have m; < mjs, forall j < 4', and using (9) we pick 1j0 > ij_1 such
that K; , N [0,my) = Rand K; , N [mj, 00) # (). The recursion works.

By (i) and (ii), M := {i; : j € w} is a set satisfying (a).

If f = xx,where X € [w]®, then the sets Bx := {g € 2* : g | [0, max K] =
xx | [0,max K|}, K C X, form form a neighborhood base at the point yx of



10 Milos S. Kurili¢

2¢. So, for each K C X there is n € w such that for each i € I \ n we have
Xk; € Bg, thatis xg, | [0,max K] = xx [ [0,max K]}, which means that
K;N[0,max K] = K, thatis K C K. So defining M := I we obtain (b). 0

Lemma 3.4 (Maximal centered subsequences) If Q = (Q, <) is a partial order, k
a cardinal, (¢o : o < K) € "Q and

S:= {S € P(k)\{0} : {qo : @« € S} is centered in Q}, (10)

then (S, C) is a downwards closed suborder of the poset (P (k) \ {0}, C) contain-
ing all singletons {a}, « € Kk, and each Sy € S is contained in some maximal
element of the poset (S, C).

Proof. Let Sg, := {S € S : Sy C S}, let £ be a nonempty chain in the poset
IT := (Ss,y, C) and S" = Jgep S- Then Sy C S" C k. If K € [S']<%\ {0}, then
for each o € K there is S, € L such that o € S, and, since L is a chain, there
is ag € K such that K C S,,. Since S,, € S there is ¢ € () such that ¢ < g,
forall & € K, thus S’ € S and, consequently, S” € Sg, and S’ is an upper bound
for £. By Zorn’s lemma there is a maximal element of Sg,, say S*. If S € S and
S* C S, then Sy C S, which implies S € Sg, and, by the maximality of S* we
obtain S = S*. Thus S* is a maximal element of S containing Sp. O

Lemma 3.5 (Infinite centered subsequences left or right) If P and Q are partial
orders and A = {(pa, qa) : @ < K} a maximal antichain in P x Q, where k > w,
then (A) or (B) holds, where

(A) There is an infinite set S C k such that {p,, : o € S} is centered in P,

(B) There is an infinite set S C k such that {q, : o € S} is centered in Q.

Proof. Suppose that (B) is not true. Then the set S, defined by (10), is a family
of finite nonempty subsets of x and, by Lemma 3.4, the family S,,4, of maximal
elements of the order (S, C) is a covering of x, which implies that |Syaz| = K.
Let Synae = {K; : i < Kk} be an enumeration. By the maximality of K;’s we have

Vi<k Jee@Q c<{qn:ac€ K}, (11)
Vi<k VBer\K; ~3ce@Q c¢<{g}U{qn:ac K}, (12)
V{i,j} € [K]* (K;\K; #0 N K;\ K; #0). (13)

Suppose that there is i € « such that {p,, : @ € K} is not a maximal antichain in P.
Then there is (a,c) € P x Q suchthata L {p, : o € K;}andc < {q, : o € K;}
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and, by the maximality of A, there is § € x such that pg [ a, which implies
f ¢ K;, and that gg [ c; thus, there is ¢ < {gg} U {qa : o € K;} which is
impossible by (12). Thus

Vi € k ({pa : @ € K;} is a maximal antichain in P). (14)

We show that there are an infinite set M C « and a finite set R C « such that
Vie M R¢ K;, (15)
¥{i,j} € [M]? (K;\ R)N (K; \ R) =0. (16)

If k > w, then by Theorem 3.2 there is a A-system {K; : i € M} C Spax With a
root R, where |M| > w. So, by (13), conditions (15) and (16) are satisfied.

If Kk = w, then Spae = {K; i < w} C [wW]<¥. By (13), the assumptions
of Fact 3.3 are satisfied. Suppose that there are sets M, X € [w]“ satisfying (8).
Then for K € [X]<¥, then there is K’ C X such that K C K’ and, by (8), there
isi € M such that K’ C K. So, since {¢,, : n € K;} is a centered set in Q and
K C K;, {qn : n € K} is centered too. Thus X is an infinite set satisfying (B),
which contradicts our assumption. So, by Fact 3.3, there are sets M € [w]* and
R € [w]=¥ satisfying (15) and such that for all 7, j € M satisfying i < j we have
R < (K; \ R) < (Kj \ R), which implies (16).

By recursion, for k& € w we define i, € M, o € k and ¢, € P such that for
all k,1 € w we have:

(i) b # 1= iy # i,

(1) oy, € Kik \R,

(ii1) cx < Pags - - - s Pay»

(iv) cx L {pa : @ € R}.
Letig € M. By (15) there is g € K, \ R and by (14) ¢ := pa, L {pa : @ € R}.

Suppose that the sequence ((i;, o, ¢c;) : j < k) satisfies (i)-(iv). We choose
ipg1 € M\ {ij : j <k}. By(14) {pa : @ € Kj, , \ R} U{pa : @ € R} isa
maximal antichain in P and by (iv) there are a1 € K5, \ Rand ¢xy1 € P such
that cx11 < ¢k, Pay,,» Which by (iii) and (iv) implies cx 11 < Pags - - - > Pag > Pok 41
and cy41 L {pa : @ € R}. So, the sequence ((i;,j,c;) : j < k + 1) satisfies
conditions (i)-(iv) and the recursion works.

Now S := {ax : k € w} C &, by (i), (ii) and (16) we have |S| = w and by
(iii), condition (A) of the lemma is satisfied. O

Proof of Theorem 3.1. The first inequality is evident and the third and the fourth
follow from Fact 2.6(d). In order to prove the second inequality for n = 2 suppose
that, on the contrary, there are posets P and Q having infinite antichains and such
that

k:=a(P x Q) < min{a(P),a(Q),p(sqP),p(sqQ)} a7
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and that A = {(pa, qa) : @ € K} is a k-sized maximal antichain in the poset P x Q,
that is,

Vo B} € (52 (pa Lps V da L as), (1)

Vpe P Vqge@ ﬂaeﬁ(plpaAqlqa>- (19)

W.l.0.g. we suppose that Sy C & is an infinite set satisfying condition (B) of
Lemma 3.5. By Lemma 3.4, the poset (S, C) contains a maximal element S such
that Sy C S. Thus we have

VK € [S]\{0} Jc€e Q ¢ <{qn:a € K}, (20)
VBer\S IK € [S]<\{0} ~Fc€eQ c<{g}U{ga:a € K}. (21)
By (20) and since x < y implies 2z <* y, B := {[¢a] : « € S} is a centered family

in the separative quotient sq Q; so, since by (17) we have |S| < k < p(sq@Q), the
family 5 has a lower bound in sq Q. In other words there is ¢ € ) such that

Va e S q <* qq. (22)

By (20), for different o, 5 € S we have ¢, £ ¢ and, by (18), p, L pg; thus
{pa : @ € S} is an infinite antichain in P of size < k. So, by (17), there is p € P
such that
YaeS pLp,. (23)
By the maximality of A there is 8 € & such that (pg, ¢3) £ (p,q). Consequently
p L ps, which by (23) implies 5 € £\ S so, by (21) there is K € [S]<“\{0} such
that
—Jece @ c<{gp}U{ga:a € K}. (24)
Now, by (22), ¢ <* {go : @ € K} and, since (pg,q3) £ (p,q), there is ¢’ € Q
such that ¢’ < g¢g, ¢, which implies that ¢ <* {gg} U {¢o : @ € K}. By Fact
2.3(b) there is ¢ € @ such that ¢ < {gg} U {¢o : @ € K}, which contradicts (24).
So the second inequality is true for n = 2 and now we assume that it is true
for n and that P;, ¢ < n 4+ 1 are partial orders with infinite antichains. By Fact 2.6
(a) and (b) we have p(sq([[;—, Pi)) = p(I];2, saP;) = min{p(sqP;) : i < n} >
min({a(P;) : i < n} U{p(sqP;) : i < n}), which, together with the induction
hypothesis, implies

a(H?:f Ps)
= a((IT=1 Pi) x Pota)
min{a([[;L; Pi), a(Pri1), p(sa[[;=y Pi), p(saPrsa)}
min{min({a(P;) : i <n}U{p(sqP;) : i <n}),a(Ppi1),p(sqPpri1)}
min({a(P;) : i <n+1} U{p(sqP;) :i <n+1})

(AVANAYS
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and the second inequality is true for n + 1. O

4 Finite powers

In the rest of the paper for a partial order P we consider the cardinal invariants
a(PP™), for n € N. The following simple examples show that the relevant invariants
a(P) and p(sqP) are, in general, unrelated: if P is a disjoint union of w;-many
copies of the reversed tree <“2, then a(P) = w; > w = p(sqP); if P is a disjoint
union of w copies of the reversed tree <“12, then a(P) = w < w; = p(sqP).

Theorem 4.1 If P is a partial order having infinite antichains, then

(a) min{a(P),p(sqP)} < a(P™) < a(P), foralln € N;

(b) If p(sqP) > a(PP), then a(P™) = a(P), for alln € N;

(c) If p(sqP) < a(P), then p(sqP) < a(P") < a(P), foralln € N. If, in
addition, P contains a finite maximal antichain, then for all n € N we have

p(sqP) < a(P"*') <a(P") < a(P).

(d) If IC be a class of posets such that sqIP € K, for each P € K, then the
following conditions are equivalent:

(i) a(P x P) = a(P), for each P € K having infinite antichains;

(ii) a(P x P) = a(PP), for each separative P € K having infinite antichains.

Proof. Statement (a) follows from Theorem 3.1 and statement (b) follows from (a).

(c) Suppose that P contains a maximal antichain of size k¥ € w. Then, by
Theorem 3.1, a(P" 1) = a(P" x P) < a(P")k = a(P").

(d) Suppose that (ii) is true and that P € K, where cc(P) > w. Then sqP € K,
by Fact2.4(b) we have cc(sqP) > w and, by (ii), a(sqP x sqP) = a(sqP). By
Fact 2.6(e) we have a(sq P xsqP) = a(P xP) and, by Fact 2.4(b), a(sqP) = a(P).
Thus a(P x P) = a(P). O

Corrolary 4.2 The equality a((B™)") = a(B™) holds for each infinite Boolean
algebra B of size < w; and eachn € N.

Proof. If p(B™) = wy, we apply Theorem 4.1(b); if p(BT) = w, then it is easy to
construct a countable maximal antichain in B* so a(B*) =w =a((B")"). O

By Theorem 4.1(b) the equality a(P") = a(P) holds for all n € N, if, in partic-
ular, P is a poset satisfying p(sqP) = oco. The following theorem is a topological
characterization of separative posets with that property.
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Theorem 4.3 If P is a separative poset then p(P) = oo iff P = (C, C), for a col-
lection C of nonempty closed sets in a compact T space containing all singletons.

Proof. Let p(P) = oco. By Fact 2.3(a) the poset IP is atomic, and, by Fact 2.2(e),
we can assume that P = (D, C), where [X]! C D C P(X)\ {0} and X = At(P).
If X is a finite set, then the discrete topology on X works. Otherwise, if P :=
{X\D:DeD}andz,y € X, where z # y, then X \ {z}, X \ {y} € P and,
hence | JP = X, which means that P is a subbase for some topology O on X and
D C F\ {0}, where F is the corresponding family of closed sets. Since the family
D contains all singletons the space (X, O) is a T1-space. If X = J;c; X \ D; is
an open cover of X (by the sets from the subbase P) then (,.; D; = () and, hence,
{D; : i € I} is not a centered family in P, which means that there is a finite set
K C I such that (,c, D; = 0. Thus X = |J,cx X \ D; is a finite subcover of
the initial cover and, by the Alexander theorem (see [3], p. 221), the space (X, O)
is compact.

Let (X, O) be a compact T} space, F the corresponding family of closed sets
and [X]! € € ¢ F\{0}. IfC’ C Cis a centered family in the poset (C, C), then C’
is a family of closed sets with the finite intersection property and, by compactness,
there is € (| C'. Thus {z} is a lower bound for C’ in the poset (C, C). O

Corrolary 4.4 If (X, O) is an infinite compact Ty-space, F the corresponding
family of closed sets, [X]' € C C F\ {0} and P = (C, C), then a(P") = a(P),
foralln e N.

Example 4.5 Let P = (C, C) be the poset defined in Corollary 4.4.

If the space (X, O) is a continuum (a connected compact Hausdorff space),
then, by the Sierpinski theorem (see [3], p. 358), the set X can not be partitioned
into w-many closed sets and, hence, a(P") = a(P) > w, forall n € N.

If the space (X, O) is the Cantor cube, 2¥, and C = F \ {0}, then we have
a(P™) = a(P) = w, for all n € N, because the basic clopen sets By, Big, Bi1o, - - -
and the singleton {(1,1,1,...)} form a partition if 2¢.

5 Reversed trees

In this section 7 = (T, <) will be a reversed tree, which means that for eacht € T
the set (t,00) := {s € T : t < s} is either empty, or a reversed well order. The
following theorem is the main statement of this section.

Theorem 5.1 For each reversed tree T containing infinite antichains we have

a(T xT) = a(T).
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A proof of the theorem will be given at the end of the section. We start with some
conventions and facts which will be used in the proof. First, if 7 = (T, <) is a
reversed tree and « an ordinal, by L, we will denote the a-th level of 7 and by
Min(7) the set of all minimal elements of 7.

Fact5.2 If T = (T, <) is a reversed tree, then for all x,y,z € T we have
(@rfysrlffyecr<yvy<z
b)r fyny<z=uzx )z
(Jx<y=3TpeT (x<p<yA(py) =0).
If S is a nonempty subset of T, then
(d) (S, <| S?) is a reversed tree,
(e) Each element of S is contained in some maximal element of S.

Fact 5.3 A reversed tree T = (T, <) is separative iff each t € T \ Min(T') has at
least two immediate predecessors.

Proof. (=) Let 7 be separative and ¢t € T \ Min(7"). By Fact 5.2(c) ¢ has an
immediate predecessor, say p < t. Since t £ p there is » < ¢ such that r 1 p
and, clearly, » < t. By Fact 5.2(c) there is ¢ € T such that r < ¢ < t and g is an
immediate predecessor of t. Now, since r 1. p we have p # q.

(«<=) Suppose thateach ¢t € T'\Min(T') has at least two immediate predecessors.
Ift £ sthen, clearly ¢t # s. If t | s, we are done. Otherwise we have ¢t > s and, by
Fact 5.2(c), there is ¢ € T such that s < g < t and ¢ is an immediate predecessor
of t. By the assumption ¢ has one more immediate predecessor, say ¢’ < ¢ and,
clearly, ¢’ L s. O

Fact 5.4 Let T = (T, <) be a reversed tree. Then
(@)p<"qep=<qV(g<pA(—00,p]\(—00,q] C (g,00)):
(b)p="qep=qV(g<pA(~00,p]\ (~00,q] C (g,00))

v (p <gAN (_OO7Q] \ (—oo,p] - (p7 OO))’
(p<q=p<"q=p Ly
(d) Each equivalence class C € T/ =* has a maximum;
(e)sqT = (Th,<| T1), where T} = {max(C) : C € T/ =*}. Thus sqT isa
separative reversed tree.

Proof. (a) In a reversed tree we have p <* ¢ iff each < p is comparable with q.
So,if p <* gand p £ gthen g < pand, if r < pandr £ g we have r > q.

Let g < p, (—00,p] \ (—00,¢q] C (g,00)) and r < p. Then either r < g, or, by
the assumption, r > ¢; so 7 is comparable with ¢q. Thus p <* q.

The statements (b) and (c) follow from (a).
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(d) Suppose that p and q are different maximal elements of C'. Then p =* ¢
and, by (b), p < g or ¢ < p, which is impossible, by the maximality of p and q.

(e) Clearly sq T = (T'/ =*, <), where C; < Cs iff p <* ¢, for some p € C
and ¢ € Cy. It is evident that the mapping f : T/ =*— T3, defined by f(C) =
max(C), for all C € T'/ =¥, is a bijection. For a proof that f is an isomorphism,
we take C1,Cy € T/ =*, define p := max(C}) and ¢ := max(Cy) = ¢, notice
that C; < CYy iff p <* ¢ and show that p <* ¢ < p < ¢. The implication “<”
follows from (c). On the other hand, if p <* ¢, then, by (c) again, p < ¢ (and we
are done) or ¢ < p. If ¢ < p then ¢ <* p and, hence, p =* ¢, which means that
C1 =Cyand p = q. So p < ¢ again. O

Proposition 5.5 For each infinite separative reversed tree T we have
a(T x T) = a(T).

Proof. The separativity of 7 implies that 7 has infinite antichains.

If a(7) = w and A is a maximal antichain in 7 of size w, then A x A is a
maximal antichain in 7 x 7T of the same size and, hence, a(7 x 7) = w.

So, in the sequel we assume that a(7) = A > w. Since the set of maximal
elements of 7, Lo, is a maximal antichain in 7, we have |Lg| < w or |Lg| = A.

If [Lo| = A, say Lo = {r¢ : £ < A}, suppose that A = {(aq,ba) : o < p}is
a maximal antichain in 7 x 7T, where u < A. Then for each £ < A thereis a < p
such that (aq,ba) £ (r¢,re). Thus there are v < p and different £, < A such
that (aq,ba) L (r¢,7¢), (rer, 7¢r), which implies that a,, is compatible with r¢ and
¢, which is impossible. So a(7 x T) = A = a(T).

In the sequel we consider the remaining case when 7 is an infinite separative
reversed tree satisfying Lo = {ry,..., 7}, where k € N, and a(7) = A > w. Let
Tew = Upew Ln» Sx = {t € T : t has \ immediate predecessors} and

K={xe€T,:(r,0)NS)\ =0}

Claim 5.6 (a) K is an upwards closed subtree of T and Lo C K.

(b) Each centered subset C of K has a lower bound in T. In addition, if C' is
an infinite centered subset of K, it has \-many lower bounds belonging to L,,.

(c)Ifx & K, then

- either there is y € K N Sy such that x < u, where u is one of \-many
immediate predecessors of v,

- or the set {yy, : n € w}, where (x,00] N L, = {yn}, forn € w, is a branch
in K and x < u, where u is one of \-many lower bounds of {y,, : n € w} in Ly,,.
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Proof. (b) If C is a centered subset of K, then C is a chain. So, if |C| < w, then
min(C') is a lower bound of C.

If C' is an infinite chain, then w.l.0.g. we assume that it is a maximal centered
subset of K. So, since K is an upwards closed subset of T', there is jo < k such that
C = {yn : n € w}, where rj, = yo > y1 > y2 > ... and Y, is an immediate
predecessor of y, (in 7), thus y,, € L,, foralln € w. Forn € w we have
Yn > Yn+1 € K and, hence, the set A, C L,y of all immediate predecessors
of y,, different from y,,41 is non-empty (since 7 is separative) and of size < A
(because y, & SH).

Suppose that some of the sets A,, is infinite and let ny be the minimal such n.
Then the set

A= {ry 5 # 5o} UlUncng An U (9o}
is of size < A and we show that it is a maximal antichain in 7. If z € T, then
there is j < k such that < r; and, if j # jo, then x is compatible with r;. If
x < 1j, = Yo, then, if © < yp,41, we are done. Otherwise, let n; be the minimal
n < ng+ 1suchthatx £ y,. Thenn; > 1,2 < y,,_1 and x # y,, and, hence, x
is comparable with some element of A,,, 1. So, |A,| < w, forall n € w.
Let A, be the set of lower bounds of C belonging to L,,. We show that the set

A = {Tj j #]0} UUnEwAn UAW

is a maximal antichain in 7. If x € T, then there is j < k such that x < r; and,
if 7 # jo, then x is compatible with r;. If x < r;; = v, then we have two cases.
First, if x < y,, for all n € w, then x is of height > w and, hence, x < z, for
some z € L. Now, since [z, 00) is a linearly ordered subset of 7', z is comparable
with y,, and, hence, z < y,, for all n € w, which implies that z € A; so x is
compatible with an element of A,, C A”. Otherwise, let ng be the minimal element
n of w such that z £ y,. Thenng > 1, z < yp,,—1 and & # y,, and, hence, x
is comparable with some element of A,,,_1. Thus A” is a maximal antichain in 7°
and, since 1 < |A,| < w, for all n € w, we have |A4,| = A.

(c)Letx € T\ K. If x < y for some y € K NSy we are done. Otherwise
we have z ¢ T, because x € T, would imply that the set (z,00) N S} is
non-empty and, hence, its element of the minimal height would be an element of
K N Sy above z. Let (z,00] N L,, = {yn}, for n € w, and suppose that y,, ¢ K,
for some n € w. Then (y,,00) N Sy # () and if kg is the minimal & < n such that
yr € S, then yp, € K N Sy and = < yg, which is impossible. Thus {y,, : n € w}
is a branch in K, by (b) it has A-many lower bounds belonging to L,, and, clearly,
x is less than or equal to some of them. O

Towards a contradiction let us suppose that A = {(an,ba) : @ < p}isa
maximal antichain in 7 x T, where w < p < A.
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Claim 5.7 aq, b, € K, forall a < p.

Proof. Suppose that a,s ¢ K, for some o < p. Then, by Claim 5.6(c) we have
the following two cases.

1. For some y € K NSy, where {ug : £ < A} is the set of immediate
predecessors of y, there is { < A such that a, < u¢. By the maximality of A, for
each £ < A there is ag < pu such that (aq,, ba,) is compatible with (u¢, by/) and,
hence, there are @ < p and different £, &’ < X such that (a,, b,) is compatible
with (ug, bys) and (ugr, bys). But this means that a, is compatible with u¢ and
ugr, which implies that a, > y and, hence, a, > an. Consequently, o # o,
ao Y aq and by, Y by and, hence, (aq, by) is compatible with (a,/, by ), which is
impossible, since A is an antichain.

2. The set {y,, : n € w}, where (aq,o0]N Ly, = {y,}, forn € w,is abranchin
K, {ug : £ < A} is the set of its lower bounds in L, and a,s < ug, for some § < .
As in the first case we obtain o < p and different £,&’ < X such that {a,, by) is
compatible with (ug, by/) and (ug, bys), which implies that aq > ¢, uge. Since
(ug,00) = {yn : n € w} we have a,, > a, and obtain a contradiction as above.

Thus a,, € K, for all « < p and, similarly, b, € K, for all « < p. O

W.l.0.g. we suppose that Sy C p is an infinite set satisfying condition (B) of
Lemma 3.5. By Lemma 3.4, the poset (S, C) contains a maximal element S such
that Sy C S. Since 7 is a reversed tree, this means that S is a maximal subset of p
such that {b,, : « € S} is a chain in 7. Thus by Claim 5.7 and the maximality of
S we have

{ba : @ € S}isachainin K, (25)
VBep\S JaeS bg L by. (26)

By (25) and Claim 5.6(b), there is b € T" such that
Vae S b< b, 27

By (25), for different o, o/ € S we have b, [ b, and, since A is an antichain,
ao L ay. Thus {a, : o € S} is an antichain in 7 of size < p < X and, since
a(T) = A, there is a € T such that

Va e S al ag. (28)

By the maximality of A there is 3 < p such that (ag, bg) L (a,b). Consequently
a ) ag, which by (28) implies § € p \ S and, by (26), there is & € S such that
bg L bo. But bg L b and, by (27), b < b,, which, by Fact 5.2(b) implies bg L b,
and we have a contradiction. a

Proof of Theorem 5.1. By Fact 5.4(e) the class of trees is closed under separative
quotients; so the statement follows from Theorem 4.1(d) and Proposition 5.5. O
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6 Atomic posets

Theorem 6.1 For each atomic poset P containing infinite antichains we have
a(P x P) = a(P).

Proof. By Fact 2.2(d), the separative quotient of an atomic poset is separative, so,
by Theorem 4.1(d), w.l.o.g. we suppose that P is an separative atomic poset having
infinite antichains and that | At(P)| = . In addition, by Fact 2.2(e) we can assume
that P = (P, C), where

[u]' € P C P (29)

Since cc(lP) > w we have i > w.

If a(P) = w, then, by Theorem 4.1(a), a(P x P) = w, and the proof is over.

If a(P) = A > w, then, since [¢z]! is a maximal antichain in P we have A < p.
Suppose that a(P x P) = k < X and that A = {(pn,qa) : @ € K} is a maximal
antichain in P. According to Lemma 3.5 w.l.0.g. we assume that there is an infinite
set Sp C k such that {g, : o € Sy} is a centered family in P and by Lemma 3.4
there is a maximal element S of the poset (S, C) such that Sy C .S, which by (29)
implies

VK €[S\ {0} Nack 2o # 0, (30)

VB er\ S IK € [S]=“\ {0} 48N Npck @a = 0. (31

Since {q, : o € S} is a centered family in P, the set {p, : @ € S} is an infinite

antichain in PP and, since |S| < k < A = a(IP), it is not maximal, which by (29)

means that there is § € 11\ JycgPa- Now K :={a €k :{ € po} C £\ Sand
we show that | K| < w and that

B:={gs:a € K}

is a finite partition of y. First, if ¢ € p, then by (29) we have ({¢}, {¢}) € P?
and, by the maximality of A, there is o € & such that ({{}, {C}) £ (Pas ) and,
hence, £ € p,, which implies o € K, and ¢ € go. So, pt = |Jyecx 9a- Second,
if 1,0 € K and oy # aa, then £ € py, N pa, and, since A is an antichain,
doy N Ga, = 0 so B is a partition of i, which by (29) implies that B is a maximal
antichain in . Since |B| < k < A\ = a(P) we have |B| < w.

By (30) the family {q, : @« € S} C P(u) has the finite intersection property
and, hence, there is an ultrafilter &/ on y such that {¢, : « € S} C U. Since B
is a finite partition of 4 there is § € K such that gg € Y. But § € £\ S and, by
(31), there is a nonempty finite set Ky C S such that gg N (¢, 9o = O, which
is impossible. O

A slight variation of the proof of Theorem 6.1 gives a proof of the following
statement which is of purely combinatorial nature and, perhaps, of wider interest.
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Theorem 6.2 If X is an infinite set and {A; x B; : i € I} an infinite partition of
the square X x X, (where A;, B; C X, fori € I), then at least one of the families
{A; :i € I} and {B; : i € I} contains an infinite partition of the set X.
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