ALMOST PERIODICITY IN TIME OF SOLUTIONS OF THE KDV EQUATION
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ABSTRACT. We study the Cauchy problem for the KAV equation dyu—6udyu+93u = 0 with almost periodic
initial data wu(z,0) = V(x). We consider initial data V, for which the associated Schrédinger operator is
absolutely continuous and has a spectrum that is not too thin in a sense we specify, and show the existence,
uniqueness, and almost periodicity in time of solutions. This establishes a conjecture of Percy Deift for
this class of initial data. The result is shown to apply to all small analytic quasiperiodic initial data with
Diophantine frequency vector.
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1. INTRODUCTION

This paper is devoted to the Cauchy problem for the KdV equation,
(1.1) O — 6ud,u + d2u = 0,

(1.2) u(z,0) = V(zx)

with initial data V : R — R. It is assumed that u(z,t) : R? — R and solutions are considered in the classical
sense: u is three times differentiable in x, once differentiable in ¢, and obeys (1.1) for each (z,t) € R2.

The KdV equation is named after Korteweg—de Vries [KdV], who proposed it as a model for the propa-
gation of shallow water waves in a canal. It has received a lot of attention after the discovery in 1960s of
infinitely many conserved quantities and the inverse scattering transform by Gardner—Greene—Kruskal-Miura
[GGKM, GKM] and the Lax pair formalism [Lax] which showed isospectrality of the associated Schrodinger
operators —92 + u(-,t). Due to these properties, the KAV equation is often described as completely inte-
grable. This formalism was first implemented for sufficiently fast decaying initial data V', where the conserved
quantities are integrals of polynomial expressions in the solution and its derivatives, the lowest one being
the (square of the) L? norm, [ |u(x,t)|*dz.
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In the 1970s, this framework was successfully extended to solutions of the KdV equation on a torus,
u : T xR — R, where the conserved quantities, of course, take the form of integrals on the torus, e.g.
Jplu(z, t)|?dz. Tt was shown, through the contributions of many authors [Ga, FZ, Dul, No, McKvM, DMN,
FMcL, McKT, Du2], that in this setting, the KdV equation is a completely integrable Hamiltonian system
with action-angle variables; for a book treatment, see [KP]. In particular, the existence of action-angle
variables implies that solutions are almost periodic in ¢t. Of course, solutions on T x R can be viewed as
spatially periodic solutions on R x R, which motivates the following question.

Deift [De] posed an open problem whether, for almost periodic initial data V', the solution of (1.1), (1.2) is
almost periodic as a function of . The analysis of the KdV Cauchy problem with almost periodic initial data
presents significant new obstacles. The conserved quantities in this setting would take the form of spatial
averages, e.g.

and it is not known how to use such conserved quantities to prove even short time existence of a solution.
Moreover, isospectrality of Schrodinger operators is too weak a condition to restrict the phase space of our
solution to a torus, a first prerequisite for true integrability. In addition, unlike Schrodinger operators with
fast-decaying or periodic potentials, almost periodic Schrodinger operators have diverse spectral properties.

In this paper, we answer Deift’s question for the case of small quasiperiodic analytic initial data with
Diophantine frequency. Let us first define the appropriate class of quasiperiodic functions and then state the
theorem.

Definition. Let e >0, 0 < kg < 1, and w € R” for some v € N. We say that V € P(w,e, ko) if V:R =R
is of the form

(1.3) Viz)= Y c(n)e’™ "

nezv
such that

(1.4) le(n)| < eexp(—koln|), Vne€Z".
We make P(w, e, k) a metric space with the metric inherited from L>(R).

Theorem 1. Let w € R” obey the Diophantine condition

(1.5) Inw| > ag|n| =%, neZ\ {0}
for some
(1.6) 0<ap<l1l, v<by<oo.

There exists £o(ao, b, ko) > 0 such that, if € < eg and V € P(w, e, ko), then there exists a global solution u
of (1.1), (1.2) with the following properties:
(i) for everyt € R, u(-,t) is quasiperiodic in x, u(-,t) € P(w, Ve, ko/4)
(i) w is almost periodic in t, in the following sense: there is a compact (finite or infinite dimensional)
torus ’]Td, a continuous map

M: T = P(w, Vie, ko /4),
a base point o € T, and a direction vector ¢ € R? such that u(-,t) = M(a + (t)

(i1i) the solution is unique, in the following sense: if i is a solution of (1.1), (1.2) on R x [=T,T] for some
T >0, and

(1.7) U, Ozgat € L (R x [-T,T1),
then @ = u.

Throughout this text, T = R/27Z.
In (1.4), (1.5), and elsewhere in this work, |n| :=3_;|n;| for n = (n1,...,n,) € Z".
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Remark. On P(w, e, ko), the L®-norm is equivalent with the norm

1/2
||V VHr _ (Z |C |2 2n|7‘)

nezv

for any r < ko, and with the Sobolev norm inherited from W*>°(R) for any k € N. Part (iii) of the previous
theorem therefore implies that besides u, derivatives of u are also almost periodic in t, and so is each Fourier
coefficient c(n,t) of u(x,t).

The initial value problem (1.1), (1.2) for quasiperiodic initial data was previously approached by Tsug-
awa [Ts] and Damanik—Goldstein [DG2], building upon work of Kenig—Ponce—Vega [KPV] and Bourgain [Bo].
[Ts] proved local existence and uniqueness for initial data of the form (1.3) with Diophantine w and
¢(n) decaying at a sufficiently fast polynomial rate, and [DG2] proved local existence and uniqueness for
V € P(w, e, k) for all w and global existence and uniqueness for Diophantine w. However, in all those
results, uniqueness is proved within a class of solutions such that (-, t) is quasiperiodic for all ¢, with sim-
ilar decay conditions on Fourier coefficients as those assumed for the initial data (polynomial in [Ts] and
exponential in [DG2]).

Our Theorem 1 improves on earlier results by proving uniqueness within a larger class of solutions assuming
a priori only a boundedness condition (1.7) rather than quasiperiodicity in 2. Theorem 1 also proves almost
periodicity of the solution in ¢, which was beyond the reach of the approach in [Ts, DG2].

In fact, we are able to prove a more general result, and prove existence, uniqueness, and almost periodicity
in ¢ whenever V is almost periodic and the spectrum of the associated Schrédinger operator —92 + V is
absolutely continuous and not too thin, in a sense to be made rigorous below. Stating that result requires
introducing additional prerequisites.

For W : R — R, consider the Schrodinger operator

(1.8) [Hwyl(z) = —y"(z) + W(z)y(z), z€R.

In the cases of interest in this paper, W will be a bounded function, so (1.8) defines an unbounded self-adjoint
operator on L?(R) with the domain

D(Hw)=D(Ho) ={y:R =R |y € ACc(R),y" € ACioc(R),y” € L*(R)}.
The spectrum o (Hyy) is the set of z € C for which Hy, — z does not have a bounded inverse map (Hy —z)~

L?(R) — D(Hw). Since Hy is self-adjoint, o(Hy ) C R.
For ¢ € L?(R), the spectral measure dpiy is the unique measure on R with the property that

(W, (Hy — )"0 = / !

T —z
Using the Lebesgue decomposition of dpiy, = dpty ac + dity sing With respect to Lebesgue measure, the abso-
lutely continuous spectrum of Hy, can be defined as the smallest common topological support of absolutely
continuous parts of all spectral measures,

UaC(HW) = U supp dluw,ac-
YEL?(R)
Clearly, supp dpty.ac C suppduy C o(Hw), s0 oac(Hw) C o(Hw). We will later be interested in cases in
which o..(Hw) = o(Hw).
The spectrum S = o(Hy) is closed and bounded from below but not from above, so it can be written in
the form

1.

dpy (), Vz e C\R.

= [E,)\ |J(E;, E}),
jed
where £ = inf S and (£}, E;') are the maximal open intervals in R\ S, called gaps. We will sometimes also
work with the closure of S in the Riemann sphere, denoted S = .S U {c0}.
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Denote by gc\s(z) the potential theoretic Green’s function for the domain C\ S with a logarithmic pole

at & — 1. The set S is regular if

1.9 li =0, Vres.
(1.9) zel((III\ls QC\S(Z) T
Z—T
Denote by ¢; € (£}, Ej) the critical points of gc\g in the gaps. The Parreau-Widom condition states that
(1.10) > gevs(e;) < oo
jeJ

Regularity and the Parreau-Widom condition were first used in spectral theory in groundbreaking work
of Sodin—Yuditskii [SY1, SY2]. The results in those papers are stated in terms of homogeneity in the sense
of Carleson, that is, the existence of 7 > 0 such that

(1.11) [SN[zo — €, 20 +€]| >Te, Vzge S, Vee (0,1],

and finite gap length. However, it is then remarked that those conditions imply regularity and the Parreau—
Widom condition, and the remainders of their proofs rely only on that.
We will need additional conditions on the spectrum. We denote

v =Ef - Ef
for j € J and
0y = dist((B;, Bf), (B, E;))
nj0 = dist((E; , Ef ), E)

for 5,1 € J (notationally, we assume here that our abstract index set J does not contain 0 as an element).
We also denote

1/2
(1.12) Ci=Wmio+v)"""]] (1 + W) :

leJ it
1%
We assume that S satisfies a set of conditions of Craig [Cr]:
4112 1/2_1/2
(1.13) Z'yj < 00, sup,;C; < o0, sup jl C; < o0, supz %C’j < 00.
jeJ jedJ jeJ 15,0 JjeJ leJ 15,1

I#j
Craig introduced these conditions to ensure that a vector field, associated with the translation flow, is
Lipshitz on the isospectral torus D(S) = T with the metric given by

~ 1/2 ~
(1.14) I = Pllois) =supy;llos = il
J

In order to ensure that a second vector field, associated with the KdV flow, is Lipshitz, we need to
strengthen these conditions as follows:

(1.15)
141, Y22\ 1
Z’Y;/2<OO, supw;/zﬂCj<oo7 supz 2t (1+nj,0)Cj<ooforaE{71}.
Py, jet 15,0 S 04,1 2
1%]

Note that while these Craig-type conditions look complicated, they are quite weak. For instance, it is
straightforward to see that they are satisfied for the small quasiperiodic initial data of Theorem 1. Also note
that (1.15) implies (1.13).

We also wish to emphasize that this form of Craig-type conditions is sufficient, but not necessary. In
particular, if one changed the metric (1.14), the form of the conditions (1.13), (1.15) would change. At
this stage in the theory, the fine structure of gap sizes and distances is not well understood for general
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almost periodic operators, so it is not clear that varying the metric would broaden the scope of the following
theorem. We therefore choose, for clarity of exposition, to keep the metric (1.14) used by Craig.
To ensure continuity of scalar fields associated with certain trace formulas, we will also assume that

(1.16) D (417 0) < oo
jedJ
Theorem 2. Let the initial data V : R — R be uniformly almost periodic. Denote S = o(Hy) and assume
that
(i) S =0ac(Hv);
(i) S is a regular Parreau—Widom set;
(iii) S obeys the Craig-type conditions (1.15), (1.16);

Then there exists a global solution u of (1.1), (1.2) with the following properties:

(i) for every t € R, the function u(-,t) is uniformly almost periodic with frequency module equal to the
frequency module of V;
(i) w is almost periodic in t, in the following sense: there is a continuous map

M: T - WHe(R),

a base point o € T, and a direction vector ¢ € R’ such that u(-,t) = M(a + (t);
(ii1) the solution is unique, in the following sense: if 4 is a solution of (1.1), (1.2) on R x [=T,T] for some
T > 0, which obeys the boundedness condition (1.7), then & = u.

We recall that the frequency module of an almost periodic function V is the Z-module generated by the
set of all A € R such that

. 1 o —iAx
lim — V(z)e ™" *dx £ 0.

The condition (1.7) in Theorems 1 and 2 is assumed only in order to use the results of Rybkin [Ry]; as
discussed in Remark 2 on page 9 of [Ry], this condition can be relaxed.

A construction of Cohen—Kappeler [CK] shows nonuniqueness of the Cauchy problem (1.1),(1.2) even for
V = 0 on some domains of the form {(x,t) € R?|0 < ¢ < h(x)} with h a strictly positive, increasing function
of x.

An affirmative answer to Deift’s problem was already known in some cases. A class of “algebro—geometric”
solutions of the KdV equation was constructed in the 1970s, resulting from the same theory which solved
the periodic case. These solutions correspond to almost periodic Schrodinger operators with finitely many
gaps in the spectrum, so they are often called finite zone or finite gap solutions. Due to having finitely many
gaps, their frequency module under any linear flow is finitely generated, so they are quasiperiodic in both x
and t. We emphasize, however, the difference between these finite gap solutions and our quasiperiodic initial
data of Theorem 1, which generically have infinitely many gaps in the spectrum.

A result of Egorova [Eg2] goes beyond the finite gap case to construct almost periodic solutions with
gap sizes obeying a superexponential decay condition in a parameter resembling the period of periodic
approximants. This result applies to a class of limit-periodic potentials previously studied by Chulaevsky [Ch]
and Pastur-Tkachenko [PT1, PT2], which can be approximated superexponentially in the period by periodic
potentials. Namely, V is assumed to have a,-periodic potentials V,, such that for any b > 0,

nh_?olo eban-¢—1 2161%”‘/ - Vn||W4»2((;p,gc+1)) = 0.
Due to the superexponential rate of approximation, this analysis can obtain convergence from various esti-
mates exponential in the period. This approach would not apply in our setting.

The existence and almost periodicity of a solution of the KdV equation under Craig-type conditions were
previously discussed by Egorova [Egl] (with the analog for the nonlinear Schrodinger equation discussed by
Boutet de Monvel-Egorova [BAME]).
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The uniqueness of solutions, stated in Theorem 2, is new in this setting. It is a delicate issue in this
generality and doesn’t follow from the arguments used in the periodic and finite gap cases. One subtlety
hides in the behavior of Dirichlet eigenvalues at gap edges. Away from the gap edge, the evolution of the
Dirichlet eigenvalue is determined from that of the Green’s function by the implicit function theorem. At the
gap edge, separate arguments are needed in order to show that Dirichlet eigenvalues still evolve by the same
vector fields (in a parametrization of the isospectral torus by angular variables). For the translation flow,
we describe a particular eigensolution at the gap edge in order to prove non-pausing of Dirichlet eigenvalues;
after establishing this, we use it to push off the gap edge in order to prove the desired behavior under the
KdV evolution.

The conditions of Theorem 2 are linked by an unpublished result of Sodin, cited in [PY], which states that
a Craig-type condition implies homogeneity (and therefore regularity and the Parreau-Widom condition).

While Theorem 1 is direct in the sense that it derives the desired conclusion from explicit assumptions
about the initial datum, there is a sophisticated inverse spectral theory working in the background which
makes this result possible. The inverse spectral theory depends on fundamental developments by Craig [Cr],
Sodin—Yuditskii [SY1], Remling [Rel], centered on the notion of reflectionless Schrédinger operators. Another
fundamental development is due to Rybkin [Ry], who studied the time evolution of solutions of (1.1) in terms
of the Weyl M-matrices of the associated family of Schrédinger operators; since the M-matrix determines a
Schrodinger operator uniquely, Rybkin’s approach provides much more information about the solution than
what can be concluded merely from unitary equivalence of operators.

We wish to emphasize that Theorem 2 is not itself a small coupling result, even though its corollary,
Theorem 1, is. It is natural to ask to what extent these properties persist as the coupling constant ¢ is
increased. In this regard, a particularly well understood example is the almost Mathieu operator, a discrete
Schrédinger operator on ¢2(Z) given by (Hxu), = Up—1 + Unt1 + 2XAcos(2m(nw + 6))u,, where A > 0,
w € R\ Q, 8 € R. The almost Mathieu operator goes through a transition from absolutely continuous
to singular spectrum as the coupling constant A goes through 1. Moreover, the Lebesgue measure of the
spectrum is 4 |\ — 1|, so A = 1 is also a critical point in that sense. Many authors have contributed to these
results; see the recent survey papers [Da, JiMa] and references therein. Recently, it was shown in [DGSV]
that the spectrum of the almost Mathieu operator is homogeneous whenever A # 1 (under a Diophantine
condition for w). This is encouraging evidence that for analytic quasiperiodic operators, the assumptions of
Theorem 2 may hold as we increase the coupling constant, up to a critical value where there is a transition
in the spectral type. However, this is currently in the domain of speculation.

More specifically, our work serves as motivation for one to work out a continuum analogue of Avila’s
global theory for discrete one-frequency analytic quasi-periodic Schrodinger operators [Av2, Av3], especially
of his results in the subcritical regime. That is, one should classify cocycle behavior in the continuum case in
the same way as Avila does in the discrete case, namely as subcritical /critical /supercritical, and prove that
subcritical cocycle behavior leads to almost reducibility and absolutely continuous spectrum. The ultimate
goal would be to show that our results apply throughout the subcritical regime. Of course, one would also
have to establish the necessary structural properties for the spectrum as a set, and here the result from
[DGSV] suggests that these properties may indeed be typical in the subcritical regime.

While the previous paragraph describes ways in which the known results in the discrete case may inform
a study of the continuum case, one can also turn this around and attempt to advance the theory in the
discrete case by implementing ideas that have proved to be useful in the continuum case. For example, given
the results obtained in the present paper, the following natural question arises: considering the Toda lattice,

a(n,t) = a(n,t)(b(n+ 1,t) — b(n,t)),

(1.17) b(n,t) = 2(a*(n,t) — a®(n — 1,t)),

so that the initial data (a(-,0),b(-,0)) are almost periodic and the associated Jacobi matrix is reflectionless
and its spectrum is a regular Parreau—Widom set and satisfies suitable Craig-type conditions, is it then true
that there is a global solution that is almost periodic in time? Based on the close analogy between the KdV
equation and the Toda lattice, as well as our Theorem 2, we expect an affirmative answer to this question.
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Many of the key ingredients are already in place; for example, Remling has shown the reflectionlessness of
almost periodic Jacobi matrices with fully supported absolutely continuous spectrum [Re2] and the invariance
of reflectionlessness under the Toda flow [Re3], and Sodin and Yuditskii’s work exists in the discrete setting
as well [SY?2].

An attractive special case is of course given by almost Mathieu initial data,

a(n,0) =1, b(n,0) = 2Acos(2r(nw + 0)).

This special case is particularly interesting because, as indicated above, the spectral analysis of the initial data
is almost complete. In particular, the phase transition at A = 1 is understood on a variety of levels: Lebesgue
measure of the spectrum, quantum transport, spectral type, behavior of (generalized) eigenfunctions, and
more concretely the behavior of the underlying cocycles. On the one hand, this suggests that one may
hope that by working out the discrete analogue of our work, one can establish the desired result on almost
periodicity in time throughout the subcritical region (i.e., for A < 1). On the other hand, this case exemplifies
the need for significant additional ideas to penetrate the supercritical region (A > 1). Of course, it is known
that in the supercritical region, the initial data will not be reflectionless. However, the structure of the
spectrum as a set is the same as in the subcritical region; indeed, the spectra corresponding to coupling
constants A and A~! are related via linear scaling due to Aubry duality. This shows clearly that isospectrality
alone is insufficient to get a good understanding of the evolution (even with additionally imposed Craig-type
estimates). At the present time, it is unclear how to define the appropriate “isospectral torus” in the
supercritical regime, or more generally when reflectionlessness fails. The critical regime (in the sense of
Avila, corresponding to the case of critical coupling, A = 1, in the case of the almost Mathieu operator)
poses additional challenges due to the critical nature of the associated cocycles and the degenerate structure
of the spectrum.

While the critical regime is atypical in the class of discrete Schrodinger operators with analytic one-
frequency quasi-periodic potentials, the features of the critical regime, such as spectra of zero Lebesgue
measure and purely singular continuous spectral measures, are actually generic in the continuous category
(i.e., varying the sampling function in C° while keeping the base transformation fixed). For example, it was
shown by Avila [Av1] in the discrete case and then, based on his ideas, by Damanik-Fillman—Lukic [DFL] in
the continuum case that the spectrum of a generic bounded continuous limit-periodic operator has Lebesgue
measure 0. A result of Avila—Damanik [AD] shows that for discrete quasiperiodic Schréodinger operators,
singular spectrum (and hence the absence of reflectionlessness!) is generic, and this suggests that the same
is true for continuum quasiperiodic Schrédinger operators.! (It is conjectured that zero-measure spectrum
is generic in this setting as well; however, this is not yet known, see [ADZ] for a partial result.) Finally, for
discrete Schrédinger operators, the absence of point spectrum was also shown to be generic in the continuous
category by Boshernitzan-Damanik [BD]. These results suggest that a complete answer to Deift’s problem
will require the development of robust new tools in inverse spectral theory.

In any event, the spectral analysis of almost periodic Schrodinger operators and Jacobi matrices is in
general very complicated and just having a Lax pair is not enough to integrate the evolution equation (i.e.,
the KdV equation and the Toda lattice, respectively).

As a final remark in this introduction, let us point out that we obtain the almost periodicity of the solution
u as a function on R?. Namely, instead of writing u(-,t) = M(« + (t) as in Theorem 2, we can also write
u(z,t) = F(a+ 6x + (t) with a continuous function F : T/ — R. This follows from our proof of the identity
u(-,t) = M(a + (t) (along with a suitable composition with the Dubrovin flow); compare Section 5.

Sections 2 and 3 prepare the stage for the uniqueness part of Theorem 2: Section 2 starts with the necessary
definitions and reviews and expands previous results on the evolution of Dirichlet data of a reflectionless
operator under translation, and Section 3 develops a similar description for the evolution of Dirichlet data
under the KdV flow. Section 4 is devoted to the existence part of Theorem 2, and Section 5 to the almost

Lwe expect that it is not too hard to work out a continuum analog of this particular result from [AD]. Given the obvious
relevance to the scope of our work in the context of the KdV equation, it would be nice to see this extension be worked out
explicitly.
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periodicity of the KdV flow. Section 5 also contains the proof of Theorem 2, based on all the previous
material. Finally, Section 6 uses Theorem 2 to prove Theorem 1.

2. THE TRANSLATION FLOW AND NON-PAUSING OF DIRICHLET EIGENVALUES

In this section, we discuss the translation flow applied to a reflectionless Schrédinger operator with spec-
trum S obeying (1.13). In particular, this flow can be expressed in terms of the Dirichlet data of the operator.
We begin by introducing the notion of reflectionlessness and reviewing results of Craig [Cr], after which we
investigate the behavior of Dirichlet data at gap edges to give a new characterization of points where a
Dirichlet eigenvalue goes through a gap edge and, in particular, to explain why Dirichlet eigenvalues don’t
pause at gap edges.

For z € C\ o(Hw ), the second order differential equation

—y" + Wy =2y

has nontrivial solutions 4 (; 2), called Weyl solutions, such that ¥ (z;2) € L?([0,400),dz). In terms of
the Weyl solutions, one can express the half-line m-functions associated with the half-line restrictions of Hyy
to [x,+o00) with a Dirichlet boundary condition at 2 by

Yl (23 2)
V(7 2)
For each z, these are meromorphic functions of z € C\ o(Hw).
The diagonal Green’s function associated with Hyy is given by
_(x; ; 1
G(z,x;2) = — V(=i Z)dj*,(x’ ?) — ,
@ 2 (5 2) — Wl (@3 )0 (@2) | m(@2) — iy (@32)
and it is an analytic function of z € C\ o(Hy ) for each =.

The function G(z,x; z) has nontangential limits G(z, z;y + i0) for Lebesgue-a.e. y € R, and Hyy is called
reflectionless if

my(x;2) =

RG(x, z;y +1i0) =0 for Lebesgue-a.e. y € o(Hw).
It is known [SY1] that this definition is independent of the choice of . We denote the set of reflectionless

operators with spectrum S by R(S).
Recall the set D(S) = T” with the metric (1.14). We introduce variables on D(S) given by

21) ws = B+ (Bf — B ) cost(g3/2)
+ ;e (0,7) +2nZ
(2.2) oj=4— ¢; €(—m,0)+27Z
0 ¢;e€ v/

On D(S), we introduce a scalar field @,
Qup) = E+ Y (Ej +Ef —2p)
jeJ
and a vector field ¥, with components
1/2
(B — pm)(B — ny)
(b — p5)?

Vi) =2 (- E]]

1]
The tangent space of a point on D(S) will be equipped with the norm

1/2
(2.3) ol = sup~;?Jv;|
jed

and vector fields on D(.S) will be equipped with the sup-norm obtained from (2.3).



ALMOST PERIODICITY IN TIME OF SOLUTIONS OF THE KDV EQUATION 9

The motivation for this setup comes from the Dirichlet data of a reflectionless operator on S. Let W be
reflectionless and o(Hyw ) = S. Following the definition of Craig [Cr], the Dirichlet data j;(z) are defined as
zeros of the diagonal Green’s function in the gaps. More precisely, using the observation that G(z, z; z) is
strictly increasing for z € (£, E;r), Craig defines

z € (E;,Ej) G(z,xz;2)=0
(2.4) pj(x) = EF G(z,2;2) <0 forall z € (B, Ef)

J
— . - ot
E; G(z,z;2) > 0 for all 2z € (B, E)

If pj(x) € (EI,E;F), the sign oj(x) € {+,—} is also defined. It is determined in terms of which of the
half-line m-functions m, m_ has a pole at u;; namely, so that m,, has a pole at u;. This definition
immediately implies that for any choice of z € (E} , Ef) and o € {+, -},
(25 {2 €R | uj(2) = 2,0,(2) = o} = {z € R | y(a;2) = 0}
where 4 (7; 2) are the Weyl solutions at the point z € (E}, Ej)

One then also defines angular coordinates ¢;(x) € T implicitly by (2.1), (2.2).

We therefore have, corresponding to the potential W, a trajectory ¢(x) on D(S). In particular, if we fix
x = 0, we obtain a map B : R(S) — D(S) given by
(2.6 B(W) = ¢(0).
Craig [Cr] showed the following:

(i) As a function of x € R, ¢(x) is a continuous trajectory on D(S).
(ii) The potential can be recovered from this trajectory by the trace formula

W(z) = Q1(p(2)).
(iii) The diagonal Green’s function of Hy is given by the product formula

(ru(z) = 2)?
(B = 2) (B —2)

1 1
(2.7) Gla,w52) = 5 T2 g

with the branch of square root chosen so that G(z,z;z) is analytic in z € C\ S and G(z,x;z) > 0 for
z < E. In particular,

: _1 1 (1 — p1j)?
@8 0C@m D = 3\ BB ) ) L B )

(iv) W is a Lipshitz vector field on D(S).
(v) Fix j € J. At any point x € R at which u;(z) € (£}, E;r), the function ¢;(z) is differentiable and

(2.9) upj(@) = ¥;(p(2)).

(vi) If R(S) is equipped with the topology of uniform convergence on compacts, the map B is continuous.

We wish to clarify the situation at the gap edges, with respect to (v) above. We will show that the
characterization (2.5) has an analog for gap edges, although there are no Weyl solutions at a gap edge. In
particular, this will show that u;(z) does not pause at a gap edge and that ¢;(x) is differentiable and (2.9)
holds at all x.

Proposition 2.1. Assume that S obeys (1.13) and W € R(S). Fizx a gap (EJ,E;“) and let E € {E;,Ef}

There is a nontrivial solution 1[) of Hwiz = E@ which is the limit of Weyl solutions from the gap, in the
following sense: there are normalizing constants cy(z) € C\ {0} for z € (E;,Ej) such that

li{n cx(2)Yx(z;2) = JJ(I)
z€(E; 7E;r)
z—F
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uniformly on compacts in x. For this solution 1/?, we have
(2.10) {z € R | py(z) = B} = {o € R| $(x) = 0},
In particular, this set is discrete.

As pointed out in [Cr], knowing continuity of ¢;(z) and knowing that (2.9) holds away from a discrete
set in x implies that (2.9) holds for all . Thus, Dirichlet data of W are trajectories of the flow ¥, solving

(2.11) Ooip(x) = ¥(p(x)).
Conversely, since ¥ is Lipschitz, a solution of (2.11) is uniquely determined by its initial data ¢(0), and then
so is W. Therefore, the map B given by (2.6) is injective.

Proof of Prop. 2.1. Separating the term [ = j in the product formula (2.7), we write

= (pj(z) —2)* 1 1 (u(z) — 2)?

— I#5

The product over [ # j has a finite limit as z — E since the I-th term is bounded by 1+ 7;/n;;. We can
therefore conclude that

0 i(x) =FE
(2.12) lm |Gla,z:2)| = 3()
2€(E; ,E}) +oo pi(z) #E
z—E

We normalize the Weyl solutions for z € (E; , E;r) by making them real-valued and by requiring

[94(0; 2)[* + [0292(0; 2)|* = 1.
We introduce the Priifer phase 04 (z;2) € R/7Z by
Opth4 cosB4 —pysinfy = 0.
Using compactness, select a sequence (EJ_, Ej') S zr — E so that the Priifer phases at © = 0 stabilize, i.e.,

the limits
lim Gi (0, Zk)

k— o0
exist. By stability of solutions of ODEs, we can then conclude that 1 (z; 2) converges in the C' sense on
compacts in x to solutions ¥4+ of the equation

Hys = Btz
In particular, then,
(2.13) lim O (z; 21,) = O+ ()
k—o0

with 64 (z) € R/7Z determined by
3.7512& COS éi - 1;7}:!: sin éi =0.
The diagonal Green’s function can be written as
cos0_(z; z) cos 04 (x; 2)
Sin(0_ (5 2) — 03 (232))

G(z,x;2) =

so, by (2.12), we have

(2.14) |00 (ziz)cosby(wiz) | JO p(@) = E
*€(B; E) sin(0- (z; 2) — 04+ (z; 2)) +oo pj(z) # E
72—

Since w € (£, Ej) is above the bottom of the essential spectrum, v (x; w) has infinitely many zeros, so we
can pick x such that p;(r) = w € (E}, E;r) Then, from (2.14) and (2.13) we conclude that 6_(z) = 6, (z)
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for that value of x; but then that is true for all x € R, i.e. TZJ_;,_ = cz/;_ for some ¢ € {—1,+1}. By a
renormalization we can assume that 7]1_ = 1[4 and denote that solution by zZ from now on.

Now assume that z is such that pj(z) = E. From (2.14) and (2.13), we conclude that cosf(z) = 0, that
is, ¥ (x) = 0. We have therefore shown that

D:={zcR|pjx)=FE}yC{zeR|¢(x)=0}=D.
In particular, we conclude that D is discrete, since D is.

Since ¢; is continuous, (2.9) holds away from a discrete set, and ¥; > 0, we conclude that ¢, is a strictly
increasing function of z. Therefore, D strictly interlaces the set of zeros of ¢ (z;w) for w € (£}, E;r)

We will now show that D strictly interlaces the same set, using the renormalized oscillation theory of
Gesztesy—Simon-Teschl [GST]. By Theorem 1.3 of [GST], if z, w are such that (min(z, w), max(z,w))NS =
(), then the Wronskian of 1_(z;w) and ¢4 (x;z) is nonzero for all x. This is equivalent to saying that
0_(x;w) — 04 (x;2) ¢ wZ for all .

Thus, if we lift 1 to continuous R-valued functions, there is an n € Z such that for all x,

nw < 0_(z;w) — 04 (z;2) < (n+ D)7.
By continuity in z € (E;, Ej)7 n is independent of z. Taking z = z; and taking the limit z;; — E we obtain
nm < 0_(z;w) —0(z) < (n+ )7

However, by Prop. 3.4 of [GST], the function 6_ (x;w) — f(z) cannot have a local extremum where its value
is in wZ, so the previous estimates strengthen to

nm < 0_(z;w) —0(z) < (n+ )7

which means that the zeros of 1_ (z;w) and of (z) strictly interlace.

Knowing that D C D and that each of those sets strictly interlaces the set of zeros of ¥_ (z;w) proves
that D = D, since ¢_(x; w) has zeros on any half-line in R.

Finally, since (2.10) determines 1 uniquely (up to a multiplicative factor), we conclude that the limit "
is independent of subsequence z — F. (Il

3. A DUBROVIN-TYPE FORMULA FOR THE KDV FLow

In this section, we derive a formula for the time evolution of Dirichlet data for the KdV flow. This relies
on ideas and results of Craig [Cr|, discussed in the previous section, and of Rybkin [Ry], who derived the
time evolution of the Weyl M-matrix for the KdV flow.

We will consider a solution u(x,t) : R? — R of the initial value problem (1.1), (1.2). As it has been
mentioned above, by the Lax pair formalism, the spectrum S = o (H,. ;) is independent of . A much more
recent result of Rybkin [Ry] shows that the reflectionless property is preserved along the KdV flow. More
precisely, [Ry] assumes that u(x,t) is a solution of (1.1) such that u, O,u, dyu € L>®(R x [0,7T]) for some
T > 0, and proves the following:

(i) The Weyl M-matrix is defined as

m_m4 1 m_—+my
_ m_—my 2m_—my
M= i :

2m_—my m_—my

where my (z,t; z) are the Weyl m-functions corresponding to u(-,t) on [x,+00). The M-matrix evolves
by

(3.1) M = PM + MPT
where P(z,t;2) is given by

b (2(uaiu22) 2(u = 2)( at Zz) - agu)



12 ILIA BINDER, DAVID DAMANIK, MICHAEL GOLDSTEIN, AND MILIVOJE LUKIC

This time evolution is valid for all z € C\ o(Hy ). It is also valid in the sense of the nontangential limit
M (z,t; z +i0) for those z € o(Hy) for which that nontangential limit exists for ¢ = 0.
(ii) For Lebesgue-a.e. z € o,c(Hy ), the value of the reflection coeflicient

m+ —m_
my —m—
is independent of ¢ € [0,T].

The condition that the reflection coefficient be equal to 0 for a.e. z € S is equivalent to reflectionlessness
of the potential; see [SY1]. In particular, Rybkin’s results imply that if V' € R(S) and S = o,.(Hy), then
u(-,t) € R(S) for all ¢ € [0, T].

Since u(,t) is reflectionless for all ¢, we can introduce the corresponding Dirichlet data ¢(z,t) as in the
previous section.

Recall from the previous section the torus D(S) and, on it, the scalar field Q1 and vector field ¥. We
now introduce the vector field = on D(S), with components

Ej(p) = —2(Q1 +2u5) V5.
Proposition 3.1. If S obeys (1.15), then E is a Lipshitz vector field on D(S).
Proof. We begin by noting that each component =Z; is bounded as
[1Ejllee < 4(1Q1lloc + 21E] + 215,0)C;

Next, each component Z; has partial derivatives given by
0=, _ <Q1 +2u;
I, P — Jj

oz, 1 1 +Z( Lo 2 > o
— =—= — - Ejvjsin g,
6(pj 4 E— 127 Py Ek — My El:_ — I i — g 717 J

2> Uyksingy,  k#j

from which it is easy to estimate

o=, o +2|E| + 20,

I, N,k

857‘ 1 1 Yk

<o —+ Y ————— | (|Q1]loo + 2|E| + 21j.0) Cjv;
o5~ 2 \ mjo ; N5,k (M, + i) PR

and then

Hr— —_ ~

E(p) —E(p )H—sum/ 1E5 () = Z5(@)l

1/2 0=, .
< sup7; =1 llex — Pkl
jeJ ];] 89%
_ 0=,
< lp - wIIsupZ A (e
keJ &pk oo

It remains to show that the sup is finite. Splitting off the k = j term from the sum, the remainder can be
estimated by

1/2 1/2

Supzwlm 1/2 (||Q1|| |E| + 2150 +2> C; <supC Zﬂi(l +1,.0)C; +7/2C 271/2 < o0
1€ ket Mj.k jeJ iz ik =
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and the k = j term can be estimated by

1 Tk
sup | — + Y —————— | (|@1lleo +2|E| + 27,,0) Cjy; < o0
i\ M50 g N5,k (Mg, + Vi) PRI

from the conditions (1.15). O

Proposition 3.2. Let u(x,t) be a solution of (1.1), (1.2) such that u, Oyu, dyu € L=°(R x [0,T]) for some
T > 0. Assume that V € R(S) and S = o.c(Hy). The function p(x,t) is jointly continuous in (x,t); it is
differentiable in t and obeys

(3.2) Orpj(x,t) = Ej(o(z, 1)).
As a first step, we prove a version of this proposition away from gap edges.

Lemma 3.3. Under the assumptions of Prop. 3.2, at any (z,t) such that p;(x,t) ¢ 7Z, p;(x,t) is differen-
tiable in t and obeys (3.2).

Proof. The M-matrix is analytic in z € C\ S. It has a removable singularity at a Dirichlet eigenvalue, where
it is equal to

(3.3) M, t 15 (2, 1)) = (‘”j(x’”j”;;;j(<;fg)<“j(x’t” ‘2”6(%'5)) .

Note that the bottom right entry of the M-matrix is precisely the diagonal Green’s function. From (3.1),
the time evolution of the bottom right entry is

O My o(x,t; 2) = —2(0u)(z,t) Ma2(2,t) + 4(u(x, t) + 22) My o(x, t; 2).
In particular, for z = p;(z,t), from (3.3),

(3.4) On Mo (a,1; ) — 20, (a, ) (ule, 1) + 2415z, 1)).

z=p1;(x,t)
At any (z,t) such that p,(x,t) € (EJ_,E;'), by the implicit function theorem, u;(x,t) is differentiable and
Oy 0G [0t] .=y,

ot 9G[0z]my,
Using (3.4) and (2.8), this becomes
1/2
O )BT — )

35 O oyt o) (E—Mj)(E{—uj)(Ef—uj)g(El T

Combining this with the trace formula u = @1 o ¢, we obtain an expression for Ou;/0t in terms of the
Dirichlet data.

This shows that p;(x,t) is continuous in (B, E;r) By looking at the time evolution of the off-diagonal
entries of M (z,t; p;(x,t)), we also see that o;(z,t) is constant in ¢ as long as u;(z,t) € (£}, Ej)

Then, from (2.1), (2.2), we conclude that ¢;(z,t) is also differentiable in ¢ and

O 1 o dip; — 9v;
aitj = —i(E;F - E; )Sln@jait] = _f"j\/(E;-r = 1) (py — E; ) 87;
which, when combined with (3.5) and solved for %, concludes the proof. ]

Lemma 3.4. ¢;(x,t) is continuous in t.

Proof. Due to the previous lemma, we only need to address continuity of ¢; at points with u; € {E;, E;r}
Let us assume p;(xzo,t0) = Ej; the other case is handled analogously.

For any € > 0, G(z, zo; Ef —¢,tp) < 0. By (3.1), the diagonal Green’s function is continuous in ¢; thus,
there is a 6 > 0 such that G(zo, xo; E;—e,t) < 0for |t—to| < 6. Thus, p;j(zo,t) > Ef—e for [t—to| < 0. O
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Before we prove that ; is differentiable everywhere, as an intermediate step, we have to prove statements
which will eventually be superseded.
Lemma 3.5. Fizx € R and j € J. Lift p;(x,t) to a continuous function ¢; : R* — R.

(i) For any a < b,

b
(3:6) [o3(a.b) g0l < [ [Es(olarldr

(i1) For any a <b, if Z;(¢(x,7)) > 0 for 7 € (a,b), then

b
(3.7) 0< @)~ gi(n) < [ Zlplar)dr

Proof. We supress the parameter x throughout this proof, since it can be considered fixed.
By uniform continuity, the interval [a, b] can be split into finitely many closed intervals I with the property

(3.8) |0 (u) — (V)] < if (u,0) C I
By the triangle inequality, it suffices to prove (3.6), (3.7) for (a,b) C I with an interval I with the property
(3.8).
If v;(1) ¢ 7Z for T € (a,b), then (3.2) holds on (a,b), so
b

9j(b) —pjla) = | E;(p(r))dr,

a

and (3.6), (3.7) follow. Otherwise, take
a; = inf{7 € (a,b)|p,(T) € 7L}, by = sup{7 € (a,b)|p;(T) € 7Z}.

Then (3.2) holds on (a, a1) and (b1, b); moreover, by (3.8) and ¢;(a1), ¢, (b1) € 7Z, we have ¢,(a1) = ¢;(b1),
S0

aq b
01(8) = 1(0) = ¢400) = ,00) + s(a) — i) = [ Zelrdr+ [ Ei(erar
a 1
which implies (3.6), (3.7). O
Proof of Proposition 8.2. For differentiability, given Lemma 3.3, there are two cases left to consider.

First case: ¢;(zo,t0) € nZ and Z;(p(xo,t0)) = 0. Since lim, .+, Z;(¢(z0, 7)) = Z;j(¢(x0,t0)) = 0, (3.6)
implies that

iy #(0:) = @;(x0, o)
t—to t—to
50 @;(xo,t) is differentiable at t =t and 9., (xo,to) = 0 = Z;(¢(z0, t0))-
Second case: @;(xo,to) € 7Z and Z;(¢(z0,t0)) # 0. Without loss of generality we assume =Z;(¢(xo,t0)) >
0 (the other case is treated analogously). There is then a neighborhood (z,t) € (zo—€,zo+¢€) X (to—€,to+¢€)
in which Z;(¢(x,t)) > 0. We can then conclude that

QDj(.’Eo,tQ) < (pj(l',t) < Qﬁj(xo,to) +m, ifz e (.’Eo,l'() —+ E),t S [toﬂfo +€);

the first inequality follows by the strict monotonicity of the translation flow and (3.7), and the second by
joint continuity in (z,t) and shrinking e if necessary.
For z € (zg,x0 + €) and ¢ € (to,to + €), we can therefore use (3.2) to conclude that

9) pi(a.t) = pi(aito) = [ Zlptamdr

to

=0

for x € (xo,xo + €). Letting  — xo, we conclude that (3.9) holds also for 2 = xo. It then follows that

lim ©;j(xo,t) — @j(xo, to)
t—=to+ t—to

= E;(p(wo, to))-



ALMOST PERIODICITY IN TIME OF SOLUTIONS OF THE KDV EQUATION 15

A similar argument starting with = € (xg — €,29) and ¢t € (tg — €,tp) provides the left derivative, which
completes the proof. |

4. CONSTRUCTION OF REFLECTIONLESS POTENTIALS AND KDV SOLUTIONS BY FINITE GAP
APPROXIMANTS

In this section, we construct solutions to two questions. The first result is a converse of Craig’s results,
where we show that any Dirichlet data f € D(S) corresponds to a reflectionless operator Hy, with spectrum
S; in other words, we show that the map B defined by (2.6) is onto. In the second result, we construct
solutions of the KdV equation with a prescribed spectrum S and prescribed initial Dirichlet data.

On the torus D(S) of (angular) Dirichlet data given as before, we introduce for k = 1,2, 3,

(4.1) Qo) = EX + ) ((B;))* + (B])F = 2(uy)b).
jeJ

Lemma 4.1. If S obeys (1.16), then Q1, Q2, Qs are continuous scalar fields on D(S).

Proof. Since D(S) is equipped with the product topology, it is sufficient to establish that the series in (4.1)
converges absolutely and uniformly. For & = 1, this follows from

B + B —2u;| < ;.

For k > 2, note that for z € [E, E;“},

k k
— k —|k—m —\m k —|k—m . m
xk_(Ej)k|§Z<m)Ej k (z - E;) gZ(m)mj | o
m=1

m=1

Writing EJ_ = E + ;0 and expanding,

k —\k P k k—m k—m—-n_n . m
|z — (Ej )| < Z Z m n |E]| M5,07; -

=1 n=0

By the arithmetic-geometric inequality,

_ n _ k—1—n

where I = sup;¢ ; 7;. We therefore obtain
2% — (E))* < COfg 'y + )
where C' is a constant depending only on k, E, and I'. Thus,

((B7)F + (BF)Y = 2(py)*| < 3C (S5 v + )

and the series converges absolutely and uniformly by (4.1). O

Our first result is a converse of Craig’s results: we show that any Dirichlet data in D(S) corresponds to
a reflectionless potential R(S), or in other words, that the map B : R(S) — D(S) defined in (2.6) is onto.
Combined with Craig’s theory, this shows that B is a homeomorphism.

For this result, we will assume that S is equal to its essential closure, i.e., that

(4.2) VeeS VYe>0 Leb(SN(z—e€xz+¢€)) >0,

where Leb denotes Lebesgue measure. This certainly holds if, for instance, S is the a.c. spectrum of some
self-adjoint operator, so it will hold in our applications.
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Proposition 4.2. Let S obey (1.13), (4.2). Let f € D(S) and let ¢ : R — D(S) be the unique solution of
the initial value problem

If we define W : R — R by

(43) W= Ql © d)?

then W € R(S) and B(W) = f. Moreover, if S also obeys (1.16), then W € C*(R)NW*°(R) and W obeys
the higher order trace formulas

(4.4) Q209 = **32W + W2
(4.5) Q300 = 168§W— 7W82W— —(a W)+ w3

Remark. The claim that B(W) = f is not trivial; since Qq is far from injective, it is not a priori obvious
that two different trajectories ¢, ¢ under the flow ¥ may not lead to the same potential, Q1 o ¢ = Q1 o ¢.
The above proposition rules this out.

The other main result of this section concerns existence of a solution of the KdV equation with prescribed
initial Dirichlet data.

Proposition 4.3. Let S obey (1.15), (1.16), (4.2). Let f € D(S). There ezists a function ¢ : R — D(S)
such that ©(0,0) = f and

Oup(z,t) = V(p(z,t),  Owp(a,t) =E(p(2,1)).
If we define v : R2 = R by

(4.6) u=GQ100p,
then the function u(x,t) obeys the KdV equation (1.1). Moreover, for each t € R, we have u(-,t) € R(S) and

B(u(-,1)) = ¢(0,1).

We will prove these propositions by a Cauchy sequence argument. The main ingredient is the theory of
finite gap potentials, already mentioned in the introduction.

In this and the next section, we will find it notationally convenient to assume that gaps are indexed by
positive integers, i.e., that J = N. This doesn’t reduce generality, since in the special case where J is finite,
the results are already known. Denote

=[E,0)\ |J (& E))
J<N

and denote the corresponding isospectral torus by D(SV) and vector fields corresponding to translation and
KdV flows by ¥V and EV

Starting from an element f € D(S), we observe the functions oV : R? — D(S™) which solve the equations
(4.7) Oup™ = UV (M), O™ =EN (M)
and obey the initial conditions

©3(0,0)=f;, j<N.

This uniquely determines the functions 'V, since the vector fields % and ZV commute, which follows

from a direct calculation that for all 4,7 < N,

vYo,EN —2Vo,u) = 0.

At this point we recall that, by [GH, Theorem 1.48, Lemma 1.16], the function uy = Q¥ o ¢” : R? — R has
the following properties:
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(i) For every t, the function uy(z,t) is almost periodic in x and the Schrédinger operator H, (. ;) has
spectrum SV

(ii) up solves the KdV equation (1.1)

(iii) The Dirichlet data of uy are v

(iv) The following trace formulas hold:

(4.8) QY o9 =

(4.9) Q) 0 = —307un +u}

(4.10) QY o 384 —§u *u —g(au )2+ u
’ 30w = fglhun — Gundiun = 15 (Oeun)” + uy

where Q,ICV are scalar fields on D(SY) given by the expression

Qr (¢ Ek+z EN)F—2(uy)").

We begin with a statement about stability of trajectories of a vector field.

Lemma 4.4. Assume thcjt U, U are Lipshitz vector ﬁeld5~0n @(é’), with Lipshitz constants less or equal to
L. Consider solutions ¢,¢ : R — D(S) of 0.0 = U(¢), 0x¢p =U(¢). Then

(4.11) [6(z) — 3@ n(s) < 2 (16(0) — $O)lln(s) +C) ™!
where m = 2L1n2 and )
C=— sup'y;/2 min(2r, ||U; — U;]]).
L jes

Proof. Let I =1/(2L) and define the map A from C([0,1], D(S)) to itself by
—f+ / Ulg

1A(g)(z) = A(R) ()| < /OwIIU(g(y)) —U(hy))lldy < Lzllg - |

80, by our choice of [,

Then

1
1A(9) ~ AW < Fllg .
Since A is a contraction with coefficient 1/2, it has a unique fixed point, which is precisely the path ¢(z).
Similarly, defining A on C([0,1], D(S)) by

Mwu»=f+1f0@@»@,

A is a contraction with coefficient 1/2 whose unique fixed point is ¢(z).
There are two ways of estimating A;(g) — A;(g): one is by integrating,

1A5(9) = A ()l < I1f5 = fyll +UU; = Tsl,
and the other is the trivial estimate ||A;(g)—A;(g)|| < 7. Using the smaller of these two estimates, multiplying

by ’Y;/Qv and taking Supjej, we conclude

r o C
1A(9) = Al < IS = fll + 5
In particular, for g = ¢,
N o C
1A(@) =@l < IIf = Il + -
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By standard estimates from fixed point theorems, since ¢ = lim,, o, A™(¢) and A is a 1/2-contraction, this
implies that

lo =@l <2|1f - fll +C,
that is,
[o(x) — d(2)]| < 2[|6(0) — ¢(0)| + C,  Va €0,1].
Applying this inductively, we see that for n € N,
lo(nt) —d(nd)]| < 2" (l6(0) ~ O] + C) —C
and therefore for x > 0,
l6(2) = a@)ll < 27/ (1|o(0) = $(O)] + C) ~ C.
The same argument works for negative x by reversing the vector fields, so we conclude (4.11). (|

To apply the previous lemma to compare trajectories on different isospectral tori, we will lift all the fields
and solutions to D(S) in the following way.
There is a natural projection 7 : D(S) — D(SV), given by

m(¢); = b5, J<N.
To lift the scalar fields, simply define Qi\’ : D(S) — R by
QY =Q o
Introduce the vector field ¥ on D(S) by
BV (g) = {ifm(as)) J<N
i(m(@) >N
and, analogously, define the vector field ZV on D(S) by

N(g) = {E?(ww)) j<N

[1]2

Ej(r(¢)) >N
To define @V : R? — D(S), set the initial value
#M(0,0) = f,
determine its values for = 0 by requiring
O™ (0,t) =EN(@N(0,1)), VtER,
and then its values for arbitrary x by requiring
0p N (x,t) = UN(GN (2,1)), Vaz,t €R.

With these definitions, obviously,
N

p' =mo @N.
We similarly introduce ¢ : R? — D(S) by
©(0, 0) =/,
atgo(oat) - E(@(Oat))v vt € Rv
Owp(z,t) = U(p(x,t), Vr,teR.

—~

Lemma 4.5. Assume that the set S obeys (1.15). There exists m > 0 and constants Kn such that
limy oo Ky =0 and, for all x,t € R, and all j < N,

(4.12) 167 (@, 8) — p(x,t)|| < KyemeHmit,
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Proof of Lemma 4.5. If (1.15) holds, we know that ¥, = are Lipshitz vector fields; the proof of these facts
gives explicit upper bounds for the Lipshitz constants in terms of gap sizes and distances, so it also applies
to UN and 2V, giving uniform Lipshitz estimates in N. Denote by L such an upper bound on the Lipshitz
constant which works for ¥, =, and all the \IIN, =N,

In particular, by the Lipshitz property, values of op(x,t) and @V (z,t) are uniquely determined by the
above definitions.

For j < N,
oo _ 1/2
TN 5N (Ek *Mj)(Elj *Nj)
‘\Ijj_qjj‘gmlj‘ 1 (e — 15)? !
k=N+1 J
~ 1/2 [es) ~ 1/2
crnv 1L (103) (1,043
1<k<N M-k k=N-+1 M.k
k#j
<2(C; —Cjn)

where C; is defined in (1.12) and

1/2
g
Cin = (mjo+3)"* [ <1 + l) -

I<N Myt
I#j

Since é;v(gp) = —2(QY + 2uj)\iﬂ-\', we estimate

25— 2| < 20Qu - QN 18| + 2@ + 2051 19, - ¥
< (Dj = Dj,n)Cj,n + D;(Cj — Cjn)
< D;C; — DjnCjn

where
N

Djn=2Y wm+4n0+4|El, D;= m Dy

=1
Let m = 2L1In2 and let

8
Ky = T sup 'yj/ max (27,C; — Cjn,D;C; — D nCj N) .
j<N

Since lim;_, v; = 0 and, for each j, C; v = Cj, Djn — D;j as N — o0, it is clear that limy_,oo Ky = 0.
Applying Lemma 4.4 to compare trajectories of vector fields =V and = with initial condition f, we conclude

(4.13) ™ (0,8) = 30, )| n(s) < K ne™.

Applying Lemma 4.4 to compare trajectories of UV and @ using (4.13) as initial conditions, we obtain
lp(z, t) — N (@, )l p(s) < 23 Ene™ + Ky )eml”!

which implies (4.12). O

If we remove all discussion of ¢t-dependence and of the vector fields =, =V from the previous proof, then
we only need the Lipshitz property to hold for ¥, ¥V, and the argument only requires the weaker condition
(1.13) instead of (1.15). Likewise, the constant K from the previous proof can be redefined as

8
Ky = —sup ’yj/ min(27, C; — Cj n).

L]<N

The argument then yields the following result.
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Lemma 4.6. Assume that the set S obeys (1.13). There exists m > 0 and constants Kn such that
limy_ 00 Ky =0 and, for all x € R, and all j < N,

(4.14) 16N (2, 0) = p(@,0)]| < Kye™l.
Proof of Prop. 4.2. By Lemma 4.6,
o(z,0) = lim ¢V (x,0)
N—00
converges uniformly on compact sets of x. Denote

W(z) = Qi(¢p(x,0)).

Since QY are uniformly continuous in N, we conclude that the sequence W (z) := ux(x,0) converges
uniformly on compacts to W(x).

We will now use a technique of Craig [Cr, Section 5]; in [Cr] it is applied to a limit, uniform on compacts,
of a sequence of translates of a given potential, but it applies equally well to the limit of the sequence W .
Since the Schrodinger operators Hyy~ converge in strong resolvent sense to Hyy, and since o(Hy~) = SV,
we conclude that o(Hy ) C S. Moreover, uniform convergence on compacts also implies convergence of
the diagonal Green’s function uniformly on compacts (in z) away from S. Since the W/ are reflectionless,
RG(z,z;2 + 10, WN) =0 for a.e. z € S, so by [Cr, Lemma 5.2], RG(z,z; 2 +i0,W) =0 for a.e. z € S.

By analyticity, SG(z,z;2z,W) =0 for z € R\ o(Hw ). Since G(z,x;z +i0,W) = 0 is possible only on a
set of Lebesgue measure 0, combining this with the previous conclusion shows that S\ o(Hyw ) has Lebesgue
measure 0. Since S and o(Hyw ) are closed sets, (4.2) then implies that o(Hw ) = S and W € R(S5).

We will now prove that B(W) = f. Denote by un(z), 0¥ (x) the Dirichlet data for W (related by (2.1),
(2.2) to the angular Dirichlet data ¢V (x)), and by pu(z), o(x) their limits. Fix j € J and recall that, by the
way W were constructed, for N > j, G(x,z;2, WN) > 0 for z € [ué\'(x),Ej') and G(z,z;z, WN) <0 for

z € (Ej, u§v (x)]. Using again convergence of the diagonal Green’s function, we conclude that G(z, x; z, W) >

0 for z € [,uj(x),E]T") and G(z,2;2,W) < 0 for z € (B}, p;(2)], so pj(x) are precisely the Dirichlet data
of W. Since oj(z) can be read off from whether p;(x) is increasing or decreasing, we conclude that the
Dirichlet data of W (x) are precisely ¢(z). In particular, B(W) = ¢(0) = f.

If (1.16) also hold, then QX, QY are uniformly continuous, so QY o W& and Q¥ o W/ are uniformly
Cauchy on compacts.

Fix a compact K C R. Since we already know that the sequence W is Cauchy in C(K), from (4.9) we
conclude that 92W? is also Cauchy in C(K), so W is Cauchy in C?(K). Now, similarly, from (4.10) we
conclude that 92W? is Cauchy in C(K), so W& is Cauchy in C*(K). Its limit is W, so we conclude that
W e C(K) and, by taking limits of (4.9), (4.10), that (4.4), (4.5) hold.

Finally, by using boundedness of Q1, Q2, @3, we conclude from (4.3), (4.4), (4.5) that W € W4>(R). O

Proof of Prop. 4.3. By Lemma 4.5, convergence
(4.15) o(x,t) = lim ¢ (x,t)
N—00

is uniform on compacts in (z,t) € R2. Introduce

(4.16) u(z,t) = Q1(e(x,1)).
By Prop. 4.2, (4.16) implies that u(-,t) € R(S) for each ¢ and B(u(-,t)) = ¢(0,1).
In Prop. 4.2, it was proved that for each ¢t € R and each compact K C R,
(4.17) lim [lun(-,t) —u(-,t)||caxy =0
N—o00

In the setting of this proposition, we know that convergence (4.15) is uniform on compacts in R?, so conver-
gence (4.17) is uniform on compacts in ¢. In particular, this implies that d%u is jointly continuous in (x,t)
for k=0,1,2,3,4.
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Since uy obey the KAV equation (1.1),

un(z,t) = un(z,0)+ /t(6uN8wuN — Puy)(x,7)dr.
0
By uniform convergence, we can take the limit N — oo to conclude
u(z,t) = u(x,0) + /t(6u8zu — O3u)(x, T)dr.
0
Since the integrand is continuous, this implies that u(z,t) is differentiable in ¢ and obeys (1.1). O

5. LINEARIZATION OF THE KDV FLow

In this section, we will resume our investigation of the finite zone solutions uy (z,t) of the KdV equation
and their limit u(x,t). We will consider how these behave with respect to the generalized Abel map introduced
by Sodin—Yuditskii. We assume throughout this section that S is a regular Parreau-Widom set with finite
gap length.

In order to construct a reparametrization of the isospectral torus, Sodin—Yuditskii [SY1] introduced func-
tions &;(z), one for each open gap (£, E;r) The map &;(z) is the solution of the Dirichlet problem on C\ S
with boundary conditions on S given by

1 ac:ooorxGS,xZE;r
0 xeS,xgE;

(5.1) &(x) = {

Regularity of S implies that &;(z) is a continuous function on C and a harmonic function on C\ S, and its
values on S are given by (5.1).

Let 7(C\ S) be the fundamental group of C\ S. It is a free group with the set of generators given by
{cj}jes, where ¢; is a counterclockwise simple loop which intersects R at the points £ —1 and (£ +EJ+) /2.

Following [SY1], consider the group 7*(C\ S) of unimodular characters of 7(C\ S). Use additive notation
for 7*(C\ S). An element a € 7*(C\ S) is uniquely determined by its action on loops ¢;, so we can write
a = {a;}jes where a; = a(c;) € T. Endow n*(C\ S) with the topology dual to the discrete topology of
m(C\ S); there are many ways to choose a metric which induces this topology, for instance

d(a,d):Zminﬂajf&j\,'yj), a,a € (C\ S),
JjeJ
where v; = E — Ej, as before.
[SY1] define the Abel map A : D(S) — n*(C\ S) by defining its components A; = A(c;),

(5.2) Aj(0) =7 ok (& (k) — &(By))  (mod 27Z)
keJ
where, as always, we assume that u, oy are given in terms of ¢ by (2.1), (2.2).
[SY1] prove the following (assuming that S is a regular Parreau-Widom set with finite gap length):

(i) For each j, the sum in (5.2) converges absolutely and uniformly in ¢ € D(S); in particular, the map A
is well-defined;

(ii) A is a homeomorphism between D(S) and 7*(C \ S);

(iii) Denote by AN : D(SN) — 7*(C\ S¥) the Abel map for S¥. Project D(S) to D(SN) by truncation,
and embed 7*(C \ SV) into 7*(C \ ) by assuming o™ (¢;) = 0 for j > N. With those conventions,
consider AV as a map from D(S) to 7*(C\ S). Then, AN — A as N — oo, uniformly on D(S5).

[SY1] introduced this map to generalize the notion of Jacobi inversion, which exists in the finite-gap
setting. In that setting, it is known (see, e.g., [GH, Thm. 1.44]) that Jacobi inversion linearizes translation
and KdV flows. Therefore

(5-3) AN (N (@, 1) = AN (N(0,0)) + 0Nz + (Nt
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for some 6V, (N € RV,
We can now define the map
M=BloA™:7%(C\ S) = R(9).

Proposition 5.1. Assume that S is a reqular Parreau—Widom set which obeys (1.15), (1.16), (4.2). Then,
the map M is a homeomorphism if R(S) is equipped with the metric inherited from W4 (R).

Recall that by Prop. 4.2, we already know that R(S) C W (R).

Proof. For any €1 > 0, there exist €5, €3 > 0 such that

oo = @l ne(c\8) < €3 = sug”(a +0x) — (& + 02) || r-(c\5) < €3
e
— sup||A_1(a +dz) — A7 G+ 0x)|lps) < €2
x€ER

—  sup sup|Qr(A a4 d2)) — Qr(A™ (@ +dx))| < e
ke{1,2,3} z€R

Denote W = M(a), W = M(&). By (4.3), the above estimate for k = 1 implies
W = W|ls < €1,

so M is continuous as a map to L>(R). Inductively, using (4.4) and (4.5), we conclude that M is a continuous
as a map into W2 (R) and W*°°(R), respectively. O

Proof of Theorem 2. Since Hy is almost periodic and o(Hy) = 0,.(Hy) = S, a result of Remling [Rel]
implies V' € R(S). Therefore, V' corresponds to a set of Dirichlet data f = B(V), as defined in (2.6).

By results of Rybkin [Ry] reviewed in Section 3, if u(z,t) is a solution of (1.1), (1.2) which obeys (1.7),
then u(-,t) € R(S) for each ¢t € R, and the Dirichlet data ¢(z,t) of u obey

(5-4) Do =V(p),  Op=E(p)
and ¢(0,0) = f. This determines ¢(z,t) uniquely, since ¥, = are Lipshitz vector fields. The trace formula
u = @1 o ¢ then determines u uniquely.

Conversely, by Prop. 4.3, the solution ¢(z,t) of (5.4) with ©(0,0) = f exists and generates a solution of
(1.1) by u = Q1 o ¢. Since V,u(-,0) € R(S) and B(V) = B(u(+,0)) = f, we conclude that V' = u(-,0), so u
obeys the correct initial condition (1.2). We have therefore established existence and uniqueness.

Since Hy has purely a.c. spectrum, the set S obeys (4.2), so Prop. 5.1 applies to S.

We now recall the functions ¥ (x,t) introduced in Section 4. Since ¥ — ¢ uniformly on compacts
and AN — A uniformly, we can conclude that AN (o™ (x,t)) converge uniformly on compacts to A(¢(z,t)).
Taking the j-th component of (5.3), it follows from uniform convergence that the limits

= = )
exist and
Aj(p(z,t)) = A;j(0(0,0)) + 652 + (.
In particular, M~ (u(-,t)) = M~H(V) + (t. O

6. APPLICATION TO SMALL QUASI-PERIODIC INITIAL DATA

In this section, we will show that Theorem 1 follows from Theorem 2. This will rely on spectral properties
of Schrédinger operators with small quasiperiodic initial data, which have been extensively studied in [El,
DG1, DGL1, DGL2, DGL3].

Until now, we have indexed gaps by the abstract gap label J, and in some sections it was notationally
convenient to assume J to be equal to N. However, for almost periodic Schrédinger operators, there is a
natural gap label given by the rotation number, see [JoMo]. In the setting of Theorem 1 this means that
gaps are naturally labelled by m € Z", with m and —m corresponding to the same gap and with m = 0
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corresponding to the bottom of the spectrum. We will use this label from now on. We remind the reader
that in this paper, for m = (mq,...,m,) € Z¥, |m| stands for the ¢! norm, |m| = Z;:1|mj|.
In the setting of Theorem 1, it is known that there is an €p(ag, bo, ko) > 0 such that, if € < ey, w obeys
the Diophantine condition (1.5), and V' € P(w, €, ko), then, with S = o(Hy):
(i) Hy has purely a.c. spectrum;
(ii) For every m € Z" \ {0},

(6.1) Ym < 2€exp (—%|m|)
(iii) For every m € Z" \ {0} and n € Z¥ with m # n and |m| > |n|, we have
(6.2) Nm,n = a|m|—b’

for some constants a,b > 0 depending only on w, €, kg, V.
(iv) For every m € Z¥ \ {0},

(6.3) Mo < c|ml?,

for some constant ¢ > 0 depending only on w, €.

(v) The set S is homogeneous in the sense of Carleson: (1.11) holds for 7 = 1/2.

(vi) If W € R(S), then W is also quasiperiodic with the same frequency w and similar decay properties of
Fourier coefficients; more precisely, W € P(w, V/4e, ko /4).

We will need a subexponential estimate of the constants

1/2
Cm = (Mmoo +’ym)1/2 H <1 + %> .

neJ "hm,n
n#m

Fix a constant L = L(e, kg, a, b) such that
2e exp (—%|m|) < La*lm|~™*, vm € 2"\ {0}.

Define

R,, = {n e 2"\ {0} | n # m,y, > Lniym}
It follows from (6.1), (6.2), and our choice of L, that n € P, implies |n| < |m|. In particular, the set Ry, is
finite. We order its elements by decreasing ¢! norm, i.e., we denote R,, = {n,(q?}:"zo with

(6.4) (0] > ... > |nlro)].
Lemma 6.1. (i) There are constants T, 8 which depend only on a,b, ko,v, such that
(6.5) (M| > 7 exp (ﬁ|n£,fb+2) ) , Vr<rg—2.
(i) There is a constant D = D(a,b, ko, V) such that
| Ry, | < logglogy|m| + D.
(iii) There is a constant F' = F(a,b, ko, v,w) such that
(6.6) Cm < F exp(F log|m|loglog|m]).

Proof. (i) Among n%), ngﬁﬂ), ngﬁﬁ), we can find two for which the corresponding gaps lie on the same side of

the m-th gap; denote them s = nﬁﬁl), t= n;ZZ), with 7y < ro. By the ordering (6.4), sincer <ry < ro <142,
it suffices to prove

(6.7) |s| > Texp (B]t]) -

Since the gaps labelled by s, t are on the same side of the m-th gap,

Ns,t < MaxX(Mn 1, Mim,s) < max(L_1/47tl/4, L_1/4'ysl/4) < L_1/4(26)1/4 exp (—%M)



24 ILTA BINDER, DAVID DAMANIK, MICHAEL GOLDSTEIN, AND MILIVOJE LUKIC
Combining this with (6.2) gives
_ - Ko
als| =t < L7Y4(2¢)* exp (—§|t\) ,

which can be rewritten in the form (6.7).

(ii) Pick R = R(a,b,kg,v) > 2 such that Texp(Bz) > z* for x > R. Assume that |n5,7;)\ > R for all
r < 2r;. Then (6.5) gives
[m| > [n@] > [nfD|* > - > nfiro [ > 2,
() (r) (r)

which implies 2r; < log, log,|m/|, bounding the number of ny,” with |ny;,’| > R. Trivially, the number of n,

with |n§,§)| < R is less than (2R 4 1)¥. Combining the two estimates completes the proof.

(iii) To estimate C,,, we estimate first the part of the product with n ¢ R,,,

1/2
H (1+ Tn ) < H (1+L1/4%11/4)1/2§exp (;ZL1/47’11/4> <C

nEJ\Rm Thm.n nE€J\Rm neJ

by (6.1). For the part of the product with n € R,,, use |n| < |m| and the bound on |R,,| to conclude that

v, 1/2 2e 1/2 log, log, |m|+D
I I n I I -1 b\ 1082 logy|m

neER, nmﬂl n€ER,

Finally, the factor 7, 0 + ¥m is polynomially bounded by (6.3) and (6.1). O

Proof of Theorem 1. In order to apply Theorem 2, it only remains to verify that Hy obeys the conditions
(1.15), (1.16).
(1.16) follows immediately from

Z (1+ 7772n,0>7m < 2¢(1+a?) Z |m|?® exp (—%|m|) < 0.
meZ¥\{0} m€eZ¥\{0}

Similarly, Zmln/ ? < 0o follows immediately from (6.1). The second inequality in (1.15),

1721+ 1m0
meJ im0

Ch < 0,

holds since the exponential decay of ~,, controls the (at most subexponential) growth of 77;710 and of C,,.
For the third inequality in (1.15), use

1/2_1/2
TR < (2eL)Aqpf il
Thm.n

for all m,n € J to conclude that

1/2_1/2\ ¢ a
sup Jm n (14 1m,0)Cm < sup Z (7,%1/4%1/4) (1 + 7m,0)Crm < 00,
meJ = m,n meJ

neJ
n#m n#Em
again by the observation that the exponential decay of =, controls the at most subexponential growth of
the other factors.
Therefore, Theorem 2 applies to the initial data V' € P(w, €, kp). This implies Theorem 1, since R(S) C
P(w, V4e, ko /4) by [DGL2]. O



[Av1]
[Av2]
[Av3]
[AD]
[ADZ]
[BD]
[Bo]
[BAME]
[Ch]
[CK]

[Cr]
[Da

[DFL)
[DG1]
[DG2]
[DGL1]
[DGL2
[DGL3]
[DGSV]
[De]
[Dul]

[Du2]
[DMN]

[Egl]
[Eg?2]
(1]

(FZ]
[FMcL]
[GGKM]
[GKM]

[Ga

ALMOST PERIODICITY IN TIME OF SOLUTIONS OF THE KDV EQUATION 25

REFERENCES

A. Avila, On the spectrum and Lyapunov exponent of limit-periodic Schrodinger operators, Commun. Math. Phys.
288 (2009), 907-918.

A. Avila, Global theory of one-frequency Schrodinger operators, Acta Math. 215 (2015), 1-54.

A. Avila, Almost reducibility and absolute continuity I., preprint (arXiv:1006.0704).

A. Avila, D. Damanik, Generic singular spectrum for ergodic Schrodinger operators, Duke Math. J. 130 (2005),
393-400.

A. Avila, D. Damanik, Z. Zhang, Singular density of states measure for subshift and quasi-periodic Schrodinger
operators, Commun. Math. Phys. 330 (2014), 469-498.

M. Boshernitzan, D. Damanik, Generic continuous spectrum for ergodic Schrédinger operators, Commun. Math.
Phys. 283 (2008), 647-662.

J. Bourgain, Fourier transform restriction phenomena for certain lattice subsets and applications to nonlinear evo-
lution equations. II. The KdV-equation, Geom. Funct. Anal. 3 (1993), 209-262.

A. Boutet de Monvel, 1. Egorova, On solutions of nonlinear Schrédinger equations with Cantor-type spectrum, J.
Anal. Math. 72 (1997), 1-20.

V. Chulaevskii, Perturbations of a Schridinger operator with periodic potential, Uspekhi Mat. Nauk 36 (1981),
203-204.

A. Cohen, T. Kappeler, Nonuniqueness for solutions of the Korteweg-de Vries equation, Trans. Amer. Math. Soc.
312 (1989), 819-840.

W. Craig, The trace formula for Schrédinger operators on the line, Comm. Math. Phys. 126 (1989), 379-407.

D. Damanik, Schrodinger operators with dynamically defined potentials: a survey, Ergodic Theory Dynam. Systems,
to appear (arXiv:1410.2445).

D. Damanik, J. Fillman, M. Lukic, Limit-periodic continuum Schrédinger operators with zero measure Cantor
spectrum, J. Spectr. Theory, to appear (arXiv:1508.04696).

D. Damanik, M. Goldstein, On the inverse spectral problem for the quasi-periodic Schrédinger equation, Publ. Math.
Inst. Hautes Etudes Sci. 119 (2014), 217-401.

D. Damanik, M. Goldstein, On the existence and uniqueness of global solutions of the KdV equation with quasi-
periodic initial data, J. Amer. Math. Soc., to appear (arXiv:1212.2674).

D. Damanik, M. Goldstein, M. Lukic, A multi-scale analysis scheme on Abelian groups with an application to
operators dual to Hill’s equation, Trans. Amer. Math. Soc., to appear (arXiv:1409.2147).

D. Damanik, M. Goldstein, M. Lukic, The isospectral torus of quasi-periodic Schrédinger operators via periodic
approzimations, preprint (arXiv:1409.2434).

D. Damanik, M. Goldstein, M. Lukic, The spectrum of a Schrodinger operator with small quasi-periodic potential is
homogeneous, J. Spectr. Theory, to appear (arXiv:1408.4335).

D. Damanik, M. Goldstein, W. Schlag, M. Voda, Homogeneity of the spectrum for quasi-periodic Schrodinger oper-
ators, preprint (arXiv:1505.04904).

P. Deift, Some open problems in random matriz theory and the theory of integrable systems. Integrable Systems and
Random Matrices, 419-430, Contemp. Math. 458, Amer. Math. Soc., Providence, RI, 2008.

B. A. Dubrovin, A periodic problem for the Korteweg-de Vries equation in a class of short-range potentials (Russian),
Funkstional. Anal. i Prilozen. 9 (1975), 41-51.

B. A. Dubrovin, Theta-functions and nonlinear equations (Russian), Uspekhi Mat. Nauk 36 (1981), 11-80.

B. A. Dubrovin, V. B. Matveev, S. P. Novikov, Nonlinear equations of Korteweg—de Vries type, finite-band linear
operators and Abelian varieties (Russian), Uspek hi Mat. Nauk 31 (1976), 55-136.

I. E. Egorova, Almost periodicity of some solutions of the KdV equation with Cantor spectrum, Dopov./Dokl. Akad.
Nauk Ukraini, (1993), 26-29.

I. E. Egorova, The Cauchy problem for the KdV equation with almost periodic initial data whose spectrum is nowhere
dense, Adv. Soviet Math., 19 (1994), 181-208.

H. Eliasson, Floquet solutions for the 1-dimensional quasiperiodic Schréidinger equation. Commun. Math. Phys. 146
(1992), 447-482.

L. D. Fadeev, V. E. Zakharov, Korteweg—de Vries equation: a completely integrable Hamiltonian system, Funct.
Anal. Appl. 5 (1971), 280-287.

H. Flaschka, D. W. McLaughlin, Canonically conjugate variables for the Korteweg-de Vries equation and the Toda
lattice with periodic boundary conditions, Progr. Theoret. Phys. 55 (1976), 438-456.

C. S. Gardner, J. M. Greene, M. D. Kruskal, R. M. Miura, A method of solving the Korteweg—de Vries equation,
Phys. Rev. Lett. 19 (1967), 1095-1097.

C. S. Gardner, M. D. Kruskal, R. M. Miura, Korteweg—de Vries equation and generalizations II. Ezistence of con-
servation laws and constants of motions, J. Math. Phys. 9 (1968), 1204-1209.

C. S. Gardner, Korteweg—de Vries equation and generalizations IV. The Korteweg—de Vries equation as a Hamil-
tonian system, J. Math. Phys. 12 (1971), 1548-1551.



26

[GH]
[GST]
[JiMa]
[JoMo]
[KP]
[KPV]
[KdV]
[Lax]
[McKT]
[McKvM]
[No]
[PT1]
[PT2]
[PY]
[Rel]
[Re2]
[Re3]
[Ry]
[SY1]
[SY2]

[Ts]

ILIA BINDER, DAVID DAMANIK, MICHAEL GOLDSTEIN, AND MILIVOJE LUKIC

F. Gesztesy, H. Holden, Soliton equations and their algebro-geometric solutions. Vol. I. (1+1)-dimensional contin-
uous models, Cambridge University Press, Cambridge, 2003.

F. Gesztesy, B. Simon, G. Teschl, Zeros of the Wronskian and renormalized oscillation theory. Amer. J. Math. 118
(1996), 571-594.

S. Jitomirskaya, C. Marx, Dynamics and spectral theory of quasi-periodic Schrodinger-type operators, preprint
(arXiv:1503.05740).

R. Johnson, J. Moser, The rotation number for almost periodic potentials. Commun. Math. Phys. 84 (1982), 403-438.
T. Kappeler, J. Poschel, KdV € KAM, Springer-Verlag, Berlin, 2003.

C. Kenig, G. Ponce, L. Vega, Well-posedness of the initial value problem for the Korteweg de Vries equation, J.
Amer. Math. Soc. 4 (1991), 323-347.

D. J. Korteweg, G. de Vries, On the change of form of long waves advancing in a rectangular canal, and on a new
type of long stationary waves, Philos. Mag. 539 (1895), 422-443.

P. Lax, Integrals of mon-linear equations of evolution and solitary waves, Comm. Pure Appl. Math. 21 (1968),
467-490.

H. McKean, E. Trubowitz, Hill’s operator and hyperelliptic function theory in the presence of infinitely many branch
points, Comm. Pure. Appl. Math. 29 (1976), 143-226.

H. McKean, P. van Moerbeke, The spectrum of Hill’s equation, Invent. Math. 30 (1975), 217-274.

S. P. Novikov, Periodic problem for the Korteweg-de Vries equation, Translation in Funct. Anal. (1975), 236-246.
L. Pastur, V. A. Tkachenko, On the spectral theory of the one-dimensional Schridinger operator with limit-periodic
potential (Russian), Dokl. Akad. Nauk SSSR 279 (1984) 1050-1053.

L. Pastur, V. A. Tkachenko, Spectral theory of a class of one-dimensional Schrédinger operators with limit-periodic
potentials (Russian), Trudy Moskov. Mat. Obshch. 51 (1988) 114-168.

F. Peherstorfer, P. Yuditskii, Asymptotic behavior of polynomials orthonormal on a homogeneous set, J. Anal. Math.
89 (2003), 113-154.

C. Remling, The absolutely continuous spectrum of one-dimensional Schrodinger operators. Math. Phys. Anal. Geom.
10 (2007), 359-373.

C. Remling, The absolutely continuous spectrum of Jacobi matrices. Ann. of Math. 174 (2011), 125-171.

C. Remling, Generalized reflection coefficients, Commun. Math. Phys. 337 (2015), 1011-1026.

A. Rybkin, On the evolution of a reflection coefficient under the Korteweg—de Vries flow, J. Math. Phys. 49 (2008),
072701, 15 pp.

M. Sodin, P. Yuditskii, Almost periodic Sturm-Liouville operators with Cantor homogeneous spectrum, Comment.
Math. Helv. 70 (1995), 639-658.

M. Sodin, P. Yuditskii, Almost periodic Jacobi matrices with homogeneous spectrum, infinite-dimensional Jacobi
inversion, and Hardy spaces of character-automorphic functions, J. Geom. Anal. 7 (1997), 387-435.

K. Tsugawa, Local well-posedness of KdV equations with quasi-periodic initial data, STAM Journal of Mathematical
Analysis, 44 (2012), 3412-3428.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, BAHEN CENTRE, 40 ST. GEORGE ST., TORONTO, ONTARIO,
CANADA M5S 2E4
E-mail address: ilia@math.toronto.edu

DEPARTMENT OF MATHEMATICS, RICE UNIVERSITY, HOoUsTON, TX 77005, U.S.A.
E-mail address: damanik@rice.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, BAHEN CENTRE, 40 ST. GEORGE ST., TORONTO, ONTARIO,
CANADA M5S 2E4
E-mail address: gold@math.toronto.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO, BAHEN CENTRE, 40 ST. GEORGE ST., TORONTO, ONTARIO,
CANADA M5S 2E4 AND DEPARTMENT OF MATHEMATICS, RICE UNIVERSITY, HousTON TX 77005, U.S.A.
E-mail address: mlukic@math.toronto.edu



