CHARACTERIZATION OF THE METAL-INSULATOR
TRANSPORT TRANSITION FOR THE TWO-PARTICLE
ANDERSON MODEL

ABEL KLEIN, SON T. NGUYEN, AND CONSTANZA ROJAS-MOLINA

ABSTRACT. We extend to the two-particle Anderson model the characteriza-
tion of the metal-insulator transport transition obtained in the one-particle
setting by Germinet and Klein. We show that, for any fixed number of parti-
cles, the slow spreading of wave packets in time implies the initial estimate of
a modified version of the Bootstrap Multiscale Analysis. In this new version,
operators are restricted to boxes defined with respect to the pseudo-distance
in which we have the slow spreading. At the bottom of the spectrum, within
the regime of one-particle dynamical localization, we show that this modified
multiscale analysis yields dynamical localization for the two-particle Anderson
model, allowing us to obtain a characterization of the metal-insulator transport
transition for the two-particle Anderson model at the bottom of the spectrum.
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Localization, or absence of transport, is considered to be a characteristic feature
of random media. In the well known one-particle Anderson model, it is known to
appear at either high disorder or low energies. In recent years the multi-particle

Date: Version of April 12, 2016.
A.K. was supported in part by the NSF under grant DMS-1001509.

C.R-M. was supported by the European Community FP7 Programme under grant agreement
number 329458. C.R-M. acknowledges the support and hospitality of the Isaac Newton Institute

for Mathematical Sciences during the programme Periodic and Ergodic Spectral Problems.
1



2 ABEL KLEIN, SON T. NGUYEN, AND CONSTANZA ROJAS-MOLINA

Anderson model has attracted great interest, as it is expected that localization
persists in the presence of inter-particle interactions. This has been shown to be
the case for short-range interactions, using either a multiscale analysis (MSA) or the
fractional moment method [ChS1, ChS2, ChS3, AW1, BCSS, ChBS, KIN1, KIN2].
More recently, interactions of exponential decay and even fast polynomial decay
have been considered in [FW].

In this paper we contribute to the efforts to understand the regime of localization
in the multi-particle setting by extending the work of Germinet and Klein [GK4]
on the characterization of the metal-insulator transport transition for the Ander-
son model. In the aforementioned work, the authors used transport exponents to
measure the spreading of wave packets, spliting the spectrum of the operator into
two complementary regions: the metallic region, where non trivial transport occurs,
and the insulator region, where transport is suppressed by dynamical localization.
Germinet and Klein showed that the insulator region, where the transport exponent
is null, is equivalent to the set of energies where the MSA can be applied, making
this method their main tool of analysis. Moreover, they gave a lower bound for the
transport exponent in the metallic region, which implies that the mobility edge,
i.e., the energy that separates the regions of localization and delocalization, is a
point of discontinuity for the transport exponent.

In our work we follow the approach of [GK4], where the proof consists of two
parts: on one hand, slow transport, identified as slow growth of the time-averaged
spreading of wave packets, implies the starting hypothesis of the MSA; on the
other hand, the MSA implies dynamical localization and therefore null transport.
Therefore, if there is spreading of wave packets, this must be at a rate that is
above a minimal amount. In the one-particle setting, this characterization proved
to be crucial in the study of the Landau Hamiltonian perturbed by a random
potential [GKS], one of the few models where the Anderson transport transition
has been rigorously proved, together with the Anderson model in the Bethe lattice
K11, K12, ASW, FrHS, AW2].

In the multi-particle setting dynamical localization is obtained with respect to
the Hausdorff pseudo-distance in the multi-particle space, but the MSA (or frac-
tional moment method) is based on the usual boxes in the multi-particle space,
i.e., boxes defined by the norm given by the maximum of the absolute value of
the coordinates [ChS1, ChS2, ChS3, AW1, BCSS, ChBS, KIN1, KIN2]. The initial
step for the MSA is a statement about the finite-volume restrictions of the random
Schrédinger operators to usual boxes, but the statement of dynamical localization
is only with respect to the Hausdorff pseudo-distance. For two particles, i.e., N = 2,
the Hausdorff and symmetrized pseudo-distances are the same, so the statement
of dynamical localization can be seen as being with respect to the symmetrized
pseudo-distance.

In order to extend the characterization of Germinet and Klein to the multi-
particle setting, we first show that the slow spreading of the N-particle wave-
packets for large times, with respect to either the Hausdorff or symmetrized pseudo-
distance, implies the initial step of a modified MSA in which the finite-volume re-
strictions of operators are defined using boxes with respect to the relevant pseudo-
distance. This holds for any fixed number of particles N, with either the Hausdorff
or symmetrized pseudo-distance, since the Wegner estimate holds on boxes defined
by either pseudo-distance.
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To obtain the characterization of the metal-insulator transition as in [GK4], we
need to perform a variant of the Bootstrap MSA (see [KIN1] for the Bootstrap MSA
for multi-particle Anderson models) using boxes defined by the pseudo-metric. The
deterministic part of the MSA can be done for boxes defined by the symmetrized
pseudo-distance, but the probabilistic part of this modified MSA would require
a Wegner estimate between boxes that are far apart in the symmetrized pseudo-
distance. For the multi-particle Anderson model where the single-site probability
distribution is only assumed to have a bounded density with compact support such
a Wegner estimate is only known between boxes that are far apart in the Hausdorff
distance, and hence we only have it for the symmetrized distance if N = 2. For
this reason we restrict ourselves to two particles, for which we prove dynamical
localization with respect to the symmetrized pseudo-distance, with the initial step
for the MSA being a statement about the finite-volume restrictions of the random
operators to symmetrized boxes. Thus for two particles we obtain a characterization
of the metal-insulator transition in the spirit of [GK4] for quantities defined with
respect to the symmetrized pseudo-distance.

Recently Chulaevsky obtained a Wegner estimate between boxes that are far
apart in the symmetrized distance for all NV, for a certain class of single site prob-
ability distributions [ChS4] (see also [Chl]). Under Chulaevsky’s assumptions our
modified Bootstrap MSA for boxes in the symmetrized pseudo-distance can be per-
formed for N-particles, where N is fixed but arbitrary, and our characterization of
the metal-insulator transition holds for N-particles.

The article is organized as follows: in the next section we set the notation and
state the main results. In Section 3 we prove that slow transport implies the initial
step of a modified Bootstrap MSA. Section 4 is devoted to the Bootstrap Multiscale
Analysis for symmetrized two-particle boxes. In Subsection 4.1 we explain the
modifications to the N-particle MSA of [KIN1, KIN2] that are necessary in our
setting, and give details on how this modifications are implemented in Subsection
4.2. In Section 5 we show that whenever this MSA can be performed in an N-
particle setting, it yields dynamical localization with respect to the symmetrized
pseudo-distance, which completes the proof of the main result. At the same time, we
are able to improve the conclusions of [KIN1, Corollary 1.7] and [KIN2, Theorem
1.2] by removing the dependency on the initial position of the particles in the
statement of dynamical localization. Appendix A discusses Wegner estimates for
multi-particle rectangles and boxes defined by the relevant pseudo-distances. In
Appendix B we state and prove a Combes-Thomas estimate for restrictions of
discrete Schrodinger operators to arbitrary subsets. In Appendix C we comment
on auxiliary results known in the one-particle case, that are generalized to the
multi-particle setting and an arbitrary pseudo-distance.

2. MAIN DEFINITIONS AND RESULTS
We start by defining the n-particle Anderson model.

Definition 2.1. The n-particle Anderson model is the random Schrédinger opera-
tor on £2(Z"%) given by

where:

(1) A™ s the discrete nd-dimensional Laplacian operator.
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(il) w = {wytreza is a family of independent identically distributed random
variables whose common probability distribution p has a bounded density
p and satisfies {0, My} C suppp C [0, M, ] for some My > 0.

(iii) VLE,”) is the random potential given by

Vi) = Y V(@) for x=(x1,...,2,) € 2", (2.2)

i=1,...,n

where Vu(,l)(:v) = w, for every x € Z2.
(iv) U is a potential governing the short range interaction between the n parti-
cles. We take

U= Y Ulwi—ay), (2.3)

where U: 78 — [0,00), U(y) = U(—y), and U(y) = 0 for Yyl > 70 for
some g € [1,00).

The n-particle Anderson model is a Z%-ergodic random Schrédinger operator. It
follows from standard arguments (cf. [CL, Proposition V.2.4]) that there exists a
bounded set £(™) C R such that J(H(E,")) = % almost-surely, where o(H) denotes
the spectrum of the operator H. Since o(—A() = [0, 4nd], and both Vi and U
are non-negative, we have () C [0, +00).

We will generally omit w from the notation, and use the following notation and
definitions:

(i) Given x = (z1,...,24) € RY, we set ||z|| = ||z|| := max{|21],...,|z4|}
If a = (ar,...,a,) € R we let |ja|| := max{|ai],-..,[|lan]}, Sa =
{ai, ..., an}, and (a) := (||a||), where (t) := /1 + 2 for t > 0.

(ii) For n € N, we set P, to be the set of all permutations of n elements. More-
over, ifx = (21, ...,x,) € R* and 7 € P, we write 7(x) = (a:ﬂ(l), ... ,xw(n)).

(i) We introduce one distance and two pseudo-distances (which we will incor-
rectly call distances) in R"®. They are defined as follows for a,b € R"%:
(a) The norm distance: disty(a, b) = dist(a, b) := ||la — b]].
(b) The symmetrized distance:

dists(a, b) := min {|lx(a) — b} = min {||7(b) —all}. (2.4)

(¢) The Hausdorff distance:
distH(a, b) = diStH(Sa,Sb) (25)

= max{max min ||z — y| , max min ||z — y||}
TE€Sa YESL YESL £ESa

= max{max dist(z, Sp), max dist(y, Sa)}.
YyESK

TESa

We will write distg(a, b), where ff € {00, S, H}, to denote either one of
these distances, as appropriate. Note that

disty (a, b) < distg(a, b) < dist(a, b). (2.6)

If n = 2, we have distg(a, b) = distg(a, b) for all a,b € R?%.
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(iv) The n-particle §-box of side L > 1, where § € {00,S, H}, centered at
x € R, is defined by

Al (x) = {y € 2" disty (x,y) < £}. (2.7)

AE;L;)L (x) = A(L")( ) is the n-particle box of side L centered at x, A(n) 7 (%)

is the symmetrized n-particle box of side L, and Al . L(X) is the Hausdorff
n-particle box of side L. Note that

AL x) = | Arx) c AP x) ¢ | Acly (2.8)
TEPn yeS?

We also define n-particle f-rectangles for # € {co, S}, centered at x € R™¢
with sides L = (L1, Lo, ..., Ly) € [1,00)", by

)(x) = HALj (z;), (2.9)

AG ) = U 7 (A2) = U TTAre, @)
TEP, TEP, j=1

(v) We denote by {dx; x € Z"?} the canonical orthonormal base of ¢2(Z"?).
(vi) Given A C Ay C Z™ we set

%A1 = {(u,v) € Ay x (A2 \ Ay);[lu— v, =1},
where ||-||; is the graph-norm, (i.e., the 1-norm) in Z"¢,
8£2A1 ={veA\As;(uv)e 9M2 A, for someu € AL},
A ={ue Ai;(u,v) e d2A, for somev € Ay \ Ay}

If Ay = Z™, it may be ommitted from the notation.

(vii) Given ® C Z" we define the finite-volume operator Hg as the self-
adjoint operator Hg = ye H™ xe on £%(®) obtained by restricting H ")
to © with Dirichlet (simple) boundary condition. If z ¢ o(He), we set
Ge(z) = (He —2)7! and Ge(z,u,y) = (0u, (He — 2) " 'dy) for u,y € ©.

(viii) Given an open interval I C R, we denote C°(I) to be the class of real-
valued infinitely differentiable functions on R with compact support con-
tained in I, with C2° (1) being the subclass of nonnegative functions.

The random f-moment of order p > 0 at time ¢ for the time evolution, initially

spatially localized in the n-particle box of side one around the point y € Z™¢, and
localized in energy by a function g € C2%, (R), is given by

. n 2
MG (p,g,t,y) = > (disty(y,u))” ‘<5u7 e I g (HL")) 5y> (2.10)
ueznd
The expectation of the random f-moment is given by
M (p,g,t,y) = E (MG, (2.11)

and its time-averaged expectation is defined as

2 [ _a_ .
MD (p,g,T,.Y):T/ e”TM"H (p,g,t,y)dt, (2.12)
0



6 ABEL KLEIN, SON T. NGUYEN, AND CONSTANZA ROJAS-MOLINA

Remark 2.2. Note that both M (p,g,t,y) and M (p g, T,y) are invari-
ant under the action of Z¢, that is, for all a € Z* we have M™¥ (p,g,t,y) =
M"Y (p, g, t,7a(y)) and M9 (p,g, T,y) = MT9 (p, g, T, 7a(y)), where 74(y) =
(y1 — a, .., yn — a).

For p > 0 and non-zero g € C2% (R), we consider the upper and lower transport
exponents, defined by

log sup M™®(p, g, T,y)

+ — 1 yezr

By (P 9) = limsup SloaT : (2.13)
log sup M™#(p,g, T, y)

_ R T yEezZ™

B (P, 9) = lim inf ologT

Note that these quantities are well defined, that is, supy¢zna MO (p g T, y) >
0, see Remark 2.5. If g(H(E,")) = 0 almost surely, we set ﬂ(in ﬁ)(p, g) =0.

Following [GK4, Eq. 2.16 - 2.20], we define the p-th upper and lower transport
exponents in an open interval I, and the p-th local upper and lower transport
exponents at an energy F € R, by

Blp® )= sup BT (p.g), (2.14)
geC?f’Jr(I)

By (0, E) (. 1)

The asymptotic upper and lower transport exponents and the local asymptotic
transport exponents are defined in the same way as in [GK4, Eq. 2.16-2.20], using
the fact that the exponents defined above are non-decreasing in p (see Proposition
2.4),

: +
= inf 15}
IS E, I open interval (n,4)

BE (D) = lim B (p.1) = sup B, (p. 1), (2.15)
p

p—0o0
Binp(B) = lim B3 ) (p, ) = sup BT (p, 1)
p

In the following, we list properties of the (random) moments and their conse-
quences for the transport exponents. These statements are proven similarly to
their continuous analogs, proven in [GK4].

Proposition 2.3. Let g € C2° (R), g(H(E)")) # 0 with probability one. We have,
for every y € Z™* and p > 0,

0< MI9(0,9,0,y) < MED(p, g,t,y) < Cagp(t)Pral+2 (2.16)
0<M™9(0,9,0,y) <MD (p,g,t,y) < Cygp ()P +? (2.17)
0 <M™D(0,9,0,y) < M (p, g, T,y) < Cugp(T)PF4+2, (2.18)

where |x| denotes the largest integer less than or equal to x € R.
We have [GK4, Proposition 3.2],
Proposition 2.4. Let g € C° (R) and E € R, then

(i) B(j;’ﬁ)(p, g) is monotone increasing in p > 0.
(ii) 0 < 5(22711)(177 g) <1
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Remark 2.5. For simplicity, we write g(H(E,n)) = g(H). Let us look at the quantity
E (llg(msal*) = M9(0,4,0,u)

Since {6u}yegna is an orthonormal base, we have that M9 (0,g,0,u) = 0 for
all u € 2" implies g(H) = 0 almost surely. Let us suppose g(H) # 0. Then,
there exists at least one u € Z™ such that M™% (0,g,0,u) > 0, and by (2.18),
MOE) (p g, T, u) > 0. This implies

sup M("’ﬁ)(p,g,T, y) > 0. (2.19)

yeznd

Definition 2.6. We say H‘S,") exhibits strong dynamical localization in the §-
distance in an open interval I if for all g € CZ° (I) we have

sup E{sup M9 (p,g,t,y)} < o0 (2.20)
yeznd teR

for allp > 0. We say Hf.,n) exhibits strong dynamical localization in the §-distance

at an energy E € R if there exists an open interval I containing E such that Hﬁ,n)
exhibits strong dynamical localization in the §-distance in I.

We denote by Zg{’ﬁ) the corresponding region of strong insulation, that is, the set
of energies for which H‘E,n) exhibits strong dynamical localization in the §-distance .

Definition 2.7. Let A = Aénjz (y) be the n-particle §-box of center y € R™ and
side-length L.

i) Given 0 >0, E € R, we say that A is (0, E)-suitable if E ¢ U(HXL)) and
|Ga(u,viE)| < L™ forall ue Ayp3(y) and v e€O_A. (2.21)
Otherwise, A is (6, E')-nonsuitable.

ii) Given m >0, E € R, we say that A is (m, E)-regular if E ¢ O'(Hj(xn)) and

|Ga(u,v; E)| < e ™2 forall ue Ayr/3(y) and v e 0_A. (2.22)

Otherwise, A is (m, E)-nonregular.
ili) Given ¢ € (0,1), E € R, we say that A is ((, E)-subexponentially suitable
(SES) if, and only if, E ¢ 0<HA) and

|GA(u, v; E)| < e L forall ue Ag.r/3(y) and v € O_A. (2.23)

Otherwise, A is called (¢, E')-nonsubexponentially suitable (nonSES).
Theorem 2.8. Fiz § € {c0,S,H}, n € N, let H‘E,n) be the m-particle Anderson
model and let Z,, C R be an open interval. Let g, € Cgi(R) such that g, =1 on

L. If, for some o > 0, 0 > 2nd, and p > p(a,n,d,0) = (0 + 2nd)a + 660 + 15nd,
we have

1
liminf — sup M™% (p,g,,T,y) < o0, (2.24)
T—oo T yeznd

then there exists a sequence of increasing length-scales Ly, such that

lim sup ]P’{Aé;"L)k(y) is (0, E)-nonsuitable} = 0 for all E € Z,. (2.25)

k—oo yERnd
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We define the energy region of trivial transport Eﬁllﬁl;ﬁ) by

S0 = {B €R, B, (E) =0}, (2.26)
Note that we have
R\Z™ c 5{P c i, (2.27)

If n > 2, the Multiscale Analysis for the n-particle Anderson model can only
be performed in an interval at the bottom of the spectrum, and requires a Wegner
estimate between boxes. This estimate is known for n-particles boxes separated in
the Hausdorff distance (e.g., [KIN1, Corollary 2.4]), which allows the performance
of the multiscale analysis for the n-particle Anderson model based on oco-boxes,
yielding dynamical localization in the Hausdorff distance (e.g., the discrete analogue
of [KIN2, Theorem 1.6]).

The conclusions of Theorem 2.8 are statements about f-boxes. [KIN2, The-
orem 1.6] requires an initial step which is a statement about oo-boxes, yielding
dynamical localization in the Hausdorff distance. If we apply Theorem 2.8 to the
conclusions of [KIN2, Theorem 1.6], we would obtain a statement about H-boxes.
To go back we would need to perform a multiscale analysis using H-boxes.

There are technical problems with performing a multiscale analysis based on
H-boxes. But these problems are not present for a multiscale analysis based on
S-boxes. On the other hand, there is no Wegner estimate between boxes separated
in the symmetrized distance, except for the case of two particles, where the sym-
metrized and the Hausdorff distance coincide. For this reason we will now restrict
ourselves to the 2-particle Anderson model, for which we prove the following the-

orem, the analog of [KIN2, Theorem 1.6] for symmetrized two-particle boxes (see
also [GK1]).

Theorem 2.9 (Bootstrap Multiscale Analysis for two-particle S-boxes). Let H‘E,?)

be the 2-particle Anderson model. There exist po(n) = po(n,d) > 0, n=1,2, such

that, given 6 > 16d and energies EY) > E®?) > 0, there exists L = L(d, ||p|| . ,0, B, BE?)
such that if for some Ly > L and n = 1,2 we have

sup P {Ag?)LO (x) is (G,E)—nonsuitable} <po(n) foral E<E™,  (2.28)
zeRnd '

then, given 0 < ¢ < 1, we can find a length scale L = L¢(d, ||p|, , 0, EV, E?)| Ly),
6c = oc(d,|pllo 0, EW,E@ Ly) > 0 and m¢ = me(Le,d¢) > 0, such that, for
n = 1,2, we have that for every B, < EM™, L > L¢ and all a,b € R with
ds(a,b) > L, we have

P {Ag% (a) and Agnl (b) are (m¢, E)-nonregular for some E € I(El)} <e Lt

(2.29)
where I(Ey) = [Ey — 8¢, E1 + 6¢] N (—o0, EM].

Unlike the one particle case, this multiscale analysis can only be performed in
an interval at the bottom of the spectrum, and it requires also the performance of
the multiscale analysis for one-particle in a slightly larger interval. For this reason

Zﬁ’siz, the set of energies where we can start the multiscale analysis for 2-particle S-

boxes, has to be defined differently from [GK4, Definition 2.6]. We say E(?) € Sﬁéi)
if £ > 0 and there exists E(") > E®) such that the condition (2.28) holds for
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n = 1,2 for some Ly > L, where £ = L(d, ||p||
We set

9, EM, E?)) is as in Theorem 2.9.

oo )

.S .S .S .S
EﬁSA) = (—oo,EﬁSA)) ,  where EﬁSA) = supEﬁSA). (2.30)

For n = 1, Theorem 2.8 corresponds to [GK4, Theorem 2.11]. Proceeding as
in [KIN1, Theorem 3.21], we can extend the estimate (2.25), which holds for a
sequence of length-scales Ly, to a corresponding estimate that holds for every large
enough scale L (see Remark 4.13). This yields the following Corollary.

Corollary 2.10. Assume the hypotheses of Theorem 2.8 hold for n = 1,2 (with
f=H =S) on an interval (—oo, E.), where E, > 0. Then (—oo, E,) C 21(\/2[’52-

We define:

(2, 2, (2, 2,
S5 = (-0, BGP) and £GP = (—o0, EGY), (231)
where
B = sup {E; (00, B) C £hpn E%ﬁ)} : (2.32)

Eg’u) = sup {E; (—o0, E) C B&; N E(S2I’n)}

Theorem 2.11. Let Hff) be the 2-particle Anderson model. Then, El(\i’SSA) C ig,S).

In particular, Eﬁ’si) C i'(lgfi’S)'

In the following Theorem, we show that for the two-particle Anderson model,
the converse to Theorem 2.11 holds true. This gives a characterization of the
metal-insulator transition for the two-particle Anderson model at the bottom of
the spectrum, analogous to [GK4, Theorem 2.8].

Theorem 2.12. Let HLQ) be the 2-particle Anderson model. Then, ig’lﬁ) C 21(\%SSA)7
which yields

2,8 (2,8 (2,
SGan = 20° = 25, (2.33)

Theorem 2.12 is a consequence of Theorems 2.8 and 2.11. It shows that for the
2-particle Anderson model, within the region of one-particle dynamical localization,
slow transport (i.e., B(_Q ) (p, E) small) at the bottom of the spectrum implies dy-

namical localization. In particular, it implies null transport (i.e., 5(_2 S)(p, E)=0)
in an interval at the bottom of the spectrum.

Remark 2.13. We can obtain the following analogue of [GK4, Theorem 2.10]. Note
that we have El(\/%si) < El(v}%A (recall (2.30)). As in the proof of [GK4, Theorem 2.10],
it follows from Theorem 2.8 applied to the one-particle setting that Bf(Eﬁ%A) >

3—1d. If Eﬁsi) = Eﬁ/}%A this is all we can say. If Eﬁsi) < Eﬁ%A, it follows from

Theorem 2.8 that we must have (3, S)(Eﬁ’si)) L

= 20d"

Remark 2.14. Recently Chulaevsky obtained a Wegner estimate between bozes
that are far apart in the symmetrized distance for all N, for a certain class of
single site probability distributions [ChS4, Theorem 2.2] (see also [Chl]). Under
Chulaevsky’s assumptions we would have Corollary 2.10 and Theorem 2.11, and
therefore Theorem 2.12, for any N > 2.
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3. PROOF OF THEOREM 2.8

We prove Theorem 2.8 following [GK4]. We need to adapt [GK4, Proposition
6.1 and Lemma 6.4] to the discrete setting and distance disty, f € {c0, S, H}.
We start with [GK4, Proposition 6.1].

Theorem 3.1. Let Hﬁ,") be a random n-particle Schrédinger operator, g € C2% (R).
For anyu € Z™, p > 0 and T > 0, we have

MO (p g, T, u) (3.1)
_ % /Rvgd (dist; (v, u))" E <‘<6V,Gw (E+4)g (Hgl)) 5u>‘2) dE.

The proof of Theorem 3.1 is similar to the proof of [GK4, Proposition 6.1], with
the corresponding changes to the discrete setting, and considering the multiplication
operator dists(u, -) instead of the usual position operator (-) = disto(u,-), so we
omit the proof.

The following is a generalization of [GK4, Lemma 6.4] to the discrete setting, we
give a proof in Appendix C (see Lemma C.1) for the reader’s convenience.

Lemma 3.2. Let H‘(‘,") be a random m-particle Schrédinger operator satisfying a
Wegner estimate for §-boxes of the form (A.1) in an open interval Z. Let us denote
by A the n-particle §-box Aé;nL), where § € {00, S,H}. Let pgp > 0 and v > nd.
There exists a scale L = L(y,n,d, p,po) such that, given E € T, L > L, and subsets
By,By; C A such that 0_A C Bs, for each a > 0 and € > 0 we have, for u € B
andy € Bs

P(a < |GA(E + ie;y,u)|) (3.2)

4L'y+2nd
——  sup E(|G(E +ig;k,u)|) + po,
a kedL AUB,

and
P(a < |GA(E;y,u)|) (3.3)
8L'y+2nd B
<= — s E(GE +iskw) +2200 ., \ﬁ"d +po.
a ke AUB> a

We are now ready to prove Theorem 2.8.

Proof of Theorem 2.8. Fix n > 2. We write for simplicity A = AénL) (x). We need
to show that for § > 0 and any pp := po(n) > 0 there exists Ly such that, given
L1 > Ly, for some L > L1 we have

PE,L :]P){‘GA(EaY7u)| >L_9} <]507 (34)

for all u € Aé_nL)/g (x) and y € _A and all E € T, uniformly in x € R, We will
proceed as in the proof of [GK4, Theorem 2.11]. Let pg > 0 and use Lemma 3.2
with a = 8L~ By = Ay.1/3, B2 = 0_A. This gives the existence of L(v,n,d, p, po)

such that for L > L(v,n,d, p,po), we have

Pgp, < L7 sup E(|G(E + ig; k,a)|) + CpnV/EL™ 2 4+ py,  (3.5)
keoL A
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where C,,, := C ||p|| . and dLA := O, AUD_A . We will make the second term
in the r.h.s. small by taking

2
Po oFand
L=LE)=—""— . 3.6
© (Qprn\ﬁ> (3.6)
Then,
Pg,r < L7200 sup E(|G(E + ig; k, u)|) + 2po. (3.7)
kedL A

We will split the first term in the r.h.s. of (3.7) as in [GK4, Eq. 6.31] using the
fact that gn(Hf,”)) =1 on Z,. We will drop the subscript from g, for simplicity.
Next, we use [GK4, Theorem A.5], which holds in the discrete setting, see [GK4,
Remark 2.1], to obtain

LyF2nd+o kgng]E (‘<5k, G(E + ig) (1 - g(Hf]”)) 5u>

where we used that diste(k, u) > disty(k, u) and disty(k,u) > L/2. We obtain

) + 3po (3.9)

)

where C), := 6?/2 and we used the fact that k € 9L A implies disty(u,k) > L/6 for
L > 1. We use Jensen’s inequality to obtain

) <po,  (3.8)

Ppy < 172000 sup B (|(66, G(E +ie)g (U)o )
kedL A

< O, [P/t gy E((distﬁ(k,u»pﬂ‘<6k,G(E+i5)g(HU(J"))6u>
ke A

+ 3p0,

Jup E ((distn(k, u))?/? ‘<5k, G(E + ig)g(Hg"))au> ’) (3.10)
1/2
<E( D (disty(v,w)” |(o, G(E+ ig)g(HUg">)5u>‘2
veznd

Next, we define

A M 1 = (3.11)
2
Ecl:E[ 3 (dist(v,u)? Kav, G(E + z‘s)g(Hg“>)5u> < Me~(e+D)
veznd
Taking T = £~! and using Theorem 3.1, we get
™

I\ A, < ) (p, T . 3.12
I\ Aunrrel < 57 uselzng (p,T,9,u) (3.12)

By our hypothesis (2.24), we can pick a sequence T; — oo such that, for j big

enough, we have sude(”’ﬁ)(p,g,Tj,u) < CTja for some positive constant C.
ueZ’n

Then, for the corresponding sequence ¢; := Tj_1 — 0T we have

!

C
|I\Au,M7I7aj| S Ma (313)

where C' = wC'. Note that this bound is uniform in u.
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For an E € [ fixed, either E' € Ay e, or E € I\ Ay re;. In the first case
we have,

P, < CpLyP/H2ndtopi/2 m(ed /2y gy, (3.14)

where we write L; := L(g;). If E € T\ Au7M7178j, by (3.13) there exists E, €
Au,1,Mm,e; such that |E — Ey| < % Using the resolvent identity, we obtain

E(’<5k,G(E+z‘sj)g(H£,”))5u> ) SE(‘%G(E +ig;)g(HSY)du >)+ 5;2
(3.15)

It follows that
Ppp, < L”"'Q"‘“'e sup E (’<5k,G’(Eu + iej)g(Hﬁn))6u>

)

k€dL A
C/L;+2nd+9
+ Migi + 3])0. (316)
We can bound the first term in the r.h.s. as in (3.9)-(3.14) and get
C«/L7+2nd+0
P, < CpL;P/2+W+2nd+0Ml/ZE;(Oé+1)/2 i ;\4752 + 3po. (3.17)
J

We set M = L;’H'?’g. Recalling (3.6) and v > nd, we can take p such that p >
pla,n,d, ) = (0 + 2nd)a + 60 + 15nd, and find v and L; larger than some scale
L = L(d,p,a,0,7,p0,Cpr,C"), such that the r.h.s. of (3.17) is bounded by 5py.
Therefore, there exists a sequence L; — oo such that for L; large enough and
po < Po/5 we have Pp , < po uniformly on x € R"™. Since py is arbitrary, we
obtain the desired result. (|

4. THE BOOTSTRAP MULTISCALE ANALYSIS FOR SYMMETRIZED TWO-PARTICLE
BOXES

4.1. Preliminaries. Let A(SQ)L(X) be the symmetrized two-particle rectangle with
sides L = (Lyi,Ly) and center x = (z1,72) € R?? as in (2.9), and note that
’A ’ < 2L2% where L = max {L;,Ly}. We set

II; Afsz( x) = Ap,(z;) for j=1,2,

AP, (x) =TAY, . (x) = |J Az, (). (4.1)
j=1,2

Definition 4.1. A pair of symmetrized two-particle rectangles, A,(SZ)L( ) and A(s )L/( ),
are said to be fully separated if and only if

MAS), (x) () HAS, (v) = 0. (4.2)

The pair is said to be partially separated if and only if there exists j € {1,2} such
that

cither TAY (x) (| TAS, (y) =0, or IAL (v) () TAG) (x) = 0.
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Note that events defined on a pair of fully separated symmetrized two-particle
boxes are independent.

The following Wegner estimate for partially separated symmetrized two-particle
rectangles can be proven in the same way as in [KIN1, Theorem 2.3 and Corollary
2.4], using Theorem A.1.

Proposition 4.2. Consider a pair of partially separated symmetrized two-particle
rectangles Ag)L(x) C Ag)L (x) and Afgz_)];,(y) C Ag)L (y). Then
4d
P{d (O—(HA?L(X)),a(HAg)L/(y))) < 5} <16 |lpllo e LY for all e >0. (4.3)
Let Ay C Ay C Z*%. We have 9%2A; C 9A4, so if A; = AS)(x), x € R*, we
have ‘8A2A1| < |0A4] < 252@624_1, for some constant sg g > 0.
Lemma 4.3. Let A = Ag)z(x), x € R¥. If (a,b) € DA, we have
§—1<distg(a,x) < § <distg(b,x) < §+1. (4.4)

Proof. We have a € A, so dists(a,x) < £, b ¢ A, so distg(b,x) > £ > distg(a,x),
and |a—bl||; =1,s0 [[a—b| =1.
Suppose distg(a,x) = [la — x|| < ||la — 7(x)]|. Then

14
la =7m(x)l| 2 fla = x[| = [b = x| — fla = b[]| > 5 ~1, (4.5)

and we conclude that dists(a,x) > £ — 1. Moreover,
1
distg(b,x) < |la—x| +[la—Db|| < 3 +1. (4.6)
(I

Let Ay = A(SQ;)Z(X) and Ay = Ag’)L(y) with A; C Ay, where x,y € R?. For
uc A, veAy\ Ay, and z ¢ o (Hp,) Uo (Hp,), we have

(Ha, —2) ' (wv)= Y (Ha, —2) (wa)(Ha, —2)  (b,v). (47)
(a,b)€d™2 (A1)

Hence, as a consequence of the geometric resolvent identity, we have
-1
|(Ha, =) (uv)| (4.8)

< ‘8/\2 (Ay)] (a’b)fefi,)ajé ) ‘(HA1 —2)" (w,a) (Hp, —2)"" (b,V)‘

< 289 g02471 max ‘(HA1 —2)" ! (u, a)‘ ‘(HA2 —2)7! (bl,v)‘
acd 2 (A1)

for some b; € 8_?2 (Aq).

Definition 4.4. Let Ag = Ag)L(x) with £ = min (L1, La), and E € R.
(i) Let s > 0. Then Ag is (E, s)-suitably resonant if and only if

dist (J(HAS),E) <0 (4.9)

Otherwise, Ag is (E, s)-suitably nonresonant.
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(ii) Let B € (0, 1). Then Ag is (E,B)-resonant if and only if
dist(o(Ha,), E) < be . (4.10)
Otherwise, Ag is (E, 3)-nonresonant.
Let A = A(SZ)L(X) be a symmetrized two-particle box. We set
Srex) = {x+ (Lt +1) 22} n{y eR¥ [ly - x| <L -¢). (4.11)

The symmetrized ¢-suitable partial cover of A (or the ¢-suitable partial cover of A
for short) is the collection of symmetrized two-particle boxes

Cre(x) = {Ag‘;)e(y); y € EL,Z(X)} : (4.12)
Note that we have
Ag)g(y) CA and O0_AN Afgg;)e(Y) =0 forall yeZL(x), (4.13)
#Cro(x) < (2(3% +1))™
Moreover, for every u € Ag}ﬁ% (x) there exists y € =, ¢(x) such that u € Ag% (y)-

Remark 4.5. Elements in =, ¢(x) will be referred to as cells. Two cells, a,b €
Er.¢(x), are neighbors if and only if dists (a, b) = 3+1 Moreover, by construction,

if y € Epe(x) is sufficiently far away from the boundary ofA L( X), then for every
ue€ oy (Ag;(y)), we have u € A(Sz( ) for some a € Zr, ¢(x) that is a neighbor to

Definition 4.6. Let A C Z??. A is said to be non-interactive if and only if for
everyy = (y1,y2) € A, we have

1 = yall > 7o (4.14)

Otherwise, it is said to be interactive .

Proposition 4.7. Let Ay = Ap(x1) X Ag(x2) be a two-particle rectangle, A = Ay U
7w (A1) be a symmetrized two-particle rectangle with L > £. If ||x1 — x2| > L + 1o,
then we have the following:

(i) A is non-interactive,
(ii) dist (AL (x1), Ae(x2)) > 1o,
(111) fIA1 HAL(11)®I+I®HA/(22)
(iv) Hray) = Hay(ao) @ T+ 1 ® Hyy(ay)
v) o(Hp,) =0 (Hﬂ'(Al)) =0 (HAL(I’l)) +o (HAZ(M))’
(vi) dist (Aq,7 (A1) >
(Vl) H —HAl@H(Al);
(vill) o (Ha) =0 (Hry (o) + 0 (Hay(as))
(ix) for every E € o (Hp),

=

(Hy —E) ' = (Ha, —E) '@ (Hya,) — E) . (4.15)

Proof. It’s clear that (i) = (it), (vi) = (vit), and (vii) = (viii) and (iz). By
[KIN1, Lemma 2.7], (i7) = (iii), (iv), and (v). (i) = (vi) since ro > 1. O
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Remark 4.8. Note that a two-particle box Af)( ) is non-interactive if and only
if Ag)L(x) is non-interactive. Hence, if A(LQ)(X) is non-interactive, then A(Q) (%)
satisfies (ii)-(iz).

We recall [KIN2, Lemma 3.9], which is an important ingredient for the two-
particle bootstrap MSA (see also [KIN1, Lemma 2.8]).

Lemma 4.9. Let A(LQ)(X) be a two-particle box and Ag)L(x) be the corresponding
symmetrized two-particle box. Let E < E® and EM > 0 such that EV > E®?) | If
lx1 — 22|l > L+ 1o and L is sufficiently large,
(i) Given 6 > 2d + 2, suppose Ar(z1) is (0, E — p)-suitable for every p €
0 (Hp, (2)) N (=00, EMW] and Ap(22) is (0, E — \)-suitable for every A €
o (HAL(z1)) N (—oo, EMW]. Then Ag)L(X) 18 (g, E)—suitable.
(ii) Given 0 < m < log (%fﬁm + 1), suppose Ar(z1) is (m, E — p)-reqular
foreveryp € o (HAL(xz))ﬁ(foo, EM] and Ap(z2) is (m, E—\)-regular for
every A € o (Hy, () N(—00, EM]. Then Ag)L(X) is (m - w, E)—
regular.
(i) Given 0 < ¢’ < ¢ < 1, suppose Ar(x1) is (¢, E — p)-SES for every p €
o (Ha,(20)) N (=00, E(1 | and Ap(x2) is (¢, E — X)-SES for every A\ €
0 (Hp, (o)) N (—00, EW]. Then AS) (x) is (', E)-SES.

Proof. We prove (ii), the proofs of parts (i) and (iii) being similar. We begin by
showing that A(Q)( ) is (m - w7 E)—regular.

Given u € A(L/)S( yand y € 0_AP(x), [lu—y| > L Then either |lu; — y1|| >
% or |lug —ya| > L . Without loss of generality we assume the latter. We write
o1:=0 (Ha,(z1)) ﬁ (=00, EM] and o := o (Ha,(z1)) N (EM, +00). We use the
hypothesis, the Combes-Thomas estimate from Theorem B.1 (it is enough to take
e = 1/2 there) and the fact that dist (E — o (HAL(xl))) >EMN —E® for p € 0§

and F < E(Q), to show that

|GA(E7 u, y)‘ < Z ‘GAL(JCQ)(E_ u5 u2, y2)|

peEoL
+ Z ‘GAL(ZEQ)(E — K5 U2, y2)|
peoy
20 —top( BV 1) fua-al
d,—m|luz—y2|| 4d
< L% + o) —E(Q)e

2D _ g2
ez (e—mluz—yzl +e 10g<4d+1>|uzy2”> . (4.16)

for L large enough. Taking m < log (%CZE() + 1) yields that, for L large enough,

depending on EM — E®) and d, the box A(L )(x) is <m — w, E) -regular.

Similarly, one can show the same holds for A(Lz) (m(x)). By Equation (4.15), we
conclude that AgQ)L (x) is (m - w, E) -regular. O
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Proposition 4.10. Given a pair of symmetrized two-particle bozes, Ag)L(x) and
Ag)L(y) such that dg (x,y) > L, then the pair is partially separated. |
Proof. Since ||x —y|| > L and ||7(x) — y|| > L, we have
max {||z1 — 1], |z2 — y2||} > L, and (4.17)
max {||z1 — v2ll, |22 — 1]} > L.

There are four cases to consider here. If we take |z1 — y1]| > L and ||za — y1|| > L,
then we have that the pair is partially separated since

LAY (y) (ASL(x) = 0. (4.18)

The other three cases are handled in the same way. O

Definition 4.11. Given a pair of symmetrized two-particle bozes, A(SZ)L(X) and
Ag)L(y) We say that the pair is L-distant if and only if

dists (x,y) > 8L. (4.19)

It follows from Proposition 4.10 that L-distant automatically implies partially
separated.

Proposition 4.12. Let A(SQ)L(X) and A,(S2)L (y) be a pair of symmetrized two-particle

bozes. If the pair is interactive and L-distant, then A(Sz)L (x) and Ag)L (y) are fully
separated, provided L is sufficiently large.

Proof. Since AE.;Q)L(X) and Ag)L(y) are interactive, thus there exists a € Ag)L(x)
and b € Afs?)L (y) such that
llar — as|| <79, and |by — ba| < 7o (4.20)
Thus, we have
dist (Ar(z1),An(z2)) <79 and dist (AL(y1), AL(y2)) < ro. (4.21)
Since dg (x,y) > 8L, we can proceed as in (4.17) and see that, in particular

max {[|z1 =yl |22 — g2} > 8L.

Thus, [|1 —y1|| > 8L or ||zz — y2|| > 8L. Without loss of generality, let us
assume ||z1 — y1|| > 8L, then

Ay (1) mA4L(y1) = 0. (4.22)

Moreover, (4.21) implies
Ap(z1) UAL(ﬂfQ) C Asrtor,(z1) C Agp(z1) and

Ar(y) [ JAL(y2) € Aszyan, (1) C Aar(un), (4.23)
provided L is sufficiently large. Therefore,
IAS) (x) (TAS), () = 0. (4.24)
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4.2. The Bootstrap Multiscale Analysis. The proof of Theorem 2.9 is similar
to the proof of [KIN2, Theorem 1.6]. It uses the corresponding result for one-particle
boxes from [GK1] and the definitions and results for symmetrized boxes introduced
in the previous sections. We will state the steps needed for the proof and refer to
[KIN1] and [KIN2] for details.

4.2.1. The initial step for the MSA at the bottom of the spectrum. That the hy-
potheses of Theorem 2.9 are satisfied at the bottom of the spectrum can be proven
in the same way as [KIN2, Theorem 4.1] using Theorem B.1.

4.2.2. Consequences of the one-particle case. For the one-particle model, note that
symmetrized boxes are usual boxes in the distance disto,. In this case we know from
[GK1, Theorem 3.4] that there exists E(") > 0 such that, given E?) < E()_ for ev-

. . W _p®
ery 7 € (0, 1) there is a length scale L, 6, > 0, and 0 < m < log (% 1),
such that the following hold for all E < E() :
i) For all L > L, and a € RY we have
]P’{AL(a) is (m?, E)—nonregular} <e L, (4.25)

ii) Let I(E) = [E — 6,,E +6,] C (—oo, EM]. For all L > L, and all pairs of
disjoint one-particle boxes Ay (a) and Ap(b) we have

IF’{EI E' € I(E) so both Ar(a) and Ap(b) are (m}, E') —nonregular}
<e I, (4.26)

Remark 4.13. The result of [GK1] holds for a sequence of scales. It holds for all
sufficiently large scales using [GK6, Lemma 3.16] as in [KIN1, Theorem 3.21].

This result yields probability estimates for non-interactive symmetrized two-
particle boxes.

Lemma 4.14. Let Af)(x) = Ao(x1) X Ay(z2) be a non-interactive two-particle box
and 7 € (0,1). Then for £ large enough, depending on EM,E® d r, and for all
E < E® we have

IP’{AE;)Z(X) is (mi(0), E) -nonregular} < P with mX(0) = m) — w,

T

¢ mi(0)
gl 3 (4.27)

P{AL)(x) is (0, ) -nonsuitable} < (2% for § <
P{AL,(x) is (7, B) -nonSES} < (2",

Proof. Since both Af) (x) and Af) (m(x)) are non-interactive, the proof is a direct
consequence of [KIN2, Lemma 5.1] adapted to the discrete setting and Lemma
4.9. |

In what follows, we fix (, 7, 3, o, (1, {2,y such that
0< (<1<, v >1, (4.28)
(<< <G <yva<B<<T with (v*<(.

To aliviate the notation, in what follows we will omit the upperscript (2) from the
notation of two-particle boxes and write simply Ar(x), As,1(x).
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4.2.3. The first Multiscale Analysis for symmetrized two-particle boxes.

Proposition 4.15. Let E < E?, 0 > 16d, 0 < p < 0 —81+2, Y > 66, and
0 < po < (6Y +2)~4, If for some sufficiently large Lo € N we have

sup IP’{AS;LO (x) is (6, E)-nonsuz'table} < po, (4.29)
x€eR2d

then, setting Lyy1 = Y Ly, for k = 0,1,2,..., there exists Ko € N such that for
every k > Ky we have

sup P{AS;Lk (x) s (0, E)—nonsuitable} <L.". (4.30)

x€ER2d

The proof relies on the following lemma, in the same way [KIN1, Proposition
3.2] relies on [KIN1, Lemma 3.3].

Lemma 4.16. Let E € R, s > 0,0 >4d—-2+s, J € N, Y > 10+ 56J, and
L =YY, and consider a symmetrized two-particle box A := Ag.1(x) with the usual
{-suitable partial cover. Suppose

i) A is (E,s)-suitably nonresonant.
1) There exist at most J pairwise ¢-distant symmetrized two-particle bozes in the
suitable partial cover Cy, ¢(x) that are (0, E)-nonsuitable.
iii) Every symmetrized two-particle box with center belonging to Zp ¢(x) of side
length j (8¢ 4+ 1) with j € {1,...,J} is (E, s)-suitably nonresonant.

Then A is (0, E)-suitable for L sufficiently large.

Proof. Without loss of generality, let us assume Agy(ai),...,Ag(ay) are the J
pairwise {-distant symmetrized two-particle boxes in A that are (6, E')-nonsuitable.
This implies that if Ag,.(b) is ¢-distant from Ag,.(a;) for every j € {1,...,J}, and
Ag.(b) € Cpe(x), then Ag,(b) must be (6, E)-suitable.

Let us denote 7 = {ay,...,as}, and

U Asse(a). (4.31)

i=1,...,J
We can separate the set Ag into clusters Py, ..., P., which will be referred to as
bad clusters, so that
i) for i = 1,...,r, P, C A, and each P; is a symmetrized two-particle box of

length ¢;(8¢ + 1) < 9¢,¢ provided ¢; is the maximum number of elements in 7
that belong to F;,

ii) dist (P;, Pj) > 1 for i # j,
iii) Ujzy,. s Asie(ai) € U,y

i)
i)

iv) Do, 9l <9JY,
)

.....

yeo

v) if b ¢ P for every i = 1,...,r, and distg(x,b) < % — ¢, then there exists
u € =, ¢(x) such that b € Ag,g(u) and Ag,(u) is (6, E)-suitable.
Let us now fix y € 9_A. Given u € AS,%(X) with u € As;g(a) for some

a € Zp ¢(x), (note that y ¢ Ag,(a) by construction), we have the following cases
to consider:
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a) if a ¢ P, for every i € {1,...,r}, then Agy(a) is (6, E)-suitable. Setting Ay =
Ag.e(a) and using the geometric resolvent identity (4.8), we obtain

(Hr = B)" (uy)]

< 252’d€2d_1 max
bed™ (A1)

< 285 024100 ((HA —E)"'(by, y)‘ (4.32)

(Ha, = )" ()| |(Ha = E)"' (b1.)

with by € 02 (A1). Then by construction, by € Ag(v), where v € Zp, ¢(x) is
a neighboring cell of a.

b) if a € P; for some i € {1,...,r}, and y ¢ P;, then, using the fact that P; is
(E, s)-suitably nonresonant, we have

(Ha—E) (wy)

< 2527(1@2‘1_ b max
veolr(p)

(Hr — BE)~" (v1, y)] (4.33)

with vi € 0% (P;). If there exists b € E (x) such that v; € As;g(b), y ¢
Agy(b), and Ag,(b) is (¢, E)-suitable, then we can repeat Equation (4.32)
with v; replacing u. Then

(Ha —B) (wy)|

< 289 g2 (Y 0)®

(Hp, = B)" (V)| |(Ha = B) ! (v1.¥)

< 289 g2 (Y 0)*

(Ha = B)”" (v1,y)
< 289 g0 1(Y 0)* 259 g2 100 ‘(HA — E) " (va,y)

< |(HA=B)" (vary)

where vy € 841: (As.e(b)), provided 2sg 0?11 (Y £)%2s5 4¢??~1¢=% < 1. Since by
hypothesis, 8 > 4d+ s—2, this can be achieved if /¢ is sufficiently large depending
on s q,Y and s. Moreover, vy belongs to a neighboring cell of b. If such b does
not exist, then we can always conclude

(HA — By (uy)| < 1 (4.35)

, (4.34)

We will estimate ’(HA — E)" ' (u, y)’ with u € Ag z (x). We first note that we can
start with u € Ag.r (x) and apply either procedure (a) or (b) repeatedly. Since

(% -0 — %) (g + 1)71 = (% - E) (g + 1)71 > 13_%3—3, for our purpose, the shortest

path starting from u to the boundary of A has at least @%3 —3 cells. With L =Y/,
thus we get
L ¢ Y
5 -3=Y(75)-3>% -3 (4.36)
Then iy
(Ha—EB)™ (u,y)‘ < (289002010 0) V) Lo, (4.37)

where N(Y) is the number of cells for which we are able to perform (a) without
using the result for the control of a bad region. Having to account for the cells
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where we do not get anything due to the bad regions, which is, in the worst case,
9J¢ (g + 1)71 +J <9J¢ (§)71 + J = 28J, equation (4.36) gives us

N(Y)>% —3-28J. (4.38)
Our goal is to have ‘(HA - E) ' (%, y)’ < L7, so we would like

Y o
(232,d€2d_1£_9) 5 —3-28J

This can be achieved for ¢ sufficiently large if

(2d—1-0) (¥ -3-28J)+s+0<0, (4.40)

(Ye)* < (Yo~ (4.39)

provided £ is sufficiently large depending on s3 4,Y and s. Since 0 > 4d — 2 + s, it
follows that (4.40) is true if we have & —3 — 28J > 2, that is, Y > 104+ 56J. O

Proof of Proposition 4.15. Using 0 < p < 6 — 8d + 2, we fix s > 0 such that
dd+p<s<0—4d+2.
Given a scale L, we set

pL = sup P{As;L(X) is (6, E)—nonsuitable}. (4.41)
x€eR2d
Let A = Ag,z(x) be a two-particle symmetrized box with an ¢-suitable cover

Cr(x), where L = Y{. We begin by defining several events:
&= {A is (9,E)—n0nsuitable};
A is the event that there exists a non-interactive box, Ag..(v) € Cr ¢(x), that is
(0, E)-nonsuitable,
W; is the event that A is (E, s)-suitably nonresonant and Ag jset1y(a) is (&, s)-
suitably nonresonant for every a € Zp, ¢(x) and every j € {1,...,J}, and
Fjis the event that there are at most J pairwise ¢-distant symmetrized two-particle
boxes in Cr, ¢(x) that are (6, E)-nonsuitable.

We take Y > 10+56J, with J € N to be determined later. Then, by Proposition
4.16 we have

P{E} <P{W5}+P{FS} <P{WS} +P{F5n A} +P{A}. (4.42)
Note that
W5 C U {dist (o (Hasu) B) <0} (443)

As;i(y)=A or ye=L o(x)
te{j(8¢+1) | j=1,....J}

With our choice of s, Theorem A.1 implies
P{Wi}t < (J(2(3% +1))*) (8llpllo €~ L*)
= J22(3Y + 1) |pll o, Y < S (YO TP = JL7P,

provided 4d + p < s and ¢ is sufficiently large. On the other hand, Lemma 4.14
yields, for ¢ is sufficiently large depending on Y, d, p, 7, EM) E®),

iy _
P{A} < (YO)* ?e™t" < 1177
Hence

H’D{AS;L(X) is (6, E)—nonsuitable} < LLTP+P{FSNA}. (4.44)
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To bound P {F§ N .A°}, we note that w € F§ N A° implies there are J + 1 inter-
active pairwise ¢-distant boxes in Cy, ¢(x) that are (6, E)-nonsuitable. Hence, using
Proposition 4.12, and recalling (4.12)-(4.13), we get

P{FSNAY < & (o) (6Y +2)20) = JerHD(Gy 4 2040 (4.45)

Our goal is to have P{F§nN A} < %L*p, which means we just need to require

J+1

L7 (6Y +2)*)"" < Loy, (4.46)

This can be achieved if J > 1, provided /¢ is sufficiently large.
Next, our goal is to show that for sufficiently large Lo, letting Ly = Y Ly_1, then
there must exists a Ky such that

Pr, < Lyt (4.47)

We will proceed by seeing what happens when Ky # 0,1,2,.... From equation
(4.44), taking ¢ to be large enough, then

sup ]P’{AS;L is (0, E) —nonsuitable} <LILTP+L(6Y + 2)2d0I+ 1) L
xecR2d

That is to say that for large enough £,

+1

2 sup P{As;L(X) is (0, E) —nonsuitable} < L7+ ((6Y + Q)deg)J
xeRQd

(4.48)

This implies that for sufficiently large enough Ly, setting pr = pr,, we have that
for every k € N,
_ J+1
21 < (Li1) P+ ((6Y +2)%p)" .
If Ky = 0, then we are done. If not, then we have that (L) ? < po and proceed to
checking whether Ky = 1. If Ky = 1, then we are done. If not, then we must have
that (L1)~? < pi, and by equation (4.49) we must have p; < ((6Y + 2)2‘1]70)‘]—|r1 )
We now proceed to check whether Ko = 2. If Ko = 2, then we are done. If not,
then we must have that (L2)? < pg, and by equation (4.49) we must have

(4.49)

p2 < ((GY + 2)2dpl)J+1 < ((GY + 2)2d ((6Y + 2)2de)J+1)J+1

_ ((6Y n 2)(2d+2d(J+1))(.]+1)) p(()J+1)2 (4.50)

Thus (Ls)? < ((6Y+ 2)2d)(J+1)2+(J+1)ngJrl)z.

We will carry this process out until we can find such a Ky. We will proceed by
contradiction and assume such a Ky does not exists. It is clear that under such
assumption, we get that for every k € N,

2 k k
L7 < ((6Y n 2)2d)(.l+1)+(,l+1) oo (JH1) péj+1)

(J+1) 1+(J+1)+...+(J+1)k71 *
j24) ( )p(()J+1) (451)

= ((6Y +2

(J+1)F—1 .
_ ((6Y+2)2d(J+1)> (J+1)-1 p((JJ+1) )
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Up to now, we only need J > 1 due to equation (4.46). Thus let us take J = 1 and
k_
by rewriting equation (4.51), we get L7 < ((6Y + 2)4‘1)2 1p(2)k for every k € N,
i.e.
k
((6Y +2)%) Ly P(Y7P)F < ((6Y + 2)*pg)®  for every k € N. (4.52)
However, this cannot be true since (6Y + 2)%9p, < 1, and we have reached a

contradiction.

O
4.2.4. The second Multiscale Analysis for symmetrized two-particle bozes.

Proposition 4.17. Let E<XE® p>0,0<mo<m’, 1 <y<1+ g+ 1f for
some Lg sufficiently large we have

St;gd IF’{AS;LO (x) is (mo, E)-nom"egular} < Ly?, (4.53)
x€
then, setting Ly11 = L}, for k=0,1,..., we get
S%BdP{AS;L’“ (x) is (752, E)-nonregular} <L,?, (4.54)
x€
forallk=0,1,....

The proof relies on the following lemma, in the same way [KIN1, Proposition
3.4] relies on [KIN1, Lemma 3.5].

Lemma 4.18. Let E€R, L=, p>0,1<y< 25 0<mg<mi, JeN,
and

me € [(7%,mg] where 0<k<min{y—1,v(1-75),1} (4.55)
Given a symmetrized two-particle box, A := Ag.1,(x) with the usual {-suitable partial
cover, suppose

i) A is (E,B)-nonresonant.
ii) There exist at most J pairwise (-distant symmetrized two-particle box in the
suitable partial cover Cy, ¢(x) that are (m¢, E)-nonregular.
i) Every symmetrized two-particle box with center belonging to =, ¢(x) whose
length is j (8¢ + 1) with j € {1,...,J} is (E, B)-nonresonant.
Then, for L large enough, A is (myp, E)-regular, with
mg>mL2mg—ﬂ%2ﬁ. (4.56)
The proof of Lemma 4.18 is the same as Lemma 4.16, with the corresponding
changes to regular boxes instead of suitable ones. The proof of Proposition 4.17
relies on Lemma 4.18 in the same way the proof [KIN1, Proposition 3.4] uses [KINT1,
Lemma 3.5].

4.2.5. The third Multiscale Analysis for symmetrized two-particle boxes.

1 1
Proposition 4.19. Given 0 < (1 < (p <1,Y = max{341—40 , 4% }, and B <
E® _ If for some Ly € N sufficiently large we have
sup IP’{AS;LO (x) is (¢o, E)-nonSES} < (6Y +2)7 44 (4.57)

x€R2d
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then, setting Lyy1 = Y Ly, for k = 0,1,2, ..., there exists Ko € N such that for
every k > Ko we have

sup P{AS;L,C (x) is (¢o, E)-nonSES} < e L', (4.58)

x€R2d
The proof of Proposition 4.19 relies on the following lemma, in the same way as
[KIN1, Proposition 3.6] is based on [KIN1, Lemma 3.7].
1 1
Lemma 4.20. Let 0 < (G < (g <1,Y = max{341§0,4<0}, L=Y/ JeN,
and E € R. Given a symmetrized two-particle box, A := Ag,r(x), with the usual
{-suitable partial cover. Suppose
i) A is (E,)-nonresonant.
it) There exists at most J pairwise (-distant symmetrized two-particle box in the
suitable partial cover Cr, ¢(x) that are ((o, E)-nonSES.
iii) Fvery symmetrized two-particle box with center belonging to = ¢(x) whose
length is j (8¢ + 1) with j € {1,...,J} is (E, B)-nonresonant.
Then A is (Co, E)-SES for L large enough.

Lemma 4.20 can be proved in the same way as Lemma 4.16 and Lemma 4.18
adapted to nonSES boxes. We refer the reader to [KIN1, Lemma 3.7] for details.

4.2.6. The fourth Multiscale Analysis for symetrized two-particle boxes. In this sec-
tion we proceed with the energy-interval Multiscale Analysis. We fix {, 7, 5, (1, (2, 7y
as in (4.28) and take L = £7.

Definition 4.21. Let Ag,(x) be a non-interactive symmetrized two-particle box
with the usual ¢ suitable partial cover, and consider an energy E < E®) . Then:

(1) As.r(x) is not E-Lregular (for left regular) if and only if there are two
partially separated bozes in Cr, o(x1) that are (mi, E — p)-nonregular for
some 1 € 0 (Hp, (2y)) N (—00, EW].

(ii) Ag.r(x) is not E-Rregular (for right reqular) if and only if there are two
partially separated boxes in Cp, ¢(x2) that are (mk, E — X)-nonregular for
some X € o (Hp, (z,)) N (—o0, ED].

(ili) Ag,r(x) is E-preregular if and only if As.(x) is E-Lregular and E-Rregular.

The following Lemma can be proven as in [KIN1, Lemma 3.15],
Lemma 4.22. Let By < E® | [ = [Ey — 6,, Ey + 6,] C (—oo, EM], and consider
a non-interactive symmetrized two-particle box Ag.(x). Then
(i) P{As.1(x) is not E-Lregular for some E € I} < L3%e="",
(ii) P{As.L(x) is not E-Rregular for some E € I} < L3de="",
We conclude that
P{As;L(X) is not E-preregular for some E € I} < 2L, (4.59)

Definition 4.23. Let A = Ag(x) be a non-interactive two-particle box, and
consider an enerqy E < E®) . Then:
(i) As r(x) is E-left nonresonant (or LNR) if and only if every box Age(a) C
Ap(zy), with a € Ep(x1) , is (E — p, f)-nonresonant for every p €
0 (Hp,(2)) N (=00, EW]. Otherwise we say As p(x) is E-left resonant
(or LR).
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(i1) Ag (%) is E-right nonresonant (or RNR) if and only if every box Age(a) C
Ay (z2), witha € Zp, ¢(x2), is (E—\, B)-nonresonant for every A € o (HAL(x1)>n
(—o00, EM]. Otherwise we say As, 1 (x) is E-right resonant (or RR).

(iii) We say Ag (x) is E-highly nonresonant (or HNR) if and only if A is
FE-nonresonant, that is, E-LNR and E-RNR.

Lemma 4.24. Let E € R, and Ag,(x) be a non-interactive two-particle box.
Assume that the following are true:
(i) Ag,p(x) is E-HNR.
(i) Ag,(x) is E-preregular.
Then Ag,r(x) is (m(L), E)-regular, where
1 6(d+1)log2L

TR (4.60)

m(L) =m} —
where K is defined in Lemma /.18.

The proof of the statement for Ay (x) and Ap(w(x)) follows the arguments in
[KIN2, Lemma 5.17]. The desired result for Ag.;(x) is a consequence of (4.15).

Lemma 4.25. Let E < E® and As...(x) be a non-interactive symmetrized two-
particle box.

(1) If As.r(x) is E-right resonant, then there exists a two-particle rectangle

A1 = AL(Il) X Agg(u), (461)
where u € 2, ¢(z2), and Age(u) C Ar(x2), such that
dist (o (Ha,), E) < 100" < Le=0", (4.62)
Therefore,
dist(o (Ha), E) = dist(o (Ha,),E) < %e_(‘%)ﬂ < %e‘zﬁ. (4.63)
(i) If As,r(x) is E-left resonant, then there exists a two-particle rectangle
A1 = Ag[(u) X AL(xQ), (464)
where u € g, (1), and Ags(u) C Ar(z1), such that
dist(a (HAI),E) < %e_(gz)ﬁ < %e_eﬂ. (4.65)
Therefore,
dist (0 (Ha), E) = dist (0 (Ha, ), E) < 1e70" < 170", (4.66)

The proof follows the arguments in the proof of [KIN2, Lemma 5.18], plus (4.15).
We now state the energy interval multiscale analysis. Given m > 0, L € N,
x, y € R??, and an interval I, we define the event

R(m,I,x,y,L)= (4.67)
{3 E € I such that Ag.;(x) and Ag.;(y) are not (m, E)-regular} .

Proposition 4.26. Let ¢, 7,8, (1, C2, v as in (4.28). Given E < E®), there exists
a length scale Z such that if for some Lo > Z we can verify

sup P{AS;LO (x) is (2L, E)-nonregular} < e_Lgl, (4.68)
xeR2d
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with mg 1= (2L80_1—610g 2L51) < mk, then, there exists d = 0(Lg, Co, B) such that,
k

setting [ = [E — 6, E+0] C (=00, E®] and Ly11 = L] = L] fork=0,1,2,..., we

have

P{R(%2 1%y, L) < et (4.69)

for every pair of partially separated two-particle symmetrized bozes Ag,r, (x) and
AS§Lk (y) .

Proof. We can proceed as in [KIN1, Proposition 3.13] to deduce from the hypothesis
that, setting
5= le—LéO—Mﬁ’

we have
sup IP{HE € I'such that Ag.p,(x) is (mo,E)-nonregular} < e Lot (4.70)
zER2d

Then, we can argue as in [GK1, Eq. 5.37 to 5.38] and obtain

B{RGmo, I, %, v, Lo)} < 2% (w7)

for every pair of partially separated two-particle symmetrized boxes Ag,r,(x) and
AsiLy(y)-

Given ¢ (sufficiently large) and 0 < my < m,, we set L = ¢7 and take my, as in
(4.56). If ¢ is large, we have m(¢) > my, where m(¥) is given in (4.60), and conclude
that m(L) > m(€) > mg > my.

We start by showing that if

]P’{R(mg, 1,x,y, E)} <e (4.72)
for every pair of partially separated two-particle boxes Ag,s(x) and Ag.,(y), then
P{R(mL, I, x,y, L)} <e L7 (4.73)

for every pair of partially separated symmetrized two-particle boxes Ag.r(x) and
As;i(y).

Let Ag,(x) and Ag.r(y) be a pair of partially separated symmetrized two-
particle boxes. Let J € 2N. Let B be the the event that there exists E € I such
that either Cr, ¢(x) or Cr ¢(y) contains J pairwise ¢-distant interactive symmetrized
boxes that are (my, E)-nonregular, and let A be the event that there exists £ € I
such that either Cp ¢(x) or Cr ¢(y) contains one non-interactive symmetrized box
that is not E-preregular. If w € B N .A¢, then for all E € I the following holds:

(1) Crye(x) and Cp (y) contain at most J — 1 pairwise ¢-distant interactive
(my, E)-nonregular boxes.
(ii) Every interactive box in Cr, ¢(x) and Cy, ¢(y) is E-preregular.
We also define the event
Uy = U {dist (0(Hpr), o(Har)) < e—”} : (4.74)
A eMx,N'eMy
where, given a symmetrized two-particle box Ag (a), by M, we denote the col-
lection of all symmetrized two-particle rectangles of the following three types:
(i) As.r(a),
(ii) Agj¢(u) € Agr(a), where u € =g 4(a), and j € {1, 2,...,J},
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(iii) A is a symmetrized two-particle rectangle generated by a two-particle
rectangle either of the form Ag,(v) x Ap(a2), where v € Zp ¢(a1), or
Ar(ay) x Age(v), where v € Zr, ¢(az) .

It is clear that if J > 3, then [Ma| < J (% —|—2)2d +2(% +2)d +1< (J+

1) (% + 2) Qd, and hence it follows from Proposition 4.2 that

P{Us} < ((J +1) (8L 4 2)“)2 (16 1ol L%*fﬁ) . (4.75)

Note that for w € UG and E € I, either every symmetrized two-particle rectangle
in My is (E, f)-nonresonant or every symmetrized two-particle rectangle in My is
(E, B)-nonresonant.

Let w € BSNA°NUS and E € 1. If every symmetrized two-particle rectangle in
My is (E, f)-nonresonant, then, in particular, every non-interactive symmetrized
rectangle in Cr, 4(x) is E-HNR and E-preregular, and hence (m(¢), E)-regular by
Lemma 4.24. As m(¢) > my, we conclude that every non-interactive symmetrized
box in Cr, ¢(x) is (m¢, E)-regular. Since w € BSNA®, Cr, ¢(x) contains at most J—1
pairwise ¢-distant interactive (myg, E)-nonregular boxes in Cr, ¢(x), and all other
symmetrized boxes in Cr, ¢(x) are (my, E)-regular, it follows from Lemma 4.18 that
Ag 1 (x)is (mg, E)-regular. If there exists a symmetrized two-particle rectangle in
My that is (E, 8)-nonresonant, then every symmetrized two-particle rectangle in
My must be (E, §)-nonresonant, and thus Ag(y) is (mg, E)-regular using the
same argument as before. Thus for every E € I either Ag 1 (x) is (mp, E)-regular
or Ag (y) is (mp, E)-regular. It follows that

R(mp, I, x,y, L) C (B5NA°NUG), (4.76)
SO
P{R (mr, I, x,y, L)} <P(B;) +P(A) +PUy). (4.77)
Using independence and Lemma 4.22, we get
(@) T
g sz T
P{B,} <2(£+2)"e 257 and P{A} <2(2L)*NMe L7, (4.78)

We now fix
€]

p-2 -
JG(QL Y 2L 7+2}Q2N7
so, for L sufficiently large, P{B;} < %e_LQ , P{A} < %e‘LCz, and P{U;} <

%e’LQ, and we conclude from (4.77) that

P{R(my, I,x,y, L)} <e =7 (4.79)

We now take Lj large enough so that m(Lg) > mr, = mo and the above
procedure can be carried out with ¢ = Lo, Ly = L} for k= 0,1,..., and my >
my—1 — (2L "), where we write my, := myz,. To finish the proof, we just need to
make sure my, > ¢ for all k = 0,1,..., which can be done taking Lg sufficiently
large, using the fact mg > Ly " as in [KIN1, Eq. 3.46].

(Il

4.2.7. Completing the proof of the Bootstrap Multiscale Analysis for symmetrized
two-particle bores. The proof of Theorem 2.9 follows from Propositions 4.15, 4.17,
4.19, 4.26 as in [GK1, Section 6], see also [KIN1, Section 3.5]. The result holds for
all sufficiently large scales by the argument in [KIN1, Theorem 3.21].
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5. EXTRACTING DYNAMICAL LOCALIZATION FROM THE BOOTSTRAP
MULTISCALE ANALYSIS

In this section we prove Theorem 2.11. Here we present an improvement of
[KIN1, Corollary 1.7], which we state using the Hausdorff distance disty in the
n-particle setting. This result holds in the symmetrized distance if the conclusions
of the Multiscale Analysis hold with respect to the distg.

Following the arguments in [KIN1, Section 4.1], we can prove that H, = Hﬁ,n)
exhibits Anderson localization in the interval I, that is, for almost every w, o (H,,) N
I =0, (Hy,) N Iand oeont (Hy) N I =10. We fix v = (nd+1)/2 and for a € Z"¢
let Ty denote the operator on ¢2(Z"%) given by multiplication by (1 + [|x — a||*)*/2.
By xx we denote the orthogonal projection onto dx. We will work with the following
definition, from [GK5, Section 3],

Definition 5.1. Given w,\ € R and a € Z"?, define

HXaX{)\}(Hw)¢H .
SUp = o ifxpg(He) #0
Waw(@) == { sem0 [|Ta Xia} (Ho )| (it (5.1)
0, otherwise,
where Ty w = {¢ € C(Z"); x(x}(Hw)¢ # 0}, and
HXaX{/\}(Hw)||2 .
= if xpy(He) #0

Zrw(@) = { | Ta " py (Ho)| A (5.2)

0, otherwise.

We have

Z,\M(a) S WM,,(a) S 1. (53)

Theorem 5.2. Let I be a closed interval where the conclusions of Theorem 2.9
hold for H,,. Then, for every ¢ € (0,1) there exists a constant C; > 0 such that

E{sup X (f x1)(H. )xyIIQ}SlE{sup X (f x1)(H. )xyll} (5.4)

lf1<1 1<
< C’C(de(x’y)C for all x,y € R,
where the supremum is taken over all bounded Borel functions f on R.

Proof. Since H,, exhibits Anderson localization in I for almost every w, let {¢; (w)}
be an orthonormal base of the space Ran x;(H,) consisting of eigenfunctions of
H.,x1(H,) with corresponding eigenvalues Aj(w). Then

Hoxr(H, ZA w)Py; (), and

sup [ (F30)(Ho) Xyl = sup Xfo w)) Py, (w) Xy || (5.5)
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where Py (., is the projection onto the space spanned by 9;(w). Since |f| < 1, we
have

<Y e Py Xy |l
1 J

<D Pyl 1Py, (5:6)
j

Xx Zf Plpj(w)xy

From Definition 5.1 and (5.3) we get

||Xx ij(w)HQ < Z)Ww(x) ||T;1ij(w)||2 < W>\j7w(x) T)lewj(“’) 9 and
HXY Py, (w) Hz < WAj’w(y) HTy_le;’(w)Hg : (5.7)
Hence,
X O FOG (@) Py, () Xy (5.8)
J 1

SZWA w ”T 1P¢;(w HQW/\J'»“'(y)||T;1P¢j(w)||2
< HW&M(X)WM w HLoo(I A (M) Z ||T>:1ij(w) Hz |’T;1P¢j(w)||2'
J

By the Cauchy-Schwarz inequality, we get

DT Pyl 175 Pl

J
1/2 1/2
< (ZIITQlej<w>H§> (Z HTy‘lpwj(w)Hi) . (59)
J J
We have
Z T Py oI
J
-3 tr {T;lej(w)T,;l} = tr {77 '\ (Ho) T} (5.10)
J

Given a self-adjoint operator H on (?(Z"%), we have (see [KIN1, Lemma 4.1] and
its proof)

tr {7 "X (H)Tx'} < Cpg < oo forall xeR"™. (5.11)

Thus we conclude that for all x,y € R and almost every w we have

Xx Zf w)) Py, (w) Xy (5.12)

1

S Cﬁﬂzvakhw(x)vvkww(Y)HLx%I@Mw(k»'
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To study ||W,\j,w(X)W,\j,w(y)HLoo(I e (V) W divide it into two cases. For the

first case, consider dy(x,y) < L¢. Note that we always have
IXa®|l < [[XaTal| HTa_le < HTa_lwu for every a e R™, (5.13)

Hence,
X ¢ X <
£ (HW“’(X)WW(Y)”LOO(I,duw(A))) < efrbey) e ntey) (5.14)
< eleemdn(xy)® — Cg_e*dH(x’y){

For the case d(x,y) = L > L, we consider the two cases: whenw € R(I,m,L,x,y)
and when w ¢ R(I,m,L,x,y) (recall (4.67)). By Equation (5.13), for every
weR(I,m,Lx,y)

Wi, w@)Wa, w(y)| <1 for  Xjel (5.15)

For the case that w ¢ R(I,m,L,x,y) we have that for £ € I, Ag,(x) or
Ag.1(y) is (m, E)-Sregular. Without loss of generality, say A (x) is (m, E)-regular.
Suppose Hy = Ev with |[¢]] = 1, then (see [KIN1, Eq. 4.8])

Dl < e |[xo, A, 60l (5.16)

while
||X3+AL(X)wH =< ||X3+AL(X)TXH HTX_1¢H (5.17)

Since
HX6+AL(3)T3-H < L* for every aeR™, (5.18)

we obtain,
cthll < €™ E2L2 | Tt (5.19)
Thus, for w ¢ R(I,m,L,x,y), we get

(W, (X)W, w(y)] < e ™20 for  Aj el (5.20)

We can decompose the expectation in two parts corresponding to the set of w €
R(I,m,L,x,y) and its complement, and obtain

E (WO Wa w0l (1)) (5.21)
< L2ue—mL/2 +€_LC < e—LCI — e—(dH(x,y))</7

provided L. is large enough and ¢’ < ¢. Hence, we get

E {iufl [1Xoe (f X1) (He) Xy||§} <E {f}llfl e (F X1) (He) Xylh} (5.22)

< C’ge_dH(x’y)C for all x,y € R™.
O

Corollary 5.3. Let I be a closed interval where the conclusions of Theorem 2.9
hold for H,,. Then

P
2

JE{ sup (da(X,3))

(f x1)(Hy) XyHZ} <oo forall yeR™, (5.23)
[fI<1 2

where the supremum is taken over all bounded Borel functions f on R.
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Proof.

ya
2

E{ sup (da(X,3))
[fl<1

(f X0 (Ho) Xy | }

<o Y <dH<x,y>>pE{sup X (Ho) X <Hw>xy|§}

xeznd [f1<1

<Gy <dH(X,.Y)>p]E{ sup [ Xoef (Hw) X1 (Hw)Xyll} (5.24)

xeznd [fI<1

<Cy Y (du(x,y))" e O,

PR

The result follows from the fact Y ;.4 (du(x,y))" e=1(¥)" < o0 shown in
[AW1, Lemma A.3].
O

APPENDIX A. WEGNER ESTIMATES
Theorem A.1l. Let Hc(,,n) be the n-particle Anderson model. Consider A C 7™
such that:
(i) If § = 00,5, A = A(")( ) is an m-particle §-rectangle of center x =
(21,...,7,) € R"™ and sides L = (Ly, La,...,L,) € [1,00)", take T =
Ap, (xg) for some k € {1,...,n}, and set L = max{Ly,La,...,Ly}.
(ii) If 4 = H, A = Agl;)L(x) C Z" is an n-particle H-box of center x =
(z1,...,2,) € R™ and side L > 1, and take ' = |J;_, Ar(zy).
Then, for any interval I C R we have

Er (trxr(Ho)) < OF [l L™, (A1)

where 07(100) =n, C,SS) = n(n!), and Cy(lH) = n2"*+1 In particular, for any E € R
and € > 0, we have

Pr (IGA(B)| = 1) = Pr{d(o(Ha), B) < e} <209 o eL™. (A2)

For § = oo this is [KIN1, Theorem 2.3], whose proof can be modified to give the
result for § = S, H.

APPENDIX B. COMBES-THOMAS ESTIMATE FOR RESTRICTIONS OF DISCRETE
SCHRODINGER OPERATORS TO ARBITRARY SUBSETS

For convenience we state and prove a Comes-Thomas estimate for restrictions of
discrete Schrodinger operators to arbitrary subsets (cf. [GK2, K1J]).

Theorem B.1. Let H = —A + V be a discrete Schrédinger operator on (2(Z%),
where A is the centered Laplacian operator. Given S C Z¢, let Hg be the restriction
of H onto S with Dirichlet boundary condition. Then for every z ¢ o(Hg), setting
n, = dist (z,0(H)), for alle € (0,1) we get

(5 (s = 2)70,)| < tge W= oy es. ()
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Proof. Given v = (vy,...,vq) € Z%, let M, be the multiplication operator given by
the function e'* and U, be the multiplication operator given by the function e="'*
on (2(Z%). We set

H, = M,HsU, = M,(—Ags + Vs)U, = M,(=Ags)U, + Vs. (B.2)
Let {e1,...,eq} be the standard basis for R?, and set
eqr; = —e; for j=1,...,d. (B.3)
Given v € ¢%(Z%), we have
(AsU) (x) == Y e "Vp(y)
yeS; ly—=z|;=1
== > eV (2 4 ) = — ) e e (T + €g).
j=1,...,2d; 7+e; €S j=1,....2d; 2+e;ES
Hence,
(M, (—As) Up) (z) = — > et e e I (x + €5) (B.4)

j=1,....2d; x+e; €S

=- Z e (x +ej) = — Z (e7”% =1+ 1) Y(z +¢j)

j=1,....2d; x+e; €S j=1,....2d; x+e; €S
= —Agy(z) — Z (e7"% — 1) Y(x + ¢;).
j=1,...,2d; x+e; €S
Let us define the operator B, by
Ba) @) = S (e - 1) hate). (B.5)
j=1,....2d; z+e; €S
Then

(B@I=] > (- te)
j=1,....2d; z+e; €S
<2d_max, {el! =1} o] < 2d(el) - 1) ]

50 || Byl < 2d(ellll —1).
Thus, for z ¢ o(Hg), letting n, = dist (z,0(Hg)), and requiring

1Bl [[(Hs =27 < 1, (B.6)
we get
(Hy—2) "' = (Hg— By — 2) "' = (Hg — 2) i (Bo(Hs —2)71)*,  (B.7)
k=0
and hence
1(Ho =27 < 3- —gmy = 7= (B-8)
Nz

If we take ||B,|| < 7, for some ¢ < 1, which can be achieved by requiring 2d(e!”! —
1) < en,, then (B.6) is satisfied and

I(Ho =271 <

1 1
7B S na—e)- (B.9)
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Moreover, setting d. = log (5% + 1), we get

2d(el’l —1) < en, <= |v|| <log (% +1) =d.. (B.10)
Thus, for v satisfying (B.10), we have
(00, (Hg = 2) 716, )| = |{00, MyU, (Hs — 2) " M, U,6,) | (B.11)
= ‘<Uv6,;, Uy,(Hs — z)_leUv6y>’ = |<e_”'x5w, (H, — z)_le_”'yéy>’
) (5, (7, - 2)710,)] < e 0 |, - )|

< e vy nz(llia) for all z,y € S.
Choosing v = dzﬁ, we get
£z _
(500 (s = )78, < gt = st s (F et )

O

APPENDIX C. DISCRETE VERSION OF AN AUXILIARY RESULT IN [GK4]

The following is a generalization of [GK4, Lemma 6.4] to the discrete setting,
stated in Lemma 3.2.

Lemma C.1. Let H&n) be a random m-particle Schrédinger operator satisfying a
Wegner estimate for §-boxes of the form (A.1) in an open interval Z. Let us denote

by A be the n-particle §-box Aé;nL), where § € {00, S,H}. Let pg > 0 and v > nd.
There exists a scale £ = L(y,n,d, p,po) such that, given E € T, L > L, and subsets
By,By C A such that 0_A C Bs, for each a > 0 and € > 0 we have, for u € By
andy € By

P(a <|GA(E + iy, u)|)

4L7+2nd
———  sup  E(|G(E+iek,u)|) +po (C.1)
a ked; AUB>

and
P(a < |GaA(E;y,u)|)

8L'y+2nd

<= sw  E(GE+iskw)])+2"2CF ol \/?L"d + 7.
a ked AUB> a
(C.2)

Proof. Note that there exists a positive constant C(n,d) such that for L > C(n, d)
we have |0, A| < L™ for all § € {00, S, H}, and center x € R

We write z := E 4 ic € C. We use the geometric resolvent identity (see [K1,
Section 5]) to get

Ga(zy,uw) =G(zy,u)— Y G(zku)Ga(zy,K) (C.3)
(K, K)€DA
where (k’, k) € OA means k' € 9_A and k € 04 A, with |k —k'||; = 1.

From this, we obtain

Ga(zy,0)| < [G(zy,0)| +[GA(B)| Y |G(zk ). (C.4)
ke, A
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Then,

P(a < |Gazy.w)) <P (5 < [G(zy,0)]) (C.5)

+P | 5 <IGABI Y Gk )

k€(9+A
We bound the second term in the r.h.s. as follows,
a
P13 <lGa®)] Y G(zk )
ke, A
<P(o=< Y [Gzkuwl| +P(L7 <||GA(B)]). (C.6)
ko, A
Note that
< —_— ; .
577 < Z z; k,u) |0+ A sup P (QL’Y 9, A] < |G(z,k,u)|>

k€4 A
(C.7)
We use this, Chebyshev’s inequality and the Wegner estimate (A.1) to bound (C.5)
and obtain

P(a < |Ga(z;y,u)])

2 2L [0, A
S*]E(IG(Z;y,U)I)+7| + A sup E(|G(z;k,u)|)
a ke€OLA

+2C |Ipll o L77H (C.8)

We will take L > £y for a £L; = Li(n,d) such that |0, A| < L. We will,
furthermore, take L > Lo = Lo(7,n,d, p,po) such that the last term in (C.8)

207(}1) ||p||oo L—rtnd Po.

P(a < |Ga(z;y,u)l) (C.9)

2 2L'y+2nd
< -E(|G(z1y,u)]) + ——— sup E(|G(z:k, u)]) + po. (C.10)
a a kedL A

We will give a common bound for the first two terms in the r.h.s., which yields, for
L > Ly =max{L,Ls,1} depending on v,n,d, p and py,

4L’y+2nd
P(a < |Ga(z;y,u)|]) < ——  sup  E(|G(z;k,u)|) + po. (C.11)
a k€d AUB2
Next, the resolvent identity gives
Ga(E:;y,u) = Ga(E +iziy, u) + icGa(E)Ga(E + i€)(y, ), (C.12)
thus,
IGA(E;y.u)| < |GA(E +iesy,u)| + ¢ |Ga(E)|. (C.13)
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Finally,
P(a < |GA(B;y,u)])
a a
SP(g < IGA(EHs;y,u)\) +1P>(2—E < ||GA(E)\|2> (C.14)
& v+2nd
<= sw  E(GE Fisku)]) + 2520 ol /-1 + o,
a ked, AUB; a
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