DERIVED TOPOLOGIES ON ORDINALS AND
STATIONARY REFLECTION

JOAN BAGARIA

ABSTRACT. We study the transfinite sequence of topologies on the ordi-
nal numbers that is obtained through successive closure under Cantor’s
derivative operator on sets of ordinals, starting form the usual interval
topology. We characterize the non-isolated points in the &-th topology as
those ordinals that satisfy a strong iterated form of stationary reflection,
which we call £-simultaneous-reflection. We prove some properties of the
ideals of non-¢-simultaneous-stationary sets and identify their tight con-
nection with indescribable cardinals. We then introduce a new natural
notion of Hé—indeseribability, for any ordinal £, which extends to the
transfinite the usual notion of II%-indescribability, and prove that in the
constructible universe L, a regular cardinal is (§ + 1)-simultaneously-
reflecting if and only if it is H%—indescribable, a result that generalizes
to all ordinals ¢ previous results of Jensen [28] in the case & = 2, and
Bagaria-Magidor-Sakai [5] in the case £ = n. This yields a complete
characterization in L of the non-discreteness of the £-topologies, both in
terms of iterated stationary reflection and in terms of indescribability.

1. INTRODUCTION

Cantor’s derivative operator on a topological space (X, 7) is the map d,
that assigns to every subset A of X the set of its limit points. By declaring
the sets d;(A) to be open one generates a finer topology. Through suc-
cessive applications of this process, and by taking unions at limit stages,
one obtains a polytopological space (X, 79, 71,...,7¢,...), where 79 = 7 and
7¢ € 7¢ whenever ¢ < §. The study of such spaces has been of great in-
terest in recent years, not so much in topology but, perhaps surprisingly,
in proof theory and modal logic. When (X, 7) is scattered, the derived
polytopological spaces (X, 79, 71,...,7¢,...) are known in the literature as
GLP-spaces, for they provide a natural topological interpretation of the
logic GLP (Japaridze [24]), namely the polymodal extension of the classi-
cal Godel-Lob provability logic GL to infinitely-many modal operators [n],
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n < w. The logic GL yields a complete axiomatization of the arithmeti-
cal properties of Godel’s provability operator Prov for Peano Arithmetic
(PA) (Solovay [33]), whereas GLP completely axiomatizes the arithmetical
properties of the operators Prov,, for n < w, where Prov, stands for n-
provability, i.e., being provable in PA together with all II,, true aritmetical
sentences (Japaridze [24, 25]; but see also [23, 11]). See [3] and [15] for more
on the history and results on GLP; and also [6] and [7] for applications
in proof theory and ordinal analysis of arithmetic. The main obstacle in
the study of GLP has been its incompleteness with respect to any class of
Kripke frames. But Beklemishev and Gabelaia [12] finally showed in 2011
that GLP is complete under topological semantics with respect to the class
of all GLP-spaces. The question remained, however, about the complete-
ness of GLP when one restricts the semantics to ordinal spaces, i.e., spaces
(6,7), where 0 is a limit ordinal and 7 is the usual interval topology.

Andreas Blass [14] proved in 1990 the consistency with ZFC of the com-
pleteness of GL under topological semantics for ordinal spaces greater than
or equal to X, with the usual topology 7y (a result obtained, independently,
by Abashidze [1]), and also with the topology 71, known as the club topology.
In 2011, Lev Beklemishev [10] was able to combine Blass’ results to prove
the completeness of GLPs, the fragment of GLP with only two modal
operators, with respect to ordinal topological semantics. For GLP3, not
to mention the general GLP,, case, or even the full GLP, this is not yet
known. The problem is set-theoretic, for as shown by Blass, even for GLP»
the non-completeness is also consistent with ZFC, relative to the existence
of a Mahlo cardinal.

For the completeness of GLP, a necessary requirement is that the topolo-
gies T,, n < w, are all non-discrete. But already for the 75 topology on
ordinals, the non-isolated points a must reflect simultaneously pairs of sta-
tionary sets, i.e., for all pairs S T of stationary subsets of «, there is some
B < « such that SN G and T N B are both stationary in 8. Any regular «
with this property is a large cardinal in the constructible universe L, namely
a weakly-compact, i.e., [1{-indescribable, cardinal (Magidor [31]). It follows
that the non-discreteness of the m topology is equiconsistent with the exis-
tence of a weakly-compact cardinal. Beklemishev [8] and the author showed,
independently, that the non-isolated points in the 7,, topology are exactly
those ordinals that are n-simultaneously-reflecting (see definition 2.8 and
theorem 2.11 below). Moreover, Bagaria, Magidor, and Sakai [5] recently
showed that in L the non-isolated points of the 7,41 topology are exactly
those ordinals whose cofinality is a IT!-indescribable cardinal. Thus, in the
constructible universe there is an exact correspondence between the prop-
erties of (n + 1)-simultaneous-reflection, being a non-isolated point in the
Tni1 topology, and having II-indescribable cofinality.

In the last few years there has been interest in exploring further extensions
of GLP obtained by adding an arbitrary number of modal operators [£], for
& < A, where A is some ordinal, or even for the whole proper class of ordi-
nals. The resulting logics GLP and their fragments have been intensively
studied in [2, 13, 19, 20, 21, 22]. In this paper we are chiefly interested in
the ordinal GLP-spaces associated to GLP, namely, the polytopological
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spaces (0, {7¢ : £ < A}), where 0 is a limit ordinal, or the class OR of all or-
dinal numbers. Particularly, we are interested in determining the conditions
for the topologies 7¢ to be non-discrete. As we have remarked above, this
is a set-theoretic question involving strong forms of stationary reflection, a
well-studied property that implies the consistency of large cardinals (see,
e.g., [16, 26, 27, 31, 32]). In this paper we define some notions of iterated
stationary reflection and simultaneous stationary reflection, which we call
&-stationarity and &-simultaneous-stationarity, respectively, and show that
the latter gives the exact property for a point in the 7¢ topology to be non-
isolated. As it turns out, these notions correspond precisely to some large
cardinals in the constructible universe L, namely H%—indescribable cardinals.
Given the existing vast amount of literature on stationary reflection, both
in pure set theory and in its applications to other areas, e.g., Abelian groups
and modules (see [18]), we believe our theory of {-stationary sets opens up
new avenues for research both for the extension to the &-stationary case of
known results on stationary sets and for applications to other areas.

In section 2 of this paper we give a detailed exposition of the theory of
&-stationary and &-simultaneously-stationary sets and prove that an ordi-
nal is non-isolated in the 7¢ topology if and only if it is §-simultaneously-
reflecting (theorem 2.11). In section 3 we consider the ideal of non-¢-
simultaneously-stationary sets on a given ordinal «, and the correspond-
ing dual filter, and we prove that the ideal is proper if and only if « is
&-simultaneously-reflecting (theorem 3.1), thus giving yet another charac-
terization of the non-isolated points of the 7¢ topology. Sections 2 and 3 are
the revised version of our circulated manuscript [4]. Section 4 is devoted to
indescribable cardinals. We introduce a new notion of H%—indeseribability,
for any ordinal &, and prove (proposition 4.3) that every H%—indescribable
cardinal is (£ + 1)-simultaneously-reflecting. We also consider the associ-
ated Hé—indescribable filters and analyze their connection with the non-¢-
simultaneously-stationary ideals. In particular, we prove (proposition 4.4)
that if k is H%—indescribable, then the Hg—indescribable filter and the non-¢£-
simultaneous-stationary ideal are normal. Finally, in section 5 we prove that
in L a regular cardinal is ({+1)-reflecting if and only if it is H%—indescribable,
and therefore if and only if it is (£ + 1)-simultaneously-reflecting. We finish
by showing, modulo suitable large cardinals, that it is consistent that the 7¢
topology on ordinals is non-discrete while 7., is discrete.

2. DERIVED TOPOLOGIES ON ORDINALS

The interval topology on a non-zero ordinal number § (or on 6 = OR, the
proper class of all ordinal numbers) is the topology generated by the set By
consisting of {0} and the open intervals («, ), for a < 5 < 4.

We shall define a transfinite sequence of topologies (¢ : £ € OR) on §,
with 79 being the interval topology. Notice that By is actually a base for
T9. Also note that 9 is a Hausdorff scattered topology in which 0 and all
successor ordinals less than § are isolated points and every non-zero limit
ordinal is a limit point.
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Given 7¢, let d¢ : P(6) — P(J) be the Cantor’s derivative operator, defined
by:

d¢(A) = {a < 0 : ais a limit point of A in the 7¢ topology}.

Thus, o € d¢(A) if and only if every set in 7¢ that contains a contains also
some element of A different from . Observe that d¢(A) is a closed subset
of ¢ in the topology ¢, for every A and §. Hence d¢(de(A)) C de(A). Also
notice that if £’ < &, then de(de/(A)) C der(A).

We then define 7¢1; as the topology generated by

854_1 = Bﬁ U {dg(A) : A C 4}

If X\ is a limit ordinal, then let 7, be the union U5 <\ Te¢, which is the

topology on § generated by B) := U§</\ Be.

Clearly, for every £ < ¢ we have 7¢ C 7¢, and so for every A C 0,
der(A) C de(A). Notice that the sets of the form

In d&) (Ao) N...N dgn_l(Anfl)
where I € By, n <w, §& < & and A; C 6, all i <n, form a base for 7¢.

Proposition 2.1. For every & < £ and every A, B C 6,
dgr(A) N de(B) = de(dgr(A) N B).

Proof. Suppose v € dg(A) Nde(B). If U € 7¢ with v € U, then v €
UNdgr(A) € 7e. And since v € d¢(B), and &' < &, we have that (UNdg (A))N
B — {v} # @. Since U was arbitrary, this implies that v € d¢(de(A) N B).
We have thus shown that dg(A) Nde(B) C de(der(A) N B).

Now suppose v € d¢(de(A) N B). Then clearly v € d¢(B). Also, since
ds(dgl(A) ﬂB) - dg(dgl (A)) - dg/(A), we have that v € dg/(A) ﬁdg(B). And
this shows that Clg(dsl (A) N B) - dg/(A) N dg(B) O

Corollary 2.2. For every ordinal &, the sets of the form
In dg/ (Ao) n...N dg’(An—l)
where I € By, n <w, § <&, and A; C 0, all i <n, form a base for T¢.

Proof. Fix a basic set I Ndg,(Ao)N...Ndg, ,(An—1) of 7¢, with I € By and
o <...<& <€ Ifn=0,orifn>0and & =¢&,-1, forall 0 < i < n,
then there is nothing to prove. If ¢ is the largest such that & < &,_1, then by
the proposition above we may replace dg, (A;)Nde, ., (Aiy1) by dg,, , (de,(A;)N
Aiq1) =dg,_, (dg,(A;)NAiq1). By repeating this replacing operation finitely-
many times we end up with a set of the form d¢, ,(Bo) N...Ndg, ,(Bm)
that is equal to dg,(Ag) N ... Ndg, (An—1). O

We shall investigate the conditions on § under which the topologies 7¢ are
non-discrete.

In the case of 7y, a point is not isolated if and only if it is a limit ordinal.
Thus 79 is non-discrete if and only if § > w.

Notice that dy(A) is the set of limit points of A in the ordinal ordering.
Thus, if the cofinality! of « is uncountable and a € do(A), then do(A) N«
is a club (i.e., closed and unbounded) subset of «, in the usual set-theoretic

IFor all undefined set-theoretic notions and standard set-theoretic results see, e.g., [28].
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sense. Thus, not surprisingly, 71 is known in the literature as the club
topology and, as the proof of the next Proposition shows, a € J is a non-
isolated point in this topology if and only if o has uncountable cofinality.
Hence 1 is non-discrete if and only if § > w;.

Proposition 2.3. The set By := By U {do(A) : A C 4} is a base for 1.

Proof. Suppose a belongs to the basic set I Ndy(Ag)N...Ndo(An—1), where
I € By. If n = 0, then there is nothing to prove. So suppose n > 0.
Then o must be a limit ordinal. If o has cofinality w, then we can pick
a sequence C' of order-type w cofinal in « so that {a} = do(C). Thus,
a € do(C) CINdy(Ag)N...do(An—1). If & has uncountable cofinality, then
INdy(Ag)N...Ndo(Apn—1)Neis club in o, and so o € do(I Ndp(A)N...N
do(An_l)ﬂOé) g[ﬂdo(A)ﬂ...ﬂdo(An). O

2.1. Stationary reflection. As a warm-up for the general case, let us look
first into the necessary conditions on ¢ for the 5 topology to be non-discrete.
Recall that for a an ordinal of uncountable cofinality, a set .S of ordinals
is called stationary in o if SN C # @, for every club C' C a.
One can easily check that for every A C 4,

di(A) = {a: A is stationary in a}.

If S is a stationary subset of «, then d;(S) is known in the literature as the
trace of S. The operation d; is also known as the Mahlo operation (see [26]
or [27]).

If a is an ordinal of uncountable cofinality and S is a stationary subset
of «, one says that S reflects at 8 < a if S is stationary in 8. And S is
said to be reflecting if it reflects at some 5 < «. Finally, we say that a is
stationary-reflecting if every stationary subset of « is reflecting.

If o has uncountable cofinality and is not stationary-reflecting, then there
must exist some stationary subset S of a such that d;(S) = {«}, in which
case « is an isolated point of By. So, for 7 to be a non-discrete topology on
0 we need, at least, that some o < § be stationary-reflecting.

One can easily see that an ordinal a of uncountable cofinality is stationary-
reflecting if and only if cof(«), the cofinality of «, is stationary-reflecting.
Also, observe that if a cardinal k is stationary-reflecting, then s cannot be
the successor of a regular cardinal. For if )\ is regular and x = AT, then
the set EY := {f < k : cof(B) = A} is stationary. But EY cannot reflect
at any 8 < k, because any such  has a club subset consisting of ordinals
of cofinality less than A. Therefore, the first stationary-reflecting ordinal, if
it exists, must be either a weakly inaccessible cardinal or the successor of a
singular cardinal. Thus, if, e.g., § < N, 11, then 7 is discrete on §.

But for 7 to be non-discrete we need more than just the existence of
a stationary-reflecting cardinal o < §. What is needed is some a < § of
uncountable cofinality such that every pair A, B of stationary subsets of
a simultaneously reflect, meaning that there exists some 8 < « such that
B € di(A)Ndi(B). Let us call such an a simultaneoulsy stationary-reflecting,
or s-reflecting for short.
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Proposition 2.4. If « is s-reflecting, then di(Ao) N...Nd1(An—1) is sta-
tionary, for all stationary Ag, ..., An—1 C a. Also, and in particular, if o is
stationary-reflecting, then for every stationary A C «, di(A) is stationary.

Proof. Suppose first that n = 2. So, fix Ap and Ay, and fix a club subset C
of a. The sets C'N Ag and C' N A; are stationary in «, and therefore they
simultaneously reflect at some 5 < . Thus 5 € C Ndi(Ag) Ndi(Ar).

Now, assuming the proposition holds for n, let us show it holds for n + 1.
So, fix Ay, ..., A, stationary, and suppose C' C « is club. By the inductive
hypothesis, CNdy(Ap)N...Nd1(Ay,—1) is stationary. So, since the proposition
holds for n = 2, the set di(C Ndi(Ap) N...Nd1(An—1)) Ndi(A,) is also
stationary, hence nonempty. But clearly di(C' Ndi(Ao) N...Nd1(An—1)) N
dl(An) gCﬁdl(Ao)ﬂ...ﬂdl(An). O

Proposition 2.5.

(1) An ordinal o < 6 is not isolated in the 1o topology on ¢ if and only
if a is s-reflecting. Thus, By generates a non-discrete topology on §
if and only if some a < § s s-reflecting.

(2) By is a base for the T topology on ¢ if and only if every stationary-
reflecting o < § is s-reflecting.

Proof. (1): If @ has uncountable cofinality and is not s-reflecting, then there
are stationary A,B C « such that di(A) Ndi(B) = {a}, hence a is an
isolated point. Now suppose « is s-reflecting. If o belongs to an arbitrary
basic open set U = I Nd;(Ap) N...d;i(Ap—1), where i < 2 and I € By, then
we claim that U contains some ordinal other than «, which will show that
« is not an isolated point. If n = 0, then U = I and so this is clear. If
n > 0 and ¢ = 0, then U is closed and unbounded in «. If ¢ = 1, then by
proposition 2.4, INd;(d;(Ap)N...Nd;i(An—1)) is stationary in «, and clearly

In dl(dl(A(]) n...N dl(Anfl)) cU.

(2): Suppose « is stationary-reflecting but not s-reflecting. So, there
exist A and B stationary subsets of a such that d;(A) Ndy(B) = {a}. But
{a} & Ba, and so Bs fails to be a base.

For the converse, suppose a belongs to an arbitrary basic open set U =
I'Ndi(Ag) N...di(Ap—1), where i < 2 and I € By. We need to show
that o € U’ C U, for some U’ € By. If « = 0 or « is a successor, then
a € {a} € By. If a has countable cofinality, then for any set C' of order-type
w and cofinal in o we have a € dp(C) = {a} € B;. If a has uncountable
cofinality and is not stationary-reflecting, then for some stationary A C «
we have o € d1(A) = {a} € Ba. So suppose « is stationary-reflecting,
hence s-reflecting. If n = 0, then U = I and so there is nothing to show.
If n > 0 and ¢ = 0, then U is closed and unbounded in a and so a €
di(aNU) C U. So, suppose @ = 1. Then by proposition 2.4 we get that
I'nd;i(di(Ag)N...Nd;i(A,—1)), is stationary in «, and so

o€ di(Oé NninN dz(dZ(A()) n...N dz(An—l))) cUuU.
O

It is easy to see, using the characterization of weakly-compact cardinals
in terms of II indescribability (see [28], [29], or Section 4 below), that
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every weakly compact cardinal is s-reflecting. Thus, from proposition 2.5,
(1) it follows that in every model of set theory where there exists a weakly
compact cardinal less than some ordinal d, the topology 7 on § is non-
discrete. Further, R. Jensen [28] shows that in the constructible universe
L a regular cardinal « is stationary-reflecting if and only if it is weakly
compact, hence if and only if it is s-reflecting. Thus, proposition 2.5, (2)
implies that in L the set Bs is a base for the 7 topology, on any given §.

2.2. ¢(-Stationarity. We are ready now to investigate the general condi-
tions that J must satisfy for the topologies 7¢ to be non-discrete. We begin
with some definitions that generalize the notions of stationary set and sta-
tionary reflection.

Definition 2.6. We say that A C § is O-stationary in « if and only if A is
unbounded in « (i.e., AN« # & and for every B < « there is v € AN«
greater than ().

For £ > 0, we say that A is &-stationary in o < 6 if and only if for every
¢ < &, every subset S of § that is (-stationary in o (-reflects to some 5 € A,
i.e., S is (-stationary in [.

We say that an ordinal « is E-reflecting if it is £-stationary in a.

Note that A is 1-stationary in « if and only if A N « is stationary in «.
Clearly, if A is &-stationary in «, then A is also (-stationary in «, for all
¢ < &. And if € is a limit ordinal, then A is &-stationary in « if and only if
A is (-stationary in «, for all { < €.

Notice also that every limit ordinal « is O-reflecting, and « is 1-reflecting
if and only if it has uncountable cofinality. Moreover, « is 2-reflecting if and
only if it is stationary-reflecting.

Finally, let us observe that there is no ordinal « such that « is a + 1-
reflecting. For suppose, to the contrary, that « is the least such ordinal.
Then there is § < « such that a N3 = § is a-stationary in 8. In particular,
B is B + l-stationary in 3, contradicting the minimality of a. However, as
we shall see in the next section, it is possible for a (large) cardinal a to be
a-reflecting.

Proposition 2.7. For every & > 0, if A is &-stationary in « and C is a club
subset of a, then ANC is also &-stationary in a. Hence, if a is €-reflecting,
then every club subset of « is £-stationary.

Proof. This is clear for £ = 1, and also clear for ¢ a limit ordinal, provided
it holds for all 0 < ¢ < £. So suppose it holds for some £ > 0 and let us see
that it also holds for £ +1. Fix A £+ 1-stationary in « and a club C' C «a. By
the induction hypothesis, A N C is &-stationary in «. If S is a -stationary
subset of «, then by the induction hypothesis, S N C is &-stationary in a.
So, since A is £ + 1-stationary in «, there exists 8 € A such that SNC NS
is &-stationary in 3. Hence § € C. (]

As we shall see (proposition 2.10), similarly as in the case of 7o, for a
point a to be non-isolated in the 7¢ topology we need more than it be-
ing &-reflecting; what we need is that « satisfies the following property of
simultaneous £-reflection.
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Definition 2.8. We say that A C § is 0-simultaneously-stationary in «
(0-s-stationary in «, for short), if and only if A is unbounded in «. For
€ >0, we say that A is &-simultaneously-stationary in « (£-s-stationary in
«, for short) if and only if for every ¢ < &, every pair of subsets S and T
of § that are (-s-stationary in « simultaneously (-s-reflect to some 5 € A,
i.e., S and T are both (-s-stationary in (3.

We say that an ordinal « is &-s-reflecting if it is £-s-stationary in «.

Note that if A is {-s-stationary in «, then A is also (-s-stationary in «,
for all { < &. And if € is a limit ordinal, then A is é-s-stationary in « if and
only if A is (-s-stationary in «, for all { < &.

Notice also that for £ € {0,1}, A is &-s-stationary in « if and only if A
is &-stationary in «. However, the existence of a 2-s-reflecting cardinal has
higher consistency strength than the existence of a 2-reflecting cardinal, by
results of Magidor [31] and Mekler-Shelah [32].

Proposition 2.9. For every & > 0, if A is &-s-stationary in o and C is
a club subset of o, then AN C is also &-s-stationary in «. Hence, if a is
&-s-reflecting, then every club subset of a is &-s-stationary.

Proof. Similar to the proof of 2.7. U

The next proposition establishes an exact correspondance between limit
points of the 7¢ topology and §-s-stationarity.

Proposition 2.10.
(1) For every &,

de(A) = {a : A is {-s-stationary in o}.

(2) For every & and o, A is &+ 1-s-stationary in « if and only if AN
de(S)Nde(T) N # @ (equivalently, if and only if ANdc(S)Nde(T)
is ¢-s-stationary in «) for every ¢ < & and every pair S, T of subsets
of a that are (-s-stationary in o.

(3) For every & and v, if A is £-s-stationary in « and A; is §;-s-stationary
in o for some (; < &, alli < n, then ANde,(Ao)N...Nd¢,  (An—1)
s £-s-stationary in .

Proof. We prove (1), (2), and (3) by simultaneous induction on £. (1) is
clear for £ < 1, and by Proposition 2.4, (2) holds for £ < 1 and (3) holds for
<2

(1), (2), and (3) also hold for ¢ a limit ordinal, assuming they hold for
all ¢ < £. In the case of (1) and (3) this is clear. As for (2), suppose A is
&+ 1-s-stationary in a, and .S and T are £-s-stationary in «. So, there exists
B € AN a such that S and T are &-s-stationary in (3, hence since (1) holds
for £, we have that 5 € ANde(S) Nde(T). To see that AN de(S) N de(T)
is in fact &-s-stationary, suppose X is (-s-stationary in «, for some ¢ < &.
Then since by (3) for £ the set T'Nd¢(X) is -s-stationary in «, we have

AN dg(S) N dg(T) N dC(X) =AN d&(S) N dg(Tﬂ dc(X)) %+ .

Suppose now that (1) and (2) hold for ¢ and let us see that (1) holds for
£+ 1. If a € dey1(A), then o € dg(A), hence by the induction hypothesis
AN« is &-s-stationary in a. Now suppose S, T C « are {-s-stationary
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in @. Again by the induction hypothesis a € d¢(S) N dg(T), and since
a € dep1(A) and de(S) N de(T) is a basic neighborhood of « in the 7¢ 4
topology, AN((de(S)Nde(T)\{a})) # 2. 1f 8 € AN ((de(S)Nde(T)\ {a})),
then by the inductive hypothesis both S and T" are £-s-stationary in 5. This
shows A is £ + 1-s-stationary in a.

Now suppose A is £ + 1-s-stationary in a. To see that o € dgy1(A), let
U be a basic open set in the 7¢1 topology, with o € U. We may assume
U=1Ind:(Ao)N...de(Ap—1), where I € By and ¢ < & (see Corollary 2.2).
If n = 0, then U = I is an open interval, and so A N [ contains ordinals
other than a. So suppose n > 0. If ¢ < ¢, then U is a basic open set of 7¢,
and since by induction hypothesis o € d¢(A), we have AN (U \ {a}) # @.
So, suppose ¢ = £. By the induction hypothesis, A; is &-s-stationary in «,
for all i < n. So, since A is £ 4+ 1-s-stationary, by the induction hypothesis

n (2) for &, we have that A N de(de(Ao) N de(Ar)) is &-s-stationary in .
Similarly, we get that AN dg(de(de(Aog) Nde(Ar)) Nde(As2)) is E-s-stationary
in . And so on. Finally, we get that the set

X =AnNnInN dg( .. dg(dg(Ao) N dg(Al)) n.. ) N df(An_l))

is &-s-stationary in . Hence, since X C ANU, we have AN (U \{a}) # @
This proves (1) for £ + 1.

Next, assume (1), (2), and (3) hold for £ and we will show that (3) holds
for £ + 1.
By (1) we only need to show that

AN dCO (AO) Nn...N anfl (An—l) N dC(S) N dc(T) + O

for all {-stationary subsets S and T of «, with { <¢&.

Suppose first that n = 1. If (o = ¢, then ANd¢,(Ao) Nde(de(S) Nde(T))
is contained in A N d¢,(Ao) N de(S) Nde(T) and is (-s-stationary in «, by
(2). If o < ¢, then by induction hypothesis on (3), d¢,(Ao) is ¢-s-stationary
in . Hence, again by (2), ANd¢(de,(Ao)) Nde(de(S) Nde(T)) # @ and is
contained in ANd¢,(Ag)Nd¢(S)Nde(T). Finally, if (o > ¢, then by (2) the set
ANd,(Ap) is (p-s-stationary in o, and hence ANd¢, (Ag)Nd¢(S)Nde(T) # @.

Now suppose n > 1. By (2) and the inductive hypothesis for (3), the set
de(de(S)Nde(T)) is &-s-stationary in a. Also, by induction hypothesis on n,
the set ANde (Ao)N...Nd¢, ,(An—2) is £ + 1-s-stationary in o. Therefore,
letting 1 := max{(,—1,(}, we have that the set

ANdg, (Ao) NN, (An—2) Ndy(de,_, (An-1)) N dy(de(S) Nde(T))
which is contained in
ANde(Ao) N .. ode, o (An—2) Ndg,_, (An—1) N d¢(S) Nde(T)
is non-empty.

Finally, assuming that (1) and (3) hold for £ 4 1, let us see that (2) also
holds for & + 1. Assume first that A is £ + 2-s-stationary in «. By the
induction hypothesis we only need to show that A N dey1(S) N dey1(T) is
& + 1-s-stationary in «, for every S and T that are £ + 1-s-stationary in a.
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So fix S and T £ + 1-s-stationary in «, and take any (-s-stationary subsets
X and Y of «, for some ¢ < &. By (1) for ¢ it is sufficient to check that

AN df-i-l(S) N d€+1(T) N d((X) N dc(Y) #+ 0.

By (3) for £ + 1, the sets SNd¢(X) and T'Nd¢(Y) are £ + 1-s-stationary in
a. Hence, since A is £ + 2-s-stationary in «, by (1) for £ + 1, there exists
some 3 € A such that

XS Cl£+1(SﬂdC(X))ﬂd§+1(TﬂdC(Y)) = d§+1(S)ﬂd§+1(T)ﬂdc(X)ﬂdC(Y).

Now suppose ANd¢(S)Nd¢(T)Na # @ for every ¢ < {+1 and S, T that are
(-s-stationary in a. We claim that A is £ 4 2-s-stationary. By the induction
hypothesis we only need to check that every S, T that are £ + 1-s-stationary
in a £+ 1-s-reflect to some 5 € A. So fix such S and T. By our assumption,
there is f € ANdg1(S) Ndeq1(T) Na. Thus, by (1) for £ 4+ 1, both S and
T are £ + 1-s-stationary in (5. O

Theorem 2.11. For every &, an ordinal o < ¢ is not isolated in the ¢
topology on 0 if and only if o is {-s-reflecting. Thus B¢ generates a non-
discrete topology on d if and only if some o < § is &-s-reflecting.

Proof. We have already proved this in the previous sections for 0 < ¢ <
2 (propositions 2.3 and 2.5). Notice that the theorem holds for limit &,
provided it holds for all { < £. So let us assume that it holds for some fixed
& > 1 and we will see that it holds for £ + 1.

If a is not € 4 1-s-reflecting, then for some { < £ and some A, B that are
(-s-stationary in a, d¢(A) Nd¢(B) is not (-s-stationary in o (by proposition
2.10 (2)). So, for some ¢’ < ¢ and some S,T that are (’-stationary in «,
de(A) Nde(B) Nde(S) Nde(T) = {a}, hence « is an isolated point in the
topology T¢ 1.

Now suppose that « is £ + 1-s-reflecting. By the induction hypothesis, «
is not isolated in the 7¢ topology. Let us see that « is not isolated in the 7¢
topology either. So suppose that o € U, where U is a basic open set in 711,
which may be assumed to be of the form U = I Nd¢(Ag) N...Nd¢(An-1),
with ¢ < ¢ and I an open interval. But since I N« is a club subset of «,
propositions 2.9 and 2.10 imply that U is £ + 1-s-stationary in a. O

Proposition 2.12. If A is &-s-stationary in o, then A\ d¢(A) is also &-s-
stationary in «.

Proof. This follows directly from proposition 2.10 (1) and the general fact
that a topological space (X, 7) is scattered if and only if d.(A) = d;(A\
d-(A)), for every A C X, where d; is Cantor’s derivative operator on (X, 7).

U

The following proposition shows that &-reflection and &-s-reflection are,
essentially, properties of regular cardinals.

Proposition 2.13.

(1) « is E-reflecting if and only if cof («) is &-reflecting.

(2) « is -s-reflecting if and only if cof (a) is £-s-reflecting.
Hence, the first &-reflecting and the first £-s-reflecting ordinals, whenever
they exist, are reqular cardinals.
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Proof. Fix a club C' C « of order-type cof(a), and let i : C' — cof(a) be
the unique continuous order-isomorphism. Then, for every S C « and every
0 < ¢ <¢ S is (-stationary ((-s-stationary) in « if and only if SN C is
(-stationary ((-s-stationary) in « (Propositions 2.7 and 2.9), if and only if
the image of S N C under i is (-stationary ((-s-stationary) in cof(a). The
last equivalence may be shown by an easy induction on (. U

3. THE IDEAL OF NON-£-S-STATIONARY SETS

For each limit ordinal o and each ordinal &, let Ig be the set of non-£-s-
stationary subsets of o, and let F§ = (Z8)* := {A Ca: a— A € I§}. Thus,
70 is the set of bounded subsets of o, and F0 is the set of tail subsets of a.
If o has uncountable cofinality, then T} is the ideal of non-stationary subsets
of & and ]-'é is the club filter over a.. Notice that ¢ < £ implies Ig C Igl and
J—"g - ]-"g. Also note that A C « belongs to ]—"g if and only if there for some
¢ < & and some (-s-stationary sets S, T C «, the set d¢(S) Nd¢(T) Nais
contained in A. In particular, if S C « is (-s-stationary, with { < £, then
de(S)Na e F.

Theorem 3.1. For every &, an ordinal o is £-s-reflecting if and only if 75
is a proper ideal, hence if and only if .7-"5 is a proper filter.

Proof. Assume first that « is {-s-reflecting (hence a & Ig), and let us show
that Z§ is an ideal. For & = 0 this is clear. So, suppose £ > 0and A, B € 5.
There exist (4,(p < &, and there exist sets Sa,T4 C « that are (a-s-
stationary in «, and sets Sp,Tp C « that are (p-s-stationary in «, such

that dCA(SA) N dCA (TA) NA= dCB (SB) N dCb(TB) N B = &. Hence,
(d¢,(Sa) Mg, (Ta) Ve (Sp) Ndey (Ts)) N(AUB) = @.

By proposition 2.10 (3), the set X :=d¢, (Sa)Nd¢,(Ta)Nde, (Sp)Nde, (TB)

is max{Ca, (p}-s-stationary in a. Now notice that

dmam{CA,CB}(X) cX
and so we have
Amaz{ca,cpy(X)NaN(AUB) =g
which witnesses that AU B &€ Ig.

For the converse, assume Ig is a proper ideal, hence .7-"§ is a proper filter.
Suppose that A and B are (-s-stationary subsets of «;, for some ¢ < €. Then
d¢(A) N and d¢(B) N o are in F%. Moreover, if S,T C « are any ('-s-
stationary sets, for some ¢’ < &, then also d¢/(S) N« and de(T') N a belong
to fé. Hence, since fé is a filter,

de(A) Nde(B) Nde(S)Nder(T) N € F§

which implies, since F3 is proper, that de(A)Nd¢(B)Nder (S)Nde (T)New # @.
This shows that d¢(A) Nd¢(B) is &-s-stationary in . Since A and B were
arbitrary, this implies that « is &-s-reflecting. (]

If F CP(A), for some set A, we say that S C A has positive F-measure,
or is F-positive, if SN B # @ for every B € F. Thus, if A C «a has positive
fé—measure, then A is a &-s-stationary subset of a. Let us denote by (.7-"5)+
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the set of all subsets of a of positive F§-measure. Notice that (fé)“‘ is
non-empty if and only if FS is proper, i.e., it does not contain the empty
set, in which case (F§)+ is exactly the set of £-s-stationary subsets of a.

We shall next address the issue of the consistency of B¢ being a base or a
sub-base for a non-discrete topology on §. By Theorem 2.11 this reduces to
the consistency of the existence of an £-s-reflecting cardinal.

4. INDESCRIBABLE CARDINALS

Recall that a formula of second-order logic is 3§ (or II}) if it does not
have quantifiers of second order, but it may have any finite number of first-
order quantifiers and free first-order and second-order variables. In general,
a formula is 31, for n > 0, if it is of the form

3Xo, ... 7XkS0(X07 s 7Xk)
where k < w, the variables Xy, ..., X are of second order, and ¢(Xj, ..., Xk)
is II;

n—1-
And a formula is T}, for n > 0, if it is of the form
VX(), e ,Xk(p(Xo, e ,Xk)
where (X, ..., Xg) is BL_;.
The notion of n-stationarity is IT} expressible (see the proof of proposition
4.3 below). However, to express {-stationarity for & > w we need to extend
the definition of T} and X} formulas to include the limit case.

Definition 4.1. For £ any ordinal, we say that a formula is E%H if it is of
the form
E|X0, PPN Xk(p(Xo, PN ,Xk)
where (Xo, ..., Xg) is H%.
And a formula is H%_H if it is of the form
VX(), ey Xkﬁp(Xo, PN ,Xk)
where (Xo, ..., Xg) is E%.
If € is a limit ordinal, then we say that a formula is H% if it is of the form

N\ e

€3
where ¢ s Hé, all ¢ < &, and it has only finitely-many free second-order
variables. And we say that a formula is Z% if it is of the form

V e

(<€

where @¢ s XL oall ¢ < &, and it has only finitely-many free second-order
variables.

The indescribability of rank-initial segments of the set-theoretic universe
with respect to H% sentences yields the following notion of H%—indeseribable

cardinal. (Other notions of Hé—indeseribability have been considered in the
literature, e.g., by Jensen [17].)
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Definition 4.2. A cardinal k is H%—indescribable if for all subsets A C V,
and every H% sentence @, if

<VH> Ev A> ): 90
then there is some A < k such that

(M, €, ANV E .

One may also define, similarly, the notion of E%—indesoribable cardinal.
However, it is easily seen that a cardinal k is H%—indescribable if and only if
it is E% y1-indescribable.

Note that if x is H%—indeseribable, then necessarily £ < k. One can easily
sen that if x is a measurable cardinal, then s is Hé—indescribable for all
¢ < k. Also, if j : M — M is an elementary embedding, with M a transitive
model of ZFC, and with critical point k, then k is Hé—indescribable in M, for
every ( < k. It follows that the consistency of the existence of the w-Erdos
cardinal n,, implies the consistency of the existence of a cardinal x that is
H%—indescribable, for all ¢ < K (by arguments as in [26] Theorem 17.33 and

Exercise 17.29). Also, if x is H%—indeseribable, then k is Hé-indeseribable in
the constructible universe L (by an argument similar to [29] 6.7).

Proposition 4.3. Every Hé-z’ndescm’bable cardinal is (§ + 1)-s-reflecting.
Hence, if £ is a limit ordinal and a cardinal K is Hé—z’ndescm’bable for all
¢ <&, then k is &-s-reflecting.

Proof. Let k be an infinite cardinal. Clearly, the fact that a set A C &
is 0-s-stationary (i.e., unbounded) in x can be expressed as a H(l] sentence
vo(A) over (Vj, €, A). Inductively, one can now show that for every £ > 0,
the fact that a set A C k is &-s-stationary in k can be expressed by a H%
sentence @¢ over (V,;, €, A). Namely, by the sentence

/\ (A is (-s-stationary)
¢<g
in the case £ is a limit ordinal, and by the sentence
/\ (A is (-s-stationary) A
¢(<€-1
VS, T(S,T are (£ — 1)-s-stationary in k —
35 € A(S and T are (§ — 1)-s-stationary in 3))
which is easily seen to be equivalent to a Hé sentence, in the case £ is a
successor ordinal.
Now suppose k is Hé—indescribable, and suppose that A and B are (-s-
stationary subsets of x, for some ¢ < £. Thus,
(Vi, €, 4, B) = @c[A] A e [B].
By the Hé—indescribability of k there exists § < k such that

(V, €, AN B, BN B) = wc[ANBI A wc[BN B

which implies that A and B are (-s-stationary in 3. Hence & is (§ + 1)-s-
reflecting. (|
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Thus, if there exists a H%—indeseribable cardinal x below some ordinal §,
then k, and also all ordinals less than § of cofinality x, are limit points in
the 7¢41 topology on 4.

4.1. Indescribable filters. Suppose ¢ is a Hé sentence, and A C k is such
that (Vi, €, A) = ¢. Then we let

Rao, ={a<k:(Vo,e,ANa) = p}.

Ifkisa H%—indeseribable cardinal, then the Hé—z’ndescm’bable filter F,f on K
is the proper filter generated by the sets R4 . Notice that if ¢ < &, then

FS C FS.

Recall that that if X = (X, : @ < k) is a sequence of subsets of a cardinal
K, then the diagonal intersection of X is the set

AocwXa={B<r:B €[] Xa}.
a<f

Observe that for every &,
dg(Aa<nXa) c Aa<nd£(X04>'

For suppose Ay« X, is {-s-stationary in . If g < B, then (Aq<k XaNB)\
ag € Xa,NB, which implies that X, is {-s-stationary in 3, i.e., 8 € d¢(Xq,).
Thus, 8 € ﬂa<ﬂ d¢(Xq), hence B € Aqcrde(Xa)-

Also, recall that a filter F on some cardinal s is normal if it is closed
under diagonal intersections. Equivalently, if every regressive function on
an JF-positive set S is constant on an F-positive subset of S.

If F is a normal filter on k£ and it contains all tail sets, i.e., sets of the
form k — A, some A < k, then it contains all club subsets of k. Moreover,
F is k-complete, i.e., the intersection of less than k-many elements of the
filter is also in the filter. For if (X, : @ < A), some A < k&, is a sequence of
members of the filter, put X, = « for all A < a < k. Then by normality,
An<rx Xy is in the filter, and since k — A is also in the filter,

(AacnXe) = A= ({)Xa)—AEF
a<

and therefore (N, Xo € F.

Proposition 4.4. If k is a Hg—indescm‘bable cardinal, and & > 0, then the

filter F¢ is normal and Kk-complete.

Proof. The proof of normality is similar to the one by Levy [30] in the case
0 < & < w (see also [26], 6.11), using the fact that there is a universal H%
formula. Namely, for each & > 0 there is a Hé formula ¢ (X, e, 2¢), with
X a second order variable and y¢ and z¢ first-order variables, such that for
every H% formula ¢(X) there is k, C & such that for every limit ordinal «
greater than £ and every A C V,,

(Var€) = p[A] ifand only if  (Vi, €) = ¢¢[A, ky, ]
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When ¢ is a successor ordinal, the universal H% formula may be obtained as
in [30]. When £ is a limit ordinal, 1¢(X, y¢, z¢) may be taken as the formula

¢ is a limit ordinal A ye C & codes (y¢ : ¢ < 2z¢) A /\ Ve(X, ye, 2¢)
¢<¢
which is clearly equivalent to a H% formula. Then, given any H% formula
P(X) = Necepc(X) we let ky to be a subset of { coding the sequence

(kp, + ¢ < &), so that for every limit ordinal a greater than £ and every
ACVy,

(Var €) F 0lA] I (Va,€) | N\ wclA kg, (] HE (Va, €) F ve[A, by, €].
¢<€

To prove normality, suppose X C & is F,g—positive. Without loss of gener-
ality, every element of X is a limit ordinal greater than £. Suppose f : X — &
is regressive and, towards a contradiction, assume that f is not constant on
any positive set. So, for each o < k there is some A, C V,; and k, C £ such
that

<Vm €> ): wf[AOH ka?ﬂ
yet
<V)\7 €> >: ﬁQbf[‘AOé N V)w ka) 5]
for every A € X such that f(A\) = a. Let I' : kK X K — &k be the standard
definable bijection (see [26] 3.5), and let S := {T'(, B) : a < KA B € Ay}
and T := {I'(a,B) : @« < KA B € kqo}. Let 6 be the sentence “For every
ordinal x there is a bigger ordinal y”. Let ¢(S,T, &) be the sentence

O AVaVYYu(Y = {B: T(a, B) € S} Av = Tla] = ¢e(Y,v,8)),

which is equivalent to a Hé sentence: If € is a successor, then this is clear.
And if £ is a limit, then it is also clear because it is equivalent to the sentence

J\ (O AVavYVo(Y = {B8:T(a,8) € S} Av=Ta] = (Y, v(¢),())).

¢<&
Since (Vi, €,5,T,&) = ¢[S,T,£] and X is positive, there exists A € X such
that

WV, g, SNV, TNVy,&) = QO[S NV, TN V)\,f].
But since f is regressive, a := f(\) < A, so A, N V) and T'[a] belong to V),
and therefore
(Vx, €) = Ye[Aa N Vi, ka, €]

thus yielding a contradiction.

Finally, since F¢ is normal and contains all the tail subsets of K, it is
k-complete. O

Observe that if X € F,.S, then X is (£ + 1)-s-stationary. For suppose that
Ra, C X, and S,T are (-s-stationary subsets of x, for some ¢ < . Then,
letting (S, T") be the Hé sentence asserting that S and T are (-s-stationary
(proposition 4.3), we have that Rgy, Rry € FS and Ra, N Rsy N Ryy C
X Nde(S)Nde(T). Hence, since F§ is proper and Rao,NRsyNRyy € FE,
we have that X Nd¢(S) Nd¢(T) Nk is nonempty.
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Also, notice that if k is Hé—indescribable, then for every ¢ < £ and every
pair S, T of (-s-stationary subsets of , the set d¢(S) Nd¢(T) Nk belongs to
FS. Hence, F& C FE.

Proposition 4.5. If k is a H%—indescm’bable cardinal, and & > 0, then the

filter }',SH 18 normal and k-complete.

Proof. Let (X, : o < k) be a sequence of of members of F5 . Without loss
of generality, we may assume X, = d¢,(Sa) Nd¢,(To) N &, where S, and

T, are (,-stationary subsets of k, some (, < . Since the filter F¢ contains
all the sets X, and is normal, we have that A,-.X, is also in the filter,
and therefore, by our observation above, it is ({§ + 1)-s-stationary. Thus,

de(Aa<kXa) Nk € F5 Now we have the following inclusions:
dg(AoK,{Xa) Nk C Aoé<,{d5(Xa) Nk = Aa<,§d§(d<a (Sa) N dCa (Ta) N H) Nk C
- Aa<n(dCa (Sa) N dCa (Ta) N K) = Aa<nXo¢

and so Ay« Xo € }'SH.
The k-completeness follows from normality since all tail subsets of x be-
long to For O

5. REFLECTION AND INDESCRIBABILITY IN L

As shown in [5], in the constructible universe L the converse to proposition
4.3 also holds for n > 0, and so a regular cardinal is (n + 1)-reflecting if and
only if it is IT.-indescribable, and therefore if and only if it is (n + 1)-s-
reflecting. Hence, a regular cardinal is w-reflecting, if and only if it is w-s-
reflecting, and if and only if it is IT.-indescribable for every n < w. Thus,
it follows from Theorem 2.11 that in L the topology 7,41 on some ordinal §
in non-discrete if and only if there exists a II!-indescribable cardinal below
6. The non-isolated points are precisely those ordinals whose cofinality is
I1}-indescribable. Moreover, in L, for every n < w the set B, is a base for
the 7, topology.

The proof of the main theorem of [5] shows in fact that if V' = L and « is
a regular I1. _;-indescribable cardinal, then for every IT. formula ((X) and
every A C k such that (Vj, €, A) = ¢(A), there exists an n-s-stationary set
S C k such that d,,(S) C Dy . Hence, if & is II!-indescribable (equivalently,
regular and (n + 1)-reflecting), then F' = F.

With similar arguments as in [5] we will show that, in L, the same holds
for every ordinal £ > 0, namely a regular cardinal is (§ 4 1)-reflecting if
and only if it is H%—indeseribable7 and therefore if and only if it is (£ + 1)-s-
reflecting. Hence, for every limit ordinal £, a regular cardinal is £-reflecting
if and only if it is &-s-reflecting, and if and only if it is Hé—indeseribable
for every ¢ < £. One direction is given by proposition 4.3. For the other
direction it is sufficient to prove the following.

Theorem 5.1. Assume V = L. Suppose £ > 0 and k is a reqular (£ + 1)-
reflecting cardinal. Then for every A C k and every Hé sentence ¥, if
(Ly,€,A) = U, then there exists a §-stationary S C k such that U reflects
to every ordinal X in d¢(S), i.e., (Lx,€,AN\) = V.
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Proof. We proceed by induction on & > 0. The case £ = 1 is due to Jensen
([28] 6.1). So, suppose £ > 1 and the Theorem holds for 0 < ¢ < &. We
shall prove it for &.

Suppose k is regular and (£ 4 1)-reflecting. So, £ < k. By the inductive
hypothesis, x is Hé—indeseribable, for every ¢ < €. Hence k is innaccessible
and the set Reg of regular cardinals below « is stationary.

Fix A C k and a Hé sentence ¥, and suppose

(L, €,A) = U.

We shall find a £-stationary S C k such that ¥ reflects to every ordinal in
de(S). Since dg(S) intersects every (£ + 1)-stationary subset of &, our proof
will also show that for every (£ + 1)-stationary T' C &, every Hé sentence
true in (Ly, €, A) reflects to some ordinal in 7. Thus, we shall assume,
inductively, that

(%) For every regular {-reflecting cardinal A, every &-stationary T C A,
and every ( < £, every Hé sentence true in (Ly, €, AN A) reflects to
some element of T'.

The case £ = 2 is shown in [28] 6.1, as part of the proof that in L, if a regular
cardinal is 2-reflecting, then it is ITj-indescribable. Notice that (x) holds for
a limit £ if and only if it holds for all (equivalently, for unboundedly many)
ordinals & < €.

The set R :={a < k: £ < a and « is not &-reflecting} is &-stationary in
K, for given any (-stationary T' C k, some ( < &, the least ordinal greater
than & where T' (-reflects belongs to R. If « is a cardinal in R, then « is
not IT}-indescribable, for some ¢ < ¢ (proposition 4.3). So, for each regular
a € R, let A\, be the least ordinal greater than or equal to 4w such that Ly
contains some subset of o that is a witness to the non Hé—indeseribability of
o, for some ¢ < £. Let A\, be the largest limit ordinal less than or equal to
Aa- Note that A > a.

Since we shall be only interested in the satisfaction of ¥ in structures
with universes of the form L,, with « a limit ordinal, and so sufficient
coding apparatus is available, we may assume that all second-order variables
appearing in W range over sets of ordinals.

Define

S:={a€RNReg: ANa € Ly- NLy- |= (Lo, €, ANa) | ¥"}.

We will show that S is £-stationary in x. So fix any (p-stationary subset T'
of k, where (y < &.

Fix a large k¥ < w. Let N := (N, : @ < k) € L.+ be the natural
continuous C-increasing €-chain of Yg-elementary substructures of L.+ of
size < k, such that |¢|7 U {k,T, A} C Ny (so all Hé formulas are in Np),
and N, N k is an ordinal, for every @ < k. Namely, let My be the -
Skolem hull in L,+, via the standard ¥j-definable Skolem functions, of the
set €] U {kK,T, A}, and let My4q be the Zg-Skolem hull in L+, via the
standard Yg-definable Skolem functions, of {M,} U M,. If « is a limit, then
let M, = Uﬁ<a Mpg. For every o < kK, let f(«) be the least v > f(3), for all
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B < «, such that M, Nk is an ordinal. Since « is regular, f(a) < &, for all
a < k. Then let Ny = My(q).
For every a < k, and ¢ < £ greater than 0, let

R = R§M
DeNa;wGHé

where

R%}w ={a<k: (Lo, & DNa)E 1}

whenever D C k and (L, €, D) = v, and let R%’d) := K, otherwise.

Since |No| < K, and since s is inaccessible and so there are < x-many
H% formulas, by the k-completeness of the normal filter F,S we have that
RS € F. Moreover, if « is a limit, then RS = ﬂ5<a Rg,.

By normality, ES := AQ<HR3 € FS. Ifac ES, then L, reflects all
H% sentences, with parameters in N,, that are true in L,. For if D C k,
D e N, v(X) is Hé, and L, = ¢[D], then D € Ng, for some 3 < . Hence,

<o R%, we have that o € Rg, and therefore Ly = 9[D N al.

Let C' C k be the club subset of all « such that N, Nk = «a. So, C € F,g
Also, Reg € FS , because & is regular, and this fact is II} expressible over
(Vi, €).

Suppose a belongs to F¢ := C' N Reg N ES € F,g, and let L, be the
transitive collapse of N, via the collapsing isomorphism 7 : N, — L,.
Note that 7(k) = «a, because N, Nk = «a, and therefore 7(A) = AN« and
m(T) =T N . Also note that 7 is the identity on H% formulas.

since o € [

Claim 5.2. L, is correct about Hé sentences holding in Lo. That is, if
DelL, DCa,(X)isa Hé formula, with X as its only free second-order
variable, and Ly = “Lo = 1[D]”, then Lo |= 9[D].

Proof. Suppose L = “Lq = ¢[D]”. We have m(D*) = D, for some D* C k.
Moreover, D* N = D. Since 7 is an isomorphism and 7 ((X)) = ¥ (X),
we have that N, | “L, = ¥[D*]”. Hence, by elementarity, L.+ = “L, E
Y[D*]”, and therefore L, = [D*].

Thus, since a € Rg (because a € ES and Rg = ﬂﬂ<a Rg), we have that
a € R}, and so Ly = [D]. O

Claim 5.3. If « is the least element of FC greater than &, and L. is the
transitive collapse of N,, then a € R and Ao < v+ 1.

Proof. Let a € FS\ £ be least, and let 7 : N, — L., be the transitive collapse
isomorphism. Since the embedding id o 71 : L, — L,.+ is Yj-elementary,
the natural continuous C-increasing €-chain <N7’7 1 < «) of Yg-elementary
substructures of L, of size < a such that [{|T U{a, T Na, ANa} C Ny, and
N; N is an ordinal, is precisely (7(Ny,) : 7 < @), hence it belongs to L..
Since Ny [= |N,| < &, for every n < a, we have that L, = [Ny| < o. Hence

L’Y ': nc| U N;]‘ :Oé”.

n<a
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Thus, in L, we can define an enumeration D := ((Dg, 1) : 8 < a) of
all the pairs (Dg, 1) such that Dg C «, 1 is I}, and L, | 15(Dgs). Let
(X, z,() be the universal Hé formula, and for each 5 < o, let kg C (Uw

code 5. Now let I' be the canonical definable bijection between k3 and K
(see [26] 3.5), and let

D :={I'(8,0,0) : B<anéd € Dg} U{T'(B,n,1): B <annckg}.

Thus, D € L,1. Note that D C «, because a being an infinite cardinal is
closed under I". Now letting 0(X) be a Hé formula equivalent to the formula

VEVE(IBYoVn((6 € E <> T(5,8,0) € X) A (g € k < T(8,n,1) € X)) —

Y(E,k,Q))
we have that L, = 6(D).

Since 7 is the identity on «, and 7(k) = «, for every o’ < a we have that
Ny Nk =a if and only if 7(Ny) Na =o', It follows that CNa = {/ <
a:NyNe=ad}={d <a:7m(Ny)Na=a'}, hence C N« belongs to L.

We claim that 6(D) does not reflect to any L, with o/ € C N a and
greater than £. For, aiming for a contradiction, suppose o/ € C N« is the
least such that £ < o/ and L, = 0[D N a']. Then,

Dnad ={T(5,5,0): <’ Nd € Dgna'}U{L(B,n,1): B <a' An€ kg}

and therefore L, = 1¥3[DgNd/], for all B < o'. So, L, reflects all Hé

sentences, with parameters in NN/, that are true in L,.. Hence, o/ € Ri,,
and therefore o/ € E¢. Moreover, since L, reflects the IT} sentence implying
o' € Reg, we have that o/ € F¢, thus contradicting the minimality of a.

It follows that a € R, for otherwise, by induction hypothesis « is Hé—
indescribable, hence L, must reflect the sentence (D) to some n € C' N«
greater than €.

Since CNa, D € L4, we have that A, < vy+1, as CNa and D, together

with the H% formula 6(X), witness the non—H%—indeseribabili‘cy of a. O

Let o and L, be as in the last claim. Then in L. there is no counterex-
ample to a not being &-reflecting, because L.+ = “k is H%—indescribable”,
for every ¢ < &, and so L, = “a is Hé—indeseribable”, for all ¢ < £. Hence,
by Claim 5.2, we have that v < Ay < v+ 1. Therefore, A\, = 7. So, since
L.+ | “(Lg,€,A) = U7, we have that L, = “(La,€,ANa) = ¥”, and
thus a € S.

To complete the proof that S is {-stationary in k, it only remains to show
that T'N a is (p-stationary in o. Note first that T'N o € L,. So, since
L.+ E “L, = T is {p-stationary in £”, it follows by j-elementarity that
L, E “Ly = TNais (p-stationary in a”. Now by Claim 5.2 above, we have
that L, = “T'Nais (p-stationary in «”, and so T'Na is indeed (p-stationary
in a.

We will next show that W holds in (Ly, €, A) whenever A € d¢(S). Notice
first that since k is ({ + 1)-reflecting, d¢(S) # @. Also note that since
S C Reg, every A € d¢(S) is regular; for if A\ were singular, there would
be a club subset of A consisting only of singular cardinals which, since S is
stationary in A, would have to intersect S.
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So, take X € d¢(S) and let us show that W holds in (Ly, €, A). Suppose,
aiming for a contradiction, that (Ly, €, A) = —W. If £ is a successor ordinal,
then we may assume W is of the form VX (X)), where p(X) is X¢_1; and
if £ is a limit, then W is of the form /\C<§ ¢, where ¢ is Hé. Thus, in the
successor case, for some B C ),

Ly b= —g[B, AN AL

And in the limit case,
Ly = —p¢
for some ¢ < €. B

Let ( := & — 1, if £ is a successor, and ¢ := ( if £ is a limit.

Let (M, : a < A) be the natural C-increasing €-chain of elementary
substructures of Ly+, each of size < A, such that [¢|T U{\, AN A} C My,
and M, N A is an ordinal, for every o. We also require that B € My, in the
case £ is a successor.

Since A is regular and &-reflecting, by induction hypothesis it is Hé—
indescribable, for every ¢ < £. Hence the Hé—indeseribable filter F f is normal
and A-complete, for all ¢ > 0.

For each a < A, let

where
Spy ={a < A:ais alimit ordinal A L, = ¢[D Nal}.

By A-completeness, S, € F§ Moreover, if « is a limit, then S, = ﬂﬂ<a Sg.
By normality, the sets C := {a < A : My N A = a} and E := Ay<rSa
belong to E\C Notice that if 8 € C'N E, then Lg reflects all Hé sentences,
with parameters in Mg, that are true in L.

Since S is &-stationary in A\, by our inductive hypothesis (x) for £, we have

that S intersects every element of Ff:. So, pick e CNENS.

Let L, be the transitive collapse of Mg, via the collapsing isomorphism
7 : Mg — L. Note that since § € C, m(\) =  and therefore AN S € L,
(and also BN 3 € L, in the successor case). Then as in Claim 5.2, L, is
correct about H% sentences holding in Lg.

Thus, in the successor case, since Ly+ E “Ly E —¢[B,AN A", and
therefore

L,k “Ly b= ~¢[BN B, AN B)
we have that
Lg | —¢[BNB, AN B.
Hence, since 5 € S, it follows that v > )\E, because BN € Ly \ L/\E.

Similarly, in the limit case we have

Lg = —c[AN ]
and it again follows that v > A5, because no witness to —)¢ [ANB] exists in
Lo\ Ly
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But since Ly+ E “Ais H%—indeseribable”, we have that L, = “f is Hé-
indescribable”. Hence, since L, is correct about Hé sentences holding in
Lg, in L, there is no counterexample to 3 being not Hé-indescribable, and

therefore v < Ag, which contradicts the fact that v > )\E, because v is a
limit. This completes the proof of theorem 5.1. O

Thus, if V' = L and there exists a Hé indescribable cardinal, then for
every ordinal ¢ greater than the first H% indescribable cardinal, 7¢y; is a

non-discrete topology on ¢. Moreover, if V' = L, then for every &, the set B
is a base for the 7¢ topology.

Assuming the consistency of the appropriate large cardinals (with ZFC)
one can easily get a model of ZFC where 7¢; is discrete and 7¢ isn’t.

Theorem 5.4. CON(3Ix < A(k is H%—mdescribable A X is inaccessible))
implies CON (7¢ is non-discrete A Teqq is discrete).

Proof. Let k be Hé—indescribable, and let A > k be inaccessible. In L, K

is H%—indescribable and A\ is inaccessible. So, in L, let kg be the least Hé—
indescribable cardinal, and let A\g be the least inaccessible cardinal above
ko. Then Ly, is a model of ZFC in which kg is Hé—indescribable and no
ordinal greater than kg is 2-reflecting. The reason is that if « is a regular
cardinal greater than xo, then o = 37, for some cardinal 3. And since
Jensen’s principle g holds, there exists a stationary subset of o that does
not reflect. O
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