HOMOGENEOUS FAMILIES ON TREES
AND SUBSYMMETRIC BASIC SEQUENCES

C. BRECH, J. LOPEZ-ABAD, AND S. TODORCEVIC

ABSTRACT. We study density requirements on a given Banach space that guarantee the ex-
istence of subsymmetric basic sequences by extending Tsirelson’s well-known space to larger
index sets. We prove that for every cardinal x smaller than the first Mahlo cardinal there is a
reflexive Banach space of density x without subsymmetric basic sequences. As for Tsirelson’s
space, our construction is based on the existence of a rich collection of homogeneous families
on large index sets for which one can estimate the complexity on any given infinite set. This is
used to describe detailedly the asymptotic structure of the spaces. The collections of families
are of independent interest and their existence is proved inductively. The fundamental stepping
up argument is the analysis of such collections of families on trees.

1. INTRODUCTION

Recall that a set of indiscernibles for a given structure M is a subset X with a total ordering
< such that for every positive integer n every two increasing n-tuples r; < xo < -+ < x,, and
Y1 < yo < - -+ < yn of elements of X have the same properties in M. A simple way of finding
an extended structure on x without an infinite set of indiscernibles is as follows. Suppose that
F is a family of finite subsets of x that is compact, as a natural subset of the product space
2% and large, that is, every infinite subset of k has arbitrarily large subsets in F. Let Mz be
the structure (k, (FN[K]")yn) that has k as universe and that has infinitely many n-ary relations
F k] C [k]™. It is easily seen that Mz does not have infinite indiscernible sets.

While in set theory and model theory indiscernibility is a well-studied and unambiguous
notion, in the context of the Banach space theory it has several versions, the most natural one
being the notion of a subsymmetric sequence or a subsymmetric set. In a normed space (X, ||-||),
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a sequence (Zq)aer indexed in an ordered set (I, <) is called C-subsymmetric when

n n
1D ajza,ll < CIID ajug, |
j=1 j=1

for every sequence of scalars (a;)7_; and every a; < --- < ap and f < --- < B, in I. When
C =1 this corresponds exactly to the notion of an indiscernible set and it is easily seen that
this can always be assumed by renorming X with an appropriate equivalent norm. Another
closely related notion is unconditionality. Recall that a sequence (x;);c; in some Banach space

1D iaizill < CII Y aii

i€l el

is C'-unconditional whenever

for every sequence of scalars (a;);cr and every sequence (6;);cs of signs. Of particular interest are
the indiscernible coordinate systems, such as the Schauder basic sequences. The unit bases of
the classical sequence spaces ¢, p > 1 or ¢g (in any density) are subsymmetric and unconditional
(in fact, symmetric, i.e. indiscernible by permutations) bases. Moreover, every basic sequence in
one of these spaces has a symmetric subsequence. But this is not true in general: there are basic
sequences without unconditional subsequences, the simplest example being the summing basis of
co- However, it is more difficult to find a weakly-null basis without unconditional subsequences
(B. Maurey and H. P. Rosenthal [MaRo]). Now we know that there are Banach spaces without
unconditional basic sequences. The first such example was given by W. T. Gowers and B. Maurey
[GoMa], a space which was moreover reflexive. Concerning subsymmetric sequences, we mention
that the unit basis of the Schreier space [Schr] does not have subsymmetric subsequences, and
the Tsirelson space [Tsi] is the first example of a reflexive space without subsymmetric basic
sequences.

All these are separable spaces so it is natural to ask if large spaces must contain infinite
unconditional or subsymmetric sequences, since from the theory of large cardinals we know that
infinite indiscernible sets exist in large structures. In general, this is a consequence of certain
Ramsey principles (i.e. higher-dimensional versions of the pigeonhole principles). Indeed, it was
proved by Ketonen [Ke| that Banach spaces with density bigger than the first w-Erdds cardinal
have subsymmetric sequences. Recall that a cardinal number & is called w-Erd6s when every
countable coloring of the collection of finite subsets of x has an infinite subset A of x where the
color of a given finite subset F' of A depends only on the cardinality of F'. Such cardinals are large
cardinals, and their existence cannot be proved on the basis of the standard axioms of set theory.
It is therefore natural to ask what is the minimal cardinal number n¢ (ns) such that every Banach
space of density at least nc (resp. ns) has an unconditional (respectively, subsymmetric) basic
sequence. It is natural to consider also the relative versions of these cardinals restricted to various
classes of Banach spaces like, for example, the class of reflexive spaces where we use the notations
el and nspeq, respectively. Note that it follows from E. Odell’s partial unconditionality result
[Od2] that every weakly-null subsymmetric basic sequence is unconditional, hence negen < nspeq.
Moreover, an easy application of Odell’s result and Rosenthal’s ¢1-dichotomy gives that nc < ns.

Concerning lower bounds for these cardinal numbers, it was proved by S. A. Argyros and
A. Tolias [ArTo] that nc > 2% and by E. Odell [Od1] that ns > 2%, For the reflexive case,
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we know that neen > Ny ([ArLoTo]), and in the recent paper [ArMo], S. A. Argyros and P.
Motakis proved that ns.g > 280. Finally we mention that in [LoTo2] the Erdds cardinals are
characterized in terms of the existence of compact and large families and the sequential version
of ns,en. More precisely it is proved that the first Erdos cardinal e, is the minimal cardinal
k such that every long weakly-null basis of length x has a subsymmetric basic sequence, or
equivalently the minimal cardinal x such that there is no compact and large family of finite
subsets of k.

The study of upper bounds is of different nature and seems to involve more advanced set-
theoretic considerations connected to large cardinal principles. This can be seen, for example,
from the aforementioned result of Ketonen or from results of P. Dodos, J. Lopez-Abad and S.
Todorcevic who proved in [DoLoTo] that nc < X, holds consistently relative to the existence of
certain large cardinals and who proved in [LoTo2] that Banach’s Lebesgue measure extension
axiom implies that neen < 280,

In this paper we continue the research on the existence of subsymmetric sequences in a
normed space of large density, and we prove that ns..g is rather large, distinguishing thus the
cardinals ns,eq and ncen. In contrast to the sequential version of ns,eq, that is closely linked to
indiscernibles of relational structures M r for compact and large families F, the full version of
ns.eq is more related to the existence of indiscernibles in structures that are not just relational but
also have operations, suggesting that not only we need to understand families on finite sets but
also “operations” with them. In the separable context, this is well-known and can be observed
in the construction of the Tsirelson space, where finite products of the Schreier family are used
in a crucial way. The natural approach in the non-separable setting would be to generalize
Tsirelson’s construction using analogues of the Schreier family, certain large compact families,
on larger index sets. However, in the uncountable level these families cannot be spreading and
therefore, if one just copies Tsirelson’s construction on the basis of them, the corresponding
non-separable Tsirelson-like spaces will always contain almost isometric copies of ¢; ([LoTo2,
Theorem 8.2]). This lead us to change our perspective and use the well-known interpolation
technique [LiTz, Example 3.b.10], an approach that appeared recently in the work of Argyros
and Motakis mentioned above. In this perspective, a key tool is a suitable operation x, that we
call multiplication, of compact families of finite sets. In fact, the multiplication is an operation
which associates to a family F on the fixed index set I and family H on w, a family F x H on [

which has, in a precise sense, many elements of the form |J, .. s,, where x € H and (s, )n<y is

nex
an arbitrary sequence of elements of F. It is well known that such multiplication exists in w and
it models in some way the ordinal multiplication on uniform families. It is also the main tool to
define the generalized Schreier families on w, vastly used in modern Banach space theory to study
ranks of compact notions (e.g. summability methods), or of asymptotic notions (e.g. spreading
models). These are uniform families, so that any restriction of them looks like the entire family.
We generalize this property to the uncountable level by defining homogeneous families, that
despite being uncountable families on large index sets, have countable Cantor-Bendixson rank
which moreover does not change substantially when passing to restrictions. In particular, if F
is homogeneous, then the structure M does not have infinite sets of indiscernibles, but we also
get lower and upper bounds for the rank of the collection of their (finite) sets of indiscernibles.
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We then introduce the notion of a basis of families, which is a rich collection of homogeneous
families admitting a multiplication, and we prove that they exist on quite large cardinal numbers.
The existence of such bases is proved inductively. For example, we prove that if k has a basis
then 2% has also a basis. This is done by representing 2% as the complete binary tree 2<%, and
observing that we can use the height function ht : 2% — k + 1 to pull back a basis on & to
a restricted version of basis on 2<*, consisting of homogeneous families of finite chains of 2.
Actually, we prove the following more general equivalence (Theorem 3.1).

Theorem. For an infinite rooted tree T the following are equivalent.

(a) There is a basis of families on T'.
(b) There is a basis of families consisting of chains of T and there is a basis consisting of
antichains of T'.

In particular, we obtain a basis on 2% that can be used to build a reflexive space of density 2¢
without subsymmetric basic sequences, giving another proof of the result in [ArMo]. Also, one
proves inductively that for every cardinal number « smaller than the first inaccessible cardinal,
there is a basis on x and a corresponding Banach space of density x with similar properties. We
then use Todorcevic’s method of walks on ordinals [To] to build trees on cardinals up to the first
Mabhlo cardinal number and find examples of reflexive Banach spaces of large densities without
subsymmetric basic subsequences. Moreover, as observed above for the structure Mz, we can
bound the complexity of the (finite) subsymmetric basic sequences and obtain the following.

Theorem. Fvery cardinal k below the first Mahlo cardinal has a basis. Consequently, for every
such cardinal k and every a < wi, there is a reflexive Banach space X of density k with a
long unconditional basis and such that every bounded sequence in X has an {({-spreading model
subsequence but the space X does not have Ef-spreading model subsequences for B large enough,
only depending on «. In particular, X contains no infinite subsymmetric basic sequence.

The paper is organized as follows. In Section 2 we introduce some basic topological, com-
binatorial and algebraic facts on families of finite chains of a given partial ordering. We then
define homogeneous families and bases of them. We finish this part by proving some upper
bounds for the topological rank of a family that uses the well-known Ramsey property of bar-
riers on w. Section 3 is the main part of this paper. The main motive of study is, given a
tree, the collection A ®p C of all finite subtrees of T" whose chains are in a fixed family C and
such that the family of immediate successors of a given node is in another fixed family 4. We
study A ®7 C both combinatorially and topologically. The combinatorial part is based on the
canonical form of a sequence of finite subtrees, and allow us to define a natural multiplication.
The topological one consists in finding upper bounds of the rank of the family A ®7 C in terms
of the corresponding ranks of the families A and C, much in the spirit of how one easily bounds
the size of a finite tree from its height and splitting number. This operation allows to lift bases
on chains and of immediate successors to bases on the whole tree, our main result of this work
done in Theorem 3.1. We apply this in Section 4 to prove that cardinal numbers smaller than
the first Mahlo cardinal have a basis. To do this, we represent such cardinals as nodes of a
tree having bases on chains and on immediate successors. We achieve this last part by proving
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several principles transference of basis. Finally, we use bases to build reflexive Banach spaces
without subsymmetric basic sequences.

2. BASIC DEFINITIONS

Let I be a set. A set F is called a family on I when the elements of F are finite subsets of
I. Let P = (P, <) be a partial ordering. A family on chains of P is a family on P consisting of
chains of P. Let Ch. be the collection of all chains of P. Given k < w, let

NP :={s C I : #s=k}, 1% :=[1" N Ch,
ISk :={s C T : #s <k}, [1=F :=[1]%% N Ch..

For a family F on [ and A C I,let F [ A:= FNP(A). Recall that a family F on [ is hereditary
when it is closed under subsets and it is compact when it is a closed subset of 27 := {0, 1}, after
identifying each set of F with its characteristic function. In this case, F is a scattered compact
space. Since each element of F is finite, it is not difficult to see that F is compact if and only
if every sequence (s, )new in F has a subsequence (t,)new forming a A-system with root in F,
that is, such that

tro Nty =1y NE € F for every kg # k1 and Iy # [;.

The intersection tx N t;, k # [ is called the root of (t),. By weakening the notion of com-
pactness, we say that F is pre-compact if every sequence in F has a A-subsequence (with root
not necessarily in F). It is easy to see then that F is pre-compact if and only if its C-closure
{s C I : sCtfor somet € F} is compact.

Recall the Cantor-Bendixson derivatives of a topological space X:

X0 .= x x@= m (X(ﬁ))/
B<a
where Y’ denotes the collection of accumulation points of Y, that is, those points p € X such
that each of its open neighborhoods has infinitely many points in Y. The minimal ordinal «
such that X(@*+1) = X (@) i5 called the Cantor-Bendizson rank rkcg(X) of X. In the case of a

compact family F on an index set I, being scattered, its Cantor-Bendixson index is the first «
such that F(@) =, and therefore it must be a successor ordinal.

Definition 2.1. Given a compact family F on some index set I, let
rk(F) :=rkep(F)™

where (o + 1) = a. We say that a compact family F is countably ranked when rk(F) is
countable. Let P be a partial ordering. A family F on chains of P the small rank relative to P
of F is

stkp (F) := inf{rk(F [ C) : C is an infinite chain of P}.

A compact and hereditary family F on chains of P is called (o, P)-homogeneous if [P]<! C F
and

a = stkp(F) < 1tk(F) < o(a),
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where () is defined below in Definition 2.4. F is P-homogeneous if it is (c, P)-homogeneous

for some a < wy.

When I is countable, its rank is countable as well. Hence the small rank of a compact
family is always countable. In general, rk(F) < #I and the extreme case can be achieved. For
total orderings P we are going to use srk, a-homogeneous and homogeneous instead of srkp,
(a, P)-homogeneous and P-homogeneous, respectively.

Definition 2.2. The normal Cantor form of an ordinal o is the unique expression o = w®l .

nola] + - + w™ . nila] where a > af0] > a[l] > --- > alk] > 0 and nya] < w for every i < k.
Suppose that x is an operation on countable ordinals and suppose that o > 0 is a countable
ordinal. We say that o is x-indecomposable when 5 x v < « for every 5,v < a.

REMARK 2.3. It it well-known that

(i) a is sum-indecomposable if and only o = w?.
(ii) o > 1 is product-indecomposable if and only if o = w® for some sum-indecomposable 3.
(iii) For o > w, « is exponential-indecomposable if and only if o = w®.
(iv) product-indecomposability imply sum-indecomposability, and exponential-indecomposability
imply product and sum indecomposability.

So, 1,w,w? and 1,w,w* are the first 3 sum-indecomposable, and product-indecomposable or-
dinals, respectively. If we define, given o < wy, @p := @, Q41 := (@)% and @, := sup,, &y, then

W, Wy, (@Wy,),, are the first 3 exponential-indecomposable ordinals. We will use exp-indecomposable
to refer to exponential-indecomposable ordinals.

Definition 2.4. Given a countable ordinal o, let
t(a) = min{\ > « : \ is exp-indecomposable}.

Let Fn(wy,w) be the collection of all functions f : w1 — w such that supp f = {7y <w;
f(y) # 0} is finite. When considered the pointwise sum + (Fn(wi,w),+) is an ordered commu-
tative monoid. Let v : w1 — Fn(wy,w) be defined by v(a)(y) = ni[a] if and only if v = «fi]. Let
o : Fn(wy,w) — wy be defined by o(f) =D, w - f(a;), where {og > -+ > a, > 0} = supp f.
In other words, o is the inverse of v. Given o, B < wy, the Hessenberg sum (see e.g. [Si]) is
defined by

a8 1= o(v(a) + v(B)).
It is easy to see that if v is exp-indecomposable, then S+ < « for every 5,7 < a.

Definition 2.5. Let F and G be families on chains of a partial ordering P. Define
FUG:={sCP:seForseg},
FUpG:={sUt : sUt is a chain and s € F, t € G},
FUG:={sUt:seF, teg}
FRp(n+1):=FHRpn)up F;, FXpl:=F,
FR(n+1)=FKn)UpF;, FKI1:=F.
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Observe that when P is a total ordering the operations LIp and LI are the same.

Proposition 2.6. The operations U, Up and U preserve pre-compactness and hereditariness.
Moreover, if F and G are countably ranked families on chains of P, then
(i) rk(F U G) = max{rk(F),rk(G)},
(i) rk(F U G) = rtk(F)+rk(G),
(iii) rk(F Up G) < rk(F)+rk(G).
Consequenlty, if F and G are P-homogeneous, then F UG, F Up G and F UG are (v,P)-
homogeneous with ~y > max{srkp(F),srkp(G)} .

PROOF. It is easy to see that if F and G are pre-compact, hereditary, then F % G is pre-
compact, hereditary, for * € {U,Up,I}. Let us see (i): An easy inductive argument shows that
(FUG)@ = F@ g for every countable a. (ii): It is a general fact that for every compact
spaces K and L and every « one has that

(K x L) = [ (K® x L), (1)
By=a

When K and L are countable, we have that rk(K x L) = rk(K)-+rk(L). The proof of (1) is done
by induction on « and by considering the case when « is sum-indecomposable or not. Now let F
and G be with countable rank. Suppose that P is a total ordering. Let F x G — FUG, (s,t) —
sUt. This is clearly continuous, onto and finite-to-one, so tk(FLG) = rk(F x G) = rk(F)+rk(G).
If P is in general a partial ordering, then it follows from this that rk(F Up G) < rk(F)+1k(G),
proving (iii). Now suppose that F and G are P-homogeneous. We have clearly that

max{srkp(F),stkp(G)} < min{srkp(F UG),stkp(F Up G),stkp(F LU G)}. (2)

On the other hand, max{rk(FUG),tk(FUp G),rk(FUG) < rk(F)+1k(G). Since rk(F),rk(G) <
A = max{c(stkp(F)), t(stkp(G)), it follows by the indecomposability of A that rk(F)+1k(G) < .
This, together with (2) gives the desired result. O

2.1. Bases of homogeneous families. We recall a well-known generalization of Schreier fam-
ilies on w, called uniform families. We are going to use them mainly as a tool to compute upper
bounds of ranks of operations of compact families. We use the following standard notation: given
M,s,t C w, we write s < t to denote that maxs < mint and let M/s := {m € M : s <m}.
Notice that a family F on w is pre-compact if and only if every sequence in F has a block
A-subsequence (Sp)ncw, that is, such that s < s, \'s < s, \ s for every m < n, where s is
the root of (s,),. We write s C ¢ to denote that s is an initial part of ¢, that is, s C ¢t and
tN(maxs+ 1) =s, and s C ¢ to denote that s C ¢ and s # t.

Definition 2.7. Given a family F on w and n < w, let
Fy ={sCw:n<sand{n}Use F}

Let a be a countable ordinal number, and let F be a family on an infinite subset M C w. The
family F is called an a-uniform family on M when 0 € F and

(a) F={0} if a=0;

(b) Fpmy is B-uniform on M/m for every m € M, if a = B+ 1;
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(¢) Fpmy is am-uniform on M/m for every m € M and (am)menm is an increasing sequence
such that sup,,c s am = o, if o is limit.

It is important to remark that uniform families are not uniform fronts, which were introduced
by P. Pudlak and V. R6dl in [Pu-Ro] following previous works of C. Nash-Williams. Recall that
a family B on M is called an a-uniform front on M when B = {0} if @ = 0, and if a > 0 then
0 ¢ B, and By} is a y-uniform front on M/n for every n € M, if f = v+ 1, and By, is a
ap-uniform front on M /n for every n € M and (o, )nenm is increasing with sup,,,c s oo In fact,
given a uniform family F, the collection of its C-mazimal elements F™®* is a uniform front:

Proposition 2.8.  (a) Every uniform family is compact.
(b) The following are equivalent:
(b.1) F is an a-uniform family on M.
(b.2) F™aX js an a-uniform front on M such that F = Fmax = (Fmax)t,

PROOF. (a) is proved by a simple inductive argument on «. To prove that (b.1) implies (b.2),
one observes first that (F™&)E = F, because F is compact, and then again use an inductive
argument. The proof of that (b.2) implies (b.1) one uses the well-known fact that if B is a
uniform front, then B = B- (see for example [ArTod]). O

Definition 2.9. Given two families F and G on w their sum and product are defined by
FoG:={sUt:s<t, s€Gandtec F},
F®G ::{U S; - {Sz}z C F, max s; < min Sit+1, ¢ < N, and {minsi}i S Q}

<n
The following are well-known facts of uniform fronts, and that are extended to uniform families

by using the previous proposition. For more information on uniform fronts, we refer to [Lo],
[LoTol] and [ArTod].

Proposition 2.10. (a) The rank of an a-uniform family is c.
(b) The unique n-uniform family on M, n < w, is [M]=".

(¢) If F is an a-uniform family on M, then F | N is an a-uniform family on N for every
N C M infinite. Consequently, a-uniform families on w are a-homogeneous.

(d) If F is an a-uniform family on M, and 6 : M — N is an order-preserving bijection, then
{67 (s) : s € F} is an a-uniform family on N.

(e) Suppose that F and G are o and 3 uniform families on M, respectively. Then F UG,
F®G, FUG and F @G are max{a, 8}, a+ B, a+B and o - B-uniform families on M,
respectively.

(f) Uniform fronts have the Ramsey property: if ¢ : F — n is a coloring of a uniform front
on M, then there is N C M infinite such that ¢ is constant on F [ N.

(g) Suppose that F and G are uniform families on M. Then there is some N C M such that
either F | N C G or G | N CF. Moreover, when tk(F) < rk(G), the first alternative
must hold and in addition (F | N)™*>* N (G | N)m&* = ().

(h) If F is a uniform family on M then there is N C M infinite such that F | N is hereditary.
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(i) If F is compact and C-hereditary family on w, then there is M C w infinite such that
F I M is a uniform family on M. O

REMARK 2.11. (i) The only new observation in the previous proposition is the fact in (e)
that states that unions and square unions of uniform families is a uniform family, and
that can be easily proved by induction on the maximum of the ranks.

(ii) A simple inductive argument shows that for every countable a and every M C w infinite
there is an a-uniform family F, on M, and, although uniform families are not necessarily
hereditary using (d) and (h) one can build them being hereditary.

We obtain the following consequence for families on an arbitrary partial ordering.

Corollary 2.12. Suppose that P = (P, <p) is a partial ordering, and suppose that F and G are
compact and hereditary families with tk(F) < stk(G). Then every infinite chain C of P has an
infinite subchain D C C' such that F | D C G.

Proor. Fix F, G and C as in the statement. By going to a subchain of C, we assume that
(C,<p) has order type w. Since (C,<p) is order-isomorphic to w with its natural order, it
follows from Proposition 2.10 (i), (g) that there is some infinite subchain D C C such that
FIDCG. 0

Among uniform families, the generalized Schreier families have been widely studied and used
particularly in Banach space theory. They have an algebraic definition and have extra properties,
as for example being spreading. Also, they have a sum-indecomposable rank. We recall the
definition now.

Definition 2.13. The Schreier family is
S :={s Cw: #s < mins}.

A Schreier sequence is defined inductively for a < wi by
(a) Sp:= [w]§17
(b) Sat1: =8, ® S and
(¢) Sa = Uncw(Sa, w\n) where (an)y is such that sup,, a, = o, if a is limit.

Note that the family S, depends on the choice of () converging to limit ordinals a.

Definition 2.14 (Spreading families). A family F on w is spreading when for every s = {mgy <
e <myt € F and t ={ng < --- < ng} with m; < n; for every i <k one has thatt € F.

The following is easy to prove.

Proposition 2.15. Suppose that F and G are spreading. Then FUG, FUG, F®G and FRG
are spreading. O

The generalized Schreier families are uniform families and they have extra properties.

Proposition 2.16.  (a) S, is hereditary, spreading and w®-uniform.
(b) For every a < f there is n < w such that S, | (w\ n) C Sg.
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(c) For every o, B andy such that o+ < v there isn < w such that (Soa®Sg) | (w\n) C S,.

PROOF. (a) The first two properties are well-known. The proof of that S, is a w®-uniform
family is done by induction on «. The case a = 0 is trivial, while it is easy to verify that & is

o+l _yniform family by Proposition 2.10

an w-uniform family, s0 Sp41 = Sa ® Sisa w® - w=w
and inductive hypothesis. Suppose that « is limit. For a given m,n € w, let o), < w** be such
that (aj;,)m is increasing, sup,, ay, = a;, and (Sa,, ){m) 18 @ ay, uniform family. Since for every
m € w we have that
(Sa)pmy = U (San)my (@ \m)
n<m

it follows from Proposition 2.10 (e) that (Sa){m i @ Bm = max,<m ay,-uniform family on w/m.
It is easy to see that (S,)m is increasing and satisfies that sup,, S, = w®. (b) is proved by a
simple inductive argument. O

Definition 2.17. Let & be the collection of all hereditary, spreading uniform families on w.
Proposition 2.18. For every o < wy there is a hereditary, spreading c-uniform family on w.

PROOF. Let (Sy)a<w be a Schreier sequence, and given a countable ordinal a with normal
Cantor form o = ), w™ - n; we define

Fo = (Sap @ W) & -+ @ (S, @ [w]=™).
Then each F, is a hereditary, spreading a-uniform family on w. O

We present now the concept of basis, that intends to generalize the notion of uniform family
on w, and the multiplication ® between them. It seems that there is no canonical definition for
the multiplication F x G of two families on an index set I. However, when G is a family on w
we can define it quite naturally as follows.

Definition 2.19. Let F be a homogeneous family on chains of a partial ordering P, and let H
be a homogeneous family on w. We say that a family G on chains of P is a multiplication of F
by H when

(M.1) G is homogeneous and t(stkp(G)) = t(stkp(F) - stk(H)).
(M.2) Every sequence (sp)n<w in F such that |, sn is a chain of P has an infinite subsequence
(tn)n such that for every x € H one has that |J,c, tn € G.

EXAMPLE 2.20. (i) F Kp n is a multiplication of any homogeneous family F by [w]=".

(ii) If P does not have any infinite chain, then any homogeneous family F on chains of P has
finite rank and given any homogeneous family H on w, G = F satisfies (M.2) .

Notice that always F C G for every multiplication G of F by any family H # {0}. When
the family F = [x]=! and H is the Schreier family S, then the existence of a family G satisfying
(M.2) is equivalent to k not being w-Erdés (see [LoTo2|, and the remarks after Theorem 4.1).
Let us use the following notation. Given a collection € of families on chains of P and o < wy
let €, :={F € € : stkp(F) = a}.
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Definition 2.21 (Basis of homogeneous families). Let P = (P, <) be a partial ordering with an
infinite chain. A basis (of homogeneous families) on chains of P is a pair (8, X) such that:

(B.1) B consists of homogeneous families on chains of P, it contains all cubes, and B, # O for
allw < a < wi.

(B.2) B is closed under U and Up, and if F C G € B is such that t(stkp(F)) = u(stkp(G))
then F € 8.

(B.3) x : B x & — B is such that for every F € B and every H € & one has that F x H is a
multiplication of F by H.

When P = (P, <) is a total ordering, we simply say that B is a basis of families on P.
Proposition 2.22. There is basis of families on w.

PROOF. Let B be the collection of all F homogeneous families on w such that ¢(stk(F)) =
t(stk((F)spr), where (F)gpy is the set of all {n; < --- < ng} such that there is {mq,--- ,my} € F
such that m; < n; foralli=1,--- ,k. Given F € 6 and H € G, let

FxoHi=(FoH)®F.

It is routine to check all properties of basis, except (M.2): Suppose that (sg)x is a sequence in F.
Let (tx)k<w be a A-subsequence with root ¢t € F such that ¢ < t;\t < tx41\t for every k. Suppose
that © € H. Then {minty \ t}re, € H, because H is spreading. Hence, [, (tx \ t) € F @ H.
Since t < Upe, (th \ 1), it follows that e, th = t U Upe(t \ 1) € (FRG) & F. O

The following gives a characterization of the existence of a basis.

Proposition 2.23. A partial ordering P with an infinite chain has a basis if and only if there
is a pair (B, x), called pseudo-basis such that (B.3) holds for (%8, x), and

(B.1%) B consists of homogeneous families on chains of P, it contains all cubes, and for every
w < a<wp there is F € B such that o < stkp(F) < 1(a).
(B.2") B is closed under U and Up.

PROOF. Suppose that (B, x) satisfies (B.1’), (B.2’) and (B.3). Let C = {p,}, be an infinite
chain of P, of order type w. Fix a basis (B(w), X,) of families on w. For each G € B(w), let
G := {{pn}nes : € G}. Then G is homeomorphic to G. Given F € B, let F := {s € F :
sNC =0}. Now let B’ be the collection of all unions F UG such that F ¢ B, G e 6,
and finally let B” be the collection of all P-homogeneous families F such that there is some
G € B’ with F C G and «(stkp(F)) = t(stkp(G)). For each F € B” we choose Gr € B and
Hr € B(w) such that F C GrUHy € B’ and «(stkp(F)) = 1(stkp(Gr UHF)). Then we define
Fx'H = (Gr x H)U(Hr xu H). It is easy to check that (B”, x’) is a basis on chains of P. [

2.2. Ranks and uniform families. The objective of this part is mainly to present two results.
The first one, Proposition 2.25, states that the fact that K@) = () for a compact metrizable space
K can be coded by a nice mapping f : B — K defined on an a-uniform family . The second
one, Proposition 2.27, gives an upper bound for the rank of a family of finite sets, and its proof
uses the Ramsey property of uniform barriers.
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Definition 2.24. Given families F on w and G on a partial ordering P, we say that a mapping
f:F — G between two families is (C, C)-increasing when s C t implies that f(s) C f(t).

The fact that a point is in a certain derivative of a compact metrizable space K can be
witnessed by a continuous and 1-1 mapping from a uniform family into K.

Proposition 2.25. Suppose that K is a compact metrizable space and let o < wy1. Then a point
p € K is such that p € K@ if and only if for every a-uniform family B there is a 1-1 and
continuous function 6 : B — K such that 6(0) = p. In case K = F is a compact family on
I, p e F9 if and only if for every a-uniform family B there is a 1-1 and continuous mapping
0 : B — F such that p=60(0) and such that 0 is (C, C)-increasing.

PROOF. Given p € K and € > 0, let B(p,¢) be the open ball around p and radius €. The proof
is by induction on a. Suppose that p € K(® and let B be a a-uniform family on M and C the
collection of C-maximal subsets in B. Without loss of generality we assume that M = w. Let
an < a be such that Cy,,y is ap-uniform on w/n. Choose (py)n in K(@n) converging non-trivially
to p such that there are mutually disjoint closed balls B,, around p,, with diam(B,,) },, 0. Since
each p, € K@) it follows by inductive hypothesis that for each n there is a 1-1 and continuous
function
Gn :%IC{H} —>Bn

with 0,,(0) = p,. Let 0 : B — K be defined by 6(0) = p, 0(s) := Omins(s\ {mins}), for s # 0. By
the choice of the balls B, it follows that 0 is 1-1. We verify now that 6 is continuous: Suppose
that (sg)x tends to s. Suppose first that s # 0, let n := min s. Then there is ko such that for every
k > ko one has that min s = n. It follows that for every k > ko, 0(sx) = 0,,(tx) and 0(s) = 0,,(t),
where ¢ := s \ {n} and ¢t := s\ {n}. Hence, limy_,o0 0(sx) = limg_yo0 On(tr) = On(t) = 6(s).
Suppose now that s = (). Fix v > 0 and suppose that d(p, 0(sx)) > v for every k belonging to an
infinite subset M C w. Without loss of generality, we may assume that (sg)renrs is a A-system
with empty root such that s, < s; if k¥ <[ in M. Since 0(s) € By, for ng := min s, for every
k, and since (ny)renm tends to infinity, (pn, )rem converges to p, so that there is some k such
that d(p,6(sk)) < 7, a contradiction. The reverse implication is trivial.

Now, if F is a compact family on I and « is a countable ordinal, then p € F(® if and only if
p € (F | Ip)® for some countable subset Iy. Now we can apply the first part of the Proposition
to the compact and metrizable K = F | Iy and find, recursively on a a 1-1 and continuous
0 : B — F | Iy which in addition is (C, C)-increasing. O

The following technical result will be useful to prove result on upper bounds of ranks.

Lemma 2.26. Suppose that B and C are uniform families, F is a compact family on some index
set I with tk(F) < rk(C). Suppose that A : B C — F is (C, C)-increasing. Then there is a
finite subset x of w and some infinite set © < M such that {z} UB | M C B® C and such
that X is constant on {x} U (B | M)™*. If in addition X is conlinuous, then X\ is constant on

{z} (B M).

PROOF. Let By := B™2*, Cy := C™*, and for each s € By ®Cq, let s = UKkS s; be the canonical
decomposition of s; i.e. s; < s;41 are in By and {min s; };<x, € Co. A use of the Ramsey property
of uniform fronts gives an infinite subset M C w such that one of the following conditions hold.
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(a) For every so < -+ < sg—1 in By | M with {mins;};<x € C | M\ Cy and every s;_1 < = <
y € By | M one has that A({U;., si Ux) # MU,;cr 5i UY).
(b) For every s = Ui<ks 8; €Byg | M ®Cy | M there is k < kg such that for every sp_1 <z <
y € By | M one has that AMUjer siVz) = MU;jcp 5i Uy)-
Suppose that (a) holds. Let (s;)i<, be a sequence in By | M such that s; < s;41 for every i. Let
J:C | M — F be defined by f(x) := AMU,c, 5i)-

Claim 2.26.1. There is f()) C z € FOX©) and consequently, vk(F) > rk(C).

Proof of Claim: This is done by induction on the rank « of C. For each m € M, Cp, is ayp-
uniform on M, := M/s,,, and satisfies (a), where a;, T « if « is limit, and o, = o~ if « is
successor. So, if we define fy,, : Coy | My — F, fin(x) = f(5m U U;ep 5i), then we can find
fim(0) C 2, € Fl@m) for every m. By (a), it follows that (2,,),, are pairwise different. Since F is
compact, there is a subsequence (z,)men which is a non-trivial A-system, with root z € F(@).
Since 6 is (C, C)-increasing, then so is f. Hence f(0) C f(sm) C zm, so f(0) C z. O

Suppose that (b) holds. Fix s = (J;; 81 € Bo | M ®Co | M. Let k < ks be such that,
setting = := (J;y, i, then Mz Uy) = )\(;: U z) for every x < y < z for every y,z € By [ M. We
claim that A(z Uy) = Az U 2) for every x < y,z € By | M. Find y,z < w € By | M. Then
AMzUy) =AMz Uw) = Az Uz).

If we assume that A is in addition continuous, since B | M is scattered, the set of isolated
points is dense. Hence {z} U (B | M)™** is dense in {z} L (B | M). Since A is constant on
{z} L (B M)™* it is constant on {z} LI (B | M). O

We obtain the following upper estimation on ranks.

Proposition 2.27. Suppose that F and G are countable ranked families and suppose that X :
F — G is C-increasing. Then

rk(F) < ilelg(rk({s eF : A(s)Ct})+1)-(rk(G) +1).

If in addition X is continuous, then we obtain that

rk(F) < sug(rk({s EF : Ns)=1t})+1)- (rk(G) +1).
te

PROOF. Let a = sup,cg(tk({s € F : A(s) Ct})+1), B :=rk(G), and suppose that F(@(B+1) £
(). Let B and C be o and 3 + 1 uniform families, let f : B® C — F be a 1-1, continuous and
(C, C)-increasing function, and let 6 := Ao f. By hypothesis, 6 is (C, C)-increasing, so it follows
from Lemma 2.26 that there are  C w finite and x < M infinite such that {x}UB | M C B®C
and such that 6 is constant on {z} (B | M)™** with value ¢t € G. This implies that the mapping
Oo(y) := O(x Uy) for every y € B | M is a 1-1 and continuous mapping 6y : B | M — {s € F :
A(s) C t}, hence rk({s € F : A(s) Ct}) > «, and this is impossible.

Suppose that in addition A is continuous. Then the desired result is proved similarly by
changing the definition of a with o := sup,cg(rk({s € F : A(s) =t}) + 1), and then using the
particular case of continuous functions in Lemma 2.26. O
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3. BASES OF FAMILIES ON TREES

A tree T is determined by its chains and antichains. Given two families A and C on chains
and on antichains of a tree T', respectively, one can define a third family A ®r C consisting of all
subsets of T' generating a subtree whose antichains are in 4 and its chains are in C. In general,
the antichains of a tree are difficult to understand; on the contrary, the particular antichains
consisting of immediate successors of a node are typically simpler (e.g. in a complete binary
tree), and it makes more sense to define A ®p C in terms of these particular simpler antichains.
This operation on families will allow us, for example, to step up from a basis of families on a
cardinal number x to a basis on its cardinal exponential 2%, and more.

Recall that a (set-theoretical) tree T = (T, <) is a set of nodes T with a partial order < such
that {u <t : uw € T} is well ordered for every ¢t € T. A rooted tree is a tree with a minimal
element 0, called the root of T. All trees we use are rooted, so that whenever we say tree, we
mean a rooted tree. Trees are a sort of lexicographical product of two orderings, the one defining
the tree order < and the following. Given ¢t < u in T', let Is;(u) be the immediate successor of ¢
which is below u, that is, Is;(u) be the smallest v < u such that ¢ < v. Then, given ¢t € T" and
z CT,let

Is"x = {Isy(u) : t <u € x}.
For simplicity, we write Is; for Is;” (T"), that is, the set of all immediate successors of t in T'. For
every t € T, fix a total ordering <; of Is;. Let <, be the partial ordering in 7" defined by ¢t <, u
if and only if there is v such that ¢,u € Is, and ¢ <, u. Hence, a chain with respect to <, is a set
of immediate successors of a fixed node. Notice that both < and <, can be extended to a total
ordering < on 1" by defining ty < t1 if and only if 3 < t1, or if ¢y and t; are <-incomparable
and Isioae, (t0) <a Istont, (f1). We are now able to state the main result of this section.

Theorem 3.1. The following are equivalent for an infinite tree T .

(a) There is a basis of families on T'.
(b) There is a basis of families on chains of (T, <), if there is an infinite <-chain, and there
is a basis of families of families on chains of <, if there is an infinite <,-chain.

Notice that it follows from Ko6nig’s Lemma that when T is infinite, either there is a <-chain
or an infinite <,-chain. We pass now to recall well-known combinatorial principles on trees. Let
T = (T,<) be a complete rooted tree with root 0. Recall that a chain of a tree is a totally
ordered subset of it. Given t < wu € T, let

[tu :={veT :t<v<u}.

Similarly, one defines the corresponding (semi) open intervals. Given x C T', let z<; := N[0, ],
x>t :={u €z : t <u}, and let x«; and z~; be their open analogues.
Given t,u € T, let
t A =max(T<; NT<y),
which is well defined by the completeness of T. We say that s C T is A-closed when t Au € s for

every t,u € s. Given s C T, let (s) be the subtree generated by s, that is, the minimal A-closed
subset of T' containing s. We say that a subset 7 C T' is a subtree of T' when (7) = 7.
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Definition 3.2. Given a family F on T, let
(F):={x C(s) : s F}.
The following easy fact will be helpful:
Proposition 3.3. For ecvery finite set s CT and every t € T, we have that
(s) ={to ANty : to,t1 € s},

Is;” (s) = Is;”s.
In particular, (s) is finite whenever s is finite. In general, if (s;)icr s a family of subsets of T,
then
(Usn= U (siusy).
el {ij}el)?
Finally, given s C T, let
($)max := {maximal elements of s}.

Definition 3.4. Let s = (tx)kew be a sequence of nodes in T.

(a) s is called a comb if s is an antichain such that
te ANt =t Nty and t ANty <t Aty for every k <1 < m.

The chain (ug)g, up =tp Nty (k <1) is called the N-chain of the comb (k).

t3

U1
FIGURE 1. A comb (t)kew and its corresponding A-chain (ug)g.

(b) s is called a fan if
th ANty =t Nty for every k # 1 and k' #1'.
The node u :=ty Nt; (k #1) is called the A-root of the fan (ti)k.

i1 to ty

u

FIGURE 2. A fan (tx)kew and its corresponding A-root wu.
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Proposition 3.5. Every infinite subset of T contains either an infinite chain, or an infinite
comb, or an infinite fan.

PROOF. Fix a sequence (tg)rew such that ¢y # t; for k # [. By the Ramsey Theorem, there is
My such that either (tx)rens, is a chain or an antichain.

Claim 3.5.1. If (tx)ren, s an antichain, then there is My C My such that ti At = ti Aty for
every k <l <m in M.

Proof of Claim: If (ti)rem, is an antichain and since there are no infinite decreasing chains in
T, by the Ramsey Theorem, there is M7 C My such that

(al) either tx At; = tg Aty for ever k <1 < m in My,
(b1) or else ty Aty < tx Aty for ever k <1 < m in M.

Let us see that (bl) cannot happen: Fix kg < k1 < k2 < k3 in M;. Then
Ty Nbgy N, = (tko N tkl) VAN (tko N tki) =gy Ntk ,
for ¢ = 2,3. On the other hand,
tho Nk = g N gy N, = (tko N tki) VAN (tkl VAN tki) € {tko AN 7790 7AN tki},
for i = 2, 3; so either ty, ANty = tg, ANty for some i = 2,3, or else tg, Ntg, = tpy Nlg, = iy Ngy.
Both cases are impossible since they contradict (bl). O
For each k € M, let uy := t; A t; for some (all) [ > k in M;. Yet again, since there are no
infinite decreasing chains in T', by the Ramsey Theorem, there is My C M; such that
(a2) either ux = u; = u for every k < [ in My,
(b2) or uy < w; for every k <l in M.

If (a2) holds, then (tx)kens, is a fan with A-root w. If (b2) holds, then (¢x)kens, is a comb with
A-chain (uk)keMQ. O

Corollary 3.6. FEvery infinite subtree of T' contains either an infinite chain or an infinite fan.

Consequently,

(a) If A C T is an infinite accumulation point of a sequence of subtrees of T, then A is a
subtree of T that contains either an infinite chain or an infinite fan.
(b) For every family F on T with countable rank one has that

stk(F) = inf{rk(F | X) : X is an infinite chain, comb or fan}.

O

Proposition 3.7. Suppose that 19,7 are subtrees of T. Then
Chg [ (to UT1) =(Chg [ 70) Uq (Chq [ 71), (3)
Che | {(ro UT1) C(Che | 79) Ue (Che | 71) U [T]=. (4)

PRrROOF. (3) follows from the fact that Is;” ((s)) = Is;”(s). For (4), let ¢ be a chain of (7o U 7),
and suppose that ty < t; belong to ¢\ (17oU7y). Then ty = ugAvg and t; = uy Avy with ug, u; € 19
and vg, vy € 11. Then, either ug A uy = tg or v9 A v1 = g, and both are impossible. O
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We introduce the operation Or.

Definition 3.8 (The operation ®r). Let Ch, and Ch. be the collection of all <,-chains and of
all <-chains of T, respectively. Given two families A and C on T, let A O C be the family of
all finite subsets s of T" such that

(a) (s) NCh, C A; that is, for every t € T, one has that Is;” (s) € A.
(b) (s) N Ch, C C; that is, every chain in (s) belongs to C.

REMARK 3.9. (i) The family A®7C is closed under generated subtrees, that is, (s) € A©rC
ifse AorC.
(ii) When [Is;]<! C A for all t € T the condition (a) above is equivalent to
(a’) For every t € (s), one has that Is;”(s) € A.
(iii) (A ®r C) N Ch, = C N Ch, and when [T]52 C C, then (A ®7 C) N Ch, = AN Ch,.

We introduce some notation. We are going to use a and c to refer to <, and <. For example,
Ug, srky, U, srke
denote Ut <), stk(r <), U(r <) and stk ) respectively.

Proposition 3.10. Let A and C be two families on chains of (T, <) and of (T, <), respectively.

(a) If A and C are compact, hereditary, then so is A O C.
(b) stk(A ®r C) < min{srk,(A),srk.(C)} when Ch, and Ch. are non-compact.
(c) Suppose that [T|s? C A and that [T)5% C C. Then

stk, (A) if Ch, C [T]<¥
stk(A O (CU [T]5Y) = { sk (C) if Ch, C [T]<¥
min{srk,(A),srk.(C)}, min{srk,(A),srk.(C) + 1}  otherwise.

PROOF. Set F := A ©r C. (a): Hereditariness of F is trivial. Suppose that s is an infinite
subset of T which is the limit of a sequence (74); in F. Since F is, by definition, A-closed, we
may assume without loss of generality that each 75 is a subtree. It follows that s is a subtree
of T as well. Hence, by Corollary 3.6, s contains either an infinite chain C, or an infinite fan
F. In the first case, 7. N F € C for every k and 7, N C' —;, C, which is impossible since C is
compact. If s contains an infinite fan F' with A-root w, then Is,” (F) is an accumulation point
of the sequence (Is,” (sg))r in A, which is impossible by the compactness of A.

(b) is trivial. (c): Set F := A &7 (C U [T])=1). Clearly stk(F) < stk(C). Since [T]52? C C,
we have that srk(F) < srk(A). Now we use Corollary 3.6 to compute srk(F). If X is an
infinite chain then clearly rk(F | X) > srk(C) 4+ 1. Suppose that X = {t,}n<. is an infinite
fan with A-root u. For each n < w, let v, := Is,(t,). Since for every x C w one has that
{tn}nex) = {tn}nes U {u}, it follows that the maximal chains of ({t, }ne.) have cardinality 2,
so, they belong to C, by hypothesis. This means that {¢,}nec, € F if and only if {v, }nes € A,
and consequently rk(F | X) = rk(A | {vp}n) > srke(A). Finally, suppose that X = {t,}, is
a comb with A-chain C' := {ug};. In one hand, given {t;}re, € F, we have by definition that
{ug}rex € CU [T)=E Hence, tk(F | X) < rk(C | C) + 1. On the other hand, given {u}xes € C
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we know that {uy ke U {t,} € C U [T]=, where p := maxz. Since

{tetrer) = {tr, uktren

it follows that ({tz}res) € A Or (C U [T]S) whenever {up}rer € C. So, {uptres € C
{tk}rer € F is continuous and 1-1. Hence rk(F | X) > srk.(C). O

Definition 3.11 (The Basis on T'). Let T be an infinite tree, and suppose that for (T, <,
) and (T,<) either they have a basis of families on their chains or they do not have infi-
nite chains. Let (B, x,) be either a basis of families on chains of (T, <,) or B := {A :
A is hereditary and A C Chy} and A X, H := A for every A € B and H € S, if there are no
infinite <q-chains. We define similarly (B, x.). Let B be the collection of all families F on T
such that

(BT.1) F, (F) are homogeneous and rk({F)) < t(srk(F)).
(BT.2) (F)N Ch, € B¢ and (F) N Ch, € B°.

Given F €8 and H € S, let
(BT.3) FxH = (AxaH)Ua [T)S1) 07 ((CxH)R.5) where A := (F)NCh, and C := (F)NCh,.

Notice also that since T is infinite it follows from Konig’s Lemma that either there is an
infinite <4-chain or an infinite <-chain. Notice also that there is no infinite <,-chain if and only
if [T]5 is a compact and hereditary family, and similarly for <.

Proposition 3.12. Suppose that F € B. Then

(a) t(stk(F)) = w(stk((F))) = t(srke(F N Chy)) = t(srkq((F) N Chy)) = t(stke(F N Che)) =
t(stke((F) N Che)) if both Chg and Ch. are not compact.

(b) t(srk(F)) = e(stk((F))) = t(srke(F N Che)) = t(srke((F) N Ch)) if Chy is compact.

(c) e(srk(F)) = e(stk((F))) = t(srkq(F N Chy)) = t(srke((F) N Chy)) if Che is compact.

PRrOOF. We only prove (a); (b) and (c) have a similar proof. We know that
SIk(F) < stk((F)) < k(7)) < 1(srk(F)),
by definition of B. This means that ¢(srk(F)) = ¢(srk((F))). Similarly,
srke (F N Chy) < srkq((F) N Chy) < tk((F)) < e(srk(F)) < e(srkq(F N Chy,)).
So, t(stkq(F N Chy)) = t(srky((F) N Chg)). On the other hand,
SIK(F) < stka(F N Chy) < 1k(F) < u(stk(F)),

hence ¢(srk(F)) = t(srkq(F N Chy)). Similarly one proves that ¢(stk(F)) = ¢(srke(F N Che))
t(stke((F) N Che)).

The next to results are the keys to show Theorem 3.1.

oo

Lemma 3.13. Ifrk(A),rk(C) < A with X\ exp-indecomposable, then rk(A O C) < A.

Lemma 3.14. x is a multiplication.
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The upper bound for the rank of A ®r C in terms of the ranks of A and C is treated in the
next Subsection 3.1, and the multiplication X is studied in the Subsection 3.2, where we find
the canonical form of a A-sequence of finite subtrees of T'.

Proposition 3.15. Let A € B2 and C € B¢ be such that [T)=% C A and [T)5? C C. In addition,
suppose that t(stk(A)) = ¢(stk(C)) if Ch, and Ch. are not compact. Then A1 C € B.

ProOOF. Fix A and C as in the statement, and set F := A ©p C. Then (F) = F. Suppose
that Ch,, Ch, are not compact. We know by Proposition 3.10 that ¢(stk(F)) = t(srke(A)) =
t(stke(C)) = A. Since A and C are homogeneous, it follows that rk(A),rk(C) < A\. By Lemma
3.13, we obtain that rk(F) < A = «(srk(F)). By Remark 3.9, FNCh, = A € B% and FNCh, =
C € B¢ so F € B. The cases when Ch, or Ch, is compact are proved in a similar way. O

We are now ready to prove the main result of this section.

Proof of Theorem 3.1. Let us see that (8, x) defined on Definition 3.11 is a basis of families
on T. (B.1): Notice that if 7 is a finite tree, then

a(T)c(T)—H 1

a(t) —1 (5)

#7 <

where a(7) and c(7) are the maximal cardinality of a <,-chain and a <-chain, respectively.
This means that if 7 = [T]<", then (F) C [T]"""". Hence, (F) is homogeneous and srk(F) =
stk((F)) = w. It is easy to see that (BT.2) holds for F = [T]=". Now let w < a < wj.
Suppose that Chy, Ch.  [T]<%. Let Ay € B%, and Cy € BE,. Then A := Ay U [T]=? € B2 and
C := CoL [T]=! € B°. We can apply Proposition 3.10 to F := A®7C to conclude that F € B,.
Suppose that Ch, is compact. Let C € B¢, and set

F:=CU{s C{titicn : {ti}i<n is a finite comb with chain {u;}i<, € C}.

Notice that (F) = F C [T]S2 07 (CU[T]=1), so it follows that rk(F) < «(srke(C)) = t(stk(F)) =
«. This means that F is homogeneous. On the other hand, C C F N Ch. C C U [T]=!, so
F N Ch, € B°. So, F € B,. Finally, suppose that Ch. is compact. Let A € B2,
F = AOr [T)s2. Tt is easy to see that F € B,.

(B.2): Suppose that F,G € B. It is easy to see that F UG € B. Let us see that F LI G € B.
Then F UG is homogeneous, with infinite rank. On the other hand,

and set

(FUG) C{F)U(G) € ((F)Ua (G)) Or ((F) Ue (G) U, [T,
by Proposition 3.7. Now,

rk((F) U, (G)) <tk((F))+1k((G)) < max{c(stk(F)), t(stk(G))} < t(stk(F U G))
rk((F) Ue (G) Ue [T)=1) <tk ((F))4rk((G)) + 1 < max{u(stk(F)), t(stk(G))} < v(srk(F U G)).

From this and Lemma 3.13 we obtain that

rk((FUG)) < u(stk(FLG))
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On the other hand, by Proposition 3.7 and Remark 3.9 (iii) we know that
(FUG)NChy =(FNChy) U, (GNChy) € B,
(FUG) N Che C((F) N Che) L ((G) N Che) U [T]=! € B..
Since
t(stk((F U G) N Ch,)) =max{c(srk.(F N Ch,)), t(srk.(G N Ch,))} =
= (srke(((F) N Che) U ((G) N Che) L [T]51))
it follows from the property (B.2) of B, that (F LU G) N Ch. € B., so FUG € B.
Suppose that F C G € B is a homogeneous family such that ¢(stk(F)) = ¢(srk(G)). Then,
(F) € (G), so,
rk({(F)) < 1k((9)) < u(stk(G)) = v(srk(F)) < e(srk((F)))- (6)
So, (F) is homogeneous. Now, (F) N Ch, C (G) N Ch, € B, and (F) N Ch. C (G) N Ch, € B..

Suppose that Ch, and Ch. are both non-compact. Then, srk,({(F) N Ch,) > srk((F)). Hence,
from (6) we obtain that

stky((F) N Chy) < stk((G) N Chy) < tk((G)) < u(stk({(F))) < t(stka((F) N Chy)).

This means that «(srk,((F))) = t(srkq((G))), and consequently, (F) N Ch, € B®. Similarly,
(F) N Ch, € B, hence F € B. The cases when Ch, or Ch, are compact are proved similarly.
(B.3) is the content of Lemma 3.14. O

3.1. The operation ©r and ranks. We compute an upper bound of the rank of the family
A O7 C in terms of the ranks of A and C, respectively. Fix a tree T, a compact and hereditary
family C on chains of T" and a compact and hereditary family on immediate successors of nodes
of T. As we have observed in (5) for finite trees, it is natural to expect an upper bound of the
rank of A ®7p C by an exponential-like function of the rank of A and the rank of C.

Definition 3.16. Given a countable ordinal number a, we define a function fo : w1 — wy as
follows:

fa(0) :=1
fa(€4+1) :=fa(§) - (max{a,{} - w)

fa(&) :=sup fo(n), when £ is limit.
n<€

REMARK 3.17.  (a) f, is a continuous strictly increasing mapping such that f,(§) is sum-
indecomposable for every « and €.

(b) fa(€) > (a-w)s always, and if € < o then f,(€) = (o - w)S.

(c) fs(&) < a for every f,£€ < a if and only if o is exp-indecomposable: Suppose that «
is closed under f.(-). Let 3,£ < a. Then ¢ < f8(§) < a. Suppose that « is exp-
indecomposable. Let 8,£ < a. Since f.(-) is increasing in both variables, and since « is
product-indecomposable, w.l.o.g. we assume that 5 is sum-indecomposable, i.e. 8 = w0
with £ < 8 < a. Then,

f5(6) = (B-w)f =TV < =
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Lemma 3.13 follows from Remark 3.17 (c) and the following.
Lemma 3.18. rk(A ©7 C) < fixa)4+1(tk(C) +1).
Definition 3.19. Given a subtree U of T with root 0, let
stem(U) :={t € U : every u € U is comparable with t}.
Let (A @7 C)r be the subset of A®r C consisting of subtrees of T

Notice that stem(U) is a non-empty chain in U, because 0 € stem(U).

Proposition 3.20. For every countable ordinal o one has that x € (A GO C)(a) if and only if
there is some subtree y of T containing x such thaty € (A @7 C)p)(®.

PRrROOF. First of all, by definition € A ®p C if and only if (z) € A®7p C. Also, since A O C
is hereditary, it follows that each (A O C)(O‘) is also hereditary. This proves that if x C y €
(Aer C)r) @, then z € (A @7 C)®. Now we prove that if z € (A @7 €)@ then there is
there is a subtree x C y on T belonging to (A O C)(O‘) by induction on «. The case o = 0 is
treated above. Suppose that « is limit, and let (a,), be an increasing sequence with supremum
«. By inductive hypothesis, for every n there is some subtree y,, of T" such that « C y, and such
that 3, € ((A ®7 C)r)@). By compactness, there is an infinite set M such that (y,)nenr is a
A-sequence with root y. A limit of subtrees is a subtree, hence y is a subtree that contains z
and y € N,,enr (A@7C)7) @), s0y € (AG7C)r)@. Suppose that = € (A7 C)@+Y. Choose
a non-trivial A-sequence (z,), in (A ®7 C)(® with limit 2, and for each n choose a subtree
yn of T containing , and in ((A @7 C)7)®). Now find an infinite subset M C w such that
(Yn)n is a A-sequence with root y. Since z,, C y,, it follows that (y,)nens is non-trivial, hence
rey e ((AopC)p)eth, O

Definition 3.21. Given a chain ¢ of T, let (AG7C)e:={z € (AOr C)r : ¢ C stem(z)}.

To simplify the notation, let F := A @7 C. Observe that F, is always a compact family, and
that Fp = F.

Lemma 3.22. Let ¢ be a chain in C. If tk(F;) > fucay+1(§) then c € c®.

PROOF. For each countable ordinal &, set B¢ = fia)+1(§)- Fix a chain ¢ € C such that
tk(Fc) > B¢, and we have to prove that c € C®). The proof is by induction on &. The case £ =0
or limit are trivial. Suppose that & = n + 1. Since C is compact, we can assume without loss of
generality that c is maximal such that rk(F.) > B, i.e.

if ¢ ¢ ¢ €C, then rk(Fy) < f. (7)
When ¢ # 0, let Let t. := maxc.
G:={xeF.:Is;,”(x) Cx}
H:={x e F.: znNlsy, =0}.

It is easy to see that both G and H are compact, and since subtrees are closed under Ajs one
has that
Fe=GUH.
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Since B¢ is sum-indecomposable, it follows that when ¢ # (), then max{rk(G),rk(H)} > B¢, so
we have the following two cases to consider.
CASE 1. ¢ # 0 and rk(G) > f¢. Let now

I={u € TIsy, : tk(Fouquy) = Byt
J=Ise, \ 1
Gr={xeG :Is, e A| I}
Gr={zxeG :Is, e A J}.

Clearly G C Gr LU Gy. So, there are two subcases to consider.
SUBCASE 1.1 rk(Gr) > B¢. Notice that [ is finite because otherwise, for each v € I we know by
inductive hypothesis that ¢ U {u} € C, so ¢ € C9). Since

arc U U Fow

KCIuekK

it follows that there is some u € I such that F ) has rank at least f¢, contradicting (7).
SUBCASE 1.2 1k(Gy) > fe. Let A : G5 — A [ J be defined by A(z) := Is;. (). This mapping
is C-increasing and since A\(z) = x N Is;, for every x € G, it follows that A is continuous. By
Proposition 2.25, the definition of fiy(4)+1(-) we obtain that

By (tk(A) -w) < Be <Gy < sggj(rk{x €Gj: MNx)=y}+1)-tk(ATJ).
ye

So there must be y € A [ J such that
tk{z € G; : Nx) =y} > 5.

We also have that
{zegs: M) =y} C | | Fooquy. (8)

uey
Observe that y # (), because {z € G; : A(z) =0} = {c} has rank 0. Hence, it follows from
(8) that there must be u € y such that Feufuy has rank at least 3,, contradicting the fact that
ueJ.
CASE 2. ¢ # 0 and rk(H) > f¢, or ¢ = 0. Let H = H if ¢ # 0, and let H = F when ¢ = . Let
1 : H — C, be defined by pu(z) := {min(z \ ¢)} Uc when ¢ G z and pu(c) := ¢. Since rk(H) > Be,
given a [¢-uniform family B, we can find f: B — H continuous, 1-1 and (C, C)-increasing. Let

A : B — C. be defined for x € B by

Az) = u(f ).

yCo

Notice that A(z) € C and that X\ is (C, C)-increasing. Moreover A is continuous: Suppose
that =, —, z in B. W.lo.g. we assume that (z,), is a A-sequence with root x such that
Tm \ T < zp \ x for every m < n and that A(z,) —, d € C. We have to prove that \(z) = d.
Since x € x, for every n, it follows that A(z) C d. Now suppose that there is ¢t € d \ A(x); by
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definition this would mean that ¢ < min(A(z) \ ¢); since d C f(x) we have that t € f(x), but
then

min(f(z) \ ¢) <7 ¢ < min({J u(f(y)) <r min(f(2) \ )

yCax

which is impossible. For every x € B™* let ¢(x) be the maximal initial part of x such that
Az) = A(0), and let M be an infinite subset of w such that By := ¢”(B | M) is a y-uniform
family on M for some y < .
SUBCASE 2.1. v = f¢. Since ¢ & A(x) for every = # () in B, and since By # {0}, it follows that
¢ G AMx) = u(@) = ¢. By the definition of By it follows that the restriction of f to By satisfies
that f(x) € Fo. Consequently, rk(Fy) > v = f3¢, a contradiction with (7).
SUBCASE 2.2. v < f¢. Let By and Bs be 3,-uniform and {-uniform families on M, respectively.
Since by definition B¢ > 3, (£ w), it follows that v, £, -§ < B¢. Since ¢ is sum-indecomposable,
it follows that (8, - ) + v < fB¢. Hence, by the properties of the uniform families (Proposition
2.10) we obtain that there is N C M such that

(By®Ba)® By) | N C B.
Fix now z € (By [ N)™, set Ny := N/x, and Ay : (B1 @ B2) | Ny — C¢, Ae(y) := Mz Uy).
Since ¢ ¢ C©, it follows that rk(C.) < £. Since ), is (C,C)-increasing and continuous, it
follows from Lemma 2.26 that there is some z < y finite and y < P infinite, y U P C N,, such
that {y} U By | P C (By ® B2) | N and such that A\, is constant on {y} U By | P with value

d = A xUy) € C.. Since By | P contains non-empty elements z, it follows that z C x Uy U z, so
by the maximality of x,

cCAND)=Xz) C MazUyUz) = Az Uy).

On the other hand, the mapping fo : Ba | P — Fy, fo(2) := f(xUyUz), witnesses that rk(Fy) >
By, so by inductive hypothesis, d € C(M . In this way we can find < yo < y1 < -+ < Yp < - -
such that A\(z Uy,) € C™ and

¢ CA0) = A(@) & Mz Uyn) (9)

for every n. Since A is continuous and z Uy, —, , it follows that A(zUy,) —, A(z) = A(0) and
non-trivially, by (9). Hence, A()) € C©©), and so ¢ € C(©), because C is hereditary and ¢ C \(0).
This is impossible. O

PROOF OF LEMMA 3.18. Suppose otherwise that rk(A ©r C) > fix(a)+1(rk(C) + 1). Then by
Proposition 3.20, it follows that rk((A ©1 C)1) > fik(a)+1(rk(C) + 1). So, by Lemma 3.22, we
have that § € CCKO+D 4 contradiction. O

3.2. Canonical form of sequences of finite subtrees. We prove here Lemma 3.14, that is if
F € B and H € &, then for every sequence (sy,)n<w in F there is an infinite subset M C w such

that U, c,
sequences of finite subtrees of T, done in the next Lemma 3.32, that uses crucially the Ramsey

Sn € F X H for every x € H [ M. The proof is based on a combinatorial analysis of

property. This relation between the Ramsey theory, uniform fronts and BQO-WQO theory of
trees is well studied and has produced fundamental results like Kruskal Theorem [Kr] (see also
Nash-Williams paper [Nal]) and Laver Theorem [La].
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We start with some simple analysis of the tree generated by two finite subtrees 7y and 7.
Definition 3.23. Given 1y, 71 two finite subtrees of T and t € 19 U 11, let
i(t) :=min{i € 2 : t € 1},
) i={w e (oUm) : (10\ T1)>w # 0 and (11 \ 70)>w # 0},
(70, 71) =7 (70, T1) max,
) :

={toAty : tog Lty arein oUT and to Nty & 1o U1}

(70, T1
o

6(7-07 1
Definition 3.24. For each w € o(79,71), fir t%(w) € (70 \ 71)>w and t*(w) € (11 \ 70))>w Such
that w = t%(w) At (w) ¢ 70 U and whenever w € &(19,71), then t%(w) L t(w)
Proposition 3.25. &(19, 1) C o(70,71)-
PRrROOF. Clearly & (19, 71) C 7(70,71), so given w € (719, 71), let us prove that w is maximal
there, so that w € o (79, 71). Suppose otherwise that there is w’ € o (79, 71) such that w < w’ and
let us get a contradiction. If Is,, (t%(w)) = Isy(w'), then w = t°(w) At!(w) = tH(w') Ath (w) € 7,
a contradiction. Otherwise, w = t%(w) A t}(w) = t%(w) A to(w’) € 79, which contradicts the
hypothesis. O

Given t,u € T, let

‘A min{t,u} if t,u are comparable
=
" Isipu() if ¢, u are incomparable.

The following easy fact will be helpful:

Proposition 3.26. For cvery finite set s C T, every finite subtree T C T and every t € T, we
have that

(s)is = {to Aty : to,t1 € s} U{to Nis t1 : to, t1 € s,t0 L t1},
(T)is = TU{to Nis t1 : to, t1 € T,t0 L 11},
Is;”s = Is” (s)is-
In particular, if t € (s)is, then u € (s)>¢ # 0.
Definition 3.27. Given two finite subtrees 19, 71, let
0:=o(r0,m)=10NT
0= 0(70,71) = (70)is N (71)is
00 :=oU{0}
(70, 1) oo := {t € (00)max * (7(70,71))>u # 0}
Proposition 3.28. For every u € (10, T1)oo 0one has that #(o(10,71))>u = 1.

PROOF. If u € (70,71)c0, then clearly (o(70,71))>y # 0. Suppose there are wy # w; €
(0(70,71))>y for some u € (70,71)s0. Observe that wg L wi, since both of them are maxi-
mal in 7 (79, 71). Hence,

u < 19 (wo) At (wr) =t (wo) At (wr),
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so that
u < t%(wp) Ais t°(w1) = 1 (wo) Ais 1 (w1) € (To)is N (T1)is = 2 C 00,

contradicting the maximality of u in gg. O
Definition 3.29. For every u € (79, T1)oo, let @y, - (u) be the unique element of (o (70, 71))>u-

Proposition 3.30. For everyw € m(1y, 1), either there isu € (70, T1)oo Such that w < wqy 7+ (u),
or else there is u € (00)max Such that w < u. Consequently, & (79, 71) C ran (wqy 7, ).

PROOF. Given w € 7(719,71), suppose there is no u € (99)max such that w < u and let
u:=max{v € gp : v < w}.

Let us prove that u is maximal in gy so that w witnesses that u € (79,71)00. Suppose by
contradiction that there is v € (00)max such that v < v and in particular, v € g. Notice that
the definition of u implies that v L w. Hence, u < w A v < w, so that u < w Ais v < w. But
w Ais v = t(w) Ais v = t1(w) Ajs v, so that w Ajs v € 9 and we get a contradiction with the
maximality of u below w. It follows that u € (79, 7T1)oo and w < wq 7 (u).

Finally, suppose that w € @ (79, 71). Then, w € o(19, 1), by Proposition 3.25. It is easy to see
from the definition of @(79, 71) that there is no u € (90)max such that w < u. Hence w < wy, -, (u)
for some u € (79, 7T1)oo and it follows from the maximality of w that w = @ - (u). O

The following result guarantees that the new points of the tree generated by two finite subtrees
7o and 7 are given by the function @, -, and hence, they are controlled by the maximal elements

of (70,71 )oo-
Corollary 3.31. (roU ) =719 U 1 U{wrn(w) @ u€ (70,71)o00}-

ProoOF. If w € (rpU7) \ (ToUT1), then there are ty € 79\ 71 and ¢; € 71\ 70 such that w = tog Aty
and notice that tg A t; € o(70,71). Then, by Proposition 3.30, there is u € (79, T1)oo such that
to A t1 = wry,r (u). The other inclusion follows directly from the definitions. [

To prove that x is a multiplication we have to deal with the tree generated by a sequence
of finite subtrees. Given a sequence (7y)j of finite subtrees and M C w, let 7as be the subtree
generated by (J,cas Tk- In order to be able to control the chains and the immediate successors
of some 1), we will first find some suitable infinite M such that the subsequence (7)rens has
some uniformity respective to the new points of 73;. This is the content of the next result, that
can be seen as a generalization of Proposition 3.5, which guarantees the existence of an infinite
fan, chain or comb inside any infinite subset of a tree.

If we assume each 7 to be a singleton {t;} and apply Proposition 3.5 to get an infinite M
such that {t; : k € M} is a fan, a chain or a comb, then the corresponding tree 7/ is given by
{tx, : ke M}y U{w}, {tp: k€ M}or {ty : k€ M} U{wy: k € M}, respectively. The case (2.1)
corresponds to {t; : kK € M} being a comb, so that the new points {wy, : k € M} form a chain;
case (2.2) corresponds to {t; : k € M} being a fan with root w which is the only new point; case
(2.3) corresponds to {tx : k € M} being a chain and no new points (wy, = t); and case (2.4)
corresponds to t, =t for all k, k' € M.
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In the next result, after refining the sequence to get a fixed 7o, and w;(u) = w; j(u) = w; k(u)
for i < j < k, each of these four cases might happen for each of the sequences of points

(@ (W) ket

Theorem 3.32 (Canonical form of sequences of subtrees). Suppose that (14) is a sequence of
finite subtrees of T forming a A-system with root ¢ and such that ({Tx)is)r forms a A-system
with finite root 9. Then there is a subsequence (Ti)ken such that

(1) For everyi# j and k #1 in M one has that
Too :=(Ti, Tj)oo = (Tk, T1) oo (10)

(2) Let u € 7. For each i < j write w; ;(u) := @y, r;(u). Then wi(u) = w; ;j(u) = w; p(u)
for every i < j <k, and w;(u) < wj(u) for everyi < j.
Moreover, one of the following holds.

1) wi(u) < wj(u) for every i < j and w;(u) ¢ \J, 7 for every i < j.

2) w(u) :==w;(u) = wj(u) ¢ U, 1 for every i.

3) wi(u) < wj(u) and w;(u) € 7 \ o for every i < j.

A) w(u) :=u=w;(u) =w,;(u) € o for every i < j.

Definition 3.33. We call a A-sequence (73)i of root o such that ((Tg)is)k s a A-sequence of
root 0 satisfying (1) and (2) of Theorem 3.32 above a well-placed sequence. In this case, let
79 be the set of those u € Too such that w(u) = w;(u) = wj(u) for every i < j in w and let
7L =700 \ 7% For each u € T, let z(u) = sup;¢,, @i(u).

Given I C w, we use the termmology 71 to denote (U k)

Case (2.3)
Case (2.1) :

W41 (Uo)

® H wk(uo) © - Q 0
LA Case (2.2) i (us) Case (2.4
Jwi (ug) ase (2.4)
%o (u3) 3
wo(uo U3
0 @ w(ul) .' .. P Uo = w(ug)
at &0

FIGURE 3. A well placed sequence (7% ).
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Each color in the figure corresponds to one of the elements of the sequence: blue nodes belong
to the subtree 7y, yellow nodes to 71, and so on. Black is used to denote elements of the extended
root ¢ and white, to nodes not belonging to any of the subtrees.

Proof of Theorem 3.32. We will apply the Ramsey Theorem and refine the sequence (7%)kew
finitely many times in order to get the desired subsequence (7x)gens-
First, since p is finite and each (74, 7j)oc € 00 = 0U {0}, it follows from the Ramsey Theorem
that we may assume, by passing to a subsequence (7x)kens, that (1) holds.
Now fix u € 7oo. Applying the Ramsey Theorem and passing again to a subsequence, we may
assume that exactly one of the following holds:
(al) @; j(u) ¢ o for every i < j in M.
(bl) w;  (u) € o for every i < j in M.
If (b1) holds, since p is finite, we may pass to a further subsequence and get that w; ;(u) =
wi,(u) for every i < j and k <l in M. In particular we get (2.4).
From now on we will assume that (al) holds and prove that we have one of the other three
cases (2.1), (2.2) or (2.3).

Claim 3.33.1. For everyi < j in M and k € M \ {i,j}, one has that w; j(u) ¢ 7.

Proof of Claim: We color a triple i < j < k by 0 if w; ;(u) € 7, by 1 if w; ;(u) ¢ 7, and
w;k(u) € 75, by 2 if w; j(u) ¢ 7%, wir(u) ¢ 75 and wj,(u) € 7; and by 3 otherwise. By the
Ramsey Theorem, we may assume that all triples in M are monochromatic. We prove that its
color is 3. In the other two cases, there are ¢ < j and k # [ such that

w;j(u) €N =0
which contradicts (al). O
For each i < j, let tij(u) €7\ eand tzj(u) € 75 \ o be such that
@i j(u) =t ;(u) At (u).
Since each 7; is finite and t;j (u) € 7;, we may assume by the Ramsey Theorem that
ti(u) = tzj(u) = tﬁk(u) for every ¢ < j < k.

Hence, for each i < j < k in M, w; j(u) and w; (u) are comparable since they are both below
tz(u)

Claim 3.33.2. By passing to an infinite subset of M, we may assume that w; ;j(u) = w; ;(u)
for every i < j <k in M.

Proof of Claim: By the Ramsey Theorem, we may assume that one of the following holds:

(a2) w; j(u) = w;k(u) for every i < j < kin M.
(b2) @w; j(u) < w;(u) for every i < j < kin M.
(c2) @ j(u) > w;(u) for every i < j < kin M.
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Notice that (¢2) is impossible, since trees have no infinite strictly decreasing chains. We claim
that (b2) is also impossible and therefore, (a2) holds. Given i < j < k, if (b2) holds, then
w; j(u) < tf,j (u), tf’k(u), so that w; j(u) € m(7j, 7). By the maximality of @, j(u) in (7}, %),
we get that w; j(u) < wjk(u). Then, w; ;(u) < w;k(u) A wji(u).

If w;j(u) < @;k(u) A wjk(u), then the fact that w; y(u) A wji(u) € 7(r,7;) contradicts
the fact that @; j(u) is maximal in (7, 7). If @;j(u) = w;k(u) A w;ji(u), then we get that
w;,j € Tk, which is a contradiction with Claim 3.33.1. Therefore, (b2) cannot be true and we
conclude that (a2) holds. O

Let now w;(u) := w; j(u) for every i < j.

Claim 3.33.3. By passing to an infinite subset of M, we may assume that either w;(u) = w;(u)
for every i < j in M, or w;(u) < wj(u) for everyi < j in M.

Proof of Claim: By the Ramsey Theorem, we may assume that one of the following holds:
(a3) w;(u) = w;(u) for every i < j in M.
(b3) w;(u) < wj(u) for every i < j in M.
(c3) wi(u) > wj(u) for every i < j in M.
(d3) w;i(u) and w;(u) are incompatible for every ¢ < j in M.

Again (c¢3) is impossible, since trees have no infinite strictly decreasing chains. We claim
that (d3) is also impossible and therefore, either (a3) or (b3) holds. If (d3) holds, then we
have that for i < j < k < [, u < w;(u) = tfk(u) A tfk(u) < tfk(u) Nis tfk(u) € (1x)is and
tfk(u) Nis t;“k(u) = tﬁ’l(u) Nis (u)té»’l € (m)is, contradicting the maximality of w in go. Hence,
either (a3) or (b3) holds. O

In any case, by Claim 3.33.1 we may assume that w;(u) ¢ 7, for i # k. Hence, by the Ramsey
Theorem, we may assume that one of the following holds:

(ad) w;i(u) ¢ U, 7 for every i in M.
(b4) w;(u) € 7; \ o for every i in M.

Now, if (a3) holds, (b4) cannot hold and we get that u satisfies (2.2). If (b3) and (a4) hold,
we get (2.1) and if (b3) and (b4) hold, then we get (2.3). This concludes the proof of the
theorem. g

Corollary 3.34. Given a well-placed sequence (T)r<w, I C w and u € 7L, we have that:
(i) For every t € [u,z(u)], there is i € I such that if t' € (17)s¢ with Isy(t') # Is¢(z(w)), then
t e .
(i) (77)<z(u) € Uper(me U{mr(u)}).

PrOOF. (i): Let u <t < z(u) and suppose there are ig < 71 in I and t; € (7;; \ ¢)>¢ such that
Is(tj) # Ise(2(w)), j = 0,1. Let w = to A t1 and notice that w € n(7,,7,). By Proposition
3.30, either there is v € 7 such that w < w;,;, (v) or there is v € (09)max such that w < v.
Since u € (9)max and u < t < w, the second alternative cannot hold and the first alternative
holds with v = v. Since w < wj,;, (u) = w;,(u) < z(u), it follows that w = ¢. But then,
t = w;, (u) At1 € 73, which is impossible both in cases (2.1) and (2.3). Finally, notice that if
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t" € (11)>¢t \Upes T is such that Is;(t') # Isy(2(u)), then there are ip < 41 in I and t; € (7;;\ 0) >,
so that that Is;(t;) = Is¢(t') # Is¢(2(w)), 7 = 0,1, which we just proved that cannot happen.
(ii): If t € 77 \ Upes v, by Corollary 3.31, there are i9 < 41 in I such that ¢ = w;; (v)
for some v € 7o. If t < z(u), the maximality of v and v guarantee that u = v. Hence,
b= Wi,y (u) = Wiy (u) O

Corollary 3.35. Given a well-placed sequence (Tg)k<w, I C w and u € 7Y, we have that:

(i) For everyt € Is, ), there is a i € I such that (17)>¢ C ;.
(i) For everyt € [u,w(u)|, there is i € I such that if t' € (7,)>t with Isy(t') # Isy(w(u)), then
t e T
(i) (77)<w(w) € Uger -

PROOF. (i): Let t € Is,,(,) and suppose there are i9 < i1 in I and t; € (7, \ 0)>¢, j = 0,1. Let
w = to Aty and notice that w € (7, 7i, ). By Proposition 3.30, either there is v € 7o, such that
w < @;, i, (v) or there is v € (09)max such that w < v. Since u € (0)max and u < w(u) < t < w,
the second alternative cannot hold and the first alternative holds with © = v, which cannot hold
as well, since w;,(u) = w(u) < t < w. Finally, notice that if ' € (77)>¢ \ Uj<,, Tk, then there are
igp <41 in I and t; € (7;; \ 0)>v, so that that ¢; > ¢, j = 0,1, which we just proved that cannot
happen.

(ii): Given t € [u,w(u)[, suppose there are ip < 41 in I and t; € (7, \ 0)>¢ such that
Is¢(t;) # Is¢(w(w)), j =0, 1. Let w = to Aty and notice that w € n(7;,, 7, ). By Proposition 3.30,
either there is v € 7 such that w < w;, 4, (v) or there is v € (00)max such that w < v. Since
U € (0)max and u < t < w, the second alternative cannot hold and the first alternative holds
with u = v. Since w < wj, 4, (u) = @i, (u) = w(u), it follows that w =t = w(u), a contradiction.
Finally, notice that if t' € (77)s¢ \ Upe 7k is such that Is;(t') # Is;(w(u)), then there are ig < i;
in I and t; € (73, \ 0)>v, so that that Is;(t;) = Is;(t') # Is¢(w(u)), j = 0,1, which we just proved
that cannot happen.

(iii): If ¢ € 77 \ Uges Tk» by Corollary 3.31, there are iy < 4y in I such that ¢ = w;;, (v) for
some v € To. Hence, if t < w(u), the maximality of v and v guarantee that v = v. Hence,
t = wiyi; (u) = wjy(u) = w(u), a contradiction. O

Corollary 3.36. Let (T)rcw be a well-placed sequence of finite subtrees of T. There are finite
sets a,f C T and, for each z € f, there is a chain {w;(z) : i € w} such that for any finite
0 # 1 Cw, the following hold:

1. For every t € 11, there are z € f and i € I such that
#([EAz N (m7\ 7)) < 1.

2. For every z € f,

0,20 (7 \ | 7) € {wil2) 1 € T}
el
3. For every t € 71\ a, there is i € I such that

#(Ise(mr) \ Ise(m)) < 1.
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PROOF. Let

f:=((00)max \ Too) U{w(u) : u € 72} U{2(u) : ue L}

and let us prove property 1.

Given t € 7y, if there is u € (00)max such that ¢ < wu, then either u € f, or w(u) € f or z(u) € f,
depending on whether u € (00)max \Too, 4 € T or u € 7L, respectively. In any case, there is z € f
such that ¢ A z = t so that property 1 holds trivially. Otherwise, there is a unique u € (00)max
such that u < t. In case u ¢ T, it follows from the definition of 7 that (m(7;,7;))>, = 0 for
every i # j in I, which implies property 1. If u € 71, then z(u) € f and tAz(u) € [u, z(u)]. Then,
Corollary 3.34.(i) guarantees that there is ¢ € w such that |t A z(u),t] C 7;, so that property 1
holds. Finally, if u € 72, then w(u) € f and u < t Aw(u) < w(u). If t Aw(u) < w(u), then
Corollary 3.35.(ii) guarantees that there is ¢ € w such that |t A w(u),t] C 7, so that condition
1 holds. If ¢t A w(u) = w(u), it follows that w(u) < ¢t and the case when ¢ = w(u) is trivial.
If w(u) < t, Corollary 3.35.(i) applied to Is,(,)(t) guarantees that there is i € w such that
|t Aw(u),t] C 7, so that property 1 holds and this concludes the proof of condition 1.

To prove property 2, given z € f, let us consider three different cases. If z = z(u) for some
u € 7L, let (wi(2))icw be the sequence (w;(u))ic, and if z = w(u) for some u € 73, let
(wi(z))icw be the constant sequence equal to w;(u) = w(u). Finally, if 2 € (00)max \ Too, let
(wi(2))icw be the constant sequence equal to z

Now, given t € 77 \ |J;c; i, by Corollary 3.31 there are ig < i1 in I such that ¢ = @;,;, (v) =
wi,(v) for some v € T4 since the sequence is well-placed. Then, if ¢ < z, the maximality of
v implies that z € 7o and since w is also maximal, v = v and t = w;,(v) = w;,(u), which
concludes the proof of property 2.

It remains to prove property 3. Let

a:=go U{w(u) : uerd}

and let t € 77\ a and u € (99)max be such that u < t or ¢t < u (the equality cannot hold since
oo Caandt ¢ a).

If t < u, and there are ig < 4y such that Is;”(7;,) \ {Is¢(u)} # 0 for j = 0,1, then choose
t;” € Isg(7i;) \ {Ist(w)}, j = 0,1. Then, to,t; L u, hence 73, > to Au =1t =11 Au € 73, and so
t € o, which is impossible.

Suppose now that u < t. If u ¢ 7, then property 2 holds trivially. If u < t and u € 72, we
have to consider that cases ¢t < w(u) and w(u) < ¢ (again the equality cannot hold since w(u) € a
and t ¢ a). If t < w(u), then Corollary 3.35.(ii) implies that Is;(77) = Is;” (7;) U {Is¢(w(u))} for
some i € I, so that property 2 holds. If w(u) < t, then Corollary 3.35.(i) applied to Is,(t)
implies that Is;” (77) = Is;(7;) for some i € I, so that property 2 holds. If u < t and u € 71, then
Corollary 3.34.(i) implies that Is;” (77) = Is¢(7) U {Is¢(2(u))} for some ¢ € I, so that property 2
holds, including in case z(u) < t. O

PRrROOF OF LEMMA 3.14. Fix F € B and H € &. Set A := (F) N Ch,, C := (F) N Ch, and
G:=F x H. Then, F C A®r C. Then G = ((A x4 H) Uy [T]=Y) Or ((C x. H) K. 5). Suppose
that Ch, and Ch, are not compact. By Proposition 3.12,

A= u(stk(F)) = o(stk((F))) = t(srkq(A)) = t(srke(C)). (11)
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Tt follows from this, the property (M.1) of x4 and X, and (11) that
L(stka (A xq H) Uy [T)=Y) =t(stka(A xq H)) = 1(stka(A) - stk(H)) = max{), ¢(stk(H))},
(St (C e H) B, 5) =i(stky(C o H)) = i(stke(€) - srk(H)) = max{A (srk(H))}, (12)
s0, by Proposition 3.15 we obtain that G € B. By Proposition 3.10,
stk(F) - stk(H) <stk(A O7 C) - stk(H) < min{srk,(A),srk.(C)} - stk(H) <
< minsrky (A xo ), stk (C %o H)) < stk(0).

On the other hand, by Remark 3.9, GNCh, = (A x, H) Ug [T]51, and G N Ch,. = (C x. H) X, 5.
By Proposition 3.12 and the above, ¢(stk(G)) = max{\,srk(#H)} = ¢(stk(F) - stk(H)). Hence,
stk(G) < u(stk(F) - stk(H)). The cases when Ch, or Ch, are compact are proved similarly. We
only check that G € B when Ch,, is compact. We know that rk((A x, H) U, [T]=1) < 1k(A) + 1.
Since A := t(stk(F)) = t(stk((F))) = 1(srke(C)), it follows that rk((A x, H) Uy [T]S!) < A. By
this, (12), Lemma 3.13 and Proposition 3.12,

rk((G)) = rk(G) < max{\,srtk(H)} = srk(G) = srk((G)).

This ends the proof of property (M.1) for x. Let us prove now (M.2) for x. In any of the three
possible cases, depending on the compactness of Ch, and Ch., we have that F x H = A o C.

Claim 3.36.1. The family (F)is := {(s)is : s € F} is compact.

Proof of Claim: 1t is clear that an accumulation point A of the family (F);s is a subtree closed
under is. Going towards a contradiction, we suppose that A is infinite subtree. Then by Corollary
3.6 it contains an infinite chain or an infinite fan. It cannot contain an infinite fan F' because
then this would be an accumulation point of F N Ch,. Suppose that C' = t,,., is a chain
included in A, t, < t,41. The only non-trivial case is when t, = Is,, (t,+1) for some infinite
chain D = {uy, }n<y. Then, D is an accumulation point of (F) N Ch,, and this is impossible. [

Let (7%)r be a sequence in (F). We may assume by the previous claim that each 75 is a
tree and that the sequence ((7x)is)r is a A-sequence. By Corollary 3.36 there is a subsequence
(0k)k<w Of (Tk)r and there are a,f finite subsets of 7" such that 1., 2. and 3. there hold. By
refining the subsequence (Vg )<, finitely many times, we may assume that for every I € H, we
have that:

(i) For all z € §, {w;(z) : i € I} € ((F) N Ch,) x. H.

(ii) For all z € §, U;c;(vi N[0, 2]) € ((F) N Che) x. H.

(iii) For all t € a, U;c;Isi"vi € ((F) N Chy) x4 H.

For (i) we use that [T)S! € F. Fix I € H | M and let us prove that v; € F x H, which is
enough to guarantee that J;c;v; € F x H, since this family is hereditary.

Claim 3.36.2. For every t € v; one has that (vr)<: € C.

Proof of Claim: Given t € vy, by property 1. of the sequence (vk)gens, there are z € f, ¢ € vy
and ¢ € M such that

(var) N[EA 2, t] C v U{t}.
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Then, the property 2. of (v;)rerr implies that
vrNJ0,z] C (LJ(VZ N[0,2])) U{wi(z):i e I} U{z}.
iel
Hence,
vrN[0,t] CvrNEA 2z t]U(vrN[0,2]) C (v N[EA2zt)U (U(l/l N0, z])) U{w(z) :i € I} U{t,z}.
el
Now notice that

e U;N[tAzt] € (F)nCh. C ((F)NCh.) x.H,;

o Uic;(riN[0,2]) € ((F) NChe) x.H by (ii) above;
o {wi(z):1e€l}e ((F)nChe) x.H by (i) above;
o {t,z} €[T|S2 CCX2.

Putting all together, we obtain that
vrN[0,t] € ((F)NChe) X, H) K. 5 =C.

Claim 3.36.3. For every t € vy one has that Is;” (v1) € A.

Proof of Claim: Given t € vy, if t ¢ a, the property 2. of (vg)reprs implies that there are j € I
and t € Is; such that

Is,” (vy) C Isy” (v;) U {T} € ((F) N Chy) U, [T]51
If t € a, it follows from (iii) above that

Is” (vr) C UIS”(W) € ((F)NChy) xo H

iel
In any case, we have that Is,” (v7) € A. O
These two claims imply that vy € F x H for every I € H. O

4. BASES OF FAMILIES ON (NOT SO) LARGE CARDINALS

The purpose of the section is to use Theorem 3.1 to prove the following.

Theorem 4.1. Every cardinal 0 strictly smaller than the first Mahlo cardinal has a basis of
families on 0.

Recall that k is w-Erdés when for every coloring ¢ : [k]<¥ — 2 there is an infinite c-
homogeneous subset A C k, that is, for s,t € A, ¢(s) = c(t) when #s = #t. A compact
and hereditary family on & is called large when srk(F) > w, or, equivalently, when F satisfies
(M.2) for [£]=! and the Schreier family S. It is proved in [LoTo2] that the existence of such
families in k is equivalent to k not being w-Frdos.

Problem 1. Characterize when k has > w-homogeneous families.
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Problem 2. Characterize the cardinal numbers r such that that there exists ¢ : [k]<¥ — 2 and
an > w-homogeneous family on k such that every s € F is c-homogeneous and such that for
every sequence (Sp)n<w n F and every | < w there are n; < --- < ng such that U§:1 Sp,; 1S
c-homogeneous.

The first such x not satisfying this coloring property is at least the first Mahlo cardinal and
smaller than the first w-Erdés cardinal. In order to prove Theorem 4.1, it suffices to find for
every cardinal number x less than the first Mahlo cardinal a tree T on k such that there is a
basis of families on chains of (7', <) and a basis of families on chains of (7, <,). The proof of
the existence of the tree T' is done recursively on k. For example, when k is not strong limit,
there must be A < x such that 2* > &, so, by inductive hypothesis, there must be a basis on A,
and it is natural that this basis can be lift up to a basis on <-chains via the height mapping.
The case when « is not regular is similar. When on the contrary & is inaccessible, the tree T on
k is substantially more complicated, and in fact relies on the method of walks in ordinals.

4.1. Binary trees. We start by analyzing the case of binary trees. Let T be the complete
binary tree 2<%, and assume that there is a basis of families on k. We have the height function
ht : T'— k + 1 that preserves chains of 7. We are going to see how to use the height function
ht to transfer a basis of families on k to a basis on <-chains of T', and prove the following.

Theorem 4.2. Suppose that k has a basis. Then 2% also has a basis.

Definition 4.3. Let P = (P,<p) and Q = (Q, <) be partial orderings and A : P — Q.
(i) A is chain-preserving when py <p p1 implies that A(po) <g A(p1) or A(p1) <g A(po)-
(ii) A is 1-1 on chains when X\ [ C is 1-1 for every chain C' of P.

(iii) A is adequate when it is chain-preserving and 1-1 on chains.

In other words, A is chain-preserving if it is a graph homomorphism between the corresponding
comparability graphs. Observe that A is chain-preserving if and only if A”(C') is a chain of Q for
every chain C' of P. Observe also that when Q is a total ordering, every mapping A : P — @ is
chain preserving. The main result here is the following.

Theorem 4.4. Let P and Q be partial orderings which have infinite chains, and let X : P — Q
be adequate. If Q has a basis of homogeneous families, then so has P.

We can prove now the stepping up result from x to 2%.

PROOF OF THEOREM 4.2. Suppose that x has a basis. Let T be the complete binary tree 2.
The height mapping ht : T — k + 1 is strictly monotone, so it follows from Theorem 4.4 that
there is a basis of families on chains of T'. Each set Is; has size 2, so it follows from Theorem
3.1 that the cardinal number 2 has a basis. O

REMARK 4.5. Let ¢ be the first exp-indecomposable ordinal > w. Then it is easy to see that
fi(a) = (a-w)®. Using this, and the construction of the basis on 2” from the one in x we can
give upper bounds of the ranks of w®-homogeneous families in small exponential cardinals. For
the index set w we have w®-families of rank exactly w® (e.g. Schreier families). We obtain in
the index set 2% w*homogeneous families F, such that
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a+1 .
WY ifa<w

wCitew iy <o < e

w* <srk(Fa) < tk(Fy) < {

One step up further, we have families on 22" guch that

wwo‘+1 “+w +wa+2

fa<w

fw<a<e,

wwo‘+o<»w +wo¢+1

w® <srk(Fp) < tk(Fy) < { «

and so on.

Definition 4.6 (preimage). Given partial orderings P and Q, A : P — Q and a family G on
chains of Q, let

AYG):={s C P : sisa chain of P and \’s € G}.

Lemma 4.7. Suppose that P and Q are two partial orderings, A : P — Q is adequate. Suppose
also that G is a family on chains of Q.

(a) If G is pre-compact, hereditary, then so is \™1(G).

(b) If G is countably ranked, then

rk(A71(G)) <w - (tk(G) 4 1),. (13)

Consequently, if P has infinite chains, and G is (o, Q)-homogeneous, o > w, then A\~'G
is (B, P)-homogeneous with a < 3 < 1(3).

PROOF. Set F := A~!(G). It is clear that F is hereditary when G is hereditary. Suppose that
G is pre-compact. Let (x,), be a sequence in F. W.lL.o.g. we assume that (x,), converges to
A C P. Limit of chains are chains, so A is a chain of P. The proof will be finished when we
verify that A is finite. We assume that (A\z,,), is a A-sequence with root y. It is easy to see
that AV A C y. Since A is 1-1 on chains, it follows that #A < #y, so A is finite. Suppose that G
has countable rank. We apply Proposition 2.27 to A : F — G to conclude that

rk(F) < sgg(rk({x eF:ANz)Cy}p)+1)-(tk(G)+1). (14)

Observe that given y € G, since A is 1-1 on chains, it follows that
{zeF : Nz)Cy}C [P]S#y,

so from (14) we obtain the desired inequality in (13).

Suppose that P has infinite chains and let G be (a, Q)-homogeneous. Let us see that F is
(8, P)-homogeneous with > a. Let X be an infinite chain of P such that srkp(F) = rk(F |
X) =p. Then Y := N X is an infinite chain of Q. Since h: F [ X - G [ Y, h(s) := A’s is an
homeomorphism, it follows that rk(G | Y') = 3, hence srk(G) < . On the other hand, it follows
from (13) and the fact that G is homogeneous that

tk(F) <w- (1k(G) + 1) < o(stk(G)) < u(stk(G)).
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PROOF OF THEOREM 4.4. Let (&€, xg) be a basis of families on chains of Q. Let B be the
collection of all P-homogeneous families A\~1G with G € €. For each F € B, choose Gr such that
F=)X"1Gr),and for H € &, let F xH := A"} (Gr xoH). We check that (B, x) satisfies (B.1"),
(B.2’) and (B.3), which is enough to guarantee the existence of a basis on P, by Proposition 2.23.
Given G € €4, A'G € B and by Lemma 4.7 we know that A~!G is S-uniform with o < 8 < ().
We check now (B.2’). Suppose that G, Go € €. Then A\~'Gy Lp A71(G1) = AH(Go Lig G1), so
A 1Gy Up )\_1(91) € ‘B, because Gy Llg G1 € €. Similarly one shows that B is closed under U.
Finally, we verify (B.3) for (8, x). Fix F € B and H € &. Then F x H = A" (Gr xg H).

t(stkp(F x H)) =t(stko(Gr xo H)) = max{i(stko(GF)), t(stk(H))}
=(stkp(F) - stk(H)).
Let now (sy)n be a sequence in F such that C' := |J,, s, is a chain. Then \’C = J,, \"sy, is a
Q-chain, and \’s,, € Gr. By the property (M.2) of x o, we obtain that there is a subsequence

(tn)n of (8n)n such that |J,,c, At € Gr xgH for every € H. This means that | J,,., tn € FxH
for such = € H. 4

4.2. Trees from walks on ordinals. We pass now to study certain trees on inaccessible
cardinal numbers. They are produced using the method of walks on ordinals. We introduce
some basic notions of this. For more details we refer the reader to the monograph [To].

Definition 4.8. A C-sequence C := (C,)a<s 5 a sequence such that Co, C « is a closed and
unbounded subset of o with otp(Cy) = cof(a). The C-walk from 3 to a < B3 is the finite sequence
of ordinals defined recursively by

Tr(a, §) =(8) " m(a, min(Cj \ )
Tr(a, a) :=(a).
We write then the C-walk as 8 = mo(a, 8) > -+ > m(a, ) = a, where [ + 1 = ht(n(a, 3), and
for each i <1, mi(a, B) is the it" term of w(«a, B). Let
92(0476) = ht(TI'(O(,IB)) -1
We now define the mapping oo : [0]> — (P(0))<“ for a < 3 recursively by
oo(e, 8) :==(CgNa)” go(a, min(Cp \ @)
oo(a, ) :=0.

Let T = T(pp) be the tree whose nodes are o(-,8) | a, a < B, ordered by end-extension as
functions. Given t € T(pp), let oy < B¢ be such that t = 0o(,5¢) | ap. We say that (cu, Bt)
represents t.

Proposition 4.9. T has size 0, and if 0 is strong limit, then for every t € T one has that
#Is,(T) < 6.

PROOF. This is a tree on a quotient of [#]=2, so it has cardinality §. Now observe that the
immediate successors of t = gg(+, 5) | o are extensions u of ¢ whose support is a + 1. It follows
that the number of them is at most (2%)<% < 6, when we assume that 6 is strong limit. O
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In other words, the partial ordering <, is the disjoint union of small partial orderings. This
is the content of the next fact. Recall that given a sequence of partial orderings (P;);c; we
P; x {i} defined by

denote by |#,c; P; its disjoint union, which is the partial ordering on (J;.;

(p,i) < (g,7) if and only if i = j and p <p, q.
Proposition 4.10. Suppose that 0 is a reqular cardinal number such that wi* < 6, and suppose
that every & < 6 has a basis on families on &. Suppose that (0¢)e<p is a sequence of infinite

ordinals such that sup; 0¢ = 0. Then the disjoint union of We_o(0¢, <) has a basis of families
on chains of the disjoint union.

PROOF. The proof is a counting argument. Set P := [f¢_,(0¢, <). First of all, let C' C 6 be such
/

that #C = 0 and (0¢)¢cc is strictly increasing with supremum 6. For each ¢ € C let (€%, x ¢)
be a basis on f¢ x {£}. Let F': C'— wi" be the mapping that to { € C and o < wy assigns

F(¢)(a) := min{rk(F) : F € €5} < 1(a) < w;.

Since wi! < 6 there must be D C C of cardinality 6 and f € wy" such that F(§) = f for every
£ € D. Define now for each £ < 0, pe := min{y € D : 0 < 60,}. Fix { < 0. Let B¢ be equal to
¢t if ¢ € D, and let B¢ be the collection of families {z x {¢} : # C 0 and = x {ue} € F} for
F et For € D,let x¢g = x’g. Suppose that £ ¢ D. For each F € B¢, let Gr be such that
F={xx{&} : © C O and = x {pe} € Gr}, and define

FxeH :i={x x{§} + o x {pe} € Gr xp, H}.

It is easy to see that (B¢, x¢) is a basis on 0 x {¢} for every £ < 6. Let B be the collection of
all P-homogeneous families 7 such that F | 0¢ x {¢} € BE. Define for F € B and H € &

FxH=JF1 (6 x {&}) xe H).
&<

We check that (98, x) is a pseudo-basis on chains of P. It is easy to see that B contains all finite
cubes. Now let w < o < w; and we prove that B, # (). For each £ € D, let F¢ € @i. Define
for each £ <0 Ge = Fe if £ € D, and G := {w x {£} : © C 0 and = x {p¢} € F,, }. Notice that
each F is ag-uniform with o < ae < t(). Notice also that supe o rk(F¢) = f(a) < t(a). Now
let G := U§<0 Ge. Since

tk(G) <suprk(Ge) + 1= f(a) +1 < i(a),
&<

and stkp(G) = a, it follows that G is (a, P)-homogeneous. It is easy to see that B is closed
under U and LI. Now we prove that x is a multiplication. Fix F € B and ‘H € &, and suppose
that F is («, P)-homogeneous. By definition

orkp (F % H) =emin(ork((F [ (0 x {€D) xe 1)) =
= max{min (stk((F [ (0 x {£})), (srk(H))}
=max{c(a), (stk(H))} = t(stkp(F) - stk(H)).

It is easy to see that x satisfies (M.2). O
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Observe that if ¢ < w in T'(go), then we can take (ay,S:), (u, Su) representing ¢ and u
respectively such that a; < «a, and §; < fB,: Take representatives (ay, 5¢), (o, By) of t and
u respectively. Then a; < «, and 0o(+, 5) | ar = 00(+, Bu) | cu, hence (ay, min{p, 5,}) is a
representative of ¢ and satisfies the required condition together with (ay, 8,). The following is

well-known.
Proposition 4.11. ¢t < u if and only if oo(ou, Bt) = oo, Bu)- O

Definition 4.12. Given a C-sequence C on 0, let
I(C):={C C 6 : CCC, for some a < 0}.
We consider Z(C') ordered by C.

Proposition 4.13. gy : (T, <) = Z(O)is¥ is strictly monotone, and consequently oo : (T, <) —

I(C’);ﬁ’x is adequate.

PROOF. Suppose that ¢t < u in T'(oo).
Claim 4.13.1. Suppose that o}(t) = o}(u) for every i < k. Then mi(as, By) = mi(w, Bu) for
every i < k+1 and oi T (t) T ob T (u).

Proof of Claim: Induction on k > 0. Suppose is true for kK — 1. Then m;(ay, By) = 7i(aw, By) for
every ¢ < k. It follows that
7rk;+1(0(t, /Bu) = min(cﬂ'k(at;ﬁu) \Oét) = min(cﬂ'k(auyﬁu) \Oét)
Cﬂk(atvﬁt) Mayg :ng(t) = ng(u) = Cﬂk(auﬂu) M.
In particular, Cr, (a, 8.) N [at, au[= 0 hence min(Cx, (q, 8,) \ @) = min(Cr, (a, 8.) \ @), SO
7Tk+1(at’ /Bu) = 7Tk+1(aua /Bu)

Finally,

ng+1(t) :Q§+1(ata Bt) = ng+1(at7ﬂu) = ka+1(at,,8u) Nay = Cﬂk+1(au,,8u) Moy C ng+1(u)~

]

It follows that o(t) C 09(u), so there must be k < g2(awy, u) such that of(t) C of(u), since
otherwise for every k m (v, fu) = 7k(w, By) would imply that oy = ay,. O

So, the mapping g is adequate, hence if I(é);)“: has a basis of families on chains, then g
will transfer it to a basis on <-chains. We need to analyze then the lexicographical orderings,
finite or infinite. This is the content of the next part. Given I and J, let wy : [ x J — I,
wy: I x J— J be the canonical projections. Giveni € I, j € J, and A C I x J, let

(A); :=my" (7'('1_1(1) NA),
(AY = (w71 () N A).

be the corresponding sections.
Recall that given two partial orderings P = (P,<p) and Q = (Q, <), let P xjex Q =
(P x @, <iex) be the lexicographical product of P and Q defined by (po,qo) <iex (P1,q1) if
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and only if po <p p1, or if pg = p1 and g9 <@ ¢1. This generalizes easily to finite products
Py Xiex P2 Xiex *+* Xilex Pp, and the corresponding finite powers P .. One can also define
infinite lexicographical products, but they are not going to be used here. Instead we use quasi-
lexicographical power Pcﬁé‘; on P<* defined by (pi)icm <qlex (¢i)i<n if and only if m < n or if
m =mn and (p;)icm <lex (Gi)i<m. Finally, let lh : P<¥ — w be the length function. The main

result here is the following.

Theorem 4.14. Let P and Q be partial orderings.

(a) If P and Q have bases of families on the corresponding chains, then P Xiex Q also has a
basis of families on its chains.
(b) If there is a basis on chains of P, then there is also a basis of families on chains of each

finite lexicographical power P} and there is a basis of families on chains of P

Definition 4.15 (Fubini product of families). Given I and J, let ny : IxJ — I, andwy: [xJ —
J be the canonical coordinate projections. Given families F and G on I and J respectively, let

FerG:={z CIxJ:n"zxeF and (x); €G for everyi € I}.
We call F ®p G the Fubini product of F and G. Givenn > 1, let .7:1’}“ = JFp ®fp F.

It is easy to see that if 7 and G are families on chains of P and Q, respectively, then F ®r G
is a family on chains of P Xy G.

Definition 4.16 (Power operation). For each n < w, let F,, be a family on chains of P, and
let G be a family on w. We define ((Fn)n)Y as the collection of all x C P<¥ such that

(i) zN[P]™ € Fy, for every n < w.

(i) Ih”z € G.
Given a family F on chains of P, let F9 := ((F),)9.

Lemma 4.17. Let P be Q two partial orderings. For each 1 < n < w, let F,, be a family on
chains of P, and suppose also that G and H are families on chains of Q and w, respectively.
Set F := Fi.
(a) If Fn, n < w, G, H are pre-compact, hereditary, then so are F ®r G, ((Fn)n)*, and F™.
(b) If Fn, n < w, G and H are countably ranked families, then
(b.1) rk(F ®r G) < (rk(G) - w)) - (rk(F) + 1),
(0:2) tk(((Fu)u)) < 5Dy (K(Fn) + 1) - (ck(H) + 1),
(b.3) tk(FM) < (rk(F) - w)¥ - (tk(H) + 1), if tk(F) > 1.
(¢c) When the corresponding families are countable ranked,
(c.1) srkiex(F ®p G) = min{srkp(F),srko(G)},
(c.2) stkqiex(((Fn)n)™) = min{min, <, stkpn (Fn),stk(H)}, and
(c.3) srkyrer (F7*) = min{srkp(F),srk(H)}.
(d) If each Fy, is (o, P, )-homogeneous, G is (a, Q)-homogeneous and H is c-homogeneous,
then F®pG is (o, lex)-homogeneous, and both ((Fn)n)™ and F™ is (a, qlex)-homogeneous.

PROOF. The operation ®p: The hereditariness is easy to prove. Suppose that F and G are pre-
compact. Let (x,), be a sequence in F ®p G. Let M C w be infinite and such that (77" zp )nenms
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is a A-sequence with root y. Let N C M be infinite such that ((zy)p)nen is a A-sequence with

root z, for every p € y. Let x := |, ., 2. It is easy to see that (zy)nen is a A-sequence with

PEY
root x. Suppose now that F and G have countable rank, and set H := F ®r G. We apply
Proposition 2.27 to the projection 7p : P X Q — P to conclude that

rk(H) < sgg(rk({m EH :mp’(z) Cy})+1)- (rk(F)+1).

Now observe that for a given y € F one has that

{reH :mp’zCy} C U{{p}ngPxQ : z € G},
pEY
by definition of H. Clearly {{p} x 2 C P x @ : z € G} is homeomorphic to G, so by Proposition
2.6 (iii.3.),
tk({x e H : mp”"z Cy}) <1k(G) - w.

The power operation: The fact that this operation preserves hereditariness is trivial to prove.
Suppose that each F,, is a pre-compact family on chains of P’ and that H is a pre-compact
family on w. Set Z := ((F)n)*, and suppose that (z3)x is a sequence in Z. We assume
that (Ih(zp))n is a A-sequence in w with root z. Now for each n € z and each k < w, let
yp = Ih—(n) Nxp € Fn. Let (z)renr be a subsequence of (x)x such that for each n € z one
has that (y)ken is a A-sequence with root y,. It is easy to verify that (zx)renr is a A-sequence
with root (J,,c, ¥n- The inequality in (b.2) follows from Proposition 2.27. The properties of FH
follow from the corresponding properties of the Fubini product and the power operation.

(c) follows from the fact that if C' = {(pn,qn)}n<w 18 a chain of P Xjex Q then there is an
infinite M C w such that either p,, # p,, for every m <n € M, or p,, = p, and ¢, # q, for
every m < n in M. Similarly, given a chain C' = {p"} <., there is an infinite M C w such that
either 1h(p") = [ for every n € M and {p" }nens is an infinite chain of FJ, or 1h(p™) # 1h(p") for
every m # n in M. (d) is a consequence of (a) (b) and (c). O

PROOF OF THEOREM 4.14. (a): Suppose that (B”, xp) and (B, xg) are bases of families on
chains of P and Q respectively. Let B be the collection of all P Xio, Q-homogeneous families F
such that

(i) " (F) :=={mp”(x) : x € F} € Bp.
(i) (F)p ={(x)p, : z € F,pe P} € Bo.
Given F € B and H € G, let

FxH = (mp” (F) xp H) @ (F)p Xo H).

We verify that (98, x) is a pseudo-basis. First of all, each family on B is P Xjex Q-homogeneous.
Next, given n < w, 7" ([P x Qlior) = [P]3", and ([P x Qlal)p = [QI5", so [P x Qlr € B.
Now given « infinite, we choose F € %Zf and G € %3. Then Z := F ®r G € B,: We know
from Lemma 4.17 that Z is a-homogeneous. Since mp”(Z) = F and (Z)p = G, we have that
Z € 8. We check now (B.2"): Let Fy, F1 € ®B. Since mp” (Fo U F1) = mp” (Fo) Ump” (F1) and

(FoUF1)p = (Fo)p U (F1)p, we obtain that B is closed under U. Secondly, mp” (Fp Uiex F1) =
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mp” (Fo) Up mp” (F1), and (Fo)p, (F1)p € (Fo Ulex F1)P C (Fo)p Ug (F1)p. This means that
L(srko((Fo Uiex F1)p)) = max{i(stko((F0)o)), t(stka((F1)@))} = w(srko((Fo)p Ug (F1)p)),

s0 (Fo Ulex F1)p € Bo. Since in addition Fy Ujex Fi is lex-homogeneous, we obtain that Fo Ljex
F1 € B, by definition. Finally we check that x is a multiplication. The property (M.1) of x
follows from Lemma 4.17 (c). Now suppose that (sy), is a sequence in F € B. Let (¢,), be a
subsequence of (s;), such that

(1) (mp”tn)n is a A-sequence with root y.

(2) For every x € H one has that J,,c, 7p” (tn) € (mp"F) xp H.
(tn)p € (F)p xo H.
Since (F)p C (F)p x H, the conditions above imply that given x € H one has that | J,., tn €
F x H.

(b) Finite lexicographical powers have bases of families on chains by (a). For each n < w, let

(3) For every x € H and every p € y one has that | J

nexr

(8B, X) be a basis on chains of P . Let B be the collection of all glex-homogeneous families

on P;;"X such that

(i) F I [P]" € B, for every 1 <n < w.
(i) Ih(F) :={lh"(s) : s € F} € H.
Given F € B and H € G, let

FxH = (((F I [P]") xn H)p) TeH,
<k

We check that (B, x) is a pseudo-basis. Given 1 < k < w, set JF = [P<¥]5 .
one has that F [ [P]* = [[P]"]=F € 8, and b (F) = [w]=F € B, so F € B. One shows as
in (a) that B is closed under U and Ugex. Finally, we check that x is a multiplication. That
x satisfies (M.1) it follows from Lemma 4.17 (c). Let now F € B, H € B, and let (s); € F.

Let (tx)x be a subsequence of (si)x such that

Then for each n

(1) (Ih”tg)x is a A-sequence with root y C w.
(2) For every x € H and every n € y one has that (J,c, (s N [P]") € (F I [P]") xn H.
(3) For every x € H one has that (J;., Ih"(yx) € (I0"F x, H).

It is easy to verify that (., tx € F x H for every xz € H. O
4.3. Cardinals smaller than the first Mahlo have a basis.

Definition 4.18. A C-sequence on 0 is small when there is a function f : 0 — 6 such that
otp(Cy) < f(minCy,) for every a < 6.

Proposition 4.19. A strong limit cardinal 6 has a small C-sequence if and only if 6 is smaller
than the first Mahlo cardinal.

PROOF. Suppose that 6 is smaller than the first Mahlo cardinal. Choose a closed and unbounded
set D C 6 consisting of non-inaccessible cardinals. For each a < 6 let A(a) € D be the maximal
element of D smaller or equal than «, and for each X in D let )\E be the first element of D bigger
than \. Let f:0 — 0, f(a) = @) 4 1. f(a) < 0 because we are assuming that 6 is strong
limit. Observe also that 2* < f(a). We define now the C sequence. Fix a € 6. Suppose first
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that o ¢ D. Write o = A(«a) + (. Since cof (a) = cof (), we can choose a club Cy, C [A(«), af
with otp(Ca) = cof(B). It follows that otp(C,) = cof(8) < AMa)f, < f(A(@)) = f(minCy).
Suppose that a € D. If « is singular, then we choose C,, in a way that otp(Cy) = cof < minC,,.
Observe that then otp(Cy) < minC, < f(minCy,). Finally, if « is not strong limit, then let
B < a be such that 2% > a. Let now C,, C [8,a]. It follows that otp(C,) = cof(a) < a < 28 <
2minCa < f(min C,).

Suppose now that 6 is bigger or equal to a Mahlo cardinal k. By pressing down Lemma there
is a stationary set S of inaccessible cardinals of k and v < & such that min C, = v for every
a € S. Hence a = cof(a) = otp(Cy) < f(7) for every a, and this is of course impossible. O

PROOF OF THEOREM 4.1. The proof is by induction on 6 < pg. We see that there is a tree
T = (T, <) on 6 that has bases of families on chains of (T, <) and of (T, <,). Suppose that 6 is
not strong limit. Then there is k < 6 such that § < 2. By Theorem 4.2, 2" has a basis, so 6
does.

Suppose that 6 is strong limit. Let T':= T'(9p) on 6. Let C be a small C-sequence on 6, and
let f: 60 — 0 be a witness of it. By inductive hypothesis, and by Proposition 4.10 we know that

the disjoint union e, f(£) of (f(§))e<o has a basis of families on chains. Let now A : Z(C) —

E’J§<9 f(E) = U§<9 f(g) X {£}7 A(C) = (Otp(C),min C) Then )‘ : (I(C)a E) — (E—Jg<9 f(£)7 <) is
chain preserving and 1-1 on chains. Hence, by Theorem 4.4, there is a basis of families on chains

of T (C’);l:x. Since T' has infinite chains and Proposition 4.13 tells that gg is strictly monotone,
it follows again by Theorem 4.4 that there is a basis of families on chains of (7', <).

Observe that ;.1 Is; is a disjoint union, #1" = 6. Since we are assuming that 6 is inaccessible,
it follows that T is < #-branching, hence for every ¢t € T there is a basis of families on Is;. Hence,

by Proposition 4.10, there is a basis of families on chains of (T, <,). O

5. SUBSYMMETRIC SEQUENCES AND f‘f‘—SPREADING MODELS

We present now new examples of Banach spaces without subsymmetric basic sequences of
density x. Their construction uses bases of families on «. On one side, the multiplication of
families will imply the non existence of subsymmetric basic sequences. On the other side, the
fact that the families are homogeneous will allow to bound the complexity of finite subsymmetric
basic sequences. In fact, we will give examples of spaces such that every non-trivial sequence
on it has a subsequence such that a large family of finite further subsequences behave like ¢7'.
Since in addition the spaces are reflexive, we will have, as for the Tsirelson space, that there are
no subsymmetric basic sequences.

Definition 5.1. Recall that a non-constant sequence (), in a Banach space X = (X, || - ||) is
called subsymmetric when there is a constant C > 1 such that

n n
1Y asay | < Ol Y aia| (15)
i=1 =1

for every n, scalars (a;)q, 1 <lp <--- <l and k1 < kg < --- < ky.

Sometimes it is assumed, not in here, that subsymmetric sequences are unconditional basic
sequences. Notice that by Rosenthal’s £1-Theorem and Odell’s partial unconditionality, it follows
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that if (z,,), is a subsymmetric basic sequence, then either is equivalent to the ¢ unit basis, or
its difference sequence (x2, — To,—1)n is subsymmetric and unconditional. This is sharp, as it is
shown by the summing basis of ¢g.

Definition 5.2. Let S, be an a-Schreier family on w. A bounded sequence (xy,)y in a normed
space X is called an ({-spreading model when there is a constant C > 0 such that

I Zanan > C’Z |an| for every s € Sy.
nes nes

Let us say that a sequence in a Banach space is non-trivial when it does not have norm-
convergent subsequences.

REMARK 5.3.  (a) Suppose that (Sa)a<w, is a generalized Schreier sequence. If (z,), is a £§-
spreading model, and 8 < «, then (z,), is a Kf -spreading model: This is a consequence
of the fact that for every 5 < « there is some integer n such that Sg [w\n C S,.
(b) Suppose that a space X does not contain ¢; and it is such that every non-trivial sequence
has a £1-spreading model subsequence. Then X does not have subsymmetric sequences.
If in addition X have an unconditional basis, then X is in addition reflexive: Suppose
otherwise that (zy,), is a subsymmetric sequence (zy,),. It follows that (z), is bounded
and that (x,), does not have norm-convergent subsequences. So, by hypothesis, there is
a ¢1-spreading model subsequence (yy,),. This implies that (y, )y is equivalent to the unit
basis of /1, and this is impossible. The latter condition follows from the James criterion
of reflexivity.

Definition 5.4. Recall that given a family F on k, we define the corresponding generalized
Schreier space Xr as the completion of coo(k) with respect to the norm

|zl 7 = max{\lﬂﬁlloo,glgz (z)el}-
¢es
It is easy to see that the unit basis of ¢go(x) is a 1-unconditional basis of Xz, and that Xz
is cg-saturated if F is compact, and contains a copy of ¢; otherwise. When the family F is
compact, hereditary and a-homogeneous with « infinite, then every subsequence of the unit
basis of Xr has a f;-spreading model subsequence, consequently, no subsequence of the unit

basis is subsymmetric. These families F exist on cardinal numbers not being w-Erd8s (see
[LoTo2]).

Theorem 5.5. Suppose that 0 is smaller than the first Mahlo cardinal number. Then for every
a < wy there is a Banach space X of density 6 with a long 1-unconditional basis (ug)c<g such that
every subsequence of (ug)e<g has a further (¢ -spreading model subsequence, and no subsequence

of (ug)e<o is a éi(wa)—spmading model.

PROOF. Fix a basis (B, x) on 6, let F be an w® + 1-homogeneous family in B and let X := Xr.
Let (u¢)een be an infinite subsequence of the unit basis (u¢)¢<p of Xr. Since rk(F [ M) > w®,
and rk(S,) = w® there is some infinite subset N of M such that {&, }ne, € F for every x € Sy |
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N. Let N = {ng}x be the increasing enumeration of N, and set xj, := ug,, for every k < w. We

1Y " ararllr = lax|

kex kex

claim that

for every x € Sy: Fix ¢ € Sy. Then {ng}lres € Sa | N, because S, is spreading. This means

that {&,, }kex € F, SO
1> anaellz = 1Y arug, Iz > lal.

kex kex kex

On the other hand, let given a subsequence (zy)n<. be a subsequence of (ug)e<p, Tn = ug,.
we assume that &, < &,41 for every n. Let G := {x Cw : {{n}nexr € F}. Then the mapping
x € G {&}nes € F is continuous and 1-1, hence rk(G) < rk(F) < t(w®). Since t(w®)
is exp-indecomposable, rk(S,(,a)) = W) = (w®). Tt follows by the quantitative version of
Ptak’s Lemma (see for example [LoTol, Lemma 4.7]) that for every € > 0 there is some convex
combination (a,)nes supported in x € S,(,a) such that

supz lan| < e.

nex

This means that || Y . anzp|lFr <€, cplanl O

Definition 5.6. Recall that given an «-Schreier family S, let T, := Ts, be the a-Tsirelson
space defined as the completion of cog under the norm

1
Il = mas{llaoc, sup 537 | Eselo}
%

i)

where the sup above runs over all sequences of sets (E;); such that E; < E;11 and {min E;}; € S,,
and where Ex =3 p(2)n.

An equivalent way of defining || - || is as follows. Let Ky := {£uy }n<w and let
1 . .
Knpy1 = Kp U {5 Z%‘ t {pitick € Kn, 0i < @it1, 1 <k —1, and {minsupp ¢;}ick € Sa}-
i<k
Let K := |J, Kn. Then [[z|oa = sup,eg(p,z). It is easy to see that each p € K has a

SOZZ%%
i

where ¢; is a vector with coordinates —1 or 1, supported in S,.; and (f;); pairwise disjointly

decomposition

supported. It is well known that every normalized block subsequence of the unit basis (uy)n,
of T, is equivalent to a subsequence of the unit basis. Since clearly from the definition every
subsequence of (uy,), is a ¢-spreading model, it follows that every non-trivial sequence in T,
has a ¢{-spreading model subsequence. Now suppose that (z,)y is a non-trivial sequence in Tj,.
W.lo.g. we assume that (x,), is a subsequence of the unit basis, x,, = ug,. Let ¢ > 0, and
let n be such that £2" > 1. By the quantitative version of Ptak’s Lemma, there is some convex
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combination (an)nex supported in & € Sa. such that sup,ey, s, 2opes lar] < e We claim

that || Y, c, antnlla < 3e: Fix ¢ € K, ¢ = >, 27%p; decomposed as above. Then,

[E SITHIED DTS BT EES 3= SED DI PR p S

Jj€x i<n Jj€Ex j€x i<n JETNSUpp ©; Jj€x

We have just proved the following.

Theorem 5.7. T, is a reflexive Banach space whose unit basis is 1-unconditional and such
that every non-trivial sequence has a (§-spreading model subsequence but it does not have £ -
spreading models. Consequently, T,, does not have subsymmetric basic sequences. O

5.1. The interpolation method. We recall the following well-known construction, presented
in a general, not necessarily separable, context: fix an infinite cardinal number &, let (||-||»)new be
a sequence of norms in c¢go(x) and || -||x be a norm on cg(N) such that (ey), is a 1-unconditional
basic sequence of the completion X of (coo(N), || - [|x). Let X,, n € N, be the completion of
(coo(k), || - [|n)- For € coo(k), define

]
Ml o= 11 S Mokl
n
It is not difficult to see that ||-||| is @ norm on cop(x) (the fact that (uy ), is a 1-unconditional basic
sequence of (coo(N), || - [|x) is crucial to prove the triangle inequality). Let X be the completion

of (coo, [l - IIl)-

REMARK 5.8. Observe that the dual unit ball of X is closed under the following operation. Given
xi € Bxr fori=1,...,nand ) I" | biej € Bx+, then
n

b;
Z 2i+1x: € By-.
i=1

To see this, there is a simple computation. Given = € ¢gy we have that

n n n n
bi . |bi] " 1
> i) ()] <> Szl = D [bilen) (D it lzllied)] <
=1 =1 =1 i=1
n n 1
< [bile; ZTHII»@HM < =]
=1 X* llt=1 X

The following follows easily from the definition.

Proposition 5.9. Suppose that (x¢)e<y is a C-unconditional basic sequence of each X,. Then
(x¢)e<r s a C-unconditional basic sequence of X. O

In our construction, this will be the case, so that we will be able to apply the following result.

Proposition 5.10. Suppose that X is a space with an unconditional basis and without isomor-
phic copies of £1. Then the following are equivalent.

a) Fvery non trivial bounded sequence in X has an £$-spreading model subsequence.
1
(b) Ewvery non-trivial weakly-convergent sequence in X has ¢ -spreading model subsequence.



HOMOGENEOUS FAMILIES ON TREES AND SUBSYMMETRIC BASIC SEQUENCES 45

c) Fvery non-trivial weakly-null sequence in X has (5 -spreading model subsequence.
1

PROOF. Suppose that (b) holds. It follows that ¢y does not embed into X. Hence, by James’
criteria of reflexivity for spaces with an unconditional basis, X is reflexive, whence every bounded
sequence has a weakly-convergent subsequence and now (a) follows directly from (b). Now
suppose that (c¢) holds and let us prove (b): Suppose that (xy)g is a non-trivial weakly-convergent
sequence with limit x. Let 2* € Sx+ be such that z*(x) = ||z||. Let yx := xp —z for every k. By
hypothesis, we can find € > 0 and a subsequence (2, ), of (Yn)n such that || > anynl > €, |an]
for every sequence of scalars (a, ), supported in S,. Let (vy), be a further subsequence of (z, ),
such that |z*(v,)| < e/2 for every n. We claim that (v, + ), is a subsequence of (x,), which
is a ({'-spreading model: Fix a sequence (a,), supported in S,, and let y* € Bx~ be such that
v (O, anzn) =€), lan|. Let 2* :=y* — Az* € Ker(z) N 2Bx~, where X := y*(z)/||z||. Then,

HZan v+ )| > z <Zan v+ T ) = %Z* (;anvn) > %y* (En:anvn> _
. (Zanvn> ZZZ\anl.
n n

O

Finally, one of the interesting features of the resulting space of the interpolation is given by
the following proposition.

Proposition 5.11. IfY can be isomorphically embedded into X, then a subspace Z of Y can be
1somorphically embedded into some X,, or into X.

PROOF. Let Yy C X be isomorphic to Y. If there is some n such that I, : Yy — X,, is not
strictly singular, then choosing Y7 C Yj such that I,, | Y7 is an isomorphism we obtain that Y;
embeds into X,,. Suppose that all I, | Yy are strictly singular.

Fix a strictly positive summable sequence (ey,)pn, Y, n < 1/4. Let yg € Sy,. Let ng € N be
such that

1
| Z Wnyﬂ”nenHX < €.

n>no
Let y; € Sy, be such that

max |y1 | < €1
n<ng

Let ny > ng be such that

1
1> gnrtllvilnenllx < ei.

n>ni
Let now y2 € Sy, be such that

max ||y2|ln < e2.
n<nig
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In this way, we can find an strictly increasing sequence (ny)ren of integers normalized vectors
Yn € Yy such that for every k one has that

1
I > grrrlurllnenllx < e

n>ng

max ||yx|ln < e
n<ng_1

Set wg := Zn§n0(||yo”n/2n+l)en € X, and for each k > 1, let

ng
Yk
wy, = Z ||2n+”1”en € X.
n=ng_1+1

Let (ax)x be a sequence of scalars with maxy, |ag| = 1. Then, after some computations, one can
show that

1
1D anyrllz = 11D anwllx | <laolll Y et I19ollnenllx +
k k

n<ng
1 1
0l (1Y s lelnenll + 1Y sorlumlnenlix | <
k>1 n<ng_1 n>ng
L
%

Since ||wi|lx > 3/4, and (wg)r is a block subsequence of the basis (ey),, it follows that
| >k arwy||x > 3/4maxy |ag|, we obtain that

2
1> " anyrllz = 1Y arwillx| < 5l > arwg||x.
k k k
Hence,

1 4
3l D arwgllx < 1) aryllx < 3l > agwgl|x.
K p k
g

5.2. The Banach space X. The next result gives the existence of the desired Banach space X
of density &, subject to the existence of bases of families on k.

Theorem 5.12. Suppose that k has a basis of families. Then for every 1 < a < wy there is a
reflexive Banach space X, of density k with a long unconditional basis such that

a) every bounded sequence without norm convergent subsequences has a £$-spreading model
1
subsequence, and
(b) X, does not have ﬂbl(w Ha'w—spreading models.

Consequently,

(c) X4 does not have subsymmetric sequences;
(d) if (w®) + - w < B, then X, and Xg are totally incomparable, i.e. there is no infinite
dimensional subspace of X, isomorphic to a subspace of Xg.
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PROOF. Let (%8, x) be a basis of families on x. Let Fy := [k]=!

Fn % Sq. Notice that rk(F,) < ¢(w®) for every n. Let X be the interpolation space from an
a-Tsirelson space T;, and the sequence of generalized Schreier spaces Xz, , n € N. Since each

, and for n < w let Fpyq =

Xz, is co-saturated, and T}, is reflexive, it follows from Proposition 5.11 that X does not have
isomorphic copies of /1.

Claim 5.12.1. Every non-trivial bounded sequence has an ({-spreading model.

From this claim, and the fact that the unit basis (u,)y<, is unconditional, we obtain that X
is reflexive. We pass now to prove that previous claim.

Proof of Claim: Fix such sequence (z)g. Since X does not have isomorphic copies of £1, we may
assume, by Proposition 5.10, that (x)j is a non-trivial weakly-null sequence. Since (u¢)e< is
a Schauder basis of X, by going to a subsequence if needed, we assume that (z)g is disjointly
supported, and

|xk|| >~ > 0 for every k.

The proof is now rather similar to that of Proposition 5.11.
CAsE 1. There is € > 0, n € N and an infinite subsequence (yx)i of (zx)i such that

llyg|ln > € for every k.

For each k choose s; € F, | supp yx such that

> lug () = e

£€sy

By hypothesis, F,, 11 = F, X Sq, so there is a subsequence (t) of (sg)x such that (J,c, tx € Frny1
for every v € Sq. Let (2x); be the subsequence of (yx)x such that > .., [ug(z)| > € for every
k. We claim that (zx) is a £{-spreading model. So, fix a sequence of scalars (ay)xes indexed by
5 € Su. Then t := (¢, tk € Fnr1, hence,

1 1
I Zakzku Zw” Zakzk”nﬂ Z oniz Z

kes kes get

19
>z D laxl

kes

= ;ﬁz lak| Z }uZ(zk)‘ >

kes ety

uZ(Z axzy)

kes

CASE 2. For every € > 0 and every n the set
{k € N : ||lzk|ln > €} is finite.

So, let (yx)r be a subsequence of (zy)x such that

1
Y llk—1 < SRl for every k
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Now we can find (ng)x such that for every k one has that

le+1—1 1
n=ny

1 gl
| Z ﬁ”yk”ntn”T SW

néng,np41(

For every k choose Z"’““ Yb, ty, € Stx and s, € F, with n € [ng, np41[ such that

Ng+1—1 1 ,
Z ﬁbnwn@n) > 9 for every k,
n=nig

where 1y, 1= 3 e ccuf € B(x,, )« and e¢ is the sign of |ug(zy)| for every k, every n € [ny, nyi1[
and every & € s,,. For every k let

nk+1—1 b
n
Yk = Z an € By,
n=ng

because of Remark 5.8. Notice that ¢r(yr) > v/2 for every k. Given s € S, we have that
{ni}res € Sa, because S, is a spreading family. Hence,

Ngy1—1
72 Z butl € Brs.
kes n=ng
It follows from this and Remark 5.8 that
ngy1—1
IS D SRR
kes kEs n=ny

Now, fix s € S, and scalars (ak)kes, and for each k € s, let oy be the sign of ai. Then,

DTS S PRI SR D[ DI

kes kes kes kes kes jes\{k}
vy 1
212|ak| *Z|ak| Z WHykllntn >
kes kes né¢[ng,ngt1] T,
S0 DB A
k€Es kes kes
Hence, (y)x is an £{-spreading model. O

(b): Suppose otherwise that (z); is a weakly-null sequence such that || >, .. arzellx >
€ pes |lak| for every sequence of scalars (ay)res supported in s € Sg, for  := 1(w®) + o - w.
There are two cases to consider.
CASE 1. There is some subsequence (yg)x of (x)r some n and some C' > 0 such that

1
gl D akulln < 1D arnllx < CI1Y_ axyelln

kes kes kes
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for every (ay)res supported in s € S,(,0). Let 0 : F,, — FIN, 0(s) := {k € w : suppyr Ns # 0}.
This is a continuous mapping, so C := §”F, is compact, and v := 1k(C) < rk(F,) < t(w?),
by the choice of F,,. By the quantitative version of by Ptak’s Lemma we can find a convex
combination (ay)res supported in S,(,ay such that ), ., lag| < e/(C supy, ||yx||n) for every t € C.

Let v € F,, be such that
1Y~ aryrlln = D> 1z (O arye)|.

kes fev kes
Then
1 arvellz < 1D aryelln < D larlllyelln <
kes kes keb(s)

and this is impossible.

CASE 2. There is a normalized block subsequence (yi)r of (zx)r with yi = Ziesk b;z; and
sk € Sy(we) and that is 2-equivalent to a block subsequence (wy ) of the basis (t,), of T,. Since
for every 0, there is an integer n such that Ss ® S, [ (w\ n) C Ss1, we assume without loss
of generality (¢, sk € S,(we)ta-w for every @ € Su.. Let K := supy [|zx|lx. By Theorem 5.7,

let (ar)rev be a sequence supported in v € Sy, such that || Y, o apwi|lT, < (€/2K)> ¢, lakl.

Hence,
€
1> an Z biwillx <2 axwillz, < 17 D ok <& laxl Z |3,
kev 1ES), kev kev kev 1ESK
and this is impossible because (J,¢, s& € S (wo)taw: O
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