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1- A NON LINEAR DIFFERENCE EQUATION

Consider the difference equation given by:

_ (1)
Xpo1 = AnXp Xn_1 + PnXno n=12, ..
where x,, is obtained from the previous values in a non linear way in the form expressed in it. The
problem to be solved is to find x,, in terms of the firsts values of it. We will propose a general form
for the values of x,, called quadrature and generating function procedure. The values of £, will not
be arbitrary but in the solution they will depend upon other parameters. Simply the proposal is as
follows
B (2)
Xp =a,cn) +
n n ( ) C(Tl)
(3)
then
B c(n) BnPBn-
Xn Xp-1 = anan—lc(n)c(n - 1) + ﬁan—lc(n - 1) + anﬁn—l C(Tl — 1) C(n)rfl,‘(:l i 1)
Introducing this expression in (1) and x,,_», then after identifying terms we obtain the
following recursive of difference equations (4)

an+1c(n + 1) =ay anan—lc(n)c(n - 1)

'Bn+l = 'Bnlgn—l (5)
c(n+1) n c(n)c(n—1)

On the other hand,
c(n) (6)

UnPn-1 m = Pn-1@n-1 An-1n—2c(n — 2)

then

(7)

CYn,gn—lan—lofn—l + .Bn =0
In a similar way

B, Bn an—la . — B.a c(n—1)
n-—1 Tlc(n _ 2) ﬂn_l &n_l n-1%n-2 n“n-1 C(n)

from which it follows

Appnfn + .Bn,gn—lan—lan—z =0

(8)

(9)



or

which is a condition to be fulfilled by the coefficient $,,as we already mentioned.

From the equality

one derives

(5).

_ a, a, B,

Bn_lan—l )

an Bn = dzn—l Bn-1 An—1 Bz An_

This last difference equation is the same as that equation obtained by multiplying (4) and

Now the equation (12) has the general form of

Tn = En-1¥n-1¥n-2

Developing the first terms of (13) we have

_ 2
¥n = En-1&n-2 ¥ n—2 Tn-3
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Where yon immediately see that Fibonacci numbers appear in the developing of .

We define
0 1 1
p(0) p(1) p(2)

2 3 5
p(3) p(4) p(5)

as the Fibonacci numbers which are recursively given by

with p(0) =0 and p(1) = 1.

p(n+1)=pn)+p(n—-1)
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In order to find the solution of (13) let us consider some equalities. First we well prove that

(16)
n—-1 n-2 n
p(s p(s) _ p(s)
En-s En-1-s = I_Ign—l—s
s=1 s=1 s=2
In order to see that this equality hold true consider the equality
n-2 n-1
(17)
p(s) _ p(s—1)
I_Ign—l—s'_ I_Ign—s
s=1 5=2
which is obtained just by a change of variables s + 1 = §. Using this last equality then since
p(0) =0 and p(1) + p(0) = p(2) then
n-1 n-1 n-1 n-1 n-1 (18)
p(s) p(s-1) _ p(s+1) p(1) _ p(s+1) p(2) _ p(s+1)
I_Ign—s En—s _'I_Ign—s Sn—1 _'I_Ign—s gn—1 _'I_Ign—s
s=1 s=2 s=2 s=2 s=1
Now with the change of variable s — 1 = § we have
n n-1
19)
p(s) _ | [.p6+D (
[ [ =] [
s=2 s=1
and therefore the equality (16) is valid.
Now we will claim that
n-1 (20)
w =] [ SO0
s=1
is the solution of the difference equation (13).
We will prove it by induction.
For n=2 we have
1 () .p(2)_ p() (21)
S
¥, = Hsf_s A = ey
s=1

Now assume that the formula is true for j < n — 1 then we have to prove that it is valid

for n. This is equivalent to prove that the next equality is true

¥y, = [0k P x’f(n)x’g(n_l) (22)



We remember that

Tpn = E€n—-1¥n-1Tn-2

n-—1 n-2

p(s) _p(n) P(n 1) _ p(s) p(n-1)_p(n-2) p(s) ( 2) p(n 3)
1_[ €n-s 7"1 " =én-1 ngn—l—s 7"1 " o 1_[ €n—2-s "

s=1 s=1

or equivalently

n—-1 n-2 n-3

| | p(s) _ p(s) p(s)
€n-s = €n—1 €n—1-s E€n—2-s

s=1 s=1 s=1

Make the change of variable s + 2 = S in the first product of the right hand of (24) and

s+ 1 = s inthe second product of the same hand, we have

n-—1 n-1 n-1 n-1 n-1

| | p(s) _ | | p(s) P62 _ p(l) p(s—-2)+p(s—-1) _ p(1) p(s)
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s=1 s=2 s=3 s=3 s=3

and since p(1) = p(2)

n-1

p(1) p(Z) SP(S)
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and this the equality given by (24) or (25) is true.

Then applying the formula (22) to the recurrence equation (12)one gets the solution

n—-1

@B, = Hanzi’(s) P10 gP(™ (=1 pp(n=1)

s=1

On the other hand the equation (4) has the solution

n—1
a, c(n) = 1_[ ;P P P (=) (=)
s=1
and equation (5)
n p() gp(n=1)

ﬁn — Ha—p(s) /31
c(n) n-s f(n)cg(n—l)
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Thus the general solution (2) is given by

n—1
X, = ﬂaxg) [af(")cf(”)ag("_l)cg("'l) +

s=1

-1
Bf (D] ﬁ(l)’ (n-1)

Cf(n) Cg(n—l)

The equality (11) which is a restriction on the coefficients f3,, can be expressed as

n-2

2] o -2 -1 -1 -2 -2
Bn=—anan-11_[ a2 qP (=D gP(=D) p(n=2) gp(n=2)

s=1

This giving the values ay, ag, 8o, f1 and ¢4, ¢, we have solved in a suitable way the

problem of finding a general solution for equation (1) by quadrature.
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