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Abstract:

In this note we will get the explicit solution of some non linear difference equations.

This is done by using quadratures and generating function ideas.
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1- THE QUADRATIC CASE
Consider the difference equation of a quadratic form
(1)

Xn+1 = ApXnt .B_nxn + Vn n=0,1,..

and we propose the solution of the form

(2)
Xp, = a, c(n) + [(g)+yn

for a possible generating function ¢ (n). It is clear that (1) has not always solution in terms of
the first state x, along disregarding all the intermediates values of x; t < n in an analytic
and explicit form. However as we have shown in Marchi it is possible to find suitable
quadratures for suitable values of the parameters. Here we extend some result in,
consideringy,, # 0.

For convenience we remind that the difference- equation

n(n+1) = gnn)? (3)
has the solution
n—-1 (4)
o = | [e2sin@?
1=0

Now going back to our generating function given in (2), taking the square of x,, it turns

out that

Butn , B (3)
OMEOE

Then replacing the values in (1) and identifying coefficients of the terms in the same

x2 = aZc(n)? + 2a,y,c(n) + (2 + 2a,6,) + 2

place of ¢ (n) we get

anyrc(n + 1) = @uagc(n)? (6)
Bn+1  _ anPi
c(n+1) c(n)? (7)
[’_)n = —2¥n 0y (8)
Yn+1 = anyr% + 2ananfy + .B_nyn +¥n (9)

At this point it seems that the difference equation (9) is of the same difficulty as to

solve (1), however replacing

G ©)
Yn = 2@,

of (8) in to (9) it turns out that

Api1 (10)
.Bn+1 - 2n— .Bn Zan+1(2ananﬂn + )/TL)

or

(11)



ﬁ_n+1 = anﬁ_rzl + bn
where
(12)

an+1
n == and b
2a,

n = _2&n+1(2ananﬁn + Vn)

At this point we remark that a general difference equation of the same type of (11)
was considered and solved recently in Marchi.

Proposing a solution of the type (13)

B = d() + 305

for the quadratic difference equation (11) we have that the solution of it is given by the

formula (13) of [ ] applied here. Thus

l , (19

— 2 n
_ 1—[ A ) [ - on Vs ]
= r— u§ d(o0 + —V —on
.Bn L, (Zan_l_l 0 ( ) d(o)z
n—-1 aln—1 1 2

[6) 6o [raor + ]

= =0

but
(15)

=

n—

(_&n_l )Zl _ [T (@n-)? _ H?;ol(_an-l)z_l = - 11_[( n-)?

1/~ 1 - l
An-1-1 M50 @n-1-0% T (@n)? !

where from the second equality to the third term in the denominator we have used the

l

1]
=]

change of variables I = [ + 1. On the other hand

n-1 21 121021

@ -G

=0

and then placing all these simplified terms in (14) one gets the expression

N2 g o VE (16)
11_[<an 0 [ (0" + g

e

We remark the fact that B2 — 4u,v, is always greater or equal to zero which is

required in order to have the equality

.3 = Uy

d(O)

That is to say what value it is assigned to d(0) for a required value of .



On the other hand the values of d(n) and v,, might be obtained accordingly, thus
atm = (7 B M @ a0
ag Un
and
N0 2 g
uavn = (3) __ﬂ[Iale‘Z"Z"

Having these explicit expressions we go back to the original difference equations. From

(6) and (7) we obtain
Unt1Bns1 = T (anfn)®

This is the difference equation (6) in [ ] whose solution is

n-1

_ 21+1 on
Anfn = 1_[ anZ1-1 (@oPo)

1=0
and for c(n) since (6) and (7) are identical to (4) and (5) of [1] the solution is given by (11) of

(.

n-1 n
__ol ag on
e = | [@ta "= )
1=0 n

On the other hand the last parameter in (2) has the expression derived by (9’)

n-1 n
1,1 1 i g R
I - a 2 2 d 0 2 v

Thus the complete solution (2) is

Y2t

1 g (1) (Z?:_ll ZIH) on
_ n— n n > n n v
x, = [T a4 § b [a% c(0)’ +C($z"]‘ e |46 d(0) +d(;2n]
0
and where we remember that
Bo 1 0
Xo = agy c(0) + [u
0O+ 20y " 37 14O + 5oy

Thus we have obtained the explicit solution of the difference equation (1) by
quadrature under the conditions studied in this paragraph.
We remark that the )7’5 values have to satisfy the relations

un vn
2a,

Yn = — 20nanfn

and replacing by the corresponding values of u,v,, and a,, 5, it must fulfills the equality

_ ol (2112“)( ) n
= [} anzz an [(2) uovo — 2(aoy)?

(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)

(25)

(26)



Again here there are two freedom degrees in y,, and four in x,,, namely of K; = uyv,

and L; = ayf5,- Then

n—1
C [ G2 (g )" \ (27)
Yn = 1_[ &;El Un [(E) % —2(L,)? ]

Oy

and the solution (23) is obtained as

. o Lo\ (28)
X, = H@;El_l{ag [aé c(0)2" + <a c(O)) ]
1=0 ’
1\ G2 g ny (KN
- (§> F [(uod(o))z + (uod(O)) ”

and

_ 0 Ly 11 d(o s (29)

Xo = Qg c( )+m—§&_0[u0 ( )+m]

Thus the complete case is solved.

2-  THE RESTRICTED CUBIC CASE

As we have done in the previous paragraph, here we are going to study the cubic
general case. However as it will appear in the final result of this section, a general recurrence
relation by quadrature it is only possible when the coefficients of the general cubic equation
are related strongly among them. Unfortunately, this phenomenon does not allow to have a

more suitable general solution. However, we preferred to include this material.

Consider the difference equation of the cubic form

N = (30)
Xns1 = AnXy + BuXn + VnXn + 6y
and we propose a general solution of the form
Bn (31)
xn - anc(n) + C(Tl) + )/n
Then since
2 2
x2 = a2c(n)? + 2anypc(n) + Ranfn +v2) + 2Pn¥n  _Bn (32)

c(n)  c(n)?



and
(33)
x5 = anc(m)® + 3agy, + c(M)? + Bagfy + 3anyi)c(n) + (6 Pn¥n + i)
+ Ganf + 3 o + scfﬁ)y;’ Cff)3
Now replacing all the terms obtained in this way in (30) egualitying all the
corresponding terms we get the following recurrence relation for the coefficients
Gsicn+ 1) = Gaaiem)? 4
The coefficient of c¢(n)? in the left hand of (30) has to be zero. Then we have
0 = @3aky, + Buli 3
Identically the coefficient of c(n)must to be zero
0 = @n(3aqfy + 3an¥) + Br2nYn + Yy (36)
The independent term becomes given by the recursive relation
Vni1 = @n(6nBr¥n + Vi) + PnQetnfr + Vi) + Va¥n + 8n 57)
Similarly the coefficient of 1/c(n) and 1/c(n)2 have to be zero
0 = @n(3anBE + 3Ba¥2) + Bn2Br¥n + Fabn (38)
and
0 = @n(3B7vn + Bnbh) (39)
respectively. The last recursive terms is identified as
Prir/c M+ 1) = @pfi/c(n)® (40)
Thus (35) and (39) give the same relationship
3T + fn =0 (41)
or
B (42)



The case that 8,, equal zero were studied recently in a note by the author. The

equations (36) and (38) determine the same relationship namely
3 (ctnf +VE) + 2Bp¥n + Vo = 0 (43)
replacing (42) in to (43) one gets

1B (44)

Yn = ga_n — 30 anfn

Now taking (42) and (44) in (37) it follows

Pn1 _ _ B\ _ Bi\, 5 B (45)
————=a,|6 —— - + a2 +
341 an | 6,y 3a, 33(Y731 Bn | 2anfn 32 &121
and simplifying
5 An+1 5 _ 5 (46)
Bn+1 = 3;1_;.873{ + 30 n+1XnBnbn
an
with the condition &, = 0. This last expression has the form
ﬂ_n+1 = anﬂ_r?{ + bnﬁn (47)
which was solved in [ ] formulas (16)- (21). Proposing a solution of the form
5 v 48
B = un d(n) + 55 8
then one gets
n—-1 3n n—-1 _ 3l 3n (49)
3 = 3t], 3" 3n Vo _ 1_[ (an—l) [ 3n 3n Dy
= Ap_1- uy d(0)° +—=x| = uy d(0)° + =
B H( ne1-D) [ 0" + s ] | |G O™ + Gy
Besides it must hold
(50)
3upv, + b, =0
or
(51)

UnVp + Apy1Anfn =0



On the other hand the difference equation

Uns1Bn+1 = a%(anﬁn)3 (52)

which comes out multiplying (34) with (40) has the solution

a1 (53)
AnPn = 1_[&7%51—1(“030)371
1=0
Similarly using the formula (19) of [ ] it turns out that
n-1 _ 54
won=T] @0 (54)
") (g, 2
changing variable [ + 1 = [ in the denominator of the product of (54) and simplifying one gets
_ n- (55)
& = 431 3n
uTLVn (32) Zn 1 3l 2 3n-1 nl(an—l) (uOUO)
This introducing the apriority constant
a
K = 0Bo (56)
UgVg
Then (50) implies
— -
. @ 1 S @-0* 57)
a;®"" (3% iy 3! G TP (@peq )
or
(58)

— 1 an -1
an+1 K3 _431’1 1 32)211 13[ n(an 1)23

We would like to say that his expression restrict rather seriously the relationship
among the coefficient in the cubic equation by quadrature of the general cubic difference
equation. However there is some kind of freedom in the parameters obtaining the solution. If

Kis know then three of the values ay, y, 1y and v, are free.



The solution of f3,, is obtained as

l n
5 _ r-1__ @n)? 3n 3n vs
ﬁ?’l - =0 (32)3l(an—1—1)3l [uO d(O) + d(0)3n

1,— 1 _
H?:Ol(an—l)3 an

T B3 (@)

3" 3" v03n
40" + 5]

and

n-1 3" ~1c% 33! 3"
_ n n TS0 (@n-1) n n v
1w = | [@nan” [as (0’ +C((§’)3n]— s | A0 +
1=0 3(31)[E0 3o
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