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Abstract

Let R = Fq[Y ] be the ring of polynomials over a finite field Fq, let K̂ = Fq((Y −1))

be the field of formal Laurent series over Fq, let f ∈ K̂ be a quadratic irrational
over Fq(Y ) and let P ∈ R be an irreducible polynomial. We study the asymptotic
properties of the degrees of the coefficients of the continued fraction expansion of
quadratic irrationals such as Pnf as n → +∞, proving, in sharp contrast with the
case of quadratic irrationals in R over Q considered in [AS], that they have one such
degree very large with respect to the other ones. We use arguments of [BP] giving a
relationship with the discrete geodesic flow on the Bruhat-Tits building of (PGL2, K̂)
and the escape of mass phenomena of [KePS] for A-invariant probability measures
on the compact A-orbits along Hecke rays in the moduli space PGL2(R)\PGL2(K̂)

under the diagonal subgroup A of PGL2(K̂).1

1 Introduction

This paper gives a positive characteristic analogue (with a surprisingly different outcome)
of results of Aka-Shapira [AS]. They studied the statistics of the period of the contin-
ued fraction expansion of arithmetically constructed sequences of quadratic irrational real
numbers. For instance, given α ∈ R a quadratic irrational over Q and p ∈ Z a prime,
they proved that the equiprobability measures on the periodic part of the orbit of the frac-
tional part of pnα under the Gauss map weak-star converges towards the Gauss-measure
on [0, 1] as n→ +∞. Using the dynamical approach of [KePS] and proving the arithmetic
applications announced there, we will prove that in positive characteristic on the contrary,
the coefficients of the continued fraction expansion along similar sequences of quadratic
irrationals have a very irregular distribution (see in particular Theorem 2).

Let us give a more precise description of our results. Let Fq be a finite field of order a
positive power q of a prime p different from 2, and let K = Fq(Y ) be the field of rational
functions in one variable Y over Fq. Let R = Fq[Y ] be the ring of polynomials in Y over
Fq, let K̂ = Fq((Y −1)) be the non-Archimedean local field of formal Laurent series in Y −1

over Fq, let O = Fq[[Y −1]] be the local ring of K̂ (consisting of power series in Y −1 over
Fq), and let M = Y −1O be the maximal ideal of O.

Any element f ∈ K̂ may be uniquely written f = [f ] + {f} with [f ] ∈ R (called
the integral part of f) and {f} ∈ M (called the fractional part of f). The Artin map

1Keywords: quadratic irrational, continued fraction expansion, positive characteristic, Artin map,
Hecke tree, Bruhat-Tits tree. AMS codes: 11J70, 20E08, 20G25, 37A17, 22F30.
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Ψ : M − {0} →M is defined by f 7→
{

1
f

}
. Any f ∈ K̂ irrational (that is, not in K) has

a unique continued fraction expansion

f = a0 +
1

a1 +
1

a2 +
1

a3 + · · ·

,

with a0 = a0(f) = [f ] ∈ R and an = an(f) =
[

1
Ψn−1(f−a0)

]
a non constant polynomial for

n ≥ 1 (called the coefficients of the continued fraction expansion of f).
Let QI = {f ∈ K̂ : [K(f) : K] = 2} be the set of quadratic irrationals over K in

K̂. Given f ∈ K̂ −K, it is well known that f ∈ QI if and only if the continued fraction
expansion of f is eventually periodic. Note that the projective action (denoted by ·) of
PGL2(R) on P1(K̂) = K̂ ∪ {∞} preserves QI, keeping the periodic part of the continued
fraction expansions unchanged (up to cyclic permutation and invertible elements, see [BN]),
and that for all x ∈ K and f ∈ QI, we have xF ∈ QI. We refer for instance to the surveys
[Las, Sch] for background on the above notions.

Relying on the work [KePS], and as indicated in its introduction, we give below dis-
tribution properties of the periods of the continued fraction expansion of arithmetically
constructed sequences of quadratic irrationals in K̂ over K, proving for instance that the
proportion of high degree coefficients in their continued fraction expansions might be pos-
itive.

For every f ∈ QI, we denote by `f the length of the period of the eventually periodic
continued fraction expansion of f , and by df, 1, . . . , df, `f ∈ N − {0} the degrees of the
polynomial coefficients appearing in this period (their order has no importance in this
paper). For c ∈ ]0, 1], we say that a sequence (fn)n∈N in QI has c-degree-escaping continued
fraction expansions if for every N ∈ N,

lim inf
n→+∞

maxi=1, ..., `fn
dfn, i −N∑`fn

i=1 dfn, i
≥ c .

Theorem 1 Let f ∈ QI.

(1) For every irreducible polynomial P ∈ R, there exists c = cf, P > 0 such that the
sequence (Pnf)n∈N has c-degree-escaping continued fraction expansions.

(2) Let γ ∈ GL2(R) projectively fixing f whose discriminant P = (tr γ)2 − 4 det γ is
irreducible over Fq. Then for all N ∈ N,

lim sup
n→+∞

maxi=1, ..., `Pnf dPnf, i −N∑`Pnf
i=1 dPnf, i

= 1 . (1)

(3) For every irreducible polynomial P ∈ R, there exists c = cf, P > 0 such that for
uncountably many sequences (γ′n)n∈N in PGL(Fq[Y, 1

P ]), the sequence (γ′n · f)n∈N has
c-degree-escaping continued fraction expansions.
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Given f ∈ QI and an irreducible polynomial P ∈ R, the study of the properties of the
continued fraction expansion of (Pnf)n∈N is interesting in particular by the analogy with
the case of quadratic irrationals in R over Q, and the above results are strikingly different
from the ones obtained in [AS]. Indeed, given f ∈ R a quadratic irrationnal over Q whose
continued fraction expansion (an(f))n∈N is periodic after the time kf ≥ 1 with period `f ,
as a consequence of the much stronger results in [AS], we have, for every positive prime
integer p,

lim
n→+∞

maxi=kf , ..., kf+`pnf−1 log ai(p
nf)∑kf+`pnf−1

i=kf
log ai(pnf)

= 0 .

Assertion (1) of Theorem 1 in particular implies (for the sequence (Pn = Pn)n∈N of
powers of any irreducible polynomial P ∈ R) the following consequence of [dMT, Theo. 4.5]
using [dMT, Lem. 4.2]: If (an,k)k∈N is the continued fraction expansion of Pnf for all n ∈ N,
where (Pn)n∈N is a sequence in Fq[Y ] with Pn dividing Pn+1 and Pn+1/Pn having bounded
degree, then supn,k∈N−{0} deg an,k = +∞.

Assertion (2) of Theorem 1, with the explicit example given after [KePS, Lem. 13],
implies for instance that if p = q = 3, P = Y 2 + 4 and f = Y−

√
Y 2+4
2 so that the Galois

conjugate fσ of f is the well-known continued fraction expansion fσ = Y +
1

Y +
1

Y + · · ·

,

then Equation (1) holds.

The main point of the proof of Theorem 1 is to relate the orbits of quadratic irrationals
under the Artin map to the compact orbits of the diagonal subgroup A of G = PGL2(K̂) on
the moduli space X of R-lattices (up to homotheties) in K̂×K̂. More precisely (forgetting
about measure zero subsets in this introduction, see Section 2 for exact statements), let
Γ = PGL2(R) be Nagao’s lattice (see [Nag, Wei]) so that X is the homogeneous space Γ\G
endowed with the action of A by translations on the right. We construct, using [BP] and
[EW, §9.6] as inspiration, a natural cross-section C for the action of A on X and a natural
map Θ2 : C →M such that if T : C → C is the first return map in C of the orbits under
A, then we have a commutative diagram

C
T−→ C

Θ2 ↓ ↓ Θ2

M
Ψ−→ M .

Given a quadratic irrational f , assuming for simplicity that f ∈ M and that its Galois
conjugate does not belong to O, we construct in Lemma 6 an explicit element xf ∈ C
whose A-orbit in X is compact, such that the image by Θ2 of the intersection with C of

the orbit of xf by right translations under the semigroup A+ =
{[1 0

0 f

]
: f ∈ K̂ − O

}
,

is equal to the orbit of f under the iterations of Ψ.
We then apply in Section 3 the results of [KePS] on the escape of mass of the A-invariant

probability measures on the compact A-orbits in X varying along rays in the Hecke trees
of elements of X associated to a given irreducible polynomial in R.

We conclude this introduction by stating a distribution result for the orbits under
the Artin maps of arithmeticaly defined families of quadratic irrationals, again in sharp
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contrast with the ones obtained in [AS], and again using the above-mentionned results
of [KePS]. For every f ∈ QI, let νf be the equiprobability on the periodic part of the
Ψ-orbit of {f}. Given nice sequences (fn)n∈N in QI, it is interesting to study the weak-star
accumulation points of the equiprobabilities νfn as n→ +∞.

Theorem 2 Let f ∈ QI and P ∈ R be an irreducible polynomial. For uncountably many
sequences (γ′′n)n∈N in PGL2(R), for every f ′ ∈ QI, there exists c > 0 and a weak-star
accumulation point θ of the equiprobabilities νPnγ′′n ·f such that θ ≥ c νf ′ .

In particular, θ is not absolutely continuous with respect to the Haar measure of M ,
which is the analog for the Artin map Ψ of the Gauss measure for the Gauss map. Thus this
proves that there are many Hecke-type sequences (Pnkγnk · f)k∈N of quadratic irrationals
whose continued fraction expansions not only have coefficients with degree almost equal
to the sum of the degrees on the period, but also have a positive proportion of coefficients

which are constant (say equal to Y , taking for instance f ′ = Y +
1

Y +
1

Y + · · ·

).

Acknowledgements: A first version of this work was partially supported by the NSF grants
DMS-1440140, while the first author was in residence at the MSRI, Berkeley CA, during the Fall
2016 semester. The first author would like to thank the Isaac Newton Institute for Mathematical
Sciences, Cambridge, for support and hospitality during the programme “Non-positive curvature
group actions and cohomology” where work on this paper was completed. This work was supported
by EPSRC grant no EP/K032208/1.

2 A cross-section for the orbits of the diagonal group

In this first section, we give an explicit correspondence between the orbits in the moduli
space PGL2(Γ)\PGL2(K̂) under the diagonal subgroup and the orbits in M under the
Artin map Ψ. We start by recalling some notation and definitions from [Ser, Pau, BP,
KePS].

We denote by v∞ : K → Z∪{+∞} the (normalized, discrete) valuation on K such that
v∞(P ) = −degP for all P ∈ R−{0} (and v∞(0) = +∞), and again by v∞ : K̂ → Z∪{+∞}
its continuous extension to K̂ for the absolute value

|x|∞ = q−v∞(x) .

The convergence of the continued fraction expansions takes place in K̂ endowed with | · |∞.
Let G be the locally compact group PGL2(K̂), and let Γ = PGL2(R), which is a

nonuniform lattice in G. Let A be the image in G of the diagonal subgroup of GL2(K̂). We
denote by A(O) the image in G of the group of diagonal matrices with diagonal coefficients

in O×. We denote by
[
a b
c d

]
the image in G of

(
a b
c d

)
∈ GL2(K̂), and by α0 : K̂× → A

the group isomorphism t 7→
[
1 0
0 t

]
. From now on, we consider a0 = α0(Y ).

Let X = Γ\G. The map Γg 7→ g−1[R × R] identifies X with the space of homothety
classes of R-lattices in K̂ × K̂ (that is, of rank 2 free R-submodules spanning the vector
plane K̂ × K̂ over K̂). A point x ∈ X is called A-periodic if its orbit by right translations
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under A is compact. This orbit xA then carries a unique A-invariant probability measure,
denoted by µx.

We denote by P1(K̂)(3) the space of triples of pairwise distinct points in P1(K̂), and
by P1(K̂)(3)\ its intersection with (K̂ −K)2 × P1(K̂). Recall that the diagonal action of
G = PGL2(K̂) on P1(K̂)(3) is simply transitive, so that G identifies with P1(K̂)(3) by the
map g 7→ g(∞, 0, 1) and X identifies with Γ\P1(K̂)(3) by the map Γg 7→ Γg(∞, 0, 1). We
denote by G\ the dense measurable subset of G corresponding to P1(K̂)(3)\. It has full
measure for any Haar measure on G. It is Γ-invariant on the left, since the projective
action of Γ preserves P1(K̂) − P1(K) = K̂ −K. It is A-invariant on the right, since the
projective action of A preserves ∞ and 0. We denote by X\ the dense measurable subset
of X corresponding to Γ\P1(K̂)(3)\, which is A-invariant on the right and has full measure
for the G-invariant probability measure mX on X. We also define

M \ = M − (M ∩K) and (cO)\ = K̂ − (O ∪K) ,

the subsets of irrational points in M and cO respectively.

Let us recall some background on the Bruhat-Tits tree T of (PGL2, K̂) from [Ser] or
[KePS, §2.3]. It is a regular tree of degree q + 1, endowed with an action of G by auto-
morphisms (without inversions). Its (discrete) set of vertices V T is the set of homothety
classes (under K̂×) of O-lattices in K̂ × K̂, endowed with the maximal distance such that
the distance between the endpoints of any edge is 1.

We denote by ET its set of edges, by o : ET → V T the origin map of edges, and by
∗ = [O×O] its standard base point, whose stabilizer in G is the maximal compact subgroup
PGL2(O) of G, so that the map g 7→ g∗ induces an identification between G/PGL2(O)
and V T.

The boundary at infinity ∂∞T of T identifies (G-equivariantly) with the projective line
P1(K̂) over K̂, which itself identifies with K̂ ∪ {∞} using the map (x, y) 7→ xy−1. We
endow it with the unique probability measure µHau invariant under the compact group
PGL2(O). We denote by g · ξ the projective action of g ∈ G on ξ ∈ P1(K̂) = ∂∞T.

We say that an edge e of T points towards a point at infinity ξ ∈ ∂∞T if its terminal
point t(e) belongs to the geodesic ray starting from its original point o(e), with point at
infinity ξ.

We denote by GT the space of geodesic lines in T (that is, the set of isometric maps
` : Z→ V T endowed with the compact-open topology), and by `∗ ∈ GT the unique geodesic
line with `∗(−∞) =∞, `∗(+∞) = 0, and `∗(0) = ∗, so that `∗(n) = an0 ∗ for every n ∈ Z.
We denote by (φn)n∈Z the (discrete time) geodesic flow on GT, where φn` : k 7→ `(k + n)
for all n ∈ Z and ` ∈ GT, as well as its quotient flow on Γ\GT. The stabilizer of `∗ for the
transitive action (g, `) 7→ {g ` : k 7→ g `(k)} of G on GT is exactly A(O). Hence the map
g 7→ g `∗ induces a homeomorphism from G/A(O) to GT. We have the following crucial
property relating the right action of A on X = Γ\G and the geodesic flow on GT: For all
g ∈ G and n ∈ Z,

φn(g `∗) = g an0 `∗ . (2)

Recall that the Buseman function of T is the map β : ∂∞T×V T×V T→ R defined by

β : (ξ, x, y) 7→ βξ(x, y) = d(x, p)− d(y, p)

for any point p close enough to ξ, and in particular the point p ∈ V T such that the
geodesic rays [x, ξ[ and [y, ξ[ with origin respectively x and y with point at infinity ξ
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intersect exactly in the geodesic ray [p, ξ[ . A (closed) horoball in T centered at a point at
infinity ξ ∈ ∂∞T is a sublevel set {x ∈ V T : βξ(x, x0) ≤ 0} for some x0 ∈ V T.

We denote (see for instance [Pau, §6.2]) by (Hξ)ξ∈P1(K) the Γ-invariant family of max-
imal horoballs in T with pairwise disjoint interiors such that the point at infinity of Hξ

is ξ. If H∞ = {x ∈ V T : β∞(x, ∗) ≤ 0} is the horoball centered at ∞ whose boundary
contains ∗, then Hξ = γH∞ for every γ ∈ Γ such that γ · ∞ = ξ. Note that

Γ ∗ =
⋃

ξ∈P1(K)

∂Hξ = V T−
⋃

ξ∈P1(K)

◦
Hξ .

For instance (see loc.cit.), the horoballs in this family whose boundary contains the base
point ∗ are the one centered at the elements in P1(Fq) = Fq ∪ {∞}, and M (respectively
cO, and O×) is the set of points at infinity of the geodesic rays starting from ∗ whose first
edge lies in H0 (respectively in H∞, and neither in H0 nor in H∞).

Let

C̃ = {g ∈ G\ : g · ∞ ∈ cO, g · 0 ∈M , g · 1 = 1}
= {g ∈ G : g · ∞ ∈ (cO)\, g · 0 ∈M \, g · 1 = 1} .

As we shall see in the proof below, we actually have C̃ ⊂ PGL2(O) and if g 7→ g is the
group morphism PGL2(O) → PGL2(O/M ) = PGL2(Fq) of reduction modulo M , then
g = id for every g ∈ C̃.

Let C = ΓC̃ be the image of C̃ in X\ = Γ\G\ by the canonical projection. We will in
particular prove in the next result that C is a natural cross-section for the right action of
A : Every orbit of A in X\ meets C in an infinite countable subset. As in [BP, Theo. 3.7],
let

Ψ̃ : (cO)\ × M \ → (cO)\ × M \

be the map defined by

(ξ−, ξ+) 7→
( 1

ξ−
−
[ 1

ξ+

]
,Ψ(ξ+)

)
.

Theorem 3 (1) The subset C of X\ is closed in X\, and the restriction to C̃ of the
canonical projection G→ X = Γ\G is a homeomorphism from C̃ to C.

(2) The map Θ̃ : g 7→ (g · ∞, g · 0) from C̃ to P1(K̃)2 induces a homeomorphism

Θ : C → (cO)\ × M \ .

(3) Every A-orbit in X\ meets C.

(4) For every x ∈ C, there exist unique sequences (αk = αk(x))k∈Z in A(O) and (tk =
tk(x))k∈Z in 2Z with α0 = id, t0 = 0 and tk < tk+1 for all k ∈ Z such that

xA ∩ C = {xαka0
tk : k ∈ Z} .

We denote by T : C → C the map x 7→ xα1a0
t1 .
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(5) The following diagram is commutative

C
Θ−→ (cO)\ × M \

T ↓ ↓ Ψ̃

C
Θ−→ (cO)\ × M \ .

We call C the cross-section for the action of A on X\. We say that t1(x) is the first
return time in C of the orbit of x ∈ C under A, and we call T the first return map of the
orbits under A in the cross-section C.

Note that T is a homeomorphism, with tm(Tnx) = tm+n(x) − tm(x) and αm(Tnx) =
αm+n(x)αn(x)−1 for all m,n ∈ Z.

The commutativity of the diagram in Assertion (5) is inspired by, and closely related
to, the commutativity of the diagram in [BP, Theo. 3.7].

Proof. (1) The closure C̃ of C̃ in G is {g ∈ G : g · ∞ ∈ cO, g · 0 ∈ M , g · 1 = 1},
which is closed since the conditions on g · ∞, g · 0 and g · 1 are closed. By the description
of the geodesic rays in T starting from ∗, any geodesic line ` with endpoints `(−∞) ∈ cO
and `(+∞) ∈ M passes through the base point ∗, and the closest point projection of
1 ∈ P1(K̂) = ∂∞T on ` is equal to ∗. Hence if g ∈ C̃, since g commutes with the closest
point projections on geodesic lines, we have g∗ = ∗. Therefore g ∈ C̃ is contained in the
stabilizer PGL2(O) of ∗ in G, which is compact. Hence C̃ is compact and so is its image
ΓC̃ in X = Γ\G. Thus C = X\ ∩ ΓC̃ is closed in X].

Let us prove that the canonical projection G → X is injective on C̃. Since its image
in X is ΓC̃, and since C̃ is compact and X is Hausdorff, this proves that the orbit map
C̃ → ΓC̃ is a homeomorphism, and so is C̃ → C by restriction.

Let us denote by g 7→ g the group morphism PGL2(O) → PGL2(O/M ) = PGL2(Fq)
of reduction of coefficients modulo M , which is the identity map on PGL2(Fq). Recall (see
for instance [Ser]) that we have an identification between the link

lk(∗) = {e ∈ ET : o(e) = ∗}

of the vertex ∗ in T and the finite projective line P1(Fq) = Fq ∪ {∞} which is equivariant
under the reduction morphism PGL2(O) → PGL2(Fq). For every γ ∈ Γ, if there exists
g, g′ ∈ C̃ such that γg = g′, then since O ∩R = Fq, we have

γ = g′g−1 ∈ PGL2(O) ∩ Γ = PGL2(Fq) .

Furthermore, γ fixes the edges with origin ∗ pointing towards ∞, 0 and 1 respectively,
hence γ is an element of PGL2(Fq) fixing the points∞, 0 and 1 in P1(Fq). Since PGL2(Fq)
acts simply transitively on the set of triples of pairwise distinct elements of P1(Fq), we
have γ = id. Therefore the canonical projection G → Γ\G is indeed injective on C̃. This
completes the proof of Assertion (1).

(2) The map from G to P1(K̂)(3) defined by g 7→ (g ·∞, g ·0, g ·1) being a homeomorphism,
the map from C̃ to M × cO defined by g 7→ (g · ∞, g · 0) is a homeomorphism. Hence by
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restriction, the map from C̃ to M \×(cO)\ defined by g 7→ (g ·∞, g ·0) is a homeomorphism.
Assertion (2) then follows from Assertion (1), by composition.

(3) Since A is abelian, the direct product group Γ× A acts on G by ((γ, a), g) 7→ γga for
all γ ∈ Γ, g ∈ G, a ∈ A, and this action preserves G\. Let us prove that every (Γ×A)-orbit
in G\ meets C̃. By taking quotients on the left modulo Γ, this proves that every A-orbit
in X\ meets C.

Let us fix g ∈ G\. Let us prove that ΓgA meets C̃. Since the family of horoballs
(Hξ)ξ∈P1(K) covers T, since its elements have pairwise disjoint interiors, since the boundary
of Hξ is contained in Γ∗ for every ξ ∈ P1(K), and since no complete geodesic line is
contained in a horoball, the geodesic line g`∗ meets Γ∗. Hence, using Equation (2), there
exists n ∈ Z such that gan0 ∗ = g`∗(n) ∈ Γ∗. We may hence assume, up to multiplying g
on the right by an element of aZ0 ⊂ A, that g ∗ ∈ Γ∗.

Up to multiplying g on the left by an element of Γ, we may hence assume that g∗ =
∗. Since the link lk(∗) of ∗ identifies with the projective line P1(Fq), since PGL2(Fq) is
contained in Γ and acts transitively on the ordered pairs of distinct elements of P1(Fq), we
may assume, up to multiplying g on the left by an element of Γ, that the edge e∞ with
origin ∗ pointing towards ∞ also points towards g · ∞ and that the edge e0 with origin ∗
pointing towards 0 also points towards g · 0.

By for instance [Pau] and as recalled before the definition of C̃, a geodesic ray starting
from ∗ has its point at infinity in respectively cO or M if and only if its first edge is e∞
or e0. In particular, g · ∞ ∈ (cO)\ and g · 0 ∈M \.

1

g · ∞ g · 0

0
∞ g · 1β0

e∞ e0

∗ = g∗

If the projection of a point at infinity to the connected union of two edges is their middle
vertex, then the projection of a point at infinity to any geodesic line containing these two
edges is again this middle vertex. Note that projections on closed subtrees commute with
tree automorphisms. Hence the projection of g · 1 on the geodesic line `∗ with points at
infinity ∞ and 0 (which contains e0 and e∞) is equal to ∗. The group A(O) acts simply
transitively on O×, which is the subset of ∂∞T = K̂ ∪ {∞} consisting of elements whose
projections on `∗ is ∗. Hence there exists β0 ∈ A(O) such that gβ0 ·1 = 1. Since multiplying
g on the right by β0 does not change g · ∞ and g · 0, we hence have gβ0 ∈ C̃. This proves
Assertion (3).

(4) Let us now fix x ∈ C, and let g ∈ C̃ be the unique element in C̃ such that x = Γg.
Recall that any geodesic line which enters into the interior of a (closed) horoball and

does not converge to its point at infinity has to exit this horoball after a finite time, and
that the distance travelled inside the horoball is even. Since g · ∞ and g · 0 do not belong
to K, there exists a unique sequence (tk = tk(x))k∈Z in 2Z such that t0 = 0, tk < tk+1 for
all k ∈ Z and

g`∗(Z) ∩ (Γ∗) = {g`∗(tk) : k ∈ Z} .
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This sequence is hence the sequence of times at which the geodesic line g`∗ passes through
Γ∗ (normalized by being at time t0 = 0 at ∗).

Let us fix a ∈ A such that x a ∈ C, and let us prove that there exists a unique pair
(k, α) ∈ Z×A(O) such that a = α atk0 .

g · 0

1 = g · 1
0

g · ∞

α

∞
ξk−1

ξk

γgatk0 · 1 ga · 1 gatk0 · 1

e∞
e0

∗ = g∗
gae∞ gae0

ga∗

We have g a ∗ ∈ Γ ∗, since the lift of x a in C̃ has the form γ g a for some γ ∈ Γ, and
g a ∗ = γ−1 ∗ ∈ Γ ∗. Hence there exists a unique k ∈ Z such that g a ∗ = g atk0 ∗.

Let ξk−1 and ξk be the points at infinity of the horoballs in the family (Hξ)ξ∈P1(K) into
which the edges g a e∞ and g a e0 respectively enter.

Note that g a · 1 is a rational point at infinity, since the lift of x a in C̃ has the form
γ g a for some γ ∈ Γ, and g a · 1 = γ−1 · 1 ∈ K ∪ {∞}.

By the simple transitivity of the projective action of PGL2(K) on P1(K)(3), let γ ∈ Γ
be the unique element of Γ sending ξk−1, ξk, g a · 1 to respectively ∞, 0, 1. Then γ sends
g a ∗ to ∗, g a e∞ to e∞ and g a e0 to e0. Therefore γ g a ·∞, which is irrational since equal
to γ g · ∞ and g · ∞ is irrational, is the point at infinity of a geodesic ray starting by the
edge e∞, hence belongs to (cO)\. Similarly, γ g a · ∞ belongs to M \. As γ g a · 1 = 1 by
construction of γ, we have γ g a ∈ C̃, and by Assertion (1), γ is the unique element of Γ
such that γ g a ∈ C̃.

Using arguments similar to the ones at the end of the proof of Assertion (3), since
g atk0 · 1 projects to g a ∗ = g atk0 ∗ on the union of g a e∞ and g a e0, the point at infinity
γg atk0 · 1 projects to γ g a ∗ = ∗ on the union of γ g a e∞ = e∞ and γ g a e0 = e0. Hence
there exists one and only one α ∈ A(O) such that γ g atk0 α · 1 = 1. Since γ g atk0 α and γ g a
give the same images to ∞, 0, 1, they are equal, hence a = atk0 α, for a unique α. This
proves Assertion (4).

(5) Let us fix x ∈ C. Let n = t1(x) be the first return time of the A-orbit of x to C, and
k = n

2 . We denote by g ∈ C̃ the lift of x to C̃. In particular, g fixes ∗, 1, e∞, e0.

ξ1 = 1
a1(g·0)

0

∞

g · ∞

k

g · 0
g · 1 = 1

g `∗

g

∗

an0 · 1

g an0∗

g an0 · 1

By the geometric interpretation of the continued fraction expansion of g · 0 ∈M (see
[Pau, §6]), we have

9



• the exiting time of g `∗ out of the horosphere H0 is n, and

k = deg a1(g · 0) ;

• the point at infinity of the horoball in the family (Hξ)ξ∈P1(K) into which enters the
geodesic line g `∗ after time n is the first partial quotient

ξ1 =
1

a1(g · 0)

of the continued fraction expansion of g · 0.
Note that g an0 maps ∗ to the unique intersection point of H0 and Hξ1 , as well as e∞

and e0 to the edges starting from g an0∗ and pointing towards the points at infinity 0 and
ξ1 respectively.

Define γ =

[
−a1(g · 0) 1

1 0

]
, which belongs to Γ. Note that γ, whose associated homog-

raphy is z 7→ 1
z −a1(g ·0), maps 0 to∞ and ξ1 to 0. Hence it maps the unique intersection

point of H0 and Hξ1 , which is g an0∗, to the unique intersection point of H∞ and H0,
which is ∗. It also sends the first edge of the geodesic ray from g an0∗ to 0, which is g an0e∞,
to the first edge of the geodesic ray from ∗ to ∞, which is e∞. Similarly, γ g an0e0 = e0.

Since γ g an0 fixes e∞ and e0, the point at infinity γ g an0 · ∞ (which is equal to γ g · ∞
hence is irrational) belongs to cO, and similarly γ g an0 · 0 ∈ M \. Furthermore, as seen
above, there exists a unique α ∈ A(O) such that γ g an0α · 1 = 1.

Therefore γ g an0α ∈ C̃, by uniqueness T (x) = xan0α and the unique lift of T (x) in C̃ is
γ g an0α.

We now compute

Θ ◦ T (x) = Θ̃(γ g an0α) = (γ g an0α · ∞, γ g an0α · 0) = (γ g · ∞, γ g · 0)

=
( 1

g · ∞
− a1(g · 0),

1

g · 0
− a1(g · 0)

)
= Ψ̃(g · ∞, g · 0) = Ψ̃ ◦Θ(x) .

This concludes the proof of Theorem 3. �

Let us introduce some notation before stating our next result. All measures in this
paper are Borel and nonegative.

We denote by µA, µA(O) = µA |A(O), µK̂ and µM = µ
K̂ |M , the Haar measures of the

locally compact abelian groups A, A(O), (K̂,+) and (M ,+) respectively, normalized as
usual so that µA(A(O)) = 1 and µ

K̂
(O) = 1.

For every x ∈ C, we define x± by

Θ(x) = (x−, x+) ∈ (cO)\ ×M \ .

Let Θ2 : C → M \ be the map Θ2 = pr2 ◦ Θ, where pr2 : (ξ−, ξ+) 7→ ξ+ is the projection
on the second factor, which is the continuous and surjective map on C = ΓC̃ induced by
the map g 7→ g · 0 from C̃ to M \. By Theorem 3 (5), the following diagram commutes:

C
T−→ C

Θ2 ↓ ↓ Θ2

M \ Ψ−→ M \ .

(3)
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Since A(O) is compact and open in G and by the uniqueness properties in Theorem 3
(4), the map from C × A(O) to X defined by (x, a) 7→ xa is a homeomorphism onto its
image, which is an open neighborhood of C in X. Denoting by CA(O) its image, the map
CA(O) → C defined by xa 7→ x for all x ∈ C and a ∈ A(O) is a fibration with fibers the
right orbits of A(O). The product group TZ × A(O) acts in the obvious way on CA(O).
We still denote by t1 : CA(O) → N − {0} the first return time in CA(O) of the orbits
under aZ0 , that is t1(xa) = t1(x) for all x ∈ C and a ∈ A(O). Given any measure µ on C,
we denote by µ⊗ µA(O) the pushforwards by (x, a) 7→ xa of the product measure of µ and
µA(O), which is a finite nonzero measure on CA(O) if µ is finite and nonzero.

We denote by MA the space of finite nonzero A-invariant measures on X\, by MTZA(O)

the space of finite nonzero TZ × A(O)-invariant measures m on CA(O) such that the
integral

∫
CA(O) t1 dm is finite and nonzero, by MT the space of T -invariant measures m on

C such that
∫
C t1 dm is finite and nonzero, and by MM the space of Ψ-invariant measures

m on M such that
∫
f∈M deg(a1(f)) dm(f) is finite and nonzero. We endow these spaces

with their weak-star topology.
We have maps

MA
F1−→ MTZA(O)

F2←− MT
(Θ2)∗−→ MM ,

where F1 : m 7→ m|CA(O), F2 : µ 7→ µ⊗ µA(O), and we define (see the proof below for the
invertibility of F2)

F = (Θ2)∗ ◦ (F2)−1 ◦ F1 : MA →MM .

We denote by δx the unit Dirac mass at any point x in any measurable space.

The following result strengthens the statement announced in the Introduction relating
A-orbits to Ψ-orbits, and gives the measure-theoretic correspondence. The use of semi-
groups comes from the fact that Ψ is non invertible. Recall that the analogue, for the Artin
map Ψ : x 7→ 1

x −
[

1
x

]
, of the Gauss measure on [0, 1] for the Gauss map x 7→ 1

x −
⌊

1
x

⌋
,

is the Haar probability measure of the additive group M (see for instance [BP, Prop. 5.6]
for a dynamical explanation).

Theorem 4 (1) For every x ∈ C, the image by Θ2 of the intersection with C of the
orbit of x by right translations under the semigroup A+ = A(O) aN0 is equal to the
Ψ-orbit of Θ2(x) :

Θ2

(
C ∩ (xA+)

)
= ΨN(Θ2(x)) .

In particular, if x ∈ C is A-periodic, then Θ2(x) is a quadratic irrational. Further-
more, the period of x ∈ C under the iteration of T is equal to the period of the periodic
part of the continued fraction expansion of Θ2(x).

(2) The map F : MA →MM is a homeomorphism for the weak-star topologies, such that
F (cm+m′) = c F (m)+F (m′) and F (m) ≤ F (m′′) for all c > 0 and m,m′,m′′ ∈MA

such that m ≤ m′′.

(3) The restriction to CA(O) of the G-invariant probability measure mX on X disinte-
grates by the fibration CA(O) → C, with conditional measures the A(O)-invariant
probability measures on the fibers, over a finite measure mC on C such that, for every
x ∈ C, using the homeomorphism Θ : x 7→ (x−, x+),

dmC(x) =
q(q − 1)2

2

dµ
K̂

(x−)

|x−|4∞
dµ

K̂
(x+) .

11



Furthermore, the pushforwards under Θ2 of mC is equal to a multiple of the Haar
measure on M :

(Θ2)∗mC =
q4(q − 1)2

2(q2 + q + 1)
µM ,

and the measure on M corresponding to the G-invariant probability measure mX on
X is a multiple of the Haar measure on M :

F (mX) =
q4(q − 1)2

2(q2 + q + 1)
µM .

(4) If x ∈ C is A-periodic in X, then for k big enough, the measure on M corresponding
to the A-invariant probability measure µTkx on the A-orbit of T kx, normalized to
be a probability measure, is equal to the equiprobability on the (finite) Ψ-orbit of
Θ2(T kx): More precisely, if nx is the period of the periodic part of the continued
fraction expansion of Θ2(x), then

F (µTkx) =
1

2
∑k+nx

n=k+1 deg ai(Θ2(x))

∑
1≤n≤nx

δΨn+k(Θ2(x)) .

In the last claim, we may take k = 0 if x is A+-periodic, and in general k may be taken
to be any time after which the continued fraction expansion of Θ2(x) is periodic.

Proof. (1) It follows from Theorem 3 (4) that

C ∩ (xA+) = {xαka0
tk : k ∈ N} = {T k(x) : k ∈ N} .

The result then follows from the commutativity of the diagram in Equation (3).

(2) Step 1 : It is clear that the map (Θ2)∗ : MT → MM is order preserving and
linear (for positive scalars). Let us prove that it is a weak-star homeomorphism. There is
a direct proof of this, but we will use a symbolic dynamics argument, as it is illuminating.

For every x ∈ C, let [0; a1, a2, . . . ] be the continued fraction expansion of x+ ∈ M \

and let [a0; a−1, a−2, . . . ] be the continued fraction expansion of x− ∈ (cO)\, so that ai ∈
R − Fq for all i ∈ Z. Let σ : (R − Fq)Z → (R − Fq)Z be the (two-sided) shift defined by(
σ((xi)i∈Z)

)
i

= xi+1 for all i ∈ Z. Then by [BP, Theo. 3.7] and Theorem 3 (2) and (5),
the map Ξ : C → (R − Fq)Z defined by x 7→ (ai)i∈Z is a homeomorphism such that the
following diagram commutes

C
Ξ−→ (R− Fq)Z

T ↓ ↓ σ

C
Ξ−→ (R− Fq)Z .

Let σ+ : (R − Fq)N−{0} → (R − Fq)N−{0} be the (one-sided) shift defined by the formula(
σ+((xi)i∈N−{0})

)
i

= xi+1 for all i ∈ N− {0}. By the properties of the continued fraction
expansions, the map cfe : M \ → (R − Fq)N−{0} defined by f 7→ (ai(f))i∈N−{0} is a
homeomorphism such that the following diagram commutes

M \ cfe−→ (R− Fq)N−{0}

Ψ ↓ ↓ σ+

M \ cfe−→ (R− Fq)N−{0} .
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Let π+ : (R − Fq)Z → (R − Fq)N−{0} be the map, called the natural extension, forgetting
the past, defined by π+((xi)i∈Z) = (xi)i∈N−{0}. The following diagram commutes by
construction

C
Ξ−→ (R− Fq)Z

Θ2 ↓ ↓ π+

M \ cfe−→ (R− Fq)N−{0} .

Note that, as already seen, for every x ∈ C,

t1(x) = 2 deg a1(Θ2(x)) ,

so that
∫
M deg a1 d(Θ2)∗µ = 1

2

∫
C t1 dµ for every measure µ on C.

Step 1 now follows, by conjugation of dynamical systems, from the well-known fact
(see for instance [Kit], or use the fact that the symbolic Borel σ-algebras are generated by
the cylinders and Kolmogorov’s extension theorem) that the pushforwards map (π+)∗ is
a weak-star homeomorphism between the space of σ-invariant measures on (R − Fq)Z for
which deg x1 is integrable and the space of σ+-invariant measures on (R − Fq)N−{0} for
which deg x1 is integrable.

Step 2 : Let us prove that the map F2 : MT →MTZA(O) is a weak-star homeomorphism.
Since

∫
CA(O) t1 d(µ ⊗ µA(O)) =

∫
C t1 dµ for every measure µ on C, and since TZ and

A(O) commute, the measure µ⊗ µA(O) is indeed TZ × A(O)-invariant if µ is T invariant,
hence F2 is well defined. It is clear that F2 is order preserving and linear.

Every finite nonzero TZ × A(O)-invariant measure m on CA(O) disintegrates by the
fibration CA(O) → C. The conditional measures on the fibers, which are A(O)-invariant
and may be assumed to be probability measures, are hence equal to the A(O)-invariant
probability measures, by uniqueness. Since the return time t1 is constant on the fibers, the
measure on C over which m disintegrates hence belongs to MT if m belongs to MTZA(O).
Step 2 follows.

Step 3 : Let us finally prove that the map F1 : MA → MTZA(O) is a weak-star home-
omorphism. Since it is clear that F1 is order preserving and linear, Steps 1 to 3 prove
Assertion (2) of Theorem 4 by composition.

Since CA(O) is open in X\, and since any A-orbit in X\ meets C, for every finite
nonzero A-invariant measure m on X\, the measure m|CA(O) is finite and nonzero. The
open subset CA(O) is a transversal for the action of a0. If t0 : X\ → N is the first passage
time in CA(O) of the orbit of a0, that is,

t0 : x 7→ min{n ∈ N : an0x ∈ CA(O)} ,

and if T0 : X\ → CA(O) is the first passage map x 7→ a
t0(x)
0 x in CA(O) of the orbit of a0,

then {t ∈ Z : at0x ∈ CA(O)} is exactly the set {t0(x) + tk(T0(x)) : k ∈ Z}. Since CA(O)
is open, the disintegration of any A-invariant measure with respect to this transversal is
simply the restriction of m to CA(O), and this restriction is A(O)-invariant. Therefore
the discrete time dynamical system (X\, a0) identifies with the discrete time suspension of
the discrete time dynamical system (CA(O), T ) with roof function t1. Furthermore, any
measure on CA(O) which is invariant both under T and A(O) suspends to an A-invariant
measure, whose total mass is the integral of the roof function. Step 3 follows.
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(3) The proof of the first claim in Assertion (3) of Theorem 4, that is, the computation
of

mC = (F2)−1 ◦ F1(mX) ,

follows from the next proposition.

Proposition 5 The restriction F1(mX) to CA(O) of the G-invariant probability mea-
sure mX on X satisfies, for all x ∈ C and a ∈ A(O), using the homeomorphism xa 7→
(x−, x+, a) from CA(O) to (cO)\ ×M \ ×A(O),

dmX(xa) =
q(q − 1)2

2

dµ
K̂

(x−)

|x−|4∞
dµ

K̂
(x+) dµA(a) .

Proof. Let us denote by dv the counting measure on the discrete set V T. Recall that
Hopf’s parametrisation is the homeomorphism from GT onto its image in ∂∞T×∂∞T×V T
defined by ` 7→ (`(−∞), `(+∞), `(0)). Let m̃BM be the (locally finite, positive, Borel)
measure on GT defined, using Hopf’s parametrisation, on the full measure set of ` ∈ GT
such that `(±∞) 6=∞, by

dm̃BM(`) =
dµHau(`(−∞)) dµHau(`(−∞)) dv(`(0))

|`(−∞)− `(+∞)|2∞
. (4)

By well-known arguments of for instance [BuM], [Rob], [BP, §4] and [BPP, §4.4], since
Γ is a lattice in G, the measure m̃BM is invariant on the left by the action of Γ and
on the right by the geodesic flow, and defines a finite nonzero measure mBM on Γ\GT
invariant by the geodesic flow (called the Bowen-Margulis measure). Furthermore, the
G-invariant probability measure mX on X disintegrates with respect to the fiber bundle
X = Γ\G → Γ\GT = Γ\G/A(O) defined by Γg 7→ Γg`∗, over the probability measure
mBM
‖mBM‖ , with conditionnal measures the A(O)-invariant probability measures on the fibers.

Recall that for all x ∈ C, we have x− = g · ∞ = g`∗(−∞) and x+ = g · 0 = g`∗(+∞)
where g is the unique lift of x in C̃; furthermore g`∗(0) = g ∗ = ∗ is constant. As seen
during the proof of Theorem 3, if γ ∈ Γ fixes g`∗ for some g ∈ C̃, then it fixes ∗, e∞ and e0,
hence it belongs to PGL2(O) ∩ Γ = PGL2(Fq) and is diagonal, but a non trivial element
of PGL2(Fq)∩A does not fix an irrational point at infinity. Hence the stabilizer in Γ of an
element of C̃ `∗ is trivial. By Equation (4), we thus have, for all x ∈ C and a ∈ A(O),

dmX(xa) =
1

‖mBM‖
dµHau(x−) dµHau(x+)

|x− − x+|2∞
dµA(a) .

For all x ∈ C, we have x− ∈ cO and x+ ∈ M , hence |x+|∞ < 1 < |x−|∞, so that
|x− − x+|∞ = |x−|∞. By [BPP, Prop. 15.2 (1)] (where µHau was normalized in this
reference to have total mass q+1

q instead of 1, by [loc. cit., Prop. 15.2 (2)]), on the set of
ξ ∈ ∂∞T = K̂ ∪ {∞} such that ξ 6=∞, we have

dµHau(ξ) =
q

q + 1

dµ
K̂

(ξ)

max{1, |ξ|2∞}
.

Note that ‖mBM‖ = 2
q(q−1)2

(
q
q+1

)2
, by [BPP, Prop. 15.3 (1)] (again using the above

difference of normalization). Hence

dmX(xa) =
q(q − 1)2

2

dµ
K̂

(x−)

|x−|4∞
dµ

K̂
(x+) dµA(a) .
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The result follows. �

By the first claim in Assertion (3) of Theorem 4, we immediately have that there
exists a constant c > 0 such that (Θ2)∗mC = c µ

K̂ |M \ = c µM . We have µ
K̂

(M ) = 1
q

by the normalization of µ
K̂

and the fact that O = tx∈Fq(x + M ). This implies that
c = q ‖mC‖ = q mX(CA(O)).

Note that K̂ − O = tu∈R−Fq(u + M ), and that there are (q − 1)qn polynomials in R
with degree n for every n ∈ N. Hence, by Proposition 5, we have

mX(CA(O)) =
q(q − 1)2

2

∫
cO

dµ
K̂

(x−)

|x−|4∞
µ
K̂

(M ) µA(A(O))

=
(q − 1)2

2

∑
u∈R−Fq

∫
y∈M

dµ
K̂

(y)

|u+ y|4∞
=

(q − 1)2

2

∑
u∈R−Fq

µ
K̂

(M )

|u|4∞

=
(q − 1)2

2q

+∞∑
n=1

(q − 1)qn

q4n
=

q3(q − 1)2

2(q2 + q + 1)
.

This proves the second claim in Assertion (3) of Theorem 4, and the last one follows by
composition.

(4) Let us fix x ∈ C which is A-periodic in X\. As seen in Assertion (1), x is periodic
under all the iterations of T hence periodic after a certain time under the positive iterations
of T . Let k0 be the first time after which x is periodic under the positive iterations of T , and
k ≥ k0. Up to replacing x by T kx, we may assume that the continued fraction expansion
of Θ2(x) is periodic (from the beginning). We then have

CA(O) ∩ xA = {Tn(x)A(O) : 0 ≤ n < nx} .

Furthermore, for all y ∈ C and a ∈ A(O),

dµx |CA(O)(ya) =
µx(CA(O))

nx

nx−1∑
n=0

δTn(x) dµA(a) ,

where µx(CA(O)) = nx∑nx−1
n=0 t1(Tn(x))

is the proportion of points of the aZ0 -orbit of x that

are in CA(O). Recalling that the first return time satisfies t1(x) = 2 deg a1(Θ2(x)) and by
the commutativity of the diagram in Equation (3), this proves the result. �

3 Behavior of continued fraction expansions along Hecke rays

In this section, we give more precisions on the correspondence between A-orbits in the
moduli space X and Ψ-orbits in M , for the case of quadratic irrationals. We study the
behavior of the degrees of the coefficients of the continued fraction expansions of the images
in M of A-periodic elements in X varying along Hecke rays, and we prove Theorem 1 and
Theorem 2.

We start by recalling some definitions from for instance [KePS]. For every x ∈ X
and every prime polynomial P in R, the P -Hecke tree TP (x) with root x is the connected
component of x in the graph with vertex set X, with an edge between the homothety
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classes of two R-lattices Λ and Λ′ when Λ′ ⊂ Λ and Λ/Λ′ is isomorphic to R/PR as an
R-module. If x = Γg = g−1[R×R], we hence have

TP (x) = {g−1γ [R× PnR] : γ ∈ Γ, n ∈ N} .

The boundary at infinity of TP (x) identifies with the projective line P1(KP ) over the
completion KP of K for the P -adic absolute value |x|P = q−vP (x), where vP (PmA

B ) = m
for all m ∈ Z and A,B ∈ R not divisible by P (with B 6= 0). A geodesic ray starting from
x (called a Hecke ray) in TP (x) is called rational if its point at infinity belongs to P1(K),
that is, if it is of the form n 7→ g−1γ[R×PnR] for some fixed γ ∈ Γ. We refer for instance
to [KePS, §1] for details and more informations.

Now let us fix f ∈ QI. We denote by fσ ∈ QI the Galois conjugate of f over K. Let

gf =

[
fσ f
1 1

]
∈ PGL2(K̂). Let tf = fσ−1

1−f ∈ K̂ and af = α0(tf ) ∈ A. Finally, let

xf = Γ gf af ∈ X .

Note that for all
(
a b
c d

)
∈ GL2(K), we have

(
a b
c d

)(
fσ f
1 1

)
=

(
afσ+b
cfσ+d

af+b
cf+d

1 1

)(
cfσ + d 0

0 cf + d

)
. (5)

Hence for every γ ∈ PGL2(K), we have

xfA = Γγ gf afA = Γgγ·fA = xγ·fA . (6)

Lemma 6 The points Γ gf and xf of X are A-periodic. If f ∈ M and fσ ∈ cO, then
af ∈ A+, xf ∈ C and Θ(xf ) = (fσ, f), so that Θ2(xf ) = f .

Proof. Let γ ∈ Γ − {id} projectively fixing f (hence fσ), with v∞(tr γ̃) 6= 0 for some
lift γ̃ ∈ GL2(R) of γ. The existence of γ is classical, see for instance [Ser, KePS] and
Proposition 17.2 with Equation (15.6) in [BPP]. By Equation (5), there exists w ∈ R+fR

such that γ gf = gf

[
wσ 0
0 w

]
= gf α0(t), with v∞(t) = v∞(tr γ̃) 6= 0. The fact that Γ gf

(and hence xf , which is in the same A-orbit) is A-periodic then follows for instance from
[KePS, Prop. 11].

Now assume that f ∈M and fσ ∈ cO. Then v∞(tf ) = v∞(fσ) < 0, hence af ∈ A+.
Let g′f = gf af . An easy computation gives

g′f (∞, 0, 1) =

[
fσ f
1 1

] [
1 0
0 tf

]
(∞, 0, 1) = (fσ, f, 1) .

Hence g′f ∈ C̃, thus xf = Γg′f ∈ C = ΓC̃. We have

Θ(xf ) = Θ̃(g′f ) = (g′f · ∞, g′f · 0) = (gf · ∞, gf · 0) = (fσ, f) , (7)

so that Θ2(xf ) = pr2 ◦Θ(xf ) = f . �
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Proof of Theorem 1. Let f ∈ QI.
Let us prove the first assertion of Theorem 1. We fix an irreducible polynomial P ∈ R.

For every n ∈ N, let γn ∈ Γ be such that the quadratic irrational

fn = γn · (Pnf)

satisfies fn ∈M and fn ∈ cO. Since the projective action of Γ = PGL2(R) on QI does not
change the period of the eventually periodic continued fraction expansion of f , up to cyclic
permutation and multiplications by elements of F×q (which do not change the degrees),
there exist kn, k′n ∈ N − {0} such that the continued fraction expansions of fn and Pnf
are indeed periodic after the times kn and k′n respectively, with the same period length
`n ∈ N− {0}, such that for every i ∈ N,

deg akn+i(P
nf) = deg ak′n+i(fn) .

By Equation (5), for every n ∈ N, there exists bn ∈ A such that gfnbn = γn gPnf . Hence

Γgfnbn = (gfnbn)−1[R×R] = (γngPnf )−1[R×R] = g−1
f

[
Pn 0
0 1

]−1

γ−1
n [R×R]

= g−1
f [R× PnR] .

Therefore (Γgfnbn)n∈N is the sequence of vertices along a rational Hecke ray in the P -Hecke
tree TP (Γgf ). Note that Γgf is A-periodic by the first claim of Lemma 6.

For every n ∈ N, the point xfn = Γgfnafn , which belongs to C by Lemma 6, is in the
same A-orbit as Γgfnbn. Let λn ∈ N− {0} be the period of Γgfn afn `∗ under the geodesic
flow on Γ\GT, which is also the period of Γgfn bn `∗, since A preserves `∗.

Since `∗(+∞) = 0, the geodesic line gfn afn `∗, through ∗ at time t = 0, has point at
+∞ equal, using Lemma 6, to

gfn afn · 0 = Θ2(xfn) = fn.

By Equation (2), and by the geometric interpretation of [Pau, §6], we have

λn =

k′n+`n−1∑
i=k′n

2 deg ai(fn) =

kn+`n−1∑
i=kn

2 deg ai(P
nf) .

With p∞ : X → Γ\V T the canonical projection given by Γg 7→ Γg∗, we defined in [KePS,
Eq. 4] the height of x ∈ X by

ht∞(x) = dΓ\V T (p∞(x),Γ ∗) .

Note that ht∞(x a) = ht∞(x) for all x ∈ X and a ∈ A(O). Hence using again Equation
(2) and the geometric interpretation of [Pau, §6], we have

ht∞(Γgfnbn) ≤ sup
i∈Z

ht∞(Γgfnbna
i
0) = sup

i∈Z
ht∞(Γgfnafna

i
0)

= max
i=k′n, ..., k

′
n+`n−1

deg ai(fn) = max
i=kn, ..., kn+`n−1

deg ai(P
nf) .

17



By [KePS, Eq. (14)] and the four lines following it, there exists c > 0 such that for
every N ∈ N,

lim inf
n→+∞

2
(

maxi=kn, ..., kn+`n−1 deg ai(P
nf)−N

)
2
∑kn+`n−1

i=kn
deg ai(Pnf)

≥ lim inf
n→+∞

2(ht∞(Γgfnbn)−N)

λn
≥ c .

This indeed proves the first assertion of Theorem 1.

The second assertion of Theorem 1 follows from [KePS, Lem. 13], whose hypothesis
are exactly the ones of this second assertion. The change between lim inf in the definition
of c-degree-escaping continued fraction expansions and lim sup in the second assertion of
Theorem 1 comes from the fact that we need in the final Remark of [KePS, §4.1] to take
a subsequence of the sequence of vertices along the rational Hecke ray in order to obtain
full escape of mass.

In order to prove the last assertion of Theorem 1, let again P ∈ R be an irreducible
polynomial. Since the P -Hecke tree of x = Γg ∈ X is

TP (x) =
{
g−1γ−1α0(Pn) [R×R] : γ ∈ Γ, n ∈ N

}
,

since α0(P−n)γgf and gPnγ·f have the same A-orbit on the right by Equation (6), Theorem
1 (3) then follows from [KePS, §4.2]. �

Proof of Theorem 2 in the introduction.
We will actually prove the stronger statement that the uncountably many sequences

(γ′′n)n∈N in Γ we are going to construct satisfy the fact that for each one of them, there
exists an increasing sequence (kn)n∈N in N such that the images of γ′′n and γ′′n+1 in the
group PGL2(R/(P knR)), by the reduction modulo P kn of their coefficients, are equal.

Let P ∈ R be an irreducible polynomial. Let x ∈ X and g ∈ G such that x = Γg. We
again refer to [KePS, §2.5] for the basic facts we are using on the Hecke trees. For every
point at infinity ξ of the Hecke tree TP (x), let (xξn)n∈N be the sequence of vertices along
the geodesic ray in TP (x) from x to ξ. In particular x0

n = g−1[R × PnR]. Recall that
the action of Γ on the sphere of radius n ∈ N centered at x in TP (x) is transitive. Hence
there exists a sequence (γn)n∈N in Γ such that xξn = g−1γ−1

n [R × PnR]. The fact that
xξn belongs to the geodesic segment from x to xξn+1 is equivalent to the fact that γn+1γ

−1
n

belongs to the Hecke subgroup modulo Pn of Γ, which is the subgroup of elements of Γ
whose (2, 1)-coefficient vanishes modulo Pn.

By [KePS, Theo. 4], there exists c′ > 0 and uncountably many points at infinity ξ of
TP (x) such that for every A-periodic y ∈ X, there exists an increasing sequence (nk)k∈N
in N such that the weak-star limit θ = limk→∞ µxnk exists and satisfies θ ≥ c′µy. Since
F : MA →MM is weak-star continuous, linear and order preserving by Theorem 4 (2), we
have limk→∞ F (µxnk ) ≥ c′F (µy). Hence since the measures are finite and nonzero, with

c′′ =
c′‖F (µy)‖
‖θ‖ > 0 (which depends on ξ, y and the subsequence), we have

lim
k→∞

F (µ
xξnk

)

‖F (µ
xξnk
‖
≥ c′′ F (µy)

‖F (µy)‖
. (8)

Now let f ∈ QI. We may assume that f ∈M \ and fσ ∈ (cO)\, up to replacing f by
γ · f by some γ ∈ Γ, which does not change the conclusion of Theorem 2. We now take
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x = xf ∈ C and g = gfaf (see Lemma 6). We consider the uncountably many sequences
(γn)n∈N in Γ associated with the above uncountably many points at infinity ξ of TP (xf ).
Let αn ∈ Γ be such that fn = αn · (Pnγn · f) belongs to M \ and fσn to (cO)\, and besides
such that νfn = νPnγn·f (in order to have this, we might need to multiply such a first αn
by an element of α0(F×q ) ⊂ Γ, see [BN, Theo. 1] for an explanation).

As in the proof of Theorem 1, there exists bn ∈ A such that xξn = ΓgPnγn·fbn, which is in
the same A-orbit as Γgfnafn . Again by Lemma 6, we have Γgfnafn ∈ C and Θ2(Γgfnafn) =
fn. Hence by Theorem 4 (4), we have

F (µ
xξn

)

‖F (µ
xξn
‖

= νfn = νPnγn·f .

Let f ′ ∈ QI and y = xf ′ . Up to replacing f ′ by γ · f ′ by some γ ∈ Γ, we assume that
f ′ ∈M and (f ′)σ ∈ (cO)\ . Similarly, by Theorem 4 (4), we have

F (µy)

‖F (µy‖
= νf ′ .

The result then follows from Equation (8). �
�
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