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Abstract

Let R = F,[Y] be the ring of polynomials over a finite field F, let K= F,((Y~1))
be the field of formal Laurent series over Fy, let f € K be a quadratic irrational
over F,(Y) and let P € R be an irreducible polynomial. We study the asymptotic
properties of the degrees of the coefficients of the continued fraction expansion of
quadratic irrationals such as P"™f as n — 400, proving, in sharp contrast with the
case of quadratic irrationals in R over Q considered in [AS], that they have one such
degree very large with respect to the other ones. We use arguments of [BP] giving a
relationship with the discrete geodesic flow on the Bruhat-Tits building of (PGLg, K)
and the escape of mass phenomena of | | for A-invariant probability measures
on the compact A-orbits along Hecke rays in the moduli space PGLy(R)\ PGLy(K)
under the diagonal subgroup A of PGLQ(I? ).t

1 Introduction

This paper gives a positive characteristic analogue (with a surprisingly different outcome)
of results of Aka-Shapira [AS]. They studied the statistics of the period of the contin-
ued fraction expansion of arithmetically constructed sequences of quadratic irrational real
numbers. For instance, given o € R a quadratic irrational over Q and p € Z a prime,
they proved that the equiprobability measures on the periodic part of the orbit of the frac-
tional part of p™a under the Gauss map weak-star converges towards the Gauss-measure
on [0, 1] as n — 4o00. Using the dynamical approach of | | and proving the arithmetic
applications announced there, we will prove that in positive characteristic on the contrary,
the coefficients of the continued fraction expansion along similar sequences of quadratic
irrationals have a very irregular distribution (see in particular Theorem 2).

Let us give a more precise description of our results. Let IF, be a finite field of order a
positive power ¢ of a prime p different from 2, and let K = Fy(Y") be the field of rational
functions in one variable Y over F,. Let R = [F;[Y]| be the ring of polynomials in Y over
Fy, let K = F,((Y~1)) be the non-Archimedean local field of formal Laurent series in ¥~
over Fy, let & = F,[[Y 1] be the local ring of K (consisting of power series in Y1 over
F,), and let .#/ = Y10 be the maximal ideal of &.

Any element f € K may be uniquely written f = [f] + {f} with [f] € R (called
the integral part of f) and {f} € 4 (called the fractional part of f). The Artin map

'Keywords: quadratic irrational, continued fraction expansion, positive characteristic, Artin map,
Hecke tree, Bruhat-Tits tree. AMS codes: 11J70, 20E08, 20G25, 37A17, 22F30.
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U 4 — {0} — A is defined by f +— {%} Any f € K irrational (that is, not in K) has
a unique continued fraction expansion

f=ao+ ,
ai +
az +

1

with ag = ao(f) = [f] € R and a,, = a,(f) = [m] a non constant polynomial for
n > 1 (called the coefficients of the continued fraction expansion of f).

Let QI = {f € K : [K(f): K] = 2} be the set of quadratic irrationals over K in
K. Given fe K-K , it is well known that f € QI if and only if the continued fraction
expansion of f is eventually periodic. Note that the projective action (denoted by -) of
PGLy(R) on Py (IA( ) = KU {oo} preserves QI, keeping the periodic part of the continued
fraction expansions unchanged (up to cyclic permutation and invertible elements, see [BN]),
and that for all z € K and f € QI, we have F € QI. We refer for instance to the surveys
[Las, Sch] for background on the above notions.

Relying on the work | |, and as indicated in its introduction, we give below dis-
tribution properties of the periods of the continued fraction expansion of arithmetically
constructed sequences of quadratic irrationals in K over K , proving for instance that the
proportion of high degree coefficients in their continued fraction expansions might be pos-
itive.

For every f € QI, we denote by £; the length of the period of the eventually periodic
continued fraction expansion of f, and by dy 1,...,dfe, € N — {0} the degrees of the
polynomial coefficients appearing in this period (their order has no importance in this
paper). For ¢ € ]0, 1], we say that a sequence ( f,,)nen in QI has c-degree-escaping continued
fraction expansions if for every N € N,

lim inf WAXiL, ..o by, Ui = N

0
— fn
e Zi:l dfn,i

>c.

Theorem 1 Let f € QI.

1) For every irreducible polynomial P € R, there exists ¢ = cy p > 0 such that the
f’
sequence (P™ f)pen has c-degree-escaping continued fraction expansions.

(2) Let v € GLa(R) projectively fizing f whose discriminant P = (try)? — 4det~y is
irreducible over Fy. Then for all N € N,

HlaXZ‘:L_..anf dP"f,i - N

lim sup =1. (1)

n—+00 Zfi;f dpny g

(3) For every irreducible polynomial P € R, there exists ¢ = cy p > 0 such that for

uncountably many sequences (), )nen in PGL(F,[Y, %]), the sequence (), - f)nen has
c-degree-escaping continued fraction expansions.



Given f € QI and an irreducible polynomial P € R, the study of the properties of the
continued fraction expansion of (P" f),en is interesting in particular by the analogy with
the case of quadratic irrationals in R over Q, and the above results are strikingly different

from the ones obtained in [AS]. Indeed, given f € R a quadratic irrationnal over Q whose
continued fraction expansion (a,(f))nen is periodic after the time k¢ > 1 with period £,
as a consequence of the much stronger results in [AS|, we have, for every positive prime
integer p,
lim maXi:kf,...,kf+€pnf—1 log ai(p”f) — 0.
noree S log ai(pn f)

Assertion (1) of Theorem 1 in particular implies (for the sequence (P, = P")nen of
powers of any irreducible polynomial P € R) the following consequence of | , Theo. 4.5]
using | , Lem. 4.2]: If (ap k) ken is the continued fraction expansion of P, f for all n € N,
where (Pp,)nen is a sequence in F,[Y] with P, dividing P,41 and Py,41/P, having bounded
degree, then Supy, reN—{o} deg an k = +00.

Assertion (2) of Theorem 1, with the explicit example given after | , Lem. 13|,
implies for instance that if p=q¢ =3, P =Y?+4 and f = Y¥=v)"44 V22+4 so that the Galois

conjugate f? of f is the well-known continued fraction expansion fe =Y + ———

1
Y
+Y_|_...

then Equation (1) holds.

The main point of the proof of Theorem 1 is to relate the orbits of quadratic irrationals
under the Artin map to the compact orbits of the diagonal subgroup Aof G = PGLy(K ) on
the moduli space X of R-lattices (up to homotheties) in K x K. More precisely (forgetting
about measure zero subsets in this introduction, see Section 2 for exact statements), let
I' = PGL2(R) be Nagao’s lattice (see |[Nag, Wei]) so that X is the homogeneous space I'\G
endowed with the action of A by translations on the right. We construct, using [3P] and
[F2W, §9.6] as inspiration, a natural cross-section C' for the action of A on X and a natural
map Os : C — # such that if T': C' — C is the first return map in C of the orbits under
A, then we have a commutative diagram

c L c
@2\[{ \L®2
v
M — M.

Given a quadratic irrational f, assuming for simplicity that f € .# and that its Galois
conjugate does not belong to &, we construct in Lemma 6 an explicit element z; € C
whose A-orbit in X is compact, such that the image by ©5 of the intersection with C' of

the orbit of z; by right translations under the semigroup A4 = { [(1) ?c] : fe K-0 },

is equal to the orbit of f under the iterations of W.

We then apply in Section 3 the results of | | on the escape of mass of the A-invariant
probability measures on the compact A-orbits in X varying along rays in the Hecke trees
of elements of X associated to a given irreducible polynomial in R.

We conclude this introduction by stating a distribution result for the orbits under
the Artin maps of arithmeticaly defined families of quadratic irrationals, again in sharp
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contrast with the ones obtained in [AS], and again using the above-mentionned results
of | |. For every f € QI, let v; be the equiprobability on the periodic part of the
U-orbit of { f}. Given nice sequences (f,)nen in QI, it is interesting to study the weak-star
accumulation points of the equiprobabilities vy, as n — +oo.

Theorem 2 Let f € QI and P € R be an irreducible polynomial. For uncountably many
sequences () )nen in PGLa(R), for every ' € QI, there exists ¢ > 0 and a weak-star
accumulation point 6 of the equiprobabilities vpnyy.y such that 0 > cvy.

In particular, 6 is not absolutely continuous with respect to the Haar measure of .Z,
which is the analog for the Artin map ¥ of the Gauss measure for the Gauss map. Thus this
proves that there are many Hecke-type sequences (P 7, - f)ren of quadratic irrationals
whose continued fraction expansions not only have coefficients with degree almost equal
to the sum of the degrees on the period, but also have a positive proportion of coefficients

which are constant (say equal to Y, taking for instance f' =Y 4+ ————).

1
Y
+Y+...
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2 A cross-section for the orbits of the diagonal group

In this first section, we give an explicit correspondence between the orbits in the moduli

space PGLa(I")\ PGL2(K) under the diagonal subgroup and the orbits in .# under the

Artin map ¥. We start by recalling some notation and definitions from [Ser, , ,
|.

We denote by veo : K — ZU{+00} the (normalized, discrete) valuation on K such that
Voo(P) = —deg P for all P € R—{0} (and v5c(0) = +00), and again by v : K — ZU{+00}
its continuous extension to K for the absolute value

|x‘oo = qivoo(x) .
The convergence of the continued fraction expansions takes place in K endowed with | |oo-

Let G be the locally compact group PGL2(K), and let I' = PGL2(R), which is a
nonuniform lattice in G. Let A be the image in G of the diagonal subgroup of GLa(K). We
denote by A(0) the image in G of the group of diagonal matrices with diagonal coefficients

in 6. We denote by [Z 2} the image in G of (Z Z) € GLQ(IA(), and by «q : KX > A

. . 1 :
the group isomorphism ¢ — [ ] . From now on, we consider ag = ap(Y").

0 t

Let X = I'\G. The map I'g g '[R x R] identifies X with the space of homothety
classes/\of R/—\lattices/\ in K x K (that is, of rank 2 free R-submodules spanning the vector
plane K x K over K). A point x € X is called A-periodic if its orbit by right translations
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under A is compact. This orbit zA then carries a unique A-invariant probability measure,
denoted by p,.

We denote by Py (K )(3) the space of triples of pairwise distinct points in P (K ), and
by ]P’l(K)( )t * its intersection with (K K)? x ]P’l(K) Recall that the diagonal action of
G = PGLy(K) on Py (K)® is simply transitive, so that G identifies with P1(K)®) by the
map g — g(00,0,1) and X identifies with T'\P;(K)® by the map I'g — I'g(c0,0,1). We
denote by G¥ the dense measurable subset of G corresponding to IP’l(I? )(3)h. It has full
measure for any Haar measure on G. It is ['-invariant on the left, since the projective
action of T preserves Py (K) — P1(K) = K — K. It is A-invariant on the right, since the
projective action of A preserves oo and 0. We denote by X% the dense measurable subset
of X corresponding to I'\P;(K)®)", which is A-invariant on the right and has full measure
for the G-invariant probability measure mx on X. We also define

M= M —(MNK) and (O)f=K—(OUK),
the subsets of irrational points in .# and “& respectively.

Let us recall some background on the Bruhat-Tits tree T of (PGLg, K) from [Scr] or
| , §2.3]. It is a regular tree of degree g + 1, endowed with an action of G by auto-
morphisms (without inversions). Its (discrete) set of vertices VT is the set of homothety
classes (under K *) of O-lattices in KxK , endowed with the maximal distance such that
the distance between the endpoints of any edge is 1.

We denote by ET its set of edges, by o : ET — VT the origin map of edges, and by
x = [0'x O] its standard base point, whose stabilizer in G is the maximal compact subgroup
PGLy(0) of G, so that the map g — gx induces an identification between G/ PGLy(0)
and VT.

The boundary at infinity OsoT of T identifies (G-equivariantly) with the projective line
Py (K) over K, which itself identifies with K U {co} using the map (z,y) — zy~!. We
endow it with the unique probability measure fipay invariant under the compact group
PGL2(0). We denote by g - £ the projective action of g € G on & € Py (K ) OsoT.

We say that an edge e of T points towards a point at infinity & € 05T if its terminal
point t(e) belongs to the geodesic ray starting from its original point o(e), with point at
infinity &.

We denote by 4T the space of geodesic lines in T (that is, the set of isometric maps
¢ : 7 — VT endowed with the compact-open topology), and by £, € 4T the unique geodesic
line with 4, (—00) = 00, £4(+00) = 0, and £,(0) = *, so that ¢,(n) = aj'* for every n € Z.
We denote by (¢ )nez the (discrete time) geodesic flow on ¥T, where ¢pl : k — £(k +n)
for alln € Z and ¢ € YT, as well as its quotient flow on T'\¥T. The stabilizer of ¢, for the
transitive action (g,¢) — {gf: k— gf(k)} of G on 4T is exactly A(&). Hence the map
g — g/, induces a homeomorphism from G/A(0) to 4T. We have the following crucial
property relating the right action of A on X = I'\G and the geodesic flow on ¢4T: For all
g€ GandneZ,

Pn(gl) = gag L. (2)
Recall that the Buseman function of T is the map 8 : 05T X VT x VT — R defined by

B:(&z,y) = Be(w,y) = d(x,p) — d(y,p)

for any point p close enough to &, and in particular the point p € VT such that the
geodesic rays [z, &[ and [y, &[ with origin respectively x and y with point at infinity &
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intersect exactly in the geodesic ray [p,£[. A (closed) horoball in T centered at a point at
infinity £ € 05T is a sublevel set {x € VT : B¢(x,20) < 0} for some g € VT.

We denote (see for instance [I’ai1, §6.2]) by (% )¢cp, (k) the I-invariant family of max-
imal horoballs in T with pairwise disjoint interiors such that the point at infinity of .7z
is & If A = {2z € VT : Boo(x,*) < 0} is the horoball centered at oo whose boundary
contains *, then J = .77, for every v € I' such that v - oo = {. Note that

r«= |J oe=vr- |J A
£ePq(K) £ePq(K)

For instance (see loc.cit.), the horoballs in this family whose boundary contains the base
point * are the one centered at the elements in Py (F;) = F, U {oo}, and .# (respectively
€0, and 0*) is the set of points at infinity of the geodesic rays starting from % whose first
edge lies in 7 (respectively in %, and neither in J4j nor in J4,).

Let

az{géGu: g-oo€ 0O, g-0eH, g-1=1}
={geG: g-xe (OF, g-0e.4* g-1=1}.

As we shall see in the proof below, we actually have C' C PGLy(0) and if g — 7 is the
group morphism PGLy(0) — PGLy(0/.#) = PGLy(F,) of reduction modulo .#, then
g =id for every g € C. N

Let C' = I'C be the image of C' in X! = I‘\Gh by the canonical projection. We will in
particular prove in the next result that C' is a natural cross-section for the right action of
A : Every orbit of A in X! meets C' in an infinite countable subset. As in [3P, Theo. 3.7],
let

U: (O x M — (O x M
be the map defined by
1 1

&)= (—— | V(&4)) -
IS

Theorem 3 (1) The subset C' of X' is closed in X', and the restriction to C of the
canonical projection G — X = T'\G is a homeomorphism from C to C.

(2) The map © : g (g-00,g-0) from C to P1(K)? induces a homeomorphism
0:C— (0)f x 4°.
(3) Every A-orbit in X* meets C.

(4) For every x € C, there exist unique sequences (o = a(x))kez in A(O) and (t;, =
ti(x))kez in 27 with ag = id, to = 0 and ty < tgy1 for all k € Z such that

rANC = {zaga™ : ke Z}.

We denote by T : C — C the map x — zayapt.



(5) The following diagram is commutative

c S (O x .

T IR
c 2 (O x ..

We call C the cross-section for the action of A on X% We say that t;(x) is the first
return time in C' of the orbit of x € C under A, and we call T the first return map of the
orbits under A in the cross-section C.

Note that T is a homeomorphism, with t,,,(T"x) = tymin(x) — tm(z) and apn, (T"x) =
Qman () ()7L for all m,n € Z.

The commutativity of the diagram in Assertion (5) is inspired by, and closely related
to, the commutativity of the diagram in [BP, Theo. 3.7].

Proof. (1) The closure C of Cin Gis{g e G : g-oo€ “O,g-0€ M,g-1=1},
which is closed since the conditions on g - 0o, g -0 and g - 1 are closed. By the description
of the geodesic rays in T starting from x, any geodesic line ¢ with endpoints ¢(—c0) € €0
and ¢(4+00) € 4 passes through the base point *, and the closest point projection of

1ePy (IA( ) = 0T on £ is equal to . Hence if g € C, since g commutes with the closest
point projections on geodesic lines, we have gx = *. Therefore g € 5 is contained in the
stabilizer PGLg (&) of * in G, which is compact. Hence 5 is compact and so is its image
I'Cin X = I\G. Thus C = XN T'C is closed in X*.

Let us prove that the canonical projection G — X is injective on 5 Since its image
in X is I Fg, and since 5 is compact and X is Hausdorff, this proves that the orbit map

C —TCisa homeomorphism, and so is C—C by restriction.

Let us denote by g — g the group morphism PGLy(€0) — PGLy(0/ 4#) = PGL2(F,)
of reduction of coefficients modulo .#, which is the identity map on PGLy(IF;). Recall (see
for instance [Ser]) that we have an identification between the link

lk(x) ={e€ ET : o(e) = x}
of the vertex * in T and the finite projective line P (F,) = F, U {oo} which is equivariant

under the reduction morphism PGLy(0) — PGLa(F;). For every v € T, if there exists
g,9 € C such that vg = ¢', then since & N R = F,, we have

v=g'g7t € PGLy(6) NT = PGLy(F,) .

Furthermore, v fixes the edges with origin * pointing towards co, 0 and 1 respectively,
hence 7 is an element of PGLy(IF,) fixing the points oo, 0 and 1 in IP1(IF;). Since PGL2(F,)
acts simply transitively on the set of triples of pairwise distinct elements of Py (F,), we

have v = id. Therefore the canonical projection G — I'\G is indeed injective on C. This
completes the proof of Assertion (1).

(2) The map from G to IP’l(IA()(?’) defined by g — (g-00,9-0,g-1) being a homeomorphism,
the map from C to .# x € defined by g — (g- 00, g - 0) is a homeomorphism. Hence by
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restriction, the map from C to .#%x () defined by g — (g-00, g-0) is a homeomorphism.
Assertion (2) then follows from Assertion (1), by composition.

(3) Since A is abelian, the direct product group I' x A acts on G by ((v,a),g) — ~vga for
ally € T',g € G,a € A, and this action preserves GY. Let us prove that every (' x A)-orbit
in G* meets C. By taking quotients on the left modulo T, this proves that every A-orbit
in X% meets C. B

Let us fix ¢ € G Let us prove that I'¢gA meets C. Since the family of horoballs
(H¢)eep, (k) covers T, since its elements have pairwise disjoint interiors, since the boundary
of J# is contained in I'x for every ¢ € Py(K), and since no complete geodesic line is
contained in a horoball, the geodesic line gf, meets I'x. Hence, using Equation (2), there
exists n € Z such that gaj'x = gf.(n) € I'x. We may hence assume, up to multiplying g
on the right by an element of aOZ C A, that gx € I'x.

Up to multiplying ¢ on the left by an element of I, we may hence assume that gx =
. Since the link [k(x) of * identifies with the projective line Py (F,), since PGLy(F,) is
contained in I" and acts transitively on the ordered pairs of distinct elements of P1(F,), we
may assume, up to multiplying g on the left by an element of I', that the edge e, with
origin * pointing towards oo also points towards g - co and that the edge ey with origin *
pointing towards 0 also points towards g - 0.

By for instance [Pau] and as recalled before the definition of C , a geodesic ray starting
from * has its point at infinity in respectively 0 or .# if and only if its first edge is e
or eg. In particular, g - co € (°0)? and g -0 € .#".

If the projection of a point at infinity to the connected union of two edges is their middle
vertex, then the projection of a point at infinity to any geodesic line containing these two
edges is again this middle vertex. Note that projections on closed subtrees commute with
tree automorphisms. Hence the projection of ¢ - 1 on the geodesic line ¢, with points at
infinity oo and O (which contains ep and e) is equal to *. The group A(&) acts simply
transitively on &, which is the subset of 0T = KU {o0} consisting of elements whose
projections on /, is . Hence there exists 5y € A(0') such that gfBy-1 = 1. Since multiplying
g on the right by £y does not change g - oo and g - 0, we hence have gfy € C. This proves
Assertion (3).

(4) Let us now fix x € C, and let g € C be the unique element in C such that z = Ig.
Recall that any geodesic line which enters into the interior of a (closed) horoball and
does not converge to its point at infinity has to exit this horoball after a finite time, and
that the distance travelled inside the horoball is even. Since g - 00 and g - 0 do not belong
to K, there exists a unique sequence (ty = tx(x))gez in 2Z such that tg = 0, t < tx4q for
all k € Z and
gl (Z) N (Tx) = {glu(tg) : kEZ}.
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This sequence is hence the sequence of times at which the geodesic line g/, passes through
I's (normalized by being at time tg = 0 at *).

Let us fix a € A such that za € C, and let us prove that there exists a unique pair
(k,@) € Z x A(O) such that a = aaf.

We have ga* € I'*, since the lift of za in C has the form v ga for some v € T', and
gax =~ 1% € I'* Hence there exists a unique k € Z such that ga x = gaf)’“ *.

Let {1 and & be the points at infinity of the horoballs in the family (% )¢cp, (k) into
which the edges ga e and g aeg respectively enter. B

Note that ga - 1 is a rational point at infinity, since the lift of z a in C has the form
vga for some y €T, and ga-1=~"1-1€ K U {0}

By the simple transitivity of the projective action of PGLy(K) on Py (K)®) let v € T
be the unique element of I' sending &,_1,&k,ga - 1 to respectively co,0,1. Then v sends
gaxto %, gaes t0 ex and ga ey to eg. Therefore v g a - 0o, which is irrational since equal
to vg- 00 and g - oo is irrational, is the point at infinity of a geodesic ray starting by the
edge eso, hence belongs to (°0)". Similarly, v ga - oo belongs to ME. Asyga-1=1by
construction of v, we have yga € C, and by Assertion (1), v is the unique element of T’
such that yga € C.

Using arguments similar to the ones at the end of the proof of Assertion (3), since
gaf)’C -1 projects to gax = gaf)k* on the union of gaey and gaey, the point at infinity
Yg aé’“ -1 projects to yga* = * on the union of ygae,, = ex and ygaey = eg. Hence
there exists one and only one o € A(&) such that v g aé’“a- 1=1. Since vg aé’“oz and vga
give the same images to 00,0, 1, they are equal, hence a = ug’“a, for a unique «. This
proves Assertion (4).

(5) Let us fix z € C. Let n = t1(z) be the first return time of the A-orbit of z to C, and
k = 5. We denote by g € C the lift of x to C'. In particular, g fixes *, 1, e, €g.

ag -1 0

By the geometric interpretation of the continued fraction expansion of g -0 € .# (see
[Pau, §6]), we have



e the exiting time of g ¢, out of the horosphere .7 is n, and
k= degai(g-0);

e the point at infinity of the horoball in the family (J#)¢ep, (k) into which enters the
geodesic line g ¢, after time n is the first partial quotient

1

= ai(g-0)

of the continued fraction expansion of g - 0.

Note that gag maps * to the unique intersection point of 7 and J7 , as well as e
and ep to the edges starting from g aj* and pointing towards the points at infinity 0 and
&1 respectively.

Define v = [_al (19 0) (1)} , which belongs to I'. Note that v, whose associated homog-

raphy is z — % —a1(g-0), maps 0 to oo and & to 0. Hence it maps the unique intersection
point of J% and 7 , which is gag*, to the unique intersection point of JZ, and 7,
which is *. It also sends the first edge of the geodesic ray from g afj* to 0, which is g afjeso,
to the first edge of the geodesic ray from * to oo, which is e,. Similarly, v gajjeq = eo.

Since v g af fixes eo and ep, the point at infinity v g ajj - co (which is equal to vy g - oo
hence is irrational) belongs to @, and similarly ygaf - 0 € A i Furthermore, as seen
above, there exists a unique o € A(&) such that ygafja -1 =1.

Therefore v gajja € 5, by uniqueness T'(x) = zaga and the unique lift of T'(x) in Cis
vgaga.

We now compute

©oT(z) =0O(ygaja) = (ygaja - oo, ygaga-0) = (yg-00,7g-0)

:(L_al(g_o) —a1(g-0)) = ¥(g - 00,g-0) = ToO(z) .

1
g0 g0
This concludes the proof of Theorem 3. O

Let us introduce some notation before stating our next result. All measures in this
paper are Borel and nonegative.

We denote by p1a, pae) = pajae), g and py = pg V2 the Haar measures of the
locally compact abelian groups A, A(&), (K,+) and (., +) respectively, normalized as
usual so that pa(A(0)) =1 and up(0) = 1.

For every x € C, we define z1 by

Ox) = (z_,z4) € (O x " .

Let ©3 : C — .#" be the map ©y = pryo O, where pry : (£_,&,) — £y is the projection
on the second factor, which is the continuous and surjective map on C' = I'C' induced by
the map g + ¢ -0 from C to .#". By Theorem 3 (5), the following diagram commutes:

T

C — C
©2 | e (3)
N
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Since A(0) is compact and open in G and by the uniqueness properties in Theorem 3
(4), the map from C x A(0) to X defined by (z,a) — za is a homeomorphism onto its
image, which is an open neighborhood of C' in X. Denoting by C'A(0) its image, the map
CA(0) — C defined by xa — z for all x € C and a € A(0) is a fibration with fibers the
right orbits of A(€). The product group 7% x A(0) acts in the obvious way on CA(0).
We still denote by t1 : CA(0) — N — {0} the first return time in CA(0) of the orbits
under af, that is t1(xa) = t1(z) for all x € C and a € A(0). Given any measure y on C,
we denote by 11 ® p14(5) the pushforwards by (=, a) — za of the product measure of 1 and
P A(e), Which is a finite nonzero measure on CA(&) if p is finite and nonzero.

We denote by M4 the space of finite nonzero A-invariant measures on X7, by Myz A(0)
the space of finite nonzero T% x A(0)-invariant measures m on CA(O) such that the
integral | CA(0) t1 dm is finite and nonzero, by M7 the space of T-invariant measures m on

C such that fc t1 dm is finite and nonzero, and by M _, the space of W-invariant measures
m on .# such that ffe//z deg(ai(f))dm(f) is finite and nonzero. We endow these spaces
with their weak-star topology.

We have maps
My i} MTZA(@?) (F—2 My (9—2); M/// R
where F @ m = micaey, F2 i = 1t ® pae), and we define (see the proof below for the
invertibility of Fj)
F = (03),0(F) toF : My— M, .

We denote by §, the unit Dirac mass at any point x in any measurable space.

The following result strengthens the statement announced in the Introduction relating
A-orbits to W-orbits, and gives the measure-theoretic correspondence. The use of semi-
groups comes from the fact that W is non invertible. Recall that the analogue, for the Artin
map ¥ :x — % — [%], of the Gauss measure on [0, 1] for the Gauss map x — % — L%J,

is the Haar probability measure of the additive group .# (see for instance |3FP, Prop. 5.6]
for a dynamical explanation).

Theorem 4 (1) For every x € C, the image by Oy of the intersection with C of the
orbit of x by right translations under the semigroup Ay = A(O) aON is equal to the
U-orbit of ©2(x) :

0:(CN(zAy)) = TN (Os(2)) .

In particular, if € C is A-periodic, then ©y(x) is a quadratic irrational. Further-
more, the period of x € C under the iteration of T is equal to the period of the periodic
part of the continued fraction expansion of ©y(x).

(2) The map F : My — M 4 is a homeomorphism for the weak-star topologies, such that
F(em+m') = cF(m)+F(m') and F(m) < F(m") for all¢ > 0 and m,m',m" € M4
such that m < m”.

(8) The restriction to CA(O) of the G-invariant probability measure mx on X disinte-
grates by the fibration CA(C) — C, with conditional measures the A(O)-invariant
probability measures on the fibers, over a finite measure me on C' such that, for every
x € C, using the homeomorphism © : x — (z_,z4),

2 dy-~
dme(a) = L WERC ).
2 7%

11




Furthermore, the pushforwards under Oo of m¢ is equal to a multiple of the Haar
measure on M : . )
q'(¢—1)

2@+ g+ 1)
and the measure on M corresponding to the G-invariant probability measure mx on
X is a multiple of the Haar measure on M :

q*(g—1)?

202 +q+1) M

(62)*m0 = B s

F(mx) =

(4) If x € C is A-periodic in X, then for k big enough, the measure on A4 corresponding
to the A-invariant probability measure px, on the A-orbit of T*x, normalized to
be a probability measure, is equal to the equiprobability on the (finite) V-orbit of
Oo(T*z): More precisely, if n, is the period of the periodic part of the continued
fraction expansion of ©2(x), then

1
Fuprg) = n Oum e (@a(o)
23 i deg ai(©2(x)) 1§§§:nz o

In the last claim, we may take k = 0 if x is A, -periodic, and in general k may be taken
to be any time after which the continued fraction expansion of ©y(z) is periodic.

Proof. (1) It follows from Theorem 3 (4) that
CN(zAy)={zara’ : ke N} ={T*=x) : ke N}.
The result then follows from the commutativity of the diagram in Equation (3).

(2) Step 1 : It is clear that the map (02). : My — M 4 is order preserving and
linear (for positive scalars). Let us prove that it is a weak-star homeomorphism. There is
a direct proof of this, but we will use a symbolic dynamics argument, as it is illuminating.

For every z € C, let [0;a1,az,...] be the continued fraction expansion of =, € .#"
and let [ag;a_1,a_o,...] be the continued fraction expansion of 2_ € (°0)?, so that a; €
R—TF, foralli € Z. Let o : (R—TF,)% — (R —TF,)% be the (two-sided) shift defined by
(0((xi)iez)); = wiy1 for all i € Z. Then by [BP, Theo. 3.7] and Theorem 3 (2) and (5),
the map = : C — (R — F,)? defined by = — (a;)icz is a homeomorphism such that the
following diagram commutes

[1]

C = (R-F,)r
T bo
C = (R-F,L.
Let o4 : (R —F )NA% — (R —F, )N be the (one-sided) shift defined by the formula
(U+(($i)i€N_{0}))i = z;41 for all € N — {0}. By the properties of the continued fraction
expansions, the map cfe : 4% — (R — F)N"{0 defined by f (ai(f))ien—qoy 1s a
homeomorphism such that the following diagram commutes
M5 LS (R—TF )N
v Loy
M5 LS (R—TF )N
12



Let 14 : (R—TF,)% — (R — IFq)N*{O} be the map, called the natural extension, forgetting
the past, defined by 74 ((z:)icz) = (%i)ien—{o}. The following diagram commutes by
construction

[1]

c = (R—TF,)Z
O] U
IS (R-F YN0

Note that, as already seen, for every z € C,
t1(x) = 2dega;(O2(x)) ,

so that [, degay d(©2).p = %fo t1 dp for every measure p on C.

Step 1 now follows, by conjugation of dynamical systems, from the well-known fact
(see for instance [I<it], or use the fact that the symbolic Borel o-algebras are generated by
the cylinders and Kolmogorov’s extension theorem) that the pushforwards map (7). is
a weak-star homeomorphism between the space of o-invariant measures on (R — F,)Z for
which degz is integrable and the space of o-invariant measures on (R — Fq)N*{O} for
which deg x; is integrable.

Step 2 : Let us prove that the map Fy : My — M7z () 1s a weak-star homeomorphism.

Since fCA(ﬁ) t1d(p ® pae)) = Jot1dp for every measure p on C, and since T% and
A(0) commute, the measure yu ® (g is indeed T' Z x A(O)-invariant if y is T invariant,
hence F5 is well defined. It is clear that F5 is order preserving and linear.

Every finite nonzero T% x A(&)-invariant measure m on CA(0) disintegrates by the
fibration CA(€) — C. The conditional measures on the fibers, which are A(&)-invariant
and may be assumed to be probability measures, are hence equal to the A(&)-invariant
probability measures, by uniqueness. Since the return time ¢; is constant on the fibers, the
measure on C' over which m disintegrates hence belongs to My if m belongs to Mzz 4(4)-
Step 2 follows.

Step 3 : Let us finally prove that the map Fy : Mg — Myzy(p) is a weak-star home-
omorphism. Since it is clear that F} is order preserving and linear, Steps 1 to 3 prove
Assertion (2) of Theorem 4 by composition.

Since CA(0) is open in X%, and since any A-orbit in X® meets C, for every finite
nonzero A-invariant measure m on X?, the measure m|ca(e) is finite and nonzero. The
open subset CA(0) is a transversal for the action of ag. If tg : X? — N is the first passage
time in CA(0) of the orbit of ag, that is,

to:xz—min{n € N : agz € CA(0O)},

and if Ty : X% — CA(0) is the first passage map x + ago(x):c in CA(0) of the orbit of ag,
then {t € Z : alz € CA(0)} is exactly the set {to(x) +tx(To(x)) : k € Z}. Since CA(O)
is open, the disintegration of any A-invariant measure with respect to this transversal is
simply the restriction of m to CA(0), and this restriction is A(&)-invariant. Therefore
the discrete time dynamical system (X%, ag) identifies with the discrete time suspension of
the discrete time dynamical system (CA(&),T) with roof function ¢;. Furthermore, any
measure on C'A(0') which is invariant both under 7" and A(&) suspends to an A-invariant
measure, whose total mass is the integral of the roof function. Step 3 follows.

13



(3) The proof of the first claim in Assertion (3) of Theorem 4, that is, the computation
of
mgc = (F2)_1 o Fl(mX) ,

follows from the next proposition.
Proposition 5 The restriction Fi(mx) to CA(O) of the G-invariant probability mea-

sure mx on X satisfies, for all x € C and a € A(0O), using the homeomorphism xa
(x_,x4,a) from CA(O) to (O x 4% x A(O),

q(q—1)? dug(x-)
2 2|4

dmx(za) = dug(z4) dpala) -

Proof. Let us denote by dv the counting measure on the discrete set VT. Recall that
Hopf’s parametrisation is the homeomorphism from ¢ T onto its image in OseT X 0T X VT
defined by ¢ — (¢(—00),#(+00),£(0)). Let mpm be the (locally finite, positive, Borel)
measure on 4T defined, using Hopf’s parametrisation, on the full measure set of £ € 4T
such that ¢(+o00) # oo, by

dﬁlBM(Z) _ d/LHau(g(_Oo)) d:uHau(g(_Oo)) d’U(f(O)) ] (4)
[£(—00) — £(+00)[%,

By well-known arguments of for instance | |, [Rob], [BP, §4] and | , §4.4], since

I" is a lattice in G, the measure mpy is invariant on the left by the action of I' and
on the right by the geodesic flow, and defines a finite nonzero measure mpy on I'\GT
invariant by the geodesic flow (called the Bowen-Margulis measure). Furthermore, the
G-invariant probability measure mx on X disintegrates with respect to the fiber bundle
X =1T\G - I"YT = I'\G/A(O) defined by I'g — I'gl,, over the probability measure
Hzﬁ’ with conditionnal measures the A(&)-invariant probability measures on the fibers.

Recall that for all x € C, we have z_ = g - 00 = gli(—00) and x4 = g -0 = gli(+00)
where ¢ is the unique lift of = in C; furthermore g¢,(0) = g* = * is constant. As seen
during the proof of Theorem 3, if v € I fixes g¢, for some g € C~’, then it fixes *, e, and e,
hence it belongs to PGL2(0) NT' = PGLy(F,) and is diagonal, but a non trivial element
of PGL2(F,) N A does not fix an irrational point at infinity. Hence the stabilizer in I' of an

element of C' ¢, is trivial. By Equation (4), we thus have, for all z € C and a € A(0),

1 d _)d
de(ma) _ MHau(w ) MH;u(x—i-) d,uA(a) ]
[memll o — i [%
For all z € C, we have z_ € “0 and x4y € #, hence |74]|c < 1 < |2_|x, so that
|t— — 24|00 = |7-]co- By | , Prop. 15.2 (1)] (where ppay was normalized in this

reference to have total mass % instead of 1, by [loc. cit., Prop. 15.2 (2)]), on the set of

€ € 05T = K U {oo} such that ¢ # oo, we have

q dpg ()
g+ 1 max{1, [}

dptHan (f) =

2
Note that ||mpm| = ﬁ(q%) , by | , Prop. 15.3 (1)] (again using the above
difference of normalization). Hence
(g —1)* dpg(z-)
2 z-1%
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The result follows. U

By the first claim in Assertion (3) of Theorem 4, we immediately have that there

exists a constant ¢ > 0 such that (©2).m¢c = c up s = CHa We have pp(4) = %

by the normalization of pp and the fact that & = Ugep,(z + ). This implies that
¢ = qllmc| = gmx(CA(0)).

Note that K — & = Uycp-r,(u + .#), and that there are (¢ — 1)¢" polynomials in R

with degree n for every n € N. Hence, by Proposition 5, we have
qlg—1)* [ dpg(z-)

ma(CA@) = WS [ WEE g () nacao)
_(g-1) / dpg(y) _ (¢—1) 3 pi(A)
y

2 cen lut+yll 2

ueR—F,

(g —1) f (g—Dg"  ¢3(qg—1)?

2q " 2(¢P+q+1)

n=1

This proves the second claim in Assertion (3) of Theorem 4, and the last one follows by
composition.

(4) Let us fix z € C which is A-periodic in X?. As seen in Assertion (1), 2 is periodic
under all the iterations of T" hence periodic after a certain time under the positive iterations
of T'. Let kg be the first time after which z is periodic under the positive iterations of T, and
k > ko. Up to replacing by T*z, we may assume that the continued fraction expansion
of ©y(z) is periodic (from the beginning). We then have

CAO)NzA={T"(2)A(0O) : 0 <n<ng}.

Furthermore, for all y € C' and a € A(0),

ng—1

1e(CA(0)) '
dpiz 0 a0y (ya) = (n()) Z S
xT

where p,(CA(0)) = m is the proportion of points of the aZ-orbit of z that

are in CA(0). Recalling that the first return time satisfies ¢1(z) = 2dega;(O2(x)) and by
the commutativity of the diagram in Equation (3), this proves the result. O

3 Behavior of continued fraction expansions along Hecke rays

In this section, we give more precisions on the correspondence between A-orbits in the
moduli space X and W-orbits in .#, for the case of quadratic irrationals. We study the
behavior of the degrees of the coefficients of the continued fraction expansions of the images
in .4 of A-periodic elements in X varying along Hecke rays, and we prove Theorem 1 and
Theorem 2.

We start by recalling some definitions from for instance | |. For every z € X
and every prime polynomial P in R, the P-Hecke tree Tp(x) with root z is the connected
component of x in the graph with vertex set X, with an edge between the homothety
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classes of two R-lattices A and A’ when A’ C A and A/A’ is isomorphic to R/PR as an
R-module. If x = I'g = g~ }[R x R], we hence have

Tp(z) ={97'y[Rx P"R] : v€T, ncN}.

The boundary at infinity of Tp(z) identifies with the projective line Py(Kp) over the
completion Kp of K for the P-adic absolute value |z|p = ¢~¥#®), where vp(P™4) = m
for all m € Z and A, B € R not divisible by P (with B # 0). A geodesic ray starting from
x (called a Hecke ray) in Tp(z) is called rational if its point at infinity belongs to Py (K),
that is, if it is of the form n — g~!y[R x P"R] for some fixed v € I'. We refer for instance
to | , §1] for details and more informations.

Now let us fix f € QI. We denote by f7 € QI the Galois conjugate of f over K. Let

o R - ~
g5 = [fl ﬂ € PGLy(K). Let ty = %}1 € K and ay = ap(ty) € A. Finally, let
Tf= Fgf af € X .

Note that for all (CCL 2) € GLy(K), we have

<a b) (f" f>:<zjf§i§ gﬁg) <cf"+d 0 ) 5
c d 1 1 1 1 0 cf +d) -

Hence for every v € PGLy(K), we have

rfA=TvgrarA=Tg,jA=x,5A. (6)

Lemma 6 The points I gf and xy of X are A-periodic. If f € .4 and f° € °0, then
ar € Ay, xy € C and O(xy) = (f7, f), so that ©a(xf) = f.

Proof. Let v € I' — {id} projectively fixing f (hence f?), with vy (try) # 0 for some
lift ¥ € GL2(R) of 7. The existence of ~ is classical, see for instance [Ser, | and
Proposition 17.2 with Equation (15.6) in | |. By Equation (5), there exists w € R+ fR

g
such that v gr = gy [u(;) 3}] = gy ap(t), with v (t) = veo(try) # 0. The fact that I' g;

(and hence xf, which is in the same A-orbit) is A-periodic then follows for instance from
| , Prop. 11].
Now assume that f € .# and f7 € °0. Then vso(tf) = voo(f?) <0, hence ay € A,
Let g} = gy ayf. An easy computation gives

g0 =73 Do = s

Hence g € C, thus zp=Tg,eC= I'C. We have

O(xzy) = O(g}) = (g7 - 0, g5 - 0) = (g7 - 00, g5 -0) = (7, f) , (7)
so that ©a(z¢) = pryoO(xy) = f. O
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Proof of Theorem 1. Let f € QI.
Let us prove the first assertion of Theorem 1. We fix an irreducible polynomial P € R.
For every n € N, let v, € I' be such that the quadratic irrational

Jn="m-(P"f)

satisfies f,, € .# and f,, € 0. Since the projective action of I' = PGL2(R) on QI does not
change the period of the eventually periodic continued fraction expansion of f, up to cyclic
permutation and multiplications by elements of Fy (which do not change the degrees),
there exist k,, k], € N — {0} such that the continued fraction expansions of f, and P"f
are indeed periodic after the times k, and k], respectively, with the same period length
¢, € N — {0}, such that for every i € N,

deg ay,,+i(P" f) = degay +i(fn) -

By Equation (5), for every n € N, there exists b, € A such that g, b, = v, gpn¢. Hence

-1
- _ [P0l
Lgp,bn = (97,bn) "' [R X R] = (ygpns) '[R x R] = g} [ 0 1] Yo '[R X R]

= g;l[R x P"R] .

Therefore (I'gy, bp)nen is the sequence of vertices along a rational Hecke ray in the P-Hecke
tree Tp(I'gy). Note that I'gy is A-periodic by the first claim of Lemma 6.

For every n € N, the point zf, = I'gy, ay,, which belongs to C' by Lemma 6, is in the
same A-orbit as I'gy, b,. Let A\, € N— {0} be the period of Igy, ay, ¢« under the geodesic
flow on I'\¥'T, which is also the period of I'gy, by, £«, since A preserves /.

Since £, (400) = 0, the geodesic line g, ay, ¢+, through * at time ¢ = 0, has point at
400 equal, using Lemma 6, to

By Equation (2), and by the geometric interpretation of [Pau, §6], we have
k%‘i‘gn_l kn+0n,—1
M=) 2degai(fa)= ) 2 degai(P"f).
i=k!, i=kn

With ps : X — I'\V'T the canonical projection given by I'g — I'g*, we defined in | ,
Eq. 4] the height of x € X by

htoo(w) = dF\V’]I‘ (poo(x>7 r *) :

Note that htoo(r a) = htoo(z) for all x € X and a € A(€). Hence using again Equation
(2) and the geometric interpretation of [Pau, §6], we have

htoo (I'gy,bn) < sup htw(rgfnbnaé) = suphtoo(I'gy,ay, ap)
i€Z €L

= max deg a; = max deg a;(P"f) .
i=K, o k4l —1 g ai(fn) ik, o) ot —1 g ai(P"f)

Ky
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By | , Eq. (14)] and the four lines following it, there exists ¢ > 0 such that for
every N € N;
Q(maxi:km._.7kn+gn_1 deg a;(P"f) — N) .. . 2(btes(I'gs,bp) — N)

im i > >c.
T 2y dog a(P) =i An -

This indeed proves the first assertion of Theorem 1.

The second assertion of Theorem 1 follows from | , Lem. 13|, whose hypothesis
are exactly the ones of this second assertion. The change between lim inf in the definition
of c-degree-escaping continued fraction expansions and limsup in the second assertion of
Theorem 1 comes from the fact that we need in the final Remark of | , §4.1] to take
a subsequence of the sequence of vertices along the rational Hecke ray in order to obtain
full escape of mass.

In order to prove the last assertion of Theorem 1, let again P € R be an irreducible
polynomial. Since the P-Hecke tree of x =T'g € X is

Tp(x) = {g_lfy_lao(P") [RxR] : vyel, ne N} ,

since ag(P~")vgs and gpn.s have the same A-orbit on the right by Equation (6), Theorem
1 (3) then follows from | , §4.2]. O

Proof of Theorem 2 in the introduction.

We will actually prove the stronger statement that the uncountably many sequences
(Y nen in T' we are going to construct satisfy the fact that for each one of them, there
exists an increasing sequence (ky)nen in N such that the images of 7, and v, in the
group PGLy(R/(P*"R)), by the reduction modulo P** of their coefficients, are equal.

Let P € R be an irreducible polynomial. Let z € X and g € G such that x =T'g. We
again refer to | , §2.5] for the basic facts we are using on the Hecke trees. For every
point at infinity £ of the Hecke tree Tp(x), let (x%)neN be the sequence of vertices along
the geodesic ray in Tp(z) from z to £. In particular 20 = ¢g7![R x P"R]. Recall that
the action of I" on the sphere of radius n € N centered at x in Tp(z) is transitive. Hence
there exists a sequence (v,)nen in T such that af, = g~ 'y71[R x P"R]. The fact that
25 belongs to the geodesic segment from x to xfl 41 1s equivalent to the fact that v,417, !
belongs to the Hecke subgroup modulo P" of I', which is the subgroup of elements of I"
whose (2, 1)-coefficient vanishes modulo P™.

By | , Theo. 4], there exists ¢ > 0 and uncountably many points at infinity £ of
Tp(x) such that for every A-periodic y € X, there exists an increasing sequence (ng)ren
in N such that the weak-star limit 6 = limy_,o M, exists and satisfies 6 > /p1,. Since
F : My — M 4 is weak-star continuous, linear and order preserving by Theorem 4 (2), we
have limg o0 F'(pz,, ) > ¢ F(py). Hence since the measures are finite and nonzero, with

n_ IF ()l

= > 0 (which depends on £,y and the subsequence), we have
F(p e ) F
lim e (1y) . (8)
koo [[F(pge | [ (i)

Now let f € QI. We may assume that f € .#% and f° € (°0)%, up to replacing f by
~ - f by some v € I', which does not change the conclusion of Theorem 2. We now take
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x=x¢ € C and g = gray (see Lemma 6). We consider the uncountably many sequences
(Vn)nen in I' associated with the above uncountably many points at infinity § of Tp(xy).
Let ay, € T be such that f, = a, - (P, - f) belongs to A" and 17 to (¢0)8, and besides
such that vy, = vpn,,.; (in order to have this, we might need to multiply such a first o,
by an element of ag(FF;) C T', see [BN, Theo. 1] for an explanation).

As in the proof of Theorem 1, there exists b, € A such that ZL‘% = I'gpn~,. by, which is in
the same A-orbit as I'gy, ay,. Again by Lemma 6, we have I'gy, ay, € C and ©2(L'gy,ay,) =
fn. Hence by Theorem 4 (4), we have

Fpge)
T 7 = Vf, = Vpny,.f
1F (el 7 e

Let f' € QI and y = x . Up to replacing f’ by - f' by some v € T', we assume that
f' €. and (f')° € (°0)% . Similarly, by Theorem 4 (4), we have

F (,uy) = vy
[[E (|
The result then follows from Equation (8). O
]
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