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Abstract

We conjecture that a countable group G admits a nonsingular Bernoulli action of type I11; if
and only if the first L2-cohomology of G is nonzero. We prove this conjecture for all groups
that admit at least one element of infinite order. We also give numerous explicit examples
of type I1I; Bernoulli actions of the groups Z and the free groups F,,, with different degrees
of ergodicity.

1 Introduction

Among the most well studied probability measure preserving actions of a countable group G
are the Bernoulli actions on product spaces (X§, uS') given by (g- ), = r4-1;,. Replacing u§
by an arbitrary product probability measure p = [] geG Mg, using Kakutani’s criterion on the
equivalence of product measures [Ka48], it is easy to see when the resulting action on (X, i)
is nonsingular, i.e. the action preserves the measure class of . However, it turned out to be
difficult, even when G = Z, to give criteria when G ~ (X, p1) is ergodic and to determine its
type. Only quite recently, in [Ko09, K010, Kol12, DL16], the first examples of nonsingular type
IIT; Bernoulli actions of G = Z were constructed, using an inductive procedure to define u,,
n €.

We make a systematic study of nonsingular Bernoulli actions G ~ (X, p) = [[,c¢({0, 1}, pg)
of arbitrary countable groups. We conjecture that G admits an ergodic nonsingular Bernoulli
action of type III; if and only if the first L2-cohomology H'(G, ¢?(()) is nonzero. It is indeed
quite straightforward to see that if H(G,?(G)) = {0}, then p is equivalent to a G-invariant
probability measure of the form ug, see Theorem 3.1. The converse implication turns out to be
much more involved. While every non-inner 1-cocycle ¢ : G — £?(G) gives rise to a nonsingular
Bernoulli action G ~ (X, ), the ergodicity and type of this Bernoulli action depend in a very
subtle way on the behavior of the 1-cocycle c.

The L?-cohomology H'(G, ¢*(G)) can be nonzero for two reasons: when G has positive first

L?-Betti number Bgz)(G) > 0 and when G is an infinite amenable group. We therefore prove
the conjecture in the following two separate cases:

1. when G has positive first L2-Betti number BP(G) > 0 and G contains an infinite subgroup
A < G such that ,6’%2)(/\) < /B§2)(G), see Theorem 5.1;

2. when G is an amenable group admitting an element of infinite order or admitting an infinite
subgroup of infinite index, see Theorem 6.1.

Since BE”(Z) = 0, these two statements imply that our conjecture holds when G contains an
element of infinite order.

A crucial ingredient to prove the first statement above is a non-inner 1-cocycle ¢ : G — £2(G)
that vanishes on an infinite subgroup A < G. Such a 1-cocycle does not exist when G is
amenable. More precisely, when G is infinite and amenable, by [PT10, Theorem 2.5], every
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non-inner I-cocycle ¢ : G — ¢%(G) is proper and therefore does not vanish on any infinite
subset. When ¢ : G — ¢%(G) is a proper 1-cocycle, the ergodicity and type of the associated
nonsingular Bernoulli action depend subtly on the growth of the cocycle, i.e. the growth of
the function g — |/¢gl2. The main issue is that if ||cy||2 grows too fast, then G ~ (X, p) is
dissipative. Recall here that a nonsingular action G ~ (X, p) is called dissipative if there exists
a Borel set Y C X such that all g-U, g € G, are disjoint and Ugegg -U = X, up to measure
zero. On the other hand, G ~ (X, p) is called conservative if for every non-null Borel set
U C X, there exists a g € G\ {e} such that g-U NY is non-null. In Proposition 4.1, we provide
a quite sharp, quantitative conservative/dissipative criterion for nonsingular Bernoulli actions
in terms of the growth of the associated 1-cocycle, thus answering [DL16, Question 10.5].

We then prove that an amenable group G' admits 1-cocycles ¢ : G — ¢2(G) of arbitrarily slow
growth, see Proposition 6.8. This result is analogous to [CTV05, Proposition 3.10], where it is
shown that a group with the Haagerup admits proper 1-cocycles of arbitrarily slow growth into
some unitary representation. By combining Proposition 6.8 with the conservativeness criterion
in Proposition 4.1, we construct ergodic type I1I; Bernoulli action for amenable groups G with
at least one element of infinite order or with an infinite subgroup A < G having infinite index,
thus proving the second statement above.

For each of the groups G in the two statements above, we actually construct nonsingular
Bernoulli actions G ~ (X, u) that are weakly mixzing and of stable type III; in the sense of
[BN11, Section 1.3], meaning that for every ergodic probability measure preserving (pmp)
action G ~ (Y, n), the diagonal action G ~ (Y x X,n x u) remains ergodic and of type I11;.
This answers [BN11, Question 4.6] for most amenable groups.

As a consequence of our methods, we also give explicit examples of type III; Bernoulli actions
of Z in Corollaries 6.2 and 6.3, complementing the less explicit inductive constructions in
[Ko09,Ko010,Ko12,DL16]. For some of these examples of Bernoulli shifts T', all powers T' X

- x T remain ergodic and of type III; (as in the examples in [Kol0]), but others admit a
power that is dissipative — and such examples were not available so far.

In the final Section 7, we give several concrete examples of nonsingular Bernoulli actions G ~
(X, ) of the free groups G = F,,.

e In Example 7.2, we construct nonsingular Bernoulli actions of F,,, n > 2, that are of type
III, for arbitrary A € (0,1). Note that for G = Z, such actions do not exist, since it is proven
in [DL16, Corollary 3.3] that all nonsingular Bernoulli actions are of type I (the dissipative
case), type II; or type III;, but never of type III,, at least under the natural assumption
that all uy,, n < 0, are identical.

e In Proposition 7.1, we give examples of nonsingular Bernoulli actions of Fy,, n > 3, that
are strongly ergodic. Moreover, the Connes invariants of the associated orbit equivalence
relation (see [Co74, HMV17]) can take any prescribed value: in Example 7.2, we provide
almost periodic examples whose Sd-invariant is any countable dense subgroup of R} and we
provide non almost periodic examples for which the 7-invariant is an arbitrary topology on
R induced by a unitary representation of R. This answers [HMV17, Problem 3].

e In Proposition 7.3 and Example 7.4, we construct nonsingular, weakly mixing Bernoulli
actions F,, ~ (X, pu), n > 2, with a variety of stable types. This includes examples of
stable type III,, i.e. such that for every ergodic pmp action F,, ~ (Y, 7), the diagonal action
F, ~ (Y x X,n x p) is of type IIIy, but it also includes examples where the type of these
diagonal actions ranges over 11T, with € {1} U {\Y* | k > 1}, for any fixed 0 < A < 1.

e In Proposition 7.5, we give examples of type III; nonsingular Bernoulli actions G ~ (X, )
of G = Fy associated with a proper 1-cocycle ¢ : G — (?(G) such that the m-fold diagonal



action G ~ (X™,u™) is dissipative for m large enough. Finally, we give examples of
dissipative Bernoulli actions Fo ~ (X, 1) of the free group Fy in Proposition 7.7.
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2 Preliminaries and notations

Let G be a countable infinite group. Given 0 < 114(0) < 1 for all g € G, we consider the product
probability space
(X7 M) = H ({07 1}7 'ug)
geG
and the Bernoulli action G ~ X given by (g-x)r = x,-1;, forall g,k € G, z € X. By Kakutani’s
theorem [Ka48] on the equivalence of product measures, we get that the action G ~ (X, p) is
nonsingular if and only if for every g € G, we have that

S (@) ~ Vi) + 3 (i)~ Vi@ < . (2.1)
keG keG
Note that p is nonatomic if and only if

> min{ux(0), (1)} = +o00 (2:2)

keG

and we always make this assumption. Also note that if there exists a § > 0 such that § <
up(0) < 1 —6 for all k € G, then the nonsingularity condition (2.1) is equivalent with the
condition

S (g 0) — 14(0))? < o0 (2.3)

keG
for every g € G, see [Ka48].

When proving that certain nonsingular Bernoulli actions G ~ (X, u) are of type IIly, it is
often useful to restrict the action of G to a subgroup A < G. We therefore fix the following
general framework: a countable infinite group A acting freely on a countable set I. Given any
function ' : I — (0, 1), we define the product probability space (X, u) = [[,;({0,1}, ;) where
1i(0) = F(i) and we consider the Bernoulli action A ~ X given by (¢-x); = x,-1.;. We always

g
make the following two assumptions:
there exists a 6 > 0 such that § < F(i) <1—¢ forallie I,
for every g € G, we have that Z(F(g i) — F(i)% < 00 . (2.4)

i€l

Then, the action A ~ (X, 1) is nonsingular and essentially free. The Radon-Nikodym cocycle
w:Ax X — (0,00) is defined by

| F@ e du) = [ Pl ) duta) (2.5)
X

X



for all positive Borel functions F' : X — [0,400) and all ¢ € A. Given any enumeration
I = {iy,i9,...}, we have that

w(g,x) = lim H My (T )

for a.e. z € X. (2.6)

The Maharam extension of A ~ (X, p) is the (infinite) measure preserving action
A (X xRuxv):g-(z,8) = (g9 z,]log(w(g,x)) +s) , dv(s) =exp(—s)ds. (2.7)

The Maharam extension A ~ X X R commutes with the translation action R ~ X x R
given by t - (z,s) = (z,s + t). Identifying the algebra of A-invariant elements L>®°(X x R)*
with L>°(Z, p) for some standard probability space (Z,p), we thus find a nonsingular action
R ~ (Z, p). Assuming that A ~ (X, u) is nonsingular, essentially free and ergodic, its type can
be determined as follows in terms of R ~ (Z, p) : if the action R ~ Z is measurably conjugate
with the translation action R ~ R, we get type I or II (the semifinite case); if the action is
conjugate with R ~ R/log(M\)Z for 0 < X\ < 1, we get type III,; if the action is the trivial
action on one point (i.e. the Maharam extension is ergodic), we get type I11;; and finally, if the
action is properly ergodic, we get type I1lj.

Note that by (2.4), we can associate with F': I — (0, 1) the 1-cocycle

c: A — () :c (i) = F@i) — F(g~'-4) . (2.8)

Recall that a nonsingular action G ~ (X, pu) is called weakly mizing if for every ergodic prob-
ability measure preserving (pmp) action G ~ (Y, n), the diagonal action G ~ (Y x X, n X )
is ergodic. Following [BN11, Section 1.3|, an essentially free, nonsingular action G ~ (X, i)
is said to be of stable type III; if for every pmp action G ~ (Y,n), the diagonal action G ~
(Y x X,nxp)is of type III;. So G ~ (X, p) is of stable type III; if and only if for every pmp ac-
tion G ~ (Y, n) and using the Maharam extension, we have L®(Y x X xR)¢ = L®(Y x X)¢®1.
In particular, G ~ (X, p) is weakly mixing and of stable type III; if and only if the Maharam
extension G ~ X X R is weakly mixing.

Let G be a countable group. The amenability of an essentially free nonsingular action G ~
(X, ) was defined in [Zi76a, Definition 1.4] through a fixed point property. When p is an
invariant probability measure, this notion is equivalent with the amenability of G. In general,
this notion is equivalent with the injectivity of the crossed product von Neumann algebra
L>®(X) x G by [Zi76b] and [Zi76¢c, Theorem 2.1]. Denote by A : G — U(£3(G)) the left regular
representation. By [ADO1, Theorem 3.1.6], the amenability of G ~ (X, u) is equivalent with
the existence of a sequence of Borel maps &, : X — £?(G) with the following properties: for
all n and a.e. x € X, we have that ||&,(z)|2 = 1; and for all g € G and P € L*(X, 1), we have
that

tim [ &alo™ - 0).60(a)) Pla) dta) = [ Pla)duta) .

3 Groups with trivial first L2-cohomology

The following theorem says that for groups with vanishing first L?-cohomology, a nonsingular
Bernoulli action is either probability measure preserving (pmp) or dissipative, and thus, never
of type III.



Theorem 3.1. Let G be a countable infinite group with H'(G,(*(G)) = {0}. Assume that
(g)gea ts a family of probability measures on a standard Borel space Xo. If the Bernoulli
action G ~ (X, ) = [[,e(Xo, pg) is nonsingular, then there exists a partition Xo = Yo U Zo

into Borel sets such that, writing Y = YOG C X, we have

1. w(Y) > 0 and ply ~ v@ for some probability measure v on Yy, so that G ~ (Y,p) is an
ergodic pmp Bernoulli action;

2. > gec Pg(Zo) < 00, so that the action G ~ (X \'Y,p) is dissipative.

Note that there are large classes of groups for which H'(G, ¢?(G)) = {0}, so that all their
ergodic nonsingular Bernoulli actions must be of type II; or type I. This holds in particular
for all infinite groups with property (T), for all nonamenable groups that admit an infinite
amenable normal subgroup, and for all direct product groups G = G1 X Go with G infinite
and (G2 nonamenable.

Proof. Since G ~ (X, p) is nonsingular, all measures p, are in the same measure class. We fix
a probability measure pg on Xo such that py ~ pg for all g € G. Define the unit vectors &, €

L?(Xo, o) given by & = /dpg/dpo. By Kakutani’s [Ka48], we get that Y, o [|€k — &k ll3 < 00
for all g € G. So, the map

c: G = *(G) @ L*(Xo, o) : ¢g = 0k @ (& — &g1p)
keG

is a well defined 1-cocycle.
Write K = L?*(Xo, o). Since H'(G,¢*(G)) = {0} and G is infinite, the group G is non-

amenable. It follows that the inner 1-cocycles form a closed subspace of the space of 1-cocycles
ZYG,*(G) ® K) equipped with the topology of pointwise convergence. Fix a sequence of
finite rank projections P, on K that converge to 1 strongly. Since H!(G, (?(G)) = {0}, every
g+ (1® Py,)cgy is an inner 1-cocycle. Since lim, (1 ® P,)cq = ¢, for every g € G, it then follows
that also ¢ is inner. This means that there exists a £ € K such that

> ek — &ll3 < oo (3.1)

keG

We get in particular that £ — & as k — oo in G. So, § is positive a.e. and ||§]|2 = 1.
Denote by v the unique probability measure on Xg such that v < ug and & = \/dv/dpg. Write
Xo = Yo U Zy such that v(Zp) =0 and v ~ poly,.-

Since v(Zy) = 0, we have

6 — &3 > /Z E(2)? dpuol) = i (Zo) -

It follows that >, p(Zo) < co. Writing Y = Y C X, we conclude that x(Y) > 0. Since
trly, ~ v for all k € G, it follows from (3.1) and [Ka48] that u|y ~ v¢.

Write Z = {x € X | z. € Zo}. It follows that

ST uk-2) =3 j(Zo) < o0 -

keG keG

Since X \'Y = J,cq k- Z, it follows that the action G ~ (X \ Y, i) is dissipative. O



4 A criterion for conservativeness

Recall that a nonsingular essentially free action A ~ (X, u) is called conservative if there is no
nonnegligible Borel set A C X such that all g- A, g € A are disjoint. Note that A ~ (X, u) is
conservative if and only if the orbit equivalence relation has no type I direct summand, which
is in turn equivalent to the crossed product L>°(X) x A having no type I direct summand.
So, using e.g. [Ta03, Theorem XII.1.1], a nonsingular essentially free action A ~ (X, p) is
conservative if and only if its Maharam extension given by (2.7) is conservative.

The key ingredient to prove Theorems 5.1 and 6.1 is the following criterion to ensure that
a Bernoulli action is conservative. The criterion says that it suffices that the 1-cocycle ¢
given by (2.8) has logarithmic growth in at least one direction, thus providing an answer to
[DL16, Question 10.5]. The second point of the proposition is easier and is a straightforward
generalization of [Ko12, Lemma 2.2] to Bernoulli actions of arbitrary countable groups.

Proposition 4.1. Let A ~ I be a free action of the countable group A on the countable set I
and let F: I — (0,1) be a function satisfying (2.4), in particular 6 < F(i) <1—46 for alli € 1.
Denote by A ~ (X, i) the associated Bernoulli action and by ¢ : A — (2(I) the associated
1-cocycle as in (2.8).

103 en exp(—#kllegl|3) = +oo for some k > 672+ 6 1(1 — )72, then the action A ~ (X, 1)
18 conservative.

2. If 3 e exp(—3|legll3) < +oo, then the action A ~ (X, p) is dissipative.

In particular, if 1/3 < F(i) < 2/3 for alli € I and if 3 exp(—16]|cy||3) = +oo, then the
action A ~ (X, ) is conservative.

Proof. Denote by w : Ax X — (0, +00) the Radon-Nikodym cocycle given by (2.5). Recall that
the essentially free nonsingular action A ~ (X, p) is conservative if and only > .\ w(g,z) =

+oo0 for a.e. x € X, while it is dissipative if and only if > - w(g,z) < +o0 for a.e. z € X.

Write kg = 62+ d~1(1 — §)~2. We start by proving that

/ w(g,z) 2 du(x) < exp(ko ||lcy||3) for all g € A. (4.1)
X

To prove (4.1), not that for all 0 < a,b < 1,

a®  (1-a) a + 2b — 2ab — b?
Tz = —b)?
whtaoepe =t Twaoer @Y

and that
a+ 2b— 2ab — b2

<
=T (1 b)2

Fix an enumeration I = {i1,2,...} and define the functions

<kg forall 6<a,b<1-96.

Hg-ig \Liy ) (i)

n: AX X — (0,4+00) : wy(g,x
k=1 IU/'Lk xlk)

Fix g € A. By (2.6), we have that w,(g,2) — w(g,x) for all g € A and a.e. z € X. By Fatou’s



lemma, we get that

/ w(g,z) 2 du(z) < limninf/ wn(g,z) 2 du(x)
b's X

ety Flie)? (1 - F(i))®
_11mn1nf]};[1<F(g -kz'k)2 + ( i

< liH}Zin H (1 + Ko(F(ir) — F(g - Zk))Q)
k=1

n

< limninf exp <I€0 Z(F(lk) —F(g- Zk))2)
k=1

= exp(rollcgl3) -

So, (4.1) is proved.

1—F(g-ig))?

)

Assume that k£ > ko and that 3\ exp(—kl|cgll3) = +00. We have to prove that A ~ (X, )
is conservative. Write k1 = %(mo + k) and Ky = %KZ + %/{0. Note that kg < kK1 < kg < k. We

claim that there exists an increasing sequence si € (0,+00) such that limy s, = +o00 and

#{geA| llegll3 < sk} > exp(kgsy) for all k> 1.
Define, for every s > 0,
p(s) =#{g € Alllegll3 < s}
Then,

1 +o0o
oo = ZeXp(_”HCgH%) = / ©(s) exp(—ks)ds .
K geA 0

(4.2)

If there exists an sy > 0 such that ¢(s) < exp(kas) for all s > sg, the integral on the right
hand side is finite. So such an sg does not exist and the claim is proven. We fix the sequence

s as in the claim.

Choose finite subsets Fj, C A such that ||cy||3 < s, for all g € F, and
| Fx| € [exp(ngsk) — 1,6Xp(l€28k)] )
For every k and every g € Fi, define

Uy ={z € X |w(g,z) < exp(—risk)} -

When = € Uy, i, we have w(g, z) "2 > exp(2k1sg). It thus follows from (4.1) that

Uy k) < exp((ko — 2K1)sk)

for all k and all g € Fj. Defining V}, = | Uy i, we get that

9EFy
B(Vi) < expl(a + o — 21 )si) = exp(—zsy)
where e = (k — ko) /4 > 0. So, u(Vx) — 0 when k — oo.

When x € X \ Vi, we have w(g, z) > exp(—k18) for all g € Fy. Therefore,

D w(g,x) > | Fil exp(—risp) > exp((k2 — k1)sg) — 1.
geN



Since the right hand side tends to infinity as k — oo, it follows that > -\ w(g,z) = +oo for
a.e. € X. So, A ~ (X, ) is conservative.

To prove the second statement, we claim that

/X Vw(g,z)du(x) < exp(—% legll3)  for all g € A. (4.3)

The proof of (4.3) is identical to the proof of (4.1), using that

1
Vab+ /(1 —a)(1—b) < 1—5(1)—@)2 for all 0 < a,b < 1.

Assuming that 3 5 exp(—3|legl3) < +oo, it follows from (4.3) that
[ (X Velo) duta) < +oc.
X geA

So for a.e. z € X, we have }_ \ \/w(g,x) < 400 and, a fortiori, > -\ w(g,x) < 0. So,
A~ (X, p) is dissipative. O

5 Groups with positive first L2-Betti number

We prove that “almost all” groups with positive first L2-Betti number admit a nonsingular
Bernoulli action of type III;. We actually do not know of any example of a group G with
P(G) > 0 that is not covered by the following theorem.

Theorem 5.1. Let G be a countable group with 552)(6’) > 0. Assume that one of the following
conditions holds.

1. G has at least one element of infinite order.
2. G admits an infinite amenable subgroup.
3. B (G) > 1.

4. G 1is residually finite; or more generally, G admits a finite index subgroup Go < G such that
G : Go) > B2 (G)1.

Then G satisfies the assumptions of Lemma 5.2 below and thus, G admits a nonsingular
Bernoulli action that is essentially free, ergodic, of type III; and nonamenable in the sense
of Zimmer and that has a weakly mizing Maharam extension.

Theorem 5.1 is deduced from the following technical lemma that we prove first.

Lemma 5.2. Let G be a countable infinite group. Assume that G admits subgroups A < Gog < G
such that A is infinite, Go < G has finite index and ﬁfz)(A) < BF)(GO). Then G admits a
nonsingular Bernoulli action that is essentially free, ergodic, of type 11y and nonamenable in
the sense of Zimmer and that has a weakly mizing Maharam extension.

Proof. We first prove the lemma when A < G is an infinite subgroup with 5%2) (A) < [3{2)(6‘),
i.e. the case where Gy = G. Denote by X : G — U(£?(G)) the left regular representation. Since



%2)(6’) > (0, we have that GG is nonamenable and we can fix a finite subset 7 C G and g9 > 0

such that
IS8 < = (5.1)
geEF

By [PT10, Theorem 2.2], we have that 352)(/\) equals the L(G)-dimension of H'(A, ¢%(G)). So,
the kernel of the restriction map H'(G,2(G)) — H'(A,¢*(G)) has positive L(G)-dimension.
Therefore, we can choose a non-inner 1-cocycle b : G — ¢?(G) with the property that b, = 0
for all g € A.

Denote by H : G — C the function given by H(k) = by (k) for all kK € G. Then, H(e) = 0 and
by(k) = H(k) — H(g 'k) forall g,k €@ .

Since b vanishes on A, the function H is invariant under left translation by A. Since b is not
identically zero, H is not the zero function. Replacing b by ib if needed, we may assume that
the real part Re H is not identically zero. At the end of the proof, we explain that the 1-cocycle
b may be chosen so that Re H takes at least three different values.

For any fixed k1, k3 > 0, we define the function

—K1 ift§ —K1,
F:R = [—k1,k2) : F(t) =<t if —ry <t < kg,
)] iftZ K2.

Note that |F(t) — F(s)| < |t — s| for all s,t € R.

We define K : G — [—k1, k2] : K(k) = F(Re H(k)). Since Re H takes at least three different
values, we can fix k1, ko > 0 so that the range of K generates a dense subgroup of R, meaning
that there is no a > 0 such that K (k) € Za for all k € G. Note that K is invariant under left
translation by A.

We then fix €1 > 0 such that
3
exp(e1ki) <2 fori=1,2, and exp(—g £? ||bg\|§> >1—¢p forallge F.

Define the function 1

T 1t expeK (k)

F:G—[1/3,2/3]: F(k)

Associated with F, we have the product probability measure y on X = {0,1}¢ given by
= Ilreq t with g (0) = F(k).
For every g € G, we have that

D IF(gk) = F(k)|> <) |K(gk) — K(k)[ <&t Y [H(gk) — H(k)]* = & [[bg]l5 -
keG keG keG

So, the Bernoulli action G ~ (X, i) is essentially free, nonsingular and the 1-cocycle ¢ : G —
(?(G) given by cy4(k) = F(k) — F(g~ k) satisfies ||cy||2 < &1 [|by]|2 for all g € G.

Denote by w : G x X — (0,+00) the Radon-Nikodym cocycle given by (2.5) and consider the
Maharam extension G ~ (X xR, u x v) given by (2.7). Let G ~ (Y,n) be any pmp action and
consider the diagonal action G ~ (Y x X x R, x p x v). We prove that L®(Y x X x R)¢ =
LOO(Y)G ® 1 ® 1. Once this statement is proved, it follows that G ~ (X, p) is ergodic and of
type III; and that its Maharam extension is weakly mixing.



Since F' is invariant under left translation by A, we have that w(g,z) = 1 for all g € A,
x € X and we have that the action A ~ (X, u) is isomorphic with a probability measure
preserving Bernoulli action of A. So, a G-invariant function @ € L*°(Y x X x R) is of the form
Q(y,z,s) = P(y, s) for some P € L>®(Y x R) satisfying

P(g-y,s+log(w(g,x))) = P(y,s) forall g€ G anda.e. (y,z,5) €Y x X xR.
It follows that
P(y,s +log(w(g, 7)) — log(w(g, 2))) = P(y,s)
for all g € G and a.e. (y,z,2',s) € Y x X x X xR. For every g € G, denote by R, the essential
range of the map

X x X —=R:(z,2') — log(w(g,z)) — log(w(g,z")) .

To conclude that P € L (Y)®1, it suffices to prove that | J sec Bg generates a dense subgroup
of R. So it suffices to prove that there is no a > 0 such that log(w(g, z)) — log(w(g, ")) € Za
for all g € G and a.e. (z,2") € X x X. Assume the contrary.

Fix g,k € G and define the measure preserving factor map

xp ifh#Ek,

7T;({(),1}><X,m€><u)—>(X,M)3(77(2@))h:{z if h = k.

By our assumption, log(w(g, 7(z,z))) — log(w(g,x)) € Za for a.e. z € {0,1}, z € X. Since
log(w(g,2)) = Y (log(ptgn(wn)) — log(pn(wn)))
heG

with convergence a.e., we find that

log(w(g, m(2,2))) — log(w(g,z)) = (log(ugr(2)) —log(ur(2))) — (log(ugr(zr)) — log(ur(zr)))
for all g € G and a.e. z € {0,1}, x € X. Taking z = 1 and x = 0, it follows that

) ) 50

But the left hand side equals €1 (K (gk) — K(k)). Since g,k € G were arbitrary and K(e) = 0,
we conclude that K(g) € Z(a/e1) for all g € G, contrary to our choice of K.

So, we have proven that P € L>®(Y) ® 1 and thus, Q € L>®(Y) ® 1 ® 1. This means that
G ~ (X, p) is ergodic, of type II1; and with weakly mixing Maharam extension.

By Lemma 5.4 below and (5.1), we get that

> [ Vet = Y exp(~ll ) = 3 exo(~2etlbg )

geF geEF geF

> (1 — )| F| > HZAQH.

geEF

So by Proposition 5.3 below, we conclude that the action G ~ (X, p) is nonamenable.

It remains to prove that we may choose a 1-cocycle ¢ : G — ¢*(G) with ¢, = 0 for all g € A and
such that the associated function Re H : G — R, determined by H(e) =0 and ¢g =H —g- H
for all g € G, takes at least three different values. The space of 1-cocycles ¢ : G — 2(G)
that vanish on A is an L(G)-module of positive L(G)-dimension. It is in particular an infinite
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dimensional vector space. So we can choose 1-cocycles ¢,¢ : G — (?(G) that vanish on A
and such that the associated functions ReH : G — R and Re H' : G — R are R-linearly
independent and, in particular, nonzero. If either Re H or Re H’' takes at least three values,
we are done. Otherwise, after multiplying ¢ and ¢’ with nonzero real numbers, we may assume
that Re H = 14 and Re H' = 14/, where A, A’ are distinct nonempty subsets of G. But then
the function Re H + 2 Re H', associated with the 1-cocycle ¢+ 2¢/, takes at least three different
values.

Next assume that A < Gy < G are subgroups such that A is infinite, Gg < G has finite index
and ﬁgz) (A) < [352)(6}0). Since ,8%2)(G0) =[G : G 652)(G), we also have that BP(G) > 0. So
if A is amenable, we have sz) (A)=0< BP(G) and we can apply the first part of the proof.
So we may assume that A is nonamenable.

Choose a finite subset 7 C G and g9 > 0 such that (5.1) holds. Since ﬁ?) (A) < BP(GO), we can
proceed as in the first part of the proof and find k1, k2 > 0 and a function K : Gy — [—k1, ko]
satisfying the following properties.

e The range of K generates a dense subgroup of R.
e K is invariant under left translation by A.
e Writing ¢, (k) = K(k) — K(g~'k) for all g,k € Go, we have that ¢, € ¢*(Gy) for all g € Gy.
Write G = U g;Go. Define
F:G — [—k1,k2] : F(gih) = K(h) forallie {1,...,k} and h € Gj.

For every g,h € G, define by(h) = F(h) — F(g~'h). By construction, b, € £*(G) for every
g€ Gand G — 2(G): g by is a cocycle. Note however that b need not vanish on A.
For every i € {1, ..., k}, define the nonamenable group A; = giAgfl. By Schoenberg’s theorem
(see e.g. [BOO8, Theorem D.11]), for every e > 0 and 7 € {1,...,x}, the map

et N > R:h— exp(—8 2 ||by||3)

is a positive definite function on A;. When ¢ — 0, we get that ¢.; — 1 pointwise. Since A; is
nonamenable, it follows that ¢.; & £2(A;) for ¢ small enough. So we can choose 1 > 0 small
enough such that

3
exp(e1ki) <2 fori=1,2, exp(—g €2 Hbg”%) >1—¢y forall ge F, and

> exp(—16e7 ||bull3) = +oo foralli € {1,...,x}. (5.2)
heA;

For every g € G, define the probability measure ;14 on {0,1} given by

1
T 1texp(eiF(g)

Mg(o)

Note that p4(0) € [1/3,2/3] for all g € G. Defining dy(h) = pn(0) — py-15,(0), we find that
dgll2 < e1||bgll2. So, dy € £2(G) and the Bernoulli action G ~ (X, u) = [Tyec({0, 1}, 1g) is
nonsingular and essentially free.

Choose an arbitrary pmp action G ~ (Y, n) and consider the diagonal action G ~Y x X x R
of G ~ Y and the Maharam extension G ~ X X R. Let Q € L*°(Y x X x R) be G-invariant.
We have to prove that Q@ € L*¥(Y)®1® 1.

11



For every subset J C G, define (X, py) = [[,c;({0,1}, p1g) and view L=(X;) C L*(X).
Fix i € {1,...,x}. We prove that Q@ € L>(Y x X¢\g,c, X R). Since the map K : Gy — R
is A-invariant, we get that A; ~ (Xg,Gys 1tg;Go) i @ pmp Bernoulli action. By (5.2), the
inequality ||dgll2 < €1 |bgl|2 and Proposition 4.1, the action A; ~ X is conservative. This
means that > -\ w(g,z) = +oo for a.e. z € X, so that also the diagonal action A; Y x X
is conservative. A fortiori, the factor action A; ~ Y X Xg\4,q, 18 conservative and then also
its Maharam extension A; ~ Y X X\ gq, X R. Since we can view A; ~ YV x X x R as
the diagonal product of A; ~ Y X Xg\g,q, X R and the mixing pmp action A; ~ Xy, it
follows from [SW81, Theorem 2.3] that the A;-invariant functions in L= (Y x X x R) belong to
LOO(Y X XG\giGo X R) SO, Q € LOO(Y X XG\giG() X R)

Since this holds for every i € {1,...,k}, it follows that @ € L>*(Y)® 1 ® L*°(R). We now
proceed as in the first part of the proof. Since the range of K generates a dense subgroup of
R, the same holds for F' and we conclude that Q@ € L*(Y)® 1 ® 1.

The fact that G ~ (X, ) is nonamenable in the sense of Zimmer follows exactly as in the first
part of the proof. O

We now deduce Theorem 5.1 from Lemma 5.2 by proving that a group satisfying the assump-
tions of Theorem 5.1 automatically admits subgroups A < Gg < G as in Lemma 5.2.

Proof of Theorem 5.1. Let G be a countable group with [352)(6’) > 0, satisfying one of the
properties in 1-4. Since Z is amenable, case 1 follows from case 2. In case 2, if A < GG is an
infinite amenable group, we have B%Q) (A)=0< ﬁ%Q)(G) and taking Gy = G, the assumptions
of Lemma 5.2 are satisfied.
Case 3 follows from case 4 by taking Gg = G. So it remains to prove the theorem in case 4,
i.e. in the presence of a finite index subgroup Gp < G with [G : Go] > 59((?)‘1. Then,
%2)(G0) =[G : Gy] BF)(G) > 1. Since we already proved the theorem in cases 1 and 2, we may
assume that Gy is a torsion group without infinite amenable subgroups. We claim that there
exist a,b € Gy such that the subgroup A = (a,b) generated by a and b is infinite. Indeed, if all
two elements a,b € Gy generate a finite subgroup, it follows from [St66, Theorem 7] that Go
contains an infinite abelian subgroup, contrary to our assumptions. So the claim is proved and
we fix a,b € Gy generating an infinite subgroup A = (a, b).

We prove that [39) (A) < 1. Since 652)(G0) > 1, the subgroups A < Gy < G then satisfy the
assumptions of Lemma 5.2. Assume that a has order n and b has order m. Since any cocycle
v : A — £2(A) is cohomologous to a cocycle that vanishes on the finite subgroup generated by
a and is then entirely determined by its value on b, we find that

ﬁf) (A) =dimpy)({¢€ € (?(A) | there exists a 1-cocycle v : A — £*(A) with
’ya:0and’yb:§})
—dimpy({n—b-nlne ), a-n=mn}).

The first term is bounded by 1. Because A is infinite and a has order n, the second term equals
. 9 1
dimpp) ({n € #(A) |a-n=mn}) = o
So, ,852)(1\) <1—-1/n < 1. This concludes the proof of the theorem. O

The following result is implicitly contained in the proof of [DN10, Theorem 7]. For complete-
ness, we provide a detailed proof.
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Proposition 5.3 ([DN10, Theorem 7]). Let G be a countable group and G ~ (X, u) a non-
singular action. Denote by w : G x X — (0,400) the Radon-Nikodym cocycle given by (2.5).
Denote by X : G — U%(G)) the left reqular representation. If there exists a finite subset

F C G such that
S [ Velgaiduta) >
geEF X

then the action G ~ (X, ) is nonamenable in the sense of Zimmer.

Proof. Assume that G ~ (X, ) is amenable in the sense of Zimmer and fix a finite subset
F C G. Since G ~ (X, ) is amenable, we can take a sequence &, € L°(X,¢%(G)) such that
|€n(z)]|2 =1 for a.e. z € X and

hm/ Mg - ), &n(x)) H(x) dpu(x) = /X H(z)du(x) for every H € L'(X, ) and g € G.

Define the Hilbert space K = L?(X, EQ(G)) and the unitary representation

7:G—>UK): = Vw(g™tz) A&(yg

We view &, as a sequence of unit vectors in K and find that

im{r(9)6n: &) = lim{gn, o™ )60} = [ Volg.2) du(o)

It follows that

3 [ Ve e < [ w).

Defining the closed subspace Ky C K given by Ko = L?(X,Cé,), we see that the subspaces
m(9)Ko, g € G, are mutually orthogonal and that these subspaces densely span K. Therefore,
7 is unitarily equivalent with a multiple of the regular representation of G. Therefore,

Il - IS

and the proposition is proved. O

Lemma 5.4. Let G ~ I be a free action of the countable group G on the countable set I and let
F:I—(0,1) be a function satisfying (2.4) with 6 = 1/3. Denote by G ~ (X, 1) the associated
Bernoulli action, by w : G x X — (0,+00) its Radon-Nikodym cocycle and by ¢ : G — ¢*(I)
the associated 1-cocycle as in (2.8). Then,

/X Vw(g,x)du(z) > exp(—%“ch%) for all g € G. (5.3)

Proof. Let I = {i1,i2,...} be an enumeration of I. Define

T
wp G XX = (0,4+00) : wy(g,x H'ug““ ix)
k=1 lu“bk xlk

Fix g € G. By [Ka48|, we know that wy(g,z) — w(g,z) for a.e. z € X and that \/w,(g,:) —
w(g,-) in L2(X, p). Therefore,

/X V(g @) du(e) =1lim [T(VF(@r)Fg - ix) + V(I = F@i)) 1= Flg-ir))) . (54)

k=1
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For all 1/3 < a,b < 2/3, we have that

\/%+\/(1—a)(1—b)21—%(b—a)2.

For every 0 <t < 1/16, we have that log(1 —¢) > —(16/15)¢. Since -%(b — a)? lies between 0
and 1/16, we get that

log(Vab + /(I —a)(1 = b)) > —§<b —a)?.

It then follows from (5.4) that

[ Vol dute) = exp(=3 S(PG) ~ Fla-0)?) = exp(=Zleol) -

1€l

So (5.3) holds and the lemma is proved. O

6 Amenable groups

Theorem 6.1. Let G be an amenable countable infinite group. If G has at least one element
of infinite order, then G admits a nonsingular Bernoulli action that is essentially free, ergodic
and of type IIL, and that has a weakly mizing Maharam extension.

The same conclusion holds if G is amenable and G admits an infinite subgroup of infinite indez.

Note that the only amenable groups G that are not covered by Theorem 6.1 are the amenable
torsion groups with the property that every subgroup is either finite or of finite index. While it
is unknown whether there are finitely generated such groups, the locally finite Priifer p-groups,
for p prime, given as the direct limit of the finite groups Z/p"Z, have the property that every
proper subgroup is finite. We do not know whether these groups admit a nonsingular Bernoulli
action of type III.

In [Kol0, Theorem 7], it is proven that there exist nonsingular Bernoulli shifts 7" that are
ergodic, of type I1I; and power weakly mizing in the sense that all transformations T x- - - X T'%
remain ergodic. Our proof of Theorem 6.1 also gives the following concrete examples.

Corollary 6.2. Let 0 < A < 1 and put ng = [(1—X)"2]. Define for every n € Z, the probability
measure fi, on {0,1} given by

A+ ——
1 (0) = /nlog(n)

A if n < ng.

Z’fnZnO;

The associated Bernoulli shift T on (X, ) = [1,ez({0,1}, pn) is essentially free, ergodic, of
type 111} and with weakly mizing Maharam extension. Moreover, for allk > 1 and ay,...,a; €
Z\ {0}, the nonsingular transformation

TU x o x T% : XK 5 XF (2, a) = (T (2), ..., T% (x))
remains ergodic, of type I} and with weakly mizing Maharam extension.

As another application of our methods, we give the following concrete example of an ergodic
type III; Bernoulli shift that is not power weakly mixing. As far as we know, such examples
were not given before.
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Corollary 6.3. Define for every n € Z, the probability measure p, on {0,1} given by

1 1 .
fn(0) = 2tam et
: if n <O0.

The associated Bernoulli shift T on (X, pu) = [],,cz({0,1}, n) is essentially free, ergodic, of
type III, and with weakly mizing Maharam extension, but for m large enough (e.g. m > 73),
the m-th power transformation

TX-o-XT: X™— X" (21,...,2m) = (T(x1),...,T(zm))
1s dissipative.

Theorem 6.1 and its corollaries are proved in Sections 6.5-6.7.

6.1 Determining the type: removing inessential subsets of I

Fix a countable infinite group A acting freely on a countable set I and fix a function F' : I —
(0,1) satisfying (2.4). Define the probability measures u; on {0,1} given by wu;(0) = F(q).
Denote by A ~ (X, ) = [[,;({0,1}, p15) the associated Bernoulli action with Radon-Nikodym
cocycle w : A x X — (0,400) given by (2.6) and Maharam extension A ~ (X x R, u x v)
given by (2.7). Fix an arbitrary pmp action A ~ (Y,n) and consider the diagonal action
A (Y x X xXRnxpxuv).

For every subset J C I, we consider (X, pus) = [[;c,({0,1}, 115). We denote by z — z, the
natural measure preserving factor map (X, u) — (X, ps). Given 0 < A < 1, we denote by vy
the probability measure on {0,1} given by v,(0) = A\. We also use the notation

i) {log(F(i)) —log(}) itz =0, (6.1)

oxi:{0,1} = R : gy () = log @) log(1 — F(i)) —log(1 — \) ifz=1.

We introduce the following ad hoc terminology: given 0 < A < 1, we call a subset J C [
A-inessential if the following two conditions hold.

1. pj = vy for all but finitely many j € J.

2. For every A-invariant @ € L>°(Y x X x R), there exists a P € L*(Y x Xy ; X R) such that
[Pllc < [|Qlloc and

Qly,x,s) = P<y,1:1\J , §— ZSOAvj(xj)) for a.e. (y,z,8) €Y x X xR.
JjeJ

Note that the sum over j € J is actually a finite sum since ¢, ; is the zero map for all but
finitely many j € J. The terminology “inessential” is motivated by the fact that these subsets
“do not contribute” to the type of the action A ~ (X, ).

Note that if we assume that condition 1 holds, then condition 2 is equivalent with the following:
denoting by p' ~ p the measure given by u = p; for all i € I'\ J and p; = vy for all j € J,
every A-invariant function in L>®(Y x X x R) w.r.t. the diagonal action of A ~ (Y, 7) and the
Maharam extension for A ~ (X, i) belongs to L= (Y x X nJ X R). Using this characterization,
it follows that the union of two inessential subsets is again inessential.

We provide two criteria for subsets J C I to be inessential.
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Proposition 6.4. Assume that A ~ (X, p) is conservative (see Section 4). Let 0 < X\ < 1. If
ig € I is such that F(g-io) = A for all but finitely many g € A, then A -ig C I is A-inessential.

Proof. Write J = A - iy and replace ;i by the equivalent measure satisfying p; = vy for all
j € J. We have to prove that every A-invariant function @ € L*°(Y x X x R) for the diagonal
product of the fixed pmp action A ~ (Y,7) and the Maharam extension A ~ X x R belongs
to L>(Y x Xp ;s x R).

Since a nonsingular action A ~ (X, p) is conservative if and only if } ) w(g,z) = +oo for
a.e. x € X, it follows that also the diagonal action A ~ Y x X is conservative. Note that
A ~ (X, py) is a probability measure preserving Bernoulli action and that A ~ Y x X xR
can be viewed as the product of the action A ~ Y x Xp ; X R and the action A ~ X ;. The
action A ~ (Y x Xp 7,m X pp ) is a factor of the action A ~ (Y x X, n x p1) and is therefore
conservative. Then also its Maharam extension A ~ Y x X ; X R is conservative. Since
the probability measure preserving Bernoulli action A ~ X ; is mixing, it follows from [SW8I,
Theorem 2.3] that the A-invariant functions in L*°(Y x X xR) belong to L>(Y x X\ ; xR). [

Our next criterion for being inessential is a consequence of [ST94, Lemma 4.3], saying the
following. Assume that

e (Z,() and (Zy, (o) are o-finite standard measure spaces, with o-algebras of measurable sets
B and By;

e 7 :/ — Zjyis a measure preserving factor map;

o T : 7 — Z is a measure preserving, conservative automorphism and Ty : Zg — Zp is a
measure preserving endomorphism;

o ol =Thom a.e,

e B is, up to measure zero, generated by {T*(x~1(By)) | k € Z}.
Then by [ST94, Lemma 4.3], every T-invariant function @ € L*>°(Z) factors through .

Proposition 6.5. Assume that A = 7Z and let 0 < A\ < 1. Assume that Z ~ (X, p) is
conservative. If ig € I is such that F(n -ig) = X for all n > 0, then {n iy | n > no} is
A-inessential for every ng € Z.

Similarly, if io € I such that F(n-ip) = X for alln <0, then {n-ip | n <mng} is A-inessential
for every ng € Z.

Proof. By symmetry, it suffices to prove the first statement. Fix ng € Z. Replace ig by ng - i
and replace p by the equivalent measure satisfying p; = vy for all j € J := {n-ig | n > 0}.
Write J' = I'\ J. We have to prove that every Z-invariant function @ € L>®(Y x X x R) for the
diagonal product of the fixed pmp action Z ~ (Y,n) and the Maharam extension Z ~ X x R
belongs to L*(Y x X7 x R).

Denote by
T:YXXXR=>YXxXxR:T(y,z,s)=1-(y,xz,8) =(1-y,1-x,log(w(l,z)) + s)

the 7 X p X v-preserving transformation given by 1 € Z. Define the n X ujy X v-preserving
endomorphism

To: Y x Xy xR—=Y x Xy xR:Ty(y,z,s) = (1-y,2',log(w(1,)) + s)

where x; = x(_q),; forall ieJ,
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which is well defined because = — w(1, z) factors through X ; by (2.6).

As in the proof of Proposition 6.4, since Z ~ (X, ) is conservative, also the diagonal action
Z ~ (Y x X,n x p) is conservative. So, the Maharam extension T is conservative as well.
Applying [ST94, Lemma 4.3] as in the discussion before the proposition to the natural, measure
preserving factor map ¥ x X x R = Y x Xy x R, it follows that the A-invariant functions in
L>(Y x X x R) belong to L>*(Y x X x R). O

6.2 Determining the type: reduction to the tail

Fix a countable infinite group A acting freely on a countable set I and fix a function F' : I —
(0,1) satisfying (2.4). Denote by A ~ (X, u) the associated Bernoulli action.

Proposition 6.6. Assume that 0 < X\ < 1 such that

lim F(i) =X and Z(F(z) —A)? = 4o0.

1—00 -
el

Assume that there exists a sequence of A-inessential subsets J,, C I (see Section 6.1) such that
U, Jn = 1. Then, A ~ (X, ) is ergodic and of type III, and has a weakly mizing Maharam
extension.

Proof. Enumerate I = {i1,1i2,...}. Define I, = {i1,...,i,}. Since the union of two A-inessential
subsets is inessential and since subsets of A-inessential sets are again A-inessential, it follows
that I,, is A-inessential for every n. Write I}, = I\ I,,.

Fix a pmp action A ~ (Y, 7). We have to prove that every A-invariant element Q € L>°(Y x X x
R) for the diagonal product of A ~ (Y, 7) and the Maharam extension A ~ (X xR, X ) given
by (2.7) belongs to L>*(Y)®1®1. Using the notation in (6.1), we find Q, € L>(Y x Xy xR)
with [|Qnllco < ||Q||eo for all n and

Qy,z,s) = Qn (y, T, 85— Z <p,\7j(xj)) for a.e. (z,5) € X xR. (6.2)
Jj€ln

Define S,, € L*(Y x X, x R) as the conditional expectation of @ onto L*°(Y x X; x R). By
martingale convergence, we have that S,(y,z,s) — Q(y,z,s) for a.e. (z,s) € X x R. Define
P, € L>®(Y xR) such that (P, )13 is the conditional expectation of @,, onto L>®(Y)®1® L (R).
Then || Pylloo < [|Qnlloc < ||Q|loo and it follows from (6.2) that

Sn(y,z,s) = P, (y, s — Z gpm(xz)> . (6.3)
icly

Denote by R the tail equivalence relation on (X, ) given by (z,2’) € R if and only if z; =
for all but finitely many ¢ € I. Define the 1-cocycle

a:R—=R:a(z,2) = Z(@A,i(l’i) — () .
icl

Denote by R(«) the associated skew product, i.e. the equivalence relation on X x R given by
(x,8) ~ (2/,t) if and only if (x,2’) € R and s = a(x,z’) + t. Denote by S(a) the equivalence
relation on ¥ x X x R given by id x R(«), i.e. with (y,z,5) ~g() (', 2',1) if and only if y = 3/
and (,s) ~gr(q) (2',1).
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We claim that @ € L*®(Y x X x R) is S(a)-invariant. Define o : {0,1} — {0,1} given by
0(0) =1 and o(1) = 0. For every i € I, define

0i Y XX XR—=Y x X xR:oi(y,z,s) = (y,2',s — pxri(z:) + oni(o(zs)))

where z; = x; if j # 4 and z} = o(x;).

Since the graphs of the automorphisms (0;);c; generate the equivalence relation S(a), to prove
the claim, it suffices to prove that Q(o;(y,z,s)) = Q(y,x,s) for all i € I and a.e. (y,x,s) €
Y x X x R. Whenever i € I, it follows from (6.3) that S, (0;(y,z,s)) = Sn(y,x,s) for all
(y,z,s). Since S, — @ a.e. and i € I,, for n large enough, the claim is proven.

By [DL16, Proposition 1.5], the cocycle « is ergodic, meaning that R(«) is an ergodic equiva-
lence relation. So every S(a)-invariant element @ € L>®(Y x X x R) belongs to L*(Y)®1® 1.
Therefore, @ € L*(Y) ® 1 ® 1 and the proposition is proven. O

6.3 Bernoulli actions of the group Z

Combining Propositions 4.1, 6.5 and 6.6, we get the following result that we use to construct
numerous concrete examples of type III; Bernoulli actions of Z.

Proposition 6.7. Let I be a countable set and Z ~ I a free action. Let 0 < § < 1 and
k>624+0711 —6)"2. Assume that F : I — [5,1 — 8] is a function satisfying the following
conditions.

1. There ezists a 0 < X < 1 such that lim; oo F (i) = X and Y, ;(F(i) — X\)? = 4o0.
2. For every k € Z, the function ci : I — R : ¢ (i) = F(i) — F((=k) - i) belongs to (2(I).
3. We have Yoy exp(—klcx||3) = +o0.

4. For everyi € I, there exist n; € Z and ¢; € {1,—1} such that F(n-i) = X\ for all n € Z with
gin < n;.

Then, the Bernoulli action Z ~ (X,u) = [[;c;({0,1}, i) with p;(0) = F(i) is nonsingular,
essentially free, ergodic and of type I1I, and has a weakly mizing Maharam extension.

Proof. By 2, the Bernoulli action Z ~ (X, p) is nonsingular. Since 6 < p;(0) < 1 — ¢ for
all i € I, the action is essentially free. By 3 and Proposition 4.1, the action Z ~ (X, ) is
conservative. By 4 and Proposition 6.5, the subset {n-i |n € Z,e;n < m} C I is A-inessential
for every ¢ € I and every m € Z. Since these subsets cover I, it follows from 1 and Proposition
6.6 that Z ~ (X, ) is ergodic and of type III;, and that its Maharam extension is weakly
mixing. O

6.4 Amenable groups have 1-cocycles of arbitrarily small growth

A countable group G has the Haagerup property if there exists a proper 1-cocycle ¢ : G — H
into some unitary representation w : G — U(H). In [CTVO05, Proposition 3.10], it is proven
that a group with the Haagerup property admits such proper 1-cocycles ¢ : G — H of arbitrary
slow growth. In [BCV93], it is proven that all amenable groups have the Haagerup property.
Mimicking that proof, we show that an amenable group G admits a proper 1-cocycle ¢: G —
¢%(G) of arbitrary slow growth.

A function ¢ : I — [0, +00) on a countable infinite set I is called proper if {i € I | p(i) < K}
is finite for every x > 0.
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Recall that a Fglner sequence for an amenable group G is a sequence of finite, nonempty subsets
A, C G satisfying
im~————

=0 forall .
1 A 0 forall ge G

Proposition 6.8. Let G be an amenable countable infinite group and ¢ : G — [0,400) a
proper function with ©(g) > 0 for all g # e. Then there exists a 1-cocycle ¢ : G — (>(G) such
that ||cqll2 < @(g) for every g € G and such that g — ||cg||2 is proper.

More concretely, given @, given any Falner sequence A, C G with all A, being disjoint and
given § > 0, we can pass to a subsequence and choose £, € (0,6) such that

e lim,e, =0 and ), &2 = +o0,

e the function

en/VI|An|  if g € Ay for some n,

is such that cy(k) = F(k) — F(g~'k) defines a 1-cocycle ¢ : G — (*(G) with the properties
that ||cqll2 < @(g) for every g € G and that g — ||cqll2 is proper.

F:G—>[O,5):F(g):{ (6.4)

Proof. Enumerate G = {go, g1, g2, - ..} with go = e. Choose a sequence ¢, € (0,9) such that
lim, e, =0, Y, &2 = o0 and

k 1
Z e < 5elg)® forall k>1.

After passing to a subsequence of A,, we may assume that

ot I §€z2_” forall 1<k<n.
| An|

Define the function F as in (6.4). For every k£ > 1, we have

gk - F* — F2H1<225 +Z 2 |9“’1AA|A d <2Ze +Zsk2_
k—1

k
gzzgiJrzez:zZ e2 < o

n=1

Since ||gr- F— F||3 < |lgr - F? — F?||1 < (gr)?, we indeed find that the 1-cocycle ¢ : G — (*(G)
defined by ¢, (k) = F(k) — F(g~'k) satisfies ||cgll2 < ¢(g) for all g € G.

Since limg,0c F'(g) = 0 and 3, F(g)* = +o0, the 1-cocycle ¢ is not inner. By [PT10, Theorem
2.5], the 1-cocycle ¢ is proper. O

6.5 Proof of Theorem 6.1

To prove Theorem 6.1, we have to deal with two separate cases.
Case 1. G is an amenable group that admits an infinite subgroup A of infinite index.

Case 2. G admits a copy of Z as a finite index subgroup.
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Proof in case 1. We start by proving that G admits a Fglner sequence A,, C G for which all
the sets AA,, are disjoint. To prove this claim, let B,, C G be an arbitrary Fglner sequence and
define the left invariant mean m on G as a limit point of the means m,(C) = |C N B,|/|By|.
Since A < G has infinite index, we can fix a sequence g, € G such that the sets g, A are disjoint.
It follows that for every fixed h € G, the sets g,Ah are disjoint. By left invariance, this forces
m(Ah) = 0. So, for every finite subset F C G, we get that m(AF) = 0. This implies that
after passing to a subsequence of B, we may assume that |[AF N B,|/|B,| — 0 for every finite
subset F C G.

Write G as an increasing union of finite subsets F,, C G and choose F;, such that By C JF;, for
all £ < n. Choose inductively s; < s2 < --- such that

’A‘/—-‘Snfl mBSn‘ < =
’Bsn‘ n

for all n > 1. Defining A,, = B, \ AF;
all the sets AA,, are disjoint.

we have found a Fglner sequence A,, C G for which

n—17

Let G = {90,91,92,---} be an enumeration of the group G such that go = e and {go, 92,94, ...}
is an enumeration of the infinite subgroup A. By Proposition 6.8, we can pass to a subsequence
of A, and choose ¢, € (0,1/6) such that e, — 0, Y., €2 = +oo and such that the function
F defined by (6.4) has the property that the associated 1-cocycle ¢ : G — €%(G) : ¢4(k) =
F(k) — F(g~'k) satisfies

1
el < 1 Tog(1+n)
for all n > 0.

Define the probability measures py on {0,1} given by ui(0) = F(k) + 1/2 and note that
1/2 < p(0) < 2/3 for all k € G. Consider the associated Bernoulli action G ~ (X, pt), which
is nonsingular because of (2.3). Then,

o

Zexp 16||cg|| Z —log(1+n)) = +o0 .

geA

It follows from Proposition 4.1 that the action A ~ (X, u) is conservative. By construction, for
every k € GG, there is at most one A,, that intersects Ak. It then follows from Proposition 6.4
that Ak C G is 1/2-inessential, for every k € G. So by Proposition 6.6, the action A ~ (X, u)
is ergodic and of type IIl;, and has a weakly mixing Maharam extension. A fortiori, the same
holds for G ~ (X, p).

Proof in case 2. In case 2, G also admits a copy of Z as a finite index normal subgroup.
Denote k = [G : Z] and fix g1,...,gx such that G is the disjoint union of the g;Z. Define the
function

Fy:7Z — (0,1) : Fo(n) = % n =3,
0: ’ ro(n 1 1 .
= - >
5+ e if n >4,

and then define the function F' : G — (0,1) given by F(gin) = Fo(n) for all ¢ € {1,...,x} and
n € Z. For every g € G, define the function ¢, : G — R given by c4(h) = F(h) — F(g~'h).

Since 2224@ log(n))~! grows like log(log(k)), it follows from Lemma 6.9 below that for every
k € Z, the function Fy — k - Fy belongs to ¢*(Z) and that ||Fy — k - Fy||3/ log(|k|) tends to zero
as |k| — oo in Z. It then also follows that ¢, € £*(G) for every g € G and that ||cx||3/ log(|k|)
tends to zero when k tends to infinity in Z. Defining the probability measures pp, on {0, 1} given
by un(0) = F(h), the associated Bernoulli action G ~ (X, u) is nonsingular and essentially
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free. Applying Proposition 6.7 to the left action Z ~ G, it follows that Z ~ (X, ) is ergodic
and of type III;, and has a weakly mixing Maharam extension. A fortiori, the same holds for
G (X, p).

Lemma 6.9. Let ag > ay > as > -+ be a decreasing sequence of strictly positive real numbers.
Let A > 0 and ng € Z. Define the function

A+ Gp—ng lfn > N,

F:Z—>(0,+OO)3F(”):{>\ if n < ng.

For every k € Z, define the function c : Z — R : cx(n) = F(n) — F(n — k). Then, ¢ € (*(Z)

and
|k|—1 |k[—1

Z al < llexlls < 2 Z a2 for every k € Z.
n=0 n=0

Proof. Changing A or ng does not change the value of ||c||2, so that we may assume that A = 0
and ng = 0. Fix k > 1. For every n; > k, we have

ni

k—1 ni
Yoo lamP =) "ah+ > (ank—an)?,
n=0 n=~k

n=—oo

so that [jex]|2 > S2FZ1 a2 and

n=0"“"n

ny k—1 ny k—1 ny
Do lem)P <Y ap+d lan—anl = an+ Y (ap_y —ay)
n=—00 n=0 n=k n=0 n=k
k—1 k—1 ni k—1
:Zai—l—Za%— Z a%§22ai.
n=0 n=0 n=n1—k+1 n=0

Since this holds for all ny > k, we find that ¢; € £2(Z) and

k—1
lexll3 <2 ap .
n=0
Since ¢g = 0 and |[c_g||2 = ||ck||2, the lemma is proven. O

6.6 Proof of Corollary 6.2

It suffices to note that each of the transformations 7% x --- x T% can be viewed as a
Bernoulli action associated with some free action Z ~ [ having finitely many orbits. Since
Zﬁ:no (nlog(n))~! grows like log(log(k)), it follows from Lemma 6.9 that the associated 1-
cocycle ¢ : Z — (*(I) satisfies limy o [|ck[|3/1og(]k]) = 0. By Proposition 6.7, the trans-
formation T% x --- x T is ergodic and of type IlI;, and has a weakly mixing Maharam

extension.

6.7 Proof of Corollary 6.3

By Lemma 6.9, the associated 1-cocycle ¢ : Z — £%(Z) defined by (2.8) satisfies

[kl k|
1 =1 N iy |
_ < < _

n=1
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so that

1 1
—log(1 < 2 < —(1+1
s loa(L+ [k|) < flexl} < (1 +1log k)
whenever |k| > 2. It follows that
oy . N 16 |
> " exp(—16||cx13) > Zexp(—l—8(1 +1log(k))) = exp(—8/9) Y 575 = oo
keZ k=2 k=2

Since 1/3 < ug(0) < 2/3, it follows from Proposition 6.7 that T is ergodic, of type III;, with
weakly mixing Maharam extension.

Write m = 73. The m-fold power of T is a Bernoulli action associated with Z ~ I, where
I is the disjoint union of m copies of Z. The associated 1-cocycle d : Z — (*(I) satisfies
ldi||3 = m ||cx||3 for every k € Z. Therefore,

1 o
> exp(—3ldil3) = 1+ 2Zexp(—%\\0k\|§)
keZ k=1

<1+ ZZexp(—% log(1+ k))
k=1

|
k=2

So by Proposition 4.1, the m-fold power of T is dissipative.

7 Nonsingular Bernoulli actions of the free groups

Concretizing the construction in the proof of Theorem 5.1 in the special case of a free product
group G = A x Z, we obtain the following wide range of nonsingular Bernoulli actions. As we
explain in Example 7.2, this provides nonsingular Bernoulli actions of type IIIy for any 0 <
A < 1 and this provides strongly ergodic nonsingular Bernoulli actions whose orbit equivalence
relation can have any prescribed Connes invariant.

Proposition 7.1. Let G = A % Z be any free product of an infinite group A and the group of
integers Z. Define W C G as the set of reduced words whose last letter is a strictly positive
element of Z. Let pg and py be Borel probability measures on a standard Borel space Xj.
Assume that ug ~ p1 and that po, p1 are not supported on a single atom.

The Bernoulli action G ~ (X, p) with (X, p) = [[,cc(Xo, pg) and
_ H1 ng € W;
! Ho ng ¢ W}

1s nonsingular, essentially free, ergodic and nonamenable in the sense of Zimmer.

Denote by T = duy/duo the Radon-Nikodym derivative. Define 7(T) as the weakest topology
on R that makes the map

7R = U(L®(Xo, o)) : 7(t) = (x +— T(x)™) (7.1)

continuous, where U(L>°(Xo, po)) is equipped with the strong topology. We say that T is almost
periodic if there exists a countable subset S C R} such that T(xz) € S for a.e. v € Xy. In that
case, we denote by SA(T) the subgroup of R generated by the smallest such S C R .
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1. The type of G ~ (X, ) is determined as follows: the action is of type IL if and only if
T(x) =1 for a.e. x € Xo; the action is of type III with 0 < A\ < 1 if and only if the essential
range of T generates the subgroup A2 < R} ; and the action is of type III; if and only if the
essential range of T generates a dense subgroup of R} .

2. If A is nonamenable, the action G ~ (X, u) is strongly ergodic (in the sense of [Sc79]).
Then, the T-invariant of the orbit equivalence relation R of G ~ (X, ) (in the sense of
[HMV17, Definition 2.6]) equals T(T). In particular, R is almost periodic (in the sense of
[HMV17, Section 5]) if and only if T is almost periodic and in that case, SA(R) = Sd(T).

8. If A has infinite conjugacy classes and is non inner amenable, then the crossed product
factor M = L*>°(X, p) x G is full and its T-invariant (in the sense of [Co74]) equals T(T).
Also, M is almost periodic (in the sense of [Co74]) if and only if T is almost periodic and
in that case, SA(M) = SA(T).

For a Bernoulli action G ~ (X, ) as in Proposition 7.1, the weak mixing of the Maharam
extension and the stable type, i.e. the type of a diagonal action G ~ (Y x X,n x p) given a
pmp action G ~ (Y, n), are discussed in Proposition 7.3 below.

Before proving Proposition 7.1, we provide the following concrete examples.

Example 7.2. We use the same notations as in the formulation of Proposition 7.1.

1. Take 0 < A < 1 and put Xo = {0,1} with p(0) = (1 + A)~! and p1(0) = M1+ X)L
It follows that G ~ (X, u) is of type III. So all free product groups G = A * Z with A
infinite admit nonsingular, essentially free, ergodic Bernoulli actions of type III,. Note that
by [DL16, Corollary 3.3], the group Z does not admit nonsingular Bernoulli actions of type
IIT,, at least under the assumption that all u,, n < 0, are identical.

2. Using the construction of [Co74, Section 5|, we obtain the following examples of strongly
ergodic, nonsingular Bernoulli actions whose orbit equivalence relation has an arbitrary
countable dense subgroup of R} as Sd-invariant or has any topology coming from a unitary
representation of R as 7-invariant. This holds for any free product group G = A % Z with A
nonamenable, and in particular for any free group F,, with 3 < n < +o00. So this provides
an answer to [HMV17, Problem 3].

Let n be any nonzero finite Borel measure on R} with fR* xdn(z) < oco. Define Xy =
R} x {0,1} and define the probability measures ug and p1 on Xy determined by

w= [ (s a)dnta).

*

Fduy=r" /+ (F(z,0) + zF(z,1)) dn(z) ,
Xo R

Fdu, =r™! /+ (zF(x,0) + F(z,1)) dn(z) ,
Xo Ry

for all positive Borel functions F' on Xy. Then, pug ~ p1 and the Radon-Nikodym derivative
T = dpy/dug is given by T(z,0) = z and T(z,1) = 1/z for all x € R

So when A is nonamenable, the nonsingular Bernoulli action associated with pg, pt1 in Propo-
sition 7.1 is strongly ergodic and the 7-invariant of the orbit equivalence relation is the
weakest topology on R that makes the map

R — UL® (R}, n)) : t = (x> z')
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continuous. Varying 7, it follows that any topology on R induced by a unitary represen-
tation of R arises as the 7-invariant of the orbit equivalence relation of a strongly ergodic,
nonsingular Bernoulli actions of a free product G = A x Z with A nonamenable.

In particular, taking an atomic measure 7, we obtain strongly ergodic, nonsingular Bernoulli
actions of G = A * Z with any prescribed Sd-invariant. More concretely, when S < R} is
a given countable dense subgroup, we enumerate S N (0,1) = {t, | n > 1} and define the
finite atomic measure 1 on R} given by

= 1

n=1

The orbit equivalence relation of G ~ (X, i) is then almost periodic with Sd-invariant equal
to S.

Proof of Proposition 7.1. Since AW = W, the action A ~ (X, u) is a probability measure
preserving Bernoulli action. Denote by a € Z the generator a = 1. The measure a~! - p1 given
by (a=! - pu)(U) = p(a - U) equals the product measure

a_l':u:H,uag-

geG

Since a 'WAW = {e}, we get that a=! - 4 ~ p and that

da™" - )

_ dpy
@) =g

dpo
So, a acts nonsingularly on (X, ) and the Radon-Nikodym cocycle is given by w(a, x) = T'(z.).
It follows that G ~ (X, u) is nonsingular and essentially free.

To prove the ergodicity and to determine the type of G ~ (X, pu), consider the Maharam
extension G ™~ (X x R, u x v) given by (2.7). Let Q € L*°(X x R) be a G-invariant function.
Since A ~ (X, p) is measure preserving and ergodic, it follows that Q(z,s) = P(s), where
P € L*(R) is invariant under translation by ¢ for every ¢ in the essential range of one of the
maps x — log(w(g,x)), g € G. The union of these essential ranges equals the subgroup of R}
generated by the essential range of T'. So our statements about the ergodicity and the type of
G ~ (X, p) follow.

To prove that G ~ (X, u) is nonamenable in the sense of Zimmer, denote by A; < G the
subgroup generated by A and aAa~'. Note that A; is the free product of these two subgroups.
Both A and aAa~! act on (X, 11) as a probability measure preserving Bernoulli action, although
they do not preserve the same probability measure. In particular, the actions of A and aAa™"
on (X, ) are conservative. Since the action of their free product A; is essentially free, it follows
from [HV12, Corollary F] that Ay ~ (X, ) is nonamenable in the sense of Zimmer. A fortiori,
G ~ (X, p) is nonamenable.

Now assume that A is nonamenable. Since A ~ (X, u) is a probability measure preserving
Bernoulli action, the action A ~ (X, ) is strongly ergodic. A fortiori, G ~ (X, ) is strongly
ergodic. The same argument as in [HMV17, Theorem 6.4] gives us that the T-invariant of the
orbit equivalence relation R(G ~ (X, u1)) is the weakest topology on R that makes the map in
(7.1) continuous.

Finally assume that A has infinite conjugacy classes and that A is non inner amenable. Denote
by (ug)gec the canonical unitary operators in M = L*(X) x G and denote by ¢ the canonical
faithful normal state on M given by p(F) = [y F(x)du(x) and ¢(Fug) = 0 for all F € L®(X)

24



and g € G\ {e}. Denote by H the Hilbert space completion of M w.r.t. the scalar product
given by (c,d) = ¢(d*c) for all ¢,d € M. View M C H. Since the action A ~ (X, 1) is measure
preserving, both left and right multiplication by ug, g € A, defines a unitary operator on H.
To prove that the factor M is full and that the same topology as above is the 7-invariant of
M, it suffices to prove that the unitary representation

0: A —UMHSCL): (0(g))(d) = ugdu

does not weakly contain the trivial representation of A.

But 6 is the direct sum of the subrepresentations 6; on H; where H; is the closed linear span of
{ugF | g € G, [ Fdp =0}, where M is the closed linear span of {u, | g € G\ A}, and where
H3 is the closed linear span of {u, | g € A\ {e}}. Because A ~ (X, i) is a probability measure
preserving Bernoulli action, the representation 6; is a multiple of the regular representation of
A. Since G is the free product of A and Z, also 65 is a multiple of the regular representation
of A. Since A is nonamenable, #; and 6> do not weakly contain the trivial representation of
A. Finally, 03 does not weakly contain the trivial representation of A because A has infinite
conjugacy classes and A is not inner amenable. O

Proposition 7.3. Let G = A % Z be any free product of an infinite group A and the group of
integers Z. Let G ~ (X, 1) be a Bernoulli action as in Proposition 7.1. Choose an ergodic pmp
action G ~ (Y,n). Then, the diagonal action G Y x X is ergodic and its type is determined
as follows.

Using the same notations as in Proposition 7.1, denote T = duy/dug. Denote by L < R the
subgroup generated by the essential range of the map Xo x Xog — R : (z,2") — log(T(z)) —

log(T'(z")).
1. If L = {0}, then u is G-invariant and the actions G ~ X and G Y x X are of type 1.

2. If L < R is dense, then the Maharam eztension of G ~ (X, p) is weakly mizing and the
diagonal action G ~Y x X s of type I1I;.

3. If L = aZ, take the unique b € [0,a) such that log(T(z)) € b+ aZ for a.e. x € Xy. Denote
by 7 : G — Z the unique homomorphism given by 7(g) =0 if g € A and 7(n) =n if n € Z.
The set

H = {k € Z | there exists a Borel map V : Y — R/aZ s.t.

V(g-y) =V(y)+ kn(g)b for allg € G and a.e. y € Y} (7.2)

is a subgroup of Z.. Write H = koZ with ko > 0. If kg = 0, the action G ~Y x X s of type
IIL. If kg > 1, the action G ~Y x X is of type III) with A\ = exp(—a/ko).

4. If L =aZ and b € [0,a) is defined as in 3, then the following holds.

e Ifbis of finite order ky > 1 in R/aZ (with the convention that ky =1 if b=0), varying
the action G ~ (Y,n), the possible types of G ~Y x X are Il with A = exp(—a/ko)
where ko > 1 is an integer dividing k1. Given such a kg, this type is realized by taking
the transitive action of G on'Y = Z/(k1/ko)Z given by g -y = y + w(g), or any other
pmp action G ~Y that is induced from a weakly mizing pmp action of the finite index
normal subgroup 7= ((k1/ko)Z) < G.

e If b is of infinite order in R/aZ, varying the action G ~ (Y,n), the possible types of
G Y x X are III; and 111\ with A\ = exp(—a/ky) where ko > 1 is any integer. Given
ko, the latter is realized by takingY = R/(a/ko)Z and g-y = y+m(g)b, while the former is
realized by taking G ~ (Y,n) to be the trivial action, or any other weakly mixing action.
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By varying the probability measures o and pg in the construction of Proposition 7.1, all values
of 0 < b < a in Proposition 7.3 occur; see Example 7.4.

Proof. Fix G ~ (X, p) as in Proposition 7.1 and fix an arbitrary ergodic pmp action G ~ (Y, 7).
Since A ~ (X, p) is a pmp Bernoulli action, a A-invariant element of L>*(Y x X) belongs to
L>*(Y) ® 1. It follows that G ~ Y x X is ergodic.

Define L < R as in the formulation of the proposition. If L = {0}, we have that 7" is constant
a.e. Since on T(x)dpo(z) = 1, this constant must be 1. So, T'(xz) = 1 for a.e. z € Xy. This
means that g = p1, so that G ~ (X, p) is a pmp Bernoulli action. This proves point 1.

To prove the remaining points of the proposition, let @ € L*°(Y x X x R) be a G-invariant
element for the diagonal action of G ~ Y and the Maharam extension G ~ X xR of G ~ X.
A fortiori, @ is A-invariant. Since A ~ (X, p) is a pmp Bernoulli action, it follows that
QeL>Y)®1® L (R).

As in the proof of Theorem 5.1, it follows that Q(y,x,s) = P(y,s), where P € L®(Y x R)
satisfies

P(g-y,s+log(w(g,x))) = P(y,s) forall ge G anda.e. (y,z,5) €Y x X xR. (7.3)
Note that L equals the subgroup of R generated by the essential ranges of the maps
XxX -5 R:(x,2") — log(w(g,z)) —log(w(g,2')) , g€ G .

It then follows from (7.3) that P(y,s +t) = P(y,s) for all t € L and a.e. (y,s) € Y x R.

If L < R is dense, we conclude that @ € L>®(Y) ® 1 ® 1 and thus, by ergodicity of G ~ Y,
that @ is constant a.e., so that G ~ Y x X X R is ergodic. This means that G ~ Y x X is of
type III;. Since G ~ (Y,n) was an arbitrary ergodic pmp action, it follows that the Maharam
extension G ~ X X R is weakly mixing. This proves point 2.

Next assume that L = aZ with a > 0 and take the unique 0 < b < a such that log(T'(z)) € b+aZ
for a.e. x € Xy. Denote by m : G — Z the unique homomorphism given by m(g) = 0 if g € A
and m(n) = n if n € Z. Since w(g,xz) = 1 for all ¢ € A and w(1l,z) = T(x.), it follows
that log(w(g,x)) € m(g)b+ aZ for all ¢ € G and a.e. x € X. We conclude that an element
Q € L>®(Y x X xR) is G-invariant if and only if G(y,x, s) = P(y, s) where P € L>®(Y xR/aZ)
is invariant under the action G ~Y x R/aZ given by g - (y,s) = (g -y, 7(g)b+ s).

If k€Zand V :Y — R/aZ is a Borel map satisfying V(g -y) = V(y) + kn(g)b for all g € G
and a.e. y € Y, the map P(y,s) = exp(2mi(V(y) — ks)/a) is G-invariant. Using a Fourier
decomposition for R/aZ = Z it follows that these functions P densely span the space of all
G-invariant functions in L?(Y x R/aZ). Define H < Z as in (7.2). If H = {0}, it follows that
L®(Y x X x R)® = C1 and that G ~ Y x X is of type III;. When H = koZ with ko > 1, we
identified L®(Y x X x R)Y with L™(R/(a/ko)Z) and it follows that G ~ Y x X is of type
IIT with A = exp(—a/kp). This concludes the proof of point 3.

To prove point 4, first assume that b is of finite order k; in R/aZ. Using the map V(y) = 0
for all y € Y, it follows that k; belongs to the subgroup H < Z defined in (7.2). Therefore, kg
must divide k1. Conversely, assume that kg > 1 divides k; and that G ~ Y is induced from
a weakly mixing pmp action of Gy := 7~ !((k1/ko)Z) on Yy. Denote by H < Z the subgroup
defined in (7.2). We have to prove that H = koZ. If k € Z and V : Y — R/aZ is a Borel
function satisfying V(g-y) = V (y)+kn(g)b, it follows that V is invariant under 7=1(k1Z). Since
Go n Yy is weakly mixing, G is normal in G and 7~ !(k1Z) < Gy has finite index, it follows
that V is Gy-invariant. This forces k to be a multiple of ky. So, H C kyZ. By construction
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of the induced action, there is a Borel map W : Y — G/Gy satistying W (g - y) = gW (y).
Identifying G /Gy with Z/((k1/ko)Z) through 7 and composing W with the map

7./ (k1 /ko)Z) = R/aZ : n — konb

we have found a Borel map V : Y — R/aZ satistying V(g -y) = V(y) + kom(g)b. So, ko € H
and the equality H = koZ follows. By point 3, the action G ~ Y x X is of type III, with
A = exp(—a/kp).

Finally assume that b is of infinite order in R/aZ. When G ~ (Y,n) is weakly mixing, the
subgroup of H < Z defined in (7.2) is trivial, so that G ~ Y x X is of type III;. When
Y = R/((a/ko)Z with g -y = y + w(g)b, one checks that H = koZ, so that G ~ Y x X is of
type III with A = exp(—a/ko). O

Remark 7.4. Given 0 < b < a, define the probability measures pg and pq on {0,1} given by

_ 1= exp(—b)
1 —exp(—a)

1 —exp(b—a)

MO(O) and 1 (0) =

1 —exp(—a)

Denote T' = duy/dpg. We get that T(0) = exp(b) and T'(1) = exp(b — a). So, the map
(z,2") — log(T(x)) — log(T(x')) generates the subgroup aZ < R and log(T'(z)) € b+ aZ for all
z €{0,1}.

Given a > 0 and b = 0, define the probability measures p9 and p1 on {0,1,2} given by

1 B 1 _ exp(a)

no(0) =5 po(1) = 20 +opla)) Ho(2) = 2(1 + exp(a))
1 ~ exp(a) _ 1

m0) =5 pi(l) = 20 +opla) m(2) = 2(1 + exp(a))

The range of T' = duy/dug equals {1,exp(a),exp(—a)}. Therefore, the range of the map
(z,2") — log(T(x)) — log(T(z')) generates the subgroup aZ < R and log(T(x)) € aZ for all
z € {0,1,2}.

So all values 0 < b < a really occur in Proposition 7.3.

This means that given any 0 < A < 1, Proposition 7.3 provides concrete examples of nonsingu-
lar, weakly mixing Bernoulli actions G ~ (X, u) of a free product group G = A x Z such that
the type of G ~ (Y x X,n x p) ranges over 11T, with p € {1} U {\/* | k> 1}.

Given any 0 < A < 1 and an integer k; > 1, Proposition 7.3 also provides concrete examples
of nonsingular, weakly mixing Bernoulli actions G ~ (X, u) such that the type of a diagonal
action G ~ (Y x X,n x p) ranges over 11T, with € {\/¥ | k > 1, k|k;}. In particular, we
find nonsingular Bernoulli actions of stable type III,.

In Corollary 6.3, we constructed explicit nonsingular Bernoulli actions Z ~ (X, u) of type 111y
such that the m-th power diagonal action Z ~ (X™, u™) is dissipative. However, as we explain
now, this phenomenon does not always occur for nonamenable groups.

Let G be a nonamenable group, G ~ I a free action and F : I — (0,1) a function satisfying
(2.4). Consider the associated nonsingular Bernoulli action G ~ (X, u) and the 1-cocycle
c: G — (*(I) given by (2.8). If the 1-cocycle is not proper, meaning that there exists a x > 0
such that ||cg|l2 < & for infinitely many g € G, it follows from Proposition 4.1 that G ~ (X, )
and all its diagonal actions G ~ (X™, u™) are conservative.

So, if the group G has no proper l-cocycles into ¢2(G), e.g. because G does not have the
Haagerup property, then all its nonsingular Bernoulli actions are conservative.
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On the other hand, the free group Fo admits proper 1-cocycles into ¢2(F3). We use this to
construct the following peculiar example of a nonsingular Bernoulli action of Fy. In Proposition
7.7, we use a 1-cocycle with faster growth to give an example of a dissipative Bernoulli action
OfEé.

Proposition 7.5. Let G = Fy be freely generated by the elements a and b. Define the subset
W, C Fa consisting of all reduced words in a,b that end with a strictly positive power of a.
Similarly define Wy, C Fo and put W = Fy \ (W, UWy). The Bernoulli action G ~ (X, p) with

(X, 1) = [yec (0,1}, pg) and

3/5  ifge W,
1g(0) =1492/5 ifge W,
1/2  ifge W,

is nonsingular, essentially free, ergodic, nonamenable in the sense of Zimmer and of type III;.

For every g € G\ {e}, the transformation x +— g - x is dissipative. For m > 220, the m-th
power diagonal action G ~ (X™, ™) is dissipative.

The stable type of the Bernoulli actions Fo ~ (X, 1) in Proposition 7.5 is discussed in Remark
7.6.

Proof. Denote F : G — (0,1) : F(g) = p14(0) and define c4(h) = F(h) — F(g~'h). We find that

1 1
Cq = 1—05(1 and ¢ = —Eéb .
Since ¢ is a 1-cocycle, it follows that ¢, € £2(G) for all g € G. So, the action G ~ (X, p) is

nonsingular. Using the 1-cocycle relation, we find that

( 1 n ( 1 n
TOZaak ifn>1, —Echbk ifn>1,
k:lo kO=1
Ca —5 Y ifns L, and @ > G i<,
k=n+1 k=n+1
L0 ifn=0, 0 if n=0.

When g = a™b™1a" - .- @™ -1b™*a"* is a reduced word, with k£ > 0, ng,n; € Z and n;,m; €
Z \ {0}, the 1-cocycle relation implies that

Cg = Camo + a™o . cym1 + a0 cgny 4 e 4 @OD M L R Camk - (7'4)

All the terms at the right hand side of (7.4) are orthogonal, except two consecutive terms whose
scalar product equals 1/100 when n; > 1 and m;4+; < —1, and also when m; > 1 and n; < —1.
Denote by |g| the word length of g € Fy. We conclude that

1 1
llegll3 = ﬁ|g| + %number of sign changes in the sequence ng, mi,n1,...,mg,ng .  (7.5)

Denote by w : G x X — (0,00) the Radon-Nikodym cocycle. Define F = {a,a!,b,b"1}.
Denote by A : G — U((*(G)) the left regular representation.

Combining Lemma 5.4 with (7.5) and Kesten’s [Ke58], we find that

S [ Vel adnte) > te(-5) > V3= [ L]

9&> gEF
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So by Proposition 5.3, the action G ~ (X, 1) is nonamenable in the sense of Zimmer.

When gg € G\ {e}, there exist integers o, f with & > 1 and 8 > 0 such that |g{| = a|n|+ 5
for all n € Z \ {0}. It then follows from (7.5) that

S exp(— lleg 13) < S exp(— 50 o) 1+zzexp —505m) < 400
neL nez

So by Proposition 4.1, the transformation x — go - x is dissipative.

Let m > 220. The m-th power diagonal action G ~ (X™, ™) is a Bernoulli action whose
corresponding 1-cocycle (¢, g)gec satisfies [|em gl|3 = m||cg||3. Define B, = {g € G | |g| = n}.
For every n > 1, we have |B,,| = 4 - 3"~ 1. Therefore, using (7.5), we get that

1
Z exp(—§ ||Cm,g ‘%)

geG geG

< Zexp —%ml —1+Zexp —%n 4~3”_1 < +o0

because m > 200 - log 3. It follows from Proposition 4.1 that the m-th power diagonal action
G ~ (X™, ™) is dissipative.

It remains to prove that G ~ (X, ) is ergodic and of type III;. Denote by G ~ (X xR, x v)
the Maharam extension given by (2.7). Let Q € L*(X x R) be a G-invariant function. The
main point is to prove that @ € 1 ® L>®(R).

Denote by S, C G the set of reduced words that start with a strictly positive power of a.
Similarly define S,-1, S, and S,-1. Note that

={efUSaUS,-1 LS, Sp1.

Whenever U C G, we denote (Xu,uv) = [[,e({0,1}, pg) and we identify (X, p) = (Xu X
Xye, iy X pye). Define A = (b,a~'ba) and note that A is freely generated by b and a~'ba. The
concatenation wv of a reduced word w € A and a reduced word v € S, remains reduced. In
particular, for all w € A and v € S, the last letter of wv equals the last letter of v. Therefore,
the restriction of F' to U := AS, is A-invariant. It follows that A ~ (Xy, uy) is a probability
measure preserving Bernoulli action.

We claim that the action A ~ (X, ) is conservative. Whenever k£ > 1 and n;,m; > 1, the
element

g = (a"tba)™ b™ - .- (a7 tba)™ B = a7 oM a B™ a1 02a b2 - a D a b

belongs to A and by (7.5), we have

k

1 2k —1 1 3k

= (2% ) — ) + 2

leall3 = 75 ( +; k) + 55 < g ) + 3

It follows that
s > U 4
Soo(- 16l >3 3 el 30 Tlew- o m)
geEA =1 ni,..,ng,mi,...m=1 =1
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From Proposition 4.1, the claim that A ~ (X, u) is conservative follows.

Since A ~ (Xye, uye) is a factor action of A ~ (X, ), it is also conservative, as well as its
Maharam extension A ~ (Xye X R, uye X v). Since the action A ~ (Xy, puy) preserves the
probability measure p7, we can view A ~ (X xR, u x v) as the diagonal product of the mixing,
probability measure preserving A ~ (X, py) and the conservative A ~ (Xpe X R, pye X v).
By [SW81, Theorem 2.3], it follows that () € L*°(Xye x R). In particular, @ € L*(Xg: x R).

We make the same reasoning for S,-1 and the group (b, aba~"), for Sy and the group (a, b~ 'ab)
and for Sy-1 and the group (a,bab™!). Since S, U S,~1 U S, U Sy-1 = G \ {e}, it follows that
Qe LOO(X{E} X R)

We finally use the group A = (aba—!,a?ba=2). We have A C W, so that A ~ (X, up) is a
probability measure preserving Bernoulli action. For all £ > 1 and n;, m; > 1, we have that

g = (aba™H)™ (a®ba=2)™ ... (aba™H)™ (a®ba=2)™*

—ab™ab™ a2 g™ gt .. g7 B g b g2
and thus, using (7.5),

1
100

2k —1
50

k
legll3 = o5 (2 + 24+ D (ni +mi) ) +
i=1
The same computation as above shows that A ~ (X, ) is conservative. As above, it follows
that @ € L (X e x R). Altogether, we have proved that @ € 1 ® L>®(R).

So we get that G ~ (X, ) is ergodic. To prove that the action is of type III;, it suffices to
show that the essential range of the map z — w(a, x) generates a dense subgroup of R;". But
using (2.6), we get that

w(a,z) = H K

gec HalTg pre(Te)

(lg(xg) _ ,ua(xe) _ 6/5 if ze = 0,
(2g) 4/5  ifx, = 1.

Since 6/5 and 4/5 generate a dense subgroup of R}, the proposition is proved.
O

Remark 7.6. The stable type of the nonsingular Bernoulli action Fo ~ (X, 1) constructed in
Proposition 7.5 is given as follows. The essential ranges of the maps (z,2') — w(g, z)/w(g, z'),
g € Fy, generate the subgroup (2/3)% of R} and w(g, x) € (4/5) - (2/3)% for all g € Fy and a.e.
x € X. Combining the proofs of Proposition 7.1 and 7.5, it follows that for every ergodic pmp
action Fy ~ (Y, n), the diagonal action Fy ~ Y x X is ergodic and that, varying Fo ~ (Y1),
the type of this diagonal action ranges over ITI,, with € {1} U {(2/3)"/* | k > 1}.

Taking a slight variant of the action in Proposition 7.5, by putting

3/5 if g € W,
1g(0) = {5/12 it g € Wi,
1/2 ifgeW,

all the conclusions of Proposition 7.5 remain valid — except that we have to take m > 317 to get
a dissipative diagonal action Fo ~ X™ — and moreover, the Maharam extension of Fo ~ (X, )
is weakly mixing, so that all diagonal actions Fo ~ Y x X have type III;. This follows because
now, the essential ranges of the maps (z,7') — w(g,z)/w(g,2’), g € Fy, generate a dense
subgroup of R}, namely the subgroup generated by 2/3 and 5/7.
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The Bernoulli action Fo ~ (X, ) constructed in Proposition 7.5 has the property that the
diagonal action Fy ~ (X™, ™) is dissipative for m large enough. This diagonal action is
a Bernoulli action associated with Fo ~ I, where I consists of m disjoint copies of Fo. This
operation multiplies | c,||3 with a factor m, up to the point of satisfying the dissipative criterion
in Proposition 4.1. It is however remarkably more delicate to produce a plain Bernoulli action
Fo ~ [Ijer, ({01}, 1g) that is dissipative. We do this in the next result, based on Lemma
7.8 below, which provides a 1-cocycle for Z with large growth, but bounded “implementing
function”.

Proposition 7.7. Let G = Fy. There exists a function F : G — [1/4,3/4] such that the
Bernoulli action G ~ (X, p) = [[,e({0,1}, pg) with pg(0) = F(g) is nonsingular, essentially
free and dissipative.

Proof. Denote by E, C G the set of reduced words that end with a nonzero power of a.
Similarly define Ej and note that G = {e} U E, Ll E}. An element g € E, is either a nonzero
power of a or can be uniquely written as g = ha™ with h € E, and n € Z \ {0}. We can
therefore define

Ta: Eq = Z : (") =n when n € Z\ {0}, and 7,(ha") =n when h € Ej and n € Z \ {0}.

We similarly define m, : £y — Z.

Fix D > 0 such that D > 32 log3. Using Lemma 7.8, fix a function H : Z — [0, 1] such that
H(n) =0 for all n < 0 and such that the formula ~x(n) = H(n) — H(n — k) defines a 1-cocycle
v : Z — (*(Z) satisfying ||vk||3 > Dlk| for all k € Z.

We define
1/2+ H(ma(g))/4 if g € By,

FiG—[1/4,3/4): Flg) = {1/2— H(m(g)/4 ifgeE,
1/2 if g=ce.
Define c4(h) = F(h) — F(g~'h). Define the isometries
Oo : (2(Z) — (2(G) : 0,(5p) = g and Oy : 12(Z) — L3(G) : Oy(n) = dyn .

We then have ¢, = 0,(y1)/4 and ¢, = —0,(71)/4. So, ¢4 € £*(G) for every g € G. It follows
that the Bernoulli action G ~ (X, p1) = [[,c5({0, 1}, pg) with p14(0) = F(g) is nonsingular and
essentially free.

We prove that 3 exp(—||¢gll3/2) < oo. It then follows from Proposition 4.1 that G ~ (X, u)
is dissipative.
When
g= a0 P g™ ... pT gk
is a reduced word, with k > 0, ng,ny € Z and n;, m; € Z\ {0}, the 1-cocycle relation implies
that
deg = 0a(ng) — a™ - Op(ymy) +a™00™ - 0o (vn,) — - +a"0b™a™ - 6™ - 04 () -

All terms in the sum on the right hand side are orthogonal, except possibly consecutive terms,
whose scalar products are equal to

_<9<1('7m)7ani : eb(’ymi+l)> = —Tn; (nl) Tmisa (0) = H(nl) H(_mi-f-l) >0,

or equal to

(05 (Ym: ), o™ - Bayn;)) = —ym, (mi) i (0) = H(mi) H(=ni) > 0.
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We conclude that

16 g3 > Z 1y 113 + Z 1y, 113 > D Z ni| + D Z Imj| = Dlgl ,

Jj=1 Jj=1

where |g| denotes the word length of g € Fa. So we have proved that ||c,||3 > (D/16) |g| for all
geq@q.

Since for n > 1, there are precisely 4 - 3"~! elements in Fy with word length equal to n, it
follows that

o0
S exp(—llegl3/2) < 3 exp(~D1gl/32) = 1+4 S exp(~Dn/32) 3" < o0,
geqG gelG n=1

because D /32 > log 3. So the proposition is proved. O

The function H = 1jj ;) implements a 1-cocycle ¢ : Z — (*(Z) satisfying ||cx||3 = |k| for all
k € Z. Multiplying H by a constant D > 0, we obviously obtain a 1-cocycle ¢ with growth
llckll3 = D? |k|. Tt is however more delicate to attain this growth while keeping ||H| s < 1. In
particular, the easy construction of Lemma 6.9 does not give such large growth. We need a more
intricate construction with an oscillating function H, giving examples where |ci||3 > D |k[3/2,
while H : Z — [0, 1].

Lemma 7.8. Let D > 0. There exists a function H : Z — [0,1] such that H(n) = 0 for all
n < 0 and such that the formula c,(n) = H(n) — H(n — k) defines a 1-cocycle ¢ : 7 — (*(7)
satisfying ||cx||3 > D|k[*/? for all k € Z.

Proof. For every integer n > 1, define the function

k/n if0<k<n,
H, :Z—10,1]: Hy(k) =9 2n—k)/n if n <k < 2n,
0 elsewhere.

Let (an)n>0 be an increasing sequence of integers with a,, > 1 for all n and > o2 ja,! < +oc.
A concrete sequence a,, will be chosen below. Put by = 0 and b, = szo 2ay, for all n > 1.
Define the function

H, (k—10b,) ifn>0andb, <k<b,+ 2ay,,

H:Z—[0,1]: H(k) =
0 elsewhere.

Note that we can view H as a “concatenation” of translates of H,,, in such a way that their
supports become disjoint. By construction, H(k) = 0 for all k£ < 0.

Define cx(n) = H(n) — H(n — k). We have

[e) bn+2an

le|3 =" [Hm) = Hm-1)=%" > |H(m)~-H(m-1)]
m=1

n=0 m=b,+1

-3y 1%_22%<+oo

n=0 m=b,+1 n=0

So, ¢1 € (?(Z). Since c satisfies the 1-cocycle relation, we have that ¢, € ¢*(Z) for all k € Z.
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For every k > 1, define F, ={n €Z|n >0 and a, > k}. For k > 1, we then have

bnt+an bn+an
2
[EED SEED SENCTOEED DI S
neFy m*bn—&-k ne]-'k m=bn+k ”
n€Fy EFoy, an

where the last inequality follows because For, C Fi and a, — k + 1 > a,,/2 when n € Fo.

Let D > 0. Take 0 < § < 1 such that 12v/6 < D™!. Put ay = 1 and a,, = [6n?] for all n > 1.
We prove that ||cx||3 > D|k[>/? for all k € Z. Since |lc_g|l2 = ||lck|l2, it suffices to prove this
inequality for every k > 1.

Fix k > 1 and put ng = [\/2k/5-‘. Note that ng > 1 and \/gng > v2k > 1. When n > ng, we
have a,, > 2k and thus, n € Fy;. Therefore,

A" 1K > 1
— >7 - -

k2 [ 1 K2 r
> = —_ — .
2 3 /no 522 dx NG (2 arctan(\/gng))

v

e 13

Since V/dng > 1 and I — arctan(x) > 1/(2z) for all z > 1, we get that

) k2 k2 k3/2 1 k3/2 3/
legll3 > 75— > = > > DK,
40n0 ~ 46(\/2k[5+1) 4V 2+ \/b]k T 12V/6
because y/d/k <1 and 12v/6 < D71, O
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