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ROBUSTNESS OF SHAPE-RESTRICTED REGRESSION
ESTIMATORS: AN ENVELOPE PERSPECTIVE

QIYANG HAN AND JON A. WELLNER

ABSTRACT. Classical least squares estimators are well-known to be ro-
bust with respect to moment assumptions concerning the error distri-
bution in a wide variety of finite-dimensional statistical problems; gen-
erally only a second moment assumption is required for least squares
estimators to maintain the same rate of convergence that they would
satisfy if the errors were assumed to be Gaussian. In this paper, we give
a geometric characterization of the robustness of shape-restricted least
squares estimators (LSEs) to error distributions with an L2 ; moment,
in terms of the ‘localized envelopes’ of the model.

This envelope perspective gives a systematic approach to proving
oracle inequalities for the LSEs in shape-restricted regression problems
in the random design setting, under a minimal L2 ; moment assumption
on the errors. The canonical isotonic and convex regression models, and
a more challenging additive regression model with shape constraints are
studied in detail. Strikingly enough, in the additive model both the
adaptation and robustness properties of the LSE can be preserved, up
to error distributions with an Lz ; moment, for estimating the shape-
constrained proxy of the marginal Lo projection of the true regression
function. This holds essentially regardless of whether or not the additive
model structure is correctly specified.

The new envelope perspective goes beyond shape constrained models.
Indeed, at a general level, the localized envelopes give a sharp charac-
terization of the convergence rate of the Ly loss of the LSE between the
worst-case rate as suggested by the recent work of the authors [25], and
the best possible parametric rate.

1. INTRODUCTION

1.1. Overview. [| Suppose we observe (X1,Y7),...,(X,,Y,) from the re-
gression model

(1.1) Yi=fo(Xi) +&, 1<i<n.
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where the X;’s are independent and identically distributed X-valued covari-
ates with law P, and the &;’s are mean-zero errors independent of X;’s. The
goal is to recover the true signal fy based on the observed data {(X;,Y;)}" .

In the canonical setting where the errors &;’s are Gaussian, perhaps the
simplest estimation procedure for the regression model (L)) is the least
squares estimator (LSE) f,, defined by

n
(1.2) f € argmin y “(V; — f(X3))?,
feF o
where F is a model chosen by the user. The use of the LSE in the Gaussian
regression model has been theoretically justified in the 1990s and the early
2000s, cf. [5, 16, 0 27, 28| 33, 40, 43 45):

Theorem A. Suppose that:

(E) the errors {&;} are sub-Gaussian (or at least sub-exponential);
(F') the model F satisfies an entropy condition with exponent « € (0, 2)@.

Then
A 1
(1.3) | fn = follLo(py = Op (n” %),

Furthermore, the rate (L3)) is unimprovable under the entropy conditions
(F) in a minimax sense, see e.g. [47].

Although the condition (F') is widely accepted in the literature as a com-
plexity measurement of the model F, it is far from clear if the light-tailed
condition on the errors (E) is necessary for the theory. Recently, we showed
[25] that the condition (E) is actually more than a mere technicality:

Theorem B. Suppose that condition (E) in Theorem [Al is replaced by
(E’) the errors {&} have a finite L, 1 moment (p > 1)
and (F) holds. Then

¢ __1 1,1
(1'4) ”fn - fOHLQ(p) = Op(n 2Ffa \V n 2+2p)_

We also showed [25] that the rate (L4) cannot be improved under (F)
alone. Comparing with (L3]), the rate in (L4) clearly indicates that if the
model F only satisfies (F), the best possible moment condition on the errors
to guarantee the same rate of convergence of the LSE as in the case of
Gaussian errors is p > 1+ 2/a.

The starting point for this paper originates from a remarkable result due
to Cun-Hui Zhang [48] in the context of isotonic regression. Zhang [48]
showed that the Lo loss of the isotonic LSE achieves the usual worst-case
(minimax) Op(n~'/3) rate, and the adaptive rate Op(y/logn/n) if the true
signal is, say, fo equals a constant, under only a second moment assumption
on the errors.

2F satisfies an entropy condition with exponent a € (0,2) if either (i)
supg log N (]| Fll Lo (@)» F> L2(Q)) S €, where the supremum is over all finitely discrete
measures Q on (X, A); or (ii) log V}j(e, F, L2(P)) S e,
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We view the first of these two properties established by Zhang as a “ro-
bustness property” of the LSE with respect to the distribution of the errors
{&}. We formalize this with the following definition:

Definition 1. We will say that the estimator sequence { fn} is Lo-robust with
respect to the errors {&;} in the model F (or just Ly-robust), if f, converges
to fo in Lo(P) at the same rate for zero mean 0 errors with ||&;]]2 < oo as for
errors {{;} that are Gaussian or sub-Gaussian. Similarly, if the same rate
holds for zero mean errors with ||&]|2,1 < 0o, we say that {f,} is Ly,i-robust
with respect to the errors {&;} in the model F.

Similarly, we view the second of the two properties established by Zhang
as an “adaptation property” of the LSE with respect to the model F:

Definition 2. We will say that the estimator sequence { fn} is adaptive to
a subset G, of the model F if it achieves a nearly (up to factors of logn)
parametric rate of convergence at all points f € G,,.

For the shape-constrained models we consider here the subsets G, of F
are natural subclasses of extreme points of the class F: in the isotonic model
F the collections G,, consisting of m constant non-decreasing pieces, and in
the convex regression model G, can be taken to be the piecewise linear
(convex) functions with at most m linear pieces.

Zhang’s work [48] has generated intensive research interest in further
understanding the adaptation properties of the isotonic and other shape-
restricted LSEs in recent years, cf. [7, [12] 13|, 22] 23]. These papers share a
common theme: the shape-restricted LSEs are adaptive to certain subsets
{Gmn} of the model F under a (sub-)gaussian assumption on the distribution
of the errors in the regression model.

Despite substantial progress in the adaptation properties of various shape-
restricted LSEs, there remains little progress in further understanding their
Lo-robustness properties beyond the isotonic model studied by Zhang [48].
Indeed, the challenges involved here were noted in Guntuboyina and Sen [23]
(page 30) as follows: “......However the existing proof techniques for these
risk bounds strongly rely on the assumption of sub-Gaussianity. It will be
very interesting to prove risk bounds in these problems without Gaussianity.
We believe that new techniques will need to be developed for this”. One of
the goals of this paper is to provide new approaches and insights concerning
the Ly (or Lg)-robustness of various shape-restricted LSEs.

Initially we had hoped to study this problem by appealing to the general
Theorem [Bl However, the theory in Theorem [Bl requires at least a third
moment (note that here a = 1 for the isotonic model). This implies that the
isotonic shape constraint must contain more information than that provided
by the entropic structure alone, so that Theorem [B] fails to fully capture the
Lo-robustness of the isotonic LSE.

One particular useful feature of the isotonic model is an explicit min-max
formula for the isotonic LSE in terms of partial sum processes; see e.g. [36].
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Zhang’s techniques [48] make full use of the min-max representation, and
are therefore substantially of an analytic flavor. Similar techniques have also
been used in [12, [17], but have apparently not yet successful in dealing with
any other shape constrained models. The rigidity in this analytic approach
naturally motivates the search for other ‘softer’ properties of the isotonic
shape constrained model that explain the robustness of the LSE. These
considerations lead to the following question.

Question 1. What geometric aspects of the isotonic shape constrained model
give rise to the Lo (or Lo )-robustness property of the LSE?

To put this question into a more general setting, note that Theorem [Bl
implies that the LSE can converge as slowly as Op(n~'/%) for certain hard
models when the errors only have a second moment, while in the aforemen-
tioned isotonic regression case, it is possible that the LSE converges at a
nearly parametric rate Op(y/logn/n) for certain special isotonic functions.
Therefore it seems more promising to search for a characterization of the
convergence rate of the Lo loss of the LSE in terms of some geometric feature
of the model F, when the errors have only an La(or Lg ) moment.

The first main contribution of this paper is to shed light on Question [l
from an ‘envelope’ perspective at this general level. Roughly speaking, the
size of the ‘localized envelopes’ of the model F determines the convergence
rate of the Ly loss of the LSE when the errors only have an L ; moment.
More specifically, let Fy(8) be the envelope for Fo(0) = {f € Fo : Pf? < 6%}
where Fy = F — fo. We show that (cf. Theorem [I]), under a certain uniform
entropy condition on the function class, if for some 0 < v < 1, the localized
envelopes have the growth rate

(1.5) [1Eo(O))| 2y () ~ 07 :
then the convergence rate of the LSE in the Lo loss is no worse than
(1.6) Op (n™7=7).

Furthermore, the rate (L6l cannot be improved under the condition (L3HI),
cf. Theorem 2l It is easily seen from ([L6]) that, as the size of the localized
envelopes increases, the rate of the Ly loss of the LSE deteriorates from the
parametric rate Op (n~/2) to the worst-case rate Op (n~1/*) as suggested by
Theorem [Bl For isotonic regression, we will see that the localized envelopes
of the model are small in the sense that v &~ 1 (up to logarithmic factors)
when fo = 0, and hence the LSE converges at a nearly parametric rate under
an Lo 1 moment assumption on the errors. For the hard models identified
n [25] (cf. Example @] below), the localized envelopes are big in the sense
that v = 0 so the LSE can only converge at the worst-case rate.
Addressing Question [l from a geometric point of view is not only of
interest in its own right, but also serves as an important step in better un-
derstanding the robustness properties of other shape constrained models.
This is the context of the second main contribution of this paper: we aim
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at improving our understanding of the L j-robustness property of shape
restricted LSEs, by providing a systematic approach to proving oracle in-
equalities in the random design regression setting for these LSEs under an
L 1 moment condition on the errors. This goal is achieved by exploiting the
idea of small envelopes from the solution to Question [Il The formulation of
the oracle inequality follows its fixed-design counterparts that highlight the
automatic rate-adaptive behavior of the LSE, cf. [7, [12]. More specifically,
we first prove the following oracle inequality that holds for the canonical
isotonic and convex LSEs in the simple regression models (cf. Theorem [3]):
Suppose that || fo]lcc < o0 and the errors {¢;} are i.i.d. mean-zero with
l€1ll2,1 < co. Then for any ¢ € (0,1), there exists some constant ¢ > 0 such
that with probability 1 — 6,

i * . . * m
A7) e = fl2,p < ¢ inf <f"11€1£m||fm — follZ ey + o -log? n) ;

where f§ is the Lo(P)-projection of fy onto the space of square ntegrable
monotonic non-decreasing (resp. convex) functions, and G,, is the class of
piecewise constant non-decreasing (resp. linear convex) functions on [0, 1]
with at most m pieces in the isotonic (resp. convex) model. The oracle
inequality (L) is further verified for the shape-restricted LSEs in the ad-
ditive model (cf. Theorem M), where now fy is the marginal Lo projection
of the true regression function. One striking message of the oracle inequal-
ity for the shape-restricted LSEs in the additive model is the following:
both the adaptation and Lo 1-robustness properties of the LSE can be pre-
served, up to error distributions with an Lo; moment, for estimating the
shape-constrained proxy of the marginal Lo projection of the true regres-
sion function, essentially regardless of whether or not the additive structure
1s correctly specified.

The proofs in this paper rely heavily on the new empirical process tools
and proof techniques developed in [25]. Although we will list relevant results,
readers are referred to [25] for more discussion of the new tools. Along the
way we also resolve the stochastic boundedness issue of convexity shape-
restricted LSEs at the boundary, which may be of independent interest (this
problem is in fact an open problem in the field, cf. [23]).

1.2. Notation. For a real-valued random variable £ and 1 < p < oo, let

&llp = (E|E|P YP denote the ordinary p-norm. The L, 1 norm for a random
P P,
variable ¢ is defined by

1€]1p,1 ::/0 P(|¢] > )P at.

It is well known that L,,. C L, 1 C L, holds for any underlying probability
measure, and hence a finite L, 1 condition requires slightly more than a p-th
moment, but no more than any p + ¢ moment, see Chapter 10 of [29]. In
this paper, we will primarily be concerned with the case p = 2.
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For a real-valued measurable function f defined on (X, A, P), |||z, p) =

(P|f|p)1/P denotes the usual Ly-norm under P, and ||fllcc = ||fllz. =
supgex|f(z)]. f is said to be P-centered if Pf = 0. L,(g, B) denotes the
L,(P)-ball centered at g with radius B. For simplicity we write L,(B) =
L,(0,B).

Let (F,||-||) be a subset of the normed space of real functions f : X — R.
Let N(g, F, ||-|I) be the e-covering number, and let Njj(e, F, ||-||) be the e-
bracketing number; see page 83 of [45] for more details. To avoid unnecessary
measurability digressions, we assume that F is countable throughout the
article. As usual, for any ¢ : F — R, we write [|¢(f)||7 for supscx|o(f)|-

Throughout the article 1, ..., ¢, will be i.i.d. Rademacher random vari-
ables independent of all other random variables. C, will denote a generic
constant that depends only on z, whose numeric value may change from
line to line unless otherwise specified. a <, b and a 2, b mean a < C.b
and a > C.b respectively, and a =<, b means a <, band a 2, bla < b
means a < Cb for some absolute constant C]. For two real numbers a, b,
aV b = max{a,b} and a A b = min{a,b}. We slightly abuse notation by
defining log(z) = log(x V e).

1.3. Organization. Section [2]is devoted to a treatment of the relationship
between the size of the localized envelopes and the convergence rate of the
Lo loss of the least squares estimator. Section [3is devoted to applications
to shape-restricted regression problems. Proofs are deferred to Sections [
and

2. CONVERGENCE RATE OF THE LSE: THE ENVELOPE
CHARACTERIZATION

2.1. Upper and lower bounds. Our first main result is the following.

Theorem 1. Suppose that &1, ...,&, are i.i.d. mean-zero errors independent
of i.i.d. covariates Xu,..., X, with law P such that ||{;|2,1 < co. Further
suppose that Fo = F — fo is a VC-subgraph class, and the envelopes Fy(9)
of Fo(6) = {f € Fo: Pf? < 6%} satisfy the growth condition

(2.1) 1 Eo ()| ypy < €67, forall 6 >0
for some constants 0 <~ <1 and ¢ > 0. If |fn — folleo = Op(1), then

N _ 1
| fn = follLo(py = Op (" 2@7).
Remark 1. Some technical remarks are in order.

(1) Ifinstead of || f,— folloo = Op(1) it is assumed that Fy C Log(1), then

the conclusion of Theorem [l can be strengthened to an expectation:
~ _ 1

Ell fn = follypy = O(n™2@=7).

(2) Condition (2.1) on the size of the localized envelopes can be modified
to incorporate logarithmic factors. In particular, if

[1F0(O)l Ly (py < ¢+ 67 log(1/6),
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then we may slightly modify the proof of Theorem [ to see that the
convergence rate of the Lo loss of the LSE is given by

Op (n_ 2 logﬁ n)

(3) We assume that the errors are identically distributed for simplicity:
the case of mean-zero, independent but not necessarily identically
distributed errors follows from a minor modification of the proof.

Remark 2. Theorem [l is actually proved for Fy under a more general uni-
form VC-type condition: Fy is said to be of uniform VC-type if there exists
some « € [0,2) and S € [0, 00) H such that for any probability measure @,
and any € € (0,1),6 > 0,

(2.2) log N (2| Eo (8) ]| (@), Fo(0), L2(Q)) < e~ log”(1/e).

The most significant examples for uniform VC-type classes are the VC-
subgraph classes (a = 0,8 = 1). Other important examples include the VC-
major classes, which satisfy (2:2)) up to a logarithmic factor (cf. Lemma []).
As we will see in Section 3], the canonical examples of VC-major classes that
satisfy ([2.2]) considered in this paper are the classes of bounded monotonic
non-decreasing and convex functions on [0, 1].

Remark 3. From a purely probabilistic point of view, the condition (2.1]) is
related to Alexander’s capacity function [I}, 2 [3] defined for VC class of sets
that gives relatively sharp asymptotic local moduli of weighted empirical
processes indexed by such classes. Results in a similar vein can be found in
[18] who generalized this notion to bounded VC-subgraph function classes.

So far we have derived an upper bound for the convergence rate of the Lo
loss of the LSE under the condition (21I). It is natural to wonder if such an
upper bound is sharp in an appropriate sense.

Theorem 2. Let P be the uniform distribution on [0,1]. For any v € (0,1],
there exists some uniformly bounded VC-subgraph class F on [0,1] and some
fo € F such that Fy = F—fy satisfies (21)), and the following property holds:
for each € € (0,1/2), there exist some constants cc, > 0, p > 0 and some
law for & with ||fl||2(1—6) < oo such that, for n large enough depending on

€,7, there exists a LSE f;; whose Lo loss satisfies

" > 3 e
[ fn = follo(py = copy - m 2C7

with probability at least p > 0. The constant c., can be taken to be 2/7.

Theorem [2] shows that our upper bound Theorem [l cannot be improved
substantially under (2.I)): the size of the localized envelopes drives the con-
vergence rate of the Lg loss of the LSE over VC-subgraph models (or more
generally, models of uniform VC-type) in the heavy-tailed regression setting
where the errors only admit (roughly) a second moment. Since the median

3We can also allow o = 2,8 < —2 but we are not aware of any such examples.
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regression estimator over VC-subgraph models achieves a nearly paramet-
ric rate Op(y/logn/n) at least when the errors are symmetric and admit
smooth densities; cf. Section 3.4.4 of [45], Theorem [2 illustrates a genuine
deficiency of the LSE in VC-subgraph models when the envelopes of the
model are not small. We remark that the case v = 0 is excluded mainly for
simplicity of presentation; similar conclusions hold under a slightly weaker
formulation, cf. Theorem 5 of [25].

The proofs of Theorems [Mland Bl are based on recent developments on the
equivalence between the convergence rate of the Lo loss of the LSE and the
size of the multiplier empirical process, cf. [11], 25, [44]. For the upper bound,
our proofs rely heavily on a new multiplier inequality developed in [25]. The
lower bound, on the other hand, is based on an explicit construction of
F that witnesses the desired rate within uniformly bounded VC-subgraph
classes satisfying (2.1).

2.2. Examples. In this section, we use Theorem [Il to examine the conver-
gence rate of the Ly loss of the LSE in several important examples.

Example 1 (Linear model). Let F = {fs(z) = 'z : 8 € R%} and let P
be the uniform distribution on [0,1]¢ . This is the simplest linear regression
model. A second moment assumption on the errors &;’s yields a closed-form
LSE with a parametric convergence rate: ||f, — follro(p) < 18r — Boll2 =
Op(n~1/2). This rate is obviously much faster than the worst-case rate
Op(n~1/4) as suggested by Theorem [Bl Thus the LSE sequence { fn} is Lo-
robust for the model F by a direct argument while our Theorem 1 very
nearly recovers this: it shows that { fn} is Ly 1-robust for the model F.

For simplicity of discussion, we assume d = 1 in the sequel. We may
also restrict the model to be {fz : f € [—1,1]}; this is viable since the LSE
localizes in the sense that || fnllso = |Bn] = Op(1). Moreover, it is clear that
the model is a VC-subgraph class. For any § > 0, | fslz,(p) < ¢ implies

that |f| < /36, and thus

F@)(@) =  sup  |Ba] = V3olal,
BE[—V/35,v/36]

which in turn yields ||F(6)||,p) = 6. Hence Theorem [l applies with v =1

to recover the usual parametric rate Op (n~/?) for the Ly loss of the LSE.

Our approach here should be compared with the common practice of using
local entropy to recovery the exact parametric rate for parametric models—
but the latter does not extend directly to the heavy-tailed regression setting,
cf. pages 152-153 of [43].

Example 2 (Isotonic model). Let F be the class of monotonic non-decreasing
functions on [0, 1] and let P be the uniform distribution on [0, 1]. It is shown
in a related fixed design setting (cf. [12],[17)[48]) that a second moment con-
dition on the errors &; is sufficient for the isotonic LSE to achieve the nearly
parametric adaptive rate Op(y/logn/n) in the discrete ¢5 loss, when the
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true signal is fo = 0. This naturally suggests a similar rate for the Lo loss of
the isotonic LSE in the random design setting. Apparently, this (suggested)
nearly parametric rate is far from the worst-case rate Op(n~=1/4).

In this model, since the univariate isotonic LSE localizes in L,, norm
(cf. Lemma [l), we may assume without loss of generality that F = {f :
non-decreasing, || f|lcc < 1}. The entropy condition (2.2)) can be verified
using the VC-major property of F up to a logarithmic factor (cf. Lemma
[R). On the other hand, for any § > 0, by monotonicity and the Lo constraint,
we can take

F()(x) =46 (m_1/2 v (1-— a:)_l/2) Al

Evaluating the integral we see that ||F'(0)| 1,y < 6+/log(1/d). Then an ap-
plication of Theorem [I] along with Remarks [I] (2) and [2, we see that the Lo
loss of the LSE fn converges at a parametric rate up to logarithmic factors
when the truth fj is a constant function and the errors are Lo ;. The obser-
vation concerning the role of the localized envelopes in the isotonic model
here is the starting point for a systematic development of oracle inequalities
for shape-restricted LSEs in Section [3

Example 3 (Single change-point model). Let F = {1[,1; : @ € [0,1]} be
the model containing signals on [0, 1] with a single change point. Let P be
the uniform distribution on [0, 1].

This model is contained in the isotonic model—from here we already
know by Example 2 that the localized envelopes of F are small, and hence
the LSE converges at a rate no worse than a nearly parametric rate under
an Lo 1 moment assumption on the errors. We can do better: since the
localized envelopes are exactly given by F(6) = 1p_s2y), it follows that
|F'(0)|lopy = 6, and hence by Theorem [ with v = 1 we see that the
LSE converges exactly at the parametric rate Op(n~1/2) even if the errors
only admit an Lp; moment. This is in stark contrast with the multiple
change-points model detailed below.

Example 4 (Multiple change-points model). Consider the following multi-
ple change-points model:

k
]:k = {Zci]‘[l’ihl‘i] : |Cz| § 1,

i=1

0§:E0<l‘1<...<l‘k_1<l‘k§1},k‘21.

It is shown in [25] that the Lo loss of the LSE over (a subset of) Fj can-
not converge at a rate faster than Op(n~/4) for some errors & with only
(roughly) a second moment. The LSE fails to be rate-optimal in this model:
if the errors are Gaussian (or even bounded), the convergence rate of the Loy
loss of the LSE (over VC-subgraph classes) is no worse than Op(y/logn/n).
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Note that in this model, the localized envelopes are given by F(0) = 1
for any 6 > 0 and hence [[F'(d)]|,p) = 1. Applying Theorem [ with v = 0

recovers the correct rate Op(n~1/4) for the Ly loss of the LSE in this model.

Example 5 (Unimodal model). Let F contain all (bounded) unimodal func-
tions on [0, 1], i.e. all f :[0,1] — R such that there exists some z* € [0, 1]
with f|j .+ non-decreasing and f]f,+ 1) non-increasing. [I3] and [7] con-
sidered the performance of the LSE in a fixed-design unimodal Gaussian
regression setting, where similar adaptive behavior as in the isotonic case
(cf. [48]) is derived. Since the class of (bounded) unimodal functions on
[0,1] contains the class of multiple change-points model F; as studied in
Example @], our results here imply that the unimodal shape constraint does
not inherit the Ly (or Lo ;)-robustness property as in the isotonic shape con-
straint in Example 2 the worst-case Op(n~'/4) is attained by the LSE in
the unimodal regression model for some errors §;’s with (roughly) a second
moment.

3. SHAPE-RESTRICTED REGRESSION PROBLEMS

As briefly mentioned in the Introduction, it is well-known that in the
fixed design regression setting, the isotonic least squares estimator (LSE)
only requires a second moment condition on the errors to enjoy an oracle
inequality, cf. [12, [17 48]. The proof techniques used therein rely crucially
on (i) some form of representation of the isotonic LSE in terms of partial sum
processes, and (ii) martingale inequalities. Unfortunately, such an explicit
representation does not exist beyond the isotonic LSE, and hence these
techniques do not readily extend to other problems.

Our goal here is to give a systematic treatment of the robustness prop-
erties of shape-restricted LSEs in a random design setting, up to error dis-
tributions with an Lp; moment. The examples we examine are (i) the
canonical isotonic and convex regression models, and (ii) additive regression
models with monotonicity and convexity shape constraints. As we will see,
the ‘smallness’ of the localized envelopes, along with their special geometric
properties, play a central role in our approach.

Henceforth, the isotonic (resp. convex) model refers to the regression
model based on the class of monotonic non-decreasing (resp. convex) func-
tions on [0, 1].

3.1. Prologue: the canonical problems. We start by considering the
‘canonical’ problems in the area of shape restricted regression: the isotonic
and convex regression problems. Note that a generic LSE fn in (L2) is
only well-defined on the design points Xi,...,X,. Our results below hold
for the canonical LSEs: for the isotonic (respectively convex) model, fn is
defined to be the unique left-continuous piecewise constant (resp. linear)
function on [0, 1] with jumps (respectively kinks) at (potentially a subset

of) {fu(Xi) .
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Some further notation: let M,,, = M,,([0,1]) (respectively C,,, = C,, ([0, 1]))
be the class of all non-decreasing piecewise constant functions (respectively
convex piecewise linear functions) on [0, 1] with at most m pieces. Let P
denote the uniform distribution on [0, 1] for simplicity of exposition.

Theorem 3. Consider the regression model (I11]). Let F be either the
isotonic or conver model. Suppose that ||follcc < 00, and the errors are
i.i.d. mean-zero with ||&1|l2,1 < co. Then for any 6 € (0,1), there exists
c=c(9, |€ll2,1, | folloo, F) > 0 such that with probability 1 — 6, the canonical

LSE f,, defined above satisfies
R * . . * m
1 fn = £511Z,0p) < ¢ inf (J%}Iégm“fm — follzae + — -log? n) ;

where f§ = argminge rnr,p)llfo — 9llLo(p); and G = My, for the isotonic
model and G, = Cy, for the convexr model.

The isotonic regression problem, included here mainly for sake of later
development in the additive model, is a benchmark example in the family of
shape-restricted regression problems. Even in this simplest case, the above
oracle inequality in Lo(P) loss seems newt.

For the more interesting convex regression problem, our oracle inequality
here confirms for the first time both the adaptation and robustness prop-
erties of the convex LSE up to error distributions with an Lo moment.
Previous oracle inequalities for the convex LSE exclusively focused on the
fixed-design setting under a (sub-)Gaussian assumption on the errors |7, [12];
see also Section 3 of [23] for a review.

Remark 4. Two technical comments on the formulation of the oracle in-
equality in Theorem

(1) The oracle inequality holds for the projection f§ of fo to F N La(P)
and hence allows for model mis-specification: the only assumption
on fo is boundedness: ||fol|lco < 00. The same comment also applies
to the oracle inequality in the additive model below.

(2) The oracle inequality cannot be strengthened to an expectation, in
view of a counterexample discovered in [4] in the convex model: the
convex LSE fn has infinite Lo risk in estimating fo = 0 even if the
errors are bounded: E| f,, — Ol 2o (py = o0

3.1.1. Proof strategy of Theorem [3. The proof of Theorem [3 contains two
major steps.

4An oracle inequality in La(P,) loss follows immediately from [I2] (with a second
moment assumption on the errors) since the monotone cone does not change with the
design points. See [24] for different techniques in the multivariate isotonic regression
problem when the errors are Gaussian.
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(Step 1)

(Step 2)

(3.1)

(3.2)

Q. HAN AND J. A. WELLNER

Envelopes F(0)’s

O\ 0

N— —

0 1

FIGURE 1. Envelopes for isotonic model with ¢ =1 in (3.2)).
From top to bottom: § = 0.7,0.5,0.3,0.1.

We first localize the shape-restricted LSEs in Lo, norm. This step
requires some understanding of the boundary behavior of the shape-
restricted LSEs under a second moment assumption on the errors.
The case for isotonic regression is relatively straightforward, while
the case for convex regression is much more difficult. Here we resolve
this issue in Lemma [5l

After the localization in Step 1, the problem essentially reduces to
controlling a multiplier empirical process of the form

E sup
feF:f—fi€La(0n)NLoo(B)

—= Do~ F)X)

A sharp bound for (B0 is inspired by the observation in Example
2l where the (untruncated) localized envelopes of the isotonic model
take the form

F(8)(z) =cd- (a2 v (1 —2)7Y/?)

for some absolute constant ¢ > 0. The envelopes for the convex
model also take the same form (3.2), cf. Lemma [0 On the other
hand, the localized envelopes ([B.2]) are centered at 0, while the mul-
tiplier empirical process (B.I) in question is centered at fj. By ex-
ploiting the exact form of (3.2)), we perform a ‘change-of-center argu-
ment’ on (B.I]) by shifting f; to an arbitrary piecewise simple signal
fm € Gm N Loo (| f§|oo), cf. Lemma [ thereby reducing the control
of (B)) to control of several multiplier empirical processes centered
at 0. The effect of the heavy-tailed &;’s is then accounted for, via
the multiplier inequality developed in [25], by a uniform estimate for
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the corresponding empirical processes in terms of the Lo size of the
localized envelopes (B.2)).

Remark 5. Currently our oracle inequality comes with a log®n term. It is
known in (i) the fixed design isotonic model with a second moment assump-
tion on the errors, and (ii) the fixed design convex model with sub-Gaussian
errors, that the power of the logarithmic factor can be reduced to 1. The ad-
ditional logarithmic factor in Theorem [3 occurs due to the use of VC-major
property for the isotonic and convex models in the random design setting:
the entropy estimate of bounded VC-major classes comes with logarithmic
factors that involve the Ly size of the envelopes (cf. Lemma []).

3.2. Additive regression model with shape constraints. Consider fit-
ting (x, z) — ¢o(z, 2), the conditional mean of the regression model

(3.3) Yi=¢o(Xi, Zi) +&, 1<i<mn,

by additive models of the form {(z,2) — f(z) + h(2)} feF nen, where F, H
are two function classes on [0,1]. To capture the mathematical essence of
the problem, we assume that the covariates {(X;, Z;)}l; are i.i.d. from
the uniform law P on [0,1]? and are independent of the errors {&;}. We
use Px, Py to denote the marginal distributions of P. For identifiability we
assume that H is centered.

Additive models of the type have a long history; see e.g. [20, [38]. When
the additive model is well specified (i.e. ¢o(z,2) = fo(x) + ho(z) with
fo € F,hy € H), and the nonparametric components enjoy smoothness
assumptions, standard methods such as iterative backfitting, e.g. [30] and
penalized LSE (smooth spline), e.g. [46], can be used to estimate fy and hyg.

Instead of computational issues, we will be interested here in certain struc-
tural aspects of the additive LSE fn defined via:

n

(3.4) (fn,hpn) € argmin Z (Y; — f(X;) — h(Zi))2.

(fLh)eEFxH ;1
Since the true regression function ¢y need not have an additive structure, one
may naturally expect that fn and h,, estimate the marginal Lo projections
x> fo(z) = Pzoo(x,Z) and z +— ho(z) = Px¢o(X, z) — Pog (cf. Appendix
4, page 439 of [8]). Our primary structural question on the behavior of the
additive LSE fn concerns the situation in which the model F involves shape
constraints:

Question 2. Does the additive LSE fn over the shape constrained model F
enjoy similar robustness and adaptation properties as in the univariate case
(treated in Theorem [3)?

The next theorem gives an affirmative answer to Question 21

Theorem 4. Suppose that (X;,Z;,Y;), i =1,...,n, are i.i.d. with values in
[0,1] x [0,1] xR and satisfy ([3.3) where ||¢olloc < 00, and the errors {&;} are
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i.i.d. mean zero with ||&1||21 < co. Let F be either the isotonic or convex
model. Further suppose that H C Loo(2||olleo) satisfies the following L
covering bound: for some v € (0,2)

(3.5) log N(e,H,Loo) S 77, forall e € (0,1).

Then for any 6 € (0,1), there exists ¢ = c(9, ||€]|2,1, [|¢0lloo, Fs H) > 0 such
that with probability 1 — 9§, the canonical LSE f, in (37]) satisfies

r * . . * m
fn = f5lLapy < ¢ inf (Liléém“fm = folliyp) + - -log? n> ;
where fi = argminge rrp,pyllfo — gllL,p) with fo = Pzéo(-, Z), and Gy, =
M., for the isotonic model and G,, = C,, for the convex model.

There is very limited theoretical understanding of the properties of shape-
restricted estimators when additive models are used. [34] investigated identi-
fiability issue for the additive LSE in the fixed design setting. [31] considered
pointwise performance of the LSE where both F and H are monotonic with
errors admitting exponential moments. [I5] gives an extension to a semi-
parametric setting assuming the same moment condition on the errors, still
considering pointwise performance of the LSEs for the isotonic components.
[14] proved consistency of the MLEs for a generalized class of additive and in-
dex models with shape constraints, without rate considerations. A common
feature of all these works is that the model is required to be well-specified.

To the best knowledge of the authors, Theorem [ is the first oracle in-
equality for shape-restricted LSEs in regression using an additive model,
and moreover, allowing for model mis-specification: not only the regression
function class F can be mis-specified, but the additive model itself may also
be mis-specified. Our result here therefore gives a strong positive answer
to Question both the adaptation and robustness properties of additive
shape-restricted LSEs can be preserved in estimating the shape constrained
proxy of the marginal Lo projection of the true regression function, up to
error distributions with an Lo 1 moment, essentially regardless of whether or
not the additive structure is correctly specified.

3.2.1. Ezxzamples under correct specification of the additive structure. Now
we consider the important situation when ¢y has an additive structure:

do(x,2) = folx) + ho(2).

In such a scenario, our result here is related to the recent work [42], who

asserted that the rate optimality nature of the (penalized) LSE over F in the

Gaussian regression setting can be preserved regardless of the smoothness

level of H. Our Theorem [ reveals a further structural property of the LSEs:

the robustness and adaptation merits due to shape constraints can also be

preserved, regardless of the choice of H under the entropy condition (B3.3]).
To further illustrate this point, we consider some examples.
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e (Parametric model) H = {fg(z) = B(z — 1/2) : f € [—1,1]}. In this
case ([B.3) becomes the semiparametric partially linear model.

e (Smooth model) H is the class of centered uniformly bounded a-
Holder (o« > 1/2) continuous functions on [0,1] with uniformly
bounded derivatives (cf. Theorem 2.7.1 of [45]).

e (Shape constrained model) H is the class of centered uniformly Lip-
schitz convex functions on [0, 1] (cf. Corollary 2.7.10 of [45]).

3.2.2. Proof strategy of Theorem [ The basic strategy in our proof of Theo-
rem [4] is similar to that of Theorem [Bl First, we need to localize the LSEs in
L norm under a second moment assumption on the errors and Pz H? < oo,
cf. Lemma [I[3] Next, in addition to the multiplier empirical process (B.1]),
the major additional empirical process we need to control is

(3.6)

1 n
. vn i(f = fo)(Xi)(h = (0 — Xiy Zi)|-
fef:f—féesilzl?67l)me(B) ﬁ;e(‘f fo)(Xi)(h = (g0 = fo))( )
hew

where the ¢;’s are i.i.d. Rademacher random variables. One notable feature
in (3.6)) is that the supremum over H need not be localized when the interest
is in the behavior of fn, cf. Proposition @l In other words, no apriori infor-
mation on the behavior of h, (other than the assumption (33)) is needed
in order to understand the behavior of fn

The entropy condition (B.5]) serves as a sufficient condition for a sharp
estimate for ([B.6]) (and thereby for the oracle inequality in Theorem M), but
is apparently not necessary; we make such a choice here to cover the above
common examples. A case-by-case study is possible as long as ([3.6) can be
well-controlled. For instance, it is not hard to verify a similar bound for (3.6])
as in Lemma [I0] (and hence the oracle inequality for shape-restricted LSEs
fn) when the additive structure is correctly specified, and H is the class
of centered indicator functions over closed intervals on [0,1] and hy = 0
(note that this class fails to satisfy (B.5]) since H is not totally bounded in
Lo). This is a difficult case: although the Ls loss of the LSE fzn is known
to converge at a worst-case rate Op(n~/4) (cf. Example d), Theorem [l
tells us that the bad behavior of h, has no effect on the good (robust and
adaptive) performance of fn, at least under reasonable assumption on the
distribution of the covariates (X, Z).

4. PROOFS OF THE MAIN RESULTS

In this section we outline the main steps in proving the main results of
the paper, namely:
(1) Theorems [l and 2] characterizing the geometric feature of the model
that determines the actual convergence rate of the Lo loss of the
least squares estimator, and
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(2) Theorems [ and M highlighting oracle inequalities in shape restricted
regression models with a Lo ; moment assumption on the errors.

Proofs of many technical intermediate results will be deferred to Section

Bl

4.1. Preliminaries. In this subsection we collect the empirical process tools
that will be needed in the proofs to follow. Our first ingredient is a sharp
multiplier inequality proved in [25].

Lemma 1 (Theorem 1 in [25]). Suppose that &1, ...,&, are i.i.d. mean-zero
random variables independent of i.i.d. X1,...,X,. Let F1 D --- D F, be a
non-increasing sequence of function classes. Assume further that there exist
non-decreasing concave functions {1} : R>9 — R>q with ¢, (0) = 0 such
that

(4.1) E < ¢n(k)

F

k
> eif(Xi)
i=1
holds for all 1 < k <n. Then
> &f(X)
i=1

Lemma [ controls the first moment of the multiplier empirical process.
For higher moments, the following moment inequality is useful.

E

s4/0°°wn(n'w<\slr > 1)) dt.

Fn

Lemma 2 (Proposition 3.1 of [19]). Suppose X1,...,X,, are i.i.d. with law
P and &y, ..., &, are i.i.d. mean-zero random variables with ||&1||2 < co. Let
F be a class of measurable functions such that sup ¢z Pf? < g% Then for

any q 21,
>q

E sup g & f(X)
+ q¥(v/n||€1]|]20)? + ¢“E max |9 sup|f(X;)]?].
1<i<n fer

fer

q
< K1 [(E sup
feF

> &Gf(X)
i=1

1=1

Here K > 0 is a universal constant.

To use Lemma [Tl we need to control the size of the empirical process. Let

b
(4.2) J(0, F, L) E/O sgp \/1 +1OgN(EHFHL2(Q),.F,LQ(Q)) de

denote the uniform entropy integral, where the supremum is taken over all
discrete probability measures.

We will frequently use the following Koltchinskii-Pollard maximal inequal-
ity.
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Lemma 3 (Theorem 2.14.1 of [45]). Let F be a class of measurable functions
with measurable envelope F', and X1, ..., X, are i.i.d. random variables with
law P. Then

E

SJ \/EJ(L‘F?L?)HFHLz(P)'
f

n
> eif(X0)
i=1
Our last technical ingredient is Talagrand’s concentration inequality [39]

for the empirical process in the form given by [32]:

Lemma 4. Let F be a class of measurable functions such that sup e z|| f|loo <
b. Then

]P’<sup]an] > 2E sup|Gy,, f| + V8o2x + 34.5bi> <e ™
feF feF vn

where 02 = sup ;e Varp f, and G, = /n(P, — P).

4.2. Proof of Theorem [1l

Proof of Theorem [1. We only prove the case Fyp C Loo(1) as in Remark[I](1).
The proof for the case || fr, — fo|loo = Op(1) follows with only minor modifica-
tions. We also work with the more general uniform VC-type condition as in

1
Remark 2l Let §,, =n 227 . By the proof of Proposition 2 of [25], we only
need to estimate for each ¢ > 1, with Fo(r) = {f € F — fo : [|fllz,p) < 7},

1 & 2 1 & 2
E sup — Sif(Xz‘)> ; E< sup — 5if2(Xi)> .
< fEF0(29t6,) Vn ; F€F0(29tdn) Vn ;

By the contraction principle for Rademacher processes and the moment
inequality Lemma 2] we only need to estimate the sum of
> 2

(4.3)

=(E s

fEF0(27t6n)

1 n 2 1 n
— (X E = if (X
ﬁ;g f) > " ( feJ—'?(lgtén) \/ﬁgg )

and
(4.4)
(I1) = (Zton([&1ll2 VD))" +n 1-E1ng~1?§(|5i|v1)2-||F0(23t5n)||§2(P).

For the first summand (£.3]), by the Koltchinskii-Pollard maximal inequality
for empirical processes (cf. Lemma [3]), since F is of uniform VC-type, it
follows that

max B sup < Cr|| Fo(2t8,) | Ly (py < CF(27E)6,.

ISkSn e Fo(29t6,)

1 k
— i f(X5)
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We may apply the multiplier inequality Lemmal[llwith ¢, (k) = \/EC”F(W )
to see that

1 « ,
E  sup |—= ) &f(Xy)| <40%(2t)7||&1]2,10)
feFo(29tsy) \/ﬁ; d
Hence,
(4.5) [@3) < Cre(2it6,)2.

(4] is easy to handle by noting that Emaxi<;<, (& V 1)? < n under the
assumption that [|£1]|2 < oo, which entails that

(4.6) @A) < Ce ((27t6,)° + (27t6,)7) .

Combining (@3] and ([6]) and the arguments in the proof of Proposition 2
of [25], we have

; (206,)2 + (27t6,)27.
P([[fn = follLo(py = t6n) < Cre :
2 Zg (22962 Jus2)?
/ 2(2—~)\ —1 1 y 9
< Cre(nap®=) ; @i < Cret™,

where the last inequality follows from the choice of §,,. Now the claim of the
theorem (in the form of Remark [l (1) and under the more general condition
as in Remark [2) follows by integrating the above tail estimate. O

4.3. Proof of Theorem [2. The basic device we will use to derive a lower
bound for the risk of the least squares estimator is the following.

Proposition 1 (Proposition 6 of [25]). Let

Fu(6)=  sup (P, — P)(26f — [?) = 6% = En(8) — 6°.
feF—fo:Pf2<62

Suppose that 0 < §1 < d2 are such that E,(61) < F,(02). Then there exists
a LSE fy; such that ||f; — follL,(py = 01-

The key ingredient in applying the above device is the following.

li’roposition 2. For any v € (0,1], there exists some VC-subgraph class
F satisfying (211) with the following property: for each € € (0,1/2), there
exists some law for & with ||&1||la1—e) < 00 such that

1
(1) for any 9 > 4, there exists some p > 0, with do = In 2=,

]P)<Fn(62) > %Clﬁwn_ﬁTn(€77)> > 2137

holds for n large enough depending on €,9,~. Here c¢1 depends on
1— £
g,7, and T,(g,7v) = nI— T,



ROBUSTNESS OF SHAPE-RESTRICTED LSES 19

1
(2) for any p >0, with & = pn” 2@ P

P (En(81) <57 Cegp’n Tiwn(z,7)) 21—y,

_ __&
Here wy(e,v) = n~ P Te0-2

In (1)-(2) above, F,,(§) = supfe]:-:PfQSJQ(IP’n—P)(2§f—f2)—62 = E,(6)—02.

The proof of Proposition [ relies on a delicate construction of a tree-
structured F, and a sequence of technical arguments including concentration
of empirical processes, the Paley-Zygmund moment argument, and an exact
characterization of the size of the maxima of summations. To ease reading,
a formal proof of Proposition [2] will be given in Section

Proof of Theorem[2. Let fy = 0. In order to apply Proposition [Il, we only
need to require an order in the exponent of 7,(+,-) and wy(+,-) in Proposition
2l by making a good choice of 8.. To this end, it suffices to require

£ <1—7 € 2—¢ey
—g) 2—-7v2-c¢ 2—¢e)2—7)(2—-2¢) |

Since € € (0,1/2) and v € (0,1], we may choose . = (2/7) - €, along with
any ¥ > 4 and p > 0 small enough to conclude. O

3

4.4. Proof of Theorem Bl The proof of Theorem [ follows from a more
principled oracle inequality presented below—it captures the essential geo-
metric property in the model that accounts for both the adaptation and
robustness property of the shape-restricted LSE up to error distributions
with an L ; moment.

4.4.1. The general oracle inequality. First some definitions.

Definition 3. F is said to satisfy a convezity-based shape constraint (under
P) if F is convex, and F(8) = {f € F : Pf? < 6%} admits a convex envelope
F(9).

Definition 4. G C F is said to be a basic adaptive subset of F if F—G C F.
Gm is said to be an m-th order adaptive subset of F if for any ¢, € Gm,
there is an interval partition {I;}72,; of X = [0, 1] and elements g; € G such
that g, = > ", 11,9; € F.

Before stating the general oracle inequality, recall that a function class F
defined on X = [0, 1] is called VC-major if the sets {x € X' : f(x) > t} with
f ranging over F and t over R form a VC-class of sets.

Theorem 5. Consider the regression model (I1) and the LSE f, in (1.2).
Suppose that || folloo V || fillee < 00, and that &y, ..., &, are mean zero errors
independent of i.i.d. covariates X;’s with [|&1]21 < oo. Further assume
that: (i) F satisfies a convexity-based shape constraint, and F N Loo(B) is

a VC-magjor class for any B > 0, and (i) || falleo = Op(1). Then for any
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d € (0,1), there exists ¢ = c(6, ||€]l2,1, F, || folloos || fGlloo) > 0 such that with
probability 1 — 6,

£ px||2 < inf inf _opx))2 @1 2
| fn f0||L2(P) _CnllIéN f'megmﬁllrlloo(”f6||oo)”fm f0||L2(P)+ o s
where f§ = argminge zap,py | fo—9llL,(p), and Gm is an m-th order adaptive
subset of F.

The proof of Theorem [l will be deferred to the next subsection. We first
use it to prove Theorem Bl To this end, we only need to check: (i) the
convexity-based shape constraint and VC-major condition of the isotonic
and convex models; and (ii) the stochastic boundedness condition for the
corresponding LSEs fn

Proof of Theorem[3. For the isotonic model F, F is clearly convex, and
B2) is an envelope for F(4) by the Lo constraint and monotonicity of the
function class. Furthermore, it is clear by definition that F N Loo(B) is
VC-major. Similarly we can verify that the convex model satisfies both the
convexity-based shape constraint with the envelope ([3.2)) (cf. Lemmal[d]) and
the VC-major condition.

The stochastic boundedness of the isotonic and convex LSEs is established
in the following lemma:

Lemma 5. If || fo|loc < 00 and ||§1]]2 < 00, then both the canonical isotonic
and convex LSEs are stochastically bounded: || f,|lcc = Op(1).

For the isotonic LSE, we use an explicit min-max representation (cf. [36])
to prove this lemma, while for the convex LSE, the explicit characterization
of the convex LSE derived in [2I] plays a crucial role. The details of the
proof of this lemma can be found in Section Bl Now the claim of Theorem
Bl follows from Theorem [, by noting that || fi]lcc < oo under || f0||oo < 00,
and that inffmegmﬁLoo(||f5‘||o<,)||fm - f5||%2(p) = infy, eg,[[fm — f§ ||L2(p
isotonic model, and the same holds for the convex model when Lo (|| f§ Hoo
is replaced by Loo(C|| f]leo) for some large enough C > 0.

4.4.2. Proof of Theorem [3. The first ingredient of the proof is the follow-
ing proposition relating the convergence rate of f,, to the size of localized
empirical processes.

Proposition 3. Consider the regression model (I1) and the least squares

estimator fn in (L2). Suppose that &1, ...,&, are mean-zero random vari-
ables independent of X1,...,X,, and F is conver with F — f§ C Loo(1).
Further assume that

1 n
E —= > &(f — f0)(Xi)| S on(0),
f€f1||f—SJ%IﬁL2(P)S5 n Z ( 0)( ) ©)
4.7 E i(f = 1) Pn(9),
7 fEF:If Sjlc(l)ﬁ)|L2(P)<5 Ze 0] 5 4n0)
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E sup
FEFNf-15 ||L2(P)<5

hold for some ¢, such that 0 — ¢, (5)/6 is non-increasing. Then

an - ff)kHLz(P) = Op(0n) holds for any 6, such that ¢, (0,) < \/ﬁégz

Proof. This is a special case of Proposition @] the proof of which will be
given therein. O

262 = fo)(Xa)(fo — f6)(Xi)| S on(9),

By Proposition Bl we only need to control the size of the empirical pro-
cesses (7)) centered at f;. The following lemma will be useful in this regard
by approximating f; via arbitrary f,, € G,.

Lemma 6. Suppose that the hypotheses of Theorem [A hold. Let {6y }nen
be a sequence of positive real numbers such that 6, > 1/n. Then for any
fm € Gm N Loo(|| flloo) and B >0,

Vil Z& f= )X,
Ly - ),
i=1
E sup

1 & T
FEFf=f3€La(6n)Loo(B _nzg"(f_fo)(Xz)(fo fo)(Xi)

< CF folloo 1 £ 1o, B |€1I21\/10g 1/60) Ly - (60 V | fn = fo |l Loy VT,
where L, = /Iogn.

To prove Lemma [6], we need the following form of a multiplier inequality
proved in Proposition 1 of [25].

max {E sup
FEF: f—fE€L2(6,)NLoo(B)

E sup
fEF:f—fi€La(8n)NLoo(B)

|

Lemma 7. Suppose that &1,...,&, are i.i.d. mean-zero random variables
independent of i.i.d. X1,...,X,. Then for any function class F,

X>]
f

where [y > -+ = [0yl = [Mm1)| =0 are the reversed order statistics for
{1& — £’|} ', with {&] } bemg an independent copy of {&}.

The following entropy estimate for bounded VC-major classes will be
useful.

Lemma 8. Let Fy C Loo(1) be a VC-major class defined on X. Then there
exists some constant C = Cr, > 0 such that for any F C Fy, and any
probability measure ), the entropy estimate

C C
log N (]| Fll o), F> L2(Q)) < ~ log ( ) log <

holds for any envelope F of F.

n

> (nwy| = I+ DE

k=1

(4.8) <E

1

—— |, foralle € (0,1
EHFHL2<Q>> ©.1)
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The proof of this lemma essentially follows from page 1171-1172 of [18]
with a minor modification. We include some details in Section [B] for the
convenience of the reader.

We also need the following lemma concerning the envelope of a convex
function given constraints on its Lo size. The proof can be found in Lemma
7.3 of [22].

Lemma 9. If f is a convex function on [0,1] with f01|f(x)|2 dz <1, then
|f(2)] <2v3(z7V2V (1 —2)7Y2) for all x € (0,1).

Proof of Lemma[@. In the proof we omit the dependence on Lo (B) if there
is no confusion. All three empirical processes can be handled in essentially
the same way so we focus on the most difficult first one (with &;’s only
admitting a Lo ; moment). We will apply Lemma [7] in the following form:

(49) E sup
FEF:f—fi€La(S

\fZ&fh X;)

< 3||&1]]21 max E sup
ISk<n  feF.f—frela(6n)

1 k
=Dl = F)X).
i=1

To see this, note that the right hand side of (48]) can be bounded by

n k
E[; VE(ng)| = et ] ’lgllggnEH\/E;Eif(X

where E[ Y231 VE(Ing | — Ings+n)] < vallmllz, < 3vnlléilz1. The first
inequality follows from similar lines as in the proof of Theorem 1 of [25]
and the second inequality uses Problem 2 on page 186 of [45]. This proves
(#9). Note that any f,,, € G, has a representation f,,, = 27:1 g;j11;, where
{1j = [xj,zj41]}]L; is a partition of X = [0, 1] with 21 = 0,2pm+1 = 1 and
gj € G. Then for any f,, € G,,, the empirical process localized at fj can be
controlled via

(4.10)

]:

E sup
FEF: f—f€L2(8,)NLoo(B)

k
7§jf.m X;)

<E sup
FEFf=fmllLy ) Son+lfm—Ff5llLy Py
1o <B+|£5 o

\fZaffa<>ﬂm—mM®,

where the second term holds because the collection {f; — f,} consists of
just one element. The first term in the above term can be further bounded
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by
(4.11)

s

FeFf=fmllLy ) Son+lfm—f3llLy Py
I flloo <B+[£5 oo

m
VK 1
SZE[—JE[ sup '— Z eif . (Xi)| |k
j=1 vk Fl1; €71 Vki X2, ’
[ £lloo <B+2[[ £ ll oo
Pf2§(6n+||fm_f5||L2(P))2

where k;(X) = Zle 17,(X;), and in the second line we used the definition

of a basic adaptive subset (cf. Definition []). From now on we write oy =

on + lfm — follo(py and By = B + 2| f¢]leo for notational convenience.

Since (F N Loo(B ))|1 is VC-major, so is its subset ]:1( n) = {fl1;, €

(FN Loo(Bo))lg, : Pf* < 62}. It follows by Lemma[§ that there exists some

C = Crp, > 0 such that for any probability measure @ on I;, and any
€ (0,1),

) C C L
Log A" (<1171, (50) | a() F1,(3n). L2(Q) ) < — log <Z> log (d\FIj(Sn)HLz(Q))’

where Fj () is any envelope for F7 (6). This enables us to apply the
Koltchinskii-Pollard maximal inequality to see that the summand (=condi-
tional expectation) in the second line of (A1l can be bounded by (further
conditioning on which X;’s lie in the interval I;, each case corresponds to
ii.d. uniforms on I;)

1 =
(4.12) / ¢ log <g> log ( - ! R > de - /P, F? (6n),
o\ ¢ € einfq | Fr,; ()2 (@) ’

where ij is the uniform distribution on I;.

In order to evaluate (£.12]), note that by the definition of convexity-based
shape constraint and Lemma [J, the envelopes F7,(d)’s can be taken as the
restrictions of the global envelope

F()(x) = <% v %) A

to the I;’s. Without loss of generality we assume: (i) By = 1, (ii) 02 < 1/2
and (iii) 42 and 1 — 02 are one of the endpoints of some intervals in {I;}
(otherwise, we may take an alternative representation of f,, € G412 by
adding these two points).
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Note that infq || Fy, (Sn)HLQ(Q) > /26, > 1/n by the assumption d,, > 1/n,
and hence the integral term in (£I2]) can be bounded by

1
/ \/g log <§> log <g> de < /logn = L.
0

To handle the |/ Py F 12] (6n) term in ([@IZ), define the index sets J; = {1 <

j<m:L (0,02}, a={1<j<m:IC[02,1-02]}and J3 = {1 <
j<m:I; C[1-621]}. It is easy to see that 73 U Jo U T3 = {1,...,m}.
Clearly for j € J1 U J3,

PLFEG) = L1 [ PG de <1,

J

and for j € Jo,

AR} 1
< 1572 1
PLEE () < 1] 5/%- <xv1_x> dz
. 1 — g
<17 [os (52 vios (7535)]
J J

Summarizing the above discussion shows that we can further bound (4.11])
by a O(Ly,) multiple of

(4.13)
5 [ % £ 5 [k; \/log 1) log(xn]
JET1IUT3 JET2 SEAR I
N Z 5B / log(1 — z;) —log(1 — xj41)
JET2 (1 =) = (1 —zj11)

=)+ (II)+ (II1).
The first term of (4.13)) is easy to handle: by the Cauchy-Schwarz inequality,

(I><Jk1<E > kj<X)>-|J1ujs|s >G-S dpy/m.

JETIUT3 JET1IUT3

The second and third terms of (I3 can be handled in a similar fashion;
we only consider the second term of (£I3]). Again by the Cauchy-Schwarz
inequality,

(H)<S"\/E'JE[Z kj(kX) log(xj41) — log(z; ]

ieT Tj+1 — T

=onv/m [ Y (log(wj11) —log(x;)) S v/m - 0n1/log(1/6,).

JET2
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Collecting the above estimates, we see that (4II]) can be bounded by a
constant multiple of \/m - 6,1/log(1/d,)L,. Thus, @I0) yields that

max E sup gilf — fOX)| < C'Vm - dp0/1og(1/6,) L,
1<k<n feFf—f3 ELo(6n) Z 0
Combined with (4.9]), the clalm of the lemma follows. O

Proof of Theorem[d The proof follows easily from the reduction scheme
Proposition M and Lemma [6] by solving a quadratic inequality. We pro-
vide some details below. Abusing notation, we let f, € argming, g lgm —
follz,(py and m be the index attaining the infimum of the oracle inequality
in the statement of the theorem. We only need to choose §,, such that

V(S + | fm = f5ll2op)) V108(1/00) L < €57 12 o]z VIO

Suppose log(1/6,) < logn. Then we can easily solve for the zeros for qua-
dratic forms to see that the inequality in the last display holds if

mL? logn mL2 log n .
0n 2 + [fm = follLap)
n

The assumption log(1/4,,) < logn apparently holds. The right hand side of
the above display can be further bounded up to a constant by M +
| o — FENI12 T(P) by the basic inequality ab < (a? + b?)/2, thereby completing
the proof of Theorem [l O

4.5. Proof of Theorem [l The proof of Theorem [ follows a similar strat-
egy as that of Theorem [Bl First we need the following reduction scheme.

Proposition 4. Consider the additive model (3.3) and the least squares es-
timator fn in (37]). Suppose that &1, ..., &, are mean-zero random variables
independent of (X1, 21),...,(Xn, Zy), and F is convex with F— f§ C Loo(1).
Further assume that all three parts of {{.7) and

(4.14)

E sup Z&?, [ = fo)(Xi)(h = (do — fo))(Xi, Zi)| S én(9),

fer:|f- fo ||L2(P)<5
heH

hold for some ¢, such that 0 — ¢, (5)/6 is non-increasing. Then
an - ff)kHLg(P) = OP(én) holds for any 6, such that @bn(én) < \/ﬁégz

Proof. Recall that fy = Pz¢o(-, Z). By the definition of the LSE,
Po(¢o +& — fr = hn)® < Pu(do +& — f5 — hn)?
& Polfy — fn) (200 +26 = fo — 5 — 2hn) <0
& Pulf — fu)® +2Pu(f5 — fo) (b0 + € = f§ — hn) <0
& Pulfg = fa)? = 2Pu(f5 — fu)§ = 2Pu(f5 — Fu) (fo = £5)
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- mpn(fék - fn)(¢0 - fO - Bn) > 0
g _(]P)n _P) (fg _fn)2 _25(]0(3k _fn) _P(fg _fn)2

—2(Py, — P)(f§ — fu)(fo — £3) — 2P(f§5 — fu)(fo — f3)
— 2(Pn — P)(f§ — fn)(do — fo— hn) > 0.

The last equivalence holds since
P(fg = F)(X)(¢o — fo— hn)(X, Z)
= P[5 = RO~ fo— ) (X, 2)| ]|

= P[5 ~ OOl 2)|X] = 100~ Phn(2)] =0,

where we used (i) Ploo(X, Z)|X] = fo(X), and (ii) Ph = 0 for all h € H.
Now since fi € argminge 7, (p)llfo — 9l 2,(p), it follows from the convexity

of F that P(fj — fn)( fo— f§) = 0 [more specifically, for each ¢ > 0, since
(I —e)fy +efy € FN La(P) by convexity of F, the definition of fj yields
that P(fo — f5)*> < P(fo— (1 —e)f5 —efa)® = P(fo — fg +e(f — fa))*
The claim follows by expanding the square and taking e — 0]. This implies
that, with S;(0,) = {f € F : 2776, < |f — f§ll1.(p) < 276n}, on the event
{27726, < ||fn — f§llLa(p) < 270}, it holds that
sup (B — P)(f = f3)?|+2 sup [(P, — P)E(S — fo)
feSj(6n) f€Sj(5n)

+2 sup |(Pn = P)(f = fo)(fo— fo)l

fesj (67L)

+2  sup [Py = P)(f — fo)(h — (0 — fo))]

f€S;(0n),heH
> _(Pn - P) (ff)k - fn)2 - 2€(f6k - fn)
—2(P, — P)(fg = fu)(fo = f3) = 2(Bn = P)(f5 = fu)(¢0 — fo — hn)
> 9277252

Hence by symmetrization, the contraction principle for Rademacher pro-
cesses and the assumptions we see that

P(lfn = f3llzocp) > 2¥7160)

SZIP’< sup |(Pn — P)(f = f5)*[+2 sup |(Pn — P)ECF = £5)
iSar \feSi(n) £€5;(6n)

+2 sup |(Pn— P)(f — f5)(fo— f3)l

f€S;(6n)
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12 sup r<Pn—P><f—f5><h—<¢o—fo>>\zz?j-%i)

f€8S;(6n),heH

; -1
S (2%7/nsy) <E\|Gn\|fo(2j5n) V E[|Gnll (216,06
i>M

% EHGano(mn)@(fo—fg) Vv EHGH”.F0(2j5n)®(7{—(¢o—fo))>

6n(276,) )
SOY G <OT i 530
j>M
as M — oo. Here we denote Fo = .7-" — f§, and in the last sequence of

inequalities we used the assumption that § — ¢,,(9)/d is non-decreasing and
the definition of d,,. This completes the proof. O

By Proposition @l apart from the empirical processes in Lemmal[@l we also
need to control the empirical process ([4.14)) indexed by a suitably localized
subset of F&(H—(¢o—fo)) = {f(2) (h(=) —o(x. 2)—folx)) : f € F,h € H}.
In a related work, [41] derived bounds for similar empirical processes under
Loo-type entropy conditions for both F and #H (cf. Theorem 3.1 of [41]),
which apparently fail for shape constrained classes.

Lemma 10. Suppose that the hypotheses of Theorem [J] hold. Let {0y }nen
be a sequence of positive real numbers such that 6, > 1/n. Then for any
fm € Gm N Loo (|| f|loc), and B >0,

1 n
E sup —= ) _&ilf — [5)(Xi)(h — ho) (X, Z;)
FEF:f—feLa(dn)NLoo(B) | VT ; 0
heH

< O F dolloorllf2llo0,B * V108(1/00) Lo - (00 V | fin = f3 | Lo(p)) V-
Here L, = /Iogn.

We need some technical lemmas. Recall Px, Pz are the marginal proba-
bility distributions of (X, Z), i.e. uniform distribution on [0, 1].

Lemma 11. Let H be a class of measurable functions defined on [0,1], and
let f € La(Px),g € Lo(P). Then for any probability measure Q on [0, 1]?,
N(E”f X 1”L2(Q)7 f & (H - g),LQ(Q)) < N(E7H7LOO)'

Lemma 12. Suppose the conditions on H in Theorem [§) hold and F is the
class of monotonic non-decreasing or convez functions on [0,1]. Then for
any F' C F N Lao(1) and any probability measure Q on [0,1]?, the entropy
estimate

log N (el F" @ 1| 1, (q), F © (H — (¢0 — fo)), L2(Q))

1 1 1
< —log <—> log <—> Ve 7, foralle € (0,1
€ € €||F/ ® 1||L2(Q) ( )
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holds for any envelope F' of F'. The constant in the above estimate does
not depend on the choice of F' or Q.

The proofs of Lemmas [[1] and I2] are standard. We include the details in
Section [B] for completeness.

Proof of Lemmal[Il. The proof follows the same strategy as that of Lemma
[l We only prove the isotonic case G,, = M,,; the convex case follows by
similar arguments. As in the proof of Lemma [0 we will omit the explicit
dependence on L, (B) if no confusion arises. Note that

(4.15)
1 n
E NS i(f = o) (Xa)(h — (¢ — Xi, Zi
fef:f—fésélfz(én),heH‘\/ﬁ;E(f f) (X h = (9o = fo)) )
1 n
<E = 7 —Jm Xz h_ - )(Z,ZZ
< fef:||f—fm||L2(p;6pn+||fm—fg||L2(p), ﬁ;e(f fm)(X5)(h = (90 — fo))( )
€H

+Esup | —= > &i(fm — fo)(Xi)(h — (b0 — fo))(Xi, Z)| = (1) + (I1).

We first handle (/1) in (4I5]). The entropy assumption on H coupled with
Lemma [IT]entails that the uniform entropy integral for the class (f, — fj) ®
(H — (¢ — fo)) converges. By Theorem 2.14.1 of [45], we have the following
estimate

(I1) < Cullfim = follLacr)-

For the first term (/) in (@I5]), we mimic the proof strategy in Lemma
any piecewise constant f,, € M,, has a representation f,, = Z;n:l 9i11;,
where {I; = [x;,z;11]}]%, is a partition of [0, 1] with z1 = 0,241 = 1 and
g; takes constant values on the intervals I;. Then for such f,, € M,,, write
I; = I; x [0,1], we have

E E[—”]E[ sup
7j=1 \/ﬁ fe}—:f_fmeL2(Sn)
heH

= X AU ek~ = )Y Z)

(Xi,Z:)€l;

nj(X, Z) =nj”

m
/1 1
< ZE[—E[ sup '— Y st @ h— (b0 — fo))lf (Xi, Zi)
=1 vn flr; €F1;: ALY - !
J J J (Xi,Zr)el;
lflloe <B+21£5 lloo,
Px 2<% ,heH

nj(X, Z) Zny”
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where 6, = 0p + ||fn — [0 llLo(p). Here nj(X,Z) = Sy lfj(Xi,Zi) and
in the second line we used the fact that (f — fi,)|;; € F|;;- By Lemma
and the Koltchinskii-Pollard maximal inequality, each summand of the
above display can be bounded up to a constant (depending on F, H,, ||¢0|/co)

by
1
/ 1log <1> log < = L ) Ve de
o | € € ellF7; (0n) @ 1| £y (q)

_o\1/2
x (P FEG) " S Ln /PR (Ba),

where Py s the uniform distribution on I; and F 1;(0) is the envelope for
(FN Leo(B + 2|5 lloc) N L2(6))|z;, and the inequality in the above display
follows from similar arguments as in the proof of Lemma [l From here the

proof proceeds along the same lines as that of the proof for LemmalG [

Proof of Theorem [ The proof of Theorem [ follows the arguments of the
proof of Theorem [ by using Proposition d along with Lemmas [ and [10]
combined with the stochastic boundedness of the LSE:

Lemma 13. Suppose that the hypotheses of Theorem[4 hold (except that H is
only required to have a continuously square integrable envelope Pz H? < 00).
Then both the canonical isotonic and convexr LSEs in the additive regression
model [3F) are stochastically bounded: || fn]loo = Op(1).

The proof of this lemma will be detailed in Section Bl and hence completes
the proof of Theorem [l O

5. PROOFS OF TECHNICAL RESULTS

In this section, we collect the proofs for technical results in three groups:

(1) the key Proposition 2l used in the proof of Theorem [2
(2) entropy results in Lemmas [§ [1] and [12}
(3) stochastic boundedness for shape-restricted LSEs in Lemmas [ and

B!

5.1. Proof of Proposition 2l In the next few subsections, we will prove
Proposition 2 step by step.

5.1.1. Construction of F. First consider the case v € (0,1). We will do the
1
construction iteratively. For [ = 1, since [0, 1] contains PEJ many equal-
1
length intervals (with length (ZH) 1), we can pick 2 intervals among them;

~ ~ 1
this is denoted %;. For | = 2, each interval in %) contains PﬁJ many

1
equal-length subintervals with length (2ﬁ) 2, we can pick 2 subintervals

among each of the interval; this is denoted %. In this way we can define
iteratively %; for any I € N. Let F; = {17 : I € %;}. Clearly |F| = 2!
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and contains indicators over intervals in [0, 1] with length (Zﬁ)_l. Now
let F = UleN]}l U {0} where 0 denotes a mapping taking identical value 0.
Next, for v = 1, let F = {1 :0<6 <1}

We show that the constructed F satisfies the desired growth condition
(ZT). Recall P is the uniform distribution on [0, 1].

Lemma 14. It holds that
1E ()|, (p) < V207,
where F(8) denotes the envelope for F(6).

Proof. The claim is trivial for v = 1. For v € (0, 1), since each element in
‘flﬂ is contained in some element in ‘fl, we only need to count the number
of intervals for the smallest level I(§) such that the length of intervals in
]}l((g) is no more than §2. In other words, [(§) is the integer for which

(zﬁ)—l@) <2 (2ﬁ)—1(5)+1 o2

Hence the number of intervals in .7:"1(5) is N(8) = 210 ¢ [6-(2=2) 25= (=27
from which the claim of the lemma holds. O

5.1.2. Proof of claim (1) of Proposition [2. The following standard Paley-
Zygmund lower bound will be used.

Lemma 15 (Paley-Zygmund). Let Z be any non-negative random variable.

Then for any e > 0, P(Z > cEZ) > (((éz))llE/Zq)q , where q,q' € (1,00) are

conjugate indices: 1/q+1/¢ = 1.

We need the following exact characterization concerning the size of max-
ima of a sequence of independent random variables due to [20], see also
Corollary 1.4.2 of [16].

Lemma 16. Let &1,...,&, be a sequence of independent non-negative ran-
dom wvariables such that ||&|, < oo for all 1 < i < m. For A\ > 0, set
SoN) =inf{t >0:3 " P& >t) < A}. Then

L N~ per R SN
T ;EQ Le>s < B max & < - ;Egi Lo
1= i=

Proof of Proposition[3, claim (1). (Case 1: 0 < v < 1). Recall §y =
19n_2(271ﬂ>. Then by the proof of Lemma [T4], we see that there exists some
level 1(d2) € N such that the N(d2) many intervals {Il}l]i(fz) in .7:"1(52) have
length at most 63 and at least 2=1/(1=7)62 while the number of intervals

_ 1—
satisfies 19_(2_27)71‘]5*% < N(d9) < 202203 | Let &, be the event that

- N(32) - —E2 g2 52 )
all intervals {I;},_,"’ contain at least 2” T=79°n2=7 of the X;’s and at most
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%79271;:_1 of the X;’s. Then by a union bound and Bernstein’s inequality (cf.
(2.10) of [10]),

Z]‘IZ —nl|l|

<29~ (- 27)n2 Vexp(—c 192n2 V)

(5.1) PE;) < P( max

1<I<N(02)

_2= 1y
>2 1 192n2W>

Let 7; = {X; € I;} for 1 <[ < N(d2) and {fz }ig>1 be iid. random
variables with the same law as & . Then for some t,, > 0 to be determined
later,

(5.2)

P su JX) >t | 2 Ex |P max i1 ) > tn | 1e,
(feﬁ;Pj%g&g ;éf( ) ) X[ 5<1<1<N(52 Z& (X ) g]
|Il\ o
—Ex|P >t |1 |
X[ g(lsg%&) ;Q - ) 8"}

Our goal now is to make a good choice of the law for f.(')’s so that we
may obtain a good estimate for ¢, and thereby using the Paley-Zygmund
argument. Let & be distributed according to the symmetric o, = 2 — ¢
stable law, i.e. the characteristic function of & is ¢, (t) = exp(—[t|**).

Apparently, k~1/2< Zle fi(l) has the same law as that of &, and hence we
can take

1 27 ) 1/ae
5.3 ty,==2 19 = E .
5:3) (2 ent) e o
Then the conditional probability in the last line of (5:2]) can be bounded
from below by

(5.4)

P > E >
£<1<IH<1?VX52 & £1<}I§l%52)’&‘> - <2(

for some conjugate indices (r,7’) € (1,00)%. (5.2) and (5.4) suggest that we
need to derive a lower bound for E¢ max;<;< N((gz)]&\ and an upper bound
for E¢ max; <j<n(s,)|& " This can be done via the help of Lemma since

P(|&1] > t) < % (cf. Property 1.2.15, page 16 of [37]), we can choose

A=1and dy <. N(ég)l/af to see that
N(62)

E "= El&|"1
£1S{2%§52)’§l‘ ; 161" e, 60

Eg max; << n(s,)/& >T/
) 1/r

Ee max<j< n(s,)[1]"

)
_ N@)(quu >0 [t au
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+ /600 ru" TP (|€1] > w) du>

0

= N (89)7/e.

Now as long as € < 1/2, we may choose r > 1 close enough to 1, e.g. 7 = 1.1,
to conclude that there exists p; € (0,1/8) that only depends on ¢ such that

(5.5) Left hand side of (5.4]) > 8p;.

1—
Combining (5.1)), (5.2) and (5.5]), and the fact that ¢, = ¢; (ﬁ”nﬁ)was for
some constant c¢; depending on €,7 only, we have that for n large enough
depending on 9,7,

n

> &f(X)

(5.6) IP’< w2

fEF:PF2<63

> cq (197n;—1)2/a5> > 4py.

On the other hand, by Talagrand’s concentration inequality (cf. Lemma
[)) and the contraction principle for Rademacher processes, we have with
probability at least 1 — 2pq,

(5.7)
sup  [Gu(fH)I < C(E  sup  |Gnf|+ 62y/log(1/2p1) + log(1/2p1)//n)

fEF:Pf2<62 fEFPf2<63

< C. - 8y3/10g(1/83) < CeOn” 7@ \/logn.

Combining (5.6)-(5.7)), we see that with probability at least 2pq,
sup (P, — P)(26f — f?)

fEF:Pf2<832
1=7.92/a, _ __1 1
> 2¢y (197712*7) /e -1 — C.yUn 2= 24/logn

/2

__1 _B=)/2 __1
> 201970 27 - my(e,y) — Cepyin @7 y/logn > c19n 27 - 1u(e,7)

for n large enough depending on &,v, v, where 7,(e,v) = n2= 7. Hence
with the same probability estimate,

Fu(6) = sup (P, —P)(2¢f — f*) — 63
fEF:Pf2<62

__1 __1 1 __1
> c19'n” 21 (g,y) — 9*n T > iclﬁ'yn =7 7,(g,7)

holds for n large enough depending on €, , 7y, completing the proof for the
claim for 0 < vy < 1.

(Case 2: v = 1). Recall 5 = Yn~/2 and there exists one interval I
with length 63. It is easy to see that P(|Y> 1, 1;(X;) — ¥?] > ¥%/2) <
2 exp(—1¥?/10). For ¥ > 4, we see that with probability at least 0.5, there
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are O(1) points X; € I. Denote this event &£;. Let

n
I = sup <2 Z
f€.7}:Pf2§5§ i=1

EF(X) —n (B, — P) (f2)>-

Note we can use the absolute value in the suprema in the above display.
Since E|(P,, — P) (17)|> < 9¥?n~2, we see that on an event with probability
at least 0.96, |n (P, — P) (17)] < 259. Denote this event by £. Then for
any & such that E|¢| > 259, let ¢ = E[¢| — 250, and Ny =Y " | 17(X;),

> t> 151052}

]P’(ant)ZEX—]P’g<QZ&11 ) —n (P, —P) (1)

> Ex —IP’5< Zgl (t+ 250)/2) 151052}

_ Ny
> Ex Pg( Z& > & >16m€2]
L \o i=1

where in the last inequality we used Jensen’s inequality. Let n be a sym-
metric random variable given by P(|n| > t) = 1/(1 + t2), then it is easy to
calculate that E|n| = /2, and E|n|" = ¢, < co for r < 2. Let £ = 5002 - ¢
Then E|¢| = 25792 > 259, and hence choosing r > 1 close enough to 1 in
the Paley-Zygmund Lemma [15] yields that

P (Z, > 25m9% — 259) > 2py

1
> —E
25

for some constant py > 0 depending only on ¢ (through the estimate on Ny
on the event &1). Hence with probability at least 2po,
Fo(62) > (25m0% — 250)n~t — 9?n~1 > 2850n 1

This completes the proof. O
5.1.3. Proof of claim (2) of Proposition [2.

1
Proof of Proposition[d, claim (2). Recall §; = pn_mﬂ)_ﬁs. Note that by
Koltchinskii-Pollard maximal inequality for empirical processes (cf. Theo-
rem 2.14.1 of [45]), we have

max [E sup

< F(Sl <015PY
ZEEE S 1F @D lzacr

2l

Hence we may take v, (k) = Ch kY (2_25)51Y in the multiplier inequality
Lemma [Tl to see that

E  sup |> &f(X)

fEﬁ:PfQSJ% i=1

< 4/000 G (nP(1] > 1)) dt

< 40151*711/2(1_6)H§1H2(1—e),1
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On the other hand, again by the Koltchinskii-Pollard maximal inequality
and the contraction principle for Rademacher processes,
1 n
E suw [Gu(f)ISE suwp |—=) &f(Xy)
fEﬁ:PfQSJ% fEﬁ:PfQSJ% \/ﬁ i=1

g4
<6

Combining the above estimates, we arrive at
EE,(61) < 8C16{n ™" - 02079 & |lyq o)1 + Con™ /6]
1
< Oa,ﬁpfyn_ﬂwn(ea 7)'

The claim (2) of Proposition 2] now follows from Markov’s inequality and
hence the proof of Theorem [2] is complete. O

5.2. Proof of entropy results.

5.2.1. Proof of Lemmal8

Proof of Lemmal8. Let t; = (1 + &)™/ and m(e) be the smallest integer j
such that t; < ¢||F||1,(q)- Now for any f € F, define

m(e)
fa = Z (tjltj<f§tj71 + (_tj—l)l—tj71<f§—tj)'
=1

Then if z € X is such that
(1) tj; < f(x) < tj—q for some j < m(e),
0< f(x) = fo(z) <tjo1 —t; <etj <ef(x) <eF(x).
(2) —tj—1 < f(x) < —t; for some j < m(e),
0< f(@) = fo(z) < —tj — (—tjm1) < ety <e(— f(z)) < eF(x).
(3) —tm(e) < f(2) < te),
1£(@) ~ £:0)] < o) < <Pl

Combining the above discussion we arrive at || f — f€||2L2(Q) < 352||F||2L2(Q).
Let F. = {f-: f € F}. Then since the sets

{(a,t): fe(x) >t} = UT:(?{HJ f(@) =t} % (1]
UU?:(i){iﬂ D f(2) > —tjoa} x (<tjo1, —t)]
U {1’ : f(x) > _tm(e)} X (_tm(s)atm(e)]

as f. ranges over JF. is the union of at most 2m(g)+1 VC-classes with disjoint
supports, and hence the VC-dimension of F is no larger than V'm(e), where
V € (0,00) only depends on Fy. The rest of the proof proceeds along the
same lines as in page 1172 of [1§]. O
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5.2.2. Proof of Lemma [Tl

Proof of Lemmal[Id. Let {h;}}¥, be aminimal e-covering set of H under L.
For any probability measure Q on [0, 1]?, and any f® (h—g) € f® (7—[ — g),
take h; such that |[|h — h;||sc < e&. Then

If & (hi = 9) = F & (h =91, < IflEu@e” = IIf ® UL 0™
completing the proof. O

5.2.3. Proof of Lemma [12.

Proof of Lemmal[Id. Since F' C F N Ly(1) is VC-major, Lemma [§ yields
that for any probability measure @, on [0, 1] and any & > 0,

c C 1
og N (2| F |l () F's L2(Qa 3_1°g<_>10g<7>'
(1 F Loy F' L2(@)) < —log { - 1 M aon)

Now for any discrete probability measure @ = n= 1Y ", O(as,2) on [0, 12,
let @, =n~1Y ", 6,, be the (marginal) probability measure on [0,1]. Take
a minimal e[|F'||,(q,)-cover of F’ under L(Q), namely {fy}, the log-
cardinality of which is no more than

9 log <g> log <71 >
€ € llF | Ly(Qa) /)

Further take a minimal e-cover of H under L., namely {h;}, the log-
cardinality of which is at most a constant multiple of e77. Consider the
set {fr ® hi}, the log-cardinality of which is at most a constant multiple of

L log <1> log <;> Ve
€ € elF @ 1|1, '

For every f @ (h— (¢o — fo)) € F' ® (H — (¢o — fo)), let fi, hy be such that
1f = frllLa@e) < ellF'lLy@.) and [|h — hylloe < e. Then

If @ (h = (¢0 = fo)) = fr © (hi = (0 — fo))l 7,0
1 n

== <f<a:,~>(h<zz~> = (do(w,21) = fo(w:))
=1

n“

2
— fil@i) (hu(zi) = (do(i, ) — fo(fﬂi)))>

S b= BlZ N1 0.y + l2ollZ N f = Frlli 0.
S (1 119oll3)E2 1 17 40u) = (1 V 1goll30)2 1 @ 1117,q)»
as desired. O

5.3. Proof of stochastic boundedness of shape-restricted LSEs.
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5.3.1. Proof of Lemmald

Proof of Lemmal3, isotonic case. The isotonic least squares estimator fn
has a well-known min-max representation [36]:

1 v
5.8 X;) = mi _ Y;
(5.8) fa(Xj) = minmax ———— 3 V;

=u

where we slightly abuse the notation X;’s so that X; < --- < X,, denote
the ordered covariates and Y; denotes the corresponding observed response
at X;. Since f, is non-decreasing, we only need to consider

v n

Qp = fn(Xl) min — ! Yi, Bn= fn(Xn) = max # Z Y.

v>1 v u<n N — U+ 14
i=1 i=u

Note that

Elon| V E|Bn| < Er]?gi( + || folloo-

1 k
g;@

The first term is O(1) by a simple blocking argument and a Lévy-type
maximal inequality due to Montgomery-Smith [35] (see also Theorem 1.1.5
of [16]); we include some details for the convenience of the reader: suppose
without loss of generality that logs n is an integer, then for any ¢ > 1,

> nt)

logy n
(sl )= Bl ) (3
<l(§:n]P’< max Z§‘>23 1>+ Sl
- = 211 <k<2i nt?
) 91‘§“’:"P< S| 2ym) [
- ! nt?
B g
< clalp( > ot =) < Clalie,
completing the proof. O

The proof of stochastic boundedness of the convex least squares estimator
crucially uses the characterization developed in Lemma 2.6 of [21]. Note that
the characterization is purely deterministic.

Lemma 17. fn is a convex least squares estimator if and only if for all
i1=2,....n

j—1 j-1
Rie(Xps1 — Xp) 2> Sp(Xpy1 — Xa),
k=1 k=1
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with inequality holds if and only if f, has a kink at X;. Here Ry, = Zle F(X0)
and Sy = Zle Y;, where we abuse the notation X;’s for the ordered covari-
ates such that X1 < ... < X,,, and Y;’s are the corresponding observed
responses at X;.

Proof of Lemmald, convex case. By symmetry we only consider the behav-
ior of f,(0). Let 7, denote the first kink of f,, away from 0. Then it follows
from the characterization Lemma [I7] that

Tn—2 Tn—2
> Rp(Xpp1 — Xp) = ) Se(Xps1 — X),
k=1 k=1
Tn—1 Tn—1
> Ri(Xip1 — Xi) = ) Se(Xis1 — Xp).
k=1 k=1

The above two (in)equalities necessarily entail that

RTn—l(XTn - X‘rl—l) < STn—l(XTn - XT —1)-

Hence with probability 1 we have R, 1 < 55,1, i.e.

TTn—1 TTmn—1

(5.9) Y (X)) <> v
1=1 1=1

Since f,, is linear on [0, X ], we can write

(5.10) fula) = (1— M )fn<o>+ (X0,

Combining (5.9) and (5.I0) we see that

Vf <1 - )iﬂf"(o) + [i )‘i’jfn(&n) < ;IY

i=1 i=1

n

and hence

. 1 S Ye o B o
(5.11) fn(0) < (1 - BT) -1 T 1-4. | zélﬁ)f,l] It

)

where
k-1
1 1
—(—S"x,) . —.
B (k; —1 ; > X5,
By (5.10]), we need to handle three terms:
() (LB,
(ll) Zi:l Yi

= , and
(iii) [infyefo,1) fu()]-
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We first handle term (i). We claim that for some universal constant C' > 0,
it holds that

5.12 P 1— I>y) <ot

(5.12) (zgllggn( Be) ' >t) <

To see this, note that for each k < n, conditional on Xy, X1 /Xk, ..., Xk_1/Xk
are distributed as the order statistics for £ — 1 uniform random variables on
[0,1]. Let Uy,...,U, be an ii.d. sequence of uniformly distributed random
variables on |0, 1] and 0 < Uﬁ) <...< U& ) < 1 be their associated order
statistics. Then by using a union bound, the probability in (5.12)) is bounded
by

n

2.F ( _1Z—>1—t >ng[P@;;U@)21_t—1>‘xk+1]

For ¢ > 3, the probability in the bracket equals P(Zf U < k:t_l) =
(Kt~ 1)

by volume computation: ]{E] Lz < a}| = a*/k!. Now combining
the probablhty estimates we arrive at

IP;( max (1 N ﬁk) 1 > t) < Z (kt_l)k < Z (kt_l)k < C’t_ly

n | k
2<k< = k! = (k/e)

proving the claim (5.12]) for ¢t > 3. For ¢ < 3, it suffices to increase C.

The second term (ii) can be handled along the same lines as in the proof
for the isotonic model, assuming || fo|lco < 00 and ||&1]]2 < oo.

Finally we consider the third term (iii) |inf,¢(o 1 fu(z)|. We claim that
with probability 1,
(5.13) limsup sup |fn(z)] < Ce o

n—o0 xe(l/4,3/4]

The claim will be verified in the proof of Lemma [13] below in a more general
setting. In particular, (B.I3)) implies that Supx€[1/4,3/4]|fn(:n)| = Op(1).
Hence for any € > 0, there exists a constant K. > 0 such that for all n large
enough, with probability at least 1—&, sup,c(i/4,3/4)| fa(z)| < K. This event
is denoted &.. Now by convexity of f,,, it follows that linfe0,1] fulz)] < 2K.
on &. To see this, we only need to consider the case where the minimum
of f, is attained in, say, [0,1/4]: then the line connecting (1/4, f,(1/4))
and (3/4, f,(3/4)) minorizes f, on [0,1/4], which is bounded from below
by —2K. and hence the same lower bound holds for inf,¢g 1) fn(x) on the
event &. An upper bound for inf,cp fulx) is trivial: inf, o] falz) <
SUD,c([1/4,3/4] fu(z) < K. on . These arguments complete the proof for
‘infxe[o,l] fa(z)| = Op(1).

The claim that ||f,]lsc = Op(1) follows by combining the discussion of
the three terms above and (5.1T)) which proved |f,(0)|V |/ (1)| = Op(1) and
linf,ef0,1) fu(z)] = Op(1). .
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5.3.2. Proof of Lemma[13.

Proof of Lemmal[13, isotonic case. The proof essentially follows the isotonic
case of Lemma [l by noting that the least squares estimator f, for F in the
additive model has the following representation:

. 1

Jn(Xj) = minmax ———— > (Yi—ha(2))

1=u
where X; < --- < X, denote the ordered X;’s, Y;’s are the observed re-
sponses at the corresponding X;’s, and Z;’s are the corresponding Z;’s fol-
lowing the ordering of the X;’s. The rest of the proof proceeds along the
same lines as in the isotonic case of Lemma [B] by noting that

L > (60(Xi, Zi) — h(Z:)

1=1

(5.14) max sup

k
1<k=nphen ‘

o

k
1
< - H(Z))=0p(1
< lovlle + s, (5 o)) = 0p(1),
1=
where the stochastic boundedness follows from the same arguments using
Lévy-type maximal inequality as in the isotonic case of Lemma [5 since we
have assumed Py H? < . O

Proof of Lemmall3, convex case. We use the same strategy as the convex
case of Lemma [f by replacing Y; with Y; — h,(Z;), and handling terms (i),
(i) and (iii) as in the proof of the convex case of Lemma 5. Term (i) can
be handled using the same arguments as in the proof of the convex case of
Lemma [0l ; term (ii) can be handled similar to (5:14). Hence it remains to
handle (iii). Let ¢p(z,2) = fu(x) + hn(z). We claim that there exists some
M > 0 such that

5.15 P inf - x,2) — ¢o(x,z)| > M io. | =0.
a5 B(ntWn(es) - oule )| > M o
Once (B.I5)) is proved, the event & = Up>1 Np>m {infx€[1/4,3/4]|fn(:1:)| <
M} happens with probability 1, where M = M + SUD(p 2)e[1/4,3/4)2 H (2) +
[¢ollc < o0. Let , € argminge(y s fu(r) and My, = |fo(zn)[. On
the event &, for all n large enough, there exists z}, € [1/4,3/4] such that
|fn(z:)| < 2M. The key observation is the following: if M,, > 10M, then

. 1 _
5.16 inf n(T)V inf n > — (M, —10M).
( ) xe[ll/?G,l/S} fn(z) :ce[7/18n,15/16} fn(2) 4( )

To see this, we only consider the case 1/4 < z, < z} < 3/4, and derive
a lower bound for inf,c(7/815/16) fn(7); the other case follows from similar
arguments. Note that the line L connecting (. fn(2,)) and (2, fn(x*))
minorizes f,, on [7/8,15/16]. Since M,, > 10M > 2M, f,(x,) < 0 and hence
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the line L has a positive slope s, bounded below by (M,,—2M)/(3/4—1/4) =
2(M,, — 2M). This implies that for any = € [7/8,15/16],

fu(@) > fu(7/8) > L(7/8) = L(x},) + s..(7/8 — x},)
> folah) +2(M, — 2M) - (7/8 — 3/4)

— 1 | _
2(—2M)+Z(Mn—2M):Z(Mn—loM),

proving (5.16). Now we assume without loss of generality that inf, (1 /16,1/g] fulz) >
(M,, — 10M) /4. Let I =[1/16,1/8] x [0,1]. Since

%Z (Y = (X, 20))?

7 2

:_Z (& + d0(Xi, Zi) — hn(Zi) — ful( X))

1 2
Z Z — (H(Z) + lléolloo + 1))
Z
1
> - Z = 3" (3HA(Z) + 3llgo]% +3€2)
(Xi,Z:)el Xz,Zz)EI
M, 1OM i€[l:n] Xi,ZZ- el
> (B sl ||2>’{ Jeny
-~ > H =y e
n
(X:,Z:)el (X“ZZ)EI

Hence by the law of large numbers, on an event with probability 1, if M, >
100,
(5.17)

1 (Vi — on(X;, Z;
lglsotipn; dn )?

- (lim sup,,_, oo My, — 10M)?
- 16 - 32

On the other hand, since ngbn is the least squares estimator, for any h' € H,

3
= 16 Iooll% + PzH? + B&}).

1 1 n(Xi,
(5.18) I,Iff;ipn; (Y — én(Xi, )"

< limsup — Z Y, - h(Z ))2 < 3EET + 3||¢o||% + 3Pz H?.

n—oo T i—1
Combining (5.17) and (5.I8)), it follows that on an event with probability 1,
timsup My < C([€1]l2 + 1H oy + [Bolloo + 31),
n—oo
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holds for some absolute constant C' > 0, thus proving that with probability
L,

l‘IIlSll[) .llf ’An X < Cé H ¢ M
ln—>oo |SC6[11/173/1} ( )| 11,90,

lim sup ‘ sup fn(x” < CE,H7¢07M
n—oo x6[1/473/4}

with probability 1 can be proved in a completely similar manner by noting
that the supremum of f, over [1/4,3/4] is taken either at 1/4 or 3/4. These
claims show that with probability 1,

limsup sup ‘fn( )‘< 5H¢0,
n—oo  xe[l/4,3/4]

Note that we have also verified the announced claim (5.13)) in the convex
case of Lemma [B] by taking ¢g(z, 2) = fo(z) and H = {0}. The rest of proof
for handling term (iii) proceeds along the same lines as in the proof of the
convex case of Lemma [5, modulo the unproved claim (5.15]). Below we prove

that (5.I5]) holds for M > \/32(H51||% + ||¢ol|2, + PzH?). To this end, first

we prove

(5.19) IP’<€1 = { o) inf (q@n(x, z) — ¢o(x,2)) > M i.o.}> =0.

€[1/4,3/4)

On the event & intersecting a probability-one event, there exists a subse-
quence {ny}r>1 such that

ng

1 - 2
(5.20) hklgggf - Z; (Yi — n, (X0, Z0))

> liminfi Z (¢0 - ank) (Xi, Zi) — hm . Zﬁl

k—oo 2ny k—o00 N, 4
(Xi,Zi)€[1/4,3/4}2

> M?/8 — B¢,
and thus by (BI8), M? < 32(||&1]13 + [|¢ol|% + Pz H?). Hence & must be a

probability-zero event, which proves (5.19). Using the same arguments we
can prove

(5.21) ]P’<( ) sup (g%n(x,z) — ¢o(x,2)) < —M i.o.> =0.

€[1/4,3/4]2
The claim (5.I5) now follows from (B.19) and (52II). This completes the
proof. O
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