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ABSTRACT. The general problem addressed in this work is the
development of a systematic study of the thresholding greedy al-
gorithm for general biorthogonal systems (also known as Marku-
shevich bases) in quasi-Banach spaces from a functional-analytic
point of view. We revisit the concepts of greedy, quasi-greedy, and
almost greedy bases in this comprehensive framework and provide
the (nontrivial) extensions of the corresponding characterizations
of those types of bases. As a by-product of our work, new proper-
ties arise, and the relations amongst them are carefully discussed.

INTRODUCTION

The subject of finding estimates for the rate of approximation of a
function by means of essentially nonlinear algorithms with respect to
biorthogonal systems and, in particular, the greedy approximation al-
gorithm using bases, has attracted much attention for the last twenty
years, on the one hand from researchers interested in the applied nature
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of non-linear approximation and, on the other hand from researchers
with a more classical Banach space theory background. Although the
basic idea behind the concept of a greedy basis had been around for
some time, the formal development of a theory of greedy bases was
initiated in 1999 by Konyagin and Temlyakov. In the seminal paper
[55] they introduced greedy and quasi-greedy bases and characterized
greedy bases in terms of the unconditionality and the democracy of
the bases. The theoretical simplicity of the greedy algorithm became
a model for a procedure widely used in numerical applications and the
subject was developed quite rapidly from the point of view of approx-
imation theory.

The convergence of the greedy algorithm also raises many interesting
questions in functional analysis. The idea of studying greedy bases and
related greedy algorithms from a more abstract point of view seems to
have originated with the work of Dilworth, Kutzarova, and Temlyakov
[36], and the work of Wojtaszczyk [73], who characterized quasi-greedy
bases for biorthogonal systems in the setting of quasi-Banach spaces.
From there, the theory of greedy bases and its derivates evolved very
fast as many fundamental results were discovered and new ramifications
branched out; but these advances were achieved solely for Schauder
bases in Banach spaces.

The neglect in the study of greedy-like bases in the setting of non-
locally convex spaces is easily understood. Even when they are com-
plete and metrizable, working with quasi-Banach spaces requires do-
ing without two of the most powerful tools in functional analysis: the
Hanh-Banach theorem (and the duality techniques that rely on it), and
Bochner integration (see the drawbacks of developing a satisfactory in-
tegration theory for quasi-Banach spaces in [1]). This difficulty in even
making the simplest initial steps has led some to regard quasi-Banach
spaces as too challenging and consequently they have been assigned a
secondary role in the theory.

However, greedy-like bases arise naturally in quasi-Banach spaces,
for instance in the study of wavelets (see, e.g. [45,49,72]), and the
unavailability of tools on the subject leaves the authors with two alter-
natives. The easiest one is to assume the validity of the results they
need without bothering to do the proofs. For instance, in [49, Proposi-
tion 8] it is stated that greedy bases in quasi-Banach spaces are char-
acterized by the properties of being unconditional and democratic, but
no further comment or proof is provided. This result is used in the
same paper in [49, Theorem 16] in a crucial way, thus the reader is left
to believe that the proof is trivial, without being made aware of the
idiosyncrasies involved. On the opposite end, in [72, Theorem 6.51],
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Triebel, in the same situation and in need of the very same result, uses
caution before relying on something that is not substantiated by a ref-
erence or a proof. Then, he settles for a weaker theorem by adding, in
hindsight, unnecessary hypotheses for the result to hold.

Taking into account that more and more analysts find that quasi-
Banach spaces have uses in their research, the task to learn about
greedy bases and its derivates in this framework seems to be urgent
and important. Our goal in this paper is to fill this gap in the theory
and encourage further research in this direction. Needless to say, since
Banach spaces are a special type of quasi-Banach spaces, proving new
results in p-Banach spaces for 0 < p < 1 often provides an alternative
proof even for the limit case p = 1. Hence, quasi-Banach spaces help
us appreciate better and also shed new light on regular Banach spaces.

The step from Schauder bases to Markushevich bases also deserves
a word. Most systems arising in mathematical analysis are first and
foremost biorthogonal systems, independently of whether one is able
to show that they are Schauder bases or not. Take for example the
trigonometric system in L, which is a biorthogonal system and yet it is
not a Schauder basis. As far as the greedy algorithm is concerned, there
are authors who work in the frame of biorthogonal systems whereas
other authors prefer to remain within the safer conceptual framework of
Schauder bases. In fact, in the existing literature one finds fundamental
results in the theory, such as the characterization of almost greedy bases
[33], which were obtained for Schauder bases, whereas others, such as
the aforementioned characterization of quasi-greedy bases, which were
obtained for biorthogonal systems. This lack of consensus might (and
in fact, does) create some confusion about the validity of the theorems
that were obtained for Schauder bases, in the more general setting
of biorthogonal systems. By writing all our results under the unifying
approach of biorthogonal systems in quasi-Banach spaces, it is our hope
in this article to contribute to clarify this incertitude.

Let us next outline the contents of this paper. Section 1 has a pre-
liminary character. More specifically, §1.2 may work as a “first-aid
kit” to get around when trying to prove theorems in a space that lacks
local convexity. Indeed, local convexity plays, more or less implicitly, a
crucial role in the main results that have been obtained on the subject
so far. Here we will gather together some instrumental lemmas that
will help us proceed when local convexity is dropped. §1.3, §1.4, and
§1.5 contain the groundwork on bases in the context of quasi-Banach
spaces. One of our focuses of attention goes to making sure that the
two facets of unconditionality, suppression unconditionality and lattice
unconditionality, are equivalent notions in quasi-Banach spaces too.
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A property that has proved relevant in the study of greedy-like bases
is the unconditionality for constant coefficients. Section 2 is devoted
to its study, emphasizing the peculiarities that arise in the lack of local
convexity. Like for Banach spaces, we will see that working with the
greedy algorithm naturally leads to consider variations of the property
of unconditionality for constant coefficients, namely the lower uncondi-
tionality for constant coefficients (LUCC for short) and the suppression
unconditonality for constant coefficients (SUCC for short).

Section 3 is dedicated to quasi-greedy bases. Although this type
of bases was already considered for quasi-Banach spaces in [73], here
we make headway in the theory and show that a quasi-greedy basis is
strong Markushevich, a fact that seems to be unknown to the specialists
on the subject. It also contains a key lemma stating that quasi-greedy
bases are LUCC. The proof of the corresponding result for Banach
spaces relies heavily on the local convexity of the space, hence the
labor to make it work for quasi-Banach spaces entailed cooking up an
entirely different proof. In the last part of the section we study a non-
linear operator called the truncation operator, and analyse the relation
between its boundedness and the convergence of the greedy algorithm.

Section 4 deals with different variations on the property of democ-
racy of a basis. We determine the relations between democracy, su-
perdemocracy, bidemocracy, and symmetry for largest coefficients (also
known as Property (A)) taking into account the specific features of the
underlying quasi-Banach space.

In Section 5 we take advantage of the results obtained in Section 3 to
provide several (nontrivial) characterizations of almost greedy bases in
quasi-Banach spaces, including the extension to quasi-Banach spaces of
the well-known characterization of almost greedy bases by Dilworth et
al. [33] as those bases that are simultaneously quasi-greedy and demo-
cratic.

In Section 6 we substantiate the celebrated (and by now classical)
characterization by Konyagin and Temlyakov [55] of greedy bases for
general biorthogonal systems in quasi-Banach spaces in terms of uncon-
ditionality and democracy. With the equivalence between suppression
unconditionality and lattice unconditionality at hand, it must be con-
ceded that the proof of this fundamental fact is essentially the same as
for Banach spaces. Here, the novelty has to be judged in the achieve-
ment of optimal constants by means of a combination of classical meth-
ods with other specific techniques from quasi-Banach spaces that apply
to Banach spaces and permits to improve some of the estimates known
to date.
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In Section 7 we transfer to general biorthogonal systems in quasi-
Banach spaces the work initiated by Dilworth et al. in [32] on the
comparison between the “best greedy error” of the greedy algorithm
with its “best almost-greedy error.” In order to carry out this study
we previously analyse the different democracy functions associated to
the basis.

In Section 8 we strengthen the techniques from [2] (see also [43,73])
on linear embeddings of spaces in connection with the greedy algorithm.
We show that, even in the absence of local convexity, quasi-Banach
spaces with an almost greedy Markushevich basis can be sandwiched
between two suitable sequence Lorentz spaces, which permits to shed
iformation onto the nature of the basis of the space. Going further we
characterize the type of bases for which such embedding is possible.

When dealing with a quasi-Banach space X it is often convenient
to know which is the “smallest” Banach space containing X or, more
generally, given 0 < ¢ < 1, the smallest g-Banach space containing X,
known as the ¢-Banach envelope of X. In Section 9 we discuss how
certain properties of bases related to the greedy algorithm transfer to
envelopes.

In Section 10 we contextualize and illustrate with a selection of non-
trivial examples all the properties that we discuss in the article. To
mention a few, we include examples of bases that are SUCC and LUCC
but not quasi-greedy. We also construct new examples (valid both for
locally and non-locally convex spaces) of conditional almost greedy
bases, and examples of superdemocratic bases that fulfil neither the
LUCC condition nor Property (A). The greedy algorithm is thoroughly
examined for Besov spaces and Triebel-Lizorkin spaces.

In Section 11 we investigate a fundamental aspect of the theory that
has a long trajectory. The problem of renorming a Banach space in
order to improve the greedy-like properties of bases was initiated in
[17] and continued years later in [12,37]. Here we see that for quasi-
Banach spaces the situation is entirely different. In fact, we can always
define a renorming (we should say “re-quasi-norming” to be precise) of
the space so that a greedy basis (respectively, quasi-greedy or almost
greedy) is 1-greedy (respectively, 1-quasi-greedy or l-almost greedy).

Section 12, which concludes this article, contains a relatively long list
of open problems to encourage further research on the subject. Some of
this problems are of interest also outside the framework of the present
study.
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1. PRELIMINARIES ON BASES AND QUASI-BANACH SPACES

1.1. General Notation. Through this paper we use standard facts
and notation from Banach spaces and approximation theory (see [14]).
For the necessary background in the general theory of quasi-Banach
spaces we refer the reader to [54]. Next we record the notation that is
most heavily used.

We write I for the real or complex scalar field. As is customary, we
put 0, = 1 if K = n and d;, = 0 otherwise. The unit vector system
of FY will be denoted by B, = (e,)>,, where e, = (0,)%; Also,
(xj: j € J) stands for the linear span of a family (z;);es in a vector
space, [x;: j € J] denotes the closed linear span of a family (z;);es in
a quasi-Banach space, and [z;: j € J],~ the w*-closed linear span of
(z;)jes in a dual Banach space. We set cog = (e,: n € N).

A sign will be a scalar of modulus one, and sign(-) will denote the
sign function, i.e., sign(0) = 1 and sign(a) = a/|a| if a € F\ {0}.

The symbol a; < f; for j € J means that there is a positive constant
C' < oo such that the families of non-negative real numbers (o), e and
(Bj) es are related by the inequality a; < Cp; for all j € J. If o S f;
and f5; S a; for j € J we say (a;);jes are (f;);es are equivalent, and
we write o; = 3 for j € J.

We write X@Y for the Cartesian product of the quasi-Banach spaces
X and Y endowed with the quasi-norm

Gz, )l = max{[l«], [lyl]}, =X, yel.

Given a sequence (X,)%2, of quasi-Banach spaces and 0 < p < oo,
(@72,X}), denotes the quasi-Banach space consisting of all sequences
(fi)72y € 132, Xy such that (|| fx]|)52, € €y (co is p=0). If X}, = X for
all k£ € N we will put £,(X) := (&72,Xy), (co(X) if p=0).

We shall denote by £(X,Y) the quasi-Banach space of all bounded
linear maps from a quasi-Banach space X into a quasi-Banach space Y.
We write X ~ Y if the quasi-Banach spaces X and Y are isomorphic.

Byx will denote the closed unit ball of a quasi-Banach space X. We
say that a linear map 71" from a dense subspace V' of X into X is well-
defined on X if it is continuous with respect to the topology on X. Of
course, T is well-defined on X if and only if 7" has a (unique) continuous
extension to a map, also denoted by 7', from X to X.

An operator on X will be a (possibly non-linear nor bounded) map
T: X — X such that T(tf) =tT(f) for all t € F and f € X.

Other more specific notation will be introduced in context when
needed.
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1.2. Convexity-related properties of quasi-Banach spaces. A
quasi-norm on a vector space X is a map || - ||: X — [0, 00) satisfying

(ql) [|f]] > 0 for all x # 0,
(q2) [|tfll = [t][|f]| for all ¢ € R and all z € X; and
(q3) there is a constant £ > 1 so that for all f and g € X we have

1+ gl < &(1A =+ llgll)-

The collection of sets of the form
1
{ZL‘EXZ ||:L‘||<}, n €N,
n

are a base of neighbourhoods of zero, so that the quasi-norm ||-|| induces
a metrizable linear topology on X. If X is complete for this topology
we say that (X, || -||) is a quasi-Banach space.

Another quasi-norm || - ||o on the same vector space X is said to be
a renorming of || - || if || - o and || - || induce the same topology. It is
well known that || - ||o is a renorming of || - || if and only if the functions
Il - |lo and || - || are equivalent.

Given 0 < p < 1, a p-norm is a map || - ||: X — [0, 00) satistying
(al), (q2) and

(ad) [If +gl” < A7+ Nlg]l? for all f,g € X.
Of course, (q4) implies (q3) with x = 2/P=1. A quasi-Banach space
whose associated quasi-norm is a p-norm will be called a p-Banach
space. The Aoki-Rolewicz’s Theorem [19, 64] states that any quasi-
Banach space X is p-convez for some 0 < p < 1, i.e., there is a constant
C such that

> f; SC(Z Hfij> , neN, feX
j=1 j=1

This way, X becomes p-Banach under a suitable renorming. The term
locally convex designates a 1-convex quasi-Banach space.
Let us recall the following easy and well-known result.

Proposition 1.1. A quasi-Banach space (X, ||-]|) is p-Banach for some
0 < p <1ifand only if

> a;f

jeJ

1/p
< (Z |aj|p> sup | fill, J finite, a; € F, f; € X.

jeJ

Despite the fact that a quasi-norm is not necessarily a continuous
map, the reverse triangle law

AP = lglPl < N1fF = gllP, frgeX
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yields that a p-norm is a continuous map from X onto [0,00). Hence,
the Aoki-Rolewicz Theorem yields, in particular, that any quasi-Banach
space can be equipped with an equivalent continuous quasi-norm.

Theorem 1.2 will play the role of a substitute of the Bochner integral
in the lack of local convexity. It will be heavily used throughout and it
will allow us to extend to quasi-Banach spaces certain results that are
valid in the Banach space setting. However, we would like to stress that
this result is not a fix for all the obstructions we meet when transferring
the greedy algorithm theory into quasi-Banach spaces.

Let us introduce two geometrical constants that are closely related
to the convexity properties of p-Banach spaces. Given 0 < p < 1 we
put

A 1
» = 7(212 — )i (1.1)

and
2UPA,  if F =R,
» =\ 41/p e (1.2)
4rA, ifF=C.
Theorem 1.2. Suppose X is a p-Banach space for some 0 < p < 1.
Given any two families of functions (g;)iers, (hi)jes € X7 with J finite,
we have

.9tk

JEI\A jEA

> (1 —b;)g; + bjh;

JjeJ

for all (bj);=; €10,1]7.

< A, sup
ACJ

Y

Proof. By approximation we can assume that 0 < b; < 1 for all j € J.
Let

A= {(Be)is € {0,1}": [{k € N: B = 0}] = oo}

Note that for each 0 < b < 1 there is a unique (5;)7>; € A such that
b=, 327 Let us write

b= Bik27"  (Bin)it, € A,
k=1

and put
Ak:{jéjiﬁjk:l}.

By Proposition 1.1,

> (1 =b;)g; + bjhy

jedJ

=2 (i(l — Bi1)2 " g; + i ﬁj,k2_khj> H

jeJ \k=1 k=1
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= i 27" (Z(l — Bix)g; + Bj,k;hj> l|
P

jed

e (5m)

JEJ\Ag JEAK

Yoot D hy

jEJ\Ak jeAk

[e’¢) 1/p
< (Z Q_kp> sup .
k=1

keN

Since Y72, 27" = AP we are done. O

Corollary 1.3. Let X be a p-Banach space for some 0 < p < 1. Let
(fj)jes be any collection of functions in X with J finite, and g € X.
Then:

(i) For any scalars (a;j)jes with 0 < a; <1 we have

:AQJ}.

ii) For any scalars (a;);c; with |a;| <1 we have
5)3 j

g+25jfj|3 [ 21}-

jeJ

9+ij

JEA

g+ a;f;

jeJ

< A,sup {

g+ aif;
jed
Proof. Pick a point 0 ¢ J and set J' = {0} U J. In order to prove both
(i) and (ii) we will apply Theorem 1.2 with suitable families (g;) e,
(hj)jes and (b;)jes. In both cases we choose g9 = hy = ¢ and an
arbitrary scalar by € [0,1].
If we choose b; = a;, g; =0, and h; = f; for j € J we obtain (i).
To see (ii), for each j € J we pick b; € [0,1] and a sign d; such that

a; = (1 —b;)d; — b;;.
Then, we choose g; = d,f; and h; = =0, f; for j € J. O

< A, sup {

Corollary 1.4. Suppose X is a p-Banach space for some 0 < p < 1.
Then for any family (f;)jes in X with J finite we have

> aif > i

< B, sup
jeJ ACT |ljeA

9

whenever (a;);es are scalars with |a;| <1 for all j € J.

Proof. If F = R, we have a; = a] — aj, while if F = C we have

a; = R(a;)™ —R(a;)” +iS(a;)™ —iS(a;)”. Applying Corollary 1.3 (i)
(with ¢ = 0) and using the p-subadditivity of the quasi-norm gives the
desired result. 0
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1.3. Bases in quasi-Banach spaces. Throughout this paper a basis
in a quasi-Banach space X will be a complete Markushevich basis, i.e.,
a sequence B = (x,)22; such that
(i) [x,: n € N] =X, and
(ii) there is a (unique) sequence (x%)°, of functionals, called co-
ordinate functionals (also biorthogonal functionals), such that
X! (xg) = O, for all k,n € N.

The support of a vector f € X with respect to a basis B is the set
supp(f) = {n € N: x(f) # 0}.

A basic sequence will be a basis of its closed linear span.

A basis B is said to be M-bounded if

sup | 5] < oo,

and is said to be semi-normalized if

0 <inf |1%n]] < sup ||x,] < oo.
n

Lemma 1.5. A basis (x,)52, of a quasi-Banach space X is semi-
normalized and M -bounded if and only if sup, max{||x,|, |x%||} < oo.

Proof. Assume that C7'||x,|| < sup, |x.|| < Co and ||x,||||x%]| < Cs
for all n € N. Then ||x}|| < C1C5 for all n € N. Conversely, assume
that ||x,| < Cyand ||x%|| < C; for all n € N. Then, ||x,]|[|x%|| < C4Cs.
Since 1 = x%(x,) < [|1x%]||I%a], we have ||x,|| > C5. O

Note that an Awerbach basis, i.e., a basis (x,)52; with ||x,| =
Ix¥|| = 1 for all n € N, is a particular case of semi-normalized M-
bounded basis.

A very natural condition to expect from a basis B = (x,,)7°, is that
every f € X be univocally determined by its coefficient sequence, i.e.,
the linear operator

F:X=FY fe ()i (1.3)

called the coefficient transform, is one-to-one. However, for reasons

that will be understood in hindsight, here we will not impose a pri-

ori this requirement to the basis. Note that the injectivity of F is
equivalent to demanding that

[x':n € N =X, (1.4)

Using the standard terminology in biorthogonal systems, we say that

a subset V' C X* is total if [V],« = X* and that a basis B of X is total

if its biorthogonal sequence B* = (x})>°, is total, i.e., (1.4) holds.

n/n=1
If the basis B is total we are allowed to use the “formal” expression
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f =3, a,x, € X to mean that f is a vector in X with x}(f) = a,
for every n € N. In any case, if we consider the space

Y =Y[B,X] = {(an)?f:l: > ayx, converges in X} :

n=1

and the linear map

Z:YCF =X, (an)i2; Y. anX,. (1.5)
n=1
we have F o1 = Idy.

Two sequences B = (x,)22, and B’ = (x},)7°, in respective quasi-
Banach spaces X and X’ are said to be equivalent if there is a linear
isomorphism 7': [B] — [B'] such that T'(x,) = x], for n € N, i.e., there
is a constant C' so that

N N
> ax, > anx),
n=1 n=1

for any choice of scalars (a,)?_, and every N € N. Of course, if B

is a basic sequence and B’ is equivalent to B, then B’ also is a basic
sequence.

(7—1

N
3 ax,

n=1

< <C

Y

1.4. Linear operators associated to bases. Suppose B = (x,,)2,

is basis for a quasi-Banach space X. For a fixed sequence v = (¢,,)?%, €
Y. let us consider the map

M, = M,[B,X]: (x,: n e N) = X| Zanxnr—> chanxn.

n=1 n=1
The basis B is said to be lattice unconditional if M, is well-defined on
X for every v € /., and
K, = K,[B,X]:= sup |M,| < co. (1.6)
V][0 <1

If B is lattice unconditional, K, is called the lattice unconditional con-
stant of the basis. Notice that K, = 1 with respect to the renorming

[fllo == sup [IM,(S)Il, feX

[I7lleo<1

Now, given A C N, we define the coordinate projection onto A as

SAI:]\Iy

A

where v4 = (¢,)%2, is the sequence given by ¢, = 1 for n € A and
¢, = 0 otherwise. The basis B is said to be suppression unconditional
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if S, is well-defined on X for every A C N and
K, = KB, X] = sup ||S4]| < 0. (1.7)
ACN
If B is suppression unconditional, K, is called the suppression uncon-
ditional constant of the basis.

Proposition 1.6. Suppose B is a suppression unconditional basis in a
p-Banach space. Then for every v € [0, 1]V,

||M’Y|| S Aszu-
Proof. By Corollary 1.3 (i) we have ||M,(f)| < A,Kq| f] for all f €
(xn: n € N). Hence, M, is well-defined and ||M,| < A,Ks,. O

Proposition 1.7. A basis B for a quasi-Banach space X is suppression

unconditional if and only if B is lattice unconditional. Moreover Ky, <
K,. If X is p-Banach then K, < B,K,.

Proof. Use Corollary 1.4 and proceed as in the proof of Proposition 1.6.
O

Note that for n € N and f € X
S{n}(f) = X:;(f) Xn,

and so
1Sl = [1xnll[x5]]-
Therefore, B is M-bounded if and only if sup,, ||Sgay|| < oo.
Let us write down some easy consequences of M-boundedness.

Lemma 1.8. Let B = (x,,)°, be a M-bounded basis of a quasi-Banach
space X. Then:
(i) For every m € N, sup| 4/<,, [|Sal| < oc.
(ii) For every f € X, every m € N, and every e > 0 there is A C N
finite such that ||Sp(f)|| < € whenever ANB = and |B| < m.
(iii) If B is semi-normalized, the linear map F defined in (1.3) is
bounded from X into cg.

Proof. Without loss of generality we assume that X is p-convex for
some 0 < p < 1. To show (i), put ¢ := sup,, ||x,| [|x}|| and pick A C N
with |A| < m. Then,
ISall” < > [1Smyll” < 3 ¢ < ¢P'm.
neA neA
For (ii), let P, (N) be the set of all non-empty subsets of N of cardi-
nality at most m. Consider the linear map

T X = XPm® 0 f s (Sa(f)) aepn -
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By (i), the map T, is bounded from X into Y := ( (P, (N), X). Let
Yo be the set of all (x4)acp,, v in Y so that given € > 0 there exists
B C N finite such that ||z4]] < e whenever BN A = {). Since Y is a
closed subspace of Y, and T'(x,) € Y, for all n € N, we are done.

(iii) If we identify N with the set of singletons of N, the above ar-
gument in the case when m = 1 yields that the operator 7: X — XV
given by T(f) = (x5(f) %), is bounded from X into ¢o(X). Con-
sider the operator S: FN — XN given by (a,)%%, — (a,x,)%2,. If B is
semi-normalized, S restricts to an isomorphic embedding from ¢, into
co(X). Since S o F =T the proof is over. O

A sequence B = (x,,)2; in a quasi-Banach space X is said to be a
Schauder basis if for every f € X there is a unique sequence of scalars
(a,)$e, such that the series 32, a, x, converges to f. It is known
that a Schauder basis is a basis (see e.g. [14, Theorem 1.1.3]). The
partial-sum projections associated to a Schauder basis are the maps

Sy 1= 5{17.“’m}, m € N.
A basis B is a Schauder basis if and only if
K = K[B,X] :=sup ||Sn]| < oc.

We will refer to K[B,X] as the basis constant of B in X. Since, if X is
p-Banach, sup,, |Simy || < 2YPK, we see that any Schauder basis is a
total M-bounded basis.

A series Y°° ; f,, in a quasi-Banach space X is said to be uncondition-
ally convergent if Y02 | fr(n) converges for any permutation 7 of N. Like
for Banach spaces, the concept of unconditionally convergent series can
be restated in different ways which we summarize in Lemma 1.9. The
proof of this follows the same steps as in the locally convex case.

Lemma 1.9 (cf. [14, Lemma 2.4.2]). Let ()52, be a sequence in a
quasi-Banach space X. The following are equivalent:

(1) 322, fu converges unconditionality.
(i) Y02 frm) converges for any increasing map w: N — N.
(iii) 322, anfn converges whenever |a,| < 1.
(iv) For any € > 0 there is F' C N finite such that whenever G C N
finite is such that F NG = 0 we have || Y pea ful < €.

Hence, if >°0°, f,, is unconditionally convergent, there is f € X such
that >0°, frn) = f for every permutation 7 of N. In this case we say
that f =", f,, unconditionally.

A sequence (x,)%; in a quasi-Banach space X is said to be an un-
conditional basis if for every f € X there is a unique sequence of
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scalars (a,,)>, such that f = 39°, a, x, unconditionally. Since be-
ing unconditional is formally stronger than being a Schauder basis,
every unconditional basis is a total M-bounded basis. With the help
of Proposition 1.7, we readily realize that unconditional bases can be
characterized as in the locally convex case. That is:

Theorem 1.10 (cf. [14, Section 3.1]). Let B be a basis for a quasi-
Banach space X. The following are equivalent.

(i) B is unconditional.
(ii) B is suppression unconditional.
(iii) B is lattice unconditional.
(iv) Sa is well-defined for every A C N.
(v) M, is well-defined por every v € lu.

1.5. Bases and duality. The sequence of coordinate functionals as-
sociated to a basis B = (x,)22, of a quasi-Banach space X is a basic
sequence of X*. Indeed, if hx: X — X** denotes the bidual map and
qp: X** — [B*]* is the natural quotient map given by f** — |5
then the composition map hgx = g o hx: X — [B*]* is given by

hex(F)(f*) = f(f), [feX frelB] (1.8)
Whence the sequence (hgx(x5))%, is biorthogonal to B, i.e.,
B™ = (")ns = (hsx(Xn))nZs- (1.9)

The coordinate operator associated the the basic sequence B* is given

by
F() = (xn))nzy, [T € B, (1.10)

and the map F* can be defined on the whole of X*. The support of
f* € X* with respect to B is the set

supp(f*) = {n € N: f*(x,) # 0}.

The mapping hpx is linear and satisfies |hgx| < 1. By (1.8), hgx
is an isomorphic embedding if and only if [B*] is a norming set for
X. However, even in the case when X is locally convex, so that hx is
an isomorphic embedding, hgx is not necessarily an isomorphic em-
bedding. Since we could not find any examples or explicit references
about the existence of such kind of bases, we next show that they exist.
We emphasize that if hpx is an isomorphic embedding then the bidual
sequence B** of B is equivalent to B.

Proposition 1.11. There is an M-bounded total basis B of a Banach
space X such that hgx is not an isomorphic embedding.
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Proof. Pick a Banach space X which has infinite codimension in X**.
From [29] we know that there exists a separable total closed subspace
V' C X* which is not norming. From Theorem 8.1 of [69, §III] we infer
that X has a basis By such that [Bj] = V. Using Proposition 1 from
[62] we obtain that the space X @ ¢; has an M-bounded basis B such
that, if we identify (X @ f2)* with X* @ {5, then [B*] = V @ {5, We
deduce that B is a non-norming total basis. 0

Let v € FY be so that M, = M, [B,X] is well-defined. We put
M = M3 [B,X] == (M,[B,X])".

v

From (1.10) we deduce that whenever M, is well-defined on X,
M 1B, X[ = M [B°,X7]. (1.11)

The next proposition gathers some familiar properties of dual bases
that we will need.

Proposition 1.12. Let B = (x,,)5%, be a basis of a quasi-Banach space

X with coordinate functionals B* = (x5)0,. Then:

(i) B* is a total basic sequence.
(ii) If B is M-bounded so is B*.
(iii) If B is an Schauder basis so is B*.
(iv) If B is an unconditional basis so is B*.
(v) If B is M-bounded and semi-normalized so is B*.

Proof. (i) it is immediate from (1.10). We infer from (1.11) that
1SalB", XT][ < [|SalB, X][l, A CN, [A] < oc.

Consequently, (ii), (iii) and (iv) hold.
Since ||hpx]|| <1,

supd [l [], [ 1} = sup{llasxGen)ll, lIxall} < suplixc]l, [l }-
By Lemma 1.5, (v) holds. O

Next we see a result about the operator defined in (1.8).

Lemma 1.13. Let B be a basis of a locally convex quasi-Banach space
X. Suppose that there is a positive constant C' < oo such that for every
A CN finite and every f* € X* there is a subset B of N containing A
satisfying || Sy (f9)| < C||f*]]. Then hpx is an isomorphic embedding.
Thus, the bases B** and B are equivalent.
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Proof. Assume that X is a Banach space. Let f € (x,: n € N) and
f* € Bx~. Pick B D supp(f) finite such that ||SE(f*)|| < C||f*||. Since
SE(f*) € [B*] we have
LA O =SB
= [hsx(f)(SE([))
< s x(HISES)I
< Cllhsx(HI

< Cllhsx(f)ll-
Taking the supremum on f* we obtain || f|| < C|lhgx(f)|| for all f €
(x,,: n € N). This inequality extends to all f € X by density. d

We close this section by noticing that the following well-known result
about Schauder bases can be obtained as a consequence of Lemma 1.13.

Theorem 1.14 (see [14, Proposition 3.2.3 and Corollary 3.2.4]). Let B
be a Schauder basis of a locally convex quasi-Banach space. Then hpx
is an isomorphic embedding. Thus, the bases B** and B are equivalent.

2. UNCONDITIONALITY FOR CONSTANT COEFFICIENTS

Given J C N, we shall denote the set {(g;)jes: |gj| = 1} by &;. Let
B = (x,,)5, be basis (or basic sequence) of a quasi-Banach space X.
If A CN finite and € = (&,,)nea € Ea, we set

15’/4 = 15,A[B,X] = Z EnXnp-

neA

If e, =1foralln € A weput 14 = 1. 4. In the case when the basis
is the unit vector system B. of FY we use the notation 1..4[B.] and
14(B.], respectively.

Definition 2.1. A basis B = (x,,)%, of a quasi-Banach space X is said
to be suppression unconditional for constant coefficients (SUCC for
short) if there is a constant 1 < C' < oo such that forall BC A CN
and € € E4,

11e8]l < Cl[1eall- (2.1)
The smallest constant C' in (2.1) will be denoted by K,. = K,.[B, X].

Lemma 2.2. Let B = (x,)22, be an M-bounded semi-normalized basis
of a quasi-Banach space X. The following are equivalent:

(i) B is SUCC.
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(ii) There is a constant C' such that for any A C N and € € E4 we
have

> anx,

neA

< C1eal, (2:2)

whenever |a,| < 1.
(iii) There is a constant C' such that for any A C N and any €,d €
6A7

eall < Cl1sall- (2.3)

Moreover, if Cy is the optimal constant C in (2.2) and Cs is the optimal
constant C' in (2.3) we have Ky < Cy < B,K,. and C3 < Cy < A,Cs5.

Proof. (i) = (ii) follows Corollary 1.4, and (iii) = (ii) follows from
Corollary 1.3 (ii). (ii) = (i) and (ii) = (iii) are obvious. O

In some sense, (2.2) is an upper lattice-unconditionality condition
for constant coefficients. Next, we introduce two additional conditions
with a flavor of unconditionality.

Definition 2.3. Let B = (x,)22, be a basis for a quasi-Banach space X.

(a) B is said to be lower unconditional for constant coefficients (for
short LUCC) if there is a constant 1 < C' such that for all A C N and
all e = (&z)nGA c gA,

14l <C : (2.4)

> enanx,

neA

whenever a, > 1. The smallest constant C' in (2.4) will be denoted by
K. = K.|B,X].

(b) B is said to be lattice partially unconditional (LPU for short) if
there is a constant 1 < C such that for all A C N,

Z Qn Xn Z bn Xn

neA neA

<C , (2.5)

whenever maxy,ea |a,| < min,ea |b,|. The optimal constant C' in (2.5)

will be denoted by K, = K,,[B,X].

Proposition 2.4. A basis is LPU if and only if it is simultaneously
SUCC and LUCC. Moreover, if X is p-Banach, we have max{ K., K;.} <
Ky, and Kp, < A, K K.

Proof. Assume that B = (x,)5, is SUCC and LUCC. Let (a,)neca
and (b,)nea be such that |a,| < t := mingea |bg| for all n € A. Put
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en = sign(b,). Lemma 2.2 yields

> anx,

S tAszc” 15,A H

neA
bn,
< tAszcch Z En 7 Xn
t
neA
= Aszcch Z bn Xnl| -
neA
The converse is obvious. O

Proposition 2.5. A basis of a quasi-Banach space X is LPU if and
only if there is a constant C' such that for any A C N and any € € €4,

Z by, Xn

neA

eall <C , (2.6)

whenever |b,| > 1. Moreover, if X is p-Banach and Cy is the optimal
constant C' in (2.6), then C; < K, < A,CY.

Proof. Let B be a basis satisfying (2.6). Let (an)neca and (by)nea be
such that |a,| <t <|b,| for all n € A and some t € (0, 00). By dilation
we can assume without loss of generality that ¢ = 1. Corollary 1.3 (ii)
yields

3 e

< Ay sup || 1.4] < AC
neA e€€

Z b Xl

ncA
The converse is obvious. O

We close this section with a lemma which connects SUCC bases with
LUCC bases. Note, however, that the example from §10.6 shows that
SUCC does not implies LUCC!

Lemma 2.6. Let B = (x,)%°, be a SUCC basis of a quasi-Banach
space X. Then there are constants 1 < s,C < oo such that for any
A CN finite and any € = (€,)nea € Ea,

Z bngn Xn

ncA
whenever 1 < b, < s. If X is p-Banach, (2.7) is satisfied for each

l<s<l+A'K,

114l <C : (2.7)

with
C = (1—APKP (s — 1)P)~1P.
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Proof. Assume that X is p-Banach and that 1 < b, < s. By Corol-
lary 1.3 (i) we have

> (bp — 1) enx,

neA

< A,Kq(s—1)

S el

neA

Using the reverse triangle law,

neA

p p

Z Zgnxn -

neA

p

Z(bn — 1 e,x,

neA

p
> Z EnXn| — APKE (s —1)P

neA

p

S e,

neA

p

=C(s)

S e,

neA

where C(s) = 1—-APK? (s—1)P. Since C(s) > 0if 1 < s < 1+ A 'K}
U

we are done.

)

3. QUASI-GREEDY BASES

Let us first recall the main ingredients of the section. A greedy set of a
vector f € X with respect to a basis B = (x,,)52, of Xis aset A C N
such that |x}(f)] < |x:(f)| for all k € N\ A and n € A. Notice that
() is always a greedy set. By Lemma 1.8 (iii), if A is infinite, then A is
a greedy set of f if and only if supp(f) C A. A greedy sum of f is a
coordinate projection Sa(f) onto a greedy set A.

Suppose that B is semi-normalized and M-bounded. If f € X, by
Lemma 1.8 (iii), its coefficient sequence (a,,)5%; := F(f) belongs to ¢
and so for every m € N U {0} there is a unique (possibly empty) set
A=A, (f) € NU{0} of cardinality |A| = m such that whenever n € A
and k € N\ A, either |a,| > |ag| or |a,| = |ax| and n < k. Such greedy
set A will be called the mth greedy set of f.

A set A issaid to be strictly greedy for f if |x;(f)| < |x5(f)| whenever
n € Aand k € N\ A. Note that if |[A| = m < co and A is a strictly
greedy set then A = A,,,(f).

The coordinate projection G,(f) := Sa,.(s)(f) onto the mth greedy
set will be called the mth greedy approzimation to f and the sequence
(Gm(f))oo_,, the (thresholding) greedy algorithm of f. Note that given
an M-bounded semi-normalized basis B in X and f € X we have
A (f) € Apga(f) for every m € N and so there is unique (one-to-
one) map ¢¢: N — N such that A,,(f) = {¢7(5): 1 < j < m} for every



20 F. ALBIAC, J. L. ANSORENA, P. M. BERNA, AND P. WOJTASZCZYK

m € N. We will we refer to the map ¢ as the greedy ordering of f € X
with respect to B. The formal series

> %5, () X,0) (3.1)
j=1

will be called the greedy series of f. Note that the mth partial sum of
the greedy series of f is G,,(f).

If Ais a greedy set of f and |A| = m, then A is the mth greedy set
of the vector

foa:=[f+06Y sign(x}(f))Xn,
neA

and lims o+ fs5.4 = f. Hence, in many situations, provided that the
quasi-norm on X is continuous, if a statement holds for the mth greedy
set of every f € X, by a perturbation technique the very same state-
ment also holds for every greedy set of cardinality m of every f € X.

An M-bounded semi-normalized basis B for a quasi-Banach space X
is said to be quasi-greedy if there is a constant C' < oo such that for all

f e X7
[Sa(HIl < ClIf]

whenever A is a finite greedy set of f. If a basis is quasi-greedy there
is a (possibly larger) constant C' such that for all f € X|

ISavs (NI < ClIfl (3.2)

whenever A and B are finite greedy sets of f with B C A. The smallest
constant C'in (3.2) will be called the quasi-greedy constant of the basis,
and will be denoted by Cy, = Cyy[B, X].

Of course, any semi-normalized unconditional basis is quasi-greedy,
and

Cog < Ko

The convergence of greedy series is closely related to quasi-greedy
bases. In this direction, Theorem 3.1 rounds off Theorem 1 from [73]
and completely settles the question of characterizing quasi-greedy bases
in terms of the convergence of greedy series.

Theorem 3.1. Let B = (x,,)5°, be an M-bounded semi-normalized ba-
sis in a quasi-Banach space X. The following conditions are equivalent.

(i) B is quasi-greedy.
(ii) For every f € X the greedy series of f converges.
(iii) For every f € X the greedy algorithm (G,,(f))o_, is bounded.
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Implicit in the proof of [73, Theorem 1] is the concept of strong
Markushevich basis. Following [65], we say that a basis is strong if for
every (infinite) subset A of N,

x,:neAl={feX:x(f)=0foralln e N\ A} (3.3)

If the greedy series of f converges (to f) for every f € X then the
basis must be strong. Therefore, Theorem 3.1 yields the following
consequence. In fact, the advance of Theorem 3.1 with respect to
[73, Theorem 1] must be understood in light of Corollary 3.2.

Corollary 3.2. If B is a quasi-greedy basis of a quasi-Banach space X
then it is strong.

We split the proof of Theorem 3.1 in several preparatory lemmas
which rely on original ideas from [73].

Lemma 3.3. Let B = (x,,)%, be a quasi-greedy basis of a quasi-Banach
space X. Suppose that f and z are vectors in X and that D is a greedy
set of f — z such that supp(z) C D. Then ||f — Sp(f)|| < Cyllf — 2]

Proof. Since z = Sp(z) we have

If = Sp(NIl = If =2z = Sp(f = 2)[| < Cogll f = =lI. O

Lemma 3.4. Let B be a basis of a quasi-Banach space X. If B is not
quasi-greedy then for every R > 0 and every finite set A C N there
exists f € X of finite support disjoint with A and a strictly greedy set
B of f such that |Sg(f)|| > R f]|-

Proof. Without loss of generality we assume that || - || is a p-norm
for some p € (0,1]. Pick Ry = (M? + RP + MPRP)'/? where M =
maxpca ||Spl|. Let us fix a vector g9 € X and a greedy set By of
go such that ||Sg,(g0)|| > Rollgol|- If we put ¢1 = go — Sa(go) then
g1 llP < (14 MP)||go||”. Let B = By\ A and D = ByN A, so that B is
a greedy set of g;. We have

1S5 (g)[I” = 1S5 (g0)[I”
= ||SB,(90) — Sp(g0) I
= {158, (90)I” = 1Sp(90) I”
> (Rg — M?)||goll”
R — M
- 14+ MpP
= R g1]l"-

g1 [I”



22 F. ALBIAC, J. L. ANSORENA, P. M. BERNA, AND P. WOJTASZCZYK

For each t > 0 we pick f; € X with finite support such that

t

fr=gr— 1> sign(x(g1)) %0 < %5

neB

It follows that B is a strictly greedy set of f; and lim;_o+ f; = ¢1.
Then lim; o+ Sp(f;) = Sp(g1). Hence, for ¢ small enough, ||[Sp(f;)|| >
R fil- ]

Proof of Theorem 3.1. We start by proving that (i) implies (ii). Let
feXand e > 0. We pick 2 = 3 ,,epa,x, with B finite such that
1f ==l <€/ ng. Perturbing the vector z if necessary we can assume
that B is nonempty and that a, # x}(f), i.e., x5 (f — 2) # 0, for every
n € B. Set v = min,cp |x:(f — z)| > 0. We have

supp(2) CBC D :={neN: x(f—2)| >v}.
Since D is a strictly greedy set of f —z, applying Lemma 3.3 we obtain,

1 = Sp(f)ll < Cll f = 2l < C

Set p1 = MiNyepnsupp(s) [X5(f)| (with the convention that u = oo if
D Nsupp(f) = 0) and let m > [{n € N: [x};(f)| > p}|. Since DN

Supp(f) C A(f). the set G = A(f) \ (D supp(/)) is greedy for
g := f —5Sp(f), so that

Hf— Yo X () xn

n€Am(f)

= llg = Sa(g)ll < Cyllgll < e

The implication (ii) = (iii) is trivial, so we complete the proof by
showing that if (i) does not hold then (iii) does not hold either. Under
the assumption that B is not quasi-greedy we recursively construct a
sequence (fx)52; in X and a sequence (By)72, of finite subsets of N
such that, if we set u; = oo, and for k > 2 define

pr = min{ X’ (fr—1)|: n € supp(fr_1)},

Ay, := supp(fz) is finite and disjoint with U= supp(f;),

(a)
(b) By is a strictly greedy set of f,
c) [full <27%,
) 1S5, (fu)|l > 2*, and

(e) max{[x},(fi)] : n € N} < p
for every k € N. Suppose we have manufactured f; and B; for i < k.
Put 8 = max,ey ||x}|| < oo and

i = min{272* (28)7127% ).



GREEDY-LIKE BASES IN QUASI-BANACH SPACES 23

By Lemma 3.4, there exists fr € X whose support is finite and dis-
joint with U¥Z! supp(f;) and a strictly greedy set By, of f, such that
1S, (f)ll > & 'llfxll- By homogeneity we can choose f; satisfying
| fell = 2844, so that (d) holds. Since 5 < 272 (c) also holds. For any
n € N we have
(ol < Bl Il < Il 55 < B
n = n = n 25 = 9 ’
and so (e) also holds.
Since 3°02, || fx]|? < oo for every p € (0, 1], the series Y32, fi con-
verges to some f € X such that

e {X;i(fk) if n € A,

X

By (b) and (e), both Dj, = U¥Z! A; and F}, = D, U By, are strictly greedy
sets of f. Thus, if my = |Dg| and ¢ = |Fj|,

||gmk+%<f) - gmk(f)” = ||SFk(f) - SDk(f)H = HSBk(fk)H > 2
for every k € N. We deduce that sup,, |G (f)] = oo. O

Before moving on, let us write down an immediate consequence of
Theorem 3.1.

Corollary 3.5. Suppose B = (x,)5°, is a quasi-greedy basis of a quasi-
Banach space X. Then B is total.

Proof. Let f € X be such that x’(f) = 0 for every n € N. Then,
Gm(f) = 0 for every m € N. By Theorem 3.1, f = lim,, G,,(f) =0. O

Definition 3.6. A basis B of a quasi-Banach space X is said to be quasi-
greedy for largest coefficients (QGLC for short) if there is constant C
such that

[Leall < ClIf + 1cal

for any A C N finite, any € € £4, and any f € X such that supp fNA =
) and |x*(f)| <1 for all n € N.

If B is QGLC, then the smallest constant C' such that (under the
same conditions as before)

max{|| f[|, [1call} < CIlf + 14l (3.4)

will be called the QGLC constant of the basis, and will be denoted by
Cy = CyulB,X].

Of course, any quasi-greedy basis is QGLC, and

Ca < Cqq.
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The following simple result was stated for quasi-greedy bases and
put to use in [73].

Lemma 3.7. Suppose B is a QGLC basis for a quasi-Banach space X.
Then B is SUCC. Quantitatively, K..[B,X] < Cy[B,X].

For Banach spaces it is known that quasi-greedy bases are LUCC,
and attention must be drawn to the fact that all known proofs of this
result (see [33, Lemma 2.2] and [4, Lemma 3.5]) depend heavily on the
local convexity of the space. The LUCC property becomes a key tool,
for instance, in the study of conditional quasi-greedy bases, which calls
for the corresponding relation between quasi-greedy bases and LUCC in
the nonlocally convex setting. This is what the next result accomplishes
with a radically different approach in the techniques.

Theorem 3.8. If B is a quasi-greedy basis in a quasi-Banach space X
then B is LUCC. Quantitavely, if X is p-Banach then

Kie < Cognp(Cyg),
where for u > 0,
np(u) = min (1 —)~P(1 — (1 + A;lu_lt)_p)_l/p. (3.5)

o<t<1
Proof. Assume that X is p-Banach and let B = (x,,)7; be quasi-greedy.
By Lemma 3.7, B is SUCC and so we can pick 1 < s,C' < oo as in
Lemma 2.6. Let A C N finite, € = (€,)nea € Ea, and (by)nea € [1,00)4.
For j € NU {0} consider the sets
Bj={ne€A:s <b,}
and
A]’ = Bj\Bj+1 = {n € A: Sj S bn < 8j+1}.
Notice that (A;)%2, is a partition of A. Using Proposition 1.1 and
taking into account that B; is a greedy set of f = Y ,c4b,X,, we
obtain

> enxn

neA

oo
Zs‘j £y Z EnXp
§=0

TLGA]'
. ' 1/p ‘

= Z s P sup s’ Z EnXn
§=0 720 neA;

. 1/p
<C <Z sjp> sup s’

=0 j=0

> ensbax,

TLEAJ‘

=C(1—s7P)YPsup HSB]'\Bjﬂ(f)H

Jj=0
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< CgeC(1 — 3_p)_1/p||f||-
Hence, for any 1 < s <1+ A;lc@l,

Kie < CogC(1 = 57777 = Cyy(1 = AZKT, (5 — 1)) 1(1 — 577) 1,
Minimizing over s puts an end to the proof. 0
Remark 3.9. For p = 1 the best known estimate for K. is

K. < Cy

(see [33, Proof of Lemma 2.2] and [4, Lemma 3.5]). Notice that the
function 7, defined in (3.5) is increasing and that lim, o+ 7,(u) = 1.
Thus the upper bound for K. provided by Theorem 3.8 is larger than
Cyy even when p = 1. Furthermore, since for a given p € (0, 1] we have
the estimate

1-(1+A 2)Pra, O0<z<l,
we obtain 7,(u) ~ u'/? for u > 1, which by Theorem 3.8 yields
ch 5 O(;g—i_l/p

And, again, for p = 1 this gives an asymptotic estimate coarser than
the one already known.

Theorem 3.10. If B is a quasi-greedy basis in a quasi-Banach space
X then B is LPU. Quantitavely, if X is p-Banach then

Kpy < Apcggnp(cqg)'
Proof. Just combine Theorem 3.8, Lemma 3.7, and Proposition 2.4. [

Theorem 3.8 is the tool we use to fix the following stability property
of quasi-greedy bases, whose original proof seemed to be garbled.

Theorem 3.11 (see [73, Proposition 3|). Let B = (x,)22, be a quasi-
greedy basis of a quasi-Banach space X and let (A\,)22, be a sequence of
scalars such that inf,, |\,| > 0 and sup,, |\,| < co. Then the perturbed
basis B' = (A, X,)22, is quasi-greedy.

Proof. By hypothesis,

| An]
FE :=su < 0.

Let A be a greedy set of f =32 a,x, € X with respect to B’. Put
t = min,e 4 |a,| and choose

Ay ={j € N: |aj| > Et} and Ay = {j € N: |a;| > t}. (3.6)
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Note that A; and A, are greedy sets of f with respect to B, and that
Ay CACA,. Ifje N\ A and k € Ay we have |a;| < Et < Elay].
By Theorem 3.10,

[Sava, (NI < ERpullSana, (]I

In this estimate, if X is p-Banach and we denote the quasi-greedy con-
stant Cyy[B, X] of the basis simply by C, we have K, < A,C?n,(C).
Let B C A be another greedy set of f with respect to B’ and define
Bj and By as in (3.6) by replacing A with B. We have B; C A;. Then,
[Sas (NI < ISans (DI + [1Sava (DI + 15578, ()P
< ||SA1\Bl<f)||p + Engu (||SA2\A1(f)||p + ||SB2\B1 (f)“p) :

Hence, B’ is quasi-greedy and
CyylB',X] < C(14 240 EPC?Pib(C)) V7. 0
3.1. Nonlinear operators related to the greedy algorithm. Let

B = (x,)22, be an M-bounded semi-normalized basis of a quasi-
Banach space X. With the convention that G (f) = f, let us put

Gem(f) = Gu(f) = G:(f), 0<r<m<co
and
Him = Gmoo = Idx — G-

If the quasi-norm is continuous, a standard perturbation technique
yields

sup | Geall = sup {[Saa(HIl: 1£] <1, B C A greedy scts},

0<r<m<oo

U [ Gll = sup {ISa(II: 1f]] <1, A greedy set

and
up [l = sup {I1f = Sa(H)|: 1] <1, A greedy set}.

Thus, a semi-normalized M-bounded basis is quasi-greedy if and only
if (Grm)r<m (0r (Gm)oo_y, or (Hy)_,) is a uniformly bounded family
of (non-linear) operators and, if the quasi-norm is continuous, C,, =

SUPrgm ||g7‘,m || .
For each f € X and each A C N finite, put

U(f, A) = min [x, ()] 3 sign(x;,(f)) xn,

neA

T(f, A) =U(f, A) + Sac(f)-
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Note that this definition makes sense even if A = (), in which case
U(f,A) =0and T(f,A) = f. If Ais an infinite set with supp(f) C A
we will use the convention U(f, A) = T(f, A) = 0.

Given m € NU{0}, the mth-restricted truncation operator Uy, : X —
X is defined as

Un(f) =U(f, An(f)), [eX

In turn, the mth-truncation operator T,,: X — X is defined as

T(f) =T (f, An(f), feX.

Notice that both U, and 7, are non-linear and that 7, = U, + H,.
In the context of greedy-like bases the truncation operator was in-
troduced in [32] and studied in depth in [21]. It is also implicit within
the characterization of 1-almost greedy bases from [4].
We put

Au = Au[B, X] = sup{[|UU(f, A)||: A greedy set of f, [[f]| <1}, (3.7)
and
A= MB,X] = sup{||T(f, A)||: A greedy set of f, ||f|| <1}. (3.8)

If the quasi-norm is continuous, applying a perturbation technique
yields
Ay = sup ||U, ||
m

and
Ay = sup | T |-

Thus, (Un)5o_y (resp. (Tm)2_,) is a uniformly bounded family of oper-

m=0 m=0

ators if and only if A, < oo (resp. Ay < 00).

Lemma 3.12. Suppose B is a quasi-greedy basis for a quasi-Banach
space X. Then:

(i) Ay, < ngAt
(ii) If X is p-Banach,

Ay < (CP+ AD)YP and A, < (CP 4+ AD)VP.
Proof. (i) Let A be a greedy set of f € X. Then A also is a greedy set
of T(f,A), and SA(T(f, A)) =U(f, A). Therefore
U, A < CoglT(f, A
(ii) If X is p-Banach,
ITC A< (UG AP+ 1f = SalHIPNT < (A5 + Co) 7| £

This inequality also holds switching the roles of 7 and U, and this
completes the proof. O
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Given A = (\,;)92, consider, when well-defined, the non-linear oper-
ator - o
T)@X-}X, fzzanXN’_)Z)‘naW(n)quf(n)'
n=1 n=1
Let J be the set of all non-decreasing sequences bounded below by
0 and bounded above by 1. Notice that the uniform boundedness of
the family (7,,)5_, can be derived from the uniform boundedness of
(T\)xes- In the case when X is a Banach space and the basis B is
quasi-greedy, then (T)),c7 is a uniformly bounded family of operators.
The proof of this fact from [4] relies heavily on the convexity of the
target space X, and it seems to be hopeless to try to generalize the
arguments there to quasi-Banach spaces. In spite of that constraint
we obtain a proof of the uniform boundedness of (7,)5°_, based on
different techniques.

Theorem 3.13. Let B be a quasi-greedy basis of a quasi-Banach space
X. Then:

(1) Um)se_y is a uniformly bounded family of operators. If X is
p-Banach, A, < C2np(Cyy).

(i) For every f € X we have lim,, oo Uy, (f) = 0.
Proof. By Theorem 3.8, B is LUCC. Then, if A is a finite greedy set of
feX
U, DN = Kl Sa(F)]| < CogKicll F1]-

To show the convergence, note that for fixed k and f, since F(f) €
co we have || lim,, oo Gr(Un(f))|| = 0. Let us assume that there is
f € X for which U,,(f) does not converge to zero, and pick 0 < § <
lim sup,,, ||Un(f)||. We can recursively construct an increasing sequence
of integers (m;)32, with mg = 0 and such that [|g;|| > ¢ for all j € N,
where, if we denote A, (f) by Bj,

Gj = U, () = Gimy U, (f)) = min ()] >0 sign(x(f)) X

nGBj\Bj,1

Using again that B is LUCC, we obtain
1 4]

192, (1) = G, s (D1 = 3l = 7

for every 7 € N. This implies that (G, (f))_, does not converge,
which contradicts Theorem 3.1. U

Proposition 3.14. Let B be a semi-normalized M -bounded basis of
a quasi-Banach space X. Then B is quasi-greedy if and only if B is
QGLC and the truncation operators (T,)_, are uniformly bounded.
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Moreover, if X is p-Banach, then Ay < Cyy(1 + ngng(cqg))l/p and
Cy < 2YPC A,

Proof. The “only if part” follows from Lemma 3.12, the identity 7, =
U,, + H,,, and Theorem 3.13. Assume that the truncation operator
is uniformly bounded and that B is QGLC. Let f € X and let A be
a greedy set of f. Put ¢t = min,ea |x5(f)] and ¢ = (sign(x%(f))nea-
Then

1f = SalPl < Callf = Salf) + t1eall = Call T(f, Dl < Calel f]-
Hence, if X is p-Banach, C,, < 2Y/PC,A,. O

From Theorems 3.1 and 3.13 we infier the following convergence
properties.

Corollary 3.15. Suppose B is a quasi-greedy basis in a quasi-Banach
space X. For f € X,

lim G (f) = f

and
lim U (f) = lim Tou(f) = lim Ho(f) = 0.

m—ro0

Proof. Tt is straightforward from the relations H,, = Idx — G,, and
T = Uy, + H,. O

Proposition 3.16. Let B be an M-bounded semi-normalized basis of
a quasi-Banach space X. Suppose that (Uy,)5o_, are uniformly bounded.
Then B is QGLC and LPU. In case that X is p-Banach,

Ca<(1+ AP and Kpu < ApAo(1+ AL,

Proof. Let f € X and A C N finite be such that supp f N A = () and
1x5(f)] < 1foralln € N, and let € € £4. Since A is a greedy set of
f + 1€,A7
1Leall = U(f + 1o, A < Aullf + 14l
Hence, B is QGLC.
Let (bp)nea € [1,00)4. Tt is clear that A is a greedy set of f =
> nea bp €, X, therefore

Leall < minbn[|1c 4l = l4(f, A < Aull £l
and B is LUCC.

The estimates for the constants Cy and K, follow from Proposi-
tion 2.4 and Lemma 3.7. O

We close this section exhibiting a new unconditionality-type property
enjoyed by quasi-greedy bases.
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Theorem 3.17. Let B = (x,)5°, be a quasi-greedy basis of a quasi-
Banach space X. Then there is a positive constant C' < oo such that

||15,A[BaX]H < OH]-a,A[B? X] + f” (39)

for every finite subset A of N, every ¢ € E4 and every f € X with
supp(f) N A= 0.

Proof. Assume that X is p-Banach for some 0 < p < 1. Set B = {n €
N: |x%(f)] > 1}. Since both B and AUB are greedy sets of g = 1. 4+ f,

e all” < [1e.a + Sp(HI” + [1S6(HIP
= [[Saus(9)II” + [1SB(9)II”

< 2C5/lgl1”.

That is, (3.9) holds with C' = 2Y/PC,,. O

Remark 3.18. Suppose B = (x,,)22; is a basis of a quasi-Banach space
X. Given A C N finite, the quotient map

Py:[xp:ne Al - X/[xp:n¢ A, ff+[xné¢A

is an isomorphism. Note that the basis B is unconditional if and only
if sup{||Py"'||: A finite} < oo, that is

LI~ [1PACOI,  f € [xn:n € A

Theorem 3.17 yields that if B is quasi-greedy (even in the case that is
conditional),

[1eall 2 [[Pa(1ea)l
for A C N finite and € € &4.

Corollary 3.19. Let B = (x,,)5, be a quasi-greedy basis of a Banach
space X. Then, for A CN finite and € € E4,

1e,alB, X]|| = {max{f*(1c a[B,X]): " € By, supp(f~) C A}.

Proof. Let Y = [x,: n ¢ Al and V = {f* € X*: supp(f*) C A}. Since
the dual space of X/Y is naturally isometric to the set

{ffeX": f*(x,)=0foralln e N\ A} =V,
we have
11e.a + Y| = sup{|f/*(Xca)l: f7 €V, [[f7]] <1},
and Remark 3.18 finishes the proof. O
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4. DEMOCRATIC PROPERTIES OF BASES

Let us consider the following condition
If +1call < CIIf + 155l (4.1)

which involves a basis B of a quasi-Banach space X, a constant C, two
finite subsets A, B of N, two collection of signs ¢ € £4 and 6 € £, and
a vector f € X.

A basis B of X is said to be democratic if there is 1 < C < oo such
that (4.1) holds with f = 0 and ¢ = 6 = 1 whenever |A| < |B|. The
smallest constant C' in (4.1) will be denoted by A = A[B,X] . By
imposing the additional assumption AN B = () we obtain an equivalent
definition of democracy, and Ay = Ay[B,X] will denote the optimal
constant under the extra assumption on disjointness of sets.

In turn, a basis B is said to be super-democratic if thereis 1 < C' < 0o
such that (4.1) holds with f = 0 for every A and B with |A| < |B)|
and every choice of signs ¢ € £4 and § € £g. Again, by imposing
the extra assumption AN B = () we obtain an equivalent definition of
super-democracy, and Ayy = Agy[B, X] will denote the optimal constant
under this extra assumption.

Finally, a basis B is said to be symmetric for largest coefficients (SLC
for short) if there is constant 1 < C' < oo such that (4.1) holds for all
A and B with |A| < |B| and AN B = (), all choices of signs ¢ € £4 and
§ € Ep, and all f € X such that supp(f)N(AUB) =0 and |x3(f)| <1
for n € N. We will denote by I' = I'[ B, X] the optimal constant C'.

The following result is well-known in the Banach space setting (see
[4, Remark 2.6]).

Proposition 4.1. A basis is super-democratic if and only if it is demo-
cratic and suppression unconditional for constant coefficients. More-
over, max{ K, A} <A, and, if X is p-Banach, Ay < BJAK,..

Proof. If a basis B is super-democratic, then by definition it is SUCC
and democratic. On the other hand if B is SUCC and democratic, then
for A and B subsets of N with |A| < |B| < oo, Corollary 1.4 yields

3 X

neA

< B,A[[15],

for any scalars (a,)nea with |a,| < 1 for all n. Moreover, by Lemma 2.2,
for every € € £ we have

15[ < BpKsel[1-5]-
Hence B is super-democratic with A, < B2AK,. O



32 F. ALBIAC, J. L. ANSORENA, P. M. BERNA, AND P. WOJTASZCZYK

Next we shall pay close attention to the property of symmetry for
largest coefficients.

Lemma 4.2 (cf. [4, Proposition 3.7]). For a basis B of a quasi-Banach
space X the following are equivalent:

(i) B is symmetric for largest coefficients.
(ii) There is a constant 1 < C' < oo such that

Il < CIf = Salf) + t1e s (4.2)

for all sets A, B with 0 < |A| < |B| < oo and supp(f)NB =,

all sings € € Eg, and allt such that |x%(f)| <t for everyn € N.

(iii) There is a constant 1 < C' < oo such that (4.2) holds for all
sets A, B with 0 < |A| < |B| < oo and (supp(f)\ A)N B =10,

all signs € € Eg, and all t such that |x%(f)| <t for everyn € N.
Moreover, if Cy is the optimal constant in (i) and C5 is the optimal

constant in (iii), we have I' < Cy < C3 and, in the case when X is
p-Banach, Cy < A,I" and C5 < Cyl.

Proof. In order to prove (ii) = (i), pick sets A, B C N with [A4| <
|B| < o0, signs € € £4, § € Ep, and a vector f € X such that AN B =
supp(f)N(AUB) =0 and |x(f)| < 1foreveryn e N. If g = f+1.4
we have
lgll < Cllg = Salg) + Lssll = CIlf + L5l
To show the implication (i) = (ii), assume that X is p-Banach and
let f, ¢, A, B and € be as in (ii). If D C A and 6 € £p we have

If = Salf) +t1spl| < TIf = Salf) + 1. 5]
By Corollary 1.3 (ii),

whenever |a,| <t for every n € A. Choosing a,, = x%(f) for n € A we
are done.

(iii) = (ii) is trivial so let us prove (ii) = (iii). Assume that X is
p-Banach, and so the quasi-norm is continuous. Let f, ¢, A, B and ¢
be as in (iii). Pick € > 0. By Lemma 1.8 (ii), there is D C N such that
|D| = |B|, and [|Sg(f)|| < € whenever E C D. Taking into account
the equivalence between (i) and (ii) we obtain

If = Sp(H)l < CIf = Sp(f) — Salf = Sp(f)) +t1p]

=C|f = Saup(f) +t1p|
< CT||f = Saup(f) + 1. 5|

f_SA(f)+Zaan

neA

<A\ f = Sa(f) +t1. 5|
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= CT||f = Sa(f) +t1e5 = Spva(f)]l
Since ||Sp(f)|| < e and ||Sp\a(f)| < €, letting € tend to 0 yields
Il < CTIf = Salf) + t1e 5]l =

Our next result conveys the idea that symmetry for largest coeffi-
cients evinces an appreciable flavour of quasi-greediness, hence of un-
conditionality:.

Proposition 4.3. A basis B of a quasi-Banach space X is SLC if and
only if it is democratic and QGLC. Moreover, if X is p-Banach, we
have Cy < AT and I < Cy(1 + AP BECYH AP)VP,

Proof. Assume that X is a p-Banach space and that B is a democratic
QGLC basis. By Lemma 3.7 and Proposition 4.1, B is super-democratic
with Ay < A,B,CyA. Let A and B be subsets of N with |A| < |B| <
00, let € € £4 and 0 € €, and let f € X be such that supp(f) N (AU
B) =0 and |x}(f)| <1 for all n € N. Then
1f + Leal” < AP+ [[1eall”
< WP + A% 1551
< (1+ AL)CEIf + Ll

Conversely, assume that B is SLC. By Lemma 4.2, we can use (4.2)
with A = (). This gives that B is QGLC. O

Every democratic basis is semi-normalized and the democratic con-
stants of a basis in a quasi-Banach space are related by the following
inequalities:

max{As, A} <T,
Ag <A <A
max{A., A} <A, < A2,

This section ends with a new addition to these estimates.

Lemma 4.4. Let B be a SLC basis of a p-Banach space X. Then
Ag[B,X] < B, T'[B,X].

Proof. Let B be a finite subset of N and let ¢ € £5. We choose an arbi-
trary sequence of signs indexed by N containing € which, for simplicity,
keep denoting by €. If we apply the definition of SLC to f = 1. pnp
we obtain

||16,D|| < FHlE,BHv
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for any subset D of N or cardinality |D| < |B|. Hence, given A C N
with |A| < |B| < oo, by Corollary 1.4,

Z Qp En Xn

neA

< BpFHle,B”»

for all scalars (a,)nea with |a,| < 1 for n € A. In particular, we have
|15.4] < B,T||1. 5] for every ¢ € E4. O

4.1. Bidemocracy. Let us introduce now another property of bases
related to democracy. Following [33] we say that a basis B of a quasi-
Banach space X is bidemocratic if there is a positive constant C' such
that

1A[B, X][[ 11587, X7][| < C'm, (4.3)
for all m € N and all A, B C N with max{|A|,|B|} < m.

Lemma 4.5. A basis B of a quasi-Banach space X is bidemocratic if
and only if there is a positive constant C' such that

e, a[B, X[ 115,5[B", X7]|| < Cm (4.4)

for allm € N, all A, B C N with max{|A|,|B|} < m, and all e € &4
and § € Eg. Moreover if Cy is the optimal constant in (4.3) and Cy is
the optimal constant in (4.4) we have Cy < Cy and, if X is p-Banach,

Cy < B1B,Ch.
Proof. Just apply Corollary 1.4. O

We will denote by Ay[B,X] the optimal constant in (4.3) and by
Ag[B, X] the optimal constant in (4.4). Using this notation, Lemma 4.5
for p-Banach spaces reads as

Ao[B,X] < Ay|B,X] < BiB, Ay[B, X].

Lemma 4.6. Suppose B is a bidemocratic basis of a quasi-Banach
space X. Then the dual basis B* is bidemocratic, and Ag[B,X] <
Ag[B*, X*].

Proof. Tt is a ready consequence of the inequality
11,418, [B*]]ll < 1418, X]|,
which follows from (1.9). O

The elementary identity

1
1. 4[B*, X7 (16,,4[13, X]) =1, ACN,|Al=m,c€&,

m
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tells us that 1 < A, and that, roughly speaking, bidemocracy is the
property that ensures that, up to a constant, the supremum defining
|1c 4[B*, X*]|| is essentially attained on the vector 1z 4B, X].
Bidemocratic bases were introduced in [33] with the purpose to inves-
tigate duality properties of the greedy algorithm. Recently, the authors
of [6] took advantage of the bidemocracy to achieve new estimates for
the greedy constant of (greedy) bases. Bidemocracy will also play a
significant role here in this paper. For the time being, we clarify the
relation between bidemocracy and other democracy-like properties.

Proposition 4.7. Let B = (x,)%, be a bidemocratic basis of a quasi-
Banach space X. Then B and B* are M-bounded democratic bases for
which the restricted truncation operator is uniformly bounded. Quanti-
tatively we have

115,88, X[ < Awl f]l and [|15.5(B", X*J|| < Al 7]

for all B C N finite, all 6 € &g, all f € X with |{n € N: |x}(f)] >
1} > |B|, and all f* € X* with |[{n € N: |f*(x,)] > 1}| > |B|. In
particular,

max{A,[B, X], A,[B*, X*], Au[B, X], Au[B*, X*]} < Ay,

Proof. Let A and B be finite subsets of N with |B| < |A], let 0 €
Ep, and let f € X be such that |x5(f)] > 1 foralln € A. If ¢ =

(sign(x;,(f)))nea we have

< — < !

MsolB. 30 < S8 X7 = 20, 118 ]

Choosing f = 1. 4 we obtain that A; < Ag,. Switching the roles of B

and B* we obtain that A [B*, X*] < Ag. In particular, both B and B*
are semi-normalized. Thus, B is M-bounded.

Now, if we choose B = A and § = &, we obtain that the restricted

truncation operator is bounded by A,. Switching again the roles of B

and B* we obtain the corresponding result for B*. ([l

< Ay £]-

Corollary 4.8. If B is a bidemocratic basis then B is LPU and SLC.

Proof. Combine Proposition 4.7 with Proposition 3.16 and Proposi-
tion 4.3. O

Corollary 4.9. If B = (x,)22, is a bidemocratic basis then either B*
is equivalent to the unit vector system of co or F*(f*) € co for all
freXx
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Proof. Suppose there is ¢* € X* such that F*(¢*) ¢ c¢o. Then the
set {n € N: |g*(x,)| > ¢} is infinite for some ¢ > 0. Therefore, by
Proposition 4.7,

15508" %) < A, 1]
for all B C N finite and all § € £g. Hence, by Corollary 1.3 (ii),

> anx,
neB

for all B C N finite and all (a,)nep with |a,| < 1 for n € B. Thus,
the map Z* defined as in (1.5) with respect to the basic sequence B*,
restricts to a bounded linear map from ¢, into [B*]. We deduce that
Z* is an isomorphism from ¢ onto [B*] whose inverse is F*. O

<ol
C

5. ALMOST GREEDY BASES

An M-bounded, semi-normalized basis B for a quasi-Banach space X
is said to be almost greedy if there is a constant 1 < C' such that

Lf = Sa(HI < Cllf = Se(NI; (5.1)
whenever A is a finite greedy set of f € X and B is another subset of
N with |B| < |A]. The smallest constant C' in (5.1) will be denoted
by Cuy = Cuy[B,X]. We draw attention to the fact our definition is
slightly different from the original definition of almost greedy basis
given by Dilworth et al. in [33], however it is equivalent.

Lemma 5.1 (cf. [4, Theorem 3.3]). An M-bounded semi-normalized
basis B of a quasi-Banach space X is almost greedy if only if there is a
constant C' < co such that

1f = Gm(DI <CIF = SN, 1Bl =m, feX (5.2)

Moreover, if the quasi-norm is continuous, the optimal constant in (5.2)
i5 Cqg-

Proof. The proof for the locally convex case from [4] works also in this
case, and so we leave it as an exercise for the reader. 0

Lemma 5.2. An M-bounded semi-normalized basis B = (x,)22, of a
quasi-Banach space X is almost greedy if and only if there is a constant

C such that

I < Cllf = SB(f) + 2l (5:3)
for all vectors f, z € X and all subsets B C N finite such that supp(f)N
supp(z) = 0, |B| < [supp(2)], and max,ex |x;, ()| < minpesupp(z) %, (2)]-
Moreover, the smallest constant C' in (5.3) is the almost greedy constant

of the basis Cog.
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Proof. Let us first show the “only if” part. Suppose B is almost greedy.
Let f, B and z be as above. Without loss of generality we assume that
B C supp(f). Since z is a greedy sum of f + z,

=]+ 2=z < Cogllf + 2= Sp(f +2)|| = Cogllf = Su(f) + =]

To show the “if” part, we pick ¢ € X, a greedy set A of g, and a
subset B of N with |B| < |A|. Assume, without loss of generality, that
AN B = (. If we apply our hypothesis to f = g—Sa(g) and z = S4(g)
we obtain

lg = Salg)ll = IfII < CIf = Ss(f) + 2| = Cllg = Sp(g)ll,
so that Cpy < C. O

The following theorem relates almost greedy bases to quasi-greedy
bases and democratic bases. We would like to point out that, although
the statement of Theorem 5.3 is similar to the corresponding result
for Schauder bases in Banach spaces by Dilworth et al. from [33], our
approach is substantially different. Indeed, the alternative route we
follow in the proof has to overcome, on the one hand, the obstructions
resulting from the non-uniform boundedness of the partial sum oper-
ators associated to the basis and the absence of local convexity of the
underlying space, on the other.

Theorem 5.3. Let B be an M-bounded semi-normalized basis B for a
quasi-Banach space X. The following are equivalent.
(i) B is almost greedy.
(ii) B is SLC and quasi-greedy.
(iii) B is super-democratic and quasi-greedy.
(iv) B is democratic and quasi-greedy.
(v) B is SLC and the truncation operator is uniformly bounded.

Moreover I' < Cyy and, given f € X and A a greedy set of f,
1f = Sa(HI < Cagllf1I (5.4)

In the particular case that X is p-Banach we also have
Cog < A,TA, and C,y < 270,

Proof. (i) = (ii) Combining Lemma 4.2 and Lemma 5.2 gives I" < Cl,.
Choosing B = () in the definition of almost greedy basis we get (5.4).
Consequently, if X is p-Banach, C,, < 2Y/7PC,,.

(ii) = (iii) = (iv) are obvious, and (iv) = (v) follows from Propo-
sitions 4.3 and 3.14.

(v) = (i) Let us pick a finite greedy set A C Nof f € X, and BCN
with |B| < |A|. Without loss of generality we assume that A\ B # ().



38 F. ALBIAC, J. L. ANSORENA, P. M. BERNA, AND P. WOJTASZCZYK

Let t = min{|x}(f)|: n € A\ B} and € = (sign(x},(f)))nca\p. Since
Ix5(f)] <tforallneN\A and A\ B is a greedy set of f — Sg(f),
Lemma 4.2 gives

If = Sa(H) < AL||f = Sa(F) = Smalf) + e avs|

)
Sas(f) + tle,A\B”
|

)
= 4,0 Hf — Sp(f)
= AT (f = Ss(f), A\ B)|
< AIAf = SN
as desired. O

Notice that, in light of Lemma 5.2, condition (ii) in Lemma 4.2 is sort
of an “almost greediness for largest coefficients” condition. Our next
Corollary provides an strengthening of the characterization of almost
greedy bases given in Lemma 5.2, and thus manifests that there is a
characterization of almost greedy bases similar to the characterization
of symmetry for largest coefficients stated in Lemma 4.2 (iii).

Corollary 5.4. Let B = (x,,)5, be an M-bounded semi-normalized

basis of a quasi-Banach space X. If B is almost greedy then there is a
constant C such that (5.3) holds whenever f, z € X and B C N finite
are such that

(supp(f) \ B) Nsupp(z) = 0,

|B| < |supp(z)|, and max,en [x5(f)] < min,equpp(z) [X5(2)]. In case
that X is p-Banach, we can choose C' = A,T2A,.

Proof. Assume that X is p-Banach. By hypothesis, D := supp(z) is
a greedy set of g := f — Sp(f) + z. Let ¢ = (sign(x’(2))nep and
t = min,ep |x:(2)]. By Lemma 4.2 and Theorem 5.3,

LIl < AT f = Se(f) + 1o pll = A2 T (g, D)|| < AT2A|g]l,
where both I" and A; are finite. O

Next we introduce a lemma that is of interest for the purposes of
Section 11. Note that its hyphotesis is precisely the condition obtained
in Corollary 5.4.

Lemma 5.5. Let B be an M -bounded semi-normalized basis of a quasi-
Banach space X. Suppose there is a constant C' such that (5.2) holds
whenever f, z € X, and A C N is a finite set such that (supp(f)\ A4)N
supp(2) = 0, |A] < [supp(2)], and max, e x5, ()| < minpeqpp(z) [%5,(2)]-
Then Ay < C.
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Proof. Let f € X and let B be a greedy set of f. Using the hypothesis
with f'=T(f,B), A’ = B and 2z’ = Sg(f) gives

IT(f, Bl < Cl|Spe(f) + Se(Nl = Cl £l O

Theorem 5.3 provides tight estimates for the almost greedy constant
Cog from estimates for the SLC constant and the truncation operator
constant. We complement this result with the following Proposition,
which provides estimates for C,, in terms of the quasi-greedy constant
of the basis and some constants related to its democracy.

Proposition 5.6. Let B be an M-bounded semi-normalized basis for a
p-Banach space X. Suppose that B is quasi-greedy.

(i) If B is democratic, then B is almost greedy with
Cog < Cge(1+ (ApoAquanp(ng>>p)l/p~
(ii) If B is super-democratic, then B is almost greedy with
Cag < Cyg(1+ (ApAsdnp(ng))p)l/p-
(iii) If B is SLC, then B is almost greedy with
Cag < ApFng(l + ngnﬁ(cqg))l/p-
iv) If B s bidemocratic, then B is almost greedy with
(iv)

Chy < (C2 + A7)

Proof. Pick f € X, a greedy set A for f, and B C N with |B| = m.
Note that A\ B is a greedy set of Sge(f) = f — Sg(f). Therefore

max{|\Scaumye (NI [Sas (NI} < Cogllf = Se(H)II- (5.5)
Since f — Sa(f) = Scaup)e(f) + Spa(f) we have
1f = Sa(HIP < 1Scaumye (HIIF + [1S5ya (). (5.6)

Using the democracy, Corollary 1.4, and Theorem 3.10 we obtain
Sma(ll < ByAa ma e (£ 1Ll
< ByAg min [/ [[La]
< BpAaKpu|[Savs (- (5.7)

Combining (5.5), (5.6) and (5.7) yields (i).
Let € = (sign(x},(f)))nea\s- Using the super-democracy of the basis,
Corollary 1.3 (ii) and Theorem 3.8 we obtain

ISmalf)ll < Apdus maxc b (H)l 1
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< Ay min 5 (1) [[Lene]
< A i S (£ (53)

Combining (5.5), (5.6) and (5.8) we obtain (ii).
(iii) follows from Theorem 5.3 and Proposition 3.14.
If B is bidemocratic, by Proposition 4.7,

1S\alHIl < Asllf]- (5.9)
Putting together (5.6) with (5.5) and (5.9) yields (iv). O

5.1. Almost greediness and bidemocracy. Proposition 5.6 hints
at the fact that combining quasi-greediness with bidemocracy yields
better asymptotic estimates (i.e., estimates for large values of the con-
stants) than combining quasi-greediness with other democracy-related
properties. To be precise, the estimate achieved in Proposition 5.6 (iv)
grows linearly with Cjy and Ag,. Next we show that bidemocracy plays
also an important role when aiming at qualitative results.

Let B = (x,)22; be an M-bounded semi-normalized basis of a quasi-
Banach space. Then, by Proposition 1.12 (v), the sequence B* is also
semi-normalized and M-bounded. Moreover, by (1.10), a set A C N is
a greedy set of f* € [B*] if and only if

1 (xn)| > |ff(xx)], neA keN\A (5.10)

Since condition (5.10) makes sense for every functional f* we can safely
extend the definition of greedy set and greedy projection to the whole
space X*. We point out that greedy projections with respect to non-
complete biorthogonal systems have appeared in the literature before.
Important examples are the wavelet bases in the (highly non-separable)
space BV(R?) for d > 2 (see [28,74]). In any case, we must be aware
that since we cannot guarantee that F*(f*) € ¢, the existence of finite
greedy sets of f* is not ensured either.

Theorem 5.7. Let B = (x,)22, be a bidemocratic quasi-greedy basis
of a quasi-Banach space X. Then there is a positive constant C' such
that

ISAUI < Clf (5.11)
for all f* € X* and all finite greedy sets A of f*. In fact, (5.11) holds
with C' = 2B, X] + C,[B, X].

Proof. The proof we present here is inspired by that of [33, Theorem
5.4]. Let f* € X* and let A be a greedy set of f*. For f € X pick
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a greedy set B of f with |A| = [B| = m. If ¢ = (sign(x},(f)))neB\4,
invoking Proposition 4.7 we have

1SE(f*)(Sac(f))] = Z\ f*(Xn)XZ(f)|
neB\A
<min | ()] X (/)]

neB\A
< min ()| 1o salB X1 17

< Aol I
Switching the roles of B and B* we obtain

IS S (< Dol S

A straightforward computation yields

She(f)(SB(f)) = Sa(f*)(Spe(f)) = She(f)(f) = [*(Sp

(/)
= 17(5B(f)) = Sa(f*)(

f)-

Summing up we deduce that

max{[S%. (f) (N [SA)NNT < A+ Cog) AL

Taking the supremum on f € Bx we obtain the desired inequality. [

Corollary 5.8. Let B be a bidemocratic quasi-greedy basis of a quasi-
Banach space. Then B* is an almost greedy basis.

Proof. Restricting the inequality (5.11) provided by Theorem 5.7 to
[B*] yields that B* is quasi-greedy. By Proposition 4.7, B* is democratic
as well. An appeal to Theorem 5.3 puts an end to the proof. U

6. GREEDY BASES

An M-bounded semi-normalized basis B = (x,)32, for a quasi-Banach
space X is greedy if there is a constant 1 < C such that for any f € X,

If = Sa(DIf < ClIf = =]l (6.1)

whenever A is a finite greedy set of f € X, and 2z € X satisfies
| supp(z)| < |A|. The smallest admissible constant C' in (6.1) will be
denoted by C,[B,X] = C,, and will be referred as the greedy constant
of the basis.
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As for quasi-greedy basis, a standard perturbation argument yields
that a basis is greedy if and only if

If = G < ClIf = =]l (6.2)

for all f and z in X and all m € N such that |supp(z)| < m. If the
quasi-norm in X is continuous, the optimal constant in (6.2) coincides
with Cj.

As we advertised in the Introduction, our goal in this section is to
corroborate the characterization by Konyagin and Temlyakov of greedy
bases in terms of the unconditionality and the democracy of the basis.
The doubts in that regard that made Tribel write (see [72, Proof of
Theorem 6.51)):

It is not immediately clear weather a greedy basis in a
quasi-Banach space is also unconditional

will dissipate now. With the aid of Theorem 1.10, the original proof
from [55] permits to adapt to the non-locally convex setting the stan-
dard techniques used in [55] for Banach spaces (see [73, Theorem 4]).
For the sake of completeness, here we shall revisit this characterization,
paying close attention to obtaining tight estimates for the constants
involved. As a matter of fact, the techniques we develop provide esti-
mates that extend the ones previously known for Banach spaces (see
[4,6,17,21,35,37,55]).

Theorem 6.1. Suppose B is a semi-normalized M -bounded basis of a
quasi-Banach space X. Then, B is greedy if and only if it is uncondi-
tional and almost greedy, with

Cag S Cg S Oangu-
Moreover, if the quasi-norm is continuous, K, < Cj.

Proof. It is obvious that C,, < C,. To prove the right hand-side in-
equality, let A be a finite greedy set of f € X and fix z € X with
|supp(z)| < |A|. Then, if the quasi-norm is continuous and we put
B = supp(z), we have

1f = SalH)l < Cagll f = Sp(N)l = CagllSpe(f = 2)|| < CagKaull f = 21|

In order to prove the upper bound for Kj,, we take f € X with
supp(f) = B finite and a subset A of N. To estimate [|Sa(f)|| we as-
sume without loss of generality that A C B. Pick t > sup,,c4 |x5(f)] +
SuP,ep\a X, (f)] and let g = t1p\a + f. The set B\ A is a greedy set
of g and so

1Sa(HI = llg = Smal@)ll < Cy lg = t1ma] = Gyl £l



GREEDY-LIKE BASES IN QUASI-BANACH SPACES 43

If || - || is continuous, we extend by continuity this inequality to any
feX O

Theorem 6.2. Let B be an unconditional semi-normalized basis for a
p-Banach space X.

(i) If B is democratic, then B is greedy with
Cy < (KP, + ALK? min{B?, KP})'/P.
(i) If B is super-democratic, then B is greedy with
C, < (K, + AZ,min{ A%, K2} min{ AZK?,, K7})/.
(i) If B is symmetric for largest coefficients, then B is greedy with
Cy < min{ATK,,, A,TK,}.
(iv) If B is bidemocratic, then B is greedy with
Cy < (KB, + AL)'7.

Proof. Let A be a finite greedy set of f € X and let z = Y ,,cpan X,
with |B| = |A|]. Notice that

max (]S min (GO0 = min -2 (63)
Since
[ =8a(f) = Scauye(f —2) + Sp\alf)
we have

Lf = Sa(HIP < ISausye(f = 2P + 1Sm7a ()P
< KL = 2P+ 15 a (DI (6.4)

Using the unconditionality and the democracy of the basis we obtain
<K * 1
ISmalh)l < Ko max (<) L]

< * :
< KA Jmax x5 ()1l Lasll, (6.5)

while if we merely use the democracy of the basis, by Corollary 1.4 we
obtain

ISmalll < Byha max, < ()] Lzl (6.6)

Since

nrerg{lB|Xn(f 2| 1as| < Kol f = 2|,

combining (6.3), (6.4), (6.5) and (6.6) gives (i).
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Let € = (sign(x;(f — 2)))nca\p and & = (sign(x;(f)))nema. Using
the unconditionality and the super-democracy of the basis we obtain

< k
ISma(h)l < Ko ma 1) [ Lsmal

< * .
< K Ay Jnax, 1%, ()] 111e,a\5l, (6.7)

while if we only appeal to the super-democracy of the basis, using
Corollary 1.3 (i) we obtain

ISmalDl < Apdea mas. 130 [Leonall (638)

For n € A\ B let A\, € [0,1] be such that mingea g [x5(f — 2)| =
An|XE(f — 2)|. Proposition 1.6 yields

X (f = 2)x,

neA\B

min X, (f = 2)| [[1e sl = < A Kallf = =]l

n€eA\B

(6.9)
Combining inequalities (6.3), (6.4), (6.7), (6.8) and (6.9) gives (ii).
For (iii), let A, B and z be as before, § = (sign(x’(f))nep and
t = min,ep [x5(f)]. By Lemma 4.2

1f = SalNIl < ALIf = Salf) = Spalf) + 115 asl = ATl

where g = f—Saup(f)+tlsa p. Using that the basis is lattice uncondi-
tional we obtain ||g|| < K,||f—z||, while using that the basis is suppres-
sion unconditional and Proposition 1.6 we obtain ||g|| < A, K| f —z]|-

If B is bidemocratic we obtain inequality (5.9) as in the proof of
Proposition 5.6. Combining this estimate with (6.4) gives (iv). O

From Theorems 6.1 and 6.2, disregarding the constants, we get:

Corollary 6.3. Suppose B is a semi-normalized M -bounded basis of a
quasi-Banach space X. The following conditions are equivalent:

(i) B is greedy.

(ii) B is unconditional and democratic.

(iii) B is unconditional and super-democratic.

(iv) B is unconditional and symmetric for largest coefficients.
(v) B is unconditional and bidemocratic.
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7. THE BEST GREEDY ERROR VERSUS THE BEST ALMOST GREEDY
ERROR

Given a basis B of a quasi-Banach space, a vector f € X and m € N,
we put

om(f) :inf{Hf— anxn

neB

:|B|:m,bn€F}

and
o (f) = if{||f = Sp(f)l : |B| < m}.
An M-bounded semi-normalized basis is greedy if and only if there

is a constant C' such that for every f € X, every m € N, and every
greedy set A of f of cardinality m,

1f = Sa(PIl < Com(f)-

The optimal contant C' is C,[B, X]. Similarly, a basis is almost greedy
if and only if there is a constant C' such that, if m, f and A are as
above,

1f = SalHIl < Com(f).

The optimal constant C' equals C,,[B, X]. Our first result in this section
quantifies the distance between these two approximation errors in terms
of the democracy functions of the basis.

The upper democracy function ¢, and the lower democracy function
@, of a basis B are typically used to quantify the lack of democracy of
B. For m € N,

pu(m) = pu[B,X](m) = sup {[|1a] : |A] <m},
pi(m) = @i B, X](m) = inf {[[1a] : [A] = m}.

We will also consider the upper super-democracy function (also known
as the fundamental function) and the lower super-democracy function
of B, respectively defined by

pu(m) = ¢u[B,X](m) = sup {|[1.all : |A] <m, e € Ea},
pi (m) = ¢ [B,X](m) = inf {||[1..all - [A] > m, € € Ea} .

All these sequences ¢, ., ¢f and ¢f are non-decreasing and are
related by the inequalities

o <1 <o < 0F
If X is a p-Banach, axiom (q4) in the definition of a p-norm yields
©f(km) < EYPpE(m), k,m e N. (7.1)
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Moreover, if we restrict ourselves to semi-normalized bases, we have

e5(1) = sup ||| < oo.

We infer that ¢ takes only finite values, that % (m) is doubling and
that,
©S(m) <m'’?, meN.

Recall that a sequence (s,,)%°_, of positive numbers is doubling if there
exists a constant C' such that s,,, < C's,, for m € N. This is equivalent
to s|am) < Csyy, for every A > 1.

In the reverse direction, if B is semi-normalized and M-bounded, by
Lemma 1.5, ¢ := sup,, ||x}|| < co.Thus

1 1

(1) > = * —Z>0.

Pr(1) 2 7k sup o, (Te4) = 2> 0
e€€y

However, ©f (m) need not be doubling (see [75]).
By definition, B is democratic (resp. super-democratic) if and only
if 0, < o (resp. & < o), and we have
pu(m) P (m)
A = sup (resp. Ag = sup ———).
m pi(m) m f (m)
Also by definition, a basis is bidemocratic if and only if

ou[B, X](m)p,[B*, X*|(m) ®m, meN, (7.2)

and we have

AB.X) = 51— B, X)) 87,57 (m),

AfB.X] = sup B, X] (m) 5[5, K] m).
If X is p-Banach, by Corollary 1.4,
ph < Bypu, (7.3)
that is, the sequence ¢f is always equivalent to ,. By Corollary 1.3 (i),
pa(m) < Apsup {[[ 1]l |A] =m, € € €4},

and so the supremum defining ¢ is essentially attained on sets of
maximum cardinality.

If B is SUCC, so that democracy and super-democracy coincide,
the supremum defining the sequences ¢, ¢; and ¢f is also essentially
attained on sets of maximum cardinality. Indeed, if X is p-Banach,
Proposition 2.2 gives

pu(m) < Keesup{|[1al - [A] =m}, (74)
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inf {[[1a] - [A] = m} < Kepi(m),

inf {||1oall : |A] = m, £ € E4} < A Ki6F (m). (7.6)
Moreover, in correspondence to (7.3) we have
o < ByK 0.

Note that (7.4), (7.5) and (7.6) trivially hold for Schauder bases
using just the basis constant.

Proposition 7.1. Given a quasi-greedy basis B of a quasi Banach space
X, there is 0 < C' < oo such that for all f € X and all v > m,

£
. P (m)
o (f §Cmax{1,“}amf ) 7.7
(f) o) (1.7
If X is p-Banach we can choose C = 247 A,C,yn,(Cyy) in (7.7).

Proof. Assume that X is p-Banach. Let f € X and g = f — e bu X
with |B] = m. Pick a greedy set A of g with |A] = r — m. Since
Sp(f) = Sp(g) whenever D N B = (), we have

f = Saus(f) = Scaup)e(9) = Sa(g9) — Spraly)

and, moreover, |[AU B| < r. Therefore

5,(f) < 2771 (IS4 (9)| + 1S3 a(9)]) -

Since |x;(g9)] < t := mingea x5 (g)| for all & € B\ A, by Corol-
lary 1.3 (ii) and Theorem 3.8,

£(m)
1Sma(9)ll < Aptel(m) < A‘”chcpf(r “m)

15491,

where K. < Cyynp(Cyy). The proof is over by using that

f_ anxn

neB

max{[|Sa(g)ll, [IS4s(9)II} < Coqllgll =

and minimizing over B and (b,)neB- O

Theorem 7.2 (cf. [33, Theorem 3.3]). Suppose B is an M-bounded
semi-normalized basis of a quasi-Banach space X. Then B is almost-
greedy if and only if for every (respectively, for some) A > 1 there is a
constant C > 0 such that for every m € N and every greedy set A of
f € X of cardinality [Am/],

1f = Sa(HIl < Com(f)- (7.8)

Moreover, if X is p-Banach and we denote the optimal constant in (7.8)
by C\ = C\[B,X], we have

Cx < 2P A, B, Clony(Cag) [(A = 1) 1717,
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Proof. Without loss of generality we assume that X is p-Banach for
some 0 < p < 1. Let us suppose that B is almost greedy and fix A > 1.
If ky = [(A = 1)7'] we have

[Am] < kx([Am] —m)
for all m € N. Therefore, if A is a greedy set of cardinality [Am], by
Proposition 7.1, inequality (7.1), Lemma 4.4 and Theorem 5.3,

I = a0l < CupOP DI (1) < 3,2, 00 o),

where C' < 2YP A,C,y1,(Cay).
Now suppose that (7.8) holds for some A > 1. By Lemma 1.8 (i),

L :=sup{||Sal|: |A] < A} < oc.
Given r € NU {0}, pick m = m(r) € NU {0} such that
[Am] <r < [A(m+1)]. (7.9)

Let A be a greedy set of cardinality r. Pick B a greedy set of f of
cardinality [Am] such that B C A. Since

A\ B| =1 — [Am] < [Atm+1)] = [Am] < A

and

f=58a(f) = f = Ss(f) = Sas(f),
it follows that
1f = Sa(HIP < C°1f = Se(HIP + 1S avs ()P
< CPop (f) + LA f1P
< (CP+ L) A1
Hence B is quasi-greedy. In particular, by Lemma 3.7, B it is SUCC.
Let us prove that B is democratic. Let m € N and A and B be subsets
of N with |A| = [Am] and |B| < m. Pick D C Nwith (AUB)ND =)
and |[ANB| = |D|. Since FE := (A\B)UD is a greedy set of f = 14upup,
|E| =|A| = [Am], and |[DU (B \ A)| = |B|] < m, we have
sl = Ilf = Se(Hll < CIf = Spusa ()l = CllLall
Maximizing over B, minimizing over A, and using (7.4) we obtain
ou(m) < CKgepi([Am]), m e N.
Let r > [A] and pick m as in (7.9). Since m > 1 we guarantee that
[A(m+1)] < [2X]m
Therefore, using again (7.1),
Pu(r) < [2A] l/pSDu(m) < OKe[2A] l/p@l((/\m—l) < CKe[2X] e oi(r).
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Since 0 < ¢;(1) and @, (r — 1) < oo,

©u(r)
sup
v ou(r)
An appeal to Theorem 5.3 finishes the proof. O

< Q.

8. LINEAR EMBEDDINGS RELATED TO THE GREEDY ALGORITHM

8.1. Symmetric spaces and embeddings. A gauge on N will be
a map || -|ls: N — N verifying (ql) and (q2) in the definition of a
quasi-norm, and also:

(@5) 1(bn) s < [[(an)ey|ls whenever |b,| < |a,| for every n € N,

(46) || Sneaenlls < oo for every A C N finite, and

(q7) if (@ng)nken in [0,00) is non-decreasing in k, then

o0
(timan) || =tim (a0 s
k n=1IIS k
Associated to a gauge || - [|s on N we have the space

S={f eF": || fls < oo}.
If the following condition is fulfilled
(a8) [[(arm))nzills = [[(an)52; |ls for every permutation 7 of N,

then the gauge and its associated space are said to be symmetric.
Given a symmetric gauge || - [|s: N — N, we will refer to

[S] := < nilen S>:_1

as the fundamental function of the gauge (and of the space).

If || - ||s verifies (q3) (respectively, (q4)) in the definition of a quasi-
norm (resp., a p-norm) we say that ||-||s is a function quasi-norm (resp.,
a function p-norm) on N.

As for locally convex spaces, if || -[|s is a quasi-norm then (S, [| -[|s) is
a quasi-Banach space (see [25, Theorem 1.7]). In this case we will say
that (S, | - ||s) is a quasi-Banach function space on N. Thus, if || - ||s

is a p-norm then (S, || - ||s) is a p-Banach space. Note that the unit
vector system is an unconditional basic sequence of any quasi-Banach
function space on N.

Given two gauges || - [|s, and || - ||s, on N with associated spaces S;
and S, respectively, we say that S; is continuously contained in Sy and
write S; C S, if there is a constant C' such that || f||s, < C||f]ls, for all
feFY. Wewrite S; =S, if S§ €Sy and S, C Sy. In the case when
| flls, = Il flls, for every f € FN we say that S; = S, isometrically.
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The conjugate gauge || - ||ss of a gauge || - ||s on N is defined for
f=(ba)nzy € FN by
I flls = sup{ D anby| : [[(an)iills < 1,m € N} .
n=1

It is straightforward to check that || - ||ss is a function norm on N. The
conjugate space S’ of a function space S on N is

S'={f =)oy € F": || flls < 00}

If S is a quasi-Banach function space, we denote by Sy the space
generated by cqg in S.

Lemma 8.1. Let || - ||s be a function quasi-norm on N. Then, under
the natural dual mapping, S§ =S’ isometrically.

Proof. There is a natural bounded linear map 7: " — S of norm
|IT|| <1 defined by

(b)) ((0)22,) = ff anbo.

Let f* € S§, and set b, = f*(e,) for n € N. If |[(a,)72]ls < 1 and
m e N,

< {1 < [IF7I

m m m
> anby| = |f* (Z anen> > age,
n=1 n=1 n=1

Hence, |[(bn)7Zills < |1 Since T((bn)3Z1)(ex) = f*(ex) for every
k € N, it follows that T'((b,)22,) = f*. O

n=1

Let us introduce the following properties involving the mappings F
and Z defined in (1.3) and (1.5), respectively.

Definition 8.2. Suppose that X is a quasi-Banach space and that B is
a basis for X.

(a) A function space (S, || - ||s) on N is said to embed in X via B, and
we denoted it by putting

s & x,
if S C Y and there is a constant C' such that [|Z(f)] < C||f||s for all
fes.
(b) In the reverse direction, we say that X embeds in a function space
(S, ]| - |ls) on N via B, and put

x5 s,
if there is a constant C' such that || F(f)||s < C||f|| for all f € X.
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(c) We say that X can be sandwiched between symmetric spaces via B if
there are symmetric function spaces S; and So on N with ¢[S;] ~ ¢[S,]
such that

S BXE S,
Lemma 8.3. Let X be a quasi-Banach space with a semi-normalized
M-bounded basis B. Suppose that S; and Sy are symmetric function
spaces on N such that Sy Ex & So. Then, for m € N,

(1) ¢i(m) < @[S 1]Em)

(i) fSe](m )’?sﬂ’i 0
plo1)(m
(i) (||| < 2[Ss](m)”

Proof. Assume that [|Z(f)|| < Cy||f]ls, for all f € Sy and that || F(f)||s, <
Collf]| for all f € X. Let m € N, A C N with |[A| < m, and € € &4.
We have

112,418, X]|| < Ch[[1calBellls, = C1[S1](JA]) < Cro[Si](m).
Taking the supremum on A and £ we get
w5 (m) < Crp[Si](m).
Next, pick B C N with |B| > m, and § € £g. We have
e[Sa2](m) < @[S:)(|B]) = [[15,5[Be]lls, < Call16,58, X]||.
Taking the infimum over B and 0 we get
#[S:2](m) < Cogf (m).

Finally, let f € X. For m € N, let A be the mth greedy set of f,
t = min,ea [x5(f)], and € = (sign(x%(f)))neca. We have

[Un ()] = tl|1,a[B, X]|
< 01t||1 AlB]lls,

as desired. O

Proposition 8.4. Let B be an M-bounded semi-normalized basis of
a quasi-Banach space X. Supposse that X can be sandwiched between
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symmetric spaces via B. Then B is super-democratic and the restricted
truncation operator is uniformly bounded.

Proof. 1t is immediate from Lemma 8.3. O

Corollary 8.5. Let X be a quasi-Banach space that can be sandwiched
between symmetric spaces via a basis B. Then B is lattice partially
unconditional and symmetric for largest coefficients.

Proof. 1t is straightforward by combining Proposition 3.16, Proposi-
tion 4.3, and Proposition 8.4. U

The converse of Proposition 8.4 also holds, as we shall see below.
The proof of this requires the introduction of new techniques that have
Lorentz spaces as the main ingredient.

8.2. Embeddings via Lorentz spaces. Let w = (w,,)?2, be a weight,
i.e., a sequence of positive numbers. By the primitive weight of w we
mean the weight s = (s,,);2; defined by s, = >7_; w;.

Given (a,)2, € ¢, for 0 < p < 0o and 0 < g < 0o we put

00 1/’1
lan)all . = (Z a:;qsz/p-lwn) 7
n=1

and for for 0 < p < oo and ¢ = co we put
(@)l o = SUP 73",
neN

where (a’)%°, is the non-increasing rearrangement of (|a,|)5;.

Let S,,: FY — FN be the mth partial-sum projection associated to
the unit vector system B,. We extend ||-||,.4.w to FY via the (consistent)
equation

I

It is routine to check that, if p, ¢ and w are as above, then || - ||, 4w IS
a symmetric gauge on N.

The weighted Lorentz sequence space d,,(w) is defined as the space
associated to the symmetric gauge || - ||, 4w. We denote its fundamental
function by ¢, ¢w, i.€.,

paw = Slnllp 1S (f) || p.q,w-

m

1/q
Ppgw(m) = (Z Sg/plwn> , méeN.

n=1

Note that d, ,(w) C {5 continuously, and that d, ,(w) C ¢y unless

00 1/q
(Z s,ql/plwn> < 00, (8.1)

n=1
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in which case d,, ,(W) = {w.

For potential weights, this general definition recovers the classical
sequence Lorentz spaces. Explicitly, if for 0 < o < 1 we consider the
sequence

Uy = (na_l)?rjzl (8.2)

then we have

dp,g(Wa) = lp/ag,
for 0 < p <ooand 0 < ¢ < 0.

It is known (see e.g. [2, Lemma 2.11 (a)]) that d,,(w1) C d,,(W2)
continuously if and only s; < s;, where s; and s, are the primitive
weights of w; and wy, respectively.

Given a positive increasing sequence t = (t,,)32 ,, its discrete deriva-

tive A(t) will be the weight whose primitive weight is t, i.e., with the
convention that tq = 0,

A(t) = (tn — ta-1)n

n=1"
Observe that the very definition of the sequence Lorentz spaces yields
Apoo(W) = dioo(A(s'P)) isometrically, and d, (W) = d,,(s?P~'w)
isometrically for ¢ < oo.

Thus, dealing with bi-parametric Lorentz sequence spaces is some-
how superfluous. Still, we use two parameters to emphasize that for
fixed p and w all the spaces d, ,(w) belong to the “same scale” of se-
quence Lorentz spaces and that, in some sense, the spaces are close to
each other. As a matter of fact,

dp.go (w) C dp.q, (W), 0<q<q <

(see [27]), and the spaces involved in this embedding share the funda-
mental function.
Indeed, the definition of the spaces gives

— —gl/p
Sppvp)w - SOP,OO,W =S .

Since for n € N,
/ su1) 7" 1 1
sU/P _ gUP — 1P (] ( . ) ~ sVP (s, — sp_1) = sYP ",
we have
dpg(W) = dgg(A(s”7)), 0 < p,q < o0 (8.3)
We deduce that condition (8.1) is equivalent to w € /1, and that
Op.aw R Pgqnse/a) for every 0 < g < oo. Hence

Pp.gw(m) = sy, meN. (8.4)
for every 0 < ¢ < oc.
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Next we put together some properties of Lorentz sequence spaces
that will be of interest to us.

Proposition 8.6 (see [26, Theorem 2.2.13]). Suppose 0 < p < 0o and
0<q<oo. Then | |pqgw is a function quasi-norm (so that d, ,(w)
is a quasi-Banach space) if and only if the primitive weight s of w is
doubling.

If d, ,(w) is a quasi-Banach space, the unit vector system is a basis
for the space d) (w) generated by coo in dpq(w). This definition is
convenient since in some cases ¢y is not dense in d, ,(W).

Proposition 8.7. Suppose that for some 0 < p < 0o, 0 < ¢ < 00 and
some weight w, the space d, (W) is quasi-Banach. Then coo is dense
in d, (W) if and only if ¢ < oo.

Proof. Given f = (a,)22,, for m € N we have

1/q
||H ||pqw = (Z n-i-msq/p ! n)

with the usual modification if ¢ = oo.
If g <ooand f €d,,(w), by the Dominated Convergence Theorem

lim,,, ||Hm (f) = 0. If ¢ = oo we pick f = s7/? where s = (5,,)%_,
is the primitive weight of w. We have
1/p sl/p
inf || My () lpgw = i%fsup T > %f Sm_
n+m

Then f € d,,w and, by Proposition 8.6, inf,, ||7-[m(f)||p7q7w > 0. O

Following [33], we say that a weight (s,,)°_; has the upper reqularity
property (URP for short) if there is an 1nteger b > 3 such that

b
Spm < 3Sms M c N. (8.5)

We will also need the so-called lower reqularity property (LRP for
short). We say that (s,,)5°_; has the LRP if there an integer b > 2
such

25m < Spm, m € N. (8.6)

Note that (s,,)5°_, has the LRP if and only if (m/s,,)22, has the URP.
A weight v = (vn)n:1 is said to be regular if it satisfies the Dini
condition
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We say that a sequence (s,)7, of positive numbers is essentially
increasing (respectively essentially decreasing) if there is a constant
C > 1 with

s < Cs, (resp. s, > Cs,) whenever k < n.

Lemma 8.8 ([2, Lemma 2.12]). Let s = (8,,)3_; be a non-decreasing
weight such that (s,,/m)SS_, is essentially decreasing. The following
are equivalent:

(i) s has the URP.

(ii) 1/s is a regular weight.

(i) (Sm/m")oe_, is essentially decreasing for some 0 <1 < 1.
Proposition 8.9 (cf. [26, §2.2]). Let 1 < ¢ < 00 and 0 < r < 1.
Suppose that w is a weight with primitive weight s = ($,)%°_;.

(i) di4(W) is locally convez if and only if the primitive weight of
1/s is a regular weight.
(ii) If s™" is a reqular weight then dy ,(w) is r-convez.
(iil) If (m=Y"s,,)_, is essentially decreasing, dy (W) is s-convex
for every 0 < s <r.
Proof. (i) follows from [26, Theorem 2.5.10 and Theorem 2.5.11].

Assume that s™" is a regular weight. Then, by part (i) and (8.3), the

space dy/rrqw is locally convex. Since for f € FN,

1
1 e = UL 1 g

dy 4(w) verifies the lattice convexity estimate

1/r 1/r
(Z ‘f]"") < ¢ <Z HfjH;,q,w> ) f] S ]FNa

for some C' < co. We infer that d; ,(w) is an r-convex quasi-Banach
space, and so (ii) holds.

To show (iii), assume that (m~'/"s,,)_, is essentially decreasing
and that s < r. By Lemma 8.8, s™ is a regular weight, and so (ii)
yields that d; ,(w) is an s-convex quasi-Banach space. O

The discrete Hardy operator Ag: FY — FY is defined by
o0 1 <
Asl(@)in = ()
=1

Theorem 8.10 (see [26, Theorems 1.3.7 and 1.3.8]). Suppose 1 < ¢ <
oo and let w be a non-increasing weight with primitive weight s. Then
the discrete Hardy operator is bounded from dy o(w) into dy (W) if and
only if s™1 is a reqular weight.

l,q,w

[e.9]

n=1
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The duals of Lorentz sequence spaces can be described in terms of
Marcinkiewicz spaces. Given a weight w = (w,, )%, the Marcinkiewicz
sequence space m(w) is the Banach function space on N associated to
the function norm

£ llmwy = sup =
|A] ’

AAf%}i\ie Z
We denote by mg(w) the separable part of m(w).

Proposition 8.11 (cf. [26, §2]). Let 0 < p < o0 and 0 < ¢ < 1.
Suppose that w is a weight, and that the space d,, ,(W) is quasi-Banach.
Then, under the natural dual mapping,

(1) dpg(w))* = m(A(s'7)), and
(ii) (dpoo(W))* = dia(s71/7),
where s 1s the primitive weight of w.

Proof. Just combine [26, Theorem 2.4.14] with Proposition 8.7 and
Lemma 8.1. O

The following result is crucial in our study of embeddings.

Theorem 8.12. Suppose B is a semi-normalized M -bounded basis of
a p-Banach space X. Let w; = A(o¥) and w, = A(¢f). Then:

(i) dip(wa) = X, and,

(i) X SN di1.00(Wy) if the restricted truncation operator is uniformly
bounded.

Proof. (i) By Corollary 1.3 (ii), if |A| < m and (b,)neca are scalars with

S by xa|| < Apph(m). (8.7)
neA
Let (a,)22, € coo be such that (|a,|)se, is decreasing. Put ¢ = |a;| and

for each k € N consider the set

Jo ={n e N: 127" < |a,| < 27"}
Notice that (J;)32, is a partition of {n € N: a,, # 0}. Set ny = |Ji|
(no = 0) and my, = Z§:1 n;j, sothat Jy = {n € N: my_1+1 <n < my}.

For n € N, let s, = ¢¢(n) and w, = s? — s?_,. Combining (8.7) with
Abel’s summation formula gives

) [es)
D anXn| =3 D anxy
n=1

k=1neJy

D p
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p

| A

| Popas

nEJk

Z t2 k+18mk p

k

= Ab(2t) 22 NN w,

= j=lneJ;
AP(2t)P o, .
— o2 )p D27 N w,
1=2 j=1 neJ;

e.9]
< 4pAI2,p Z || e,

n=1

Then for every f = (a,)22, € coo,

00
D an Xy

n=1

S 4A§”f||P%W7

where w = (w,)22,. Since, by (8.3), dp,(W) = dy,(W,) and cg is
dense in d ,(w,), it follows that d; ,(w,) X

(ii) Let f € X and denote by (a},)5°_, the non-increasing rearrange-
ment of F(f). Given m € N, pick a greedy set A of f with |A| = m.
We have min,ca x5 (f)| = a}, so that

ay, e (m) < ay, || 3 sign(x,(f)) %a| = [U(f, Al < Al f]]-
neA
Consequently, ||F(f)l1,00m < Aullf]- O

Combining Theorem 8.12 and equation (8.4) with Lemma 8.3 yields
the following result.

Corollary 8.13. Suppose B is a semi-normalized M -bounded basis of
a quasi-Banach space X. Let w be weight whose primitive weight is s.
Then:

(1) dip(w) L x for some p if and only if 5B, X] <'s.

(i) If the restricted truncation operator is uniformly bounded, then

p d1 oo (W) if and only if s < ¥ [B, X].
Theorem 8.14. Let X be a p-convexr quasi-Banach space with an M -
bounded semi-normalized basis B.

(i) Suppose that B is super-democratic, that the restricted trun-
cation operator is uniformly bounded, and that the primitive
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weight of w is equivalent to 5. Then

(W) D X S dy oo (W), (8.8)

where dy ,(W) are dy (W) are quasi-Banach function spaces on
N with equivalent fundamental functions.

(ii) Conversely, if (8.8) holds for some p and some weight w with
primitive weight s, then ¢f ~ s~ ¢f.

Proof. (i) By Theorem 8.12,

B B
de(W) - de(WU) — X — dl,oo(wl) - dl,oo(w)'

Since the weight s is doubling, Proposition 8.6 gives that the two
Lorentz spaces involved are quasi-Banach. Finally, by (8.4),

Plpw ~ Ploow ~ S.

(ii) If (8.8) holds, Corollary 8.13 gives ¢ <'s < f. O

~Y

We emphasize that (8.8) is considered by some authors as a condition
which ensures in a certain sense the optimality of the compression
algorithms with respect to the basis (see [39]). We refer the reader to
9,20, 32] for the uses of this type of embeddings within the study of
non-linear approximation in Banach spaces with respect to bases.

We are now in a position to state the aforementioned converse of
Proposition 8.4.

Corollary 8.15. Let B be an M-bounded super-democratic basis of a
quasi-Banach space X. Supposse that the restricted truncation operator
1s uniformly bounded. Then X can be sandwiched between symmetric
spaces via B. Moreover, the enclosing symmetric spaces we obtain are
quasi-Banach.

Proof. 1t follows from Theorem 8.14, Proposition 8.6 and (7.1). O

Notice that Proposition 8.4 together with Corollary 8.15 give a char-
acterization of those super-democratic bases for which the restricted
truncation operator is uniformly bounded. Combining this characteri-
zation with Theorems 5.3 and 6.1 yields the following:

Theorem 8.16. Let B be a M-bounded semi-normalized basis of a
quasi-Banach space X. Then:

(1) B is almost greedy if and only if it is quasi-greedy and X can be
sandwiched between symmetric spaces via B.

(il) B is greedy if and only if it is unconditional and X can be sand-
wiched between symmetric spaces via B.
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9. BANACH ENVELOPES

The concept of Banach envelope of a quasi-Banach space, or more
generally r-Banach envelope for 0 < r < 1, lies in the following result
in the spirit of category theory. The objects are the quasi-Banach
spaces and the morphisms are the linear contractions.

Theorem 9.1 (see [7, §2.2]). Let X be a quasi-Banach space. For each
0 < r <1 there is an r-Banach space V and a linear map J: X — V
with ||J|| < 1 satisfying the following property:
(P) For every r-Banach space Y and every bounded linear map
T: X =Y there is a unique map S: V — Y such that SoJ =T.
Moreover ||S|| < [|T).

Since (P) is a universal property, given a quasi-Banach space X, the
pair (V, J) satisfying (P) is unique up to an isometry. So we can safely
say that the pair (V,J) in Theorem 9.1 is the r-Banach envelope of X,
or that V is the r-Banach envelope of X under the mapping J. We will
put V=X, and J = Jx,.

We say that a quasi-Banach space V' is isomorphic to the r-Banach
envelope of X under a mapping J' if there is an ismorphism 7': X, —
V" such that J' = T o Jx,. Note that if X is r-convex then X is
isomorphic to X, under the identity map.

If r =1 we simply put X, = X.; and Jx = Jx1, and we say that
(X, Jx) is the Banach envelope of X.

The universal property of r-Banach envelopes readily gives the fol-
lowing result.

Lemma 9.2. Let X be a quasi-Banach space and 0 < r < 1. Given
an r-Banach space Y, the map S — S o Jx, defines an isometry from
L(Xcr,Y) onto L(X,Y). In particular, the map f* — f* o Jx, defines
an isometry from (X, )* onto X*.

We also infer from the universal property the following.

Lemma 9.3. Let X be a quasi-Banach space and 0 < r < 1. Then
Jx - (X) is a dense subspace of X .

Remark 9.4. The proof of Theorem 9.1 uses the Minkowski functional of
the smallest r-convex set containing the unit ball of X. In the case when
r =1, a less constructive and more functional approach is possible: Jx
is the bidual map and X is the closed subspace of X** generated by
the range of the bidual map. Thus,

()l = sup [f*(F)l, feX
*EBy-
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Remark 9.5. Given a quasi-Banach space X, the family of spaces X,
for 0 < r <1 constitutes a “scale” of quasi-Banach spaces. In fact, the
universal property yields the existence of bounded linear maps

Jrst Xep =+ X, 0<r<s<l1

such that Js,; 0 J, s = J,; for every 0 <r < s <t < 1. Morever, X is
the s-Banach envelope of X, under J, ;.

Let us record a result about r-Banach envelopes that will be useful
below. Given 0 < p < oo we define p” by

. Jp ifpefr,oolu{0},
b rifpe (0,r).

Proposition 9.6. Let (X;);c; be a family of quasi-Banach spaces and
0 < p < oo. Then for any 0 < r < 1 the r-Banach envelope of
(DierXi)p s (Bier(Xi)e,)p- under the map

(fi)ier = (Jx, 0 (fi))ier-

The proof of Proposition 9.6 is rather straightforward. For further
reference, in the next Corollary we write down some consequences that
spring from it.

Corollary 9.7. Let 0 <r <1 and p, q € [0, 0].

(i) If X and Y are quasi-Banach spaces, the r-Banach envelope of
X @Y is, under the natural mapping, X., ® Y, .

(ii) With the usual modification if p = 0, the r-Banach envelope of
ly is U5 (under the inclusion map).

(iii) With the usual modifications if p or q are 0, the r-Banach en-
velope of £y((y) is L5 ((5:) (under the inclusion map).

(iv) With the usual modifications if p or q are 0, the r-Banach en-
velope of £, ® L is U5, @ L5, (under the inclusion map).

(v) The r-Banach envelope of (Do, ly)q is (EB;’LO:I%T)ET (under the
inclusion map).

The next result discusses how certain properties of bases transfer to
envelopes.

Definition 9.8. Given a basis B = (x,,)5, of a quasi-Banach space X,
the Banach envelope of the basis B is the sequence Bc, = (Jx (X)),
in the Banach envelope X, of X.

Proposition 9.9. Let B = (x,)22, be a basis of a quasi-Banach space
X with coordinate functionals (x)>°,, and let 0 < r < 1. Then:

n=1»
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(i) Be, is a basis of Xc,. Moreover, if (y;)s>, are the coordinate
functionals of B., we havey; o Jx, = x;, for alln € N.

(i) If B is M-bounded so is Bc,-.

(iii) If B is a Schauder basis so is B,

(iv) If B is an unconditional basis so is Bc,.

(v) If B is M-bounded and semi-normalized so is B,

Proof. Since (x,,: n € N) is dense in X, by Lemma 9.3, (Jx,(x,): n €
N) is dense in X,. We use Theorem 9.1 to pick functionals y € X,
satisfying y o Jx, = x;;. For n, k € N we then have

Yo (i (%0)) = X5, (%) = On
so that (i) holds.
For every A C N finite we have
Jxr 0 Sa[B, X] = Sa[Xey, Bey] 0 Jxs
therefore, by Lemma 9.2,
[15alXer, Berlll < [15alB, X][|.
From here (ii), (iii) and (iv) hold.

Since ||y%|| = ||x%|| for all n € N, we have
supd || (xa) 1, ly2ll} < supdlixall, [ 11}
Lemma 1.5, yields (v). O

Corollary 9.10. Let B = (x,,)52, be a basis of a quasi-Banach space
X and 0 <r < 1. Then the dual basis of B., is isometrically equivalent
to the dual basis of B.

Proof. Just combine Proposition 9.9 (i) with Lemma 9.2. O

In the case when Jx , is one-to-one we can assume that X C X, and
that Jx, is the inclusion map. However, in general the map Jx, need
not be one-to-one. For instance, we have Jp ., =0for 0 <p <r <1
(see, e.g., [7, Theorem 4.13 and Proposition 4.20]). The existence of a
basis for X is a guarantee that this will not occur.

Lemma 9.11. Let X be a quasi-Banach space equipped with a total
basis B = (x,)32, . Then for 0 <r <1, the map Jx, is ono-to-one

n=1

Proof. Assume that Jx,(f) = 0 for some f € X. Then, if (y;)>, are
the coordinate functionals of Bc,, yi(Jx,(f)) = 0 for every n € N.
Therefore, by Proposition 9.9 (i), x%(f) = 0 for every n € N. Since B
is total, we have f = 0. U



62 F. ALBIAC, J. L. ANSORENA, P. M. BERNA, AND P. WOJTASZCZYK

The proof of Proposition 9.9 shows that transferring properties of
bases that are defined in terms of bounded linear operators such as
unconditionality, from X to X, is an easy task. However, trying to
transfer “nonlinear” properties such as democracy or quasi-greediness
is a more subtle issue. Since the universal property that permits these
transferrings is highly linear, one may argue that it is hopeless to try
to obtain positive answers for those questions. For instance, in general
B, does not inherit democracy from B (see §10.7 below). Wether or
not B., inherits quasi-greediness from B seems to be more challenging
(see the Problems section). As far as quasi-greediness is concerned,
one can also argue in the opposite direction: since quasi-greediness
is a substitute of unconditionality, and unconditionality transfers to
envelopes, quasi-greediness is expected to behave accordingly. Below
we give some partial results on this issue. These results along with the
examples in §10.7 exhibit that the obstructions to transfer properties
to envelopes appear when the basis is close to the unit vector basis of
/1, in the sense that its fundamental function is close to the sequence

(m)pe—1-

Proposition 9.12. Let X be a quasi-Banach space endowed with a
semi-normalized M -bounded basis B for which the restricted truncation
operator is uniformly bounded. Suppose that for some 0 <r <1,

e 1
2 FBm)y <

Then B, is equivalent to the unit vector system of ., and X, is
1somorphic to ¢,.

Proof. Let w; = A(¢Y). By Theorem 8.12, X & di00(Wwy). Our as-
sumption gives dj o(w;) C ¢, continuously. Therefore the universal
property of the r-Banach envelopes gives

Bc,r
Xer = 4.

Since B, is a bounded sequence and X, is a r-Banach space,

Bc,r
b, — X
Combining gives that the unit vector system of ¢, is equivalent to B ,.
Therefore the coordinate transform is an isomorphism from X, onto

l,. O

Lemma 9.13. Let B = (x,)2, be a bidemocratic basis of a quasi-
Banach space X. Then B., is a bidemocratic basis for all 0 < r < 1.
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Moreover

PL1B.X|(m) ~ @ [Ber Xy (m) ~ —errers, me N (0.)
B Xr](m)

Proof. By definition ¢f[B.,,Xc,] < ¢4[B,X]. Since B* is (naturally

isometric to) the dual basis of B, we have @§[B: X% | = ¢5[B*,X*].

Thus B, is bidemocratic with Ay [B.,, Xc,] < Ag[B,X]. Finally, (9.1)
follows from (7.2) and (7.3). O

Theorem 9.14. Let B be a bidemocratic quasi-greedy basis of a quasi-
Banach space X. Then hg_x. s an isomorphic embedding. Thus, the
bases B** and B. are equivalent.

Proof. The identification of X} with X* provided by Lemma 9.2, to-
gether with the identification of B} with B* provided by Corollary 9.10,
yleld hBC,XC O JX = h&x.

Suppose that B* is equivalent to the unit vector system of ¢q. Since
X¢ is locally convex and B. is a bounded sequence we have

B
fl — Xc,

i.e., the linear operator Z, defined in (1.5) with respect to B. is bounded
from ¢; into X.. Since, by duality, B** is equivalent to the unit vector
system of ¢, the coefficient transform F** with respect to the bidual
basis B** is an isomorphism from [B*]* into ¢;. Using (1.9) we deduce
that for n € N,

h ok
en 5 Jx(x,) PSS hpx(xn) = x5 TS e,

Therefore F** o hp_x, o Z. is the identity map. It follows that Z. is an
isomorphism from ¢; onto X. and that hg_x. is an isomorphism from
X, onto [B*]*.

In the case when B* is non-equivalent to the unit vector system of ¢y,
our proof relies on Lemma 1.13 and Corollary 4.9. Let A C N be finite
and let f* € X* =X, Set Ag = ANsupp(f*) and A; = A\ supp(f*).
Since F*(f*) € co, there is a finite greedy set By of f* such that
Ay C By. Then, if B= ByU Ay, we have A C B and, by Theorem 5.7,

IS = 1155, (f7) + Sa, (F) = 1S5, ()N < el O
Our next result is an easy consequence of Theorem 9.14.

Theorem 9.15. Let B = (x,)52, be a bidemocratic quasi-greedy ba-
sis of a locally conver quasi-Banach space X. Then B and B** are
equivalent bases.

Proof. Just notice that, since X is locally convex, B is equivalent to
B.. O
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Theorem 9.16. Let B be a bidemocratic quasi-greedy basis of a quasi-
Banach space X. Then B, is an almost greedy basis.

Proof. Lemma 4.6 and Corolary 5.8 yield that B* is a bidemocratic
quasi-greedy basic sequence. Then, applying Corolary 5.8 to B* we
obtain that B** is an almost greedy basis. An appeal to Theorem 9.14
finishes the proof. O

Proposition 9.17. Let X be a quasi-Banach space equipped with a
semi-normalized M -bounded basis B for which the restricted truncation
operator is uniformly bounded. Suppose that (o5[B,X])™" is a reqular
weight for some 0 <r < 1. Then

(i) @lg[chXC,r] ~ 9025[8’ X].

(ii) If B is democratic then B., is a democratic basis for which the

restricted truncation operator is uniformly bounded.
(i) If B is democratic and r =1 then B is a bidemocratic basis.

Proof. Let s = ¢f[B,X]. By Proposition 8.9 (i), d «(A(s)) is an r-
convex quasi-Banach space. Therefore, combining Theorem 8.12 (ii)
with the universal property of r-Banach envelopes yields

Bc,'r'
Xer = dioo(A(s)). (9.2)
Using Corollary 8.13 (ii) we obtain (i).
Suppose that B is democratic. By Corollary 8.13 (i), dy ,(A(s)) & x
for some p < 1 so that

Be,r
dip(A(s)) = X,
Using Corollary 8.15 finishes the proof of (ii).
Assume that » = 1 and that B is democratic. Set t = (m/s;,)0_;.
Dualizing in (9.2) and taking into consideration Proposition 8.11 (ii)
and the regularity of s~!, we obtain

B* s
d171(A(t)) - d1,1(1/S) — X*.
Corollary 8.13 (i) puts an end to the proof. O

Corollary 9.18. Let B be an almost greedy basis of a quasi-Banach
space X. Suppose that 1/¢5[B,X] is a reqular weight. Then B* and B,
are almost greedy bases.

Proof. Just combine Proposition 9.17 (iii) with Corollary 5.8 and The-
orem 9.16. U
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10. EXAMPLES

10.1. Symmetric and subsymmetric bases. Let us denote by O
the set of all increasing functions from N to N. A basis B = (x,,)52; of
a quasi-Banach space X is said to be subsymmetric if it is unconditional
and equivalent to all its subsequences. If for some constant C' > 1 the
basis satisfies

< ISl

1 [o.¢]
S < |3 20 xan
n=1

for all f =3, a,%x, € X, all (¢,)22, € & and all ¢ € O, then B
is said to be C-subsymmetric. Mimicking the proof from the locally
convex case we obtain the following result, which uses some linear op-
erators related to subsymmetric bases.

Given a basis B of a quasi-Banach space X, an increasing function
¢: ACN—= Nand € = (g,)nea € E4 we consider the linear map

Upe: (xp:m €N) = X| Z Uy Xy > Z A, En Xg(n)-
n=1 n=1
Theorem 10.1 (cf. [18, Theorem 3.5, Theorem 3.7 and Corollary 3.9]).
Let B be a basis of a quasi-Banach space X.

(i) B is C-subsymmetric if and only if Uy, is well-defined on X
and ||Uyc|| < C for all increasing maps ¢: A CN — N and all
€= (gn)neA € €A~

(ii) B is subsymmetric if and only if it is C-subsymmetric for some
1 <C < 0.

(iii) If X is p-convex and B is subsymmetric there is an equiva-
lent subsymmetric p-norm for X with respect to which B is 1-
subsymmetric.

Corollary 10.2. Let B be a C-subsymmetric basis of a quasi-Banach
space X. Then B, is a C-subsymmetric basis of X, for 0 < r <1
and B* is a C-subsymmetric basis of X*.

Proof. The result about X, follows from Theorem 10.1 (i) and the
universal property of r-Banach envelopes. The result about X* follows
from Theorem 10.1 (i) and duality. O

Clearly, a 1-subsymmetric basis is 1-unconditional and 1-democratic.
Thus, by Theorem 10.1, subsymmetric bases are greedy. Quantita-
tively, applyling Theorem 6.2 yields that every 1-subsymmetric basis
of a p-Banach space is 2'/P-greedy. The following example exhibits that
this estimate is optimal.
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Example 10.3. Set
W ={(w,)i; €Eco\lh1:1=wy >wy > wy, > wpy >+ >0}.

Given 0 < p < oo and w = (w,)2, € W, the Garling sequence
space g(w,p) is the function quasi-Banach space on N associated to
the function quasi-norm

[ee] 1/p
[/ lgtw.p) = sup (Z !a¢(n>|”wn> ;= (an)pl € F
¢$€0 n=1
It is straightforward to check that g(w,p) is a min{p, 1}-Banach space.
Garling sequence spaces were studied in depth for p > 1 in [11]. We
shall extend to the case p < 1 a couple of results that are of interest
for us.

Theorem 10.4. The unit vector system Be is a 1-subsymmetric basis
of g(w,p) for every 0 < p < oo and w = (w,)?2; € W.

Proof. 1t is clear that B, is a 1-subsymmetric basic sequence, so we
need only prove that its closed linear span is the entire space g(w,p).
Let f = (a,)22, € g(w,p). Then |f|? € g(w, 1). Since the result holds
in the case when p =1 (see [11, Theorem 3.1]) we have

1/p
i 1 = Sy = i |17 = Su(lf)| © =00 0O

g W7
Given a tuple f = (a;)72; in a quasi-Banach sequence space (X, || - ||)
we put || f| = || X7, anen|. If f and g are a pair of tuples in X we

denote its concatenation by f ~ g.

Lemma 10.5 (cf. [10, Lemma 2.3]). Let 0 < p < o0 and w € W.
Given 0 < ¢ < 1 and tuples f and g with || f||gwp) < 1, there is a tuple
h such that b ~ fllyws < 1 and g ~ Bl = (gl + 1 — ).
Moreover, h can be chosen to be a positive constant-coefficient k-tuple
with k as large as wished.

Proof. The proof for p > 1 from [10] can be reproduced for p < 1 with
no issues. U

Now, with the help of Lemma 10.5, we proceed to estimate the greedy
constant of Garling sequence spaces. Given € > ( there are 0 < a < 1
and n € N such that, if A ={2,...,n+ 1},

lensa +alal|=1 and |e; +alyl > (2 — €)'/
Consequently,

CylBe, g(w,p)] = T'[Be, g(w,p)] > 2'/7.
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The concept of a subsymmetric basis is closely related to that of a
symmetric basis. A basis is said to be symmetric if it is equivalent to
all its permutations. A basis is said to be C-symmetric if

o
D Enn Xo(n)
n=1

forall f=30,a,x, € X, all (¢,)52, € &y, and all permutations o of
N.

Theorem 10.1 has its symmetric counterpart, which can also be
proved as in the locally convex setting.

Theorem 10.6 (cf. [67,68]). Let B be a basis of a of a quasi-Banach
space X. Then:

< |/l

(i) B is symmetric if and only if it is C-symmetric for some 1 <
C < 0.
(ii) If B is C-symmetric then B is C-subsymmetric.
(iii) If X is p-conver and B is symmetric, there is an equivalent
symmetric p-norm for X with respect to which B is 1-symmetric.

We record a result showing that the greedy algorithm provides better
approximations for symmetric bases than for subsymmetric ones.

Proposition 10.7 (cf. [17, Theorem 2.5]). Every l-symmetric basis
in a quasi-Banach space is 1-greedy.

Proof. The proof of this result for Banach spaces from [17] can be
adapted to quasi-Banach spaces in a straightforward way:. O

10.2. Direct sums of bases. Let X, Xy be quasi-Banach spaces.
Given bases B; = (x,,:)22, of X;, i = 1,2, By @ By, denotes the basis of
Xy & X, given by

Bl b BQ = ((lel,O), (O,leg), ceey (Xn71a0>; (O,ang), P )

Direct sums of bases in quasi-Banach spaces inherit from their compo-
nents all the unconditionality-type conditions we have defined, namely,
SUCC, LUCC, boundedness of the restricted truncation operator, quasi-
greediness, QGLC, and unconditionality. The relation between the
democracy of a direct sum of bases and that of its components is also
well-known (see e.g. [44, Proposition 6.1]), and the lack of local convex-
ity does not alter the state of affairs. Thus, we can easily characterize
when a direct sum of bases possesses a property which has a democratic
component and an unconditionality-type component.

Proposition 10.8. Let By and By be two democratic bases (respectively
super-democratic bases, SLC' bases, almost greedy bases, greedy bases,
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and bases sandwiched between symmetric spaces) of two quasi-Banach
spaces Xy and Xy. Then By® By is democratic (resp., super-democratic,
SLC, almost-greedy, greedy and sandwiched between symmetric spaces)
if and only if pu[B1,X1] & pu[Ba, Xa].

Proposition 10.8 tells us how to easily build examples of bases in
direct sums in such a way that we break the democracy while main-
taining the starting unconditionality-type condition. For instance, the
unit vector system of £, & ¢,, 0 < p # g < 00, is an unconditional basis
which is not greedy despite the fact that the unit verctor system in
each component is greedy. In fact, as we next show, the space ¢, @ ¢,
has no greedy basis.

Theorem 10.9 (cf. [61, Corollary 2.8]). Let 0 < p; < -+ < p,, < 00,
with n > 2. Then the space ©}_,L,, has no greedy basis (we replace (o
with ¢y if p, = 00).

Before seeing the proof Theorem 10.9 we give two auxiliary results.

Lemma 10.10. Let X be a quasi-Banach space. Suppose that every
semi-normalized unconditional basis B of the Banach envelope X, of X
verifies one of the two following conditions:

(1) FEither B has subbases By and By with
oy EolB X (m) _
m @] [Br, Xc](m) ’
and By generates a space with non-trivial type, or
(2) B has a subbasis By equivalent to the unit vector system of co,
and another subbasts which 1s not equivalent to the unit vector
system of cq.
Then X has no greedy basis.

Proof. Assume, by contradiction, that B is a greedy basis of X. By
Theorem 6.1, B is unconditional in X and so, by Proposition 9.9, is
semi-normalized and unconditional as a basis of X.. Let Y; (respec-
tively, X;) denote the space generated by By in X. (respectively, X)
either under condition (1) or (2). Corollary 9.7 (i) yields that Y, is
isomorphic to the Banach envelope of X; under the map Jx|x,. If
condition (1) holds, [50, Theorem 2.8] yields that X; ~ Y;. Therefore,

@5 [B2, X < i [B,X] < i [B,X] &~ ¢f [B,X] < ¢f [B1,X] &~ ¢ [Br, X(].

If condition (2) holds, by [51, Theorem 6.2], there is a subsequence
Bs of By which, when regarded in X, is equivalent to the unit vector
system of ¢q. Consequently,

05 (B, X](m) = ¢[Bs, X](m) ~ 1, form € N.
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We infer that B, when regarded in X, is equivalent to the unit vector
system of ¢g. Therefore X, = X and so every subbasis of B when
regarded in X, is equivalent to the unit vector system of ¢.

That is, in both cases we reach an absurdity and so X has no greedy
basis. U

Corollary 10.11. Let X be a quasi-Banach space. Suppose that every
semi-normalized unconditional basis of the Banach envelope X. of X
has subbases By and By which, for some 1 < sy < s1 < 00, generate
spaces Xy and Xy respectively isomorphic to {s, and Uy, (co if 51 = 00).
Then X has no greedy basis.

Proof. Given 1 < s < o0, every semi-normalized unconditional basic
sequence of /, has a subbasis equivalent to the unit vector system of
(. Consequently, if By and B; are as in the hypothesis,

£
¢1§[B2)X2] (m) Z ml/SQ*l/Sl) m € N.
¢i [B1, X4](m)
Moreover, if s; < oo, the space {5, has non-trivial type. So the result
follows from Lemma 10.10. ]

Proof of Theorem 10.9. Set X = &7_{,, and put ¢ = p,. Suppose
first that ¢ < 1 and let r = p,_;. Let us assume that X has a greedy
basis that we call B. Then, the r-Banach envelope X, of X is ¢, @ ¢,
under the inclusion map, and B, is in particular a semi-normalized
unconditional basis of X¢,. The uniqueness of unconditional basis of
0, &, (see [15,53]) yields

#i [B,X](m) 2 5B, X](m) 2 @5 [Bey, X, (m) ~m'", meN.
Pick r < s < ¢. Since

i 1

2 B X))
Proposition 9.12 yields that X s ~ ¢, which is absurd because X, s =
s L,

Suppose now that ¢ > 1 and put » = max{1,p,_1}. In this case the
Banach envelope X of X is (under the inclusion map) ¢, & ¢,. Then,
by [40, Theorem 4.11], every unconditional basis of X splits into two
subbases By and B, which generate subspaces isomorphic to ¢, and ¢,

respectively. Since 1 < r < ¢ < 0o, an appeal to Corollary 10.11 puts
and end to the proof. O

< 00,

Infinite direct sums of bases will also be of interest for us. Given a
sequence (By)22, of (finite or infinite) bases for Banach spaces (Xz)2,
we define its infinite direct sum in the following way: if By = (Xk.n)neJ,
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we set J = {(k,n): n € Ji, k € N} and define &2 B, = (y;)jes in
1132, X by

x, ifj=k
0 otherwise.

Yin = (fe)ier, [i= {

The following elementary lemma is the corresonding result to Propo-
sition 10.8 for infinite sums of bases.

Lemma 10.12. Suppose p € (0,00]. For k € N let By be a basis of
a quasi-Banach space X;,. Assume that there are constants Cy and Cy

such that for all A C N finite and all k € N,
Chl AP < |[14[By, Xi]|| < Col AP,

Then B = &2,By. is a democratic basis (basic sequence if p = oo) of

Cim'? < B, X](m) < ¢,[B,X](m) < Cym'?, meN.

10.3. Greedy bases in Triebel-Lizorkin and Besov spaces. Given
a dimension d € N we denote ©4 = {0,1}¢\ {0} and we consider the
set of indices

ANy =7 x 7% x O,.
The homogeneous Besov (respectively Triebel-Lizorkin) sequence space
lo);:fll (resp. E}fﬁ) of indeces and p and ¢ € (0, 00] and smoothness s € R
consists of all scalar sequences f = (ay)xea for which

1/q

o a/p
| f by, = Z 9ja(s+d(1/2=1/p)) Z (Z |aj7n75|p>

Jj=—00 6604 \ neczd

(resp. || f

0o 1/q
f5, = ( S Y e |aj,n76!qXQ(j,n)) ),

Jj=—000€0y ncZd »

were Q(j,n) denotes the cube of length 277 whose lower vertex is 27/n.
If we restrict ourselves to non-negative “levels” j and we add /, as a
component we obtain the inhomegeneous Besov and Triebel-Lizorkin
sequence spaces. To be precise, set

A;— = {(],’I’L,(S) € Ad: ] Z 0}7
and define

byt = (2 @ {f = (aA))\eA;r: /]
f;f:zi = gp(Zd) ©{f = (a/\),\eA;l“ If

b3q < OO}’

£5, < OO}
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It is known that the wavelet transforms associated to certain wavelet
bases normalized in the Ly-norm are isomorphisms from F? (R?) (re-

spectively F;’q(Rd), B (R?) and B%;ﬁq(Rd)) onto 5 (R?) (resp., foud

g7

s,d " s.d
by and by?). See [41, Theorem 7.20] for the homegeneous case and

[71, Theorem 3.5] for the inhomogenous case, the spaces Fi, ,(R?) must
be excluded. Thus, Triebel-Lizorkin and Besov spaces are isomorphic
to the corresponding sequence spaces, and the aforementioned wavelet
bases (regarded as distributions on Triebel-Lizorkin or Besov spaces)
are equivalent to the unit vector systems of the corresponding sequence
spaces.

A similar technique to the one used by Temlyakov in [70] to prove
that the Haar system is a greedy basis for L, when 1 < p < oo allows
us to prove that Triebel-Lizorkin spaces have a greedy basis.

Proposition 10.13 (cf. [49, Theorem 16]). Let d € R¢, 0 < p < oo,
0 < q < o0 ands € R. The normalized unit vector system of the
spaces f;”g and f;;g is a greedy basis (basic sequence if ¢ = oo) with

fundamental function equivalent to (m'/P)>_,.

Proof. 1t suffices to prove that the unit vector system of the homoge-
neous space f]f;g is democratic in the case when s + d(1/2) = d/p, so
that it is normalized.

For every finite set A C A and every # € R, the nonzero terms of
the {,-norm

1/q

F(z) = ( > 2 ”XQ(m(fE))
(jyn,0)€eA

belong to the geometric sequence (27¢/ P)% o, and a given term of this

geometric sequence appears at most 2¢ — 1 times in the expression
defining F'(x). Hence, for x € RY,

1/p
F (ff)“< > deXQ(m(x)) :

(4,n,0)€A
Raising to the pth-power and integrating on R? finishes the proof. [

The behavior of Besov spaces is quite different. Indeed, every se-
quence Besov space of indeces p and ¢ is naturally isomorphic to the
mixed-norm space ¢,(¢,) and so if p # ¢ its unit vector system cannot
be greedy because it is not democratic. Here we take one step forward
and extend the main result from [66] to the whole range of indices p,
q € (0,00].
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Proposition 10.14. Let 0 < p # q < oco. Then {,(¢,) has no greedy
basis (we replace lo, with ¢y if some of the indices is 00) .

Proof. The case when s := max{p, ¢} < 1 follows as a consequence of
the uniqueness of unconditional basis of the space X := ¢,(¢,) proved
in [15,53].

Assume that s > 1 and set r = max{l, min{p,¢}}. The Banach
envelope X, of X is, with the usual modifications if s = oo, either
ls(¢,) or £,.(¢s) under the inclusion map. Therefore, by [66, Theorem
1], every unconditional basis of X, has two subbases B; and B, which
are equivalent to the unit vector system of £, and ¢, respectively. Since
1 <r < s < oo, appealing to Corollary 10.11 the proof is over. 0

10.4. Almost greedy bases in Besov spaces. Now we introduce a
different family of Besov sequence spaces. Set

These spaces are isomorphic to Besov spaces over [0, 1]¢ (see [5,30]),
and are mutually non-isomorphic, with the only exception of the case
By, ~ By, for 1 < ¢ < oo (see [5]). In the locally convex setting,
the existence of greedy bases in these spaces was studied in [37]. Since
greedy bases are in particular almost greedy, in this section we go
further and provide a couple of results on the existence of almost greedy
bases in nonlocally convex spaces By, 4.

Proposition 10.15 (cf. [9, Proposition 4.21]). Let (X)), be a se-
quence of finite-dimensional quasi-Banach spaces, and let q € [0,00).
If B is a super-democratic basic sequence in X = (#;°,X,,),, then:

(i) If ¢ > 0, ¢S[B,X] ~ m'/? for m € N.

(ii) If ¢ = 0, B is equivalent to the unit vector system of co.

Proof. The proof for locally convex spaces from [9] works for 0 < ¢ < 1
and X,, quasi-Banach. O

Lemma 10.16. Let 0 < ¢ < 1 and (X,)22, be a sequence of finite
dimensional Banach quasi-Banach spaces. If the space X := (022,X,),
has an almost greedy basis, then for ¢ < r <1 we have

<EBZO:1(XH)C,T)T ~ gr-

Proof. If B is an almost greedy basis of X, by Proposition 10.15 (i),
©f[B,X] ~ m!/? for m € N and so, by Proposition 9.12, the 7-Banach
envelope of X is isomorphic to £,. The proof is over by Proposition 9.6.

O
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Proposition 10.17. The space B,, has no almost greedy basis for
0<qg<landqg<p<oo.

Proof. Assume by contradiction that B is an almost greedy basis of B, .
Pick ¢ < r < min{p,1}. Then, by Lemma 10.16 and Corollary 9.7,
B, ~{,. By [5, Theorem 1.2], this an absurdity. O

Proposition 10.18. The space By, 0 < p < 00, has no almost greedy
basis.

Proof. Just combine Proposition 10.15 (ii) with Theorem 1.2 from [5].
O

10.5. Democratic bases that fail to be SUCC.

Example 10.19. Given 0 < p < oo we consider the James-type quasi-
norm

o] 1/p

£l = sup <Z |asir) — %(k—l)l’”) , f= ()i, €FY
€0 \k=1

Here we are using the convention ¢(0) =0 and ap = 0. If 1 < p < 00

the space

Xy ={f €F": || fIl < oo}

is the James quasi-reflexive space J®).
For 0 < p <1, the space X,y behaves quite differently. In fact, since

n 1/p
|an — ai| < ( > lay —aj—1|p>

j=h+1

we have

00 1/17
1 fllw) = (Z Ian—an—1|p> , f=(an)p €FN,0<p <L
n=1

Hence X(y) is the space consisting of all sequences of bounded variation,
usually denoted by v;. By analogy, we will denote X, by v, for p < 1.
Since the mapping P: v, — ¢, defined by (a,);2; — (an — an—1)52; is
an isometry, the space v, is nothing but £, in a rotated position. Since
an] < ||fllp for every f = (a,)22, € FY, we readily infer that the unit
vector system is a Schauder basis of v, with basis constant 21/7.
Consider the “alternating basis” B = (x,)5, of v, given by x,, =

n=1

(=1)""'e, for every n € N. Notice that for f = 32, a, x, € vy,

oo 1/p
1f ) = (Z \an+an1|p> , 0<p<l.
n=1
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Then, if F denotes the coefficient transform with respect to B defined
as in (1.3), in the case when F(f) > 0 we have

I flly < 2YPNF()llps f € vy,
and

207Dl < [ fll@y, | € vy

We deduce that B is a 2Y/P-democratic basis of v, with

B, v,)(m) ~m'?, m €N.

n—1

However, since || Y1 (=1)"""e, || = 2 for every m € N,

pi[B,v,)(m) ~1, meN.
Therefore, for any 0 < p <1, B is not a superdemocratic basis of v,.

Another example of a democratic basis that is not superdemocratic
is the summing basis of ¢y. Next, in order to clear up the fact that the
geometry of the space has no effect on the existence of such bases, we
construct an M-bounded total basis in a Hilbert space.

Our construction relies on the following elementary lemma.

Lemma 10.20. Let X be the space R? endowed with the standard Eu-
clidean norm. For each n € N there exist vectors a;,as € X such
that

lar]| = [laz]| = v with |la; —az]| =1 (10.1)
and
Hozlal —+ OéQaQH Z \/ﬁ\/m (102)

whenever aydiy > 0. Moreover the vectors aj, a; given by (a}, as) = 0
satisfy
n

ajll = a3l = | — 10.3
lat]l = llas] Rl (10.3)
Proof. In the canonical system in R? we take a; = (y/n— 1,1) and
ay = (y/n — 1, —3%). The rest is a straightforward calculation. O

Example 10.21. Consider the Fuclidean space F" with the unit vector
basis (e;)7_;. Put a =Y 7_, e;. Let H, be the (2n)-dimensional Eu-
clidean space X; @ X @ Xy where X; and X, are (n — 1)-dimensional
euclidean spaces. Let H! = X;®[a;] and H2 = [ay] ®X,. For s € {1,2}
let T,: F* — H: be an isometry with T,(a) = a,. Since H,, = H. ¢ H?
algebraically, the sequence

B. = (Tu(ej): s=1,2,j=1,...,n).
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is a basis of H,,. Let e} = T,(e;) for (s,j) € ©, :={1,2} x {1,...,n}.
Note that, by construction,

dYe=a, s=12 (10.4)

1

n

J

For s € {1,2} let ms be the canonical projection of H,, onto X, and
let ™ be the canonical projection of H,, onto X. Since the orthogonal
projection of F™ onto [a] = Fa is given by

n 1 n
Zajej — ﬁ (Zaj> a,
j=1

J=1

and e} € H; C X, @ X it follows that for j =1,...,n and s € {1, 2},

m(ej) =0, te{l,2},t#s (10.5)
w(el) = % (10.6)

Let us analyse the coordinate functionals By, = (¢5)(sj)ce, of Bn.
Note that for every ¢ € H?,

111 = I [1* + X + [l X
< I + X7 + [l |H

= [[U(an)a) +v(az)az|* + > [v(e)].
By (10.4), ¥3(a;) = 05 for s, t € {1,2} and j = 1,..., n. Using (10.1)

we obtain
n
L< 5P < —7+1<3. (10.7)

1
Let also analyse the basis constant K,, := K|[B,,X,] with respect to
an arbitrary ordering of B,,. For A C ©,, and s € {1,2}, consider

A, ={(t,j) e A: t = s}.

Given 0 < k < n there is 0 < m < 2n for which the partial-sum
projection S,, coincides with the coordinate projection on a set A such
that the cardinality of A; is k. If R = m; o S4|x we have

[R]] = [lm1 0 S| < 1Sml| < K.

By (10.5),
R(ay) =0 and R(a;) = m(Sa,(a1)),
and also
mo(S4, (a1)) = 0.
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From 10.6 we get

A
w(Sn () = 2a,

and from 10.4 we obtain

154, (1) ]| = V] Al
This yields
[R(a1 — a)|

lar — aq|

= [|[m1(Sa, (a1))|
= V1184, (a1) |1 = [|7(Sa, (ar)) 12

A2
:,/|A1|—’n12’ n.

Choosing k = [n/2] gives

| R[] >

K, > \f\/ﬁ (10.8)

Finally, we estimate the democracy functions of B,. Let A C ©,.
By (10.5), (10.6) and (10.2) we have

ILall® =l (L) + I (La)* + (1) [1*

A As| P
~ Im @)l + [+ el e

1
> [lm(La)[” + — (AL + [Aof?) + [l (14,

= [l (La) I1” + 7 (La) I+ [l (Lag) 1P + (|72 (1)1

2 2
= ”]‘AIH + ||1A2||
= |A1| + Ay
= |Al.

Conversely, by the triangle law,
1Lall = 114, + L
< a4 (14
= V][4 + V]Az|
= V2|41 | + |4,
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Now, let ¢ = (e ])(]s co, € Eo be the sequence of signs given by
es; = (—=1)7. By (10.4) and (10.1) we have

n n
11ee.l = H— doejt e
=1 j=1

By (10.7), the direct sum B of the bases (B,,),en, is an M-bounded basis
of the the Hilbert space H := (&5° ,H,,)s. From (10.8) we deduce that
there is no ordering of B with respect to which B becomes a Schauder
basis. Putting together all the above estimates and taking into account
Lemma 10.12 we obtain

m'? < i[B,H](m) < ¢, [B,H|(m) < v2m'/?

= ||a2 — 31” =1.

and
or B, H](m) <1

for every m € N. Thus B is democratic but not superdemocratic.

10.6. Superdemocratic bases that fail to be SLC and LUCC.
Our source of inspiration in this Section is Example 4.8 from [24], which
we generalize in the following Example.

FEzample 10.22. Let X be the direct sum ¢, ® ¢, for 0 < p < ¢ < o0,
with the understanding that X = ¢, ® ¢y when ¢ = co. The sequence
B = (x,)>, given by

1
Xop—1 = (€x, €r), Xop = (29k7ek) , kel
is clearly a normalized Schauder basis of X.
For A C N let

B={keN:{2k—1,2k} C A},

B,={keN:2k—1€ A2k ¢ A}
and
B.={keN:2k—-1¢ A 2k e A}

If 7, and 7y denote respectively the projections of X onto ¢, and ¢,, we

have
p
= ||T1 (Z 15,A>
neA P

= ||T2 (Z 15,A>
neA

1
€ok—1 + §5k

-y

keB

p 1 p
+|Bo|+<2> |B,|

and

q

=Y leaw1 + el + | Bo| + | Bel-
keB

q
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Hence

(1> ‘BH’BH(l) [Bel < Ny < (2>p|B|+\Bo\+<;>pyB€|

and
Ny < 29|B[ + [B,| + [ Be|.
Since |A| = 2|B| + |B,| + | B, it follows that

1 3
Sori |A| < N; < max{ ' op +1} |Al,
and
Ny < max{2?7' 1}|A|.
Hence,
3
1/ 1-1/ 1/
21+1/p|A| P < %1 A <max{1,2 q,21+1/p}|A| P
and so B is superdemocratic (thus SUCC).
Set
— ) Xopo1+2) Xop = (QZ%) )
k=1 k=1 k=1
= - Z Xok—1 + Z Xok-
k=1 k=1
= - Z Xok—1-
k=1
Since || fin|| = mY? and ||gm|| = [|hm|| = m'/? for m € N, we have

llgm|l [l
lim = lim
mfwll Ll
So, B is neither LUCC nor QGLC.

10.7. Democracy does not transfer to the Banach envelope.
The aim of this section is to build an example of a democratic basis
in a quasi-Banach space X which is not democratic as a basis of the
Banach envelope X. of X. Our construction relies on the following
lemma.

Lemma 10.23. Let X C FN be a quasi-Banach space for which the
unit vector system B, is a subsymmetric basis.

(i) Suppose that X is locally convexr and ¢, [Be, X](m) ~ m for m €
N. Then X = { (up to an equivalent norm,).
(il) Suppose that o, [Be,X|(m) ~m for m € N. Then X C /.
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Proof. (i) By [58, Proposition 3.a.6], B, is a subsymmetric basis of X*
with bounded fundamental function. Hence B, is equivalent to the unit
vector system of ¢y as a basis of X* and so B, is equivalent to the unit
vector system of /; as a basis of X.

(ii) By Corollary 10.2, B, is a subsymmetric basis of X.. Therefore,
using part (i), we obtain X C X = 4;. O

Example 10.24. Let X C FY be a quasi-Banach space such that ¢; ¢
X and the unit vector system B, is a subsymmetric basis of X with
fundamental function equivalent to (m)>°_,. Then, by Proposition 10.8,
B.® B, is a greedy basis of /1 & X with fundamental function equivalent
to (m)>®_,. By Corollary 9.7, the Banach envelope of B, @ B., as
a basis of /1 & X, is the very B, @ B. regarded as a basis of ¢; @
Xc. By Lemma 10.23, ¢,[B.,X.] % m for m € N. Therefore, by
Proposition 10.8, the Banach envelope of the canonical basis of /1 & X

is not greedy since it is not democratic.

Ezample 10.25. Taking into consieration Proposition 8.9 (i), as a par-

ticular case of Example 10.24 we can pick X = ¢, ,, 1 < ¢ < oo, and

X =1 . Note that by Proposition 8.11, if ug = (1/n);>,,
(01 )™ = m(u)

under the inclusion map. Therefore

(] o) = mo(uo)
under the inclusion map. Therefore the fundamental function of B, as
a basis of () )¢ is equivalent to (m/log(1+m))se

m=1-

Example 10.26. In order to obtain quasi-Banach spaces X such that
Ou[Be, Xc| % @u[Be, X]| = m for m € N we can also apply Lemma 10.23
to some Garling sequence spaces. For 0 < a < 1, let u,, be the potential
weight defined in (8.2). Note that u, € W and that for every 0 < p <
oo the fundamental function of the unit vector system of g(u,,p) is

m 1/p
Bt = (Sn) L e
n=1
Consequently,
P5Be, g(a, p))(m) = m*?,  m € N. (10.9)
Proposition 10.27. Suppose 0 < p < 1. Then g(u,,p) Z ¢;.

Proof. By Lemma 10.5, for each N € N there exist positive constant-
coefficient tuples (f;)X; such that A; := || f;l|g(u, > 1/2 and

oo fy e Flly gy = 1
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For each m € N let h,,, denote the positive constant coefficient m-tuple
of sum one, that is,

1 1 1
hm - — ) —_
m m m
m times

If m; denotes the length of f; and we let ¢ = ¢%[B., g(u,,p)] we have

p(m;) ~
h,, = ., j=1,...,N.
/ )\jmj f] J
By (10.9) there is a constant C' depending only on p such that ¢(m;)/(Ajm;) <
C forall =1, ..., N. Thus, if we put

h=huy ~ Al ~ A by,
we have [|A| 4w, < C. Since ||h||; = N we are done. O

Remark 10.28. Proposition 10.27 brings forward an important struc-
tural difference between g(u,,p) and its symmetric counterpart, the

space (1,. Notice that, since | f|gw,p) = [[flle,u) = [[fller, for f
positive and non-increasing, we also have ¢; ¢ g(u,,p) for 0 <p < 1.

Ezxample 10.29. The behavior of nonlocally convex Garling sequence
spaces g(u,, p) for a # p is quite different. If 0 < p < o < 1, combining
Proposition 9.12 with equation (10.9) yields that the Banach envelope
of g(ua,p) is 1. If 0 < a < p < 1, by equation (10.9), ©¢[B,, g(ua,p)]
is a regular weight. Proposition 9.17 now yields that

@B, g(ua, p)] = ©%[Be, (9(ua, p))c]

and that the unit vector system of g(u,, p) is bidemocratic.

10.8. LPU and democratic bases that fail to be quasi-greedy.
Our examples in this section are modeled after a method for construct-
ing quasi-Banach spaces that goes back to Konyagin and Temlyakov’s
article [55].

Let w = (w,)%; be a non-increasing weight. Given f = (a,)%, €
FN we put

)

m

> ayw,
n=1
and then define the Banach space sy, as

sw={f €F": |[flw < oco}.

m
n=1

[/ llw = sup
m

Of course, the mapping (a,)32; — (3
isometry from sy onto .

A, Wy)_, restricts to an
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Let X be a p-Banach space with a greedy basis B whose fundamen-
tal function is equivalent to the primitive weight s of w. Then, by
Theorem 8.14, X is sandwiched between d; ,(w) and d; (W) via B.
Assume without loss of generality that B is the unit vector system and
that X C FY. Then d; ,(w) C X C d; (W) continuously. Merging
those two ingredients we consider the space

KT[X, W] =XnN Sw = {f € X: “f”KT[X,w} < OO},
where for f € X,
[ lrpxw) = max {[| flx, [[fllw}-

The convexity of the space KT[X, w]| is at least the same as the con-
vexity of X; in particular KT[X, w] is a p-Banach space.

If 5., = @u[Be, X](m) for every m € N we simply write KT[X, w]| =
KT[X]. The example in [55, §3.3] is the case KT[¢y], while KT[¢,],
1 < p < oo, was later considered in [44]. The case in which X is a
Lorentz space was studied in [22]. We will refer to this method for
building quasi-Banach spaces as the KT-method.

Let us gather together some properties of the spaces sy, that will
be required in our study of the spaces KT[X,w]. It is easy to check
that the unit vector system is a monotone basic sequence of sy,. It is
satisfied that

1 £llw < I fllw forall f e FY. (10.10)

If (a,)%, € FY is non-negative and non-increasing, the quasi-norm
l((=1)"ta,)>%,|lw is the supremum of the partial sums of the “alter-
nating” series 322, (—1)""'a,,. Then,

(1" @)l = arwr, 4, N\ 0. (10.11)

Let us return to the KT[X, w] spaces. From (10.10) we deduce that
we always have

dy (W) C X C KT[X, w] C dy o (W). (10.12)

-

We also infer from (10.10) that di;(w) C KT[X,w] if and only if
d171<W) Q X.

The definition of KT[X, w] yields that the unit vector system B, is
a basic sequence of KT[X, w| with basis constant no larger than that
of B, seen as a basis of X. The inclusions in (10.12) combined with
Corollary 8.15 show that the unit vector system of KT[X, w] is demo-
cratic and that the truncation operator with respect to it is bounded.
Therefore the unit vector system of KT[X, w| is SLC and LUCC.

If X C dyi(w) then KT[X,w| = X, and so the unit vector system
is an unconditional basis of X. The converse also holds under a mild
condition on X and w.
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Lemma 10.30. Let let w be a non-increasing weight such that 1/w is
doubling and let X C FYN be a quasi-Banach space for which the unit
vector system B, is a basis with fundamental function equivalent to the
primitive weight of w.

(i) If B., regarded as basis of X, is a greedy basis equivalent to its
square and B, regarded a basis of KT[X, w], is unconditional,
then X C 01(w).

(ii) Assume that Be, regarded as basis of X, is symmetric. Then B,,
regarded as a basis of KT[X, w]|, is unconditional if and only if
X g dl,l(w)-

Proof. (i) Let Cy < oo be such that

Wn, S Clw2n717 n € N.
Let Cy < o0 be such that

1f @ gll < Comax{||f|.lgll}, f.geX

Here, if f = (a,1)52, and g = (an0)52 4,

f®g=(am),m-n)net-
Let ('35 < oo be such that

|an| < G5l fllx, [ =(an)yi; € X

Suppose B, is C-lattice unconditional when regarded as a basis of
KT[X,w]. Then for every f = (a,)>2; € X we have

1 levewy = 1111 lw
<Gil[[fl®0[lw
< Cil[ 11 0 [lxrx,w)
< CCif & (= )llxrmw

n—1
< CCymax {C’Q||f||x,sup |an |wan—1 + Z |ak|(wap—1 — w%)}
k=1

B {cz, Gy + s S (e s — w2k>} £l

k=1
Since
o0 oo
Z(w%fl — W) Z Wk — Wgt1) = Wy — hm W,
k=1 k=1

we are done.
(ii) is immediate from (i). O
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Lemma 10.30 puts the focus of attention on symmetric quasi-Banach
spaces X such that X ¢ d; ;(w) or, as a particular case, in symmetric
quasi-Banach spaces such that d;;(w) € X. Of course, if X is lo-
cally convex then d; ;(w) C X, but there are non-locally convex quasi-
Banach spaces for which the embedding d; ;(w) C X still holds. For
instance, certain sequence Lorentz spaces d; 4(w) for 1 < ¢ < oo are
non-locally convex quasi-Banach spaces. We will characterize when
the spaces d; 4,(w) and KT(d; ,(w), w| are locally convex in Proposi-
tion 10.32. To that end we need to see an auxiliary result.

Lemma 10.31. Let X C FY be a quasi-Banach space whose unit vector
system B, is a greedy basis with fundamental function equivalent to the
primitive weight of a non-increasing weight w = (w,,)> ;. Suppose that
d14(w) C X for some some 1 < g < oco. If the space KT X, w]| is locally
convex then s has the URP.

Proof. Our assumptions yield a constant C' < oo such that for every
m e Nand ()7, in KT[dyy(w), wl,

ifj

< O3 mas {]| l1gmes [l }
j=1

1,00,w

Let g = (a,)32; be a non-decreasing sequence of non-negative numbers.
For m € N, let (g;)i=;' consist of all cyclic rearrangements of

m—1

Jgo=>_ (=) a,e,.
n=1
For every 7 =0, ..., m — 1 we have the estimates

19511100 < 1gl1,0,w:
and, by (10.11),

lgjllw < max ajwi + a1wmn—j1 < 201 w1 < 2||gllgw-

We also have

m—1 m m m

Yo (—1)fgi = D=1 e Dy =Sm Y an.

k=0 1,00,w k=1 1,00,w n=1 n=1
Hence,

[Aa(9) 1100w < 3Cgl1.qw-

By Theorem 8.10, the sequence (1/s,)>2, is a regular weight. Then,
by Lemma 8.8, the weight s has the URP. U
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Proposition 10.32. Let w = (w,)22, be a non-increasing weight with
primitive weight s = (s,)5,, and let 1 < ¢ < oo. The following are
equivalent.

(1) diq(wW) is locally convez.
(ii) KT[dy 4(w),w] is locally convez.
(ii) s has the URP.

Proof. (1) = (ii) is obvious. (ii) = (iii) is a straightforward consequence
of Lemma 10.31. (iii) = (i) follows from combining Lemma 8.8 with
Proposition 8.9 (i). O

Fzample 10.33. Since for 1 < ¢ < oo the fundamental function of ¢, ,
is (m)oe_;, we can safely define KT[¢; ,, u], where u = (u,)3, is the
weight defined by u, = 1 for every n € N. Since KT[¢; 4, u] inherits its
convexity from ¢, ,, by Proposition 8.9 (iii) it is r-convex for every r < 1
but, by Proposition 10.32, it is not locally convex. By Lemma 10.30
the unit vector system B, of KT[(;,, u] is a conditional basis. By

construction we have
l; CKT[l 4, u] C 4 .

Thus the unit vector system of KT[(;,, u] is a conditional democratic
basis for which the restricted truncation operator is uniformly bounded.

Delving deeper into the construction of the space, the authors of
[22] proved that B, is not a quasi-greedy basis for KT[¢;,,u]. This
result can also be derived from our next general theorem. We need to
introduce some terminology.

Given an increasing sequence n = (my)3>, of positive integers we
put

and define the map

T PV S FY ()i — S X1y,
k=1 """k
Theorem 10.34. Let X C FYN @ quasi-Banach space for which the unit
vector system is a subsymmetric basis with fundamental function of the
same order as (m)X_,. Assume that X ¢ (1 and that T, is bounded for
some increasing sequence n of positive integers. Then the unit vector
system of KT[X,u] is not a quasi-greedy basis.

Proof. Without loss of generality we assume that (X ||-||x) is p-Banach
and that B, is a 1-subsymmetric basis of X. Set ||P,|| = C. Let R < oo
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and pick f = (a,)5>, € X with finite support such that a, > 0 for
every n € N and | f|l; > (1 4+ CP)YPR|f|lx. Let 7 = (my)52, be a
subsequence of 7 such that a;/m;, < min,cqpp(s) an for every k € N.
Put

=\ y ——, —ar, ) y —y —Qf, )
my mi My My
—_———
m1 times myg times
and
h=(0...,0,—ay,...,0...,0,—ag,...,).
——— ———
m1 times myg times
We have
lglle = maxa, < [1f]1x
and

lgllx < [If1% + I12-(HNI% < [FlI% + CPIFlI% = X+ COIIf k-
Consequently
lgllrpeu < (1+CP)VP) flx.
We also have

Allxrpeu > hlla = 1]l > (1+ CP)'PR.
Thus,

17l krpcw > Rllgllkrpw-
Since h is a greedy sum of f, we are done. O

We claim that if B, is a subsymmetric basis of X C FY and X is
locally convex (i.e., a Banach space) then 7, is a bounded operator
from X to X for every n. Indeed, this can be readily deduced from the
boundedness of the averaging projections (see [58, Proposition 3.a.4]).
However, in light of Lemma 10.23, Theorem 10.34 can only be applied
to non-locally convex spaces, and this result does not carry over to
quasi-Banach spaces. We note that, despite this fact, there are non-
locally convex spaces with a symmetric basis such that the operators
T, are bounded, as we next show.

Proposition 10.35. Let 0 < ¢ < oo and n = (my)2, be an incrasing
sequence of positive integers.

(i) T,, is bounded from {y, into {1, if and only if ¢ > 1.

(i) T;, is unbounded from g(uy,,p) into g(u,, p) for every 0 < p < 1.

Proof. (i) If My = Y°5_, m; we have My < kmy. Let f = (ax)i2, € co
and let (bg)?2; be its non-increasing rearrangement.
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If ¢ > 1 we have

) b _
T, (AN, < D me—s M
k=1 M

(M)
k=1 my
A
k=1

= [I£1I7,,,-
Thus, ||7,| < 1.
Assume now that 0 < ¢ < 1. The same argument yields

00 M q—1
TG () .
’ k=1 mp

If T, were bounded, then, for some constant C' < oo,

oo B S Mk "
€Y ukt = ClflE, 2 TN, = 3ot ()
k=1

k=1
Since

llm ZZ:I(Mk/mk)qil = hm ( Mk )q_l = 00,
k Sy ket ko \ kmy
we reach a contradiction.
(ii) Assume, by contradiction, that, when regarded as an automor-
phism of g(u,,p), T, is bounded by some C' < oco. If w, = nP~!, we
have

m—1 m 1
anz/ o tdr = ~(mP —47), jmeN,j<m. (10.13)
— j p

Set n = (my)52,. We recursively construct an increasing sequence
¥: N — N satisfying
k
-1+ My (k+1) > S 1= me(y% k € N.
j=1

Then we define ¢ € O by ¢(N) = U2, Ik (n).

Given f = (a;)%2, € F" we define fo = (an0);2, € F by aym)0 = an
for every n € N and a,o = 0 if n ¢ (N). Let T, (f) = (b;)32,. Taking
into account (10.13) and that the mapping x — (1 + z)? — 2P is non-
increasing we have

Cll gy = Cll foll gy )
> ([T (fo) gty )
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=1 M) n=14s;-1
1N ayl?
=D (L +5)" = (1 +5-1)")
P j=1 My (j)
S (1t g — ()
= P - j j—
P j=1 My (j)
20 —1
> > lail”
j=1
We have obtained ¢; C g(u,,p). But, in light of Proposition 10.27, this
is an absurdity. 0

The examples of non-quasi greedy bases obtained in [22, Lemma
8.13] can be alternatively constructed combining Theorem 10.34 with
Proposition 10.35. Next we exhibit an example, constructed by the
KT-method from a space for which the operator 7T}, is unbounded, of a
non-quasi greedy basis that can be squeezed between ¢; and ¢; .

Proposition 10.36. Let 0 < p < 1. Then the unit vector system of
KT[g(u,, p), u] is not quasi-greedy.

Proof. We proceed as in the proof of Proposition 10.27. Given N €
N, there is an N-tuple (mj)év:l of natural numbers such that, in the
terminology of that proof,

Hth R hmj RS hmng(up’P) < C.
Then, there is another N-tuple (rj)évzl of natural numbers such that
minlSjSN i > maxi<j<n M; and
”hTN D hrj A hT‘ng(up,P) < C.
Denote by 0,, the null vector of F and define
f:th/\—h /'\---/'\hmj/\—th/\---/\hmlm—hrﬂ

TN

g:th/'\O/rN/'\"‘/\hmj/\OTj/\"'/’\hmlf\o/rl'

We have || f|lgqu,p < 2Y7C, ||fllu = 1 and [|g|lu = N. Consequently

| fllkTig(app)m < max{2'/PC 1} and || f||krigeuypu > N. Since g is a
greedy sum of f we are done. 0

As the attentive reader may have noticed, all the examples of non-
quasi greedy bases we have built in this section are bases of non-locally



88 F. ALBIAC, J. L. ANSORENA, P. M. BERNA, AND P. WOJTASZCZYK

convex quasi-Banach spaces. For an example of a Banach space with
a non-quasi-greedy basis which is both a SLC and LUCC we refer to
[21]. It is clear that the non-quasi-greedy basis B for the Banach space
X constructed in the proof of [21, Proposition 5.6] can be squeezed
between two spaces as follows

63X 0.

10.9. Conditional almost greedy bases. The topic of finding condi-
tional quasi-greedy bases was initiated by Konyagin and Telmyakov [55]
and developed subsequently in several papers [9, 13,32, 34,44, 48, 73].
It turns out that a wide class of Banach spaces posses a conditional
almost greedy basis (see [9]). So, in light of Proposition 10.8, giving
examples of non-locally convex quasi-Banach spaces with an almost
greedy basis is an easy task. For instance, we have the following result.

Proposition 10.37. Let X be a quasi-Banach space X with a basis By.
Let Y be either {1 or a Banach space equipped with a subsymmetric
basis whose fundamental function s has both the LRP and the URP.

(i) If By is unconditional, then X®Y has a conditional quasi-greedy
bastis.

(ii) If By is greedy and ©[By,X] ~ s then X ® Y has a conditional
almost greedy basis whose fundamental function is equivalent to
S.

Before we see the proof of Proposition 10.37 let us fix some notation
and give an auxiliary lemma. Recall that a function ¢: (0, 00) — (0, 00)
is said to be doubling if there is a positive constant C' < oo such that

d(2z) < CH(x) for all x € [0, 00).
Lemma 10.38. Let (L,,)5°_, be an unbounded non-decreasing sequence

of positive scalars. Then there is a non-decreasing unbounded doubling
function 6: [0,00) — (0,00) such that 6(m) < L, for every m € N.

Proof. Let (d,), be the sequence defined recursively by the formula
do = Ly, d,=min{2d, 1, Lo}, neN.

Since (L,,)%_; is non-decreasing, so is (d,)?,. It is clear from the
definition that d,, < 2d,,_; for every n € N. If d,, < C for some C' < 00
and every n > 0 there is mg such that L,, > C for every m > myq. Then,
if n > logy(myo), dn, = 2d,,—1 which implies that (d,)>, is unbounded.
This contradiction proves that (d,)5°, is unbounded.

Since d,, < Lon for every n € N, the function

o(z) = doX0,2) + Z dy X [2n 2n+1)

n=1
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satisfies the desired properties. O

Given a basis B of a quasi-Banach space X we consider the sequence
defined for m € N by

[15alB, X](f)l
1/l

Note that the basis B is unconditional if and only if (L,,[B, X])>®_, is
bounded.

Proof of Proposition 10.37. We show (ii) and leave (i) for the reader,
as it is similar and easier. By a classical theorem of Pelczynski and
Singer [63], we can guarantee the existence of a conditional basis, say
By, in Y. Then, by Lemma 10.38 there is an unbounded non-decreasing
doubling function § such that L,,[Bs, Y] 2 §(m) for m € N. Therefore,
by [9, Remark 4.2], Y has an almost greedy basis Bs with fundamental
function equivalent to s, such that L,,[Bs, Y] 2 d(log(m)) for m € N.
Hence by Proposition 10.8, the basis By @& Bs of X @ Y satisfies the
desired properties. O

Ly [B, X] = sup { : max(supp(f)) <m, A C N} :

Proposition 10.37 (ii) can be applied to show that the separable part
of a Triebel-Likorkin space of indices 1 < p < oo and 0 < ¢ < o0
has a conditional almost greedy basis. In turn, Proposition 10.37 (i)
can be used to prove that the separable part of a Triebel-Lizorkin or
Besov space of indices 0 < p < oo and 1 < ¢ < oo has a conditional
quasi-greedy basis. On the negative side, one finds interesting and
important quasi-Banach spaces such as for instance £, for p < 1, which
are out of the scope of Proposition 10.37 since they do not have a locally
convex complemented subspace. In fact, as Proposition 10.17 shows,
the existence of a nonlocally convex complemented subspace with a
symmetric basis is not a guarantee of the existence of an almost greedy
basis.

The last part of this section will be dedicated to generalizing an
example of a conditional almost greedy basis from [22].

Theorem 10.39. Let X C FN be a quasi-Banach space. Suppose that
the unit vector system B, of X is a greedy basis with fundamental func-
tion equivalent to the primitive weight s = (s,)5, of a non-increasing
weight w, and that s has both the LRP and the URP. Then the unit
vector system of KT[X, w| is a quasi-greedy basis.

Before proving Theorem 10.39, we establish an auxiliary lemma.

Lemma 10.40. Let s = (s,)%2, be a non-decreasing weight such that
(sn/n)5e is essentially decreasing. Assume thal s has both the LRP
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and the URP. Then there is r > 1 such that

S i—1
C[s,r] :=sup s’ * L<oo
5,7} p jzl "n+7—1

Proof. By Lemma 8.8 there is 1 < r < oo such that (s]/n)%2, is
essentially decreasing. Then, also by Lemma 8.8, the sequence (s,,7)5 ,,
is a regular weight. Set

Using Lemma 8.8 for a third time gives 0 < s < 1 such that (n™%s,)32,

is essentially increasing. Set
Sn J Sn J°
C:sup—"l < 00 andE:sup—”j— < 00
n>j Sj 1 n<j S5 N

On the one hand we have,

Sntj—1 1Sn = 1
su srl ol < OsupstTiER — < CD,
and on the other hand,
00 r—1
1 Sntj—1 Sp Sn+j-1 1
sup sy = sup — ;
j%ls]n—kj—l nj:;rlsgl s; n+j—1

00 ns(r—l) n +] -1 1

WA T -
00 s(r—1)
_ r—1 n
CET—I -
~s(r—1)

Proof of Theorem 10.39. Since X is contained in d; (W) and the in-
clusion map is continuous, it suffices to prove that there is a constant
C < oo such that

[Sa(F)llw < Cmax{]| fll1,00w, [l Fllw} (10.14)

for all f = (a,)22; € FY and all greedy sets A of f.
Form € Nlet A,, = {n € A: n <m}. If @ = min{|a,|: n € A} let
M be the largest integer such that aSy < || f||1,00w (by convention we
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take M = 0 if such an integer does not exist). We have

min{m,M}
Soagwa| <D anwa| | DY auw,
nEAm n=1 n¢A
n<M n<min{m,M}

< I Fllw + smingm,py
< o =+ 11100 -

Use Lemma 10.40 to pick r > 1 such that C[s,r] < oco. Choose a
bijection f: {1,...,N} — {n € A: M < n < m} (N = 0 if the
involved set is empty). Applying the rearrangement inequality gives

N
Y anwn| <Y agglwsg)
=1

neAm
n>M

N

<"y agg |"weg)
j=1
o0

< a7 (a5) wiem

n=1
_ — 1 Sjtm
S Oél erHq,oo,w o 'J M
=157 +
< Cls, rla' STl Al o

< Cfs, Il 10w
Summing up, (10.14) holds with C' = 2(1 4 C|[s, r]). O

Remark 10.41. By Lemma 10.30 in the case when d;;(w) C X, the
weight w is doubling, and the unit vector system of X is a symmet-
ric basis, the quasi-greedy bases originating from Theorem 10.39 are
conditional.

Remark 10.42. The most natural application of Theorem 10.39 is ob-
tained by putting X = d; ,(w) with ¢ > 1 and w regular. In this case,
by Proposition 10.32, the quasi-Banach space KT[d; ,(w), w] is locally
convex. In particular, if for 1 < p < oo we consider w = u,,, (with the
terminology of (8.2)) we obtain that the unit vector system of the lo-
cally convex space KT[/, 4,01/, = KT[dy 4(uy/p), 11| is quasi-greedy.
This result was previously proved in [22], thus Theorem 10.39 provides
an extension.
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11. RENORMING QUASI-BANACH SPACES WITH GREEDY-LIKE BASES

The topic of renorming Banach spaces with greedy (or almost greedy,
or quasi-greedy) bases has its origins in [17], where the authors char-
acterized 1-greedy bases and posed the problem, still unsolved as of
today, of finding a renorming of L,, 1 < p < oo, with respect to which
the Haar system is 1-greedy. Subsequently, 1-almost greedy bases and
1-quasi-greedy bases were also characterized in [3,4]. The first exam-
ples of non-symmetric 1-greedy bases of an infinite-dimensional Banach
space appeared if [37] (see [12] for another relevant contribution to this
subject). In those papers convexity is both a requirement and a key
tool. Note that every renorming || - ||o of a Banach space (X, || - ||) has
the form

1fllo = max{al fI IT(Hllv},  feX, (11.1)

for some 0 < a < oo and some bounded linear operator from X into a
Banach space (Y, ||-||y). Indeed, it is clear that (11.1) gives a new norm
and, conversely, given a new norm ||+, if we put Y = (X, ||-]|o), choose
T to be the identity operator and pick a > 0 small enough, (11.1) holds.
The situation in quite different when dealing with quasi-norms as the
following easy result evinces.

Lemma 11.1. Let (X,|| - ||) be a quasi-Banach space. Assume that
|- lo: X —[0,00) is such that

(1) 1tfllo = 1t fllo for every t € F and f € X, and
(ii) [[fllo = [[f]| for f € X.

Then || - ||o is a renorming of || - ||

Lemma 11.1 allows us to build renormings of quasi-Banach spaces
based on non-linear operators. So it is not surprising that we are able
to find renormings of quasi-Banach spaces for which the properties
associated to the greedy algorithm hold isometrically. For instance,
the following result is essentially based on the fact that the families of
maps (Gn)oo_o, (Hm)_, and (Tp,)50_, are semigroups of (non-linear)
operators on X.

Theorem 11.2. Let B be a quasi-greedy basis of a quasi-Banach space
X. Then there is a renorming of X with respect to which Cyq = Ny =
A, =1.

Proof. By Lemma 3.12 we need only estimate Cy, and A;. For f € X
put

Ro(f) = {<A17A2): Aj; greedy set of f, Ay C Ay C supp(f)},
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and
11l = sup{[|Saxa, (f)II: (A1, A2) € Ro(f)}-
Since B is quasi-greedy, || - [|o is a renorming of || - [|.

If (A1, A2) € Ro(f) and (By, B2) € Ro(Saa,(f)) then we have
that (A1 U B, A1 U By) € Ro(f), Spo\B,(Sana,(f)) = Se\s, (f), and
AU By \ (A1 U By) = By \ B;. We infer that for every f € X and
(A1, A2) € Ro(f),

1S4\, (F)llo < [[flo- (11.2)
For f € X put
| flle = sup{||T(f, A)|lo: A strictly greedy set of f}.
By Proposition 3.14, || - ||; is a renorming of || - ||. Let us check that it

is the one we are after.

If A a strictly greedy set of f and B is a non-empty strictly greedy
set of T(f, A) then A C B and B is a strictly greedy set of f. Moreover,
T(T(f,A),B)=T(f,B). It follows that ||T(f, A)|lx < ||f||x for every
f € X and every A strictly greedy set of f. Now observe that for every
greedy set A of f € X there is a strictly greedy set Ay with A C Ay
and T (A, f) =T (Ao, f), so we get A; < 1 with respect to || - [|1.

Let (A1, A2) € Ro(f) and B be a non-empty strictly greedy set of
Sana, (f). Then BU A, is a strictly greedy set of f, and BUA; C A,.
Consequently (A, A2) € Ro(T(f, A1 U B)) and

T<SA2\A1<f)aB) = SAz\Al(T(f> A UB)) (11'3)
From (11.3) we get
15,04, flls = sup [| Sy, (T(£, AL U B))lo,

where B runs over all strictly greedy sets of Sa,\ 4, (f). Since the pair
(Aq, As) belongs to Ro(T(f, A1 U B)), from (11.2) we get

ISaaanfl < sup [ T(f, 41 U B)ll

where B runs again over all strictly greedy sets of S, 4, (f). Now we
observe that if B is a strictly greeedy set of Sa,\ 4, (f) then A; U B is
a strictly greedy set of f. Thus we get |[Saa, fll1 < || f]]1- O

Inspired by Corollary 5.4, we introduce the following function on a
quasi-Banach space X associated to a basis B of X. For f € X we put

[flla = inf{|lf = Sa(f) + z[l: (4,2) € D(f)}, (11.4)
where D(f) is the set consisting of all pairs (A, z) € P(N) x X such that

|A] < oo, (supp(f) \ A) Nsupp(z) = 0, A C supp(f), [A| < [supp(2)],
and maxpey |X5(f)] < minyeoupp() [X5(2)]-
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Theorem 11.3. Let B be an almost greedy basis of a quasi-Banach
space (X, ||.|). The function || - ||, defined in (11.4) gives a renorming
of X with respect to which Coq = Ay = 1. Moreover, if we additionally
assume that Cyy =1 for || - ||, then Cog = Ay =1 for || - ||a.

Proof. By Corollary 5.4, || f|l. = || || for f € X, so by Lemma 11.1, ||-||,
is a renorming of ||-||. Let (A, z) € D(f) and set g = f—Sa(f)+z. Let
(B,y) € D(g) and denote B; = BN(supp(f)\A) and By = BNsupp(z),
so that

9—58(9) = f — Saus, (f) + 2 — 5B,(2).
We have supp(z — Sg,(2)) Nsupp(y) =  and
|AU B1| = |A| + | B
= Al +|B| = | B
< [supp(2)| + [ supp(y)| — | Be|
= [supp(z = S, (2))| + | supp(y)|
= [supp(z — Sp,(2) +y)|.
We infer that (AU By, z — Sg,(2) +vy) € D(f). Therefore,

Iflla < If = Saus, (f) + 2 = SB,(2) +yll = llg — SB(g) + yll.

Taking the infimum over (B,y) we get || fl|la < [|9]la-
Clearly, Sa(f) = Sansupp(s)(f) so the inequality

I flla < |If = Salf)+ zlla (11.5)

holds for every A C N such that (ANsupp f, z) € D(f). By Lemma 5.2
and Lemma 5.5, Coy = Ay = 1 with respect to the equivalent quasi-
norm || - [|4-

From our additional assumption that C,, = 1 for || - || it follows
that ||Sp(f)|| < [|f]| for every f € X and every greedy set B of f.
Let (A,z) € D(f). Then (AN B,z) € D(Sp(f)). Moreover, D =
supp(z) U (BN A°) is a greedy set of g = f — Sa(f) + z and so

158()lla < [|Sacns(f) + 2l = 1Sp (9l < llgll = [Lf = Salf) + =]

Taking the infimum over (A, z) we get

1SE(Hlla < 1 flla- (11.6)
Substituting f = h — Sg(h), A =0 and z = Sg(h) in (11.5) we get
1= Sp(h)lla < 7]l (11.7)

for every h € X and every greedy set B of h. From (11.6) and (11.7) it
follows that Cy, = 1 with respect to || - ||,. Now thanks to Lemma 3.12
we get A, = 1 for the quasi-norm || - ||,. O
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Corollary 11.4. Let B be an almost greedy basis of a quasi-Banach
space X. Then there is a renorming of X with respect to which Cyy =
Cag:Au:Atzl.

Proof. Since an almost greedy basis is quasi-greedy, Theorem 11.2
yields that X has a renorming with respect to which Cy,[B,X] = 1.
Now Theorem 11.3 finishes the proof. ([l

Theorem 11.5. Let B be a greedy basis of a quasi-Banach space X.
There is a renorming of X with respect to which Cy = K, = 1.

Proof. Without loss of generality we may assume that X is equipped

with a quasi-norm || - || with respect to which K, = 1. Let || - ||, be as
is (11.4). Since every greedy basis is almost greedy, by Theorem 11.3,
| - |l is a renorming of || - || with respect to which C,;, = 1. By

Theorem 6.1 it suffices to prove that K, = 1 with respect to || - ||,. Let
FeX v= (>, € FY with ||[7]|lc <1, and (A, z) € D(f). Put
B ={n € A: ~, # 0} and consider the sequence p = ()5, defined
by

_ Jom i n g supp(z),
=11 iftne supp(z).

Since (B, z) € D(M,(f)) we have

My (P)lla < 155 (M5 () + 2] = [[Mu(Sac (f) + 2) || < [[Sac(f) + =]-
Minimizing over (A, z) € D(f) finishes the proof. O

12. OPEN PROBLEMS

It is clear that our work leaves many questions unanswered. This is a
sign that the subject of greedy approximation using bases is still very
much alive as intriguing new problems arise from the main theory.
Below we include a non-exhaustive list of questions that spring very
naturally from our exposition and that we think are the natural road
to take to make headway from here.

Problem 12.1. Unconditionality for constant coefficients, or SUCC for
short, is a very natural assumption about the basis. It seems to be
unknown whether LUCC implies SUCC for every basis.

Problem 12.2. The renorming results of Section 11 leave a lot of open
questions. Basically we would like to produce better renormings. As
an example let us start with the following still open problem from [17]:
Does there exists a renorming of the Banach space L,
1 < p < oo, with respect to which the Haar system is
1-greedy?
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Theorem 11.5 says yes, but it gives a (most likely discontinuous) quasi-
norm when it is clear that the original problem asks for norm. Thus
the following weaker questions are also open:

(i) Does there exists an equivalent, continuous quasi-norm on L,
1 < p < oo, with respect to which the Haar system is 1-greedy?

(ii) Does there exists an equivalent s-norm (for some 0 < s < 1)
on L,, 1 < p < oo, with respect to which the Haar system is
1-greedy?

We would also like to pose the following question:

(iii) Characterize (or describe an interesting) class of quasi-Banach
spaces which have a 1-greedy (or quasi-greedy) basis with re-
spect to a p-norm (or continuous quasi-norm).

Problem 12.3 (Weakly quasi-greedy basis). Let us introduce the follow-
ing definition: Let X be a quasi-Banach space and let 7 be a topology
on X weaker than the norm topology. A basis B = (x,)22; in X is said
to be 7-quasi-greedy if for every f € X the greedy series (3.1) converges
to f in the 7-topology. Important examples include the following.

e X is a space of functions on a space K and 7 is a pointwise
convergence or convergence almost everywhere or convergence
in measure. Many classical cases were considered already (see
[56] for a general introduction).

e Let 7 be a weak topology on X. Let us make some remarks.
(a) Since the basis is total if such a series converges, it con-

verges to f.

(b) If X is a Banach space then weak concergence implies that
partial sums are bounded so Theorem 3.1 implies that the
basis is quasi-greedy.

(c) For a general quasi-greedy Banach space, weak convergence
does not imply boundedness; it implies boundedness in the
Banach envelope.

Problem 12.4. The definition of bidemocracy was tailored for Banach
spaces. Every (sub)symmetric basis in a Banach space is bidemocratic
while the most natural bases like the unit vector bases in ¢, for 0 < p <
1 are not. It is natural to think that the existence of a bidemocratic
basis in a space X implies some convexity that brings X to being close to
a Banach space. The following questions are of interest in this context:

(i) Does there exists a bidemocratic basis in the space £, & ¢ with
0<p<1?
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(ii Suppose X is infinite-dimensional and has a a bidemocratic ba-
sis. Given 0 < p < 1, does there exists an infinite-dimensional
subspace X,, C X which has an equivalent p-norm?

Problem 12.5. Our discussion in Section 9 on Banach envelopes leaves
the following open questions:
(i) If B is a quasi-greedy basis in a quasi-Banach space X is its Ba-
nach envelope B, quasi-greedy in the Banach envelope X, of X7
More generally, is B, quasi-greedy in the r-Banach envelope
X, for every (some) 0 < r <17
The reader may argue that this question is too hard to tackle. In-
deed, perhaps it would be more sensible to get started by focusing on
special types of bases. In particular, the question remains open for
bidemocratic quasi-greedy bases:

(ii) Let 0 < r < 1. If a basis is bidemocratic and quasi-greedy in
X, is it quasi-greedy in the r-Banach envelope X.,?

Problem 12.6. The greedy algorithm with respect to bases is essen-
tially independent of the particular ordering we chose for the basis.
That is, an M-bounded semi-normalized basis B = (x,)32; enjoys the
same greedy-like properties as any of its reorderings (Xg(n))pe;. Thus,
when dealing with greedy-like properties, imposing conditions on the
basis such as being Schauder, which depend on a particular ordering,
is somewhat unnatural. In fact, investigating the greedy algorithm
without assuming that our basis is Schauder, not only does enable us
to obtain more general results, but also, and above all, gives us the
opportunity to differentiate those results that can be obtained only for
Schauder bases from those other results that can be proved circum-
venting this condition. However, it must be conceded that the most
important examples of bases respect to which the greedy algorithm is
considered are Schauder bases, to the extent that the following question
seems to be unsolved.

e [s there a quasi-greedy basis which is not a Schauder basis for
any ordering?

Problem 12.7. Now we focus on locally convex quasi-Banach spaces.
Every Schauder basis B for a Banach space is equivalent to its bidual
basis B** (see Theorem 1.14), but this result does not carry over to total
M-bounded bases (see Proposition 1.11). This forced us to conduct our
study of duality properties of greedy-like bases without this powerful
and widely used tool. In this context, it is natural to wonder whether or
not a given total M-bounded basis is equivalent to its bidual basis. As
for quasi-greedy bases, which are total by Corollary 3.5, Theorem 9.15
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provides a partial answer to this reflexivity question. To the best of
our knowledge, the general problem remains open:

e Let B be a quasi-greedy basis for a Banach space. Is the map-
ping hpx defined in (1.8) an isomorphic embedding? Is B**
equivalent to B?

Problem 12.8. 1t is well known that ¢, ¢35, and ¢y are the only Ba-
nach spaces with a unique unconditional basis ([57,59,60]). It happens
that in all three spaces, quasi-greedy bases are democratic (thus almost
greedy) [32,38,73]. The spaces ¢, for p < 1 also have a unique uncon-
ditional basis [52], and their Banach envelope is ¢;. Hence, by analogy,
it is very natural to ask whether the quasi-greedy bases in ¢, for p < 1
are democratic. Note that, as of today, there is no known example of
a conditional quasi-greedy basis for £, when 0 < p < 1.

Problem 12.9. The question on the existence of an almost greedy basis
in locally convex mix-norm sequence spaces ¢, @ ¢,, and matrix spaces
B, , and (,(¢,) was completely settled in [32]. As for non-locally convex
spaces, Propositions 10.17 and 10.18 seem to be the sole advances as
of today on this question. So, we wonder if the following spaces have
an almost greedy basis.

o (,(¢,) and £,(¢,) if 0 < p <1 and 0 < ¢ < oo (with the usual
modification if ¢ = o). Note that, by Theorems 10.9 and 10.14,
if such a basis exists, it is conditional.

e B,,if0<p<1landp<q<o0.
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ANNEX
Summary of the most commonly employed constants.
Symbol Name of constant Equation
A, Geometric constant (1.1)
B, Geometric constant (1.2)
np(+) Geometric function (3.5)
Cy Greedy constant (6.1)
Cag Almost-greedy constant (5.1)
Cyg Quasi-greedy constant (3.2)
Cq Quasi-greedy for largest coefficients constant (3.2)
A Democracy constant (4.1)
Ay Disjoint-democracy constant (4.1)
A, Superdemocracy constant (4.1)
Agq Disjoint-superdemocracy constant (4.1)
r Symmetry for largest coefficients constant (4.1)
Ay bidemocracy constant (4.3)
Agp Bi-superdemocracy constant (4.4)
K, Lattice unconditional constant (1.6)
K, Suppression unconditional constant (1.7)
K. Suppression unconditional for constant coefficients constant (2.1)
K. Lower unconditional for constant coefficients constant (2.4)
Ky Partially lattice unconditional constant (2.6)
A Truncation operator constant (3.8)
Ay Restricted truncation operator constant (3.7)
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Acronym List.

Acronym Meaning Place
SUCC  suppression unconditional for constant coefficients page 16
LUCC lower unconditional for constant coefficients page 17

LPU lattice partially unconditional page 17
QGLC quasi-greedy for largest coefficients page 23
SLC symmetric for largest coefficients Section 4
URP upper regularity property (8.5), page 54
LRP lower regularity property (8.6), page 54
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