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Abstract

By combining a certain approximation property in the spatial domain, and weighted ¢2-summability
of the Hermite polynomial expansion coefficients in the parametric domain obtained in [M. Bachmayr,
A. Cohen, R. DeVore and G. Migliorati, ESAIM Math. Model. Numer. Anal. 51(2017), 341-363] and
[M. Bachmayr, A. Cohen, D. Ding and C. Schwab, SIAM J. Numer. Anal. 55(2017), 2151-2186], we
investigate linear non-adaptive methods of fully discrete polynomial interpolation approximation as well
as fully discrete weighted quadrature methods of integration for parametric and stochastic elliptic PDEs
with lognormal inputs. We explicitly construct such methods and prove corresponding convergence rates
of the approximations by them. The linear non-adaptive methods of fully discrete polynomial interpola-
tion approximation are sparse-grid collocation methods which are certain sums taken over finite nested
Smolyak-type indices sets G(€) parametrized by positive number &, of mixed tensor products of dyadic
scale successive differences of spatial approximations of particular solvers, and of successive differences
of their parametric Lagrange intepolating polynomials. The Smolyak sparse grids in the parametric do-
main are constructed from the roots of Hermite polynomials or their improved modifications. Moreover,
they generate fully discrete weighted quadrature formulas in a natural way for integration of the solution
to parametric and stochastic elliptic PDEs and its linear functionals, and the error of the corrsponding
integration can be estimated via the error in the Bochner space Li(R*°,V,v) norm of the generating
methods where «y is the Gaussian probability measure on R and V' is the energy space. Our analysis
leads to auxiliary convergence rates in parameter £ of these approximations when £ going to oco. For a
given n € N, we choose &, so that the cardinality of G(£,) which in some sense characterizes computa-
tion complexity, does not exceed n, and hence obtain the convergence rates in increasing n, of the fully
discrete polynomial approximation and integration.

Keywords and Phrases: High-dimensional approximation; Parametric and stochastic elliptic PDEs;
Lognormal inputs; Collocation approximation; Fully discrete non-adaptive polynomial interpolation
approximation; Fully discrete non-adaptive integration.
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1 Introduction

One of basic problems in Uncertainty Quantification are approximation and numerical methods for para-
metric and stochastic PDEs. Since the number of parametric variables may be very large or even infinite,
they are treated as high-dimensional or infinite-dimensional approximation problems. Let D C R? be a
bounded Lipschitz domain. Consider the diffusion elliptic equation

—div(aVu) = f in D, ulsgp = 0, (1.1)

for a given fixed right-hand side f and spatially variable scalar diffusion coefficient a. Denote V := H{ (D)
- the energy space and V' := H~ (D). If a satisfies the ellipticity assumption

0<amin§a§amax<ooa

by the well-known Lax-Milgram lemma, for any f € V', there exists a unique solution u € V' in weak form
which satisfies the variational equation

/aVu~Vvdac = (f,v), YweW
D

We consider diffusion coefficients having a parametrized form a = a(y), where y = (y1,y2, ...) is a sequence
of real-valued parameters ranging in the set U which is either R or I*® := [—1, 1]°°. The resulting solution
to parametric and stochastic elliptic PDEs map y — u(y) acts from U to the solution to parametric and
stochastic elliptic PDEs space V. The objective is to achieve numerical approximation of this complex map
by a small number of parameters with some guaranteed error in a given norm. Depending on the nature
of the modeled object, the parameter y may be either deterministic or random. In the present paper, we
consider the so-called lognormal case when U = R*° and the diffusion coefficient a is of the form

a(y) = exp(b(y)), b(y) = Z yivi, (1.2)

where the y; are 1.i.d. standard Gaussian random variables and ¢; € Lo (D). Note that the above countably
infinite-dimensional setting comprises its finite-dimensional counterpart by setting ¢; = 0 for j large enough.
We also birefly consider the affine case when U*® = 1* and the diffusion coefficient a is of the form

a(y) :a+Zijj. (1.3)

In order to study fully discrete approximations of the solution u(y) to the parametrized elliptic PDEs
(1.1), we assume that f € Lo(D) and a(y) € WL (D), and hence we obtain that u(y) has the second higher
regularity, i. e., u(y) € W where W is the space

W:={veV : Avec L*D)}
equipped with the norm
[vllw = ||AU||L2(D),

which coincides with the Sobolev space V N H2(D) with equivalent norms if the domain D has C*! smooth-
ness, see [19, Theorem 2.5.1.1]. Moreover, we assume that there holds the following approzimation property
for the spaces V and W.



Assumption I There are a sequence (V;,)nen, of subspaces V;, C V of dimension < n, and sequence
(Pn)nen, of linear operators from V into V;,, and a number « > 0 such that

IP.(v)]lv <C, |lv—P,(0)|lv <Cn %|v|lw, VneNy,, WYoeW. (1.4)

A basic role in the approximation and integration for parametric and stochastic PDEs are generalized
polynomial chaos expansions for the dependence on the parametric variables. We refer the reader to [9,
13, 20, 29, 28] and references there for different aspects in approximation for parametric and stochastic
PDEs. In [6]-[11], based on the conditions (||ijW§o(D))jeN € {,(N) on the affine expansion (1.3) for
some 0 < p < 1, the authors have proven the f,-summability of the coefficients in a Taylor or Legendre
polynomials expansion and hence proposed best adaptive n-term approximation methods in energy norm
by choosing the set of the n most useful terms in these expansions. The obtained n-term approximands are
then approximated by finite element methods. Simlilar results have been received in [24] for the lognormal
case based on the conditions (ijjHW;O(D))jGN € £,(N) some 0 < p < 1. In these papers, they did not take
into account support properties of the functions ;.

A different approach to studying summability that takes into account the support properties has been
recently proposed in [1] for the affine case and [2] for the lognormal case. This approach leads to significant
improvements on the results on £,-summability when the functions 1); have limited overlap, such as splines,
finite elements or wavelet bases. These results by themselve do not imply practical applications, because
they do not cover the approximation of the expansion coefficients which are functions of the spatial variable.

In the recent paper [3], the rates of fully discrete adaptive best n-term Taylor and Galerkin approxi-
mations for elliptic PDEs with affine or lognornal parametrizations of the diffusion coefficients have been
obtained based on combining a certain approximation property on the spatial domain, and extensions of
the results on ¢,-summability of [1, 2] to higher-order Sobolev norms of corresponding Taylor, Jacobi and
Hermite expansion coefficients. These results providing a benchmark for convergence rates, are not con-
structive. In the case when £,-summable sequences of Sobolev norms of expansion coeflicients have an
{y,-summable majorant sequence, these convergence rates can be achieved by non-adaptive linear methods
of Galerkin and collocation approximations in the affine case [9, 14, 15, 16, 32, 33]. However, this non-
adaptive approach is not applicable for the improvement of £,-summability in [1, 2, 3] since the weakened
{p-assumption leads only to the £,-summability of expansion coefficients, but not to an £,-summable majo-
rant sequence. Non-adaptive (not fully discrete) approach has been considered in [1, Remark 3.2] and [2,
Remark 5.1] for Galerkin approximation, in [18] for polynomial collocation approximation, and in [4] for
weighted integration.

In the present paper, by combining spatial and parametric aproximability, namely, the approximation
property in Assumptions I in the spatial domain and weighted fo-summability of the V' and W norms of
Hermite polynomial expansion coefficients obtained in [2, 3], we investigate linear non-adaptive methods of
fully discrete Galerkin approximation and polynomial interpolation approximation as well as fully discrete
weighted quadrature methods of integration for parametric and stochastic elliptic PDEs with lognormal
inputs (1.2). We explicitly construct such methods and prove corresponding convergence rates of the ap-
proximations by them. We show that the rate of best adaptive fully discrete n-term Galerkin approximation
obtained in [3], is achieved by linear non-adaptive methods of fully discrete Galerkin approximation. The
linear non-adaptive methods of fully discrete polynomial interpolation approximation are sparse-grid collo-
cation methods which are certain sums taken over finite nested Smolyak-type indices sets G(§) parametrized
by positive number &, of tensor products of dyadic scale successive differences of spatial approximations of
particular solvers, and of successive differences of their parametric Lagrange intepolating polynomials. The
Smolyak sparse grids in the parametric domain are constructed from the roots of Hermite polynomials or
their improved modifications. Moreover, these methods generate fully discrete weighted quadrature formu-
las in a natural way for integration of the solution w(y) and its linear functionals, and the error of the



corrsponding integration can be estimated via the error in the space L1 (R*,V,v) norm of the generating
methods where  is the Gaussian probability measure on R*°. Our analysis leads to auxiliary convergence
rates in parameter £ of these approximations when £ going to co. For a given n € N, we choose &, so that the
cardinality of G(§,,) which in some sense measures computation complexity, does not exceed n, and hence
obtain the convergence rates in increasing n, of the fully discrete polynomial approximation and integration.
The convergence rate of fully discrete integration better than the convergence rate of the generating fully
discrete polynomial interpolation approximation due to the simple but useful observation that the integral
Jg v(y) dy(y) is zero if v(y) is an odd function and v is the Gaussian probability measure on R. (This prop-
erty has been used in [32, 33, 34] for improving convergence rate of integration in the affine case.) This is
the main contribution of our paper. We also briefly consider similar problems for parametric and stochastic
elliptic PDEs with affine inputs (1.3) by using counterparts-results in [1, 3], and by-product problems of
non-fully discrete polynomial interpolation approximation and integration similar to those treated in [18, 4].
In particular, the convergence rate of intergration obtained in this paper is better than that in [4].

The paper is organized as follows. In Sections 2-4, we explicitly construct general fully discrete linear
methods of Galerkin and polynomial interpolation approximations in the Bochner space L,(R>, X!, v) and
quadrature of functions taking values in X? and having a weighted fo-summability of Hermite expansion
coefficients for Hilbert spaces X! and X? satisfying a certain “spatial” approximation property (see (2.3)).
In particular, in Section 2, we prove convergence rates of general fully discrete linear Galerkin methods of
approximation; in Section 3, we prove convergence rates of general fully discrete linear polynomial interpo-
lation methods of approximation; in Section 4, we prove convergence rates of general fully discrete linear
quadrature for integration. In Section 5, we apply the results of Sections 2-4 to obtain the main results
of this paper on convergence rates of linear non-adaptive methods of fully discrete Galerkin and polyno-
mial interpolation approximation as well as fully discrete weighted quadrature methods of integration for
parametric and stochastic elliptic PDEs with lognormal inputs. In Section 6, by extending the theory in
Sections 2—4, we briefly consider similar problems for parametric and stochastic elliptic PDEs with affine
inputs. In all Sections 2-6, we also briefly investigate related non-fully approximation problems.

2 Galerkin approximation

In this section, we construct general fully discrete linear Galerkin methods of approximation in the Bochner
space L,(R>*, X 14) with 0 < p < 2 and the infinite tensor product Gausian probability measure 7 of
functions taking values in X2 and having a weighted ¢>-summability of Hermite expansion coefficients for
Hilbert spaces X' and X? satisfying a certain “spatial” approximation property. In particular, we prove
convergence rates for these methods of approximation.

We first recall a concept of infinite tensor product of probability measures. (For details see, e.g., [23,
pp. 429-435].) Let pu(y) be a probability measrure on U, where U is either R or I := [—1,1]. We introduce
the probability measure p(y) on U™ as the infinite tensor product of probability measures u(y;):

p(y) = Quly), y=(y)jen € U™
JEN

The sigma algebra for ;(y) is generated by the set of cylinders A := [[; .y A;, where A; C U are univariate
p-measurable sets and only a finite number of A; are different from U. For such a set A, we have u(A) :=
[Ijen 1(A;). If o(y) is the density of u(y), i.e., du(y) = o(y)dy, then we write

du(y) == Q) oy))d(y;), y = (y;)jen € U™,
jEN



Let X be a Hilbert space and 0 < p < oo. The probability measure p(y) induces the Bochner space
L,(U*™, X, u) of strongly p-measurable mappings v from U™ to X which are p-summable. The (quasi-)norm
in L,(U>, X, 1) is defined by

1/p
ol oy = (/ v<-,y>||szdu<y>) .

In the present paper, we focus our attention mainly to the lognormal case with U* = R> and u(y) =
~(y), the infinite tensor product Gausian probability measure. Let v(y) be the probability measrure on R
with the standard Gaussian density:

dy(y) :==g(y)dy, g(y) = \/%e*ym.

Then the infinite tensor product Gausian probability measure y(y) on R* can be defined by

dy(y) == Q) 9(w)d(y;), Y= (y;)jen € R™.
JEN

A powerful strategy for the approximation of functions v in Lo (U, X, ) is based on the truncation of
polynomial expansions by the Hermite series

v(y) =Y vsHa(y), vs€X. (2.1)
selF

Here F is the set of all sequences of non-negative integers s = (s;);en such that their support supp(s) :=
{j € N:s; >0} is a finite set, and

Holy) =@ H., ), vai= [ o) Hiw)dr(w), scF, (2:2)

jEN

with (Hg)g>o being the Hermite polynomials normalized according to [ [Hk(y)|? g(y)dy = 1. It is well-
known that (Hs)ser is an orthonormal basis of Ly(R*, R, ~y). Moreover, Lo (U™, X, ) = La(U®,R,v) ® X,
and for every v € Lo(U, X, ) represented by the series (2.1) there holds Parseval’s identity

007,00y = D lvsll
selF

We make use the obbreviations: L,(R*>, ) := L,(R™, R, u); Vp(X) := L(R*, X,v) for 0 < p < oo.
We use letter C' to denote a general positive constant which may take different values, and Cp 4 4.p,.. &
constant depending on p,q,a, D, ....

Let X' and X2 be Hilbert spaces. To construct general fully discrete linear Galerkin methods of
approximation in the Bochner space L,(R>, X!, v) of functions taking values in X2 , we need the following
assumption on approximation property for X' and X?2.

Assumption IT The Hilbert space X2 a linear subspace of the Hilbert space X* and || - [|x1 < C| - || x2-
There are a sequence (V,,)nen, of subspaces V,, C X! of dimension < n, and sequence (P,)nen, of linear
operators from X! into V,,, and a number o > 0 such that

I1P.(v)|lx1 <C, |v—Po(v)||x1 <Cn~|v|x2, VYneNy WVoe X2 (2.3)



For k € Ny, we define
5k(v) = Py (U) - sz_l(v), k € N, 50(’0) = Po(v).

We can represent every v € X2 by the series

v = Z O (v)
k=0

converging in X' and satisfying the estimate

16k (0)||x1 < C27%|jv]|x2, k€ No. (2.4)

For a subset G in Ny x F, denote by V(G) the subspace in Vo(X1!) of all functions v of the form

v o= Z UkHs, Vi € ‘/Qk
(k,s)eG

Let Assumption II hold for Hilbert spaces X! and X?2. We define the linear operator Sg : Vo(X?) — V(G)
by

Sqv = Z (Sk(Us)Hs
(k,s)eG

for v € Vo(X?) represented by the series

v:ZUsHs, vs € X2, (2.5)
selF

Lemma 2.1 Let Assumption II hold for Hilbert spaces X' and X2. Then for every v € Vo(X?),
im0~ Sg,vlvaxn = 0, (2.6)

where G = {(k,s) e Ng xF: 0<k < K}.

Proof. Obviously, by the definition,

SGKU = ZZ(Sk(US)HS = ZPQK(US)HS.

selF k=0 sclF

From Parseval’s identity and (2.3) it follows that

IS vllD,xy = D 1P (o)ll3r < 2 osllZs +2 ) lvs — Parc (vs)31
scF selF selF

(2.7)
< 2 JlvslFr +2C%27°K Y v %2 < oo
sclF seF
This means that Sg, v € V2(X1!). Hence, by Parseval’s identity and (2.3) we deduce that
lo = Sewvltyxry = D llvs = Paxc(vs)l3n < C22720K ) ug|l}e = C2272F o[} x2)
sclF sclF
which prove the lemma. |



Theorem 2.1 Let 0 < p < 2. Let Assumption II hold for Hilbert spaces X' and X?2. Let v € Vo(X?) be
represented by the series (2.5). Assume that for r = 1,2 there exist sequences (0,.s)ser of numbers strictly
larger than 1 such that

Z(JT;S||US||X7‘)2 <0

sclF

and (J;;)SGF € Ly, (F) for some 0 < ¢1 < g2 < 00. Define for £ >0

k No x F: 2F¢2 < if o < 1/go;
Gle) = | L) ENox Do, <6 s 1o (2.9
{(k,s) e Ng x F: ofl, <&, 200kl < ¢} if a>1/go.
Then for each n € N there exists a number &, such that dim(V(G(&,)) < n and
H’U — Sg(gn)’Uva(Xl) <Cn~ min(e,5) (2.9)

The rate o corresponds to the approzimation of a single function in X2 as given by (2.3), and the rate 3 is

given by
1 1 1
B = 7704 s 6 == . (210)
qa+o a1 q2

The constant C' in (2.9) is independent of v and n.

Proof. Due to the inequality | - [y, (x1) < || - [[v,(x1), it is sufficient to prove the theorem for p = 2.

We first consider the case « < 1/¢y. Let € > 0 be given and take arbitrary positive number €. Since
G(€) is finite, from the definition of Gk and Lemma 2.1 it follows that there exists K = K(&,¢) such that
G(§) C Gk and

||U_SGK'U||V2(X1) < e. (2.11)

By the triangle inequality,
[v = Sa@vlivexty < llv—S8axvllvyxr)y + ISaxv — Sae)vllvy(x1)- (2.12)

We have by Parseval’s identity and (2.4) that

K
1w = Sateelidy iy = | 2D dnwa) Ho= 3" D7 oulws) H

selF k=0 selF gkgg?sgg

= HZ Z 6k(vs)Hs

2

Va2 (X1)

2

Va(X1) Z H Z 0k(vs)

‘ 2

X1
selF €002 <2k <2K selF 0,02 <2k <2K
2 ok 2
<SS (X aele) =X (X 2 ulk)
selF EJ;.ZQ <2k<2K selF 50;32 <2k<2K
2
<O ol (X 27) < 0N lluslke (6ont) 7

sclF 2k>£a'2__;12 sclF
Hence, by the inequalities gaox <1 and 09,5 > 1 we derive that

IScxv = Sa@yvly,xy < C z:(<72;s||vs||x2)2 = g
selF



Since € > 0 is arbitrary, from the last estimates and (2.11) and (2.12) we derive that
HU_SG(E)U”VQ(Xl) < Ccee (2.13)

For the dimension of the space V(G(§)) we have that

dmV(G(€) < > dimVpe < > 2*

(k.8)€G(E) (k.8)€G(E)
<D ) 2 S2) to = M
sefF ok <é0, 2 selF

where M := 2“ (05;) ) For any n € N, letting &, be a number satisfying the inequalities

HQZ
Loy (F
ME, < n < 2ME,, (2.14)

we derive that dimV(G(&,)) < n. On the other hand, from (2.14) it follows that £, * < (2M)*n~%. This
together with (2.13) proves that

lv = Sae)vlvexy < Cn™%,  a<1/g. (2.15)

We now counsider the case a > 1/g2. Putting

Ve 1= Z veHg,

oyl <€
we get
[v = Sa@vlivexty < llv—vellvyxry + lve — Saeyvllvyx1)-

The norms in the right hand side can be estimated using Parseval’s identity and the hypothesis of the
theorem. Thus, or the norm ||v — v¢l|y,(x1) We have that

lo—velfpxy = D lwslia = Y (ousllvslx)®or3
o1a>EH/ N o1 >€H/ 1
(2.16)
< e N (onsllvsllxn)? < Cg
01;3>§1/q1
A i - . ollogy (/1% 1/ %))
nh for the norm |lve — Sg(g)vlly,(x1), with N = N (&, s) := 2182 2is we have that
2 2
lve = Saevlld,xy = D, ‘ ve— Y Ok(va) -~ > ‘ vs — Pr(vs) ‘Xl
01, >EH/ 1 20a1kgll <¢ scF
< D ONusllie < CE2 Y (ozllvsllx2)? < O
sl sclF
These estimates yield that
||'U_SG(§)U||V2(X1) < 05_1/‘11. (2.17)



For the dimension of the space V(G(€)), with ¢ := gaa > 1 and 1/¢' + 1/q = 1 we have that

dmV(G(E) < > dimVe < > >ooo2k

(k,s)EG(€) ol <g  20mboll <¢
1/q 1/4’
< 2 Z 51/(61100 1/0‘ < 251/((110) Z U—‘Iz Z 1
o1, <€ o1l <¢ o1 <E
1/q 1/d’
< 2¢l/(me) <Za—qz> <Z€U_ql) = MgHS/e
selF selF

where M := 2“ (02 s HQQ/q (") H( )HZl/ZF For any n € N, letting £,, be a number satisfying the inequalities

Metole < p o< oM gLt (2.18)
we derive that dim V(G(§,,)) < n. On the other hand, by (2.18),
a 1 a
g;l/lh < (2M)s+ p @ e,
This together with (2.17) proves that
||1) - Sg(gn)vnvz(xl) < C’niﬁ, o > 1/(]2. (219)

By combining the last esimate and (2.15) we obtain (2.9). O

3 Polynomial interpolation approximation

In this section, we construct general fully discrete linear polynomial interpolation methods of approximation
in the Bochner space V,(X?!) of functions taking values in X2 and having a weighted />-summability of
Hermite expansion coefficients for Hilbert spaces X' and X? satisfying a certain “spatial” approximation
property. In particular, we prove convergence rates for these methods of approximation. We also briefly
consider non-fully discrete linear polynomial interpolation methods of approximation.

3.1 Auxiliary results

Let w = exp(—Q), where @ is an even function on R and y@Q’(y) is positive and increasing in (0, c0), with
limits 0 and oo at 0 and co. For n € N, the nth Mhaskar-Rakhmanov-Saff number a,, = a,,(w) is defined as
the positive root of the equation

2 b anyQ (any) d
T Jo /1T — 42

From [25, Page 11] we have for the weight /g,

n =

For 0 < p, g < oo, we introduce the quantity

5(]), q) =3



Lemma 3.1 Let 0 < p,q < oo. Then exists a positive constant Cp, , such that for every polynomial ¢ of
degree < n, there holds the Nikol’skii-type inequality

lovallz,@ < Coan®®? llovile,m-

Proof. This lemma is an immediate consequence of (3.1) and the inequality

levelle,@ < CpoaNa(p: @) 9vGllL,®

which follows from [25, Theorem 9.1, p. 61], where

a}/p_l/q, p<gq,
Nn(pa Q) = n 1/q—1/p
(Tn) , D > q.
u|
Lemma 3.2 We have
HHn\/-a”Loo(R) < 1, né€Ng. (32)

Proof. From Cramér’s bound (see, e.g., [17, Page 208, (19)]) we have for every n € Ny and every z € R,
|H,,(x)y/g(z)| < K(27)~'/4, where K := 1.086435. This implies (3.2). O

For our application the estimate (3.2) is sufficient, see [12] for an improvement.

For 6, A > 0, we define the sequence

ps(0,0) == [J(1 +Xs;)?, seF. (3.3)
JjEN

Lemma 3.3 Let 0 < p < 2 and X be a Hilbert space. Let v € Lo(R>, X v) be represented by the series
(2.1). Assume that there exists a sequence o = (0s)scr of positive numbers such that

Z(Us ||v-‘3||X)2 < Q.

selF

We have the following.

(i) If (]95(9,)\)0;1)8GIF € Ly(F) for some 0 < ¢ < 2 and 6, > 0, then (ps(0,N)||vsl|x)ser € Lq(F) for g
such that 1/g=1/2+1/q.

(i) If (a;l)se]F € £4(F) for some 0 < ¢ < 2, then the series (2.1) converges absulutely in V,(X) to v.

Proof. Since 7:=2/g > 1, with 1/7 +1/7" =1 and ps = ps(6, A) by the Holder inequality we have that

S pelial)” < ( Stetivlfr) (3 0or)” )/

seF selF selF

. (Z(Js|vs|x)2>q/2<z (pso?)q)”m <oo.

seF selr

10



This proves the assersion (i).

We have by the inequality ¢ < 1 and (i) for § = A =0,

Z HUSHS||V2(X) = Z ||US||XHHS||L2(R°°,1)

selr sclF
1/q
< S olx < (zwsuxw) <
sclF sclr

This yields that the series (2.1) absolutely converges in Vo(X) to v, since by the assumption this series
converges in V2 (X) to v. The assertion (ii) is proven for the case p = 2. The case 0 < p < 2 is derived from
the case p = 2 and the inequality || - ||y, (x) < I - [[v,(x)- 0

Lemma 3.4 Let 0 < p < 2. Let Assumption II hold for Hilbert spaces X' and X2, and let the assumptions
of Lemma 3.3(ii) hold for the space X2%. Then every v € Vo(X?2) can be represented as the series

v= > (v Hs (3.4)

(k,S)ENo xF

converging absolutely in V,(X1).

Proof. Similarly to the proof of Lemma 3.3, it is sufficient to prove the lemma for the case p = 2. With ¢
as in Lemma 3.3, we have by (2.3), Lemma 3.3(ii) and the inequality ¢ < 1,

Yo o) Hollvuxy = D ok(ws)llxr < C Y 27 vl

(k,S)ENoXIF (k,S)ENoX]F (k,S)GNoX]F

CY llosllx= Y- 27 < €Y Jlvsxe

scF keNg sclF

1/q
c(szng@) < oo

scF

IN

IN

This means that the series in (3.4) converges absolutely to v, since by Lemma 2.6 the sum Sg, converges
in V5(X) to v when K — oo. O

We will need the following two lemmata for application in estimating the convergence rate of the fully
discrete polynomial interpolation approximation in this section and of integration in Section 4.

Lemma 3.5 Under the hypothesis of Theorem 2.1, assume in addition that 1 < 2. Define for £ >0

Gle) = {(k,s)GNOXF: 2kag?s§§} if a<1/qgp—1/2; (3.5)
) {(k,s) eNg x F: ofl, <¢, 200k0]! < ¢} if a>1/qy—1/2. ’
Then for each &€ >0 ,
& if 0 <1/qa —1/2;
lv = Saenvlvyxy = € x {gu/qll/z) o> 1/g—1/2. (3.6)

The rate a is given by (2.3). The constant C in (3.6) is independent of v and €.
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Proof. Similarly to the proof of Lemma 3.3, it is sufficient to prove the lemma for the case p = 2. Since in
the case @ < 1/go — 1/2, the formulas (2.8) and (3.5) define the same set G(&) for £ > 0, from (2.13) follows
the lemma for this case. Let us consider the case a« > 1/go — 1/2. Putting

Ve 1= Z veHg,
o1 <E
we get
[v=Savlvaxyy < llv—velvaxy) + llve = Savllvaxn.- (3.7)
It is well kown that the unconditional convergence in a Banach space follows from the absolute convergence.

Thus, by Lemma 3.4 the series (3.4) converges unconditionally to v. Hence the norm [|v — vg||y,(x1) can be
esitimated as

lo=vellvaxry < D sl [Hollra@meny = D llosllxs

1,5 >E/ 01 o1,s>E 01

1/2 1/2

Z (0158 |vs|x1)? Z Ul_;i

01;5>51/q1 g1;8>51/q1

IN

1/2

IN

2: —q1 _—(2—q1)
C Gl;s Ul;s

01;s>§1/q1

IN

1/2
cg~W/a=1/2) <Z Ul;gl> < e Wa=1/2),

sclF

1/(q1a)a.;1/a)J
;s

For the norm |[ve — Sg(¢)vllv,(x1), with N = N(§,s) := gllosa (¢ we have

lve = Saeyvllvaxy <Y ‘vs— > bkl(vs)

ofl, <€ 20m kgl <¢

-c ¥ ‘US—PN(US) ’X1 < C Y N

ol <¢ ofl<e

x1 [ Hs|l £, )

IN

¢ Z (51/((11&)02_;;/&)_&HUSHX? < Cg_l/(h Z 02;5]|s | x2

0.‘11;15 Sf 0-(11:18 §£

1/2 1/2

cetn |37 (ozallvallx=)? > 1

ofl<¢ ofl <¢

IN

1/2

1/2
0571/41 Z aiglﬁ < 057(1/q171/2) <Zgrgl> < 057(1/%71/2)_

;
ol <¢ seF

IN

This, (3.7) and (3.8) prove the lemma for the case @ > 1/¢go — 1/2. O

We make use the notation: Fe, := {s € F : s; even, j € N}. The following lemma can be proven in a
similar way.
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Lemma 3.6 Let 0 < p < 2. Let Assumption II hold for Hilbert spaces X' and X?. Let v € Vo(X?) be
represented by the series

v = Z vsHs, vs€ X2 (3.9)

s€EFe,

Assume that for r = 1,2 there exist sequences (0y.s)ser,, of numbers strictly larger than 1 such that

Z (UT;SHUSHXT)Q <0

s€Fey

and (J;;)se]}rev €y, (Fey) for some 0 < q1 < go < 0o with ¢1 < 2. Define for & > 0,

k,s8) € Ng x Foy : 2802, < if a<1/gs—1/2;
Gev(g) = {( ) ’ q1 % g}ocq ka1 : /q2 / (3'10)
{(k,s) € Ng x Fey : ofl, <¢, 200k0d! < ¢} if «>1/ga—1/2.
Then for each &€ > 0 ,
&° if a<1/gp—1/2;
-8 n < Cx 3.11
e Genten) V) < {5(1/‘“1/2) if a>1/go—1/2. (3:11)
The rate « is given by (2.3). The constant C in (3.11) is independent of v and &.
3.2 Interpolation approximation
For every n € Ny, let Y,, = (yn;;g)ﬁ:o be a sequence of points in R such that
—00 < Yno <+ < Ynin—1 < Ynsn < +00;  Yo,0 = 0. (3.12)

If v is a function defined on R taking values in a Hilbert space X, we define the interpolation formula I, (v)
for n € Ny by

n

In(U) = Z’U(yn;k)én;k; gn;k(y) = H M (313)

b
k=0 =0, j#k Yn;k Ynsj

as the unique Lagrange polynomial interpolating v at yy.;. Notice that for a function v on R, the function
I,,(v) is polynomial of degree < n and I,,(¢) = ¢ for every polynomial ¢ of degree < n.

For univariate functions on R, let

An(Vy) = sup [ 1n(v) V3l )
103/3ll o (2 <1

be the Lebesgue constant. We want to choose sequences Y,, so that for some positive numbers 7 and C,
there holds the inequlity
An(Yn) < (Cn+1)7, VneN. (3.14)

We present two examples of Y, satisfying (3.14). The first example is the strictly increasing sequence
Y, = (yn.x) k=0 Of the roots of H, 1. Indeed, it was proven by Matjila and Szabados [26, 27, 30] that

M) < Cln+ 1Y neN,

n

13



for some positive constant C' independent of n (with the obvious inequality Ag(Y5) < 1). Hence, for every
€ > 0, there exists a positive constant C. independent of n such that

M (V) < (Con+ 1)V Wn e Ny, (3.15)

n

V2 o, < 2L
V2n+3 ntl S onTso
see [31, pp. 130-131]. The sequences Y,* have been used in [4] for sparse quadrature for high-dimensional

integration with the measure «, and in [18] polynomial interpolation approximation with the measure =.

The minimum distance between consecutive roots d,, 1 satisfies the inequalities

The inequality (3.15) can be improved if Y,* , is slightly modified by the “method of adding points”
suggested by Szabados [30] (for details, see also [25, Section 11]). More precisely, for n > 2, he added to Y, ,
two points £(,_1, near £a, _1(g), which are defined by the condition |H,,—11/9|(¢n-1) = |Hn-1/9ll L (®)-
By this way, he obtained the strictly increasing sequence

Yr): = {_Cnv y272;07 e 7y;72,n723 Cn}

satisfying the inequality -
M(¥) < Clogln—1) (n>2)

which yields that for every € > 0, there exists a positive constant C. independent of n such that

M) < (Cen+1)5, Vn e N,.

For a given sequence (Y,,)%%,, we define the univariate operator Al for n € Ny by

A = I, — 11,

n

with the convention I_; = 0.

Lemma 3.7 Assume that (Y,,)5% is a sequence such that every Y, satisfies the condition (3.14) for some
positive numbers T and C. Then for every € > 0, there exists a positive constant C. independent of n such
that for every function v on R,

1AL (VI L@ < (Cen+ 1) loy/glli @), VneNo, (3.16)

whenever the norm in the right-hand side is finite.

Proof. From the assumptions we have that
1AL () VIl < 2Cn+1)7lvy/gll.m), Vn € No,
which simlilarly to (3.15) gives (3.16). O

We introduce the operator AL for s € F by
ALw) = QAL (v)
JEN

for functions v defined on R* taking values in a Hilbert space X, where the univariate operator Ai,j is
applied to the univariate function v by considering v as a function of variable y; with the other variables
held fixed. Next, we introduce the operator I, for a given finite set A C IF by

IA = ZAL

seA
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Let Assumption II hold for Hilbert spaces X' and X?2. We introduce the operator Z¢ for a given finite
set G C Ny x F by

Tov = Z SkAL(v)
(k,s)eG

for functions v defined on R taking values in a Hilbert space X2.

Notice that Zgw is a linear non-adaptive method of fully discrete polynomial interpolation approximation
which is the sum taken over the indices set G, of mixed tensor products of dyadic scale successive differences
of “spatial” approximations to v, and of successive differences of their parametric Lagrange intepolating
polynomials. It has been introduced in [14] (see also [16]). A similar construction for the multi-index
stochastic collocation method for computing the expected value of a functional of the solution to elliptic
PDEs with random data has been introduced in [21, 22] by using Clenshaw-Curtis points for quadrature.

A set A C F is called downward closed if the inclusion s € A yields the inclusion s’ € A for every s’ € F
such that s’ < s. The inequality s’ < s means that s; < sj, j € N. A sequence (05)scr is called increasing
if g < ogfor 8’ <s. Put Rg:={s' €F:s <s}.

Theorem 3.1 Let 0 < p < 2. Let Assumption II hold for Hilbert spaces X' and X?. Assume that
(Yn)nen, s a sequence such that every Y, satisfies the condition (3.14) for some positive numbers T and C.
Let v € Vo(X?) be represented by the series (2.5). Assume that for r = 1,2 there exist increasing sequences
(0r:s)ser of numbers strictly larger than 1 such that

Z(UT;S||US||XT)2 <0
seF

and (ps(26, )‘)UT_;;>361F € 4, (F) for some 0 < g1 < ga2 < 00 with q1 < 2, where

0:=7+e+5/4, A:=max(Cxz2,C200,C:, 1), (3.17)

Coo,2, Co00 are as in Lemma 8.1, € is arbitrary positive number and C, is as in Lemma 3.7. For £ > 0 let
G(&) be the set defined as in (3.5).

Then for each n € N there exists a number &, such that |G(&,)| < n and

v = T,y vllv, (xy < Cn™ ™R, (3.18)
The rate o corresponds to the approzimation of a single function in X? as given by (2.3). The rate 3 is
given by
1 1 1 1
8= (_> S (3.19)
@ 2)a+d Q2

The constant C' in (3.18) is independent of v and n.

Proof. Clearly, by the inequality || - [y, (x1) < || - [lv,(x1) it is sufficient to prove the theorem for p = 2. By
Lemmata 3.3 and 3.4 the series (2.5) and (3.4) converge absolutely, and therefore, unconditionally in the
Hilbert space Va(X1!) to v. We have that ALH, = 0 for every s £ s’. Moreover, if A C F is downward
closed set, InHs = Hg for every s € A, and hence we can write

Iw = IA(ZUSHS) = N waHy = Y v Hy + Y vsIanr, He. (3.20)

seF selF seA SZA

Let us first consider the case o < 1/g2 — 1/2. Let £ > 0 be given. For k € Ny, put
Ap={s€F: (k,s) €G)} = {seF:0P <27F¢}

15



Observe that Ay = 0 for all k > k* := |log, £], and consequently, we have that

o
Ig(g)v = Zék( Z AI) Z(SkIAk’U. (3.21)
k=0

sEA

Since the sequence (02.s)scr is increasing, Ay are downward closed sets, and consequently, the sequence

{Ak}:;o is nested in the inverse order, i.e., Ajs C Ay if & > k, and A is the largest and Ay~ = {Op}.
Therefore, from the unconditional convergence of the series (3.4) to v, (3.21) and (3.20) we derive that

k* k*
IG(g)’U = Z Z 6k(vS)HS + Z Z (;k(vs) IAkﬂRS Hs

k=0 sEA k=0 s@Ay
o
= Sav + Y > 0k(vs) Inynr, He.
k=0 sgA}
This implies that
&
v = Zagv = v — Seev ~ Y > k(vs) Iner, H.
k=0 sgAy
Hence,
HU_IG(E)UHVQ(XI) < H”_SG(E)UHV2(XI)+ Yo l8kws)lx HIAmRsHsHM(RwW). (3.22)
(k,8)2G(8)
Lemma 3.5 gives
- H < Ce 3.23
HU GO Vo(X1) T 5 ( )

Let us estimate the sum in the right-hand side of (3.22). We have that

HIAkﬂRs HSHLQ(ROO,V) < Z ”AIS’(HS)HLQ(ROC,»Y)' (3'24)
s’€ANRs

We estimate the norm in the sum in the right-hand side. Assuming s € F to be such that supp(s) C {1, ..., J},
we have AL (Hg) = H;-]:1 Ai;(HS]')' Since AL; (Hs,) is a polynomial of degree < s’ in variable y;, from

S

Lemma 3.1 we obtain that

<

J
HAIS'(Hs)HLQ(Rm H \AI s) | La(R,y) H |AI s VI Lo ®)

J
< (0. TT 1 (8,

where 0 = 1/4, X := C3 » and Cs  is the constant in Lemma 3.1. Due to the assumption (3.14), we have
by Lemmata 3.7 and 3.2 that

AL ()il oo

IN

(1+ Cesi) ™ || Hoy /9l Lo ()
(1+ 0553)T+E(1 + Coo,z,zsj)l/4 1 Hs; /9| L (m)
(14 Cesy) ™ (1 4 Coo2,28,)"*

IN
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and consequently,
JAL ()| ey < Pr(0.3) < pa(6, ), (3.25)

where
0:=7+e+1/4, I:=max(Cu2,C200,Cc). (3.26)

Substituting || AL ( in (3.24) with the right-hand side of (3.25) gives that

Hs) HLQ(ROO,')/)

[ninre Hsll ey < D 2s(0:0) < |Rs|ps(6,) < ps(1,1)ps(6, ).
s’'€ArNRs

where 6 and A are as in (3.26). Hence,

HIAknRS HS||L2(]RQQ7,Y) § p3(97>\)7 (327)

where 0 and A are as in (3.17). Denote by 3(§) the sum in the right-hand side of (3.22). By using (3.27)
and (2.4) we estimate %(§) as

) < ¢ > 270 ) allxe = O pal0, Mvallx2 Y 270k

(k,8)¢G (&) seF 2k >0, 02
’ (3.28)
< O pa(B. Mvsllxz (€02,87) ™% < CE Y pal6, )03, s x2-
selF sclF
By the inequalities 2(1 — gaat) > ¢2 and 02,5 > 1 and the assumptions we have that
1/2 1/2
> a0, Mo sl < (sz;snvsnw) (zpzw,m%i“qwj
seF scF scF
1/2 1/2
< <Z(02;s||vs||xz)2> <Zps(29,)\)02_;32> = C <.
scF sclF
Thus, we obtain the estimate
E(g) = Z ||5k(vs)||X1 HIA;CFTRS HSHLZ(ROC,’Y) S Cg_a'
(k,8)ZG(8)
This together with (3.22) and (3.23) implies that
||’U—Ig(§)qu2(X1) < Cf_a. (329)

Hence, similarly to (2.14)—(2.15), for each n € N we can find a number &, such that |G(&,,)| < n and

v = Zae,yvllv,xy Cn™,  a<1/g—1/2. (3.30)

We now consider the case a@ > 1/¢g2 — 1/2. Observe that the unconditional convergence of the series
(2.5) and the uniform boundedness of the operators P, in X! imply that

AL = Aldw = Y 6r(ve )AL (Hy)

s’eF
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and

= ) Pu(vs)H.

EIS
with convergence of the series in Vo(X1). Put A(¢) := {s eF: ol < §} and B(¢,s) := {k € Ny : 2001k <
502 } for £ > 0. By using of these equalities and the umcondltlonal convergence of the series (2.5) and

(3.4), with N (¢, 5) := 2llos(€/" %0 22" we derive the estimates

Toev = Y. A = > ALL > s

(k,8)€G(8) seA(§) keB(¢,s)

= Y Pnigows)Hs + Y Pries)(vs)lanr, (Hs)

SEA(E) sEA(E)
(3.31)
= Z Z opv | Hs + Z Pr(e,s)(vs) )R, (Hs)
sEA(¢) \keB(E,s) sZA(E)
= Saev + Y Prnies)(vs)aenr, (Hs)-
SEA(E)
Hence,
[v =T vllyyxy < 110 =Sa@vlly, iy T Do PN @s)llxt [[Ia@nr, Hsll gy (3:32)
SEA(E)
Lemma 3.5 gives
—(1/q1—1/2
Jo = Sae)vlly,xny < CEHaT2, (3.33)
The sum in the right-hand side of (3.32) can be estimated by
> I1Pves @l [a@nr, Hell ey < € 32 Toslx [ Ia@nn, Hellp, g -
sZA(E) sZA(E)
Similarly to (3.27), we have
[a@nn, Hsl oy ) < Pa(0,4)
with the same 6 and A as in (3.17). This gives the estimate
Z Py e,s) (vs)ll x2 || Tace)nrs Hs||L2(Rmﬁ) <C Z [vsllx1 s (6, A). (3.34)
SEA(E) SEA(E)
We have by the Holder inequality and the hypothesis of the theorem,
1/2 1/2
Z [vsllx1 ps(6,A) < Z (01 [ x1)? Z p§(07>‘)0;z
SZA(E) 01,6 >E/ 01 o1,5>E1/ 91
1/2
<C Z p§(67>‘)o—ls 01, f o (3.35)
Ul:s>£l/q1
1/2
< g Wa=1/2) (Zps (20,\)01.2 ) < g~ Wa=1/2)
sclF
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Combining (3.32)—(3.35) leads to the estimate
lv = Zayvllvaoey < CEmHBT2. (3.36)
Hence, similarly to (2.18)—(2.19), for each n € N we can find a number &, such that |G(&,)| < n and

|lv —Ig(gn)vnvp(xl) < Cnf'B, a>1/qg —1/2. (3.37)

By combining the last esimate and (3.30) we derive (3.18). O

Denote by T's and T'(A) the set of interpolation points in the operators AL and I, respectively. We have
that I'(A) = Useal's. From the definitions we can see that I's = {Ys_c.m : € € Eg; m; =0,...,55, j € N},
where [ is the subset in F of all e such that e; is 1 or 0 if s; > 0, and e; is 0 if s; = 0, and y.,,, =
(ij;mj )jEN'

Corollary 3.1 Let 0 < p < 2. Let v € Vo(X) be represented by the series (2.1) for a Hilbert space X.
Assume that (Y,)nen, @8 o sequence such that every Y, satisfies the condition (3.14) for some positive
numbers T and C. Assume that there exists an increasing sequence (0s)scr of numbers strictly larger than

1 such that
Y (Osllvsllx)® < o0
seF
and (ps(20, max(2,\))o; 1) ser € £y(F) for some 0 < g < 2, where § and X are as in (3.17). For & > 0 define
A§):={selF: ol <(}. (3.38)

Then for each n € N there exists a number &, such that |[T(A(&,))] < n and
||v7]A(fn)'U||Vp(X) < Cni(l/qil/z). (339)

The constant C in (3.39) is independent of v and n.

Proof. Similarly to the proof of Theorem 3.1 it is sufficient to prove (3.39) for p = 2. In the same way as in
proving (3.32), we can show that

HU_IA(f)UHvz(Xl) = HU_SA(E)U||V2(X1)+ Z lvsllxt || Zae)n s, HSHLQ(ROC,AW
sZA(E)

where

SA(&)'U = Z USHS.
seA(§)

By estimating ||v — SA(f)UHvz(Xl) and 3 o ¢ llvslx2 | 7ace)nr, HsHLz(RMﬁ) similarly to (2.16) and (3.34)-
(3.35), respectively, we derive
lv = Inlly,xiy < &7

Since |T's| < HjeN(23j + 1) = ps(1,2), we have from the definition

ra©) < 3 N < Y p12) < Mg
seA(§) tos1>1
where M := ) _pps(1,2)0;7 < oo by the assumption. For any n € N, by choosing a number &,, satisfying
the inequalities M&,, < n < 2M¢&,, we derive (3.39). |
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The bound [|v —In, v| 1, (&= 2,,) < Cn~(1/971/2) has been obtained in [18] for a Hilbert space H, where
A, is the set of s corresponding to the n largest elements of an f;-summable majorant of the sequence

(‘7;1 ps(0,A))ser -

Theorem 3.2 Let 0 < p < 2. Let Assumption II hold for Hilbert spaces X' and X2. Let v € Va(X?)
be represented by the series (3.9). Assume that (Yn)nen, @S a sequence such that every Y, satisfies the
condition (3.14) for some positive numbers 7 and C. Assume that for v = 1,2 there exist increasing
sequences (0r.s)ser., Of numbers strictly larger than 1 such that

Y (onslvslxr)® < o0

s€Fey

and (ps(20,N)o,.3)ser., € lq, (Fey) for some 0 < g1 < g2 < 00 with q1 < 2, where 6 and X are as in (3.17).
For £ > 0 let Gey () be the set defined as in (3.10).

Then for each n € N there exists a number &, such that |G(&,)] <n and
[0 = T, eyl (x1) < O™ ™R (@A), (3.40)

The rate o corresponds to the approzimation of a single function in X? as given by (2.3). The rate j is
given by (3.19). The constant C in (3.40) is independent of v and n.

Proof. The proof of this theorem is similar to the proof of Theorem 3.1 with some modification. For example,
all the indices sets are taken from the sets Fo, and Ny x F., instead F and Ny x F; estimates similar to
(3.23) and (3.33) are given by Lemma 3.6 instead Lemma 3.5. 0

Similarly to Corollary 3.1 we have the following

Corollary 3.2 Let v € Vo(X) be represented by the series (3.9) for a Hilbert space X. Assume that
(Yn)nen, s a sequence such that every Y, satisfies the condition (3.14) for some positive numbers 7 and C.
Assume that there exists an increasing sequence (0s)ser,, of numbers strictly larger than 1 such that

Z (US||U3HX)2 <0

s€Fey

and (ps(20, max(2,\))og 1 )ser., € ly(Fey) for some 0 < q < 2, where 0 and X are as in (3.17). For & > 0,
define
Aev(§) i ={s €F¢y : 02 <} (3.41)

Then for each n € N there exists a number &, such that |T'(Aey(&r))| < n and
o = In, )vllv, (x) < Cn~(Ha1/2), (3.42)

The constant C' in (3.42) is independent of v and n.

Theorem 3.2 and Corollary 3.2 will be applied in proving the convergence rates of fully and non-fully
discrete integration in the next section.
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4 Integration

In this section, we construct general fully discrete linear methods for integration of functions taking values
in X2 and having a weighted f>-summability of Hermite expansion coefficients for Hilbert spaces X' and X?
satisfying a certain ”spatial” approximation property, and their bounded linear functionals. In particular,
we give convergence rates for these methods of integration which are derived from results on convergence
rate of polynomial interpolation approximation in V; (X!) in Theorem 3.2. We also briefly consider non-fully
discrete methods for integration.

If v is a function defined on R taking values in a Hilbert space X, an interpolation formula I,,(v) of the
form (3.13) generates the quadrature formula defined as

Qulv) = / L0 = 3wl

where

Wk = /Ren;k(y) dy(y).

Notice that

Qn(p) = /R e(y)dvy(y)

for every polynomial ¢ of degree < n, due to the identity I,,(p) = .

For integration purpose, we additionally assume that the sequence Y;, as in (3.12) is symmetric for every
n € No, 1. €., Yn;n—k = Ynsk for k =0, ...,n. The sequences Y,; of the of the roots of the Hermite polynomilas
H,, 11 and their modifications Y,* are symmetric. Also, for the sequence Y,’, it is well-known that

1

Wnik = T Npae )
(n+ DHZ (Y1)

For a given sequence (Y,,)%,, we define the univariate operator AQ for n € Ny by
AS = Qn— Qn-1,
with the convention QQ_; := 0. We introduce the operator Al for s € F by
AQ() == QAL (v)
jEN

for y-measurable functions v on R* taking values in a Hilbert space X, where the univariate operator Agj
is applied to the univariate function v by considering v as a function of variable y; with the other variables
held fixed.

We introduce the operator I for a finite set A C F by

Q= Y _ AL

seEA

Let Assumption II hold for Hilbert spaces X! and X2. We introduce the operator Qg for a finite set
G C Ny x F by

Qav = Z SRAL(v)

(k,8)eG
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for y-measurable functions v on R™ taking values in a Hilbert space X2. Notice that

Qav

| i),

and

Qv = /mIcv(y)d'y(y)- (4.1)

For a function v defined on R* taking values in a Hilbert space X such that v € V,(X) and is represented
by the series (2.1), consider the function ve, € Vo(X) defined by

Vey 1= E veHsg.

s€Fey

From the obvious equality [, v(y)dvy(y) = 0 for every odd function v, we have that

He(y)dy(y) = 0, s ¢ Fey,
ROO
and hence,

/ v(y)dy(y) = / Vev(y) dy(y). (4.2)

Moreover, if Y, is symmetric for every n € Ny,
A%H,(y) = 0, s¢Fe, s €F. (4.3)
Let Assumption II hold for Hilbert spaces X' and X2. If v is a function defined on R*> taking values in

X?% and ¢ € (X!) a bounded linear functional on X!. For a finite set G C Ny x F, the quadrature formula
Qv generates the quadrature formula Qg (¢, v) for integration of (¢, v) by

Qalo.v)i= 3 (0.08%) = [ (6.Qavw) ()

(k,s)eG

Theorem 4.1 Under the hypothesis of Theorem 8.1, assume additionally that the sequences Yy, n € Ny,
are symmetric. For & > 0 let Gey(€) be the set defined as in (3.10). Then we have the following.

(i) For each n € N there exists a number &, such that |Gey(&n)| < n and

(i) Let ¢ € (XY be a bounded linear functional on X*'. Then for each n € N there exists a number &,
such that |Gey(&n)] < n and

< COp~ min@f), (4.4)
Xl

/w v(y) dY(y) — Qa..(e)V

< Cp~min@f), (4.5)

| (6.0) d1) - Qoo (000)

The rate o corresponds to the approximation of a single function in X2 as given by (2.3). The rate B
is given by (3.19). The constants C in (4.4) and (4.5) are independent of v and n.
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Proof. For a given n € N, we approximate the integral in the right-hand side of (4.2) by Qg (¢,) Where &,
is as in Theorem 3.2. By Lemmata 3.3 and 3.4 the series (2.5) and (3.4) converge absolutely, and therefore,
unconditionally in the Hilbert space V;(X*!) to v. Hence, by (4.3) we derive that Qv (6:)V = Qs (£1)Vev-
Due to (4.1) and (4.2) there holds the equality

| o) - Qonenr = [ (o) - Tou i) drv). (16)

Roo

Hence, applying (3.40) in Theorem 3.2 for p = 1, we obtain (i):

For a given n € N, we approximate the integral [;. (¢,v(y)) dy(y) by Qa,,(e,) (¢, v) where &, is as in
Corollary 3.2. Similarly to (4.6), there holds the equality

/ v(y) dw(y) — QGev(Sn)U < H'Uev — IGev(ﬁn)UeVHvl(Xl) < Cn~ min(aﬁ)_
oo Xl

/ o, Vey(Y)) dV(Y) — Qa,(6,) (P Vev (y)) = /R _ (9, vev (Y) = Za.o (g,) Vev (9)) AV (y).-

Hence, applying (3.40) in Theorem 3.2 for p = 1, we prove (ii):

< / . (¢ ver () = T, () Vev (9))] dY(y)

[ (0t w) d9(0) = Qe (010

S /]R ||¢H(X1)/||'Uev(y) - IGev(fn)vev(y)”Xl d,y(y)
< O lve(®) = Zawenvev () da(y)
S C”vev_IGEV(EH)UeV”Vl(Xl) S Cn—min(a”(i’).

|

Let v be a y-measurable on R* taking values in a Hilbert space X and ¢ € X’ a bounded linear
functional on X. Denote by (¢, v) the value of ¢ in v. For a finite set A C F, the quadrature formula Qv
generates the quadrature formula Q4 (¢, v) for integration of (¢, v) by

Quo) = 30880 = [ (o Tno(w) dr(w)

seA

Similarly to the proof of Theorem 4.1, applying (3.42) in Corollary 3.2 for p = 1, we can derive the
following

Corollary 4.1 Under the hypothesis of Corollary 3.1, assume additionally that the sequences Y, n € Ny,
are symmetric. For & > 0 let Aey(€) be the set defined as in (3.41). Then we have the following.

(i) For each n € N there exists a number &, such that |I'(Aev(&n))| < n and

< Cop~(/a=1/2), (4.7)

/ v(y) dy(y) — Qe
e X
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(ii) Let ¢ € X' be a bounded linear functional on X. Then for each n € N there exists a number &, such
that [T'(Aev(€0))] < n and

/m<¢,v(y)> dY(Y) — Qauy(en) (b v)| < Cn~/171/2), (4.8)

The constants C' in (4.7) and (4.8) are independent of v and n.

5 Elliptic PDEs with lognormal inputs

In this section, we apply the results in Sections 2—4 to fully discrete linear Galerkin and polynomial inter-
polation approximations as well as integration for parametric and stochastic elliptic PDEs with lognormal
inputs (1.2).

We approximate the solusion u(y) to the parametrized elliptic PDEs (1.1) by truncation of the Hermite
series

u(y) = Zus Hs(y)a us € V. (5.1)
selF
For convenience, we introduce the convention W' := V and W? := W. Constructions of fully discrete

approximations and integration are based on the approximation property (1.4) in Assumption I and the
weighted fo-summability of the series (|lus||wr)ser in following lemma which has been proven in [2, 3].

Lemma 5.1 Let r = 1,2. Assume that the right side f in (1.1) belongs to H"2(D), that the domain
D has C"~%' smoothness, that all functions p; belong to Wr=L2(D). Assume that there exist a number
0 < gr < 00 and a sequence p, = (pr;)jen of positive numbers such that (p;;)jeN € 4,.(N) and

> ol + sup || pr|D] <oo.

; laj<r—1 4
JjEN L= (D) JjEN Lo (D)

Then we have that for any n € N,

. S ’
Sl <00 with o= 3 (5)er
scF 18"l £0o ) <7
We make use the following notation: for v € N,
F, = {S clF: sj € N()’V, j € N}, No,l, = {n eENg:n=0,v,v+ 1,...}.

The set F, has been introduced in [34]. The set Fo plays an important role in establishing improved
convergence rates for sparse-grid Smolyak quadrature in [33, 34].

The following lemma is a generalization of [2, Lemma 5.1].

Lemma 5.2 Let 0 < ¢ < 00, n € N, p = (p;);jen of positive numbers such the sequence (pj_l)jeN belongs to
L4(N). Let 0, X\ be arbitrary positive numbers and (ps(6, X)) scr the sequence given in (3.3). Let for numbers
n € N the sequence (0g)ser be defined by

2= % C) 2

[18"l 0o 1y <M
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2y(9+1)

Then for any n > , we have

Z ps(0, \)o; " < co.
selF,

Proof. With 6" := 20v/q, we have that

—q/2v
> p0 N =3 ] (Z (3) arxsrs )

sefF, seF, jeN k=0
n —q/2v
n 0" 2k .
_ (Z (k) (14 2m) p ) _e
FEN neNg, \k=0 jEN

and

n 0" 2 (n,m) o
< mlnn
Bis ) ((minm,n)) (L+An)"p )

neNg,
0’ 2 —a/2v 0’ q/2v

< n
< > ((n) (14 xn)?p ) +Z( (14 An)? )

n€Ng,,, n<n n>n

n —q/2v

< Z (1+xn)% nq/y—i—pj nq/uz ( ) (14+n)? =: Bj1 + Bja.

n€Ng,,, n<n n>n N

We estimate B;; and Bj,. We have

n—1 n—1

B <1+ (L+M)’p; " <1+ (1+ (-0 p; ",

J
n=v n=v

n
From the inequalities (%) < (Z) and nq/2v — 0 > 1 we derive that

—nq/2v
Bjs < pjfnq/u Z (n) (1+ )\n)a < Cp;"q/” Z n—(19/2v=0) < Cp;nq/l/.

n

n=n n>n

Summing up we obtain that
n
Bj<Bji+Bjs<1+C Y p; "
n=v

Since the sequence (p}l)jeN belongs to £4(N), there exists j* large enough such that p; > 1 for all j > j*.
Hence, there exists a constant C independent of j such that B; <1+ C’p;q for all j € N, and consequently,

3 ps(8. N0 <[] By <[] +Cp; ) < exp (Zcp;q) < 0.
sel, jEN jEN JEN
O
To treat fully discrete approximations we assume that f € Lo(D) and there holds the approximation

property (1.4) in Assumption I for the spaces V and W. Notice here that classical error estimates [5]
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yield the convergence rate o = 1/d by using Lagrange finite elements of order at least 1 on quasi-uniform
partitions. Also, the spaces W do not always coincide with H?(D). For example, for d = 2, we know that
W is strictly larger than H2(D) when D is a polygon with re-entrant corner. In this case, it is well known
that the optimal rate v = 1/2 is yet attained, when using spaces V,, associated to meshes (7,),>0 with
proper refinement near the re-entrant corners where the functions v € W might have singularities.

Theorem 5.1 Let 0 < p < 2. Let f € La(D) and Assumption I hold. Let the assumptions of Lemma 5.1
hold for the spaces W' =V and W2 = W with some 0 < q1 < g2 < 00. For £ > 0 let G(£) be the set defined
as in (2.8).

Then for each n € N there exists a number &, such that dim(V(G(&,)) < n and
lu = Sae,yullv, vy < CnmR@H), (5.2)
The rate o corresponds to the spatial approximation of a single function in W as given by (1.4), and the

rate 8 is given by (2.10). The constant C' in (5.2) is independent of u and n.

Proof. To prove the theorem it is sufficient to notice that the assumptions of Theorem 2.1 are satisfied for
X! =V and X2 = W. This can be done by using Lemmata 5.1 and 5.2. (By multiplying the sequences p,.
in Lemma 5.1 with a positive constant we can get 0,5 > 1 for s € IF.) |

The rate min(«, 8) in (5.2) is the rate of best adaptive n-term Galerkin approximation in V2(V') based
on £, -summability of (||us||v)ser and £,,-summability of (||us||w)ser proven in [3], where 1/p, = 1/¢,+1/2
for r=1,2.

In the same way, from Theorems 2.1 and 3.1 and Corollary 3.1 we derive the following two theorems
and corollary.

Theorem 5.2 Let 0 < p < 2. Let f € Ly(D) and Assumption I hold. Let the assumptions of Lemma 5.1
hold for the spaces W' =V and W? = W with some 0 < q1 < g2 < o0 with ¢1 < 2. Assume that (Yy,)nen,
is a sequence such that everyY,, satisfies the condition (3.14) for some positive numbers 7 and C. For & > 0
let G(§) be the set defined as in (3.5).

Then for each n € N there exists a number &, such that |G(&,)| < n and
||u — IG(ER)UHVP(V) < Cn~ min(e,f) (53)

The rate « corresponds to the spatial approximation of a single function in W as given by (1.4). The rate
B is given by (3.19). The constant C in (5.3) is independent of u and n.

Observe that the approximands Zg (¢, )u in this theorem can be represented in the form

kn kn
Toeau = 5k( > AI) D kIt
k=0 k=0

SEAL(En)

where ky, := |log, &, ] and for k € Ny and £ > 0,

{seF: ol <27k¢} if o < 1/g2;
Ak(g) {{SEF U <£a 028<2 kf} ifa>1/iJ2-

Moreover, Ag(&,) are downward closed sets, and consequently, the sequence {Ak §n)} kio is nested in the
inverse order, i.e., Ay (§,) C Ag(&,) if K >k, and Ag(&,) is the largest and Ay, (§,) = {Or}. Further, the
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fully discrete polynomial interpolation approximation by operators Zg(, ) is a collocation approximation
based on the finite number [T'(Ao(&n))| < 3 ogep e, ) Ps(1,2) of the particular solvers u(y), y € I'(Ao(&n)),
where, we recall, I'(Ag(£n)) = Useng(¢,)L's and T's = {ys_o.m = € € Eg; m; =0,...,55, j € N} ( Eg denotes
the subset in IF of all e such that e; is 1 or 0 if s; > 0, and e; is 0 if 5; = 0, and Y,.,, = (Ys;3m; )jen-)

Corollary 5.1 Let 0 < p < 2. Under the hypothesis of Lemma 5.1 for the spaces W' = V with some
0<qg<2, for &£ >0 let A(§) be the set defined as in (3.38). Then for each n € N there exists a number &,
such that [T'(A(&R))] < n and

[u = Ine,yully, vy < Cn~ a1/, (5.4)

The constant C in (5.4) is independent of v and n.

The rate in Corollary 5.1 hase been obtained in [18] for a similar approximation in Va(V).
Theorem 5.3 Let f € La(D) and Assumption I hold. Let the assumptions of Lemma 5.1 hold for the
spaces W' =V and W2 = W with some 0 < ¢1 < g2 < 0o with 1 < 4. Assume that (Yo)nen, s a

symmetric sequence such that every Y, satisfies the condition (3.14) for some positive numbers T and C.
For £ > 0 let Goy(§) be the set defined as in (3.10). Then we have the following.

(i) For each n € N there exists a number &, such that |Gey(&n)| < n and

(ii) Let ¢ € V' be a bounded linear functional on V. For each n € N there exists a number &, such that
[Gev(én)| <7 and

< Cp~ min(@f), (5.5)

/ u(y) dy(y) — Qa., (&)U
oo 1%

< O~ min(ef) (5.6)

(6.0 d1w) - Qaien(6.)

The rate o corresponds to the spatial approzimation of a single function in W as given by (1.4). The rate

B is given by
2 1 « 2 2
===z —, §:=— - —. 5.7
B (Q1 2>04+5 Qe (5.7)

The constants C in (5.5) and (5.6) are independent of u and n.

Proof. Observe that Fo, C F3. From Lemma 5.1 and Lemma 5.2 we can see that the assumptions of
Theorem 3.1 hold for X! =V and X2 = W with 0 < ¢1/2 < ¢2/2 < o0 and ¢; /2 < 2. Hence, by applying
Theorem 4.1 we prove the theorem. a

Observe that the rate in (5.5) and (5.6) can be improved as min(a, q%ai“) if the sequences (|lus|lv)ser

and (||us|lwr)ser have £y, - and ¢, -summable majorant sequences, respectively, where 1/p1 = 1/¢1 + 1/2
and 1/p, =1/q. + 1/2.

In the same way, from Corollary 4.1 we derive the following
Corollary 5.2 Let the assumptions of Lemma 5.1 hold for the spaces W' = V with some 0 < ¢ < 4.

Assume that (Yn)nen, 1S a symmetric sequence such that every Y, satisfies the condition (3.14) for some
positive numbers T and C. For £ > 0 let Aoy (§) be the set defined as in (3.41). Then we have the following.
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(i) For each n € N there exists a number &, such that |T'(Aey(&r))| < n and
‘ / u(y) dy(y) — Qa (e u

(ii) Let ¢ € V' a bounded linear functional on V. For each n € N there exists a number &, such that
|F(Aev(§n))| S n and

< Cn~la-12), (5.8)
174

< Cn~@/a=1/2) (5.9)

[ 6.uw) dvw) - Quen o)

The constants C in (5.8) and (5.9) are independent of u and n.

The rate 2/g — 1/2 in Corollary 5.2 is an improvement of the rate 1/¢ — 1/2 which has been recently
obtained in [4]. Observe that this rate can be improved as 2/q if the sequence (||us||v ) ser has an £,-summable
majorant sequence, where 1/p =1/q+ 1/2.

6 Elliptic PDEs with affine inputs

The theory of non-addaptive fully discrete approximations in Bochner spaces with infinite tensor product
Gausian measure in Sections 2—4 can be extended to other situations. In this section, we present some
results on similar problems for parametric and stochastic PDEs with the affine inputs (1.3).

In the affine case, for given a,b > —1, we consider the orthogonal Jacobi expansion of the solution u(y)
of the form

Zust(y), Js(y) = ®Jsj(yj)7 Ug = /u(y)Js(y)dcrmb(y),

I

sclF jEN
where
daa,b<y) = ® 6a,b(yj) dy]7 (61)
JEN
Tla+b+2)
Sap(y) = cap(1 = )" (1 +9)", cap:= 20t0+10 (g + 1)T(b+ 1)’
and (Ji)k>o0 is the sequence of Jacobi polynomials on I := [—1,1] normalized with respect to the Jacobi

probability measure [} |Ji(y)|?6a,(y)dy = 1. One has the Rodrigues’ formula
a,b k

) = pepl=9) 1) (07— M=) (1 )",

where ¢4 := 1 and

|
b \/(2k+a+b+1)k.F(k+a+b+1)F(a+1)F(b+1)7 Len

k F(k+a+1)I'(k+b+1)T(a+b+2)

Examples corresponding to the values a = b = 0 is the family of the Legendre polynomials, and to the
values a = b = —1/2 the family of the Chebyshev polynomials.

We introduce the space W” := {v € V : Av € H""2(D)} for r > 2 with the convention W' := V. This
space is equipped with the norm [|v|lwr := || Av|| gr—2(p), and coincides with the Sobolev space VN H"~2(D)
with equivalent norms if the domain D has C"~ 1! smoothness, see [19, Theorem 2.5.1.1]. The following
lemma has been proven in [1, 3].
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Lemma 6.1 For a given r € N, assume that a € L*°(D) is such that essinfa > 0, and that there exists a
sequence p, = (pr.j)jen of positive numbers such that
o P10
HZJeNplﬂ il <1,

a L*(D)

Assume that the right side f in (1.1) belongs to H"=2(D), that the domain D has C"~%1 smoothness, that
a and all functions 1; belong to W™=1°°(D) and that

sup Zpr;j|D°‘¢j| <00

laj<r—1||%
Jen L>(D)

Then
S (rslluslli ) < oo, or = p [T 2.

selF JEN

Lemma 6.2 Let 0 < ¢ < 00, p = (pj)jen of numbers larger than one such the sequence (pj*l)jeN belongs to
L,(N), (ps(6, X)) ser is a sequence of the form (3.3) with arbitrary nonnegative 0, \. Then for every v € Ny,

we have
g ps(Q,)\)(p_s)Q/” < 00.
selF,

Proof. We have

S0 =T Y o+ s =[] 45

selF, jeN SjGNo),, jeN

Since p = (pj)jen of numbers larger than one, and such the sequens (pj_l)jeN belongs to ¢,(N), we have
minjen p; > 1. Hence, there exists a constant C' independent of j such that

Ay =1+ p M A+ Ak <1+ Cpy Y,
k=v

and consequently,

> pe 0N ()" < [[0+Cpy ) < exp (3 Cpy ) < oo

s€F, JEN JEN

We assume that there holds the following approzimation property for V-and W™ with r > 1.

Assumption ITI There are a sequence (V;,)nen, of subspaces V,, C V of dimension < n, and sequence
(Pn)nen, of linear operators from V into V;,, and a number « > 0 such that

I1Pn(0)lv <C, |lv—P,(v)|lv <Cn~%|v|lwr, VneNy, VYveW". (6.2)

In what follows, we make use the abbreviation: V, (V) := L,(I*,V, 0,,) and assume that » > 1. From
Lemmata 6.1 and 6.2 we can prove the following results on non-adaptive fully Galerkin and polynomial
interpolation approximations and integration for the affine case.
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Theorem 6.1 Let 0 < p < 2. Let f € H""%(D) and Assumption III hold. Let the assumptions of
Lemma 6.1 hold for the spaces W' =V and W™ with some 0 < g1 < q. < 0o. For & > 0 let G(£) be the set
defined as in (2.8). Then for each n € N there exists a number &, such that dim(V(G(&,)) < n and

||u — 8@(5n)u|‘yp(v) <Cn~ min(a’ﬁ). (6.3)

The rate « corresponds to the spatial approzimation of a single function in W as given by (6.2), and the
rate B is given by (2.10). The constant C in (6.3) is independent of u and n.

The rate min(«, 8) in (6.3) is the same rate of fully discrete best adaptive n-term approximation in
V2(V') based on £y, -summability of (||us||v)ser and ¢, -summability of (|lus|lwr)ser proven in [3], where
1/p1 =1/¢1+1/2 and 1/p, = 1/q, +1/2. This rate can be achieved by fully discrete linear non-adaptive ap-
proximation when (||us||v)ser and (||us||wr)ser have £,,-summable and £, -summable majorant sequences,
respectively [33].

Theorem 6.2 Let 1 < p < oo. Let f € H"2(D) and Assumption III hold. Let the assumptions of
Lemma 6.1 hold for the spaces W' =V and W' with some 0 < q1 < q, < oo with g, < 2. For & > 0 let
G(&) be the set defined as in (3.5). Then for eachn € N there exists a number &, such that dim(V(G(&,)) < n

and .
[u = Sgenyully, 1y < Cn~ ™5, (6.4)

The rate a corresponds to the spatial approzimation of a single function in W as given by (6.2). The rate
B is given by (3.19) The constant C in (6.4) is independent of v and n.

For polynomial interpolation approximation and integration, we keep all definitions and notations in
Section 3 with a proper modification for the affine case. For example, for univariate interpolation and
integration we take a sequence of points Y,, = (yn;x)5_, in I such that

—00 < Yno < < Ynin—1 < Yn;n < +00;  Yo,0 = 0.

Sequences of points Y, = (yn;k)jr_, satisfying the inequality (3.14), are the symmetric sequences of the
Chebyshev points, the symmetric sequences of the Gauss-Lobatto (Clenshaw-Curtis) points and the nested
sequence of the R-Leja points, see [9] for details.

Theorem 6.3 Let 1 < p < co. Let f € H""2(D) and Assumption III hold. Let the assumptions of
Lemma 6.1 hold for the spaces W' =V and W™ with some 0 < q; < q, < o0 with q1 < 2. Assume that
(Yn)nen, s a sequence such that every Y, satisfies the condition (3.14) for some positive numbers T and C.
For & > 0 let G(§) be the set defined as in (3.5). Then for each n € N there exists a number &, such that
|G(&n)| < and

lu = Zae,yullv, vy < Cn~mmeh), (6.5)

The rate o corresponds to the spatial approximation of a single function in W" as given by (6.2). The rate
B is given by (3.19). The constant C in (6.5) is independent of u and n.

The rates in (6.3)—(6.5) for some non-adaptive approximations have been proven in the case when
(llus|lv)ser and (||us||wr)ser have £,, -summable and ¢, -summable majorant sequences, respectively, which
are derived from the analyticity of the solution u, where 1/p; = 1/q1 +1/2 and 1/p, = 1/q, +1/2, see [33].

Theorem 6.4 Let f € H""2(D) and Assumption III hold. Let a = b in the definition of the Jacobi
probability measure o4(y) in (6.1), and the assumptions of Lemma 6.1 hold for the spaces W' =V and
W™ with some 0 < g1 < g < 00 with q1 < 4. Assume that (Yn)nen, 5 a sequence such that every Yy, is
symmetric and satisfies the condition (3.14) for some positive numbers 7 and C. For & > 0 let Go,(§) be
the set defined as in (3.10). Then we have the following.
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(i) For each n € N there exists a number &, such that |Gy ()| < n and

(ii) Let ¢ € V' be a bounded linear functional on V. For each n € N there exists a number &, such that
|Gev(&n)| <7 and

< O~ min(@f), (6.6)
14

/H _ u(y) dy(y) — Qa., () U

< COp~min(@f), (6.7)

[ {60 20~ Qo610

The rate a corresponds to the spatial approrimation of a single function in W as given by (6.2). The rate
B is given by
2 1 a 2 2
(2 1) st
@ 2)atd @ G (©68)
The constants C' in (6.6) and (6.7) are independent of u and n.

The rate in (6.6)—(6.7) can be improved as min(e, q%ai”) if (Jus||v)ser and (||us||wr)ser have £,,- and

¢p,-summable majorant sequences, respectively, where 1/p1 =1/¢1 +1/2 and 1/p, = 1/g, + 1/2, see [33].

Corollary 6.1 Let a = b in the definition of the Jacobi probability measure oq(y) in (6.1), and the
assumptions of Lemma 6.1 hold for the spaces W' =V with some 0 < q < 4. Assume that (Y,,)nen, is
a sequence such that every Y, is symmetric and satisfies the condition (3.14) for some positive numbers T
and C. For £ >0 let Aoy (§) be the set defined as in (3.41). Then we have the following.

(i) For each n € N there exists a number &, such that |T'(Aey(&r))| < 1 and

(ii) Let ¢ € V' be a bounded linear functional on V. For each n € N there exists a number &, such that

< Cn~(3/a=1/2) (6.9)

/ u(y) dy(y) — Qa., ()
Iee \%

< Cn~(3/a=1/2) (6.10)

/Hoo <¢7u(y)> dV(y) - QAEV(§71)<¢, u>

The constants C' in (6.9) and (6.10) are independent of w and n.

The rate in (6.9) and (6.10) can be improved as 2/q if the sequence (||us||v)ser has an £,-summable
majorant sequence, where 1/p = 1/q+ 1/2, see [34].
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