EXTRA INVARIANCE OF PRINCIPAL SHIFT INVARIANT
SPACES AND THE ZAK TRANSFORM.
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ABSTRACT. We prove a necessary and sufficient condition for a principal shift invari-
ant space of L?(R) to be invariant under translations by the subgroup %Z , N > 1.
This condition is given in terms of the Zak transform of the group %Z. This result
is extended to principal shift invariant spaces generated by a lattice in a general
locally compact abelian (LCA) group.

1. INTRODUCTION AND MAIN RESULT

Let H be an additive subgroup of R. A closed subspace V of L?(R) is called H-
invariant if it is invariant under translations by elements of H. That is, when f € V,
then Ty,(f) € V for all h € H, where T),(x) = f(z — h). A Z invariant subspace of
L*(R) is called shift invariant.

Shift invariant spaces are the core spaces of Multiresolution Analysis ([Mey90,
Dau92, HW96, Mal99]), and as such they are used to study signals and images. They
are also used as models to approximate functional data ([dBDVRI94, [ACHMOT]).

Shift invariant spaces are also the natural spaces for sampling. For a measurable
set A C R, the Paley-Wiener space PW (A) is defined by
PW(A) :={f € L*(R) : supp f C A},

~

where f(§) = / f(z)e "¢ dx denotes the Fourier transform of f. The Whittaker-

R
Shannon-Kotel'nikov sampling theorem establishes that any signal f in the space
PW([-M/2,M/2]), M > 0, can be recovered with the samples { f(k/M)}rez by the

formula
10 =31 (37) o (11)

keZ

with convergence in L?(R) and pointwise uniformly. The space PW (A) is shift invari-
ant, that is invariant under translations by the group Z. It has extra invariance, since
it si also invariant under the elements of the group R, a bigger group than Z.

There are other closed additive subgroups of R that contain Z. All of them are
of the form %Z for some natural number N > 1. In [ACHKMI0)] several equivalent
conditions are given to determine if a shift invariant space is also %Z invariant, N €
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N, N > 1. Their results are given in terms of cut-off spaces in the Fourier transform
side, gramians and range functions.

A particular important class of H invariant spaces is the one whose elements are
generated by the H-translations of a single function ¢ € L*(R). They are called
principal and define as

(V)i :=span{Tyy - h € H},
where the closure is taken in L?(R). It can be seen using ([1.1]) that the Paley-Wiener
space PW ([1/2,1/2]) is principal and generated by the function ¢ € L*(R) given by
Y= X[-1/2,1/2]

For principal shift invariant spaces (¢)z C L?(R) it is shown in [SWTI] that ()
is also %Z invariant, N € NJN > 1, if and only if forall p=1,2,..., N — 1,

Pyn(@)Pyn(+p) =0, ae ER,

where Py y is the periodization function of 1 for the group %Z, that is

Pyn(€) =Y (& + NE)J.

kEZ

The Zak transform of a function f € L'(R) for the group %Z, N € N, is given by
1 k ,
In(f).8) = 55 Y flat 5)e "N w g R (12)

It can be extended to be an isometric isomorphism from L?(R) onto L*([0,1/N) x
[0, NV)). For the proof of this result and other properties of the Zak transform, together
with historical background and references, see |[Jan88]. It is a very useful tool in
time-frequency analysis ([Gro01]) and in situations where the Fourier transform is not
available, such as in Harmonic Analysis in non-commutative discrete groups ([BHP14)
BHP15]). And it is also of great value in abelian Fourier Analysis: as an example
see the simple proof of the Plancherel Theorem given in [HSWWTI0] using the Zak
transform.

The main purpose of this article is to give a characterization of %Z extra invariant
of principal shift invariant spaces of L*(R) using the Zak transform of the group %Z.
The statement is the following:

Theorem 1.1. Let ) # 0,¢ € L*(R) and N € N, N > 1. The following are equivalent:

(a) (¥)z is ~Z invariant.

(b) Zn(W)(z, &+ p) Zy(W)(y, €+ q) =0 a.e. z,y €[0,1/N), a.e. £€[0,1), for all
p7q:071aN_17p7£q

Let Iy = [0,1/2) U [1,3/2) and I, = [0,1/2) U [3/2,2). The functions v and )y
given by @\1 = x, and @ = X1, are exhibited in [SWTI] to show that although both
allow sampling formulas with the lattice %Z, the second one is better with respect to

sampling since it also allows sampling with the coarser lattice Z, while the first one
does not.



EXTRA INVARIANCE AND THE ZAK TRANSFORM 3

We can witness, using Theorem that they are also different for %Z extra invari-
ance. To see this, we borrow from Proposition the following formula for the Zak
transform of a function f € L'(R) for the group +Z, N € N:

Zn(f)(2,6) = Y F(E+ NE)e o ED g ¢ e R, (1.3)

keZ
Using ((1.3)) it is easy to see that for £ € [0,1), and z,y € R,

Zy(1)(w,€) = €™ X10,1/2)(€) , and  Zy(n)(y, €+ 1) = ¥ E v )(€) .

Since Zy(v1)(x, &) Zo(0y)(y, € +1) # 0 for all z,y € R and all € € [0,1/2), we deduce
from Theorem that (¢1)z is not 37 invariant. On the other hand, using again
(1.3)), for all € € [0,1), and z,y € R, we have

Zy(1h2)(x,€) = €™ x01/2)(€) 4 and  Zo(2)(y, &+ 1) = ™ E x 1 51y(€)

Hence, Z5(9)(x,£)Zo(102)(y, £ + 1) = 0 for all £ € [0,1), and z,y € R. This shows,
by Theorem [1.1} that (12)z is 37 invariant.

Theorem 1.1 will be proved in Section [3] Section [2] contains the tools needed for the
proof. In Section [5| we generalize Theorem 1.1 to the case of locally compact abelian
(LCA) groups. We need an LCA group G and two lattices  C L of G. The dual
group of GG will be denoted by G and L1 C K+ denote the dual lattices of £ and K
respectively. We denote by C’gAa measurable tiling set of G by L, and similarly by
C). a measurable tiling set of G by K.

We also need the notion of Zak transform with respect to a lattice that the reader
can find in (4.5)).

Theorem 1.2. Let G be an LCA group and let K C L be two lattices in G. Let
Y # 0,7 € L*(G). The following are equivalent:
(a) (V) is L invariant.

]CL(/b)ﬁLZE(wC)l(a + ﬂl,x)Zé;(w)(a g Bo,y) = 0 for all py,Bs such that [B1] # [Ba] in
,ana a.e. x,y € Cp, o € CeL.

The proof of Theorem [1.2] will be given in Section [5] Subsections [4.1], 1.2} and
contain the tools needed for the proof.
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2. PRELIMINARIES
2.1. Properties of the Zak transform. Recall from (1.2) that the Zak transform of a
function f € L'(R) for the group %Z, N € N, is given by
1 k ;
€)=y 3 St F)TNE, e g eR. (2.1)

It can be extended to be an isometric isomorphism from L?(R) onto L?([0,1/N) x [0, N)).
It follows from the definition that if £ € Z and z,£ € R

ZN(f)(x,§+EN) = Zn(f)(2,€), (2.2)

and
N+ .6) = @ FE I ()2, 6). (23)

Therefore, Zn(f)(z,§) is determined as soon as we know its values in the rectangle [0, 1/N) x
[0, N).

The following result relates the usual Zak transform Z; with the Zak transform defined
by (2.1).

Proposition 2.1. For f € L?>(R), z,£ €R, and N € N,
N-1
= Z ZN(f)(z, &+ a).
q=0

Proof. By density, it is enough to prove the result for f € L'(R) N L?(R). Using definition
(2.1) and collecting terms we obtain

N-1
Z In(F)(, € +aq) = Z Zf T —|— _27”%(&!1)
q=0

kEZ

1 —~ o ik k. o .k
= > % Zemw flo+ e 2mRe.
keZ q=0

N-1
Let @y (k Z e™2™ne | If K = (N, ®x(k) = 1. On the other hand if k is not an

q=
integer multiple of N, using the sum of a geometric progression, ® (k) = 0. Therefore,

N-1
Z Zn()(@ E+a) =) flz+0e > = Zy(f)(2,6).

q= LeZ

Recall that T,(f)(y) = f(y — x) denotes de translation by z € R.
Proposition 2.2. For f € L?>(R), z,£ € R, and N € N,

N-1
2m<5+)
ZUTyn (D)@, 6) =Y e N " Zn(f) (.6 +q).
q=0
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Proof. By density, it is enough to prove the result for f € L'(R) N L?(R). Now, the result

follows by using Proposition and equation ([2.3)):
~1

N
TN D@ = AN 0= Y In(E - 16+0)

q:
N-1

_ Z e—2ﬂi%(§+‘1)ZN(f)(:v,£ +4q).

q=0
O

The following result will be needed in the sequel. It gives a way to compute the Zak
transform of a function using its Fourier transform.

Proposition 2.3. For f € L?>(R), z,£ €R, and N € N,
In(F)(2,8) =Y F(§ + Nk)em o EtN0),
keZ
Proof. Tt is enough to show the result for f € C.(R), the continuous functions with compact
t .
support in R. For each z,{ € R define F, ¢(t) := f(z + N)e”’”ﬁé, t € R. By the Poisson
Summation Formula,
1 1 —
()6 = & 3 Fuelh) = 1o 3 Foelh). (24)
keZ keZ

With the change of variables x + % = z we obtain

—

B = [ P ar= [ far e ite it
= N/f(Z) e*Zﬂ’i(Z*ZE)Eef27Tik(zfx)N dz
R

_ N 2mia(erNE) / F(z) e 2z EENR) g,
R

_ NeQm’z(ﬁJrNk:)f(g + Nk).
The result follows by replacing this equality in (2.4)). O

Remark 2.4. Propositions[2.1] and[2.9 can also be proved using Proposition[2.3. We leave
the details for the reader.

2.2. Principal invariant spaces. We start by giving a condition to determine if a principal
shift invariant subspace is also %Z invariant.

Proposition 2.5. Let ¢ # 0,9 € L2(R), and N € N, N > 1. The following are equivalent:

(a) ()7, is +Z invariant.

(b) Tyyn () € (P)z.
Proof. (a) = (b) is clear by definition. To prove (b) = (a) let f € (¥)z. We have to show
that Ty, /N (f) € (¥)z for all k € Z. Write k = (N +q,¢ € Z,q € Z,0 < ¢ < N — 1. Then,
Tyn(f) = TynTi(f) € Tyyn((¥)z). Thus, it is enough to prove that T;/n({1)z) C (¥)z for
all ¢ € Z,0 < ¢ < N — 1. The result is clear for ¢ =0. If ¢ = 1,

Tyn((¥)z) C(Tyn())z C (¥)z,
since Ty /nt € (¥)z by (b). Proceed now by induction on q. If Ty /n((¥)z) C (1)z, then
1

Tus ($)2) = Ty T3 ($)2) € Ty ((9)2) € (Tiyn($))z C W)z,
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since Ty /N9 € (Y)z by (b). O

The following result characterizes the elements of (¢)z in terms of a multiplier. It was
first proved in [dBDVR94], Theorem 2.14 (see also Theorem 2.1 in [HSWW10]).

Proposition 2.6. Let ¢ # 0,9 € L*(R).

(a) If f € (Y)z, there exists a Z-periodic function my on R such that f: mf{ﬁ\.

(b) If m is a Z-periodic function on R such that TmZ € L?(R) then, the function f defined
by f =m belongs to (V)7 .

We will need a similar result to the one stated in the above Proposition, but in terms of
multipliers of the Zak transform. It is a corollary of Proposition

Corollary 2.7. Let 1 # 0,7 € L*(R).

(a) If f € (3)z, there exists a Z-periodic function my on R with mﬂz € L*(R) such that
Z()(@,8) =mp(§)Z1(¥)(2,§), a.e.x,§ €R. ~

(b) If m is a Z-periodic function on R such that miy € L?(R) then, the function f defined
by Z1(f)(x, &) = m(&) Z1(¥)(x,€), a.e.x,§ € R, belongs to (V)7 .

Proof (a ) y (a) of Proposition there exists a Z-periodic function my on R such that
f= mfw Hence, mfz/z € L*(R) and by Proposition for N =1 we deduce,

Zi(f)(2,6) = Y FE€+ k)™ ER) =N (e + k)€ + k)emie R

keZ keZ
= mp(€) Y D+ RPN = my () Z1(a, €)
kEZ
(b) First notice that since mi € L?(R), by Proposition m for N =1,
m(€)Z1(¥)(x,) = m(&) Y D&+ k)X EE) =N "m(g + k)€ + k)emieEHh)
keZ keZ
= Yo mib(E + RETTED = 2, (F 7 (mi))(@.€)
kEZ

where 7! is our notation for the inverse Fourier transform of an L?(R) function. This shows
that mZ; (1) coincides with the Zak transform of F~!(ma))) € L?(R). Since f satisfies

(f)(x &) = m(&)Z1(Y)(x,&) = Z1(F~ (m{[)\))(x,{) and Z; is an isometry, we conclude
f=my. By (b) of Proposmon feWsz. O

3. PROOF OF THEOREM [L.1]

3.1. Proof of (a) implies (b) of Theorem Assume that (1)) is +Z invariant,
N € NJN > 1. Then Ty n(¥) € (¥)z. By Corollary there exists a Z-periodic

function m on R, with m1) € L?(R), such that
Z1(Tyn () (@,8) = m(§) Z1($)(x,€) , a.e.x, £ €R.
Equivalently,

1
Zl(w)(x - N?g) = m(g)Zl(w)(xag)a a. €.ZL‘,§ € R.
Iterating, for p =0,1,2,...

Zl(w)(x_ 75) :m(g)le(zp)(a;,g), a.e.x,§ €R. (31)

P
N
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On the other hand, by Proposition and equation (2.3), for p € Z we obtain,

N-1
p p
awe-Lo = Y Zvw)e- Lt
q=0
ply (6+9)
o P\ )
= e TN () (2, €+ q)
q=0
Nl
—2mi B8 _oriPd
= N DY e TN ZN (W) (@, 6+ q). (3.2)
q=0
N-1
Forq,p € Zand z,{ € R, let ay(x,&) := Zn(¢)(x,&+q) and Ap(x,€) Ze pW ,€).
Observe that for z, ¢ fixed, oy(z,§) is NZ-periodic in q see2.2)). Also A ( ,f) are the dis-
crete Fourier coefficients of the sequence {oy(z, 5)} "o - Thus, by inversion,
Z 2N Ay (x,€), ©,E€R. (3.3)

For these coefficients A, (z, &) the following crucial relation can be proved:
Lemma 3.1. Let z,y,§ € R. If p,q,p1.q1 € N and p+ q = p1 + ¢1(modN), then
Ap(xa f)Aq(% 5) = Apl (:Ua §)Aq1 (y7 5)
Proof. By equation (3.2)),

2m(p+q>5 P q

By equation ,
e TR Ay (2,6) Ay (y,©) = m(EPHIZ (1) (@, €) Z1 (1) (3, €). (3.4)
Similarly,
e IR A (2,©) Ay (4,€) = m(EPN 21 () (2, €) () (1, ). (3.5)
For k =0,1,2,..., use (3.1) with p = kN and then with k = ¢ and N = 1 to obtain
m(&)" 21 () (,€) = Z1($) (& — k, ) = e 72y (¢) (2, 6) (3.6)
Assume p1 +q1 =p+ g+ kN for some kK =0,1,2,.... Then, by , and ,

27i(p1+4q1)¢

Apl(l',f)Am(y,f) = eﬁm(g)pﬁrqlzl(w)(x’€>Z1(w)<y7§)
wewikgm(g)zﬁqm(f)kNZl (1/))(1’, 5)21(1?)(% 5)
SR G AT IERSFAIONS
= Ap(z,8)Aq(y,€).

= e

O

We continue now with the proof. With the notation introduced above, we need to show
that ap(x,€) ag(y,€) =0 a.e.z,y € [0,1/N), a.e.{ €0,1), for all p,g=0,1,...N —1,p #
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q . By equation (3.3))

1 N-1 . N-1 g
O‘P(:Eag)aq(yvf) = W e2mﬁAJ'(:E7 ) (ZeQMNAK(yvg)>
7=0 £=0
1 = 9 liptta)
= W N A](xaé)Aé(yaé)
j=0 ¢=0
Let =N —1— 35— k. Then,
1 NN riipoq) _ 2miliil
Oép($,§) aq(y’ N2 Z Z ((L‘ é)AN 1—j5— k(y7£)
J=0 k=—j
By Lemma‘ Aj(xvéjANflfjfk(yvg) - AO(xag)ANflfk(y7§)' Thus,
1 NZIN-1= 2mij(p— q) 27”(7€+1>q
ap(, §) gy, € =z o> e w Aoz, ) AN-1-k(y, ) -
J=0 k=—j

Interchanging, carefully, the above summations, and using that Ag(z,§)Asn—1-¢(y,§) =
Ao(z,§)An_1-¢(y, €) by Lemma [3.1 we obtain,
N—1N-1—k

1 2mij(p—q) _ 2mi(k+1)q
ap($,§) aq(?/»g) = m Z Z € JN € N AO(xag)AN—l—k’(yvf)
k=0 5=0

-1 N-1
2rii(p=a) _ 2milicto
YooY e w Ao(z, ) An-1-1(y, )
k=—N+1j=—k
N-1N-1-¢

1 < 2mij(p= q) _2mi(tr1)g
= N2 Z d e Ao(z, ) AN-—1-0(y;€)
—0

§=0
1 2 srieea _2mier
mT)(p—q _ ™ q
+32 Z e N e N Ag(z,§)Aan-1-0(y,6)
(=1 j=N—¢
1 2 i _ Zmiltt)g
= N2 e N e Ao(z, ) AN—1-0(y,€) -
/=0 7=0
Nobo
TY\P—q
Since, when p # q, Z e~ N =0 the result is established.
§=0
3.2. Proof of (b) implies (a) of Theorem Suppose that
INW) (@, & +p) Zn(P)(y,§ +¢) =0 (3.7)

a.e. ,y € [0,1/N), a.e. £ €10,1), for all p,g =0,1,...N —1,p # ¢q. By (2.3), equation
(3.7) holds for a. e. z,y € R. By Proposition and Corollary it is enough to find a
Z-periodic function m defined on R such that my € L?(R) and

Z1(Tyyn () (2, §) = m(§) Z1 () (, §) (3-8)
a. e. z,£ € R. By the quasi-periodicity properties of Z; (see and (2.3)) it is enough to

prove (3.8) for a. e. z,£ € [0,1).
ForO0<¢g< N—-land0<zx<1,let

S (x) == {§ € [0,1) : Zy(¥)(. & +q) # 0},
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and

s = ) 8P().
z€[0,1)

Note that Sé?) is a measurable subset of [0,1) x[0,1). From ({3.7)) we conclude \S&q)ﬂ&(pp )] =0
when p,q =0,1,2,..., N — 1,p # q. Finally, define

N—-1
Se=[0,1\ | s.

q=0
For 0 < ¢ < 1, define

I

m(e) = ew if¢eeS@o<g<N-1
1 if £ €Sy

and extend m to R to be Z-periodic. Since |m(£)] = 1 and v € L%(R), we conclude
mi € L2(R).

We need to show that holds for a. e. z,& € [0,1). For almost every z,£ € [0,1)
either Zn(¢)(z,& +q) = 0 for all ¢ = 0,1,2,..., N — 1 or there exists only one value of
q€{0,1,2,...,N — 1} such that Zy(¢)(z,£ + q) # 0. In the first case, by Propositions
and [2.2] we have

Zl(¢>(x7£) =0 and Zl(Tl/N)($7€> :07
so that (3.8) holds trivially. In the second case, again by Propositions and we have

_ 2mi(é4+q9)

Zl(¢)($,§):ZN(¢)(fU7§+Q) and Zl(Tl/N)(‘T7£):e N ZN(¢)($af+CI)

_ 2mi(§+q)

Since, in this case, £ € Sl(pq) (z), we have m(§) = e~~~ and the equality (3.8]) also holds
in this case.

4. ToOLS AND RESULTS FOR LCA GROUPS

A natural question is to ask if Theorem can be extended to locally compact abelian
(LCA) groups. In [ACPI10] the authors characterize the extra invariance of shift invariant
spaces on LCA groups in terms of cut—off spaces in the Fourier transform side, and also in
terms of range functions. Here, we give a characterization using the Zak transform relative
to a given lattice.

We start by describing the results we need for our extension. For a detailed introduction
to LCA groups see [Rud92].

4.1. Background on LCA groups. A group (G,+) is an LCA (locally compact abelian)
group if it is endowed with a separable, locally compact, Hausdorff topology, the map
x — —x is continuous from G into G, and the map (x,y) — x+y is continuous from G x G
into G. Every LCA group G has a non-zero Borel measure which is translation invariant
and unique, up to a possible scalar multiple, called Haar measure, and denoted by pug.

A character of an LCA group G is a continuous homomorphism a : G — S' = {z € C :
|z| = 1}. The set of all characters of G, with the compact open topology, is an LCA group,
denoted by @, the dual group of G. We write (z,a) = a(xz) when z € G and « € G. Notice
that for z,y € G and a € G, (z +y,a) = (z,0)(y, @) since « is a homomorphism. Thus,
(0,a) = 1, for any « € G. Similarly, for z € G and «, 8 € @, (x,a+ B) = (x,a)(x, 8) and
(x,0) = 1.
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A subgroup L fo G is called a lattice it is discrete with respect to the topology of G and
Ty = G/L is compact in the quotient topology. In particular £ is countable. Associated to
a lattice £ of G there is a dual lattice given by

L—{ae@:(t,a)=0forall e L}.
It is well known (see [Rud92], Theorem 2.1.2) that
@%ﬁl and G/L~LC*. (4.1)
Given two lattices K C £ of G, the quotient group L/K ~ (G/L)/(G/K) = T /T, is a

finite abelian group since T, and Ty are compact.

We have £+ C K+, and therefore K+ /L* is also a finite abelian group. In fact, K+ /L£+
and £/K have the same number of elements. To see this, use (4.1) with G = £ and L =K

to deduce (£/K) ~ L/K . Again by (1),
(L/K) ~ LJK ~ (é//%) / (é/ﬁ) ~ It
Since L£/K is a finite abelian group, m ~ L/K and the result follows.

If [(] € £L/K and [o] € K+/L£*, the number ([¢], [a]) := (¢, @) is well defined. Since £/K
and Kt /L* are finite abelian groups, by Theorem 1.2.5 in [Rud92],

ol — |L/K| 1f [a] =[0] e Kt/Lct
By duality we also have,
_ |ICJ-/£L| =|L/K| if [[]=1[0]€L/K
[Q]E;/EL([EL [O[]) - {0 lf [E] ?é [O] e L/’C ) (43)

The Fourier transform of f € L'(G, ug) is defined by
/f ~z,0)duc(z), o€,

and extends to an unique isometry F(f) = f from L?(G, ug) into Lz(é,,u@), where pg is
the Plancherel measure in G.

In the sequel we will use the Poisson Summation Formula in this situation (see The-
orem 5.5.2 in [Rei68]). Let £ be a lattice in an LCA group G and F' € C.(G) (the set of
continuous functions with compact support on G), then

TSP = Y Fiy). (4.4)

el yeLL

4.2. The Zak transform on LCA groups. Let £ be a lattice in an LCA group. For
f € L'(G) the Zak transform of f with respect to the lattice £ is given by

Ze(f)(en2) =T > fla+0)(—ta), a€G, z€G,. (4.5)
lel

It can be extended to an isometric isomorphism from L2(G) onto L2(L, L2(Cy)), where Cy
is a measurable set of representatives of G/L. (For a proof see Proposition 3.3 in [BHP15].)
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We list now some properties of the Zak transform just defined. The first one is the
following: if [a1] = [ae] in G/L*, then
Ze(f)ar,z) = Ze(f) (e, z), z€G. (4.6)
Indeed, since [a1] = [ag] in é/EL, there exists v € £+ such that a; — az = 7. Then

Ze(flar,x) = |Te| Y fla+ (=)

el

= |Tc])  fl@+0)(—taz+7)
leL

= || (Z flx+0)(-2, cm)) (—£,7)
el

= Zﬁ(f)(a% x) )
since (—¢,) = 1 by definition of £*. The second one is related to translations in G: if
{ e L, then
Ze(Ployx—0) = (—4,0) Ze(f) (e, z), z€G, aed. (4.7)
In fact,
Ze(f) ez =€) = |Te| Y flaz—+0) (=t a)
el

= Tzl ) fla+ )" — L)

el

7| (Z fx +€”)(—€”,a)> (=4 @)

el
= (=6a)Ze(f) o, x).
Remark 4.1. It follows from that if [x1] = [x2] in G/L and o € L*, then Zp(f)(a, x1) =
Ze(f)(a, z2).

Proposition 4.2. Let K C L be two lattices in an LCA group G. For f € L*(G), a €
G, v €@,

Ze(Hlea)= Y Zelf)a+Ba).

[Blect/ L+

Proof. Observe that for [8] € K+/L1, Zc(f)(a + B,z) is well defined by (@6, that is the
formula is independent of the representative chosen in [f]. By density, it is enough to prove
the result for f € C.(G). Using definition (4.5)),

Yo ZeHla+Ba) = > T fle+OH(—6a+pB)
[Blec+/L+ [Blekt /Lt teL
- Z|TE‘ ( Z (&5)) flx+0)(—4 ).
tel [Blext/Lt
By (4.3), Z (—¢,B8) = |L/K|if [(] = [0] in £L/K and equals 0 ir [¢] # [0] in L/K. Since
[Blekt/ct

|L/K| = |Tx|/|Tz| we obtain
Yo ZelPla+Bx) =) |Tklf(w+ k) (—k @) = Zk(f)(a,2).

[Blext/Lt kek
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g

Recall that T, (f)(y) = f(y—x) denotes the translation by = € G of the function f defined
in G.
Proposition 4.3. Let K C L be two lattices in an LCA group G. For{ € L, f € L*(G), a €
G, r €@,

Ze(Tof)(e,x) = > (—ba+B)Zc(f)a+ B, x).

[Blekt/ct

Proof. By density, it is enough to prove the result for f € C.(G). Use Proposition and
(4.7) to obtain

ZK(Tgf)(Oé,l') = ZIC(f)(avx_g)
- Y ZPa+Ba—0)

[Blext /Lt

— Z (—l,a+B)Z(f)(a+ B, x).

[Blek+/ L+

g

As in te case of G = R we are going to need an expression for the Zak transform of
f € L*(G) in terms of the Fourier transform of f in G. This is possible due to the Poisson
Summation Formula (4.4)).

Proposition 4.4. For f € L*(G), 1 € G, a € @, and L a lattice in G,

Ze(f)ayz) = D Fla+y)(@a+m).

~yeLlt

Proof. As before, it is enough to prove the result for f € C.(G). Consider the function
Foo(y) = f(x+y)(—y,®), y € G. By the Poisson Summation Formula,

Ze(ova) = Te] Y Faall) = Y Fau(y). (48)

el yeLt

We now compute F/'a\x(fy) :

Fan(y) = / Foa)(=9,7) duc(y)

G
= | fx+y)(~y,a)(~y,7) duc(y)

= /G flx+y)(—y, a+7)duc(y)

— / (&)@ - 2z a+7) duc(2)
G o~

= (@,a+7) fla+7). (4.9)
The result now follows replacing (4.9)) in (4.8). O
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4.3. Principal invariant spaces in LCA groups. Let £ be a lattice in an LCA group
G. A closed subspace V of L?(G) is £ invariant if when f € V, Ty(f) € V for all £ € L. If
Y € L*(G), the subspace

(W) :=span{Ty(¢) : L € L}
is an £ invariant subspace of L?(G) that is called principal.

As in subsection [2.2] given two lattices K C £ in G, we are interested in finding necessary
and sufficient conditions on ¢ € L?(G) for (). to be £ invariant. A preliminary result is
the following:

Proposition 4.5. Let ¢ # 0, ¢ € L*(G), and K C L be two lattices in G. The following
are equivalent:
(a) {(Y)x is L invariant.

(b) Ty(¢) € (Y)x for all L € L.

Proof. (a) = (b) is clear by definition. To prove (b) = (a) let f € (). We have to show
To(f) € (¢)x for all £ € L. But

Tu(f) € Te({¥)x) € (Te())k € W)k,

since Ty(¢) € (Y)k by (b). O

We need now a characterization of (1))x in terms of a multiplier. In the case of R this
was accomplished by means of the Fourier transform. For LCA groups, the right tool is
the periodization mapping introduced by H. Helson (see [Hel92]) for the case G = T and
extended to LCA groups in [CP10]. For f € L?(G) the periodization mapping of f relative
to the lattice K is given by

~

Te(f)la) ={fla+7)} e, a€ G.

It can be shown (see Proposition 3.3 in [CP10]) that 7 is an isometric isomorphism from

L2(@) onto L2(Cyr , (2(KL)), where Cye. is a measurable section of G/K. For our purposes
we need the following statement of Proposition 3.3 in [CP10] adapted to principal invariant
subspaces.

Proposition 4.6. Let ¢ #0, ¢ € L*(GQ), and K a lattice in G.

(a) If f € (Y)x, there exists a K*-periodic function my on G such that Tic(f)(a) =
mp(a) Te() (@), a € G. i

(b) If m is a K*-periodic function on G such that mTic(v)) € L?>(Cir ,l2(K1)), the
function f defined by Tic(f) = mTic () belongs to (V).

We need a similar result in terms of multipliers of the Zak transform.

Corollary 4.7. Let 1) # 0, 1 € L*(G), and K a lattice in G.

(a) If f € (¥)x, there exists a Kt-periodic function my on G such that Zx(f) (o, z) =
my(a) Zx(a,x), € G, z€G.

(b) If m is a K--periodic function on G such that mTic(1) € L*(Cyer , 2(KL)), the
function f defined by Zi(f)(a, x) = m(a) Zic(¢¥) (e, ) belongs to ().
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Proof. (a) Choose m as in part (a) of Proposition Then, by Proposition for £L =K,
since my is Kt-periodic, we have

Ze(flaz) = 3 Fla+y)(za+7)

yek+
= (Te(N)@), (@, )Ly (z, @)
= (my()Tx (@) (@), (z, ) (e (2, @)
= my(a)(Tx(@)(@), (z,) et (2, @)
= my(a)Zx(¥) (o, z) .
(b) If a € Gandz € G, by Proposition and the K'-periodicity of m, we can write:

m(a)Zic(P) (e, ) = m(a){T(d)(@), (2, ) g (@, )
= (m(a)Te(@)(@), (2, ) ez (cr) (2, @)
= Z(T¢  (mTx ().

By (b), Zic(T¢ H(mTic(v))) = Zi(f), and since Zx is an isometry, we conclude m7x(v) =
Tic(f). The result now follows from (b) of Proposition O

5. PROOF OF THEOREM

5.1. Proof of (a) implies (b) of Theorem [1.2} Assume that (¢))x is £ invariant. By
Proposition [4.5| H for every £ € L, we have Ty(¢) € (). By Corollary there exists a

KCt-periodic function my on G such that

Zi(Ty()(a, ) = my(a) Z (V) (v, ), o€ G, ze€d. (5.1)
On the other hand, by Proposition for £ € L,
Zi(Tep)(a, ) = (—La) > (=48)Ze(¥) (o + B, ), (5.2)
[Blext/Lt

for £ € L, OéEé, z € G. Define
Aflaym) = Y (=4,B8)Ze(¥)(a+ B,x).

[Blect/Lt-

We know that for [(] € £L/K and [o] € Kt/LY, ([4],[o]) = (£, ) is well defined. Also, if
[¢1] = [l2] in L/K it can be shown that Ay, (o, x) = Ay, (o, x). Thus, for [¢{] € L/K, a €
G, x € G, there is no ambiguity in defining

Aglase) == Y (=0, 18D Zc(@)(a + B, x). (5.3)

[Blekt/ct

Use the orthogonality relations (4.2) to obtain, for 3 € K+, a € CA}, x €@,

> (B Ay, ). (5.4)

[eL/K

Ze(@)(a+ B,x) = Wl,q

Lemma 5.1. If [(] + [(] = [s1] + [s2] in L/K, o € G, x € G, then

Ay (e, ) Apy) (o, y) = Apsyy (@, ) Ay (@, y).
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Proof. By , , and ,

Al (o, 2) A,y (ay y) = (G + Lo, a)mg, (@) me, (o) Zic(P) (@, 2) Zic (¥) (v, y) -
Similarly,

Al (o, ) Apgy (@, ) = (81 + 82, a)ms, (@) msy (@) Zic (V) (v, ) Zie (¥) (v, y) -
Since [€1] + [l2] = [s1] + [s2] in L/, there exists k € K such that s; + s2 = €1 + l2 + k.
Hence, by with £ =K,

ms, ()me, (@) Zic (V) (o, x) = Zi(Tsy 4, (¢)) (v, )
= Z’C(TkT€1+€2(w))(a7x)

(=K, ) Zic (T, 12, () (e, )
= (=K, a)my, (@)me, (@) Zic(¢) (e, z) -

Thus,
A (@) Apgy(eny) = (O + Ly + k@) (=K, a)my, (@)ma, (o) Zic(¥) (e, ) Zic () (e, y)
= Apy(a, z) Ay ()
since (k,a)(—k,a) = |(k,a)]? = 1. O
We continue with the proof of (a) implies (b) of Theorem Choose (1] # [B2] €
Kt/Lt, a € G, z € G. By (5.4),
Ze() (o Br,x) Ze () (a + B2, y)

= Wl,q ST (16181]) (). [82) Ag (@, 7) Ay, 9)

[YleL/K [m]leL/K
= Tr X X (8080 (s = .18 e ) (o).
[YleL/K [sleL/K
Since [{] + [s — {] = [s] = [0] + [s], by Lemma 5.1}
Ze()(a+ Br,x) Ze () (o + Ba, y)

= Wl,q ST (4081 - [82]) (sl [Ba]) Ay (v @) Apg (@, )

[YleL/K [sleL/K

1
o L/KP 2
[sleL/K

Since, when [f1] # [Ba2], Z ([], [B1] = [B2]) = 0 by (4.2)), the result is established.

[QeL/K

( > ([5]7[51][@])) ([s], [B2]) Ajg) (@, ) Apgy (e, ) -
[

fec/k

5.2. Proof of (b) implies (a) of Theorem Assume that

Ze()(a+ Br,x) Ze(Y)(a+ B2,y) =0 (5.5)
when [81] # [Be] in K+/L1, and a. e. 2,y € Oz, € C1. Recall that
JCc+e=G, and U Cxr+v=0G, (5.6)
el ~yekt

with disjoint unions. By Proposition [.5] and Corollary [4.7 we have to show that for £ € £
there exists a K*-periodic function m, defined on G such that m, Zx(v)) € L2(Cyr , £2(K1))
and

Zi(Te(¥)) (e, x) = me(e) Zx () (v, ), a€G, 2 €G. (5.7)
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For x € G and [3] € K+/L* let
SP(x) = {a € Cer  Ze(W)(a + B,x) # 0} .

Notice that the definition of Sf }(w) does not depend on the representation chosen for [J].

Indeed, If B; € [A], there exists v € £ such that 8; — 8 = ~, and since (—¢,) = 1 when
¢e L andye Lt

Ze@)a+Brz) = Y v(@+0(—a+ p)

el
- (Zw(wex—mw)) (—£,7)
el
= Ze(W)(a+B,2).
Consider
=) st and  Sp=Ccr\ |J  sU. (5.8)
+eCx [Blexct/ct

Observe that the union in the left hand side of (5.8]) is disjoint due to ([5.5)).
For ¢ € L define

me(a) := Z (=4, )x g () (=L, B) + x5, (), € Cpu, (5.9)
[Blext/ct v

and extend my to be K+ -periodic in G.
Notice that, by Proposition

ZxW)e,x) = Y Ze()(a+B,x), (5.10)
[Blek+/L+
and, by Proposition [£.3]
Z(TW)(ez) = > (—La+B)Ze($)(a+B,x). (5.11)

[Blext/Lt

If given o € Cier and = € Cr, Zp(¥)(a + B,2) = 0 for all [3] € K+/L*, then by (5.10)),

Zi () (a,z) =0, and by (5.11)), Zx(Te(v))(a, x) = 0. Therfore, (5.7)) holds trivially for any
value given to my and in particular for the value given by the definition of my in

If Ze(Y)(a+B,z) #0 for some [f] € ICJ-/ﬁl by ) and (5.10) we have Z w)( )

Zﬁ(w)(a—l_ﬁv ) and by and -7 ZIC Tf ) ( £ a+5)Zﬁ(¢)(a+/Ba )
this case a € S[ ] and, by ( ., me(a —l,a+ ﬁ) so that also holds. Observe that

|me(a)] =1 and since Tx(¢) € L2(C,C¢ ,EQ(ICL)), also my R(w) € L2(Cyer , 2(K1)).

Finally, although we have only proved . 5.7)) for o € Cy-1 and x € Cr, the quasi-periodicity
properties of Zx and the periodicity properties of my, together with ( . prove the result
for all & € G and all z € G.
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