THE ROBIN MEAN VALUE EQUATION II:
ASYMPTOTIC HOLDER REGULARITY

MARTA LEWICKA AND YUVAL PERES

ABSTRACT. We show that solutions to the Robin mean value equations (RMV), introduced in
[15], converge uniformly in the limit of the vanishing radius of averaging, to the unique solution
of the Robin-Laplace boundary value problem (RL), posed on any C**-regular domain and with
any bounded Borel right hand side. When compared with the case of continuous right hand side,
analyzed in [15], the present more general setting presents significant technical challenges.

Along the way, we prove the asymptotic Holder equicontinuity of solutions to (RMV): Lipschitz
in the interior and C%® up to the boundary, for any a € (0,1). Our proofs employ martingale
techniques, where (RMV) is interpreted as the dynamic programming principle for a discrete
stochastic process, interpolating between the reflecting and the stopped-at-exit Brownian walks.

1. INTRODUCTION

In this paper, we continue the analysis of the Robin mean value equation, introduced in [15].
More precisely, we study the following family of integral problems, parametrised by € — 0+:

62

(RMV), uc(z) = (1 — yse(x)) ]ie(x)mp ue(y) dy + mf(x) for all z € D,

which are posed on a bounded domain D C RY, with a given bounded, Borel function f, a
positive constant 7, and s. appropriately given in (2.1). The weights s, interpolate between 0 in
the interior points of D that are distanced from 0D at least by €, and a quantity of order € on
OD. It has been shown in [15] that for f continuous, the unique solutions to (RMV)_, in the limit
of vanishing averaging radii e — 0, approximate the solutions to the Robin-Laplace problem:

ou
on
The main purpose of this paper is to extend the approximation result u. = u in D to all bounded,

Borel f-s. As a parallel statement, we also prove the asymptotic Holder equicontinuity of the
family {uc}e0: Lipschitz in the interior and C%® up to the boundary of D, for any a € (0,1).

(RL) —Au=f in D, +~yu =0 on 0D.

We work under the following basic hypotheses:

(BH) The nonempty set D C RY is open, bounded, connected and of regularity C''. The
function f : D — R is bounded and Borel. The coefficient v > 0 is a positive constant.

Recall that D being C'! regular signifies that 9D is locally a graph of a C''! function, which is
equivalent to the uniform (two-sided) supporting sphere condition; see (2.2) and [14] for details.

The following is the main result of this paper:

Theorem 1.1. Assume (BH). Then {uc}co converges uniformly on D to u € C(D) that is the
unique W2P(D) solution to (RL).

Key words and phrases. Robin problem, third boundary value problem, oblique boundary conditions, dynamic
programming principle, random walks, finite difference approximations, viscosity solutions.
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We point out that [16, Theorem 6.30] if D has regularity C'** and f € LP(D) with p € (1, =) then
the unique solution to (RL) has regularity u € W2P?(D). Consequently, under (BH) there holds:
u € W2P(D) for any p € (1,00) and thus u € C1*(D) for any a € (0,1). The L! convergence of
{te}e—so in Theorem 1.1 can be deduced by improving the direct estimates in [15], whereas the
uniform convergence of these, in general, discontinuous approximants follows from:

Theorem 1.2. Assume (BH). There exists 69 < 1 such that for every ¢ € (0,0¢) there is € > 0
with the following property. For all € < € and all xo,yo € D satisfying |xo — yo| < 9, there holds:

Jue(wo) — we(o)] < €5 Tos 5 ).

The constant C' above may depend on D, || f||Le(py and v, but not on €,xo,yo or d. !

Our proof of Theorem 1.2 is quite delicate, in particular we use martingale techniques involving
various couplings of random walks and yielding estimates on the probabilistic representations of
ue. Indeed, (RMV)_ can be naturally interpreted as the dynamic programming principle along a
discrete stochastic process { X} }°°, which samples uniformly on the truncated balls B.(X§)ND,
and stops with probability fyse(X ¢) at each X¢; the process accumulates values of f until its stop-
ping time 7¢. Alternatively, one can consider an infinite horizon process, where the accumulation
procedure never stops, but the consecutive evaluations of f are instead weighted by the probability
of not having had the opportunity to stop. As shown in [15], each u,. has thus two representations:

62 7T -1
ue(z) = 2(N+2)E[ ZO (f OX%:L’):|
(DPP), ) .
:WE[Z fo i) H =505

Our approach suggests how to view more general, nonlinear operators (like A,, A,) subject to the
oblique-type boundary conditions, through their local averaged approximations. This approach
has been previously successfully employed in the Dirichlet and Neumann cases [23, 22, 1].

1.1. The structure of this paper. In section 2 we recall the origin of the coefficient s¢(x) in
(RMV), and quote the results obtained in [15]. In section 3 we recall the definition of the process
{X7*0}% , in (3.2) and construct its stationary measure in Lemma 3.1, which is equivalent to the
Lebesgue measure but more natural for the LP estimates. In section 4 we repeat the probabilistic
representations (RMV)_. Section 5 we begin the discussion of convergence of {u}2°,,. We first
show, in Theorem 5.1, that the associations f — wu, are uniformly bounded as linear maps from LP
to Ll, with a bound that only depends on a given p € (1,00). By density of continuous functions
f in L with respect to LP norm, it immediately follows that {u.}>°,, converges in L! to some
limit %. This unique limit is identified as the W2 solution of (RL) in Theorem 5.2, where we use
the estimate on the reminder term i the Taylor expansion of w, from [15].

Sections 6 — 10 are devoted to proving Theorem 1.2. In section 6 we treat the interior case and
show the asymptotic Lipschitz continuity of {u,}e—0 away from 9D. To this end, we use reflection
coupling of random walks in Lemma 6.4, following [17], and employ an iterative argument in the
proof of Theorem 6.1. In section 8 we show the asymptotic Holder equicontinuity of {ue}c—o in
the region close to 9D, with the exponent 1/2. This more delicate property is shown via a different
coupling of the Robin processes. Namely, the internal supporting sphere property of D implies

IThe dependence of the constant C' in Theorems 1.2, 6.1, 8.1 and 10.1 on D involves only the maximal radius r
in the two-sided supporting sphere condition and the diameter of D.
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that the processes are unlikely to visit the € neighborhood of 0D too often, before reaching far
enough into the interior, where Theorem 6.1 can be invoked. The expected distance increase in
each such visit is bounded using a geometrical estimate in Lemma 7.2, while coupled rejection
sampling bounds the chance that one of the processes is absorbed at the boundary whereas the
other continues. In section 7 we derive the mentioned almost Lipschitz estimate (7.1) on the
quantity fBe @D ¥ = dy, which is related to the Prékopa theorem on projections of log-concave
densities and to the properties of the center of mass in truncations of a convex set as it passes a
hyperplane. At this point, asymptotic equicontinuity of of {u.}._0 is already established, yielding
the result in Theorem 1.1. Sections 9 and 10 improve the Holder exponent a@ = 1/2 to any
a € (0,1), as claimed in Theorem 1.2.

1.2. Notation. Given a C!' domain D C R, we denote by 7(x) the outward unit normal vector
at x € 9D, and by mppx the projection onto D along the normal 7i(7gpx), defined for each € D
with sufficiently small distance from 9D. Unless specified otherwise, by C' we denote any universal
positive constant that may depend on D, v and f, but not on €, x or other parameter quantities.
The Landau symbols O and o likewise have the same uniformity properties. By e < 1 and C' > 1
we mean a “sufficiently small” and a “sufficiently large” positive number.

1.3. Acknowledgments. The authors are grateful to Dorin Bucur for bringing to their attention
questions related to the Robin boundary condition. M.L. acknowledges partial support from the
NSF grant DMS-1613153 and support through visits to Microsoft Research in Redmond. Also,
M.L. would like to thank the Isaac Newton Institute for Mathematical Sciences, Cambridge, for
support and hospitality during the programme “The mathematical design of new materials” where
work on this paper was completed. This work was supported by EPSRC grant no EP/K032208/1.

2. THE ROBIN MEAN VALUE EQUATION: BASIC EXISTENCE AND CONVERGENCE RESULTS IN [15]

In this section we gather the definitions, the setup and some general preliminary results obtained
in [15]. Recall that we work under the basic hypotheses (BH) and that we are concerned with the
following family of integral equations, parametrised by € > 0:

BV, ) = () f )

To define the coefficient sc(x) above, we introduce the notation (see Figure 2.1):

2
f(z) for all x € D.

1
de(z) = min {1, —dist(z, D)} € [0, 1] for all x € D, € > 0,
€
Bf = Bi(0) cR",  Bf,=Bin{y <d} for all d € [0, 1],

. Se(x
(N + 1)|B{\’fd€(z)|

Ni1 _
-e(l—de(x)2) 2 for all x € D, € > 0.

Recall also that D is said to be of class C1! provided that 9D is locally a graph of a Cb!
function. Equivalently, such D satisfies the uniform (two-sided) supporting sphere condition,
stated below. This result has been first shown in [18, Section 2] and then in [14], to which we
refer for a self-contained discussion and an elementary proof:

Lemma. An open, bounded set D C RN is of class Cb' if and only if there exists a radius r > 0
such that for every x € OD there exist a,b € RN satisfying:

B.(a) C D, B.(b) cCRY\D and |z—al=|z—0b=r
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\/ D

FIGURE 2.1. The referential truncated ball and the scaled distances from 9D.

Moreover, the global Lipschitz constant of i can be taken as the inverse of the supporting radius:
1

(2.2) [7i(x) —(y)| < =|x —y| for all z,y € OD.
T

The following important properties of the scaling coefficient s, were proved in [15]:

Lemma. Let D be as in (BH). Then, for all e < 1 and all z € D we have:
[Be(@) \D| _ 3¢(2)

%) BT =

(2.4) ]{B ( )mDy —x dy = —s¢(x)ii(mopz) + Oese(x)),
2

(2.5) ]i ( )mD(y—a:)®2 dy = N+2IdN+O(ese(a:)).

We now recall the main existence, uniqueness, comparison, and convergence result from [15].
It is the purpose of the present work to extend statement (ii) below to the general case of (BH).

Theorem. Assume (BH) and let e < 1.

(i) Each problem (RMV)_ has a unique solution uc that is Borel, bounded with a bound in-
dependent of €, and obeys the comparison principle. When f is continuous / Holder
continuous / Lipschitz, then u, inherits the same reqularity properties.

(ii) When f € C(D), then {uc}eo converges uniformly on D to u € C(D) that is the unique
viscosity solution to (RL). In fact, u coincides with the unique W?P(D) solution to (RL).

We conclude this section by briefly sketching the classical regularity theory in the context of
(RL). The Robin problem, called also the third boundary value problem / impedance boundary
problem / convective boundary problem, has received large attention due to its many applica-
tions in science and engineering. Using Schauder estimates, it follows [10, Chapter 6.7] that
on a bounded C?“-regular domain D, the general strictly elliptic problem Lu = f with C*(D)-
regular coefficients and f € C*(D), subject to the oblique boundary conditions: {3(x), Vu(z)) +
y(z)u(z) = ¢(x) posed with v,8,¢ € CH*(OD) where v(8,7) > 0, has a unique solution
u € C>%(D) that satisfies the usual a-priori bounds. The modern theory for nonlinear bound-
ary value problems modeled on (RL), is contained in the monograph [16]. It is shown in Theorem
1.26 there, that solutions to linear oblique problems in Lipschitz domains are Holder continuous.
Further, in Theorem 4.40 and Corollary 4.41 it is shown that regularity C1'® of D suffices for the
solution regularity u € C>*(D), provided that f € C*(D) and B € C1*(9D). We observe that
for (RL), the obliqueness vector 8 = 71 is only Lipschitz and thus one cannot, in general, expect
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that u € C>%( _) In [16, Theorem 6.30] it is shown that if D has regularity C** and f € LP(D)
with p € (1, 12-) then the unique solution to (RL) has regularity u € W2?(D). Consequently,

under (BH) there holds: u € W2P(D) for any p € (1,00) and thus u € C1*(D) for any «a € (0,1).
Analysis of (RL) in non-smooth domains, including sets with a rectifiable topological boundary
having finite (N — 1)-dimensional Hausdorff measure, can be found in [20, 9, 5].

3. THE ROBIN PROCESS AND ITS STATIONARY MEASURE
We first recall the basic probability setting related to the equation (RMV)_, given in [15].

1. Consider the probability space (B, B, ' 1B N‘ L) equipped with the standard Borel o-algebra

and the normalised Lebesgue measure, and define (21, F7,P1) as the countable product of B{V
augmented by the unit interval (likewise equipped with Borel o-algebra and Lebesgue measure):

Q= (BMN x (0,1) = {(w,b); w= {wj};’il, w! € BY foralljeN andbe (0,1)}.
Further, the countable product of (21, F1,P1) is denoted by (2, F,P), where:
0= = {w = {(w;, b:)}22; wi = {w!}32,, w] € BY, b; € (0,1) forall4,j € N}.

For each n € N, the probability space (2, Fn,P,,) is the product of n copies of (Q1, F1,P;) and
the o-algebra F,, is identified with the sub-o-algebra of F, consisting of sets A x [[.2, 41§ for
all A € F,. Then {F,}52, where Fy = {0, Q}, is a filtration of F.

2. For every € < 1, define the sequence of measurable functions {k{ : @ x D — NU {—i—oo}}ji1
k§(w,z) =min{k > 1; =+ ew? € Be(x) NnD} for all we Q, z € D.
Since each £ is IP’ a.s. finite, we further construct the sequence of vector-valued random variables
{w*: Q— B1 2., corresponding to e < 1 and z € D, by:

ks (w,x)

w (w) = w; for P-a.e. w € Q.

The procedure of generating wfi is well known under the name of rejection sampling and it has the
following measure preservation property: for every €, x as above, for every Borel set F' C B.(z)ND:

Pz +ew;” € F) = Z}Pi({x+ ewt € Fyn{k = k})
k=1

_ P & B@nDpE_|F
= [B.(0)] ;(1 L@ ) T BweD

(3.1)

Given € < 1, 9 € D, we recursively define the sequence of random variables {Xf{xo Q- 15};0:0

Xn 1(’“’1» S Wn— 1)

(3.2) X" = o, Xro (wl, . ,wn) = X% (wl, . ,wn_1) + ew,

n—1

Each X" is F,-measurable and takes values in D, for n > 1. We also observe that X;;"(w) is
jointly measurable in w and xg, by the same property of k{. When no ambiguity arises, we will
write XX or X,, to simplify notation.

3. For each € < 1, define the following probability measure on Borel subsets F' C D:

1 |B.(z) D] 1 /
(F d B.(z)nD|d
He(F) = [RZICI / B.@) T L B@nDd )i | da-
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FIGURE 3.1. Positions of the process defined in (3.2).

It is clear that p. is absolutely continuous with respect to the Lebesgue measure, and that its
density function x — |B¢(z) N D| is Lipschitz and satisfies:
1 _|B()nD|
37 |Be(x)
Consequently, u. is equivalent to the Lebesgue measure:

|F| 3|F]

L) < 221
3p] < 1) < Tp

<1 forallz €D and €< 1.

We define the product probability measure P x ji. on the space Q x D equipped with the product
o-algebra of F with the Borel o-algebra on D. By LP(u) we will denote the Banach space of
p-integrable — with respect to u. — Borel functions on D, for any power p € (1,00). Likewise,
LP(P x pe) is the space of p-integrable, with respect to the measure P x y., functions on  x D.

Lemma 3.1. Assume (BH) and let ¢ < 1. Then the measure p. is stationary for the Robin
process { X512 . This means that there holds for all n > 0:

n=0"

(a) pe(F) = (P x pe) (X5 € F), for every Borel subset F C D

(b) / g(z0) dpe(zo) = / (90 X5™) (w) d(P x pe)(w, z0), for every Borel function g : D —
D QxD

R that is either nonnegative or Lebesgue integrable.

Proof. Assertion (a) for n = 1 follows by Fubini’s theorem and (3.1):
(P x pe) (X7 € F) = / P(zo + ew;™ € F) due(zo)
D

_ [p|Be(zo) N D| dzg
N f; ‘Be(x[)) mD’ dxg - ME(F)

(3.3) .

= [ |Be(wo) N D] do

/ |FDB€(IJSO)| dxo
D

We thus see that p. coincides with the push-forward measure X{#(P x ) of P x pe, via the
measurable map Q x D 3 (w,zo) — X € D. This yields (b) for n = 1, by means of the change
of variable formula. The general case n > 1 is obtained by induction, applying (b) at n = 1 to
the nonnegative function g(y) = P(X7? € F) twice, in:

(P x o) (X5 € F) = /Q PN e P aexn) - /D P(XY € F) dpie(y) = pe(F).
X

As before, one concludes that pe = X5, #(P X p), which yields (b). [ |
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4. TWO PROBABILISTIC REPRESENTATIONS OF .

For each € < 1, zg € D recall the definition of the Robin process {X;;"°}%, in (3.2) and define
the F-measurable 7970 : QO — NU {+o0} by:

7Y% (w) = min {n > 1; by < ys(X; )}

n—1

We further define the random variables {A?{xo Q- R}ZO:O in

(4.1) A& ( H (5c 0 X5™0) (),

For n = 0 we adopt the convention that AO = 1. When no ambiguity arises we write AT and 770
or A,, 7, to alleviate the notation. Note that each AF°(w) as well as 770 jointly measurable in w
and zg, by the same property of Xfl’mo. We now set:

‘(o) /Z s 1 o X) ) dPw),

62

(42)  u(w0) = ME[FOU 0 X{T)AP™ |
o] 62 e 4 -
B /92 sv ) Ve f:[ (1= 5(se 0 X7) (w)) dP(w).

Then, we show in [15] the following representation result:

Lemma. Assume (BH). For each € < 1, the functions u¢,u are well defined a.e. in D. After
adjusting on a negligible set, they coincide with the unique bounded Borel solution u to (RMV)_:

u¢ = u° = u,.
Remark 4.1. The equivalence of the two representations in (4.2) can be seen directly. Given
xo € D and € < 1, consider the integrable random variable:
T76%0 -1 00
FOm = Y foXP™ =" (foX{™)  Ljjcremo).
i=0 i=0
Let G be the sub-c-algebra of F, where we suppress the dependence on the auxiliary variables

b,. Namely, set G = (gl)N where G; C JFi consists of all the Cartesian products of: measurable
subsets of (BIV)YN, and the entire interval (0,1). Then:

E(1{icreroy | G) = (Hﬂ{b s | 6) = [T (1= 9sX570) = A" P—as. in @,

J=1
which implies:
u€(x ) — LE[FEJO] — LE[E(FQ‘TO | g)]
V2N +2) 2(N +2)
2 [e'e)
€ €,T
- QUV—G—Q)E[; (f OXi 0) 'E(]l{z'<r€@o} ’ g)}
2 00

€

_ WE[;(;’ o Xf’wO)Af.’mO] = ().
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5. THE L' CONVERGENCE.

We will use the second probabilistic representation of u., namely € in (4.2). The first main
result of this section is as follows:

Theorem 5.1. Assume (BH). Fiz e < 1 and p € (1,00). The map LP(D) > f — u. € LY(D)
given in (4.2) is well defined, linear, and it satisfies:

C
(5.1) HUeHLl(ue) < m”f”m(ue),

where C' is a constant that is independent of p,e and f, bul it may depend on v and D. Recall
that by LP(ue) we denote the Banach space of pe-integrable Borel functions on D.

Proof. 1. Denote by v, the solution to (RMV)_with f = 1. We first observe that the following
sequence of random variables {M,, }22 is a martingale with respect to the filtration {F,,}5°:

) _
€
M, = (veo Xp)Ay + ———= > Ay,
(ve© Xn) +2(N+2)§

where we adopt the convention that My = ve(zg). Indeed, (RMV),_ yields:

62

AN+
62
= (X £, ) =) + ) b

=0 P — a.s. in Q.

E(Mn+1 - Mn | ./T"n) == (]l ( )rTD Ue(y) dy) . An+1 - Ue(Xn) . An +

Using equiboundedness of {ve}eso in [15, Theorem 1.1 (a)] we get:

N+2 [ZA < E[My11] +C = E[Mo] +C = v (w0) + C < C,

where C' is a constant depending only on v and D. Since {A;}°, is a decreasing sequence, if

follows that for n. = [i—g} we thus get: E[Af{fo] < ﬁ < % for all g € D. Consequently:

1
(Azkﬁfl | fkne) A6 0 E(Ans ne ! fkné) < 51\2;(0 P — a.s. in €,

and so we get by induction:
[A;io} < —k forall zo €D andall k>0

Further, denoting ¢ = ]% the Sobolev exponent dual to p, we get:
1/ 1/ 1
(5.2) (/ |AS™ (w)[? d(P x ue)) "< (/ E[AS0] d,ue(:z:o)) "< 1 forall n>kne
QxD D 2k/a

2. Towards estimating the left hand side of (5.1), we apply Young’s inequality, followed by
Lemma 3.1 (b) used to g = |f|P € L(pe) in:

(k+1)ne (k+1)n
> e XT A gy S 22 170X a1 o
(5.3) i=kne i= knE

2k/q HfHLp for all £ > 0.
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In conclusion, @€ is well defined and:

ook+1ne
¢ €,20 €,Z0
21y < N+2k2012k; © XA 1 e
e 20+1

SaNty @ 17 e e Z2k/q

proving the claimed bound. The linearity of the map f — @€ is obvious. |

At this point, we immediately see that under assumption (BH), the family {a}._o converges
in L'(D) to some Borel, bounded u : D — R. Indeed, fix any p € (1,00) and approximate the
given f in LP(D) by a sequence {f, € C(D)}>>,. Since {ul"}_,o converge uniformly on D in
virtue of [15, Theorem 1.1], it follows by Theorem 5.1 that the family {@,}e—0 associated with f,
is Cauchy in L'(D). In fact, the unique limit of {@.}._0 can be identified as the W?2? solution of
(RL). Towards the proof, we need to recall the following statement from [15, Theorem 7.1]:

Lemma. Assume (BH) and let u € CY(D) be the unique WP solution to (RL). Define the
following uniformly bounded sequence of Borel “reminder” functions {Re¢}e—o:

62

Re(@) = u(a) = (L=se@) f ) dy = gy o)

Then, for every e < 1 and o € D we have:

n

(5'4) ’LL(l’o) - Ue(l'O) = nh_)H;O]E[Z(Re © X;’zO)]l{dg(on)Zl}A?xo} .
=0

Moreover, there exists a family of positive Borel functions {he : B¢(0) — R}c_o that are probability
densities: fBE(O) he(y) dy = 1, and such that whenever dist(xg, 0D) > €, there holds:

62

2(N +2) (]{9 - he(zo —y) f(y) dy — f(:co)>.

Here is the second main result of this section. In the next sections, we will show that the below
convergence is actually uniform.

(5.5) Re(zo) =

Theorem 5.2. Assume (BH) and let u € CY(D) be the unique WP solution to (RL). Then
{ue}eo converge to u in L' (D).

Proof. By (5.4) we obtain:
[ru—atan <3 [ (Rdo XY iy mopon) - AT AP x )i 0)
D i—0 Y QxD

(5.6) < Z H (RE © X?x())]l{de(xi)zl}HLP(]P’XME) ' HA?xOHLq(PXME)
i=1

= 1B Taziyll o - 2 I1AT oo
i=1
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where in the last equality we used the stationarity property in Lemma 3.1 (b) to the nonnegative
Borel function g = |R|? - 1{g,>1}. Now, similarly as in (5.3), using (5.2) we get:

oo (k+1)ne 19

o0

1
z; HA?xOHLQ(IPXue Z Z ’AEIOHLq (PX pre) Z 2k/q = E2 Tol-1/p’
i=

k=0 i1=kne, k=0

On the other hand, (5.5) gives:

| Re - ]l{deZI}HLp(ue) N 1 2) S o e * = f“LP < C€||hex f - fHLP(D) = o(e?).
Hence (5.6) yields that:
lim [ju — a1 =0

and ends the proof. [ ]

6. A PROOF OF ASYMPTOTIC EQUICONTINUITY - LIPSCHITZ IN THE INTERIOR

In this section, we deduce the asymptotic equicontinuity bound in Theorem 1.2 for the interior
case, namely that of x¢ located away from 9D. Our main result is:

Theorem 6.1. Assume (BH). There exists 69 < 1 such that for every 6 € (0,d0) there is € > 0
with the following property. For all e < € and all xo,yo € D satisfying |xo — yo| < 0 we have:
o
" dist(zo, D)
The constant C' may depend on D, v and f, but not on €,xg,yo or 9.

(6.1) |ue(z0) — ue(yo)| < C

We begin by deriving an auxiliary estimate for the probability of exiting a ball before exiting a
half-space. This estimate has been noted in [13]; we present it here for convenience of the reader.

Lemma 6.2. Let {Y,¢ : Q — RV} be the szmple e-random walk in RY | started at Y§ =0 and
given by: Yy (w) = Yy + ewpy1, where wpy1 € BY. For any d € [0,1] define the stopping time:

74(w) = min {n > 0; Y (w g{Bld}
Then, for all d € [0,1] and € < 1, there holds:
N+

(6.2) Elrg] < (d+e)(1+e),

(6.3) P([Yre| > 1) < N(d+€)(1+e).

Proof. To alleviate the notation, we suppress the fixed step parameter ¢ > 0. Consider the
sequence of random variables { M, }2° ;:

neQ

N+2’
which is a martingale with respect to the filtration {F,}>2,, because:

E(Mps1 — M, | Fp)

=(d+e— (Yp,en))  (1+e+ (Yo en)) +

62

_ . N . . N |2 . 2
=(d 1)(7{95%)‘1/ dy <YmeN>> (][E(Yn) N ? dy — (Y, en) >+N+2

2
N2 .
=— d =0 P-—as. Q.
fBe(o ly™ | y+N 5 a.s. in
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Apply now Doob’s Optional Stopping to the martingale { Mpam}o2, with the stopping time 74:

€
(d+e)(l+e)= IE[MO] = E[MTd/\m] > N QE[TC[ A m]
Passing to the limit with m — oo proves (6.2). To show (6.3), we recall that |Y;|? — Niﬁng is a
martingale, so that Doob’s Optional Stopping and (6.2) directly yield:
2 2
E[Y,,|°] = N3¢ Elrg] < N(d+e€)(1+e).
By Chebyshev’s inequality we easily obtain (6.3), which ends the proof of the Lemma. |

By a scaling argument, we arrive at:

Corollary 6.3. Let {Y,: Q — RN}, be as in Lemma 6.2. For R > p >0 define:
Th =min {n > 0; Y| > R}, Tpe:min{nZO; (Ve en) =1}
Then, for all e < R there holds:

(6.4) ]E[T}%/\T;] < %(p—l—e)(R—}—e),

(6.5) P([¥rgrrs] > R) < o+ )R+ o)

The following is the main technical result of this section:

Lemma 6.4. Assume (BH). There exists do < 1 and n € (0,1) such that the following holds.
For every 6 € (0,9p) and R > 0 there is € > 0 satisfying:

4]
|uc(@o) —ucyo)| <m- sup Juew) —u(y)| + 2N + 1) Flluell o) + 2RI fl| Lo ()

forall e <€ and x9,y0 € D such that |xog—yo| <0 and dist(xg, D) > 2R,

where we define:
A" = {(2,y) € D x D; |z — x| <2R and |z —y| < 3e}.

Proof. 1. We fix § < 1 and R > J. Let xg,yo be as in the statement of the Lemma and define
H to be the hyperplane bisecting the segment [x(,%o]. For each € < §, consider the following
stopping time relative to the filtration {F,}5°,, given through the process { X"} in (3.2):

T = min {n > 0; | X" — x| > R or dist(X;™, H) < g}

To alleviate the notation, we suppress the fixed step parameter ¢ > 0 and the superscript xg in
Xp. By (6.4) it follows that:

N+2 /6 ¢
[TH]f &2 2+2 (R—I—e)
and for € < § we further deduce:

R§
(6.6) E[ry +1] g(N+3)-?2.
T+1

Define the sequence of vector-valued random variables {Y,, : Q@ — D} 7,

setting Yy = yo and:
v { Xppp1 i n=rg+1 and dist(X,,,H) < % with X, 11 € Be(Yay)
g

refly(X,,) otherwise,
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where by reflyy we denote the reflection across the hyperplane H. Consider a further sequence
{ M A (riy41) b, defined through:

My, = |ue(Xy,) —

N+2

2. In this step, we show that { M, (-, +1) }nZo 18 a submartingale relative to { F,, }52,. Call H the
hyperplane parallel to H, passing through 0. When n < 7 or when n = 7y and dist(X,,, H) > §:

1
E(Mpi1 | Fn) = E(Juc(Xng1) — ue(Yor1)| | Fn) + ](\7:_2 ) I fllzoe (D

(n+1)
:/ ue(X + wh, 1) — ue(Y + € refl (wh 1)) APy (wng) + i) T e

2 2

€En
‘ ][ Xn) )y - ]{BE(Yn) dy) TQ)'JC(X”) = F(Ya)l + N 2||f||L°°(D)
2 2

2
+ sl

= ‘ug(Xn) —u.(Y, =M, P-as.in Q,

N+2
where we used (RMV)_ in the penultimate equality. On the other hand, for the case when n = 7y

and dist(X,,, H) < §, there holds, P-a.s. in (2

E(|ue(Xns1) = ue(Yai1)| | Fn)

= |ue(Xn + ewp 1) — ue(Yn + reﬂﬁ(w,ll+1))| dPy (wp41)

/[Xn+ewi+1¢Be(Yn)}

> ‘/ Ue(Xn + ewy 1) dPy(wpg1)
1971

— /{X Cem e (Xn + ewp 1) APy (wpi1)
n+€wn+1€ eIn

_ / ue(Yy + refly (wh, ) dPl(wnH)’
{Xntew,  EBe(Yn)}
= ‘ / Ue(Xn + ewy ) APy (wpp1) — / ue (Yo, + ewpy ) dIP’l(wnH)’.
Q1 Q1

Applying the dynamic programming principle (RMV)_, we conclude that:

B (o)~ w12 2 [ £ dy—f )@
e(Xn Be(Yn)

€2 €2
= | (ue(X) - mﬂxn)) = (uel%) = 57 F0W)
> () ~ 10|~ g Iy P as in @
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Consequently, there follows the claimed submartingale property:

e(n+1)

E(Mps1 | Fn) = E(|ue(Xn+1) — ue(Yng1)| | Fn) + N T2

1 £1l oo (D)

en .
T 2HfHL°°(D) =M, P—as in Q.

Z ‘UE(XTL) - ue<Yn)‘ + N

v

FIGURE 6.1. The hyperplane H and the symmetric processes {X,, Y, },2, in the
proof of Lemma 6.4.

3. Applying Doob’s Optional Stopping with the stopping time 77 + 1, we get in virtue of (6.6):
|ue(z0) — ue(yo)| = E[Mo] < E[Mr,41]

) fll Lo (D)

(6.7) = EUU€(XTH+1) - UG(YTH-H)H + N +2 : E[TH + 1]
N+3
< EfJue(Xry11) — ue(Yrg11)l] + mRé N fll oo (D)

To estimate the first term of (6.7), we split the effective domain of integration {X;, 41 # Y7, 41}
according to the definition of Y}, into two parts so that:

E[Jue(Xry11) — te(Yos1)]] = / | 1e(Xryy21) — e (Vo 1| AP
(6 8) {dist(Xrp;,H)>5}

+ (X 1) = (V1) P
{dist( X7y, H)<SI{ X7y 41€Be(Yry )}

In the first integral above, we apply Corollary 6.3 with R and r = |x°§y°‘ -5 < g — 5, to the
effect that, when e < 9:
. € N /6 € 1)
P(dist(Xr,,, H) > 5) < ﬁ(i + ) ([B+e) < (N+1)7
This yields:
J
(69) / (X 1) — eV 1) AP < 2Nl )
{dist(Xrp;,H)>5}

For the second integral in (6.8), we observe that:

B(0) \ B

P({dist(Xry H) < £} N { Xyt & BelYry)}) < [Be( )B\ (0)(|€€N)| =ne(01).
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Since on the displayed event there holds: | X, 41 —xo| < R+2¢ < 2R and | X, 41 — Yo, 11| < 3e,
we conclude that:

(6.10) / ue( Xy 1) = ue(Yrg 1) AP <np- sup  fue(z) —ue(y)]-
{dist(Xrpy , H) < G I{Xr 41 €Be(Yrpy )} (z.y)€AL
The bounds (6.7), (6.9) and (6.10) imply now the main estimate of Lemma 6.4. |

Proof of Theorem 6.1.

1. Fix 0 < 1 and let |xg — yo| < 0. In view of the equiboundedness of solutions {ue}e—0 to
(RMV),_, it suffices to prove (6.1) under the extra assumption dist(zg,0D) > 36. We first use
Lemma 6.4 with R = $dist(zo, D) and obtain that for all € < € < § there holds:

2 .
‘ue(:vo) — ue(yo)‘ <n- sup{‘ue(az) — ue(y)‘; |x — o] < §dlst(:v0,8D) and |z —y| < 36}
(6.11) 5
o dist(zg, dD)’

again, in view of the equiboundedness of {u,}c 0.

2. To conclude the proof, we will estimate |u.(Zo) — ue(go)| for all couples (Zo,yo) € D x D
satisfying dist(zg, D) > & and |Zo — §o| < 3¢. We apply Lemma 6.4 with R = 62 and get that:

(6'12) |ue(j;0) - UE(QO)‘ < n- Sup2 ‘Ue(‘r) - ue(y” + C6.
(z,y)eAs <70

For every integer k > 1 define the iterated domain:
Ay = {(2,y) € D x D; |v — To| < 2k6* and |z —y| < 3e€}.

Applying k times the bound (6.12), we obtain the following estimate:

k—1
‘UE(EO) - ue(ﬂO)‘ < 77k © Sup {ue(l‘) - ue(?/)‘ + 052772
=0

(6.13) (@y)edr
Cé
< 20" ||ue| oo —,
< 2l i) +
valid for all sufficiently small €, provided that:
(6.14) § — 2ké% > 2R = 25°.

Define k in a manner to ensure that ¥ < §, namely:

o [,

It is easy to verify that the iteration validity condition (6.14) is satisfied for all 6 < §y < 1. Thus,
(6.13) and (6.11) imply (6.1), again by the invoked equiboundedness. [ |
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7. BOUNDARY ESTIMATES I

In this and the following section, we complete the proof of Theorem 1.2, for the case when zg
is close to 9D. We begin by some geometrical observations that are of independent interest:

Lemma 7.1. Assume (BH). Then there exists a constant C' > 0, depending only on D such that
for all xg,yg € D there holds:

(7.1) ‘][ ydy—][ ydy‘ < |zo — yo| + C(se(z0) + se(w0)) - (|zo — yo| + €).
«(z0)ND e (yo)ND

Proof. 1. We first observe that (7.1) holds for zg,yo & 9D + B(0), because then the left hand
side of (7.1) equals |zg — yo|. Likewise, for |zo — yo| > J, where 6 > 0 is some fixed parameter:

’][ ydy—][ ydy‘ < |z — yo| + C(se(z0) + se(v0))
E(xo)ﬂ'D E(yo)ﬂ'D

C
< |zo — yo| + g(se(ﬂfo) + se(y0)) [zo — yol,
by using (2.4). It thus suffices to treat the case:
x0,Yo € 0D + Bs(0)  and |xg—yo| <0 < min{l, g},

where 7 is the radius in the uniform supporting sphere condition (BH) and ¢ is small enough, in
particular, for the projections mopxg, Topyo to be well defined. We further observe that:

. . 4
(7.2) |7 (Tapxo) — i(mapyo)| < ~lao = ol

because by (2.2) it follows that:

1
|7i(mopz0) — Ti(mapyo)| < ;\ﬂaDw‘o) — TopYo) |

1 . - . .
73 = ;‘(:Uo — yo) + dist(xg, D) (mopxo) — dist(yo, GD)n(WaDyO)’
7.3
1 ) . S -
< ;(!900 — yo| + |dist(zo, 0D) — dist(yo, ID)| + 6 - |7i(wapw0) — n(Wapyo)D

2 1, .
< ;\fﬁo — yo| + 5}”(77617560) — ii(mapyo) |-

Subtracting the second term in the right hand side from the left hand side, we obtain (7.2). Our
second preliminary estimate is:

(7.4) [(Tropz0 — mapyo, F(mapx0))|, |(Tapmo — mapy0, i(Tapyo))| < Clzo — yol*.

To prove (7.4), observe that the boundary projections of zg,yo are not in the supporting balls
corresponding to g, zg respectively:

Topyo € By (mapzo — rit(mapwo)) U By (Topzo + rit(Tapao)).
It follows that:

2 _
r? < |mopzo — mopyo|” £ 2r{mepa0 — TapYO, Ti(TIDTO)) + 17,
which yields, in view of (7.3) and (7.2):
. 1 2 4
+(mapo — Tapyo, i(Tapro)) < g\ﬁapwo — Topyo|” < 772!360 — yol%,

implying the first estimate in (7.4). The second estimate follows by a symmetric argument.
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2. Define:

—

. . 1, . .
wy = = (fi(ropz0) + 7 (TopY0)) ! wy = 5(“(7@@@’0) — fi(mapYo)),

[\]

so that: 7i(mop(xg)) = Wy + We and 7i(wgpyo) = W1 — Wa. By (7.2) and (7.4) there holds:
(7.5) ‘<776D$0 - W6D907w1>‘ < Clzo —yl> and || < Clzo — yol.

Now, using the expansion (2.4) and (7.5) we get:

‘ ][ y dy — ][ y dy’
Be (J,‘())ﬁD Be(yg)ﬂD

< |(wo = se(wo)7i(mapwo)) — (yo — se(yo)ﬁ(ﬂapyo))’ + Ce(se(w0) + se(y0))
(7.6) = |(=opito — (selo) + dist(o, D)) ii(momio) )

_ <7Tapy0 — (8¢(yo) + dist(yo, 873))ﬁ(7r81>y0)>‘

= [V = (se(awo) + 5c(90)) @] + Ce(se(w0) + se(30))
< V[ + C(se(wo) + se(y0)) - (|ro — yol +¢),

where:

V= (WaDSUo — WaDy(J) - ((Se(fﬂo) + dist (o, D)) — (sc(yo) + diSt(yo,ap))>u71

- (dist(mo, aD)) + dist (o, aD))wz.

Since (i, @) = 0 and observing the easy decomposition:
- o — Yo = (napxo _ wapyo) _ <dist(ac0, aD) — dist(yo, ap))wl
- (dist(xo, aD) + dist (yo, 8D)>u72,

we directly compute:
VI* = |zo — ol

2
- ( (se(wo) + dist(xo, D)) — (sc(yo) + dist(yo, ID)) ‘ -

- 2<7T6D(CU0) — map(Y0), (36(1’0) - 36(90))“71>‘

The key ingredient for the further arguments is that the first term above is nonpositive. This
statement follows from the implication (7.8) that we will prove in the independent Lemma 7.2.
We now readily conclude that:

2
dist(wo, D) — dist (o, ap)‘ ) i |2

[VI? = |zo — yo|* < —2{mapmo — Tapyo, (se(z0) — se(yo))w1)
< C(se(wo) + se(yo)) - lzo — yol?,
in virtue of (7.5). Consequently, it follows that:
VI — |zo — ol?
V] + [zo — yol
yielding (7.1) in view of (10.7). |

V] —lzo —vo| = < C(se(z0) + se(y0)) - |zo — wol,



A RANDOM WALK APPROACH TO THE ROBIN BOUNDARY VALUE PROBLEM 17

The proof of Lemma 7.1 relied on the following observation, which amounts to the monotonicity
and the 1-Lipschitz continuity of the center of mass of a truncated unit ball in RV, as it passes a
hyperplane:

Lemma 7.2. The function:
N+l

1—d?) 1
: —ds  forall d€0,1].
d N-1 ’
N +1 f_l(l—Sz) 5

w(d) =

is decreasing and has Lipschitz constant 1. Consequently, for all xo,yo € D there holds:

(7.8)  dist(zg,0D) < dist(yp,0D) = 0 < se(xg) — sc(yo) < dist(yg, D) — dist(xg, ID).

The implication (7.8) is indeed a direct consequence of the claimed properties of ¥, because
se(x) = €¥(de(x)). We will now present two proofs of Lemma 7.2. The first proof is self-contained,
whereas the second proof uses the Prekopa theorem [24] on the log-concave functions.

The first proof of Lemma 7.2.
1. We need to show that 0 < —¥’ <1 on (0,1). The first inequality is clear, because:
N—1 .4 N—1
—(N +1)d(1 —d?) 1-s)72 ds—(1—-d®)V
V'(d) = ( )l )7 L ) 5 ( ) <0 for all d € (0,1).
d gy =1
(N+1)- (Ll(l—s )% ds)

In particular, for N = 1 we have ¥'(d) = —% and hence it remains to deduce the second claimed

inequality: —¥’'(d) < 1 for N > 2. Equivalently, we will check that:

d

(1-s)"2 ds+(1—d)N <(N+1)- (/1(1—52)%1 d5)2,

d

(7.9) (N +1)d(1—d?) "z /

-1
for all d € [0, 1]. To this end, we compute the derivative of the left hand side in (7.9):

(N +1)(1—d*)"F (/

-1

‘ (1827 ds) (1= d2N) — (N — 1)d(1 — d®)N~1

< (N+1)(1 - /d(1 _ ) ds
-1

and observe that it is less than or equal to the derivative of the right hand side in (7.9), which is:
d _ N1
2N + 1)(/ (1- )% ds) (1-d?) T

-1

N—-1

To conclude (7.9) it thus suffices to check its validity at d = 0, namely: fol(l -7z ds> 1\}+1'
This will be implied by the following bound, proved in the next step:

(7.10) /01(1 — )" ds > \/IN

2. We show (7.10) by induction on N. For N = 1, both sides are equal 1. For N = 2, we have:

1 w/2 1
/(1—32)1/2ds:/ cothdt:EZ—.
0 0 4 2
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For N > 3 we change variable in: fol(l - 52)% ds = OW/Q

w/2 w/2 w/2 w/2
/ cos™ ¢ dt = (N—l)/ cos™ 2t - sin?t dt = (N—l)/ cosV 2t dt—(N—l)/ cos™ t dt.
0 0 0 0

The above is a well-known calculation, that yields by the induction assumption:

1 /2 1

— N -1 N -1 -

/(1—32)N21ds: cosNQtdt:/(l—SQ)N23ds
0 N o N Jo

Nt dt and integrate by parts:

JN-1 11
-~ N JN-2 N’

Consequently (7.10) follows, completing the direct proof of Lemma 7.2. [ |

The second proof of Lemma 7.2.
1. Recall that ¥(d) = — fzn yn dy by (2.4). We will show the claimed properties of ¥ in
1,d
a more general set-up, namely when Bi¥ is replaced by an arbitrary open, bounded, convex set

A c RN, Without loss of generality, we assume that the projection of A on the ey axis equals
the interval (0, k). Define the function ¥4 : (0,h) — R

t dt
\IIA(d):—][ yn dy = — hits®dt ) de (0,h),
An{yn <d}

Iy ot

where g R — [0,00) is given as the (N — 1)—d1men810nal Lebesgue measure of the sections of A
in: g(t ‘{y e RN (yy...yn_1,t) € A}! By convexity of A it follows that g is continuous,
and we also have: g=0on R\ (0,h) and g > 0 on (0, h).

2. To show that W4 is decreasing, we simply compute:

) dt
v (d) = fo <0 for all d € (0,h).

Jy o

To show that ¥ 4 has Lipschitz constant 1, we are going to deduce that the function (0,h) > d —
—W 4(d) — d is nonincreasing. Integrate by parts to get:

~VUu(d) —d=— fo 3 g(s) ds dt

I

and observe that the claimed property is equivalent to the following function being nonincreasing;:

(0,h) 5d— i_]/((j)) where: g / / ) ds dt.

Equivalently, we will show that the above defined function g : R — [0, 00) is log-concave, i.e.:

(7.11) g(A\di + (1 — N)da) > g(d1)*g(d2) ™ for all A€ (0,1) and all dy,d; € R.

Recall now the celebrated Prékopa theorem (the formulation we use is that of [24, Theorem 6]),
which states that if a given function h : R"*™ — [0, o) is log-concave, then the marginal function
R™ > dw— fR" h(z,d) dz must be log-concave as well. We put n = N + 1, m = 1 and set h to be
the characteristic function of the following set A ¢ RN+2:

A={(y,t,d); de (0,h), t € (0,d), y€ A, yn <t}
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Since A is convex, h is log-concave. The Prékopa theorem yields thus log-concavity of:

R>d— h(y,t,d) d = [{(y.t) e RVt € (0,d), y € A, yn < t}| =3g(t)

RN‘H

as requested in (7.11). This ends the second proof of Lemma 7.2. [ |
We conclude this section by another geometric observation. Note that the exponent (—N)
below, may be replaced by any exponent less than 2 — N.

Lemma 7.3. Assume (BH) and let 7 > 0 be any radius that is strictly smaller than the uniform
inner supporting sphere radius r of D, defined in (8.1). Then there exists a constant C; > 0,
depending only on D,7 such that for all ¢ < 1 the following holds. Consider a supporting ball
Br(yo) and let zo € Br(yo) \ Br/2(yo). Then:

][ ( )D|y_y0|_N dy > |20 — yo| N + Ci(se(wo) + €%).
xo)N

Proof. We Taylor expand the function B(29) ND 2y + ¢(y) = |y — vo| ¥ at zo:

(7.12) ly — ol ™ = |zo — yol ™ + (Vé(x0), y — wo) + %< ¢(x0) : (y — 0)*?) + O(€?)
and calculate the relevant derivatives:
V(o) = —Nlzo — yo| =N (0 — o)
V2¢(20) = Nlzo — yol N (N + 2) (w0 — y0)®* — |20 — yol*Idn).
The claim now follows by integrating (7.12) on B¢(x¢) ND and observing that:

— Nlzo —yo| ™ <Jfo—y0,][ y — o dy)
Be(zo)ND

_N—-1/ T0o — -
= Nlzo = yol (0= fimapao) ) - selwo) + O fese(w0)) = Cuse(wo)

|zo — Yol
by (2.4), and:
Nlao — yo| V(N + 2)(z0 — %0)** — |0 — yo|*Id : ][ - (y — 20)** dy)
Be(xo
2N ~N-2 2 2
S SN . >
N Q\mo Yol €+ O(ese(xo)) > Cle
by using (2.5). This ends the proof of the Lemma. [ |

8. A PROOF OF ASYMPTOTIC EQUICONTINUITY - HOLDER 1/2 UP TO THE BOUNDARY

In this section, we show a boundary counterpart of Theorem 6.1, which already implies the
asymptotic equicontinuity of {u.}.0, albeit in a weaker regularity regime than that claimed in
Theorem 1.2. The main result of this section is:

Theorem 8.1. Assume (BH). There erists 09 < 1 such that for every 6 € (0,d0) there is
€ > 0 with the following property. For all € < € and all xo,yo € D satisfying |xo — yo| < d with
dist(xg, OD), dist(yo, D) < 6'/2, we have:

[ue(xo) — ue(yo)| < C3'/2.
The constant C' may depend on D, v and f, but not on €,xg,yo or 9.
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We start with a definition of quantities that will be used throughout the remaining discussion.

Definition 8.2. Let D be as in (BH) and fix a radius p > 0 that is strictly smaller than some
uniform inner supporting sphere radius v of D, given by the property:

(8.1) for every x € 9D exists By(a) CD  such that |z —a|=r.
We define a continuous function Z° : D — D, satisfying:
x € B,(ZP(xz)) CD  forall z €D,
as follows. When x € D and dist(z,0D) < p, there exists evactly one ZP(x) € D that is the center

of the inner p-supporting sphere at mypx. For x € D with dist(x,dD) > p, we set ZP(x) = x.
Writing now {Zy7"™ = ZP o X" }20 . it is straightforward that there holds:

(8.2) | Zg0pe - X < |20 - X

For every e < 1,29 € D and h € (e, & £ —¢€), we further define the stopping time 76T and two
sequences of random variables {©7"°, S0} ) by:

7O — min {n > 0; |Xfl’gc0 — Zz,p,xo} <p-— h} = min {n > 0; dist(X;’xO, 873) > h},

(83) €.T — €,T - €,20
O™ =€> T (x)<1p  Sg0 =D s(X5™),
=0 =0

FIGURE 8.1. The auxiliary balls B,(Z,) and the process {X,}7.

Lemma 8.3. Let D be as in (BH) and let 7 < r with r as in (8.1). Then, there exzsts a constant

C > 0 depending only on D and ¥, such that for every e < 1, xg € D and h € ( e):
(8.4) E[&79%0 + 527, ] < Ch.

Proof. As usual, we drop the superscripts €,7, h and zg to alleviate the notation. It suffices to
consider the case |zg — Z7""| > 7 — h. Define now the random variables:

M, = |X, — Z,| N = Ci(né® + S,),

where Cj is the constant from Lemma 7.3. We deduce that {Mzr,}02, is a submartmgale with
respect to the filtration {F,}72, because whenever n < 7 then |X,, — Z,| € [5,7] implies, in
virtue of Lemma 7.3, that:

E(Mn—‘rl - M, | ]:n) :E(‘Xn—&—l n—&-l{_N n) - ‘Xn_Zn|_N_Cl(62+SE(Xn))

Z][ ]y—Zn\_N dy — ‘X”_Z”TN_CI(EQ"_SE(XR)) > 0.
Be(Xn)ND
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Above, we have used (8.2) to replace E(‘XHH - Zn+1|_N ] fn) by E(}Xnﬂ — Zn‘_N | fn) and
(3.1) to further replace it by fBe(Xn)ﬂD ly — Z,|~" dy. For each fixed i > 1, we may apply Doob’s
Optional Stopping to the finite stopping time 7 A i, to the effect that:

PN <z — Zo| N = E[MO] < E[Mf/\i] = EHXf/\z‘ — T/\l‘_N] C - ]E[GQ(f Ni) + Si-/\i]
<(F—h—e& N —C-E[E(F Ni)+ Srnil.
Passing to the limit with ¢ — oo, we get:

_ L/ -N N(h+e¢) N
E[EQT—FS;]Sa((T—h—G) -7 N)ST-TNl,

~—N—1

which concludes the proof of (8.4) with C' = 287 z

Proof of Theorem 8.1.
1. Fix e < 1 and 7 < r with r as in (8.1). Given xg,yo as in the statement of the Lemma,

consider the sequences of random variables { Z;7"°, Z5™%0 S50 S¥0 1% 1 as defined in Definition
8.2), together with the stopping times 760 7 0 Where we set.

h=6'2
To alleviate the notation, we drop the superscripts €, h and denote:
X, = X0, Y, =YY%, T=TNTY,
We now define the sequence of random variables {M,,}°
n 5 n—l j
(8.5) W IO =) + SNTD > (£(x5)- 110~ 5e(Xe 1)) )
k=1 j= =1

and check that it is a martingale with respect to the filtration {F;,}7% . Indeed, (RMV), yields:

E(Mn+1 - Mn ‘ ]:n) = (]i (Xo)nD ue(y) dy) : An+1

62

2(N + 2)
Applying Doob’s Optional Stopping to the martingale {M,7}72, that is equibounded by the
random variable C' + Ce27 whose integrability follows from (8.4) because dist(zg, D) < /2 and
h = §'/2, we obtain:

—ue(Xyp) - Ap + f(Xn) - Ap=0 P—as. in Q.

T—

62 .
ue(z9) = E[My] = E[M:] = E[uc(X-) - A-] + SNTY) S E[f(X) - Ayl
j=1

Consequently, again by (8.4) and using the inductively validated inequality: [[;_,(1 — a;) >
1 — 3" a; that holds for any n-tuple {a; € [0,1]},, we arrive at:

|ue(z0) — E[ue(X57)]| < CE[1 -JI@a- ’yse(Xk_l))} + CEE[7] < CE[yS2] + C6'/? < Cs'/2.
k=1
Clearly, the same bound holds for the {Y},}>2 process:

|ue(yo) — E[u(Y)]| < C62.
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Summing the last two bounds, we get:
(8.6) |ue(z0) — ue(yo)| < Ef|ue(Xz) — ue(Y)|] + C8*2.

2. In this and the next step, we proceed to estimating EHue(Xf) — ue(YF)H in (8.6). This will
be done with the help of Corollary 6.1, where we note:
(8.7) dist(X7,0D) > h =62 or dist(Ys,dD) > 6'/2.
To this end, we first estimate the following conditional expectation:
E(|Xn1 = Yora? | Fo) = E(|(Xng1 = Yos1) = (Xn = Yo) [ | F) = |X, — Vo3

+ 2(E(Xn+1 — Yoq1 | Fn), Xn — Ya)
<E(|2¢- ]l{k;+1(w,Xn)7ék;+1(w,Yn)}’2 | Fo) + X0 — Yal2 4+ C(1X0 — Yal? 4 €) (5e(X0) + 5:(Yn)),

P-a.s. in ©Q, using the fact that kj, ,,(w, Xp) = kj, | (w,Yy) implies X1 — Y01 = X, — Yy, and
applying (7.1) to bound the product intermediate term above. Further, (2.3) results in:

E(126 e, ot o vt | F) <42 (B (Lo x| Fn) +E(Lgse, vy | Fo)
< Ce(se(Xy) +5.(Yyn)) P—as. in Q,
so that:
(88)  E( X1~ Yarrl | ) < X Va2 (14 Clse(X) + 56(¥a))) + Ce(se(X0) + ().
Define the sequence of random variables {Q,}>2 by:
Qn = |Xp — Yy |2 e CE+520) _ 0 (520 4+ 590).
We now check that {Q,}52 is a supermartingale with respect to the filtration {F,}5:
E(Qnit = Qn | Fn) = E(|Xns1 — Yo 2| Fo) - eSS
— Xy = Yy e OB O (5.(X) + se(Yr))
<X — Y2 e Cniatsit) <1 + C(5e(Xn) + 5c(Yn)) — eC(se(Xn)Jrse(Yn))) <0,

in view of the fact that )%, and Sgtjrl are JF,-measurable, and by (8.8). Application of Doob’s Op-
tional Stopping to the supermartingale {Qnaz o2, where each |Q,n7| is bounded by the random
variable C' + Ce(S2° + S¥°) that is integrable in view of (8.4), yields:

(8.9) 8> |zo — wl> = E[Qo] > E[Q:] = E[|X; — Y;|?- e O +5)] _ Ce. E[520 4 S2].

3. We now complete estimating E[|uc(X7) — ue(Y7)|] in (8.6). Firstly, by (8.4) and the Cheby-
shev inequality, it follows that:

(8.10) P(S2° + S¥ > 1) < C8'/2
Secondly, by (8.9) and if only € < d:
(520 4.5%0
E||1Xr = V22 ggro gmocyy| < €€ B[ Xr = V3|2 7O +55)]
< CeE[S20 + S + 0% < Ce- 6% + 05* < 042,
so that we obtain:

(8.11) E[IX; = Yl - gropgmeyy | < C8.
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We now decompose:
E[Jue(Xs) = ue(Y5)]] = E[|ue(Xz) — uel¥5)| - 1goo, ooy
(8.12) +E[[ue(X7) = uel¥)] - Lgeo w0y - L,y oty
+ EDUG(XH = ue(Y7)| - Lygeoqsro<y ]l{\Xf—Y;I<%O}]'

The first term in the right hand side above is bounded by C'6/2 in view of (8.10). The same
estimate holds for the second term, because Chebyshev’s inequality applied to (8.11) yields:

P({s2+ 80 <1} {1x, —¥e > D) < &0
0

To treat the last term in (8.12), recall that for each n € (0,dg), Theorem 6.1 gives € = €(n) so that
lue(x) — ue(y)| < m holds for all € < € and all z,y satisfying |x — y| < 7. Define:
0,

- (-, 1 1
€ = min {6(2?), o € [0, 60)},

where we decrease the threshold for the admissible § below %0 so that the set in the definition of €
is nonempty. Assume further that e < €. For each w € {Sfo + 8% < 1} N {|X; Yz < %0 , apply
now the above recalled statement to 7 = min {2%7 2% > max{4, | X7 — Y7|(w)} and z = X7(w),
y = Yz(w). Since n € [, dp), it follows that:

‘UE(X?) — UE(Yf)l < C?] <C. 2((5—|— ‘X,F _ Yq—_’)

| X7 — Y7
—o/2 = 512

51/2

<0824+ 0

wsin {5204 52 < 111X, vl < 2.

where we also used (8.7). Consequently and in virtue of (8.11), we get:

C
1/2
E[{Ue(X?) - ue(Y?)‘ N ]I{S:O—"—Sgogl} N ]1{‘X-7—7Y7—|<670}1| S C(S / + m . E[‘X‘F - Y‘T" . ]I{S;O+SEOS1}1|
< Cs'?,
Thus, (8.12) implies that:
E[|uc(X7) — ue(Yz)|] < €52
and the claim of the Theorem 8.1 finally follows by recalling (8.6). |

Combining Theorems 8.1 and 6.1, we obtain the Holder COY/2_asymptotic regularity of {u}e_o
in D, which yields Theorem 1.1 in view of the L' convergence in Theorem 5.2.

Corollary 8.4. Assume (BH). There exists 6o < 1 such that for every 6 € (0,6o) there is € > 0
with the following property. For all € < € and all xo,yo € D satisfying |xo — yo| < 0, there holds:

|u(z0) — u(yo)| < C52.

The constant C' above may depend on D, ||f|py and v, but not on €,x9,yo or J.
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9. BOUNDARY ESTIMATES II

In this section we derive further geometrical observations towards an improvement of the bound
in Theorem 8.1 and a complete proof of Theorem 1.2.

Lemma 9.1. Assume (BH). Then there exists a constant C' > 0 depending only on D, such that
for all xg,yo € D there holds:

(9.1) ][ ly — z0|? dy < |20 — yo|? - eC%W0) 1 O
Be(yo)ND

Proof. We decompose:

][ Iy—xo|2=!yo—xo!2+2<yo—xo,][ Y — o dy>+][ ly — yol* dy
Be(yo)nD Be(yo)nD Be(yo)nD

< |y0—$0!2+2<yo—$0,][ y—yo dy) + €.
Be(yo)ND

(9.2)

To estimate the linear term above, observe first that it is null when dist(yo,9D) > €. In the
opposite case, we will use the representation (7.7), recalling the definitions:

1

. . 1 )
wy = §(n(7T8D$O) +7i(mopyo)),  wa = 5(”(77817%) — fi(mopyo)),

as in the proof of Lemma 7.1. Since by (2.4) we have:

][ y —yo dy = —se(yo) (w1 — wa2) + O(e?),
Bc(yo)ND

it follows that:

(mopyo — Wapl‘o,][ y —yo dy) < Csc(yo) - lyo — zo|* + O(€?),
Be(yo)ﬂ'D
(dist(zo, 0D) — diSt(yo,ap)xwl,][ y — yo dy) < sc(yo) - dist(yo, OD) + O(€?) = O(€?),
Be(yO)mD
(dist(zo, 0D) + dist(yo, 39))<w2,][ y —yo dy) < Cse(yo) - lyo — zol|* + O(€?),
Be(yo)ﬂD

where we used (7.5) in the second and third estimate, and the assumption dist(yg, 9D) < € in the
second estimate. Summing the three above bounds, and recalling (9.2), we get:

][ ly — x| dy < |yo — 20[*(1 + Cuse(yo)) + Cue?,
Be(yo)ﬂ'D
where the linear term in (9.2) is bounded by Cs.(yo)|yo — o|* + O(e?). The proof is done. ]

Corollary 9.2. Assume (BH). Then for every xo € D and ¢ < 1, the following sequence of
random variables is a supermartingale with respect to the filtration {Fp,}02 -

=

€,20 2 - €,Z0 2 >
{‘an — x| -eXp(—C Sg(Xj ))—Cne} o
n=

0

.

with the same constant C > 0 as in (9.1).
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Proof. The proof is straightforward, because:

E(|Xn+1—a:0]2-exp 0256 Cln+1)é | F )
2 2
= T — X dx-exp -C se(X Cn+1
AL > ¥
n—1
< | X — @] - exp (—C > se(X;)) — Cneé?,
j=0
by applying (9.1) to z¢ and yp = X,,. |

Lemma 9.3. Let D be as in (BH) and let ¥ < with v as in (8.1). Then, there exists a constant
Cy > 1 depending only on D and 7, such that for every e < 1, xg € D and h € (e, 5— e):

(9.3) E[@;’fg’xo] < Cyh.
Moreover, for all k > 1 there holds:

(9.4) (@ng o > ket 2Cuh)> < Zik

Proof. 1. Given 7, h,e,xg as in the statement and a constant A > 0, consider the sequence of
random variables {M,,}> , in:

n
M, =20, — Sp+1 = AE(Z]l{d ez0)<1}) (ZSG(X?IO)),
7=0
adopting the convention that My = —s. (xo). We claim that {M,,}>°, is a supermartingale with
respect to the filtration {F,}°°, provided that A = A\(D) is chosen appropriately. Indeed:

E(Mps1 — My | Fn) = Al g x)<1y — E(se(Xn41) | Fn) <0 P—as. in Q,

follows by observing that on the event {dist(X,,,0D) > €} the quantity above is clearly nonpositive,
whereas on the event {dist(X,,,0D) < €} it is still nonpositive upon choosing A so small that:

E(se(Xns1) | Fo) = f sely) dy > ce f (1—d(y)?)F dy > Ae.
Be(Xn)ND Be(Xn)ND

The supermartingale property and Doob’s theorem applied to the finite stopping times 7 A4 yield:
E[)\@fm‘] = E[Mfm‘] + E[S(q’—/\i)+1:| < E[Mo} + E[Sﬂ‘-—i-l] < E[S?] +e<Ch,
in virtue of (8.4). Consequently, (9.3) follows with C,, = C/\ by passing to the limit i — oc.
2. To show (9.4), we first use Chebyshev’s inequality in (8.4), to arrive at:

(9.5) P(07 2 2C,h) < 5

The general case k > 1 follows by induction. To this end, for each k& > 1, define the stopping time:
T), = min {n >0, 9, > k(e + QC'uh)}.

Then (9.4) is equivalent to: P(T; < 7) < 1/2*. Observe that:

Ty <7V =T, <7¥nde2™ >a20,n!.
{Tn <7} = {me<7pn{e]
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Taking conditional expectations we get:

_ 1 1
P(Tp41 <7) = E[lfg,,<7] = E|:]1{Tk§%} 'E(]l{ekaZQCuh} ! ]:Tk>] < 5E[]1{Tkgf}] < SR

by (9.5) applied with X7, in place of xg, and by the induction assumption. The proof is done. W

10. A PROOF OF ASYMPTOTIC EQUICONTINUITY - HOLDER a@ UP TO THE BOUNDARY, « € (0,1)

The main result of this section is:

Theorem 10.1. Assume (BH). There exists 69 < 1 such that for every § € (0,6) there is
€ > 0 with the following property. For all € < € and all xo,yo € D satisfying |xo — yo| < § with

dist(fﬁo,ap), dlSt(yO,aD) < m, we have:

e () — ue(yo)| < C6 - log (%).

The threshold constant Cy, is as in Lemma 9.3, whereas the constant C > 0 may depend on D, v
and f, but not on €, xg,yg or 9.

We start by defining yet another useful coupling.

Definition 10.2. Given z¢,y0 € D and ¢ < 1, recall the set-up for the process {X"°}2, in
(3.2), and define the coupled process {Yy,¥*"*°}°2 ) inductively as follows. Set Yo = yo. At each n,
denote by H,, the hyperplane in RN that is orthogonal to and bisecting the segment [X,,Y,]. By
refly, , denote the reflection across H,,. Then, we set:

l;e(w,Xn)) ’

€,Y0,20 __
Y, =refly, (Xn +ew,

where IZ:;H = min {l% >1; refly, (Xn + ewﬁﬂ) € D}.

Lemma 10.3. Let D be as in (BH) and let ¥ < r with r as in (8.1). For a given mo,yo € D,
e <1 and h € (e, min{ —€,1}, we define the sequence of random variables {Qf{h’mo’yo};’ozo in:

Q;h,ro,yo — (4h _ |Xfl’w0 _ Y;,yo,woD . ‘X;,ro _ Y;,yo,$0‘7

where the coupled process YY" is as in Definition 10.2. Then there exists a constant C > 0

depending only on D and 7, such that:
(i) For every 6 € (0,h), conditions: | X,, — Y,| € (6%,3h) and € < 16 imply:

4 )
E(Qni1 — @Qn | Fn) < Che(Lyg, (x,)<13 + Lia. (vi)<13) | Xn — Yol — mGQ P—a.s. in Q.
(ii) In the setting of (i) there further holds:
4 ,
E(Qnt1 | Fn) < Qn-exp (Ce(Lia,(x,)<13 + Lid.(vi)<1})) — N+ 262 P—a.s. in Q.
(ili) Fiz § € (0,h), and assume the conditions: |xo —yo| < § and e < 36*. Define the sequence
of random variables {Q5""0Y°}°  in;

Q%hmﬁo,yo — th,xo,yo - exp ( —C(e5% + @;,yo,cco)) + 6—30n62’

where, consistently with (8.3), we set:
n—1

€,90,T0 — e
@n —EZﬂ{de(}/jay07$O)<1}.
Jj=0
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Define also the stopping time:
oMoy — min {n >0; | X% —xo| > h or |[YoV0r0 —qy| > h

(10.1)
or |X;,xo _ er,yo,xo| < 52 or @;,zo 4 @?E{yowo > 2}'

Then, {Q;’h’xo’y(’ }7010:0 is a supermartingale with respect to the filtration {F,}52,.

Ao €:1:0,20,40

Proof. 1. Fix xg, 9o, h, € as in the statement and let § be as in (i). Assume that | X,,—Y,,| € (62, 3h),
where as usual we suppress the parameter superscripts in order to alleviate the notation. The
first observation is that on the event {d.(X,) = d.(Y;,) = 1}, there holds Y,,;1 = refly, X,,+1 and
hence the vectors X, 11 — Y11 and X,, — Y, are parallel. A direct calculation now gives:

Xy =Yy
[ Xn = Yol

X, - Y,
| Xnt1 — Y20 = | X0 — Vo> = <ewn+1,ﬁ> +4{ewy 11, Xn — Yn).

[ Xnt1 = Yo = [Xn = Yol = 2<5wrlz+1v

Thus, we conclude (i) in this case:

~Y,
\X —Ya \
Xn
(10.2) + 4B ((ewp 1, ﬁ> Fn)

2
— 42 2dy = — de P—a.s. in €.
BN Y1 dy N+2

1

E(Qurt — Qu | Fa) = 4E((ew) 1,20 (X - Y)) | F)

2. On the other hand, on the event {d.(X,,) < 1} U {d.(Y,,) < 1}, we write:

Qn+1 - Qn = ¢(Xn+1 - Yn+1) - ¢(Xn - Yn)a
where the function ¢ : RY — R is given by: ¢(v) = (4h — |v|)|v]. We will apply the Taylor
expansion below to v = X,, — Y, and w = (X411 — Yoq1) — (X — Yy ):

B0 +w) — 3(v) = (4 — 20, w) + O( - +

vl |v]

This expansions is valid, with the uniform bound in O, for all v # 0 and |w| < %M Therefore:

1)\w|2.

4h
(=
_
[ X — Yo

E(Qn—i—l - Qn ‘ fn) =E - 2)<Xn - Y?‘Ly (Xn+1 - Yn—l—l) - (Xn - Yn)> ’ ]:n)

(10.3)
+O( +1)e2 P —as. in Q.

Also, the same calculation as in (3.1), combined with the estimate (7.1) yield:

]E(X’rH—I — Yn+1 ’ ./_"n) = Xn + szy_fll d]P’l (wn+1) +/ reﬂHn (Xn + GwZTil) dPl(wn+1)
Q1 Ql

= ‘ ][ y dy — ][ y dy
«(Xn)ND «(Yn)ND

<Xy = Y| 4+ C(se(Xn) + 5e(Yn)) (| Xn — Yu| +€) P—as. in Q.
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In conclusion and using the facts that ’ﬁ 2| < e X Y pand 2e < h| X, —Y,|, following from

the assumed relative magnitudes of €, 9, h and | X,, — Y;,|, the expansion (10.3) gives:

h
h
(10.4) < Che| X, — Y| + O( ;2)
4 ,
S Ch|Xn - Yn| S Ch€|Xn - Yn| - mﬁ P—a.s. in Q.

The estimates (10.2) and (10.4) conclude the proof of (i). Finally, since @, > h|X,, — Y|, the
bound (i) directly implies (ii), because:

4 o
T N+2°

E(Q,H_l | fn) <Qn+ Ce(ﬂ{dE(Xn)<1} + ]l{de(Yn)<1})Qn P —a.s. in €.

3. To show (iii), fix n < 0. Then the assumptions listed in (ii) hold, we have:

E(Qni1 | Fn) = B(Quir - exp (= C(O5%, + O1T)) | F) + e 202
< Qn - exp (Ce(Lyg, (x,)<1} + Lia.(vi)<1})) - exp (= C(O5, + OL%7))

4 2
-~ i S exp (= 0055, + 0l + e (n+ 1)e?
o 40,20 46_20 2 —-3C 2
< Qn-exp(—C(OF + O ))—N+26 —e Y (n+1)e

< Qn-exp(—C(O2 +0w™)) — e n+1)? =Q, P—as. in Q.
This ends the proof of the Lemma. |

Corollary 10.4. Let D be as in (BH) and let ¥ < r with v as in (8.1). Then there exists a
constant C > 0, depending on D and T, such that for every set of parameters as below:

_ _— B
0<d<h< min{%,l}, €< min{£,§54}, for every xg,yo € D such that |xo— yo| < 0,

the following holds:

Q) 62E[ae,h,6,xo,y0] < Ché,

P(IX5"0 — x| > h) + (Y050 .0 — vol > h) < @

( ) €,h,8,x0,y0 €,h,8,x0,y0 h
(i) E[|X 75 00000 — Tol] + E[Y 50570, — vol] < € - (log 5),
(iv) If additionally: dist(x,0D),dist(yo, 0D) < & — (h + €), then:

ol

ehézoyo o€h.8,20,90

B[S0 sruo + S0 0] < CF - (l05 5),

where consistently with (8.3) we have defined: Sp”*™° = Z;L:_(} se(YH070).

Proof. 1. By the supermartingale property in Lemma 10.3 (iii), Doob’s Optional Stopping applied
to the stopping time o = g©M%%0:%0 yields:

e 3CEE[o] < E[QEM %] <E[Qo] = (4h — |z0 — yol)|wo — yo| < 4h4,
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as claimed in (i). For (ii), we apply Corollary 9.2 and Doob’s Optional Stopping again, in:

o—1
E|| Xy — zo|* - exp ( — CZ SE(XJ‘))} < CE2E[U],

§=0

where the constant C' is as in (9.1). Since Z;:ol se(Xj) < ©g™ < 2+¢, the assertion in (i) gives:

E[| X, — 20[?] < Chd.

Consequently, by Chebyshev’s inequality we conclude the following inequality in (ii):

(&4

-

The parallel bound for the coupled process {Y;;#**°} is deduced by observing that the coupling in

Definition 10.2 is symmetric in distribution. Namely, for every n > 0 and every Borel set F' C D,
the same calculation as in (3.1) yields:

(10.5) P(Yyvo® € F) =P(XgW € F),  P(Y "% € F) =P(X5% € F).

1
P(| X, — z0| > h) =P(| Xy — 20|* > 1?) < ﬁEUXU —zol*] <

2. To prove (iii), we integrate the distribution function (effectively, the integration takes place
on the interval (0, + €)), and apply the bound (ii):

)
E[‘ngf?y&woyyo o .%'0” = /0 P‘(X;fg,&woﬂyo B .730‘ Z t) dt
00
< / P(|X§7:25720,y0 - $0’ 2 t) +P(‘Y;ézo,(%,zzoo,yo - :’-/0‘ > t) di
0

h
<et+d+ /5 P(1X 0500 — 2ol 2 ) + P(IY2050 L, — wol > t) dt

hcs 1 1
< 25+/ - dt =254+ C6 - (logg —HOgh) <C6¢- (logg).
5
The estimate on E[\Y;%ﬁfgwo — yo|] follows in the same fashion, in view of (10.5).

3. As in the proof of Lemma 8.3, we deduce that {M ch.s.00.0 oo 1S & submartingale with
respect to the filtration {F,}°°, where we define:

M, =|X5% — Zflﬂ“,xorN — C)85%0,

with the constant C; > 0 is as in Lemma 7.3. In the proof of this fact, we use that dist(X,,,9D) <
for n < g©M%*0:%0 in view of the assumed bound on dist(xg, D). Applying now Doob’s Optional
Stopping to the stopping time o = O.e_,h,(s,cco,yo’ and applying the mean value theorem to the function
v+ |v|™" while noting | X5 — Z5""°| > T, we get:

CE[Se™] = E[|X&™ — 2e™%0|"N] —E[M,] < E[|X&™ — 22770 |™N — |20 — Z"(20)| 7]
<E[(Jxg™ — 2gm%0|™N — |z — Z7(z0)| V)

1
= NG

< OE[jwo — X5™|] < C6-log (%).

In the last two inequalities above we also used the fact that Z7 is a projection, and the already
established bound in (iii). The parallel estimate on E[S“¥05° ] follows by recalling (10.5). M

o€ h,6,20,u0

[Nl ]

4]

E[(lwo — Z7(w0)| - |X5™ — Z7(X5™)]) ]
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Proof of Theorem 10.1.

1. Let 7 < r with the radius r as in (8.1). Take dp > 0 so small that for every ¢ € (0,dp) the
following threshold quantity satisfies 6 < h(d) < min{%,1}:
- 1
-~ 9C, -log(1/6)°
We set € = %54, let € € (0,€) and take xg,yo € D with the properties indicated in the statement
of the Theorem. To alleviate the notation, we will be writing h = h(9).

Applying (9.4) with an integer k € [2log %, 3log %], we obtain:

h(3)

L

(10.6) PO ., = 1) <P(O ., = k(e+2C,h)) < o

Te,h,xo Te,h,:co

1
SWS57

since k < 1/(3C,log ) < 1/(e + 2Cyh).
2. Recall that by (RMV)_, the sequence of random variables {M,,}°°  defined in (8.5):

2 n—1

- , , € 6,0\ | AET
My, = ue(X570)AG™ + 2(N +2) Zf(X] °) Aj ’

is a martingale with respect to the filtration {F,}7°,. Applying Doob’s Optional Stopping with
the stopping time o = ¢©"%%0:%  the same calculation as in the proof of Theorem 8.1 in section
8, leads to the estimate:

‘ue({ﬂo) — E[ug(Xg"”O)] < C(E [’ySg’xO] + 62E[a]) < C6 - log (%),
in virtue of Corollary 10.4 (i) and (iv). Similarly, the coupling symmetry (10.5
1
|ue(yo) — E[ue(X5%)] = |ue(yo) — E[uc(Y;¥™)] < C6 -log (5)7

) result is:

and we see that:

1
(10.7) ue(z0) — ue(yo)| < El|uc(X5™) — uc(Yo¥™0)|] 4+ C6 - log (%

5)
We now estimate the expectation in the right hand side above, separately on the four events
indicated in the definition (10.1). Firstly, by Corollary 10.4 we get:

(10.8) E[|ue(Xg®0) — ue(YY"0)| - L x, —zo>h or |Yy—yo|>h}] <
Secondly, by (10.6) and since o < 770 we have:

E[Juc(X57) — ue(Y5%070)| - Lgero , geiorosyy] < C(P(@gwo > 1) + P(O5¥0"0 > 1))

co

1
o < C6 - log (7)

4]

(10.9)

< (P2, 2 1) + PO = 1)) < C5,
Finally, the weak bound in Corollary 8.4 gives:
(1010) EHUE(X;’QCO) — UG(Y;’yO’xo)‘ . ]1{|X;,10_Y;,y0,z0|§52}] S C(S

Combining (10.7), (10.8), (10.9) and (10.10), concludes the proof. [ |

This ends the proof of Theorem 1.2, in view of (6.1). Recall that the family {u}e—o is
equibounded. The asymptotic equi-Holder estimate in Theorem 1.2 implies also the asymptotic
equicontinuity, in the sense that for every n > 0 there exist §, ¢y > 0 satisfying:

lue(xo) — ue(yo)| < n forall e<ey and xp,yo € D such that |zg— yo| <.
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Thus, a version of the Ascoli-Arzeld theorem yields uniform convergence of {uc}c o in D, up to
a subsequence. Combining this observation with Theorem 5.2 we conclude the result of Theorem
1.1. We also recover the Holder continuity of the limiting function: u € C%%(D) for any «a € (0, 1),

be

il

cause tlog(1/t) <t* ast — 0, when o < 1.
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