REGULARITY OF A 0-SOLUTION OPERATOR FOR
STRONGLY C-LINEARLY CONVEX DOMAINS WITH
MINIMAL SMOOTHNESS

XIANGHONG GONGT AND LOREDANA LANZANI'

ABSTRACT. We prove regularity of solutions of the O-problem in the Hélder-Zygmund spaces
of bounded, strongly C-linearly convex domains of class C*'. The proofs rely on a new,
analytic characterization of said domains which is of independent interest, and on techniques
that were recently developed by the first-named author to prove estimates for the -problem
on strongly pseudoconvex domains of class C?.

1. INTRODUCTION

Let D be a bounded domain in C" with a defining function r that is C'-smooth on a
neighborhood of D. We say that D is strongly C-linearly convez if

(1.1) re-((=2)|>el¢ 2% zeD, (eaD

for a positive constant ¢ that may depend on r.
We say that D is strictly C-linearly conver if it satisfies the weaker condition

(1.2) |7 (¢ —2)| >0, ¢€dD, zeD\{¢}
We say that D is weakly C-linearly convex! if it satisfies the even milder condition
(1.3) |re-((—2)| >0, ¢€0D, ze€D.

The notion of strong (resp., strict; weak) C-linear convexity is essentially intermediate
between strong (resp., strict; weak) convexity and strong (resp. weak) pseudoconvexity?; it
was first introduced by Behnke and Peschl [2] in 1935 and has since played a central role
in the theory of Hardy spaces and holomorphic singular integral operators. The purpose of
this paper is to extend the analysis of these domains to the d-problem. Strongly C-linearly
convex domains of class C? are, in particular, strongly pseudoconvex; see [13]. Thus the
O-problem for such domains is well understood; our main goal here is to go below the C?-
category and extend the theory of 9 to the class C''. As is well known, C-linearly convex
domains support a Cauchy-Fantappié kernel, the Cauchy-Leray kernel, that is holomorphic
in the output variable z € D and is “canonical” in the sense that it is independent of
the choice of defining function r (unlike other instances of Cauchy-Fantappie kernels). The
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Cauchy-Leray kernel determines a singular integral operator (the Cauchy-Leray transform
acting on functions supported in the topological boundary D) whose operator-theoretic
properties depend on the boundary regularity and on the amount of C-linear convexity
enjoyed by the domain. E. M. Stein and the second-named author have shown [14] that
the Cauchy-Leray transform associated to a bounded, strongly C-linearly convex domain
D C C" with boundary of class C™!, initially defined for functions in C*(9D), extends to a
bounded operator: LP(0D, p) — LP(OD, ) for 1 < p < oo and with p belonging to a family
of boundary measures that includes induced Lebesgue measure o. The proof relies, among
other things, on the analysis of the (suitably defined) action of the complex Hessian of r
(assumed to be only of class C™!') over the complex tangent space of dD. In the subsequent
paper [15] examples were supplied that indicate that the two hypotheses of strong C-linear
convexity and class C1! are essentially optimal.

In this paper we provide integral formulas-based solutions to the d-problem for bounded,
strongly C-linearly convex domains of class C': we first construct homotopy formulas
based on a hyerarchy of Cauchy-Leray-Koppelman kernels that give rise to integral operators
acting on forms of type (0,¢q), ¢ =0, ...,n with coefficients defined on D, the closure of the
ambient domain. From these we obtain new estimates in the Holder and Zygmund spaces
that give the expected optimal gain of 1/2 derivatives. It turns out that the classical Leray-
Koppleman homotopy formulas are in fact true under milder notions of C-linear convexity:
this is the reason why we mentioned condition (1.3) above. Strong C-linear convexity is
however needed both to justify the use of the regularity estimates that were obtained by the
first-named author in [6], and to prove a new homotopy formula in this paper.

Our proofs rely on the following characterization, which is of independent interest, of
strong C-linear convexity for domains whose boundary is assumed to be of class Ot

Theorem 1.1. Let D be a bounded domain of class CYL, and let v be any defining function
for D that is of class CY! in a neighborhood of D. Then we have that condition (1.1) being
satisfied by r is equivalent to the same r satisfying each of the following:

(1.4) lre - (C—2)|>c1|¢— 2> for z€ D and (€ U\ D.
(1.5) re - (C=2)[ > ea(r(¢) = r(2) +|¢ = 2°) for 2€ D and (€ U\D.
(1.6) Ire - (C—2)| > e3¢ — 2| for ¢,z €0D.

Here U is a neighborhood of D which may not be the same for (1.4) and (1.5).
We obtain the following main results.

Theorem 1.2. Let D C C" be a bounded domain of class CY' and suppose that D has a
CYY defining function r in a neighborhood U of D with the property that

(1.7) e ((—2)|>0, zeD, (e€U\D.
Then there exist homotopy formulas on D

(1.8) 0 =0H, 0+ H,10p, q=1,....,n—1;
(1.9) 0= Hyp+ Hi0p, q=0

for forms o of type (0, q) satisfying the assumption that ¢ and O have coefficients in C*(D).
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Furthermore, if D is strongly C-linearly convez, then for any a € (1,00) we have
(1.10) |Hq<P|Aa+1/2(E) < Ca|90’A“(5)7 q=>1,
(1.11) | Howlre@) < Cal®l e my-

Here A? is the standard Holder space when 3 € (0,00) \ N, and is the Zygmund space
when ( is a positive integer. Note that condition (1.7) is trivially implied by e.g., condition
(1.4) in Theorem 1.1. The operators H,, ¢ = 0,1,...n, are defined in Proposition 3.3,
where the homotopy formulas (1.8) and (1.9) are obtained. In the proof of the regularity
estimates (1.10) and (1.11) it will be important to work with a particular defining function
for D: it is well known that condition (1.1) and hence (1.6) are independent of the choice
of defining function for D in the sense that only the constants will be affected by the choice
of r. In Section 2 we show that such stability is also satisfied by conditions (1.4) and
(1.5) (see Lemma 2.3 for the precise statement). Condition (1.5) for a specialized choice
of r € CH(U) N C=(U \ D) is then needed to justify the application to such r of the
results [6, Propositions 4.4 and 4.10] which in turn give the estimates (1.10)-(1.11).

A statement analogous to Theorem 1.2 was proved by the first-named author [6] under
the assumptions that the bounded domain D is strongly pseudoconvex and has boundary of
class C2. In Theorem 1.2 we essentially increase the amount of convexity to strong C-linear
convexity, and reduce the amount of boundary regularity to the class C'*!.

By employing condition (1.1) and adapting the method of proof of the classical C/2
estimate for strongly pseudoconvex domains of class C? (see [10, Theorem 2.2.2]), we also
obtain

Proposition 1.3. Let D C C" be a bounded weakly C-linearly convex domain of class C*'.
There exists a homotopy formula on D

(1.12) =0T+ T100, q=1,...,n—1

for forms ¢ of type (0,q) when ¢ and o have coefficients in C°(D). Furthermore, if D is
strongly C-linearly convex we have that

Toplcirem) < Clelcomy, =1

Here T, ¢ = 1, ..., n are the classical Leray-Koppelman operators [3, p. 273], which must
be suitably interpreted when D is merely of class C+!; see Section 3 for the precise statements
and the proofs.

Note that Theorem 1.2 and Proposition 1.3 do not include data ¢ of maximal type (0,n)
because such data can be treated with techniques already available in the literature. Indeed
it was observed by the first-named author [6] that if ¢ has maximal type (0,n) and D is a
bounded Lipschitz domain, the solutions of Ou = ¢ can be easily obtained by extending ¢
to a form with compact support in C". Here ¢ is obviously 0-closed and no convexity of D
is required. Then one obtains solutions that gain one full derivative in Hélder and Zygmund
spaces.

Theorem 1.2 and Proposition 1.3 effectively illustrate that from the point of view of the
O-problem with data in the Hoélder-Zygmund spaces, strongly C-linearly convex C*' domains
behave like strongly pseudoconvex C? domains. On the other hand, this analogy may fail to
hold for data taken from other functional spaces. For instance, our proof of Proposition 1.3
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does rely on the continuity of ¢ and dy up to D; in particular, we do not know whether
Ou = ¢ has an L*>°(D)-solution when ¢ is a d-closed form whose coefficients are merely in
L>(D). The answer to such question would be positive if one knew that the closure of a
strongly C-linearly convex domain D of class C''! can be exhausted by strongly pseudoconvex
subdomains {D;}; whose Levi forms are positive definite on the complex tangent spaces with
bounds uniform in j, but when 9D is merely C' it is not known whether D admits such
an exhaustion; see Remark 2.7 in Section 2. It would be interesting to understand the
regularity of O-solutions on a domain whose boundary is locally biholomorphic to a strongly
C-linearly convex C! real hypersurface (whose definition is embedded in the statement
of Proposition 2.5 below). However, it remains to be seen whether Theorem 1.2 extends to
such domains.

Finally, in the last section we derive ad-hoc estimates for the relevant counter-example in
[15] indicating that some regularity of the d-problem in the strong C-linearly convex category
may persist below the class C1!; see Section 4 for the precise statements.

The study of regularity of the solutions of the d-problem via integral representations has
a long and rich history. A detailed review of the existing literature may be found in [20]
and, for the most recent results, [6] and [22]. Here we briefly recall that for smooth, strongly
pseudoconvex domains the optimal 1/2-estimate of Proposition 1.3 was achieved by Henkin-
Romanov [11] for O-closed forms after Grauert-Lieb [7], Henkin [9], Kerzman [12] proved
that a C#-estimate holds for any 3 < 1/2. Proposition 1.3 for forms that are not necessarily
0O-closed is due to Range-Siu [21]. The C**+1/2 solutions for Ju € C* were obtained by Siu [23]
for ¢ = 1 and by Lieb-Range [16] for all degrees, and both require 9D € C**2 and k € N.
The results in the aforementioned [6] were recently extended to weighted LP Sobolev spaces
by Shi [22]. A survey of the extensive literature on the solutions of the d-problem with
methods other than integral formulas may be found in e.g., Harrington [8].

Acknowledgment. Part of this work was carried out while the second-named author was in
residence at the Isaac Newton Institute for Mathematical Sciences during the program Com-
plex Analysis: techniques, applications and computations (EPSRC grant no. EP/R04604/1).
We thank the Institute, and the program organizers, for the generous support and hospitality.

2. MORE ABOUT C-LINEAR CONVEXITY

In this section we prove Theorem 1.1. We will henceforth denote small positive constants
by ¢, ¢1, ¢,, and large constants by C', Cy, C,. All these constants may depend on the choice
of defining function r for the domain D when such an r is involved. We will also deal with
a neighborhood U of D in which case the constants may also depend on U.

We recall the following stability property for the notion of strong (resp. strict) C-linear
convexity, see also [14].

Lemma 2.1. Let %), j = 1,2, be two defining functions for D that are of class C in
neighborhoods U; of D, j = 1,2. If rV) satisfies condition (1.2) (resp., condition (1.1)) with
constant ¢ = ¢y, then ro also satisfies condition (1.2) (resp., condition (1.1)) with constant
C = Cy.

Proof. As is well known, see Range [20, Lemma I1.2.5], there is a positive and continuous
function h : U; N Uy — RT such that

ro(2) = h(2)r(z), ze€UNUy, and
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dry(¢) = h(¢)dri(¢), CeUnNUyNaD.
It follows from the second condition above, that
& (= 2) = h(Q) Y (¢~ 2)| forall (€dD and forall » € C",
giving the desired conclusion. 0

Thus any defining function of a strongly (resp. strictly) C-linearly convex domain will
satisfy condition (1.1) (resp. (1.2)). In particular, by Whitney extension, any strongly (resp.
strictly) C-linearly convex domain admits a defining function r € C>°(C™ \ 9D) N C(C")
that satisfies (1.1) (resp. (1.2)). Furthermore, if the regularity of D is improved to class C'!,
then D will admit a defining function » € C*°(C"\ D) N C(C")) that satisfies condition

(1.1) (resp. (1.2)).

Proof of Theorem 1.1. We first verify that (1.4) is independent of the choice of the C'1-
defining functions by proving an equivalent condition. We will use the notation

d(z) = dist”(z,0D)
where dist” stands for Euclidean distance in C™.

Lemma 2.2. Let D be a bounded domain with a CYl defining function r defined on a
neighborhood U of D. Then (1.4) is equivalent to

(2.1) ¢ (C—2)| 2 e(d(Q) +d(2) + |Tm(r¢ - (¢ = 2)| +|¢ = 2[*), z€D, (e€U\D,
for some constant ¢ depending on the CYt-norm of r.

Proof. The implication (2.1) = (1.4) is trivial. Suppose now that r satisfies (1.4), and let
(e€U\Dand z€ D. Since

(2.2) 2lr¢ - (¢ = 2)[ = [Re(re - (¢ = 2))| + [Tm(re - (¢ — 2))|
and

(2.3) ¢ = 2] = d(2) + d(Q),

(2.4) c< _C;(S) <0, < % <

it suffices to show that (1.4) implies

(2.5) [re - (€= 2)| Z e(r(¢) = r(2) + ¢ - 2[)

for a (possibly different) constant ¢ > 0.
Under condition (1.4) it is enough to verify (2.5) when |¢ — 2| is small. By Taylor formula,
which is applicable because » € C*!, we have

(2.6) 2Re(r¢ - (€ = 2)) 2 7(¢) = 7(2) = Col¢ — 2|
Note that r(¢) —r(z) > 0. If

(2.7) 2Co|¢ = 2|* < 7(¢) —r(2)

we obtain

Rere- (¢ —2) = (r(¢) —r(
Thus |r¢ - (¢ = 2)| = (r(¢) —(2))/2 = (
(2.5) for a possibly different constant c. If

(2.8) 2C0|¢ — 2* = r(Q) — r(2),

))/2 > (r(Q) = r(2) + ¢ — 2*) /4.
Q) —r

z
r( (2) + ¢ — 2|?)/4, which is equivalent to
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we obtain by (1.4)

re - (C=2)[ 2 el¢ — 2 2 e(|¢ = 2" + %(T(C) —1(2)))/2,

which also gives us (2.5) for a possibly different c. O

Lemma 2.3. Let D be a bounded domain of class CYt. Then condition (2.1) and hence
(1.4), is independent of the choice of the CYt-defining function for D.

Here and in what follows we may shrink the neighborhoods U of D in (2.1) and (1.4).

Proof. Let r € CH(U) and 7 € C'1(U) be two defining functions for D. We are asked to
verify (2.1) for 7, or equivalently

(2.9) e (¢ = 2)| 2 &d(Q) +d(z) + ¢~ =), =2€D, ¢eU\D,

where U is some neighborhood of D. It is clear that (2.1) for r implies that (1.4) holds for
the same r, and we will use both inequalities.
We start with # = hr with h € Lip(U’) and h € CLH(U'\ D), where U’ is an open

loc

neighborhood of dD. Suppose that ¢ € U’ \ D. We have
(2.10) Fe = hre +rhe.
We may assume that ¢y < h < Cp and (by Rademacher Theorem) that |h:| < C; for some
Co and (. Then
e (€= 2) = h(Qre - (€= 2) +71(Ohe - (€ = 2).
Combining this with condition (1.4) applied to r, we have
(2.11) e+ (¢ = 2)| > el — 2 = Cir(Q)I¢ — 2.

(To be precise, we obtain the above inequality first at those points ¢ € U’ where the Lipschitz
function h is differentiable, and then we extend to any ¢ € U’ by the continuity of 7¢.) From
this inequality and (2.3)-(2.4), we see that by possibly shrinking U, it suffices to verify (2.9)
when |( — z| and hence r(() are sufficiently small. Invoking the elementary inequality:

2ab < 6%a® 4+ 67%* for any 6 >0,
we see that
r(QI¢ =z < e¢ =2+ Hr(Q)

Without loss of generality, we may choose to make U’ so small that r(¢) < c.e for ¢ € U for
a suitable small ¢, > 0, which we reserve to choose later.
Plugging the above in (2.11) we obtain

(2.12) 7+ (¢ = 2)| > (c1 — Cre)|¢ — 2|* = Crewr(€) > eal¢ — 22 — Chenf(C)
> ¢ — 2" = Cleu(7(¢) — 7(2))

where the last inequality is due to the fact that z € D, that is 7(z) < 0.
We also have

(2.13) 2l7¢ - (¢ = 2)| 2 2Re(F¢ - (€ = 2)) 2 7(¢) — 7(2) — Cof¢ — 2|
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where the second inequality is obtained by applying Taylor’s theorem to 7 (see the proof
of Lemma 2.2 for a similar argument), and we may assume without loss of generality that
Cy > 1. We now choose ¢, (and thus U’) so that cy/(c.C]) > 8C5. This gives us

Cles .
S (7(Q) — #(2)).

Here the inequality is obtained by invoking (2.12) if cp|¢ — z|* > 2C ¢, (7(¢) — 7(2)) or if not,
by invoking (2.13) to obtain

Fe- (C=2)| = ZIc— 2P +

2 (¢~ D) = H(H(O) ~ 7(2) + ()~ 7(2) ~ S — 2P

1 C
> 300 =) + gl = 2P = S0 =2
1 . . Cy
> S(F(Q) = #(2) + ¢ - =P,
which proves (2.9). O

The proof of Theorem 1.1 now continues with the following

Proposition 2.4. If D is a bounded, strongly C-linearly convex domain of class C*', then
condition (1.1) is equivalent to (1.4) for r € CL.

Proof. It’s clear that (1.4) = (1.1); we need to show the implication: (1.1) = (1.4) i.e., that
(2.14) e - (¢ = 2)| > ol — 2

holds for some positive ¢y, z € D and all ¢ € U \ D for some neighborhood U of D. By
the assumed strong C-linear convexity of D, see i.e. (1.1), we have that the above holds for
z € D and ¢ € 9D for a possibly different constant c¢g.

By the continuity of r¢, it is clear that (2.14) holds when U \ D is sufficiently “narrow”,
which we assume, and when ¢ € U\ D,z € D and | — z| > ¢, where ¢ is any positive
constant and U depends on c. Without loss of generality, we assume that | — z| < ¢, for a
small ¢, to be determined.

Let ( € U\ D, z € D, where |( — z| is sufficiently small, and let ¢, € D be such that

dlStE(gaaD) = |C - C*| :

Since D is, in particular, of class C, we have that the line through ¢ and ¢, is perpendicular
to TE(E)D), the tangent space to dD at (*. By a translation and a unitary change of
coordinates, we may assume that

¢=0, and (= (0',—i)), A>0.

Thus the real tangent space Ty (9D) is defined by y, = 0 and near the origin D is defined
by

(2.15) P=—yo+ R(Z, 2,) <0, R(0,0)=0, VR(0,0) =0,

where 2z € C"~'. With the above choice of coordinates, we can easily relate 7 - (( — 2) to
its value at ¢ = (.. Set z = (2/, x,, + iy,); we have

(2.16) P (Cm 2) = (& + A+ 4n)) = Py - (1= 2)lmo + 2.
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Thus
. 1 .
e (¢ = 2)l = Glea +ilyn + A,
¢ = 2> = |27 + |2zal® + |yn + A1

By the hypothesis and Lemma 2.1, we have that

1 . R
5l iynl = [y - (1 = 2)|p=o| = el

This shows that when z,,, v, are sufficiently small, we have

(2.17) [ + Y| > 1|2,

We claim that it suffices to show

(2.18) |zn| + |yn + Al > el ')

Indeed, assuming the truth of (2.18), we see that it and (2.16) give us

1
e+ (¢ = 2)| = 5l + i+ 3

1
> 7w +i+ )l + el 17/2) 2 el¢ = 2
This gives us the required estimate in terms of 7. By Lemma 2.3, we obtain (1.4) for a
possibly different U.

We are left to prove (2.18). We first give a simple argument in the case when D is strongly
convex. Indeed, for such D we have y,, > 0. We immediately obtain

2|+ [ + AL = 20| + [yn] + X > [20] + [ya] > e 2],
where the last inequality follows from (2.17).

We now consider the general case, and again make use the original assumption (1.1) in the
local coordinate system. For any z’ as above, we momentarily consider an auxiliary point
Z = (¢, &, +17,) by setting &,, := 0 and g, :== R(2’,0). Then Z is in dD. Thus by (1.1), we
get

1. . - -

5l0nl = 1ic - (C = Ble=o] Z 1|2 = en] 2"
This shows that

|R(Z,0)| > 2e1]7|?, V7.
Now by the assumed C"! regularity of R and the Taylor remainder theorem, we obtain
|R(Z,2,) — R(2',0) — (0pn R(Z, 20)) |, —0n| < Cx2, V2, 2.

We have VR(0) = 0. When (2/,z,) is sufficiently small (recall that [ — z| is small), we
obtain

(2.19) |R(Z,x,) — R(Z,0)| < €|z,| + Ca?.

Here € > 0 can be made small number by assuming that (, 2/, z,, are sufficiently small. Recall
that

yn > R(Z', xy),
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see (2.15). From the latter, we see that
(2.20) yn > R(Z',x,) = R(Z',0) + (R(Z', z,) — R(2',0))
> al[* = Clanl® — elza| > il '] — €|zal,
where ¢ can be arbitrarily small by assuming (, z to be sufficiently close. Since A\ > 0, then
(2.21) |Zal + Jyn + Al 2 [an] + 4o + A 2 2| + '] = €lza] 2 el

Thus (2.18) holds.

The above gives us the estimate for 7 - (( — z); invoking Lemma 2.3 one more time, we
conclude that |r¢ - (¢ — z)| > ¢2|¢ — 2|? for a possibly different U, thus concluding the proof
of Proposition 2.4. [l

The following result allows us to introduce the notion of strongly C-linearly convex real
hypersurface.

Proposition 2.5. Let D be a bounded domain with a C*' defining function r. Then (1.1)
and hence (1.4) are equivalent to (1.6):

Ire - (C—2)| >¢|l¢— 2|, V¢ z€aD.

Of course, condition (1.6) alone cannot tell which side of 0D is the domain D: it is the
additional assumption of boundedness of D that determines D.

Proof. Note that Proposition 2.5 is meaningful also in the 1-dimensional setting, that is
for D € C, but in this case its conclusion is obvious and so in what follows we assume
that D € C" with n > 2. The direction (1.4) = (1.6) is trivial. We prove the opposite
direction: suppose that (1.6) holds. We first show that D is strictly C-linearly convex, i.e.
that r¢ - (( —2) # 0 for ¢ € D, z € D\ {¢}, by (1.2). Indeed, suppose for the sake of
contradiction that r¢ - (( — z) = 0 for some ¢ € 0D and z € D (note that case z € 0D is
ruled out by (1.6)).

Then H(C) :={z € D: r¢-((— %) = 0} is non empty. Since H(() is a bounded domain in
the complex hyperplane {z € C": r¢-((—2) = 0} and n > 2, the boundary of H(({) contains
more than one point and is a subset of D. But z € 0H(¢) \ {¢} gives ¢ - (( —z) = 0, which
contradicts the assumption (1.6). Thus D is strictly C-linearly convex.

Since r¢ - (¢ — 2) # 0 for ¢ € D and z € D\ {¢}, by (1.2), then for any ¢ > 0
inf {|¢ — 2| ?|re - ((—2)|: C€0D,z € D,|¢ — 2| > 6} > 0.

We now proceed to prove (1.4): we may assume without loss of generality that z is in a small
neighborhood of ( € dD. As in the proof of Proposition 2.4, by a unitary transformation
and translation, we may assume that ( = 0 and that near the origin D is defined by

o > R(,2,), R(0,0)=0, VR(0,0)=0.

Let z = (2, x, + iy,) with 2/, z, and y, as above, and again consider the auxiliary point
Z := (#,1y,) where g, := R(z’,0). Then z satisfies (2.19) and (2.20). Proceeding as in the
proof of (2.21) we find

|$n| + |yn| > |$n| + vy, > C|Z’|2.
For 7 = —y,, + R(Z, x,), we obtain

(lzn + iynl + cl2']%).

AN,

. 1 . 1 , 1
e+ (€= ) = glan+ vl 2 5 (0n + il + 512l + 1)) 2
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We have verified (1.1) and hence (1.4). O
In the sequel we will need the following version of the Whitney extension theorem.

Proposition 2.6. Let & > 0 be an integer. Let D be a bounded domain with Lipschitz
boundary. If f Egk”g with 0 < 3 < 1, then there exists an extension Eif € C**(RN) such
that En.f = f on D and

(2.22) 08B f| < Cpo(1 + dist(z,0D)*7) zeC"\ D, (=0,1,....

For a proof, see [5,6,24]. The proof in [6] assumes that f € C**e(D) := C**(D) with
0 < a < 1, but the same argument works for f € C*(D).

Remark 2.7. While the work carried out in this section here will be sufficient to prove
the main result Theorem 1.2, one would like to know whether the closure of a strongly
C-linearly convex domain D whose boundary is merely of class C1! has a basis of pseudo-
convex neighborhoods; and whether such D can be exhausted by strongly C-linearly convex
C%! domains that are relatively compact in D: at present we do not know the answers to
such questions.

3. HOMOTOPY FORMULAS

In this section, we first derive a homotopy formulas for C*! domains D that are weakly
C-linearly convez, see (1.3), in terms of the classical Leray-Koppelman operators 7, which
however need to be properly interpreted here, since the classical construction of 7, requires
two continuous derivatives of the (any) defining function of D and these, in our context, are
not available. These are the operators that occur in Proposition 1.3. We mention in passing
that the notion of C-linear convexity is also meaningful for domains below the C'-category
and in this context such notion is often referred to as “linear convexity”, but here it is of
no important; the interested reader is referred to [1]| for a detailed discussion of this more
general setting.

We next derive a homotopy formula for bounded C*! domains admitting a defining func-
tion r that obeys the stronger condition (1.7) in a neighborhood U of D which, on account of
Theorem 1.1, is satisfied e.g, by strongly C-linearly convex D. Here the homotopy formulas
are given in terms of operators H, that are constructed in Proposition 3.3 below.

3.1. The Leray-Koppelman homotopy operators and homotopy formulas for weakly
C-linearly convex domains of class C'l. Let D be a bounded domain defined by a O
function r defined on a bounded, open neighborhood U of D. We first assume that r satisfies
(1.3), which we recall here:

lr¢-((—2)| >0, ¢€0D, zeD.
Set
(3.1) (2,0 :=(-7; ¢'(z¢:=r and w=(-—z
Note that while ¢*(¢, z) does not depend on 2z, we maintain this notation to conform with

the literature for Cauchy-Fantappi¢ forms. In particular ¢! is (trivially) holomorphic in z.
Also let

Vi=Dx(U\D), and S:={(z,) eV:r.((—=z) =0}

Note that S is a closed subset of V', and that
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(3.2) g -w#0,i=0,1, whenever (z,{)€V.
We formally define
. 1 gi - dw . . . )
) = =T . O — 7 i\n—1 — 1
(3.3) w i g w (z,0) WA (Ow)", i=0,1, and
(3.4) Oz,0) =AW A D (@A) A (O, (¢ 2) VS
a+B=n—2

Here the implied variable (z,() is taken in V, and the differentials d and 0 are taken with
respect to both z and (.

Note that since the components of Vr, and hence of ¢!, are only Lipschitz, the formal
definitions of Q'(z,¢) and of Q% (z,() given above must be suitably interpreted. More
precisely, let gi be a smooth approximation of ¢g', see (3.1), where k € N is sufficiently large
so that (3.2) is true with g}, in place of g'. Hence (3.3) and (3.4) with g; in place of g' give
meaningful notions of Q}(z,¢) and Q% (z,¢). The Rademacher Theorem now ensures that
the limits as k — oo of Q4(z,¢) and Q% (z, () exist for every z € D and a.e. ( € U\ D and
are in L>(K x (U \ D)) for any compact subset K C D, and we take Q'(z,¢) and Q°!(z, ()
to be such limits. We have the following representations:

1

i B 1 gt -dC dg'Ad¢ .
(3.5) VO = v yd -9 (gi (- z>) |

where we have adopted the shorthand: dg'Ad¢ := dg} A dCy + - - - + dg!, A d(,, and

g” dC /\ (0g°Ad¢)™  g*-dC A (Dg*AdC)?
@er_ E: (€ —z))~*t : (g'- (¢ —2))PHt

a+B=n—2

(3.6) Q%(z,¢) =

Furthermore, we decompose

n—1 n—2
(3.7) (2,0 =Y %, (2.0, and Q"(z,¢) =Y % (20).
q=0 q=0

Here both Qf (z,¢) and QF’,(z,¢) have type (0,¢) in the variable z; on the other hand, in
the variable ¢ the type of Qf (2, () is (n,n — 1 —q), while Qg (2, () has type (n,n —2 —q).
And we have set Qf_,(z,¢) := 0 and Q' ,(z,¢) := 0. The previous argument gives that
each term Qf (2, ¢) and Qf} (z,¢) in the decompositions (3.7) is in L>(K x (U \ D)) for any
compact set K C D.

Next we formally define the Leray-Koppelman operators:

(38)  Typ(z) = /Q%l /bwl S0) g=1,....m

¢€dD ¢eD

where ¢ is a form of type (0,q) whose coefficients are continuous on D. In giving this
definition we face a new conceptual difficulty again stemming from the hypothesis that r is
only of class C'(U): the Rademacher theorem grants that the second-order derivatives of
r are in L>(U), hence 9r|gp may be undefined on 9D as the latter has Lebesgue measure
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0 in C". Thus the boundary integral in (3.8) is, in principle, problematic. However one can
show that

(3.9) /< (=0 A0

is nonetheless meaningful. This can be verified e.g., by expressing 0D as the graph of a
function v € CH(R?*!) and employing the argument in [14] which we briefly recall here.
Using a partition of unity, we may assume that the coefficients of ¢ have compact support
in a small neighborhood V of {, € dD. On V', we assume that 0D is given by

Yn = 1/1(2'> Ty),
where 1) € O (R*1). We take r := —y, + (', z,) and invoke the C1'-regularity of 9 to
get a sequence of smooth functions {¢)*)} that converges to v in the C' norm, while 9%y ®*)

are uniformly bounded and, furthermore, 0%¢)*)(¢) — 9%¢(¢) as k — oo, whenever ( is a
Lebesgue point of 9%.

We now work with the following defining function for D:

(3.10) ri= =y + (2, )
and with its smooth approximants
(3.11) r® = gy B (2 1.

We define the form g' and smooth approximations {gj}; using this choice of r. This
gives an approximation of Q°!(z, ¢) by smooth forms Q9! (z, ¢) which admit a decomposition
analogous to (3.7) as a sum of (0, ¢) forms Q%’ o k(2 ¢) with smooth coefficients. Proceeding

as in [14] (Rademacher theorem in the variables (z/,z,) € R?"~!) one can show that each

coefficient of Q%, k(2 ¢) converges a.e. ¢ € 9D to a limit which is in L*(K x D) for any

compact subset K C D, which must agree with (the corresponding coefficient of) the limit
Qg% (2,¢) that was previously determined. In short, we have that

(3.12) Qg}q(z,g) € LYK x (U\D))NL*(K x dD)
for any compact subset K C D. It follows that
[ a0 ne0) - [ oGO ne0) 0
¢€dD ¢eaD

uniformly on the compact subsets of D as k — oo. This shows that (3.9), and hence T}, is
indeed well-defined for 7 as in (3.10).

The above arguments also show that the conclusions of Koppelman Lemma:

(3.13) 0 (2,0) + 0.9y ,_1(2,¢) =0, ¢=0,...,n—1

(3.14) Iy (2,€) + 0:00_1(2.0) = U 4(2.0) = Qo(2.¢), ¢=0,...,n~1
are valid for our choice of Qf ,, i = 0,1 and Qf’,, ¢=0,...,n — 1, for

(3.15) (2,60) € VAS =D x (U\D)\{(z,¢): r¢ - (( — z) = 0}.

Indeed, by the classical Koppelman lemma [3, p. 263], identities (3.13) and (3.14) are valid
for Q{y (2, 0),i=0,1 and Qf (2, () for any k € N and

(3.16) (2:0) € VA Se:= D x (U\D)\{(2,¢): 1" - (¢ —2) = 0},



STRONGLY C-LINEAR CONVEXITY 13

Taking the limit as & — oo we obtain (3.13) and (3.14).

Lemma 3.1. Let D C C" be a bounded, weakly C-linearly convex domain of class CYt. The
definition of the Leray-Koppelman homotopy operators Ty, i.e. (3.8), is independent of the
choice of CY' defining function for D.

Proof. Recall that T, was defined via a partition of unity for D and local graph defining
function of dD. To verify that T,¢ is independent of the choice of r € C*!, we again use a
partition of unity and the above local defining function. For any defining function 7 € C'*!
of D, using (3.10) we have

f:h’f’, fczhrc, CG@D
Here h € Lip. We now compute Q% defined by (3.6) with g* = r¢ being replaced by g' = 7.
We first note that with g € C*!, we have d(g' - d¢) € L*>*(0D). Thus T, is well-defined
when g is replaced by g'. With h € Lip additionally, we conclude that on 9D,
gt dC A (de(g' - dC))™ = hg' - dC A (de(hg' - dC))™ = h*Hgh - dC A (de(g" - dC))™.

We can also verify that the above expressions have L™ coefficients, and the identities hold
in the sense of distributions. Approximating ¢ € C° by C! functions, we conclude that T,
is independent of the 7. O

Proposition 3.2. Let D be a bounded weakly C-linearly conver domain with a defining
function r € CYt. Then on D

(3.17) 0(2) =0.Typ+Ty10.0, 1<q<m,
(3.18) o) = [ Ghgo+Tidp. q=0,
oD
hold for for any (0,q)-form ¢ € CO(E) whose distributional derivatives Op on D extend to
a form whose coefficients are in C°(D).

Proof. By the Whitney extension theorem, we may assume that » € C*(U \ dD). By
Lemma 2.1, we have that such an r satisfies condition (1.2):

lrc-(C—2)| >0, ¢€0D, ze€D.
Let D' be any relatively compact subdomain of D. We get from the above that
(3.19) lre-(C—2)>¢, C€0D, zeD.
We now define
D;:={r < —c/j} where c is a small positive number.

Note that D; is relatively compact in D and D; increase to D as j — oo. Thus we may
henceforth assume that D’ is relatively compact in each D; (for j > jj), and that (3.19)
holds for z € D’ and ¢ € 9D;.

As before, we take a sequence of smooth functions {r*)} that tend to r in the C'*(D)-norm,
while V2r®) are uniformly bounded, and 9**) — 9%r pointwise a.e. on a neighborhood of
D. Thus, replacing  in (3.19) with 7*) we have

(3.20) ™ (¢-2) >0, ¢edD;, zeD.
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We next let ¢, € C=(D;) be such that and dp, — dy tend to 0 in sup norm on D; as
¢ — 0, on account of the assumption that ¢ € C°(D) and dp on D extends to a continuous
form on D.

Let us consider the case of ¢ > 1. Assume that ¢ and Jp are in C°(D). We first recall
the Bochner-Martinelli-Koppleman formula for C' domains [3, Theorem 11.1.2]:

(321) (=) =0. /D 08, 1(2¢) A Q)+ /D Q8 (2.¢) AT + / Q8 (.0) A 0l0).

oD
Fix z € D'. Applying (3.20) to D; with (z,() as in (3.16), we obtain via an (implicit) analog
of (3.14)

Ql(z C /\()06 / {aCQ(Oq k} /\906 / {a Q(Oq 1)k} /\(‘06

- - / 0 Do D / gy 0
oD aD;

J

oD

Note that d(¢.) = (d¢). on D; when 0 < € < ¢; for a sufficiently small positive ¢;. Thus
we have o o
De = aT(;’kgpe + Tg’k((‘?ga)g, on D" and for € < ¢;

where qu’k is the Leray-Koppelman operator (3.8) associated with D; and rk);

1340(2) = = [ 0, i) AO+ [ Uy a2 O NGO, g =L
¢€dD; ¢eD;
We first let e tend to 0 and then we let j tend to co. Then on D" we have
p =0T 0+ T e

where

Thp(:) = = [ Uy a5 O RGO + [Uog) 2.0 10O, g =L
¢eaD CéD

Now the argument that was used to define the quantity (3.9) shows that T} is well-defined
by taking k& — oo in the expression above. We have obtained (3.17). The proof for (3.18)
follows a similar strategy. O

3.2. A new homotopy formula for bounded strongly C-linearly convex C'! do-
mains. We now prove the main result of this section by deriving a homotopy formula for a
domain D admitting a C™! defining function r satisfying (1.7), which we recall says

re-(C—2)#0, YCeU\D,zeD.

Note that by Proposition 2.4, this condition is weaker than (1.4) and follows from the
strong C-linear convexity of D € C11.

Proposition 3.3. Let D C C" be a domain with a defining function v which is of class Cctt
in a neighborhood U of D. Let ¢°(z,() = ( —Z. Let g'(z,¢) = r¢ satisfy condition (1.7). Let
¢ be a (0,q)-form in D. Suppose that ¢ and d¢ are in C1(D). Then in D

(3.22) p = 0Hyp + Hy1p, 1<q<n,
(3.23) ¢ = Hop + Hi0p, q=0,
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with
(324) Hq(P = / Q8,(171 N E(p _'_/ Qg,qul A [57 E]907 q> 07
U U\D
(3.25) o= [ G- [ ohonEdo= [ ol np.E).
oD U\D U\D

Here, E is an operator that extends ¢ and 0p to C(U).

Proof. The extension operator F was constructed in [24], where it was defined for functions.
Here we define Ep by applying the original operator E' component-wise to the coefficients of
©, which results in a form of the same type. We may assume without loss of generality that
E¢ has a compact support in U, by using cut-off functions. Thus Ep, Edp are in C*(U)
and [0, E]yp, [0, E]0¢ = 0Edy are in C°(U).

Let us consider the case of ¢ > 1. We recall again the Bochner-Martinelli-Koppleman
formula (3.21):

326) 92 =0. [ 2, 10000+ [ Bo50nBo+ [ 04,0000
Assume that ¢ and dy are in C' (D). We want to rewrite the boundary integral in (3.26). Fix

a relatively compact subdomain D’ of D and let z vary in D’. Then we have by (3.13)-(3.14)

applied to ¢*(¢,2) = rék),

/ ()0 = [ BN, (=0 A / B 1(2.0) A ()
oD oD
=0, / QOq 1), (2, Q) ANo(¢ )+/8DQ(O,q),k<ZvC>/\ECW(O'

By [6], we have for z € D and ¢ € C*(D),

¢eodD ¢eD
=0 [ 0, a0 NTERQ) + / 0841(2:0) A Bo(0)
U\D
When dp € C'(D), we obtain
(3.29) / 0 Aot / 0f, A = / 0% ATED,
D U\D
0 [ o, nEBo- [ 0l AED
U\D U\D

+/ ngAE5@+/ng/\5¢.
U\D D

On the right-hand side, the first term can be written via the commutator as 0Edp =
(OE — E9)dyp. Since ¢ > 1, the third is zero. The second, when combined with the first term
on the right-hand side of (3.27), gives us the desired commutator for ¢. Adding (3.27)-(3.28)
yields (3.22) in which ¢! is rék). Letting k — 0o, we obtain (3.22) on D.

This completes the proof of (3.22). The proof of (3.23) follows a similar strategy. O
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We mention that the commutator [0, F] was first employed by Peters [19], where E' is
the Seeley extension when 9D is sufficiently smooth. The commutator has been useful in
the construction of homotopy formulas in other settings; for instance, see Michel [17] and
Michel-Shaw [18].

When 0D € C? is strongly pseudoconvex, the statement analogous to Proposition 3.3 has
been proved recently by Shi [22] when ¢, Dy are in the Sobolev space W' (D).

4. BELOW THE C'' CATEGORY: ONE EXAMPLE
Let us give an example of C** domain which satisfies (1.4).

Example 4.1. Consider for x € R"
flx)=z|™, 1<m< oo
We claim that for a given Cy > 0
(4.29) fly) = flx) = V@) (y—z) > cly — 2[™>"? whenever |z|+ |y| < Co.

Indeed, note that the estimate (4.29) is trivial when x or y is the origin, so in the sequel
we assume that neither of z,y is the origin. We have

fly) = f2) = Vf(2) (y—2) = |y[" = |2|" = m|z[" Pz - (y — 2)
= [y[™ + (m = D)]a|™ — ml|z[" Pz - y.
Thus the estimate with f(y) — f(z) — Vf(z) - (y — ) > ¢|Jy — z|™ holds trivially when
|z| < emlyl, or |y| < em|z], or x -y < 0. Hence by dilation, we may assume that |z| = 1,
¢ <lyl < Cand z-y > 0. By rotation, we know that the real Hessian of |z|™ is positive
definite at any point # # 0. Consequently the restriction of |z|™ to any real line segment

0 € [0,1] — (1 — )z + Oy with positive distance to the origin is a strictly convex smooth
function of 6.

Moreover, for ¢, < |y| < Cp; |z] =1, and -y > 0, we have
2 2
(1= 00+ 0y = (1= 0)af? = O +2001 = -y > (1= 07+ 07y > T

This shows that ¢(t) := |(1 —t)x +ty|™ has ¢"(t) > ¢, and thus g(1) — g(0) — ¢'(0) > ¢, /2.
This gives us that

fy) = f(@) =V f(x) (y—x) > énly — x]?/2

and concludes the construction of Example 4.1.

As a consequence of the above, given any collection {my,...,my} withm; >1,j=1,... k,
and setting

k
flz) = Zaﬂxj\mf, 7 € R, a; >0, |27 < Cp,
j=1

where x = (2!, ..., 2%) € R+ 4% we have
Fy) = f(x) = Vf(2) - (y = 2) = ey — arxtmme?),
Here ¢,, depends only on ay,...,a, and Cy. In particular, if

(4.30) r(z) = o™ g™ 4 Ty
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then
r(z) = r(¢) = 2Re(r¢ - (z = €)) > c[¢ — 2™ moman) (] 42| < C,

where ¢ depends on my, ..., may,, C. Assume further that r(z) < r(¢). We obtain
2Re(r - (¢ = 2)) 2 ¢/|¢ — o mexCrmran®),

If 1 < m; <2 forall j, then the domains {r < C} are strongly C-linearly convex and of
class C* with o := min{my, ..., ma,} — 1, when C' > 0. In fact condition (1.4) holds for
such domains.

The above shows that the function r in (4.30) is a convex function. Thus a theorem of
Dufresnoy [4] gives the following.

Proposition 4.2. Let ¢ > 0 and let r be given by (4.30). Suppose that f E_COO(E) is a
0-closed (0,q) form on D := {r < c}. Then there is a solution v € C*°(D) to du = f on D.

On the other hand, for the above examples and, more generally for any C1¢ strongly C-
linearly convex domain with 0 < @ < 1, our integral formulas-based method for the solution
of the d-problem in the Hélder or Zygmund space category (in fact, any function space!)
is conceptually problematic. This is because the Leray-Koppleman homotopy operators 7,
cannot be made meaningful, as the components of V?r are not Lipschitz and there is neither
a global, nor a tangential analog of the Rademacher Theorem that can be applied in this
context.

Remark 4.3. One can check that condition (4.29) is also valid for
f(z) =lz|"g(z), g€ CM(R), c<yglx)<C.

The function above may be used to construct concrete examples of strongly C-linearly convex
domains of class C*! and no better.
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