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1. INTRODUCTION

A tensor category C is said to have moderate growth if for any object X € C the length
of X®" grows at most exponentially with n. In characteristic zero, a remarkable theorem
of Deligne ([15]) states that every symmetric tensor category of moderate growth is super-
Tannakian, i.e., fibers over the category of supervector spaces. In other words, it is the
category of representations of an affine supergroup scheme. However, in any characteristic
p > 0 this theorem fails. Namely, counterexamples in characteristic p > 5 are given in
[25], 27], in characteristic 2 in [34] [5], and in characteristic 3 for the first time in the present
paper. In fact, in [5], the first two authors constructed a nested sequence of finite symmetric
tensor categories in characteristic two,

VeC:C()C61CC2C"'

which are incompressible, i.e., do not fiber over anything smaller. The main purpose of this
paper is to construct similar incompressible symmetric tensor categories in characteristic
p > 2. Unfortunately, the approach of [5] does not work in odd characteristic, so we propose
a completely different construction. This construction also works in characteristic two, and
recovers the categories defined in [5], even though there are some differences in the behavior
at the prime two.

Our categories are closely connected with the non-symmetric Verlinde tensor categories in
characteristic zero which categorify the Verlinde fusion rules for S L, ([22], 8.18), and because
of this connection, we name them Ver,» (n > 1). When p > 2, the category Ver,» decomposes
as a tensor product Ver;n X sVec of the “even part” and the category of supervector spaces.

The underlying abelian category of Ver,. is easy to construct. We start with the natural
two dimensional module V' for the algebraic group SLy(k), and take its tensor powers. Each
V®™ has exactly one isomorphism class of indecomposable direct summand that does not
appear in any previous tensor power, and this is the tilting module 7;,. For m < p, T, is
isomorphic to the symmetric power S™V, and for m = p* — 1 it is the Steinberg module
Sty = SP*=1Y/ . We form the direct sum @g; ;p%H,le and form its endomorphism ring A.
Then Ver,» is the category A-mod of finite dimensional A-modules.

Constructing the symmetric tensor structure on Ver,» is more subtle. The essential point
is to prove a splitting property of tilting modules.

Proposition 1.1. (Proposition Every morphism between tilting modules T,, with
m < p* — 1 is split by tensoring with Sty_;.

In order to use this fact for putting an appropriate symmetric tensor structure on Ver,n,
we set up a general categorical machinery of splitting ideals and abelian envelopes, which

is of independent interest and likely to have other applications. Namely, given a Karoubian
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rigid monoidal category 7, we say that () € T is a splitting object if tensoring with @) splits
every morphism in 7; such objects form a thick ideal S C T. We say that T is separated if
a morphism in 7 annihilated by tensoring with any splitting object is zero. Then we prove
the following result.

Theorem 1.2. (Theorems If T s separated and S is finitely generated as a left
ideal, then there is a multitensor (in particular, abelian) category C(T) together with a faithful
monoidal functor F' : T — C(T) which identifies S with the ideal of projectives in C(T).
Moreover, if this functor is full then C(T) is the abelian envelope of T (i.e., faithful monoidal
functors from T to any multitensor category D correspond to tensor functors C(T) — D).

We then apply this construction to the category 7 = 7T, of tilting modules for SLs(k)
modulo the tensor ideal generated by St,,. This is enabled by Proposition [3.2] which implies
that the category T, , is separated. This yields an abelian equivalence C(7,,) = Ver,., which
equips Ver,» with a structure of a symmetric tensor category.

Our main theorem is as follows.

Theorem 1.3. Let k be an algebraically closed field of prime characteristic p. Then there
are nested sequences of symmetric tensor categories Very, = Very, (k) C Veryn = Verpn (k)
over k,

Ver; - Ver;)“2 C Ver;“g, C -
and

Ver, C Ver,2 C Verys C ---

(Theorem with the following propertz'es.ﬂ

(1) The category Very, is the semisimplification of the module category for Z/p. Forn > 2,
the categories Veryn, Very, are not semisimple (Theorem (z),(u))

(2) Forp > 2, the category Ver,» decomposes as a tensor product Ver;rn X sVec (Corollary
.

(3) We have Vergn = Con_o and Verd, = Ca,_3, the symmetric tensor categories con-
tructed in [5] (Theorem [4.5(iii)).

(4) If p" > 2, the Grothendieck ring of Ver;n is isomorphic to the ring of integers in the
real part of the cyclotomic field of p™-th roots of unity, namely Z[2 cos(27/p™)]. In
other words, Ver}, gives an abelian categorification of the ring Z[2 cos(2m/p™)]. The
Grothendieck ring of Veryn is isomorphic to the group ring of /2 over Z[2 cos(27 /p™)]
if p> 2 and to Z[2 cos(2r/2"*Y)] if p = 2 (Theorem [{.d(iv)).

(5) The Frobenius-Perron dimension of Veryn is WZ/M) (Proposition |4.11)).

(6) The categories Ver;;n, p > 2 and Veryn are incompressible, i.e., any (not necessarily
braided) tensor functor out of them is a fully faithful embedding. In particular, these
categories do not admit a tensor functor to a category of smaller Frobenius-Perron
dimension. Likewise, the categories Ver,n and Very, are incompressible as symmetric
tensor categories (Theorem .

(7) The category Verpn admits a semisimple braided lift to characteristic zero, producing
the semisimplification Ver,n(K) of the category of tilting modules for quantum SLs
at the root of unity of order p" (Subsection .

'We do not define the category Very .



(8) (The Steinberg tensor product theorem for Ver,n) There exist simple objects ’]Tgk] of
Verpn, 7 =0,..,p—1, k=1,...n, and j # p— 1 if k = 1, such that any simple
object of Verpn can be uniquely written in the form L; = ']I'E} R ... ® ']I‘E:], where
0<i=11...0, <p"(p—1)—1 is an integer written in base p. The simple objects
of Ver;n are the L; with even i (Theorem .

(9) The category Veryn has p — 1 blocks of sizes 1,p — 1,p(p — 1),...,p" 2(p — 1), so a
total of n(p — 1) blocks. Moreover, all blocks of the same size are equivalent, even
for different n. For instance, the blocks of size 1 are semisimple (i.e., generated by a
simple projective object), and the blocks of size p—1 are equivalent to the unique non-
semisimple block of representations of the symmetric group S, over k (Proposition

m Proposition .
pnfl _1

(10) The Grothendieck ring of the stable category of Ver;n is isomorphic to F,[z] /22
for p>2 and Fy[2]/22"" for p = 2. The Grothendieck ring of the stable category of
Vergn is Fy[2]/22" ~1 (Proposition .

(11) The determinant of the Cartan matriz of a block of size p"(p — 1) in Veryn is p?" for

r >0, and its entries are 0 or powers of 2 (Pmposition Corollary .
(12) If p > 2 then Verp is a Serre subcategory in Verpu+x (Proposition .

Theorem implies that we can define tensor categories Ver,~ = (J,,~, Ver,». Motivated
by the main result of [32], we make the following (perhaps imprudently) bold conjecture:

Conjecture 1.4. Any symmetric tensor category of moderate growth over an algebraically
closed field k of characteristic p > 0 admits a fiber functor to Verpe.

Conjecture|1.4]is open even for finite tensor categories. In particular, this conjecture would
imply that Deligne’s theorem holds for integral finite symmetric tensor categories for p > 2
(for example, for representation categories of triangular Hopf algebras); in other words, that
such categories are representation categories of finite supergroup schemes. However, even
this specialization of the conjecture is currently wide open.

In any case, the construction of the category Ver,~ opens the door for defining and study-
ing many new interesting symmetric tensor categories, which may be constructed as rep-
resentation categories of affine group schemes in Ver,~. Examples of such group schemes
are the general linear group GL(X) for X € Ver,~, as well as the orthogonal group O(X)
and the symplectic group Sp(X) when X is equipped with a symmetric, respectively skew-
symmetric isomorphism X — X*. In particular, we see that in characteristic p there are
infinitely many versions of general linear groups of a given “rank” r, parametrized by various
objects X of length r.

The results of this paper have applications to modular representation theory of elementary
abelian p-groups which are discussed in [5], Subsection 4.4. Namely, let V' be the tautological
2-dimensional k-representation of the additive group of the field F,» regarded as the unipo-
tent subgroup of SLy(F,»), and let D, ,, be the quotient of the Karoubian tensor category
generated by V' (i.e., with indecomposables being direct summands of tensor powers of V')
by the ideal of projectives, i.e., the corresponding stable category. Then it is shown in [5],
Proposition 4.5 that D, , is equivalent to 7y, ,. This implies that Ver,» is the abelian envelope

of D, ,, which greatly clarifies the structure of D,, ,,.
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The organization of the paper is as follows. In Section [2| we develop the technology of
splitting ideals and abelian envelopes. In Section |3| we recall and prove a number of auxiliary
results about tilting modules for SLy(k). In Section [f] we apply the technology of Sections 2]
to constructing and studying the categories Ver,». In particular, we prove the properties
of Ver,» listed in Theorem and also compute the Cartan and decomposition matrices
of their blocks, the fusion rules, and Ext! between simple objects. Finally, in Section [5| we
compute explicitly the examples Ver,: and Verss.

Remark 1.5. The categories Ver,» were also constructed simultaneously and independently
by Kevin Coulembier in [13]. This is an application of his general theory of abelian envelopes
alternative to the one we propose in Section [2]
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([61)-
2. SPLITTING IDEALS AND ABELIAN ENVELOPES

In this section we propose a general construction of abelian envelopes C(T) of a certain
class of Karoubian rigid monoidal categories 7 which we call separated and complete. Under
a certain finiteness assumption on 7, the resulting category C(7) is a multitensor category
with enough projectives. This construction is designed to build the categories Ver,» but is
interesting in its own right, and we expect it to have applications beyond the main goals
of this paper. Therefore we developed this theory in a greater generality than actually
needed here. In particular, a number of statements in this section, specifically Lemma [2.4]

Propositions [2.8] Corollary 2.10] Propositions [2.31], 2.32], Corollary Theorem [2.43]

are not used in the subsequent sections of this paper.

2.1. Conventions. Throughout the paper, k will denote an algebraically closed field. We
will freely use the theory of tensor categories and refer the reader to [22] for the basics of
this theory. In particular, we will use the conventions of this book.

Namely, by an artinian category over k we mean a k-linear abelian category in which ob-
jects have finite length and morphism spaces are finite dimensional, and call such a category
finite if it has finitely many (isomorphism classes of) simple objects and enough projectives.
By a (multi)tensor category we will mean the notion defined in [22], Definition 4.1.1; in par-
ticular, such categories are artinian (hence abelian). We will denote the category of finite
dimensional vector spaces by Vecy or shortly by Vec and for char(k) # 2 the category of
finite dimensional supervector spaces by sVecy or shortly sVec. If X is an object of a tensor
category with finitely many simple objects, then we denote by FPdim(X) the Frobenius-

Perron dimension of X ([22], Subsections 3.3, 4.5). We will also consider categories with
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tensor product which are not abelian but only Karoubian; in this case we will use the term
Karoubian monoidal category. Similarly, by a tensor functor we will mean an exact monoidal
functor between tensor categories, see [22], Definition 4.2.5 (note that such a functor is auto-
matically faithful, see [22], Remark 4.3.10). In more general situations we will use the term
monoidal functor; all monoidal functors we consider will be additive. Also, a symmetric
tensor functor out of a symmetric tensor category into another, usually quite concrete one
(such as Vecy, sVeck or Ver,n defined below) will be called a fiber functor.

Finally, we will need the notions of surjective and injective tensor functors, [22], Subsection
6.3. Namely, a tensor functor F': C — D is surjective if every object Y € D is a subquotient
of F(X) for some X € C, and F is injective if it is fully faithful (i.e., embedding of a tensor
subcategory).

2.2. Splitting objects and splitting ideals. Let k be an algebraically closed field. Through-
out the paper, 7 will be a k-linear rigid monoidal Karoubian category with bilinear tensor
product and finite dimensional Hom spaces (in particular, it is Krull-Schmidt).

Recall that a (thick) ideal P C T is a full Karoubian subcategory closed under tensoring
on both sides with 7 (note that then it is also closed under left and right duals since @ is a
direct summand in QRQ*®Q and QR*Q® ). Thus, P is determined by its indecomposable
objects, which form a subset of indecomposable objects of 7. For a thick ideal P C T, the
tensor ideal (P) generated by P is the collection of morphisms which factor through objects
of P. We can form the quotient monoidal category 7 /(P), which we will sometimes also
denote by T /P.

Recall also that an ideal P is said to be finitely generated (as a left ideal) if there exists an
object P € P such that every indecomposable object ) € P is a direct summand in X ® P
for some X € T (note that this is a stronger condition than finite generation as a two-sided
ideal, see Example [2.44{2)). In this case by the rigidity of 7 we may (and will) choose P
so that every indecomposable object @) € P is also a direct summand in P ® Y for some
Y € 7. Such an object P will be called a generator of P. For example, if P has finitely
many isomorphism classes of indecomposables, then the direct sum P of representatives of
these classes is a generator.

Recall that a morphism f : X — Y in T is called split if it is a direct sum of a zero
morphism and an isomorphism. In other words, f is split if it is a composition ¢ o ™ where
7 is a split epimorphism (projection to a direct summand) and ¢ is a split monomorphism
(inclusion of a direct summand). It is easy to see that f is split if and only if there exists
g:Y — X such that

(2.1) fogof=1/f gofog=y.
In fact, for this it suffices that there exist h : Y — X such that fohof = f; then g :== ho foh

satisfies (2.1)).

The following lemma is well known but we provide a proof for reader’s convenience.
Lemma 2.1. The direct sum of two morphisms is split if and only if each summand is split.

Proof. The “if” direction is obvious, so let us prove the “only if” direction. If f; : X; — Vi,

1=1,2,and f = f1 @ fs is split then thereis h : Y] &Yy — X; @ X; satisfying foho f = f.

Let h;; be the components of h. Then we have f; o hyy o fi = f1, i.e., fi is split. 0J
6



Definition 2.2. We will say that an ideal P C T is a splitting ideal if for any 1,2, R € P
and any morphism f : ()1 — Q)2 the morphism 1z ® f: R® Q1 — R ® Q5 is split.

Note that in this case it follows by taking duals that the morphism f®1g : Q1QR — Q2®R
is also split.

Definition 2.3. We will say that an object R € T is a splitting object if for any Q1, Q2 € T
and a morphism f : Q1 — )2 the morphisms 1 ® f : R® Q1 - R® Qs and f ® 1g :
Q1 ® R — @y ® R are split.

It is clear that splitting objects form a splitting ideal, which we denote by & = S(T).
Lemma 2.4. Fvery splitting ideal consists of splitting objects.

Proof. Let P C T be a splitting ideal, R € P and f : (Q; — Q2 be a morphism in 7. Then
g =1p® f: R® Q1 — R® Qs is a morphism in P (as P is an ideal). Thus the morphism

lparr ®g:ROIR"ARRQ - RRIR" @ R® Qs

is split. But R is a direct summand in R ® R* ® R since R is rigid. This implies that
lrors ® g = g@h, so g itself is split by Lemma[2.1] Similarly, f ® 1 is split, as claimed. [

Lemma implies that S is the unique maximal splitting ideal in 7, containing all other
splitting ideals.

A trivial example of an ideal is P = 0 (it is clearly splitting and finitely generated with
P =0). Here are some more interesting examples.

Example 2.5. Suppose that 7 is a multitensor category ([22], Definition 4.1.1) with enough
projectives. Then the ideal P = Pr(7) of projectives in 7 coincides with S(7) and is a
finitely generated splitting ideal. A generator P is the projective cover of 1. Indeed, it is
clear that every projective object is splitting. Conversely, if () splits every morphism between
projective objects then in particular it splits a morphism & : P, — Fy whose cokernel is 1,
which implies that @) is projective, since () is the cokernel of the split morphism { ® 1¢.

Example 2.6. Let 7 be the rigid monoidal category of rigid finite dimensional bimodules
over a finite dimensional non-semisimple Frobenius algebra B (i.e., those projective as a left
and as a right module); note that the functor of double dual in this category is given by
the Nakayama automorphism. Then the subcategory P of projective bimodules is a finitely
generated ideal (with generator P = B¢ := B ® B°P), but is not a splitting ideal. Indeed,
there are non-split endomorphisms of the bimodule B¢ (for example, nonzero elements of
the radical of B€), and they are not split by tensoring with any rigid bimodule. In fact, in
this case there are no nonzero splitting ideals at all, since for any bimodule ) the bimodule
B°®p Q ®p B = B ®y Q ®x B is free.

Let us now describe all splitting ideals in 7.

Lemma 2.7. (a) Let R € T be an indecomposable splitting object. Then the following
conditions on an object Q) € T are equivalent:

(i) there exists X € T such that Hom(X ® @, R) # 0;

(i) there exists X € T such that Hom(R, X ® Q) # 0;

(i) there exists X € T such that R is a direct summand of X @ Q.
7



(b) Let Q,R € T be indecomposable splitting objects. Then there exists X € T such that
R is a direct summand in X ® Q if and only if there exists X € T such that Q) is a direct
summand of X @ R.

Proof. (a) It is clear that (iii) implies (i) and (ii).

Suppose Hom(X ® @, R) # 0. Then Hom(X,R ® Q*) # 0. Thus R ® @Q* # 0. Hence
the natural map 1 ® ev : R® Q* ® ¢ — R is not zero (as it corresponds to the identity
morphism of R ® @*). Also this morphism is split since R is a splitting object. Since R
is indecomposable, 1 ® ev is a split epimorphism. Hence R is a direct summand of Y ® Q,
where Y = R® Q*. Thus (i) implies (iii).

Suppose Hom(R, X ® @) # 0. Then Hom(R ® *@, X) # 0. Thus R ® *Q # 0. Hence
the natural map 1 ® coev: R - R ® *@) ® @ is not zero (as it corresponds to the identity
morphism of R ® *@)). Also this morphism is split since R is a splitting object. Since R is
indecomposable, 1 ® coev is a split monomorphism. Thus R is a direct summand of Y ® Q,
where Y = R® *@). Thus (ii) implies (iii).

(b) Suppose R is a direct summand of X ® ). Then Hom(R, X ® Q) # 0. It follows
that Hom(X* ® R, Q) # 0. So by (a) there is Y € T such that @ is a direct summand of
Y ® R. O

Now consider the set S = S(7) of isomorphism classes of indecomposable splitting objects
in 7. Then all splitting objects are direct sums of objects from S. Define a relation on S
by the condition that () ~ R if there exist X,Y € 7T such that R is a direct summand
in X ® Q ®Y. Clearly, this relation is reflexive and transitive, and it is also symmetric
by Lemma 2.7|(b), so it is an equivalence relation. Note that by Lemma [2.7(a) @ ~ R iff
there exist X,Y € T such that Hom(Q, X ® R®Y') # 0 iff there exist X, Y € T such that
Hom(X ® R®Y, Q) # 0. Note also that Q* ~ @ since @ is a direct summand in Q ® Q*® Q.

Let S := S/ ~. Every class ¢ € S generates a minimal splitting ideal P(c). It is easy to
see that if ¢; # ¢o then P(c1) ® P(c2) = 0 (as these ideals are disjoint).

Thus we have the following proposition.

Proposition 2.8. Splitting ideals of T are in 1-1 correspondence with subsets K C S defined
by the formula Pk = @ P(c). Among them, finitely generated splitting ideals correspond
to such sums that are finite with P(c) finitely generated for each ¢ € K. In particular,
S ="Ps.

Proof. This follows from Lemma O

We can also define the equivalence relations ~y, ~, as follows: ) ~, R if there is X € T
such that @ is a direct summand in X ® R, and @ ~, R if there is X € T such that @ is
a direct summand in R ® X (the symmetry of these relations follows from Lemma 2.7(b)).
Note that by Lemma (a) Q ~¢ R iff there is X € T such that Hom(Q, X ® R) # 0
and @ ~, R iff there is X € T such that Hom(Q, R ® X) # 0. The relation ~; splits an
equivalence class ¢ € S into the disjoint union of classes Cej, J € I, and the relation ~y
splits ¢ into the disjoint union of classes cj, ¢ € I.. We can define ¢;; := c;o N coj, With
Ci; = ¢ji, then ¢ is a disjoint union of ¢;;. Let P(c)s, P(c)sj, P(c)ij be the subcategories of P
additively generated by ce, o, Cij, respectively; clearly, P,; is a left ideal and P;, is a right
ideal. Thus we have decompositions

Ple) = @z‘elcpi. - @jelcp'j - @z}jelcp<c)ij'
8



2.3. A finiteness property of splitting objects.

Proposition 2.9. Let Q, R be indecomposable splitting objects in T . If Hom(R, Q) # 0 then
R is a direct summand in QQ @ Q* @ Q.

Proof. Step 1. Let Y € T be indecomposable. Let my be the radical of the local algebra
End(Y). For each indecomposable object X € T set U(X,Y) := X ® Hom(X,Y)* if X is
not isomorphic to Y, and U(Y,Y) := Y ® m},, and extend this definition by additivity to
all objects X € T. Then U(X,Y) is equipped with a canonical morphism ¢ : U(X,Y) - Y
which is not a split epimorphism, and any morphism g : X — Y which is not a split
epimorphism factors through &.

Step 2. Now let R, be indecomposable splitting objects of 7. Let

U=UQRQ"®QPRQ*®Q,R).

Then the map £ ® 1o« : U ® Q* — R ® Q" is split. Thus we can write U ® Q* = N & K,
RQ* =2 N@L,sothat @1 =15 D 0x_p.
Step 3. Now assume that f: R — @ is a morphism. Then the map

fR1g- :ROQ" = Q®Q"
is split. So we can write Q ® Q* = M & C', and we have a split epimorphism
g:RRQ*"=N&L— M.
Step 4. Also, the map
[olR1lg:URQ"ENOK - QQ"=Z=MaC

is split. It is a direct sum of a map n: N — M and Ox_,¢, so the map 7 is split. So we can
write N=2WaV, M=Wa&Y, sothat n =1y & 0y_y. Thus themapg: NS L — M
can be written as g : W@V & L - W @Y. Since g is a split epimorphism and g|y = 0, we
obtain a split epimorphism g : W & L — W @Y, such that glw = 1. Let h : L — W be
the corresponding component of g. Then composing g with the automorphism é _1h of
W & L, we obtain a split epimorphism ¢’ = 1y @& ¢, where g : L — Y is a split epimorphism.

Step 5. Now assume additionally that f # 0. Then we claim that the map £ ® 1« is not
a split epimorphism, i.e., L # 0. Indeed, the morphism

of : Hom(1,U ® R*) 2 Hom(R,U) — Hom(1, R® R*) = Hom(R, R)

is not surjective, as £ is not split (so 1g can’t be in the image). Hence the morphism
E®1p- : U®R" — R® R* is not a split epimorphism. But R, ) belong to the same P(c);;,
so there is X € T such that R* is a direct summand of Q*®X. Thus {®1gex = E®1g-®1x
is not a split epimorphism either (indeed, the direct sum of two morphisms can only be a
split epimorphism if both summands are). Hence £ ® 1g+ is not a split epimorphism, as
claimed.

Step 6. Moreover, we claim that ¥ # 0. Assume that Y = 0. Consider the map
0:L — R®Q* =WeeVael given by 0 = (017Q2,93), where 6; = —h, 0y = 0, 0; = 1.
It is easy to see that the map (f ® 1g«) 06 : L — Q ® Q* is zero. Let ¢ be the element
of Hom(L ® @, R) corresponding to #. The composition f o ( € Hom(L ® Q, Q) is zero.
Thus the map ( is not a split epimorphism, as f # 0. Also L ® @ is a direct summand in

R ® Q" ® (Q, since L is a direct summand in R ® Q*. Thus by the definition of U, &, there
9



exists an element EE Hom(L ® @, U) which maps to {. Let 0 e Hom(L,U ® Q*) correspond
to E . Then 6 maps to 0. However, the image of any element of Hom(L,U ® Q*) factors
through N, so cannot equal € (as L # 0), which contradicts the assumption that Y = 0.
Thus, Y # 0.

Step 7. Since Y is a direct summand in both L and @) ® Q*, this implies that

Hom(Q ® Q*, L) # 0.
Thus the map
o(§ ®1g+) : Hom(Q ® Q*,U ® Q%) = Hom(Q ® Q*, R ® Q)
is not surjective. Hence the map
of : Hom(Q ® Q* ® Q,U) — Hom(Q ® Q" ® Q, R)

is not surjective either. So there exists a morphism 7 : Q ® Q* ® () — R that does not factor
through &. By the definition of U, &, this implies that 7 is a split epimorphism, hence R is a
direct summand in Q ® Q* ® (), as claimed. 0

Corollary 2.10. For every indecomposable splitting object () there are finitely many inde-
composable splitting objects R such that Hom(R,Q) # 0; namely, at most the number of
distinct indecomposable direct summands in (Q ® Q* @ ().

Proof. This follows immediately from Proposition [2.9 O

Remark 2.11. Suppose that in Proposition[2.9] there is a monoidal functor F : 7 — C from
T to a multitensor category C with enough projectives which is fully faithful on projectives,
and the objects @, R are projective in C (we will show below that this is so under mild
assumptions, but the proof uses Proposition . Then there is a much more direct proof of
Proposition 2.9 Namely, suppose that R is the projective cover of a simple object X € C.
Then, Hom(R, Q) # 0 implies that X is a composition factor in (). Thus X ® Q* # 0 (as
X ® X* is a subquotient of X ® Q*), and X ® Q* ® @ is a direct summand in Q ® Q* ® Q.
But we have a morphism 1 ®ev : X ® Q* ® Q — X, which is nonzero since it corresponds to
the identity endomorphism of the nonzero object X ® Q*. Since X ® Q* ® @ is projective,
it follows that it contains R as a direct summand.

In fact, the proof of Proposition is just an adaptation of this argument which does not
refer to the category C.

2.4. The abelian category attached to an ideal and its derived category. Let
P C T be an ideal. Let I be the set of isomorphism classes of indecomposables in P
with representatives P;, i € I. Let us say that P has the finiteness property if for any Q) € P
there are finitely many ¢ € I such that Hom(P;, Q) # 0. For example, by Corollary [2.10] the
ideal S (and, in fact, any splitting ideal) automatically has the finiteness property.

From now on we will assume that P has the finiteness property. Let C' := @MGIHom(Pi, P;)".
This space is naturally a coalgebra whose dual is the algebra A := C* =[], ;.; Hom(P;, P;)
with operation ab = b o a (note that this product is well defined and does not involve in-
finite summations because of the finiteness property of P). For example, if I is finite then
A = End(P)°?, where P := @, P;.

Let C = C(T,P) := C-comod be the category of finite dimensional C-comodules (or,

equivalently, C*-modules when I is finite). Equivalently, C is the category of additive functors
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PP — Vec which are of finite length, i.e., vanish on almost all P;. Then C is an artinian
category with enough projectives and simple objects L;,7 € I. Namely, we have a natural
inclusion ¢ : P < C as a full subcategory given by +(Q) := @, ;Hom(P;, Q)), whose image is
the ideal Pr(C) of projective objects in C (note that dim ¢(Q)) < oo since Hom(P;, Q) = 0 for
almost all 7). We will identify P with Pr(C) using ¢ and, abusing notation, will often denote
the image of () € P under ¢ also by ). Then P; are projective covers of L;.

Consider now the bounded above derived category D~ (C). By a standard theorem of
homological algebra ([26], II1.5.21), we can realize D~ (C) as the bounded above homotopy
category of projectives K~ (Pr(C)) = K~ (P). This allows us to realize the objects of D~ (C)
explicitly as complexes

o > Poio— P — Py,

where P; € Pr(C). Moreover, the subcategory C C D~ (C) (the heart of the tautological
t-structure) is realized as the subcategory of such complexes which are exact in nonzero
degrees, i.e., the subcategory of resolutions

...—>P2—>P1%P0.

2.5. The semigroup category structure on C. Note that P is a semigroup category ([22],
p.25; i.e., it has a tensor product with associativity isomorphism satisfying the pentagon
axiom, but has no unit in general). This implies

Proposition 2.12. The category K= (P) = D~(C) has a natural structure of a semigroup
category, given by tensoring bounded above complexes of objects from P. Therefore, the
category C is equipped with the induced semigroup category structure (given by taking the
zeroth cohomology of the tensor product), which extends the tensor product on P.

Proof. The proof is standard. Namely, given X,Y € C, fix projective resolutions P, of X
and @, of Y. We define the derived tensor product X ®¥ Y to be the object of D7(C)
represented by the complex P, ® @Q,. In particular, we set X @ Y := HO(X @' Y) € C.

Let us see why X,Y +— X ®*Y is a well defined bifunctor. Let P!, Q’, be other resolutions
of X,Y. Then there exist morphisms of resolutions f : P, — P., g : Qs — @, which extend
the identity morphisms 1x, 1y, and they are defined uniquely up to homotopy. Similarly,
we have ' : Pl — P,, ¢ : Q. — Q., and fo f'. f'o f,go g, ¢ o g are homotopic to the
identity morphisms. Now consider the morphism f ® g : P, ® Qo — P, ® Q.. This is well
defined up to homotopy, and the inverse is f' ® ¢’ up to homotopy. Thus f ® g defines an
isomorphism X @Y — (X @ Y of the derived tensor products defined using these two
pairs of resolutions, and it is easy to show that this isomorphism is independent of the choice
of f,g. Moreover, if we have three resolutions for X and for Y then it is shown in a standard
way that the composition around the corresponding triangle is the identity. Thus X @Y
and hence X ® Y is well defined. 0

Remark 2.13. In fact, to define X ® Y, one does not need the full resolutions of X and Y
by objects of P. All one needs is presentations of X, Y, i.e., their representations as cokernels
of morphisms f : P, — Fy and g : Q1 — (o between objects from P. In this case we have a
morphism

fR1I+1®g:PA®Qy® K ®Q1 — Py® Qo,
and X ® Y is just the cokernel of this morphism. We refer the reader to [30, Section 3] for

more details.
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Example 2.14. 1. If P =0 then C = 0.

2. In the setting of Example [2.5| we have C = T, and the semigroup structure on C
constructed above recovers the original monoidal structure on 7.

3. Similarly, in Example C D T is the category of all finite dimensional B-bimodules
with tensor product over B, and X ®¥ Y is the usual derived tensor product over B.

2.6. Properties of the tensor product on C. Let us now study the properties of the
tensor product on C defined in Proposition [2.12]

Lemma 2.15. (i) Let Q. be a projective resolution of an objectY € C. Then for each T € T
the complexes T @ Qo and Qe @ T in K~ (P) are acyclic in strictly negative degrees.

(ii) Let X € P. Then for any Y € C we have H-/(X @' Y) = H(Y @* X) = 0 for all
1> 0.

Proof. (i) Let P, — P, — P3 be an exact sequence of projective objects of C. This means
that the complex

Hom(Q, P,) — Hom(Q, P,) — Hom(Q, P;)
is acyclic for any ) € P. Now consider the complex
(2.2) Hom(Q,T ® P) - Hom(Q,T ® P») — Hom(Q,T ® Ps).
It can be written as
Hom (7" ® @, P;) — Hom(T" ® Q, P») — Hom(T" ® Q, P3).
But T* ® Q € P. Thus the complex is acyclic. This implies that the complex
TP TP, —>T®®P;

is acyclic, which implies the claim for T'® ),. The claim for Q)4 ® T" is proved similarly.
(ii) follows from (i). O

Corollary 2.16. The bifunctor (X,Y)— X ®Y on C is right exact in both arguments, and
Xely =H"(Xa"Y),

where @Y is the i-th left derived functor of the tensor product. Moreover, if X is projective
then the functors X®7?7,7® X on C are ezact.

Proof. This follows immediately from Lemma [2.15((ii). O

Corollary 2.17. The monoidal category T acts on C on the left by exact functors
T(X)=T® X, TeT,X €C, commuting with the action of C on itself by right mul-
tiplication. There is also a similar action on the right given by T,.(X) = X ® T which
commutes with the action of C on itself by left multiplication. Also, these actions map pro-
jective objects to projective ones.

Proof. This follows from Lemma [2.15(i): the left action is given by T}(X) = H(T ® Q.),
where @), is a projective resolution of X. It is clear that the functors 7; are well defined and
right exact, and L;T)(X) = H (T ®Q.) = 0 for j > 0. Thus the functors T} are exact. The

same applies to the functors T,. O
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2.7. The unit object of C. Now assume that P is a finitely generated ideal, and P € P a
generator. Let 1 be the unit object of 7. Since P is rigid, we have the evaluation morphism
ev: P*® P — 1. Consider the morphism 7 : P*® P® P*® P — P* ® P given by the
formula

T=ev®R1Q1-101RQev.
We define the object 1 in the category C to be the cokernel of 7 (note that we use a different
font to distinguish it from 1).

Proposition 2.18. For Q € P C T there are isomorphisms
REQRXL Q=180
which are functorial in Q).
Proof. By Corollary 2.16], Q ® 1 is the cokernel of the morphism
dy =107 QP QPRIP" QP - Q&P " ®P.
Let us extend this morphism to the “bar complex”
(2.3) RQAIP QIPRIP RP—=-QRP P —Q —0,

where the last map is d; := 1o ®ev (it is easy to see that dydy = 0). To construct a functorial
isomorphism Q®1 = @), it suffices to show that this complex is exact. Since P is a generator,
every () is a direct summand in X ® P for some X € C, so it suffices to show that is
exact for ) = X ® P. Hence, it suffices to show that is split for Q) = P.

Since P is rigid, for () = P is split in the third term, with splitting h; : P - PRQP*®QP
given by h; := coev ® 1p, where coev : 1 — P ® P* is the coevaluation morphism. So it
remains to show that is split in the second term as well. To this end, we define a
homotopy

hy: PRP"QP PP " PR P"®P
by
hy:=coev® 1 =h, @1 1.
It is easy to check that hid; 4+ dshe = 1, which implies the statement.

This proves that there is a canonical isomorphism () — QQ®1. The isomorphism ) — 1®Q

is constructed similarly. 0

Corollary 2.19. The semigroup category C is actually a monoidal category with unit 1.
Moreover, if T is braided or symmetric then so is C.

Proof. Since C is the category of resolutions in P, the functorial isomorphism 1 ® ) = (@) for
) € P from Proposition [2.18| gives rise to an isomorphism 1 ® = Id¢. Similarly, we have an
isomorphism ® 1 = Ide. Thus, 1 is a unit in C, hence C is monoidal. The second statement
is clear. O

Example 2.20. The following example shows that the assumption that P is finitely gen-
erated cannot be dropped. Let char(k) = 2 and Q = kZ/2 be the regular representa-
tion of Z/2 over k. For a set M let (Z/2)M be the group of maps M — Z/2, and for
m € M let @, be the representation of Fun(M,Z/2) on the vector space @) given by
00..(9) = po(g(m)), g € (Z/2)™, where pg defines the action of Z/2 on Q. Let T/ = T'(M)

be the full subcategory of Rep,((Z/2)*) spanned by the tensor products Qn := &,,cy@m
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for finite subsets N C M. Let T = T (M) be the quotient of 7’ by the tensor ideal gen-
erated by Q;; = Q; ® Q;, where 4,5 € M are distinct (i.e., we set all morphisms factoring
through a direct sum of @;; to zero). Then 7 has indecomposables 1 and Q,,,, m € M, with
Hom(1,1) = Hom(1,Q®;) = Hom(Q;,1) = k, Hom(Q;, @;) = k?, but Hom(Q;, Q;) = 0 for
i # j (since any morphism of representations (); — (); factors through @);;). It is easy to
show that for any subset N C M the ideal Py = (Q;,i € N) is a splitting ideal in T, which
is finitely generated if and only if NV is finite. The abelian semigroup category C(7T,Py) is
Cn := @,,cyRepk(Z/2), which is monoidal (i.e., has a unit object) if and only if IV is finite.

2.8. The monoidal functor F'. We continue to assume that P C 7T is a finitely generated
ideal, and C = C(T,P).

Corollary 2.21. There is a monoidal functor F' : T — C such that F(T) = T)(1) = T,(1)
(so F(1) =1). Moreover, if T is braided or symmetric then so is F.

Proof. This follows from Corollary and Corollary 2.17] Namely, we have a monoidal
functor F; : T — End(Cc) = C given by F(T') := T;(1) and a monoidal functor F, : T —
End(cC)° = C given by F.(T) := T,(1). Moreover, if Q € P then F;(Q) and F,.(Q) are
canonically isomorphic to Q). However, for any 7' € T we have that F;(T) is the cokernel of
the natural morphism

Fler):FTP PP ®P)— F(T®P ®P),
while F,.(T) is the cokernel of the natural morphism
F(le71):F(T P PR P"®P)— F.(T® P*® P).

This implies that F; = F,., which gives a construction of the functor F' = F; = F, with the
claimed properties. O

Corollary 2.22. FEvery projective object in C is rigid.

Proof. Indeed, by Corollary [2.21] every projective object in C is of the form F(Q), where
Q@ € P, hence rigid. But a monoidal functor maps rigid objects to rigid ones. 0

Corollary 2.23. The functors PR? and 7 ® P on C are faithful.

Proof. Let f : X — Y be a morphism in C. Then the image of 1p ® f is P ® Im(f).
Now, Hom (X, P ® Im(f)) = Hom(P* ® X,Im(f)). But P* is a generator of P. Thus if
P ®Im(f) = 0 then Hom(Q, Im(f)) = 0 for all projectives @, hence Im(f) =0 and f =0,
as claimed. O

Proposition 2.24. The map Fxy : Hom(X,Y) — Hom(F(X), F(Y)) is surjective if either
X orY isin P. Thus, the tensor ideal (Pr) in C of morphisms factoring through projectives
s contained in the image of F.

Proof. By definition for @, R € P the map Fg r : Hom(Q, R) — Hom(F(Q), F(R)) is an
isomorphism. Now let X € 7 and f : F(Q) — F(X) be a morphism. We would like to show
that f = F(g) for some morphism g : Q — X.

Recall that F'(X) is a quotient of F(X ® P*® P). Since F(Q) is projective, the morphism
f admits a lift f': F(Q) — F(X ® P*® P). Since F(X ® P*® P) also is projective, there
exists ¢’ : Q — X ® P*® P such that F(¢') = f’. Let g be the composition of ¢’ with the

morphism 1y ® ev: X @ P*® P — X. Then F(g) = f, as claimed.
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Thus, the map Hom(Q, X) — Hom(F(Q), F(X)) is surjective. Now, to show that the map
Hom(X,Q) — Hom(F(X),F(Q)) is also surjective, write it as the map
Hom(Q* ® X,1) — Hom(F(Q* ® X), F(1)), which is surjective since Q* ® X € P. This
proves the proposition. 0

Let Jp be the kernel of F), i.e., the collection of morphisms f in 7 such that F'(f) = 0.
Clearly, Jp is a tensor ideal. The following proposition describes Jp explicitly.

Proposition 2.25. Let f : X — Y be a morphism in T. The following conditions are
equivalent:

(a) f € Jp;

(b1) f@1p=0inT;

(b2)1p@ f=01inT;

(c1) For any object () € P we have f ® 1g =0 in T;

(¢2) For any object Q) € P we have 1o ® f =0 in T.

Proof. If f € Jp then F(f) =0,s0 F(f)®1p = F(f®1p) =0. But X ® P,Y ® P are
projective and F' is fully faithful on projectives. Thus f ® 1p = 0. Similarly 1p ® f = 0.
Thus, (a) implies (b1) and (b2).

If flp=0then fR1lpgx = f®1p®1x =0 for all X € C, so for any object Q) € P
we have f ® 1o = 0. Thus, (bl) implies (c1). Similarly, (b2) implies (c2).

If f®lg=0then f®1z =0 for any Z € C, i.e., F(f) =0, hence f € Jp. Thus (cl)
implies (a). Similarly, (c2) implies (a). O

Definition 2.26. If Jp =0, i.e., F'is faithful, we will say that the ideal P is faithful.

Example 2.27. The ideals P in Examples and Example are faithful. On the other
hand, if 7 =71 @ T3 with 71 # 0 and P C 75 then P is not faithful, as (7;) C Jp. Also, in
Example with M finite, Py is faithful if and only if N = M, i.e., Py = S is the ideal
of all splitting objects. In general, if P = Py then Jp = (Pa\n).

Definition 2.28. Let us say that 7T is of finite type if the ideal S = S(7T) is finitely generated.
If so, denote the ideal Js by J = J(T). Let us say that T is separated if J = 0, i.e., S is
faithful.

In other words, T is separated if it has “enough splitting objects”, i.e., splitting objects
separate morphisms (Proposition [2.25(c1,¢2)), which motivates the terminology.

Remark 2.29. It is clear that 7 is of finite type if and only if the sets S and I,,c € S are
finite.

Example 2.30. A multitensor category with enough projectives is separated. On the other
hand, the category of projective bimodules from Example is not separated, since it has
no nonzero splitting objects (so J is the collection of all morphisms in 7). Similarly, if G is
a semisimple algebraic group in characteristic p then Rep(G) is not separated, for the same
reason.

Note that if X € S and 1x € J then X ® X* = 0, hence X = 0 (as X is a direct summand
in X ® X*® X). Thus, faithfulness is not a very restrictive condition: if 7 is of finite

type then the category 7 /J is separated (with the same indecomposable objects as T'), and

C(T,S)=C(T/J,S). Also we obtain the following proposition (which is not used below).
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Proposition 2.31. Let T be of finite type. Let P = Py for a subset K C S (as in
Proposition @) Then Jp contains (Ps\k). In particular, P is faithful if and only if P = S
and T is separated.

Proof. This follows immediately since Px ® Pg\x = 0. d

Let us say that S is indecomposable it S # 0 and ) ~, R for all indecomposable @, R € S.
In this case, we get

Proposition 2.32. If T is separated and S is indecomposable then it is the unique minimal
(nonzero) thick ideal in T .

Proof. Lemma, implies that S is minimal. Let Z # 0 be any thick ideal in 7 and
0 # X € Z. Since T is separated, there is ) € S such that Q ® X # 0. Then Q ® X
generates S, s0 S C 7. O

Let P C T be a finitely generated ideal and '7}; be the full Karoubian completion of
F(T) = T/J inside C = C(T,P) (i.e., the Karoubian completion of the full subcategory
with the same objects as F(T)). Then Tp is a full Karoubian monoidal subcategory of C,
and the monoidal abelian category C(%, P) coincides with C. We will call 7}; the completion
of T with respect to P.

Definition 2.33. We will say that T is complete with respect to P if the natural inclusion
T/J < Tp is an equivalence.

It is clear that T is complete with respect to P if and only if for any T" € T, the natural
map Hom(1,7) — Hom(1, F(T)) is surjective.

If T is of finite type and P = S, we will denote Tp simply by 7, and say that 7 is
complete if it is complete with respect to S. In this case we will also write C(7T) for C(T,S).
Thus, T is separated iff ' : T — C(T) is faithful and complete iff F" is full. In particular,
the category T is separated and complete, and 7T is separated and complete iff the natural
functor 7 — 7 is an equivalence. In this case the functor F'is a fully faithful embedding.

2.9. Properties of the tensor product on C in the case of a splitting ideal. Now
assume that P C 7 is a finitely generated splitting ideal, and as before let C = C(T,P).

Proposition 2.34. (i) For any Y € C, Q € P the tensor products Q ® Y and Y ® @ are
projective.
(i1) Tensoring with any object QQ € P on either side splits every morphism in C.

Proof. (i) Let f : Q1 — Qo be a presentation of Y. By Corollary the cokernel of the
morphism 1o® f : Q®Q1 = Q®Qpis Q®Y. But since P is a splitting ideal, this morphism
is split. Hence @ ® Y is a direct summand in ) ® )y, hence projective.

(ii) Let f : X — Y be a morphism in C, and K, K’ be the kernel and cokernel of f,
respectively. Then by Corollary 2.16, Q@ ® K, Q ® K’ are the kernel and cokernel of 14 ® f,
respectively. But by (i) these objects are projective. This implies that the morphism 1o ® f
is split. Similarly, the morphism f ® 1¢ is split, as claimed. U

Recall that a multiring category over a field k is a k-linear artinian monoidal category

with biexact tensor product, [22], Definition 4.2.3.
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Proposition 2.35. The bifunctor (X,Y) — X ®Y on C is ezact in both arguments. Thus
C is a multiring category.

Proof. Let Qo be a projective resolution of Y € C. Then by Corollary H (X ®"Y)is
the —i-th cohomology of the complex X ® Q),. So it suffices to show that if P, P, P; are
projective and the complex P, — P, — P5 is acyclic then the complex

X®P1—>X®P2—>X®P3
is also acyclic. That is, we need to show that the complex
Hom(R, X ® P;) - Hom(R, X ® P») - Hom(R, X ® Ps)

is acyclic for every projective R.
Let @ be projective. Then by Proposition [2.34], () ® X is projective, so by Corollary
the complex

Hom(R,Q ® X ® P;) - Hom(R,Q ® X ® P») - Hom(R,Q ® X ® P3)
is acyclic. Since X ® P; are projective (again by Proposition [2.34)), this can be written as
Hom(Q* ® R, X ® P;) - Hom(Q* ® R, X ® P») - Hom(Q* ® R, X ® P3).

Taking ) = R®*R, we have Q* ® R = R® R*® R. Thus, using that R is a direct summand
in R® R*® R (as R is rigid), we get that the complex

Hom(R, X ® P;) —» Hom(R, X ® P;) - Hom(R, X ® Ps)

is acyclic, implying that the functor X®? is exact. Similarly, the functor 7 ® X is exact, as
claimed. U

Proposition 2.36. Let D be a multiring category, and X € D be the cokernel of a morphism
f Q1 — Qo such that the objects Qg, Q1 are rigid. Then X 1is also rigid. Namely, X* is
the kernel of f*: Q% — Q7 and *X 1is the kernel of *f : *Qo — *Q1.

Proof. Define X* to be the kernel of the map f* : Qf — Q7. Leti: X* — Qf, 7 : f(Q1) = Qo
be the natural inclusions, and f : @Q; — f(Q1) the natural projection. We claim that the
map evg, © (1 ® j) : X* ® f(Q1) — 1 is zero. To show this, it suffices to show that the
map evg, o (i ® f) : X*® ()1 — 1 is zero (indeed, tensoring with X* is right exact, so
the map 1 ® f : X* ® Q1 — X* ® f(Q1) is surjective, and f = j o f). But we have
evg, 0 (1 ® f) =evg, o (f*oi®1), and by definition f*o¢ = 0, which implies the claim.

This means that the map evg,o(i®1) : X*®Qy — 1 givesrise toamap evy : X*®@X — 1.

Similarly, let p : ()9 — X be the natural projection and consider the coevaluation map
coevg, : 1 = Qo ® Q5. It gives rise to a map (p® 1) ocoevg, : 1 — X ® Q). Note that since
the tensor product by X is left exact, X @ X* C X ® Q).

We claim that (p ® 1) o coevg, lands in X ® X*, i.e., that the composition

(p® f*)ocoevg, : 1 - X ®@ Q7

is zero. We have = (p ® f*) o coevg, = (po f ® 1) o coevg,. But by definition po f =0, as
claimed.

Thus, the map (p ® 1) o coevg, gives rise to a map coevy : 1 = X @ X*.

Now the axioms of the left dual for X* ([22], Subsection 2.10) are easily deduced from
those for )f. For example, let us check that the composition X — X @ X* ® X — X is

the identity (the other axiom is proved similarly). Indeed, let € X and let y € X be the
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image of x under this composition. Fix a lift 1 € Q)¢ of x and let x5 be the image of x; in
Qo ® Qf ® Qo, and x3 the projection of x5 to X ® Qf ® Q. Then x3 has a unique preimage
rqin X ® X*® Q. Let x5 be the image of x4 in X ® X*® X. By the definition of coevy we
have (1 ® evy)(z5) = y. By the definition of evy, it follows that (1 ® evg,)(x3) = y. Thus
it follows from the rigidity of @)y that y is the image of z; in X, i.e., y = z, as desired.
Similarly, X admits a right dual *X, which is the kernel of the map *f : *Qy — *@. Thus,
X is rigid and the proposition is proved. U

Proposition 2.37. (i) The monoidal category C = C(T,P) is rigid, i.e., it is a multitensor
cateqory.

(ii) Let P =S, so that C = C(T). Then we have C = @,5C(c), where C(c) are indecom-
posable multitensor subcategories. Namely, C(c) is the subcategory of objects generated by c.
In particular, 1 = @ g1..

(iii) We have C(c) = @; ;jc;.C(c)i;, where C(c)i; are component categories of C(c) ([22], Def-
inition 4.5.5). In particular, 1. = @;c; 1o where 1.; are simple, and C(c)i; = 1.,C(c)1. ;.

(iv) S is indecomposable if and only if 1 € C is indecomposable, i.e., C is a tensor category.

Proof. (i) Any X € C can be represented as a cokernel of a morphism f : Q)1 — Qo between
projective objects. By Corollary [2.22] the objects @)y and @) are rigid. Thus by Proposition

and Proposition X is rigid, as claimed.
The proof of (ii), (iii) and (iv) is straightforward. O

Remark 2.38. Example [2.6[ shows that the splitting assumption for P cannot be dropped,
as the category of finite dimensional bimodules over a finite dimensional non-semisimple
Frobenius algebra is not rigid.

As a by-product we obtain the following corollary (which is not used below).
Corollary 2.39. If T is separated then the algebra End(1) is semisimple.

Proof. This follows since End(1) is semisimple and commutative and F;; : End(1) —
End(1) is injective (for P = S). O

Example 2.40. Let char(k) = 2 and 7y := Repy(Z/2), with the usual monoidal structure.
Then 7y has two indecomposable objects, 1 and P (the regular representation). Let T be
the following modification of 7p: we set End(1) := k[e]/e? instead of k. The monoidal
structure is modified in an obvious way (namely, the tensor product of ¢ with any morphism
X — Y where X = Por Y = P is zero). Then S is generated by P, so J = ke, and
T/J =C(T/J) = Repy(Z/2) (i.e., T is not separated but complete). This example shows
that J does not have to be a thick ideal, and that the separatedness assumption in Corollary
[2.39] cannot be dropped.

2.10. The main theorems.

Theorem 2.41. T admits a faithful monoidal functor E into a multitensor category D with
enough projectives which is full on projectives (i.e., any morphism between projectives is in
the image) if and only if T is separated. Moreover, if such a functor ezists, it is unique up
to an isomorphism, with D = C(T) and E = F. The same holds for braided and symmetric

categories.
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Proof. Suppose T is separated. Then by Proposition [2.37, there is a monoidal functor
F T — C(T) which satisfies the conditions of the theorem.

Conversely, let E : T — D be a faithful monoidal functor into a multitensor category with
enough projectives which is full on projectives. Then, since F is full on projectives, there
exists ) € T such that E(Q)) = U. Moreover, since U splits every morphism in D and E is
faithful, we have Q) € S.

Now let f : X — Y be a morphism in J. Then 1lg ® f = 0, hence 1p) ® E(f) = 0,
e, 1y ®@ E(f) =0. Thus U @ Im(E(f)) = Im(1y ® E(f)) = 0 in D. This holds for every
projective U, which implies Im(FE(f)) = 0, hence E(f) = 0. Thus f = 0 by the faithfulness of
E. Thus, T is separated (the ideal of projectives is generated as a left ideal by the projective
cover of 1, hence is finitely generated).

Also, in this case S coincides with the ideal of projectives Pr C D, so we get that D = C(T)
and £ = F. 0

Recall ([20], Section 9) that a multitensor category C D T is called the abelian envelope
of T if it has the following universal property: for any multitensor category D there is an
equivalence between the category of tensor functors £ : C — D and the category of faithful
monoidal functors E : T — D, defined by the formula E = E|7. The same definition is
made for braided and symmetric categories (in which case the functors have to be braided).

Theorem 2.42. (i) T admits a fully faithful monoidal functor E : T — D into a multitensor
category D with enough projectives if and only if it is separated and complete. Moreover, in
this case there exists a tensor embedding E : C(T) — D such that E = E o F. The same

applies to braided and symmetric categories.
(i) In this case C(T) is the abelian envelope of T .

Proof. (i) If T is separated and complete then by Proposition we have a fully faithful
monoidal functor F': T — C(T) satisfying the conditions in the theorem.

Conversely, let E : T — D be a fully faithful monoidal functor into a multitensor category
D with enough projectives. Let £ C D be the tensor subcategory generated by E(T), [22],
Definition 4.11.1 (full and closed under subquotients). Then £ is a multitensor category with
enough projectives, and we have a fully faithful monoidal functor £ : 7 — £. Thus we may
assume without loss of generality that £ = D (i.e., F is surjective). In this case, let U be a
projective object of D. Since F is surjective, there exists T' € T such that U is a subquotient
of E(T). Since U is both projective and injective, it is in fact a direct summand of E(T).
Since F' is full, this means that U = E(Q) for some direct summand @ of 7. Thus, F' is full
on projectives. By Theorem this implies that 7T is separated and D = C(T), £ = F.
Finally, since F' is full, 7 is complete.

(ii) This follows from [20], Theorem 9.2.1. More precisely, this theorem applies to sym-
metric categories, but the proof extends without significant changes to the case of braided
categories and categories without a fixed braided structure. ([l

Let D be a multitensor category with enough projectives. Recall that the stable category
Stab(D) is the quotient D/Pr, where Pr is the ideal of projectives. The indecomposables
of Stab(D) are the non-projective indecomposables of D, so an object of Stab(D) may be
realized as an object in D with no nonzero projective direct summands. There is a natural

monoidal functor Stab : D — Stab(D).
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Suppose € is a rigid monoidal Karoubian category and F : & — Stab(D) a faithful
monoidal functor. Consider the fiber product A := & Xgap) D, whose objects are triples
(X,Y, f), where X € £, Y € D,and f : E(X) — Stab(Y) is an isomorphism, and morphisms
(X1, Y1, fi) = (Xo,Ya, fo) are pairs (g,h), g : X1 — Xo, h: Y] — Y5 such that fo E(g) =
Stab(h)o f. This is naturally a rigid monoidal Karoubian category. If (X, Y, f) and (XY, f)
are objects of A then there exists an automorphism ¢ : Y — Y such that Stab(g) = f o f~!
and it defines an isomorphism (X,Y, f) = (X,Y, f’). Thus isomorphism classes of objects
in A are isomorphism classes of pairs (X,Y’) such that E(X) = Stab(Y), i.e., isomorphism
classes of pairs (X, Q) where @ is a projective object of D; namely, (X, Q) = X @ Q. Thus
the indecomposables of A are the indecomposables of £ and the indecomposable projectives
of D. Moreover, for X, X’ € £ and projective ), Q)" € D we have

Hom 4(X, X') = Homg (X, X'), Homu(Q, Q') = Homp(Q, Q'),
Hom4(Q, X)) = Homp(Q, E(X)), Homy (X, Q) = Homp(E(X), Q).

The category A is equipped with a natural faithful monoidal functor £ : A — D.

Note that if E is pseudomonic, i.e., full on isomorphisms (in particular, if it is fully
faithful) then A is naturally equivalent to a rigid monoidal isomorphism-closed subcategory
of D containing the tensor ideal generated by projective objects.

Theorem 2.43. There is a 1-1 correspondence between (equivalence classes of ):

(1) Separated categories T such that C(T) = D;

(2) Rigid monoidal Karoubian categories T together with a faithful monoidal functor
F: T — Stab(D);
which sends complete categories T to full subcategories T C Stab(D), and wvice versa.
Namely, this correspondence is defined by the formulas

? = T/PI“, T = 7_1 X Stab(D) D.

Proof. Given T C D, define T := T/Pr. Then T is a rigid monoidal Karoubian cate-
gory with a faithful monoidal functor F' : T — Stab(D). Conversely, suppose € is a rigid
monoidal Karoubian category with a faithful monoidal functor E : & — Stab(D) and set
E=¢€ X gtab(D) D- Then £isa separated category, and it is clear that C (5 )= D.

Now, it is clear that 5 = &, and the equality T = T follows from Proposition [2.24] O

Example 2.44. 1. Suppose D is semisimple. Then Stab(D) = 0, so Theorem says that
a separable category T such that C(7) = D must be complete and coincide with D (which
is easy).

2. Let C be a finite multitensor category and 7 = Stab™'(Vec) the preimage of Vec
under the projection Stab : C — Stab(C). The indecomposable objects of T are 1 and the
indecomposable projectives of C (note that 1 may be decomposable in C but not in 7). Then
the ideal P C T of projectives coincides with S, T is separated and C(7) = C. But if 1 is
decomposable and has length m > 2 then the map k = Hom(1,1) — Home(1,1) = k™ is
not surjective, hence F' is not full and 7 is not complete.

A simple example of this is the case when C = Maty(Repy(Z/2)), char(k) = 2, where
N is a finite set (i.e., the objects of C are matrices of objects of Repy(Z/2) with rows and
columns labeled by N and tensor product given by matrix multiplication using the usual

tensor product of Repy(Z/2)). In this case the indecomposable objects of 7 are 1 and also
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R;j,i,j € N, where R;; is the regular representation of Z/2 standing in the (4, j)-th position.
Note that this example also makes sense when N is an infinite set, in which case the ideal
S (generated by all the R;;) is not finitely generated as a left ideal, but is finitely generated
as a two-sided ideal (in fact, by any one of the R;;).

3. Let C = Repy(Z/p) where char(k) = p > 2. We have a faithful symmetric monoidal
functor E : sVec < Stab(C) sending the non-trivial simple object to the indecomposable
module L = Q(1) of size p — 1 (here Q is the Heller shift). Let 7 = Stab™*(Im(F)). Then
T has three indecomposables: 1,L, P, with L@ P = PP"!, P P = PP and L® L =
PP~2® 1, and Hom(1, P) = Hom(P,1) = k, Hom(P, P) = k?, Hom(P, L) = Hom(L, P) =
kP! Hom(L,L) = k[z]/2?~!, Hom(1,L) = Hom(L,1) = 0. In this case S := (P) is a
finitely generated ideal and T is separated, but the functor F is not full, since the morphism
0 = Homy(1, L) — Hom(1, F(L)) = k is not injective. Thus 7T is not complete.

On the other hand, in this example we may replace sVec by the full monoidal subcategory
of Stab(C) generated by 1 and L (i.e., Hom(1, L) = Hom(L,1) = k rather than zero), and
the functor E with the tautological embedding. In this case 7 = Stab™'(Im(E)) is both
separated and complete; it is the full monoidal subcategory of C spanned by 1, L, P. We
have 7 = C for p = 3, but for p > 3 it is smaller than C (and not abelian). But for any
p > 2 the category C is the abelian envelope of T .

4. Let char(k) = 2 and C = Repy(Z/2). Then Stab(C) = Vec is the category of finite
dimensional vector spaces. Let H be a finite dimensional Hopf algebra over k and £ :=
Rep(H). Let E : £ = Vec = Stab(C) be the forgetful functor. Let T = & Xggan(c) C. Then
T is separated and C(7) = C. Note that E is not full on isomorphisms in general, so T is
not equivalent to an isomorphism-closed subcategory of C, but it admits a faithful monoidal
functor F': T — C.

Example 2.45. Here is a prototypical example of a separated and complete category T .
Let C be a multitensor category with enough projectives which is tensor generated by an
object X € C. This means that any object of C is a subquotient of a direct sum Y of tensor
products of objects X, where X is the n-th dual of X. Let 7 be the full rigid monoidal
Karoubian subcategory of C generated by X, i.e., its objects are direct summands (rather
than subquotients) of direct sums Y™ as above. Then by Theorem 2.42) S C T is the ideal
of projective objects in C, and C = C(T).

This example becomes interesting when the category 7 has an independent (often di-
agrammatic) description not involving C, and the corresponding universal property. This
happens in a number of concrete examples, notably the following.

1. Let C = Rep™(S,) is the abelian envelope of the Deligne category Rep(S;) for t €
Zy, char(k) = 0 ([16, 9]). Let X be the “tautological” object (the interpolation of the
permutation representation of S,). Then T is the Karoubian Deligne category Rep(S;)
([16]). The indecomposable objects of T are X labeled by partitions A, with Xy = 1. The
blocks in this category are described in [9]; there are semisimple blocks corresponding to a
single isolated partition and also semi-infinite chains of partitions, whose structure depends
on t. The ideal § is then spanned by X, for the isolated A and also all other A except the
first element of each chain; these exceptions are exactly the partitions for which ¢ > A; + |A|
(they are in bijection with partitions of ¢ defined by A — (t — A1, A1, ..., Ay)). Indeed, it is

precisely these X that become projective in C ([19], 4.4).
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2. Let C = Rep(GL(mn)), char(k) = 0, and assume for simplicity that m > n. Let
X = k™" be the defining representation. Then the category 7T is the category of modules
that occur as direct summands in X® @ X*®/. Let t = m — n and Rep(GL;) be the
Karoubian Deligne category for parameter t. It is shown in [I1], ] that the only nontrivial
tensor ideals in Rep(GL;) are Jy D J; D Js..., such that J; is the kernel of the natural functor
Rep(GL;) — Rep(GL(t + i|i)). Then T = Rep(GLy)/J, (see [8, 10, 20]).

3. Let GG be a simply connected simple algebraic group and ¢ a root of unity of sufficiently
large order. Let C = Rep(G,) be the category of finite dimensional representations of the
corresponding quantum group (char(k) = 0), and 7 = Tilt(G,) C Rep(G,) be the category
of tilting modules; it is obtained by the above construction from the direct sum of the
fundamental representations X = @,L,, (note that all projectives in C are tiltings, so T
is separated and complete and C = C(7)). If G = SL,, the category T is the category of
modules occurring as direct summands in tensor powers of the tautological representation
V', and it is expected to have a nice diagrammatic description as a braided category using
webs (a root of unity analog of [7]). In particular, we see that C is the abelian envelope of
T, which is a quantum analog of [14], Theorem 3.3.1.

4. Let G be as above, p a prime, k a field of characteristic p, C = Rep(G) be the category
of finite dimensional representations of G over k, and 7 C C be the category of tilting
modules. Then C is the abelian envelope of 7 ([I4], Theorem 3.3.1). Since the category C
has no nonzero projective objects, this is not quite an instance of the above theory. However,
it is a limit of such instances. More precisely, let G,, be the n-th Frobenius kernel of G.
Then we have the restriction functor Rep(G) — Rep(G,,). Denote by 7 (n) the image of T
in Rep(Gy,). Then Rep(G,) = C(T (n)). This follows from the fact that the n-th Steinberg
representation St,, of G is projective when restricted to G,,.

5. Let 7, be the category of tilting modules for the group SLs(k) (char(k) = p), with
indecomposable tilting objects T;, ¢ > 0, with highest weight i. Then 7, has a thick ideal
7, generated by the n-th Steinberg representation St,, := T,»_;, which is spanned by the
objects T; with ¢ > p™ — 1. Let T, := T,/Z,, ([5]). It is shown in [5], Theorem 4.14 that for
n > 0 the category 7,412 has an abelian envelope Cy,, a finite symmetric tensor category
in which it sits as a full monoidal generating subcategory. Thus, 7,412 is separated and
complete, and Cap, = C(Tri1.2)-

However, while these are nice examples, the true power of the above theory is seen when
the category C(7) is not known a priori, and this theory provides its first construction. This
is what happens for 7, , in the case p > 2, and the main goal of this paper is to define and
study the corresponding categories C(7y,p)-

2.11. Splitting objects in monoidal categories over discrete valuation rings. For
applications, we will need to generalize the above theory of splitting ideals and associated
abelian envelopes to the deformation-theoretic setting, when the ground ring is not a field
but rather a complete discrete valuation ring (DVR), which in applications will be of mixed
characteristic.

Let R be a complete DVR with maximal ideal p and uniformizer . Let k := R/p be its

residue field, and K be the fraction field of R.
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Definition 2.46. By a flat monoidal Karoubian category over R we will mean an R-linear
monoidal Karoubian category 7 for which Hom(X,Y) is a free finite rank R-module for any
X, YeT.

If 7 is a flat monoidal Karoubian category over R then we have the monoidal Karoubian
category Tx := T /p over the residue field k. We also have the category Tk, the Karoubian
closure of K ® g T (which may not be Karoubian by itself), a monoidal Karoubian category
over K EI Moreover, it is easy to show that if 7y is rigid then so are T, Txk.

We have a natural bijection between objects of T and Ty given by X € T — Xy € T,
Y € T« = Y € T, such that Hom(Xy, Zx) = k ® g Hom(X, Z). Also, any object X € T
defines an object Xy € Tk, with Hom(Xg, Zx) = K ®g Hom(X,Z). Thus any object
Y € Tx uniquely lifts to an object of Yi € T (although the lift of an indecomposable in T
may be decomposable in Tg).

Note that the assignments X +— Xy and X +— X are symmetric monoidal functors
T — Te and T — Tg. Moreover, if f: X — Y is a split surjection or injection in 7 then so
are fk : Xk —)Yk and fK : XK — YK.

A flat monoidal category 7 over R cannot have nonzero splitting objects in the sense of
Definition [2.3] since any element x € p, x # 0 defines a morphism zq- : Q* — @Q* which is
not split by tensoring with ). However we can make a less restrictive definition.

Definition 2.47. 1. A morphism f : Q1 — Qo in T is R-split if for any X € T the induced
morphism of free R-modules fx : Hom(X, Q1) — Hom(X, Q) is split (i.e., its cokernel is a
free R-module).

2. An object Q € T is a splitting object if tensoring with () on either side splits any R-split
morphism.

Example 2.48. Any split morphism in 7 is automatically R-split. Indeed, let f: X — Y
be a split morphism in 7. Then f = 0 ® g, where g is an isomorphism. Since 0 and g are
R-split, so is f.

Lemma 2.49. Let f: X — Y be an R-split morphism in T .
(i) If f is nonzero then the corresponding morphism fi : Xx — Yk is nonzero.
(ii) If fx is split then f is split.
(111) If Q € T then the morphisms 1o ® f and f ® 1g are R-split.
() If Qx is a splitting object of Ty then Q is a splitting object of T

Proof. (i) Suppose fx = 0. For an object Z € T consider the map f o : Hom(Z, X) —
Hom(Z,Y’). The map fi o : Hom(Zy, Xx) — Hom(Z, Yx) is zero. Thus f o = g for some
map ¢ : Hom(Z, X) — Hom(Z,Y). But fo is R-split, which implies that g = 0, i.e., fo = 0.
Thus f = 0.

(ii) Since fy is split, up to composing with isomorphisms on both sides it can be written
as a direct sum of the zero morphism X’ — Y’ and the identity morphism Z — Z, i.e., as a

block matrix
0 0

2Note that the field K is not algebraically closed, but this is not important for our considerations unless
specified otherwise. For background on multitensor categories over arbitrary fields see [22], Subsection 4.16.
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This means that f can be similarly written as a block matrix

ca eb
fr~ (50 1—|—5d)'

Thus up to composing with isomorphisms

f <€(a —eb(l+ed)~te) 0 >
0 l+ed)”

Since f is R-split, e(a — eb(1 + ed)~'c) must be R-split, hence it is zero by (i). Thus

0 0
f”(o 1+€d)’

i.e., f is a direct sum of zero and an isomorphism. Thus, f is split.
(iii) The morphism 1g ® f is R-split since the corresponding map

(1 ® f)o: Hom(Z,Q ® X) — Hom(Z,Q ®Y)

coincides with the map fo : Hom(Q*® Z, X) — Hom(Q*® Z,Y), which is split by definition.
Similarly, f ® 1¢g is R-split.

(iv) Assume that Qy is splitting. Let f : X — Y be a morphism in 7. Then the morphism
1o, ® fx = (1g ® f)x is split. Also the morphism 1o ® f is R-split by (iii). Thus by (ii) the
morphism 1o ® f is split. Similarly, the morphism f ® 1¢ is split. Thus, @ is a splitting
object. 0

It follows from Lemma [2.49iii) that splitting objects form a thick ideal S C 7. Thus, if
@ is a splitting object then so is Q*. Hence, if f is an R-split morphism and @) is a splitting
object then @ splits the morphism f* (as Q* splits f).

From now on assume that the category 7i is separated and its ideal of splitting objects
S(Tx) is finitely generated as a left ideal. Thus we can define the multitensor category C(7x)
with enough projectives and a faithful monoidal functor F': T — C(7x).

Lemma 2.50. (i) Let P be a generator of S(Tx). Then the morphism coevg : 1 — P ® P
1s R-split.

(i1) If Q is a splitting object of T then Qy is a splitting object of Ti. In other words,
S(Tk) = Sk.

Proof. (i) By applying the faithful monoidal functor F': T, — C(7x) and using Proposition
we get that for any X € Ty the map coevpo : Hom(X,1x) — Hom(X,P ® P*) is
injective. This implies that the map

(coevpo)k : K ®p Hom(X,1) — K @5 Hom(X, P ® P*)

is also injective, and thus has the same rank as coevp (the dimension of the source). Thus
coevp is split as a morphism of R-modules, as claimed.

(ii) Let @ be an indecomposable splitting object of T, and P a generator of S(7x). Then
Qx ® P # 0 as Ty is separated. Consider the morphism f = 1o ® coevg : Q = Q ® P ® P*.
Since Qx ® P # 0, we have fx # 0, hence f # 0. On the other hand, the morphism coev
is R-split by (i), so the morphism f is split. Since ) is indecomposable, this implies that f
is a split injection. Thus fy : Qx — Qx ® P ® P* is also a split injection, i.e., Q is a direct
summand in Qx ® P ® P*, hence split, as claimed. 0]
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For simplicity assume that 7 has finitely many indecomposables. Then we can define the
category C(7) in the same way as we did over a field. Namely, let P be the direct sum of
all indecomposable splitting objects of Ty, P the corresponding object of T, A = End(]s)(’p,
and C(T) = Rep(A) be the category of finitely generated A-modules. Then C(T) can be
realized as a category of resolutions

o= Qo = Q1 — Qo,

where (); € T are splitting objects (i.e., complexes Q* of splitting objects such that the
complex Hom(P, Q*) is exact). As before, this is an R-linear abelian monoidal category with
right exact tensor product. Moreover, we have a faithful monoidal functor F' : T — C(T)
given by F(X) = Hom(P, X).

Of course, we cannot hope that the tensor product in C(7) is exact, since for example C(T)
contains the category of finitely generated R-modules with tensor product over R (quotients
of a multiple of 1, for some 7). However, it turns out that it is exact on a certain class of
objects we call flat.

Definition 2.51. An object X € C(T) is flat if it is presented by an R-split morphism
f:Q1— Qo, Q1,Q0 € S; i.e., X = Coker(F(f)).

For instance, every splitting object is automatically flat.

Lemma 2.52. The following conditions on X € C(T) are equivalent:
(i) X is flat;
(i1) X is a free R-module;
(11i) Any morphism [ : Qo — Q1 with Qo, Q1 € S presenting X is R-split.

Proof. Clearly (iii) implies (i).

Suppose X is flat, and presented by an R-split morphism f : Q1 — Q). Then X is the
cokernel of the map fo : Hom(P,Q;) — Hom(P, Q). By definition, this map is R-split,
hence X is a free R-module. Thus (i) implies (ii).

Suppose that X is a free R-module, and presented by a morphism f : @)1 — @y. Then
by Proposition for Z € T the natural map Hom(Z,Q;) — Hom(F(Z), F(Q;)) is an
isomorphism. Thus we have an exact sequence

Hom(Z, @) — Hom(Z, Qo) — Hom(F(Z), X).
Thus the cokernel of the map fo : Hom(Z,Q;) — Hom(Z, Qo) is an R-submodule of
Hom(F(Z),X) which is, in turn, contained in Hompg(F(Z),X). But Hompg(F(Z),X) is
a free R-module since X is free as an R-module. Thus, Coker(fo) is a free R-module and f
is R-split. [l

Corollary 2.53. Let (o, Q1 € S. A morphism f : Q1 — Qo is R-split if and only if
F(f): F(Q1) — F(Qo) is split as a morphism of R-modules.

Proof. Suppose f is R-split. Then F(f) = fo : Horn(]g, Q1) — Hom(ﬁ, Qo) is split as a
morphism of R-modules. Conversely, if F'(f) is split then f presents the object Coker(F'(f)),

which is free as an R-module, so by Lemma f is R-split. U
Corollary 2.54. For every Z € T the object F(Z) is flat.
Proof. This follows from Lemma since Hom(P, Z) = F(Z) is a free R-module. O
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Proposition 2.55. X € C(T) is flat if and only if it is rigid, and in this case the functors
X®7 and ? ® X are ezact.

Proof. We start with the following lemma.

Lemma 2.56. For any flat Y € C(T) and projective Q € C(T) the tensor products Q ® Y
and Y ® Q) are projective.

Proof. Let f: Q1 — Qo be a presentation of Y by an R-split morphism. By a generalization
of Corollary to R-linear categories, the cokernel of the morphism

lo@ F(f): Q@ F(Q1) = Q& F(Qo)

is @ ®Y. Since f is R-split and Q = F(Q’) for some splitting object ()’', the morphism
lo® F(f) = F(lg ® f) is split (as so is 1y ® f). Hence Q@ ® Y is a direct summand in
QR F(Qo) = F(Q' ® Qo), hence projective. O

Lemma 2.57. The following conditions on X € C(T) are equivalent:
(i) X is flat;
(ii) the functor X® is exact;
(i) the functor ® X is exact.

Proof. The proof that (i) implies (i), (iii) is the same as that of Proposition [2.35 using
Lemma [2.56| instead of Proposition

To prove that (ii) implies (i), we may assume that X € C(7);; for some ¢, j. If the functor
X ® is exact then in particular it is exact on the subcategory of finitely generated R-modules,
R-mod C C(T);; (quotients of a multiple of 1;). If M € R-mod then X ® M is just the usual
tensor product X ®g M. Since this functor (of M) is exact, X is flat as an R-module, i.e.,
free (as it is finitely generated). Hence it is flat as an object of C(7") by Lemma [2.52] O

Lemma 2.58. Let X € C(T) be a flat object which is the cokernel of an R-split morphism
f Q1 — Qo. Then X is rigid. Namely, X* is the kernel of f* : Qf — Q7 and *X 1s the
kernel of *f : *Qo — *Q.

Proof. The proof is the same as that of Proposition [2.36] using Lemma [2.57] instead of
Proposition [2.35] O

Lemma [2.58 shows that any flat object is rigid. Also, for every rigid X the functor X® is
exact, which implies that X is flat by Lemma This completes the proof of Proposition
2,00l [

Thus, in terms of the realization of C(7) as the category of finitely generated left A-
modules, the tensor product looks as follows: we have an (A, A ® g A)-bimodule 7', and

XY =T Qagpa (X QrY).

The exactness of this functor on flat objects proved in Proposition is equivalent to the
condition that T is projective as a right module (in particular, it is free over R).

We see that the algebra A has a structure of a pseudo-Hopf algebra over R ([24], 4.2).
Thus Ay is a pseudo-Hopf algebra over k and Ax := K ®g A is one over K. We have
C(Tx) = Rep(Ax). Also it follows that the category Tk is separated (namely, for any splitting
object @ € T the object Q is splitting in Tx) and C(Tx) = Rep(Ak).
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Remark 2.59. If X € C(7) is a flat object then X*, *X are both the dual R-module of X
with the action of a € A given by ax- = S(a)%, a~x = S™!(a)% where S : A — A is the
antipode.

If there exists a pseudo-Hopf algebra A over R which is free of finite rank as an R-module
and Cx = Rep(Ax), Cxk = Rep(Ak), then we will say that Cx is a lift of Cy over K. Note
that a specific object of Cx may admit more than one lift over K, or no such lifts at all.

For example, let H be a (quasi-)Hopf algebra over R which is free of finite rank as an R-
module (for example, the group algebra RG of a finite group GG). Then the tensor category
Rep(H) is a lift of Rep(Hy) over K.

We see that in the above setting C(Tk) is a lift of C(7Tx) over K.

From now on assume that the algebra A is split over K, or, equivalently, the category Cx
is split (note that this can always be achieved by a finite extension of R). For brevity denote
C(T),C(T)x, C(T)k by C,Cx,Ck. Given a simple object Y € Ck, it is well known that one
can choose (non-uniquely) a flat object Y € C such that Y x = Y. For a simple object X € Cy
let [Y : X] be the multiplicity of X in the Jordan-Holder series of the reduction Yy € Cy.
This notation is justified because this multiplicity is, in fact, independent on the choice of
Y (see [21]). The decomposition matriz D of C is the matrix D with entries Dxy = [V : X].

Proposition 2.60. (i) (CDE triangle) Let Cyx, Ck be the Cartan matrices of Cyx,Cr, and D
be the decomposition matriz of C. Then the decomposition matrixz for lifts of projectives in
Cx into projectives in Cx is DT, and we have Cy = DCx DT

(11) FPdim(Cyx) = FPdim(Ck);

(111) If Tk is complete then so is Tx.
Proof. (i) This holds for any flat deformation of finite dimensional algebras over a DVR, [21].

(ii) Let dk, dx be the vectors of Frobenius-Perron dimensions in Cy, Cx ([22], Subsections
3.3, 4.5). By (i) we have

FPdim(Cy) = df Cydy = di DOx D' dy = dCxdg = FPdim(Cx).

(iii) We need to show that the functor Fy : T — Cx is full. Since it is faithful, it suffices
to show that dim Homy, (7;,7;) > dim Home, (Fx(T;), Fx(7})). But

dim Homy, (7}, T;) = dim Homy,, (T3, T;) = dim Hom(Fk (1;), Fk (T})),
so it suffices to show that dim Hom(Fx(T;), Fx(7})) > dim Hom(Fk(7;), Fx(T;)). But this
follows since Fi(T;) are lifts of Fi(T;) over K (as A-modules). O

Corollary 2.61. If Tx is semisimple then Ty is complete and the Cartan matriz of Cy is
given by C = DDT.

Proof. This follows immediately from Proposition [2.60, since the Cartan matrix of Cx = T
is the identity matrix. ([l

3. PROPERTIES OF TILTING MODULES FOR SLy(k) AND SPLITTING OBJECTS OF T, ,

3.1. Splitting objects in 7, ,. Let 7 = 7T, be the category of tilting SLy(k)—modules,
char(k) = p > 0. Its indecomposable object of highest weight m € Z>q will be denoted T,,,.
For r € Z>¢ let St, = T),»_1 be the r-th Steinberg module; we will also denote St; as St. For

k € Z>y let T px_y be the additive subcategory of T generated by T;,, with m < pF — 1.
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Let L,, be the simple SLs(k)—module of highest weight m € Zso. Let M +— M® be the
Frobenius twist. We first recall the following standard facts.
Proposition 3.1. (i) (29, E.1]) L, =T, for0 <a <p-—1.
(1) (Steinberg tensor product theorem, [29], 3.17]) Lo tpp = LQ®L£1), 0<a<p-—1,b€Zs.
(111) (129, E.9]) One has
(3.1) Ta+pb:Ta®Tb(1) forp—1<a<2p—2 b€ Z>.
In particular St, = St ® Stfi)l forr € Z>.
An important role below will be played by the following proposition.

Proposition 3.2. Let k € Z>, and X,Y € T_,»_y. Then for any morphism f: X —Y the
morphism f®1: X & Sty_1 — Y ® Sty s split.

Proof. We will use the following lemma.
Lemma 3.3. Assume that k € Z>, and m < p* — 1. Then L,, ® Stj_, is tilting.

Proof. We use induction in k. In the base case k = 1, St;_; = Sty = 1 and the result follows

from Proposition [3.1](i).
Now assume that Lemma holds for some k. Let m < p**! — 1. We write m = a + bp

where 0 <a<p—1and 0<b<p"—1,80 Ly, = Lorpp = Lo ® Lgl) by Proposition (ii).
We have

L @Sty = L@ LY @ St @ St = T, @ St @ (Ly @ Sty_y) Y.
By the induction assumption Ly ® Stj_; is tilting, so St ® (Ly ® Stx_,)(!) is also tilting by
Proposition [3.1{(iii). Thus T, ® St ® (L, ® St;_1)M) is also tilting as a product of two tilting
modules. We have thus proved the induction step and the Lemma follows. 0]

Now consider the exact sequences

0 — Ker (f) - X — Im(f) — 0,

0 — Im(f) = Y — Coker(f) — 0.

Let M be one of Ker (f),Im(f), Coker(f). The Jordan-Holder factors of M are of the form
Lm0 < m < p¥ —1. Thus M ® St;_; has a filtration with subquotients of the form
L, ® Sty_1,0 < m < p¥ — 1 which are tilting by Lemma . Since all Exts between tilting
modules vanish (see [29, Corollary E.2 (b)]) this filtration splits and M ® Sty_; is tilting.
Thus the sequences

0 — Ker (f) ® Stp_1 — X ® Stg_1 — Im(f) ® Sty — 0,

0 — Im(f) ® Stg_1 = Y ® Stg_1 — Coker(f) ® Stp_1 — 0
also split and the result follows. O
Remark 3.4. The inequality for m in Lemma is the best possible: the module
L ® Sty is not tilting. Namely this module has highest weight pF 4+ pF~! — 1 and di-

mension 2p"! (since L = Lgk)); this dimension is less than the dimension of the Weyl

module W, -1, which equals p* + pF~1.
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3.2. The functor T_,n_; — 7T, is fully faithful.
Proposition 3.5. The composite functor Tepn_1 — Ty, — Tpnyp is fully faithful.

Proof. This functor is full by definition. To prove its faithfulness we need to show that no
nonzero morphism in 7.,»_; factors through Z, = 7>,n»_1. Assume that this is not the

case and let f € Hom(T,,,T}) be a morphism in (Z,) with 0 < m,k < p™ — 1. Then the
morphism f € Hom(1, 7} ® 7)) which is the image of f under the canonical isomorphism
Hom(T,,, T}) ~ Hom(1, T} ®T}) is also in (Z,,). Thus there exists an object T with s > p"—1
and morphisms 1 — 7 and Ty — T}y, ® T}, such that their composition is not zero.

Lemma 3.6. (see for ezample [11], Lemma 5.5.3 and references therein) Assume Hom(1,Ts) #
0 in Tp. Then s =2p' — 2 for some | € Zsq and the socle of Ty is one-dimensional.

Proof. For 0 < s < 2p — 2 the lemma follows from the description of tilting modules in [29,
E.1]. Now assume that s > 2p—2 and write s = a+bp where p—1 < a < 2p—2 and b € Zx.
Then by [29, Lemma E.9] we have T, =T, ® Tb(l). Thus Hom(1,7;) = Hom(7}, Tb(l)). Thus
T must have a quotient on which the first Frobenius kernel of SLs(k) acts trivially. Again
by the description in [29, E.1] we see that a = 2p — 2 and the quotient is the object 1 = L.
Thus Hom(l,Tb(l)) # 0, so Hom(1,T;) # 0. By induction we get that b = 2p!~! — 2, so
s = 2p! — 2 as required.

The module Ty, 5 is a lift to SLy(k) of the injective hull of the trivial module over the
[-th Frobenius kernel, see [29] E.9]; this implies the statement about the socle. O

Lemma implies that the map T, — T" ® T} is injective and s = 2p! — 2 with [ > n.
This is impossible as all weights of 7)) ® T}, have absolute value < m+k <2(p" —1). O

3.3. Tensor ideals in 7,. Lemma can be used to establish the classification of tensor
ideals in 7.

Proposition 3.7. ([11], Theorem 5.3.1) The only nonzero tensor ideals in T, are the ideals
(Tp), k > 0.

Proof. Let I be a nonzero tensor ideal in 7,. Let f € I be a nonzero morphism, f: X — Y.

Then f defines a nonzero element f € Hom(1, X ® Y*) which belongs to I. Thus there exists
a nonzero morphism g : 1 — T}, for some m > 0 which belongs to I. Let m be the smallest
such number. By Lemma @, m = 2pF — 2 for some k > 0, and I contains Hom(1, To,r_5).
Since the map Hom(1, 75, ») — Hom(1,St; ® St]) induced by the inclusion of the direct
summand Ty, o < St; ® St; is an isomorphism, we see that lg;, is contained in I, i.e.,
(Zx) C 1. This implies that 1g;, is contained in I for all I > k. Thus, Hom(1,T5, ) is
contained in [ if and only if [ > k, i.e., if and only if it is contained in (Zy). Hence I = (Zj),
since a tensor ideal is uniquely determined by its components in Hom(1,7") where T' runs
over indecomposable objects. U

3.4. Separatedness of 7,, and its ideal of splitting objects. Now for n > 0 let Z,, =
Z,, be the thick ideal in 7 = 7T, generated by St,. We have Z, = T>pn_1, the additive
subcategory of 7T, spanned by the T, with m > p™ — 1. Thus the tensor ideal (Z,) consists
of morphisms which factor through a direct sum of 7,,,, m > p™ — 1.
For n > 1 consider the category 7,, = 7,/Z,. This is a rigid monoidal Karoubian
category with indecomposables T;, 0 <1 < p" — 2.
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Corollary 3.8. The category T, , is separated.

Proof. By Proposition 3.2 St,_1 = Tj»-1_; is a splitting object in 7, ,. Also it is clear that
if St,,_1 ® X = 0 for an object X then X = 0, which implies the statement by Proposition
3.7 O

Let S, be the ideal of splitting objects of 7y, ,,.
Proposition 3.9. We have S,,, = I,,-1/Z,.

Proof. By Proposition and Corollary , Snp = L /I, for some m < n. Thus S, , is
indecomposable. Hence the claim follows from Corollary [3.8] and Proposition [2.32] O

3.5. Donkin’s recursive formula and auxiliary properties of tilting modules. We
recall Donkin’s recursive formula for the tilting S Ls(k)—modules, see [17, Example 2, p. 47].

Let W, denote the standard (i.e., Weyl) SLs(k)-module with highest weight a. Recall
that the modules T; = W; = L; are simple for 0 < ¢ < p—1, and Ty = 1. Let V := L.
Recall the following result.

Lemma 3.10. ([29, E.1]) (i) One has
(3.2) VeTli=T1@TiifLl<i<p-—2

(11) For p < a < 2p — 2 the module T, has a submodule W, such that T,/Wq = Wap_o_4;
thus its composition series is Ty = [Lap 90, VY ® Ly_p, Loy 2_a).

Using Proposition [3.1f(iii), this implies
Proposition 3.11. (i) for p > 2 we have

1 .
Tp®Tb():Tp+pb iof a=p-—1,
2T 14pb @ Tps14pp if a=p
3.3 V @ Ty = p—1+p p+1+p : J
( ) o Ta—l-‘rpb D Ta+1+pb Zf p<a< 2p — 2,

Top 31 ®@T, 1 @ (VT if a=2p—2.
(ii) For p =2 we have
T ® Tb(l) =154, a=1
2T, @V @ (VRT)W, a=2.

We also have the following result describing tensor products of tilting modules with small
highest weights.

(34) V ® Ta+2b == {

Proposition 3.12. The tensor product T,, ®T, for 1 < m,r < p—1 s given by the formula

Tm ® Tr - @|m—r\§k§2(p—2)—m—er b @p—1§k§m+er’
ifm+r>p, and
T,®T = EB|m-r|§k§m+rT’“
if m+1r < p, where the summation is over integers k such that m +r — k is even.
Proof. This follows immediately from Lemma and Equations (3.3)),(3.4)) O

Proposition 3.13. Assume that 0 <i <p—1 and m = pr+p—2 for some r € Z>y. Then
T; ® Ty contains T,, as a summand if and only if k = m — 1, in which case T,, appears with
multiplicity 1.
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Proof. For p = 2 the statement is clear from , so we may assume that p > 2. It is
clear that T; ® T,,_; contains T}, with multiplicity 1, so we only need to prove the “only if”
statement. The case ©+ = 0 is clear as T = 1. For ¢ > 1 we proceed by induction in 7. The
base case ¢ = 1 is clear by inspection of and . Suppose 1 < ¢ < p — 1 and the
statement is known for ¢ — 1, and let us prove it for ¢. So by , T, _1®V ®1T), contains T,,.
By the induction assumption, V' ® T must contain 7, ;11. Butm —i+1=—i— 1% —1
(mod p). Thus by we have either Kk = m —ior k =m — i+ 2 and V ® T}, contains
T—iv1 with multiplicity 1. For the sake of contradiction assume that k = m — ¢ + 2. Then
T, 1@V Ty = (T2 ®T;) ® Ty contains T,, with multiplicity 1. But T;_5 ® T} already
contains T; oy = T}, so T; @ Ty, cannot contain T, (as the multiplicity is 1). Thus this case
is impossible and k = m — i, as desired. [l

4. THE VERLINDE CATEGORIES Verp.

4.1. The definition of the Verlinde categories Ver,», Ver;n. Let p be a prime. Recall
that Ver, denotes the Verlinde category, which is the semisimplification of the category of
modular representations Rep, (Z/p) (|25, 27, 32)]).

Let n > 1 be an integer. By Corollary , the category 7,, is separated, and by
Proposition its ideal of splitting objects S, , = Z,-1/Z, is spanned by the objects T;,
p"1 —1<i<p"—2and is indecomposable. Thus, using the main construction of Section
2, we can define finite symmetric tensor categories

Veryn = Verpn (k) := C(Tnp)-
Tnp

If p" > 2, we can also consider subcategories ,7.+ spanned by T; with even ¢, and
the corresponding subcategories Ver;n =C (’7;+p) C Ver,n. This makes Ver,» into faithfully
Z/2-graded tensor categories with trivial components Ver;n ([22], Subsection 4.14).

Definition 4.1. We will call the categories Veryn, Ver;,rn the Verlinde categories.
The motivation for this terminology will be clarified in Subsection [4.4]
4.2. T,, is complete.

Theorem 4.2. (i) The category T, , is complete, so it is a full rigid monoidal Karoubian
subcategory of Veryn = C(T,,).
(i1) Ver,n is the abelian envelope of Ty,

Proof. (i) For p = 2 the result follows from [5], so we may assume that p > 3.

We need to show that for any X.Y € 7, ,, the map Hom(X,Y) — Hom(F(X), F(Y)) is
an isomorphism, or, equivalently, that the map Hom(1,Y ® X*) — Hom(1, F'(Y)® F(X)*) =
Hom(1, F(Y ® X*)) is an isomorphism. Thus, it suffices to show that for any i € [0, p" — 2]
the map Hom(1,T;) — Hom(1, F(7T})) is an isomorphism. For ¢ > p"~! — 1 this follows from
Proposition so it suffices to treat the case i < p"~! — 2.

Let S = T,n-1_4. To compute Hom(1, F(T;)), we will use the presentation of 1 as the
cokernel of the map

T:5RISR5T®S—5®S.

Note that S = S*. Hence we get that

Hom(1, F(T;)) = Ker(Hom(S%?, T;) — Hom(S®*, T;)).
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Thus it suffices to check that the sequence
Homy, (1,T;) — Homy, (S%% T;) — Homry, (S, T;)
is exact. This sequence can be rewritten as
(4.1) Homr, (1,7;) — Homy, (S, T;) — Homr, , (S, T; @ S%%).
Let us now consider the same sequence in 7,:
(4.2) Homr, (1,T;) — Homy, (S%%,T;) — Homy, (S%%, T; @ S%?),

which is clearly exact. But since i < p"~! —2 and p > 3, the sequence (4.2)) actually belongs
to T<pn_1, hence is isomorphic to (4.1)) by Proposition . Thus (4.1)) is exact, as required.ﬂ
(ii) now follows from Theorem [2.42 O

Another proof of Theorem [4.2((1) is given in Remark below.

Theorem allows one to easily compute the dimension of the space of invariants in V",
where V' := F(T3) € Veryn. It is clear that if r is odd then this space is zero, so it suffices to
compute the invariants in V®?™. Let d,,, = dim Hom(1, V®?™).

Proposition 4.3. Let f,(2) = )., o dmnz™. Then

(t + t—l)(tp"fl _ t*anrl)
tpn _ t_pn Y

(4.3) () =
where z = (t+t71) 2.

Proof. By Theorem dpmn = dim Hom(1, ™). The rest of the argument is the same as
in [5], proof of Proposition 3.9. O

Remark 4.4. Proposition generalizes [5], Proposition 3.3. Note that there is a misprint
in [5], Proposition 3.3 and the proof of Proposition 3.9: 2" should be replaced by 2"

4.3. Basic properties of Verp..

Theorem 4.5. (i) If n =1 then Very» = Ver,, Ver,, = Ver; .

(1) We have a fully faithful monoidal functor F' : T, , — Very» which defines an equivalence
between S, , and the category of projectives in Verpn. In particular, Veryn has p"'(p — 1)
simple objects whose projective covers are F(T;), p" ' —1 < i < p"—2, and all simple objects
in Verpn are self-dual.

(iii) We have Vergn = Cay,_o and if n > 2 then Vers, = Co,_3, where C; are the categories
defined in [5].

(iv) For p" > 2 let O,,, be the ring of integers in the field Q(2cos(27/p")) = Q(¢* +q2),
where ¢ = g, = exp(mwi/p"); that is, Oy, = Z[2cos(2m/p™)]| ([35], p.16, Proposition 2.16).
Then the Frobenius-Perron dimension FPdim defines an isomorphism of the Grothendieck
ring Gr(Ver},) onto O,

(v) There are no tensor functors Ver;n — Ver;m form <n.

Proof. Parts (i), (ii) are immediate from the previous results. Part (iii) follows from (ii) and
[5], Theorem 4.14.

3This method of proof was suggested by K. Coulembier.
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Let us prove (iv). Note that the split Grothendieck ring of 7, , is a Z,-ring of finite rank
([22], Section 3), so for T' € T, we can define its Frobenius-Perron dimension FPdim(T").
Let

4.4 npl2 =

(4.4 Qup(2c0s7) := T

be the Chebyshev polynomial of the second kind. By [5], Corollary 3.5,
Qnp(FPdim(T1)) = 0,

which implies that FPdim(7}) = FPdim(F (7)) = 2 cos(w/p"™). Thus we have FPdim(73) =
2cos(2m/p™) + 1 for p > 2 and FPdim(7Ty) = 2cos(27/p") + 2 for p = 2. Hence the image
of FPdim contains O, ;. On the other hand, since the rank of Ver, is p"~'(p — 1)/2, which
equals the degree of Q(2cos(27/p")) over Q, we see that FPdim lands in Q(2 cos(27/p")),
hence in O, ,, since the Frobenius-Perron dimension of any object is an algebraic integer
([22], Proposition 3.3.4). Thus FPdim : Gr(Ver,.) = O, is an isomorphism.

(v) follows from (iv). O

Remark 4.6. For p = 2 Theorem |4.5|is proved in [5], Corollary 2.2 (the ring O, 2 is denoted
there by O,,_2).

Let Qnp = Q)F @, be the splitting of the Chebyshev polynomial of the second kind

np

Qnyp (see (4.4)) into the parts with positive and negative coefficients.

sin(p™x)

Corollary 4.7. (The universal property of Ver,n ) Let D be a symmetric tensor category over
k. Then the category of k-linear symmetric monoidal functors E: Very,n — D is equivalent
to the category of objects X € D such that NX>X =0 and Qr,(X) = Q, (X)), equipped with
an isomorphism N*X = 1. This equivalence is given by E — E(V), where V = F(T}).
In particular, the group of tensor automorphisms of the identity functor of Ver,n is Z/2 for
p > 2 and trivial for p = 2.

Proof. This follows from Theorem [4.2]and [5], Corollary 3.5. The last statement follows since
the group of automorphisms of V preserving the identification A*V = 1 is Z/2 for p > 2 and
trivial for p = 2. O

Remark 4.8. The condition that dim X = 2 in [5], Corollary 3.5 is redundant since this
follows in any characteristic from the conditions A2X = 1, A3X = 0. Indeed, let d = dim X.
Then for p > 3 we have d(dgl) =1, d(d_lg(d_Q) =0, so d = 2. For p =3 we have d(dT_l) =1,
so d* —d—2 = 0, which in characteristic 3 can be written as (d —2)? = 0, hence again d = 2.
Finally, for p = 2 we have dim(A%X) = dim(A?X)d (see for example [23]), which implies
that d =0 = 2.

4.4. The lift of Ver,.» to characteristic zero. Let W (k) be the ring of Witt vectors of
k, Ky its fraction field, and K, the algebraic closure of Ky. Fix n and let ( = (,, € Ky be
a primitive p"-th root of unity. Consider the discrete valuation ring R, , := W (k)[(] with
uniformizing element ¢ — 1. Let K be the fraction field of R,, ,, (a ramified extension of Ky of
degree p"~!(p—1)). In this subsection we will show that the category Ver,.(k) admits a flat
deformation to a braided category over R, ,, whose generic fiber is the semisimple Verlinde
category Ver,»(K) associated to the quantum group SL, at a p"-th root of unity. To this
end, we will use the theory of splitting objects for categories defined over a complete DVR
developed in Subsection [2.11
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Let TL(¢) be the lopsided version of the Temperley-Lieb category with parameter § =
CY% 4+ (7Y% see [31], Subsection 2.5; it is defined over Z[¢], hence over R, ,, and we’ll use
the R, ,-linear version. Then T'L(() is a flat braided monoidal Karoubian category over R,, ,
with indecomposables ﬁ-, i > 0. Also, TL(C)x = T, is the symmetric category of tilting
modules for SLs(k), while T'L(() i is (the lopsided version of) the braided category of tilting
modules for the quantum group SLgl/2 over K. Moreover, TL({) has a tensor ideal Z(()
generated by the Steinberg module St = T pn—1 over the quantum group, which specializes to
T, over k, and localizes to Z(¢)x := K ®g,, Z(¢) over K (note that other tensor ideals Z,
k # n, do not lift to tensor ideals in T'L({)). Thus we can define the flat braided monoidal
category T(¢) := TL(¢)/Z(¢) over R,, with indecomposables T;, 0 < i < p" — 2, whose
reduction 7 (()k is the symmetric category 7,, with indecomposables T;, 0 < i < p" — 2,
while the localization Tk is the split semisimple braided Verlinde category Ver,.(K) (the
semisimplification of T'L({)k, see [3], Subsection 3.3 and references therein), with simple
objects Tf = Wf = Lg, 0 <i < p" — 2, the Weyl modules over the quantum group (which
are also tilting and simple modules). Thus the objects ﬁ-, p"t—1 < i < p"—2 are splitting
objects of T(().

Remark 4.9. Note that for p > 2, since ( is a root of unity of odd order, the category
TL(¢)k is not modular (unlike the situation of [3], Subsection 3.3); rather, its symmetric
(Miiger) center is sVecy generated by 75 = 1 and Tpcn_2 = 1. In fact, we have Ver,.(K) =
Ver}, (K)MsVecy as braided categories, where Ver', (K) is the (modular) category generated
by the objects of Ver,»(K) with even highest weight.

Remark 4.10. The construction of this subsection gives another proof of Theorem [£.2{1)
which works for any p and does not use [5]. Namely, Theorem [4.2[i) follows from Corollary
2.61} since the category Ver,.(K) is semisimple.

4.5. The Frobenius-Perron dimension and the Grothendieck ring of Verp..
Proposition 4.11. (i) We have

V2

. p
FPdim(Ver,») = ———.
(Ver,) 2 sin?( %)
p
(ii) The Cartan matriz of Verp. is given by C = DDT, where D is its decomposition
matriz (with respect to its lift to characteristic zero).

Proof. (i) This follows from Proposition [2.60{1) since

N-1 . 2/7k
sin®(Z%F) N
FPdim(Very(K)) = Y ——5 42 = _
lm( erN( )) =t SIHZ(%) 281112(%)
(ii) This follows from Corollary [2.61] as the category Ver,.(K) is semisimple. O

Corollary 4.12. If p > 2 then we have Veryn = Ver;;n X sVec. Thus the Grothendieck ring
of Veryn is given by Gr(Veryn) = 0, ,2/2 = O,,19]/(¢* — 1).
Proof. The first statement holds because it holds for the category Ver,»(K) (cf. Remark

[1.9). Namely, the nontrivial invertible object of Ver,(K) has to descend to an invertible
object over k (as it has FPdim = 1). The second statement then follows from Theorem

4.5(1v). O
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4.6. The Cartan matrix and the decomposition matrix of Ver,.. Now we can com-
pute the decomposition matrix D (and hence the Cartan matrix C) of Ver,». Recall that
the indecomposable projectives of Ver,» are P; = F(T;) for p" ' —1 < i < p" — 2. So we
may label the simple objects by the same integers and denote them by L;; thus P; is the
projective cover of L;. Also we have the extended decomposition matriz D a square matrix
of size p™ — 1 with entries d;;, 0 <i,j < p" — 2, where d;; := (T) k WC] is the multiplicity

of I/Vjc in the reduction of 7, to K. Then D is the submatrix of D consisting of the rows
labeled by p"! —1 < i < p" — 2.
Note that the characters of Wf are [j+ 1], =

T; as an S Lo(k)-module then the entries d;; of D (hence D) are determined from the formula

e —o 7 Thus if x;(z) is the character of

r—x—1

I+l il

(4.5) Z dij—————
Proposition 4.13. (i) We have
> dia = (ie) (@ — a4
J

where the subscript + denotes the part with positive powers of x.

(11) The decomposition matriz D has mazimal rank p"~'(p —1);

(111) The entries of the Cartan matriz C are ¢;; = (xi,X;) (the inner product of SLs-
characters).

(iv) The Cartan matriz C' of Ver,n is positive definite, hence nondegenerate.

Proof. (i) is immediate from formula (4.5). (ii) follows since d;; = 0 if j > 4. (iii) follows
from (i) and Proposition [£.11](ii). Finally, (iv) follows from (ii), (ii). O

Corollary 4.14. The Frobenius-Perron dimensions d; = FPdim(L;) of simple objects of
Ver,» are determined uniquely by the system of equations

Cd = p,

where d = (d;), and p = (p;) is the vector of Frobenius-Perron dimensions p; of Py, p"~1—1 <
1 < p"—2. That is,

d=C"p.
Proof. This follows from Proposition 4.13|iv). O
The vector p can be computed from the formula p = Dw, where w; = [j + 1], =
% are the Frobenius-Perron dimensions of the Weyl modules I/VjC in Ver,(K).
Thus we get

d=C"'Dw= (DD")"'Dw
So we obtain
Proposition 4.15. We have d = (DD”)"'Dw, where w; = [j + 1], for 0 < j < p" —2 and
dij are the coefficients of xi(x)(x — 1) forp" ' —1<i<p"—2.

This determines the Grothendieck ring of Ver,» with Z,-basis since the Frobenius-Perron
dimension defines an isomorphism of this ring with O, .
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Remark 4.16. We indicate here an alternative approach to the results of Subsections [£.4]
[4.6] which avoids using the lifting to characteristic zero. Namely one can compute the entries
of the Cartan matrix directly as

Cij = dim HomVerpn (Pu P]) = dim HomTp (,_Z—ZL’ 7})

using Proposition and Theorem . However, it is well known that dim Homy, (73, T;) =
(xi, X;), see for example [2, Section 3A], so we get the formula C'= DDT as in Proposition

[.11] (ii) where D is defined by equation (4.5]). This implies that Propositions and
hold and an easy computation gives the formula from Proposition m (1).

The matrix D (hence D) can now be easily computed via Donkin’s explicit algorithm,
see Proposition [3.1[iii) and [29, E.9]. However, there is an even more explicit formula for

D, given in [33]. Namely, given a number a € [p"~!, p™ — 1] written in base p as @j...a, (so
a; # 0), we say that b is a descendant of a if b = a;p" ' + asp" 2 + ... £ a,, for some choice of
signs (clearly, in this case b € [1,p" — 1]). Thus, every number a has 2¢ distinct descendants,
where /¢ is the number of nonzero digits among as, ..., a,.

Proposition 4.17. [33] One has d;; =1 if j+ 1 is a descendant of i + 1, otherwise d;; = 0.
This yields a very explicit description of the Cartan matrix of Vern.

Corollary 4.18. The entry c;; of the Cartan matriz is the number of common descendants
oft+1 and j+1.

Proof. This follows from Proposition [{.11[ii) and Proposition [4.17] O

4.7. An explicit formula for the Cartan matrix of Ver,.. Let us now derive an explicit
formula for the Cartan matrix C' = C,,, of the category Ver,.. We first consider the case
p = 2. In this case let C;, be the Cartan matrix of Ver,. Then it is shown in [5], Proposition

4.2 that
o _ (20 Ch
+1,2 C+2 2071_172

and
Cn,Q - C:,Z S Cn71,27

for an appropriate labeling of rows and columns, where C 5 = 1, C’; 5 = 2. Hence
C:;Ll,z _ ® 0:72
Cn,2 Cn—1,2 '

Proposition 4.19. One has

Thus we get




This can also be derived from Corollary [4.18

Now let us pass to the case p > 2, and compute (), , in a somewhat different way. For two
numbers a, b with exactly m + 1 digits in the base p expansion let X,,(m) be the number
of common descendants of a,b. By Corollary Cht1p = X(n) (where we label simple
objects of Ver,. by highest weight of the projective cover). Let Y;(m) be the number of
descendants @ of a such that b := @ — 1 is a descendant of b. We will often write X,;(m),
Yao(m) as Xyp, Yap respectively, using that m can be recovered as the number of digits of a
and b. It is clear that for m = 0 we have Xy, = dqp and Yo, = 04p41-

Let a = @y,...atag, b = by,...b1bg where a,,,b,, # 0, and let ' = a,,...ar, b’ = b,,...by.

Proposition 4.20. (i) If ag = by =0 then Xy = Xop .
(ZZ) [f apg = bo 7£ 0 then Xab = 2Xa’b’-
(11) If ag + by = p then Xup = Yo + Yyur.
(iv) Otherwise Xqp, = 0.

Proof. (i), (ii), (iv) are easy, let us prove (iii). Having a common descendant means that
a'p +ap = b'p £ by for some choice of signs. The possible choices are +, —, which gives
a —b = —1and —,+, which gives @’ — b = 1, as desired. O

Proposition 4.21. (i) If ag — by = £1 then Yy = Xy
(ZZ) ]fCLO — bQ =p— 1 then Yab = Y;z’b’-
(ZZZ) [fao + bo =p+ 1 then Yab = Yl-)’a’-
(iv) Otherwise Yq, = 0.

Proof. Similar to Proposition 4.20] O
Let Z=Y +Y7T.

Corollary 4.22. (i) If ag = by = 0 then X = Xo -
(ZZ) [f apg = bo 7é 0 then Xab = 2Xa’b/-
(ZZZ) [f ag + bg =Pp then Xab = Za’b’-
(iv) Otherwise Xq = 0.

Corollary 4.23. (i) If ag — by = £1 then Zy = 2Xyp .

(ZZ) ]fao + b() =p— 1 then Zab = Za’b’~

(ZZZ) ]f ag + bg =P +1 then Zab = Za’b’-

(iv) Otherwise Zy, = 0.

Define the following p X p matrices A, B, S, D with rows and columns labeled by 0, ..., p—1.
Let A be defined by Aij = 04,5—1 + 51‘7]‘_’_1, B be defined by Bij = 5i+j,p—1 + 5i+j,p+17 S be the
matrix with S;; = d;1;,, and D := diag(1,2,2,...,2).

Corollary 4.24. We have X(0) =1d, 1, Z(0) = A, where A is obtained from A by deleting
the 0-th row and column, and for m > 1

X(m)=DXm-1)+S®Z(m—1), Z(m)=2A0 X(m—1)+B® Z(m—1).

() = (2 5) = (2 =1):
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Proposition 4.25. One has

()= 5) " e ()

Example 4.26. For p = 3 we have

10 0[]0 0 0\
020[001 10
Cos \ |00 201 0 01
(Z(n—l))_OZOO()l 2101
20 2/0 10 10
020101
Thus, for n = 2 we get
100000
020/001
002010
3= 1570 0[1 0 0
00 1/020
010002

which after permuting rows and columns falls into a direct sum of the Cartan matrices for

1 2
Corollary 4.27. All entries of the Cartan matriz C,,, are either 0 or 2™ with0 < m < n—1.

Proof. 1t follows from Propositions [4.19] that while computing entries of C, ,,, we never
have to add nonzero numbers and only have to multiply them (for example, for p > 2 this is
so because the matrices D and S don’t have nonzero entries in the same position, and A, B
don’t either). This implies the statement. O

the four blocks of Vers2, two copies of 1 and two copies of (2 1>.

Example 4.28. The Cartan matrix entry ¢y 4 of C' = C,,, equals on—1,

Remark 4.29. 1. For p = 2 Corollary is proved in [5], Proposition 4.2.
2. Here is another proof of Corollary Namely, by Proposition [3.1{(iii), it suffices to
show that for p — 1 < a,c < 2p — 2 the space

Hom(T, ® T}, T, ® TS") = Hom(T, ® T., (T, ® Ty)™)

has dimension 0 or 2™, 0 < m < n — 1. But among the direct summands of 7, ® T, only
15,5 and T3, 5 have quotients on which the Frobenius kernel acts trivially (note that T3, o
appears only if a and ¢ have different parities and the corresponding quotient is Tl(l)). Thus
we have the following recursive formulas:

2dimHom(7,,Ty) if a=c#p-—1,

dim Hom(Ty, T}) if a=c=p-—1,
dimHom(7},,V®Ty) if a+c=3p—2.

0 otherwise.

We can combine formula (4.6 with (3.3)) and (3.2]). One observes that in all cases the number

dim Hom(Ty, V ® T,) equals to dim Hom(7}, Tyy+1) or dim Hom(7}41, 7y) as the summands in
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(3.3) are typically in different linkage classes. This implies that all nonzero entries of the
Cartan matrix are powers of 2, and the power is < n — 1.

4.8. The objects T; = F(T;). Let us now discuss the properties of the objects T; := F(T;).
Recall that for p»~! — 1 < i < p™ — 2 the objects T; = P; are precisely the indecomposable
projectives of the category Vern.

Next consider the case i < p. Note that for such ¢ we have T; = S°T;.

Lemma 4.30. For ¢ < p the objects T; are simple. The projective cover of T; is Topn-1_9_;.
Proof. We claim that if, for j € [p"™' — 1,p" — 2], we have Hom(7},T;) # 0 then it is
1-dimensional and j = 2p"~! — 2 — 4. Indeed,

Hom(T},T;) = Hom(1,T; ® T}) = Hom(1, T; ® T}).
Thus by Lemma Hom(T};,T;) # 0 if and only if T; ® T contains Tpn-1_5 as a direct
summand. Now the claim follows from Proposition [3.13

It follows that for any T, there exists a unique indecomposable projective P such that
Hom(P, T;) # 0 and this Hom-space is one dimensional. This implies the statement. O

Lemma 4.31. The object T, has length 3 and composition series [T,_o, U, T,_s] for some
simple U.

Proof. We have T, = T; ® T,_;. Thus FPdim(T,) = @#. But we have nonzero

morphisms T, — T,_o and T,_» — T,, so by Lemma |4.30, T, has composition series as

claimed with some object U. It remains to show that U is simple. To this end, note that
FPdim(U) = FPdim(T,) — 2FPdim(T,_2) =

L@ ) 2 N g
(g —q1)? '

Thus FPdim(U) < 2, so U is simple. O

4.9. Some properties of the Frobenius functor. Consider the Frobenius functor
F: Verp, — Ver](ﬁ) X Ver,

defined in [24] (note that Vergq) = Ver,n since the categories 7, , and Ver,» are defined over
the prime field).

Proposition 4.32. For n > 2 the functor F is not exvact, i.e., the category Verpn is not
Frobenius exact in the sense of [24]. Equivalently, Ver,» is not locally semisimple in the
sense of [12] (see [24], Remark 7.2).

Proof. Since there are no tensor functors Ver,» — Ver,, (Theorem [L.5|(v)), by [24, Section §]
the category Ver,. is not Frobenius exact. U

In this section we discuss some properties of F restricted to F(7,,) C Ver,». We assume
that n > 1; see [32, Example 3.8] for the case n = 1.

Corollary 4.33. We have F(T,) = UK 1 € Ver,» X Ver,, where U is the object from Lemma

7.5
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Proof. We have a decomposition ']T?p =66 T, ® m; & M, where 7; are free Z/p-modules

1<p—2
and
M= (p - 2)TP*2 ©® TP = (p - Q)TP*Q ® [Tp*% U, Tp*ﬂ?
where the last equality comes from Lemma [£.31] This implies the statement. 0

Corollary implies that for n > 1 the functor F restricted to £'(7,,,) lands in Ver,»X1 C
Ver,» X Ver,. In what follows we identify Ver,» X 1 with Very, so F : F/(7,,) — Ver,n.
The following result should be compared with ({3.1).

Proposition 4.34. Letn > 1. Forp—1<a <2p—2 and b € Z>y we have
(4.7) T, ® F(Ty) = Totpo-

Proof. The morphisms T, o — T, and T, — T,_2 from the proof of Lemma split
after tensoring with St = T,_; by Proposition [3.2] so we get St ® U = To,_1 by an easy
computation (where we denote F(St) just by St for brevity).

Let 7, = 1,/Z, C T.p be the thick ideal generated by St. We prove now that
St ® F(T;) € F(7,,) by induction in i. The base case i = 0 is clear as Ty = 1. As-
sume that St ® F(T;) € F(7,),) holds for some i. Then Ty is a direct summand of T; ® T4,
so St®F(T,4) is a direct summand of St @ F(T,;) @ F(T,) = St@ U @ F(T;) = Ty,—1 @F(T;).
Since Ty, is a direct summand of T, ® St, we see that St ® F(T;1;) is a direct summand
of T, ® St ® F(T;) and thus St ® F(T;;.) € F(7,,) since the category 7,', is closed under
tensor products and direct summands.

For a > p—1 the object Ty, is a direct summand of T,_(,—1) ® St, so T, ®F(T,) is a direct
summand of T,_¢,—1y) ® St ® F(T}), so T, ® F(T,) € F(7,,) by the preceding paragraph.

We now prove the proposition by induction in b with the base case b = 0 being clear. Thus
assume that holds for all b < m. Let S = S(m) be the multi-subset of Z> such that

It is clear that s < m for any s € S, so (4.7) holds for b = s € S. We have
St@Ta®F(Tm+1@@SeSTS) = StRT,QF(T1®T,,) = StRURT,RF(T,,) = Tap_1@Taspm =

F(Top1 @ Toipm) = F(Tyo1 9 TV @ T, @ TV) = St @ F(T, ® () @ T,,) V) =
St® F (Ta ® (Trg1 @ @SGSTS)(D) = St @ F(Tyqpim+1) @ @seSTa ips) =

= St @ (Tatp(m+1) & @seSTaﬂ’s)'
Thus using the induction assumption for b = s € S we get
St ® Ta ® F(Tm+1) = St ® Ta+p(m+1)7

that is (4.7) holds for b = m + 1 after tensoring with St.
Luckily we can cancel St: in the split Grothendieck ring K(7y,,) we have K(7,)

[St]K (T,,) and we get the cancellation by applying the following result to the ring K (7,,,)
and a = [St]: in a commutative semisimple ring the equality a?h; = a®by implies ab; =
abg. OJ
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4.10. The inclusion Ver,.-1 < Ver,». In this section we use (4.7) to prove the following
theorem.

Theorem 4.35. For n > 2 we have a natural inclusion H : Veryn-1 < Verp. as a tensor
subcategory.

Proof. Recall that we have a tensor functor F : F(7,,) — Ver,n.
Corollary 4.36. F(F(St,—1)) =0 and F(F(St,—3)) # 0.

Proof. By (4.7)) we have
F(Tpn—lfl) ® Tp,1 = Tpfl+p(p"_1fl) - Stn — 0

and
F(Tpn72_1) ® Tp—l - Tp_1+p(pn72_1) - Stn_l ?é 0 I:l

Thus the functor F o F induces a faithful monoidal functor H : Tn—1p — Verp., see
Proposition 3.7 or [5], Lemma 3.7. But 7,_1, has an abelian envelope Ver,.-1 by Theorem
. Thus the functor H extends to an (exact) tensor functor H : Veryn-1 — Very.. This
functor is automatically faithful, see [22, Remark 4.3.10]. We claim that it is also full, i.e.,
H is an embedding, see [22], 6.3].

Corollary 4.37. The functor H is full. In particular the functor H s full on projective
objects of Veryn-1.

Proof. 1t is sufficient to show that the injective map Hom(1,T,) — Hom(F(1),F(T,)) is
surjective for any b. Thus by Lemma [3.6| we need to show that Hom(1,F(T,)) is one dimen-
sional for b = 2p' — 2,0 <1 < n — 1 and zero otherwise. But since 1 is a quotient of T3,
we have
dim Hom(1, F(T)) < dim Hom(T5, 5, F(T;)) =
= dim Hom(1, Ty,_5 ® F(T})) = dim Hom(1, Tap_24pp),
and the result follows from Lemma [3.6] O

It follows that the functor H is full which proves the theorem. 0J

Remark 4.38. Here is an alternative approach to the existence of the functor H. By
Proposition the category Ver,» for n > 2 is not Frobenius exact, so by [24], Proposition
7.6, F(Q) = 0 for every projective () € Verp.. This means that the monoidal functor
FoF :7T,,— Very. X Ver, factors through 7,_, for some £ > 0. But 7,_, has an abelian
envelope Ver,.—«. Thus the functor F o F' factors through a tensor functor H : Ver,n—r —
Ver,» X Ver,. By Corollary , this functor lands in Ver,. (as T, generates Very.—«).
Recall that the Frobenius-Perron dimensions of the objects of Ver,.-» are contained in the

ring O, p, see Theorem (iv). However by Corollary m the image of the functor H
contains an object U X1 such that its Frobenius-Perron dimension generates the ring O,,_ ,

see the proof of Lemma |4.31, We conclude that k = 1.
In what follows we consider Ver,»-1 as a subcategory of Ver,. via the functor H.

Corollary 4.39. Assume n > 2. Let L be a simple object of Ver,n-1 with projective cover
T, wherer € [p"~2—1,p" "1 —2]. Then projective cover of L considered as an object of Vern

18 T2p72+pr .
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Proof. By (4.7)) we have Tap_94pr = F(T,)®Ta,—2, so H(T,) = F(T,) is a quotient of Ty, o,
as Ts,_o surjects onto 1. O

Proposition 4.40. The functor X — H(X) ® T,_; is an (additive) equivalence of Ver -1
with a direct summand of the category Verpn.

Proof. 1t is clear that this functor is exact and faithful. We claim that it sends projective
objects to projective objects and that it is full on projective objects. The first assertion is
immediate from (4.7]) where we substitute a = p — 1. The second assertion is an immediate
consequence of (4.6)). The proposition is proved. O

4.11. The tensor product theorem for Ver,.. Here is a generalization of Lemma [4.30]
Proposition 4.41. Assumen > 2. Let L be a simple object of Ver,n-1 with projective cover
T,, r € [p"2—1,p" " —2]. Then for anyi € [0,p — 1] the object T; ® L of Ver,. is simple
with projective cover Top_o_irpr. Any simple object of Veryn is of this form.
Proof. We claim that there is a unique j € [p"~' — 1, p" — 2] such that Hom(T;, T; ® L) # 0
and this Hom—space is one-dimensional. But
Hom(T;, T; ® L) = Hom(T; ® T}, L) = Hom(T; ® T;, L)

and by Corollary this space is nonzero if and only if T; ® T; contains T, o4, as a direct
summand. The first statement now follows from Proposition [3.13. The second statement is
a consequence of the count of the simple modules. 0

By iterating Theorem we get a sequence of embeddings Ver, C Ver,2 C ... C Very.

For any » > 2 and ¢ € [0,p — 1] let us denote by TET} the simple object of the category
Ver,r as in Lemma possibly considered as an object of Ver,s with s > r. Similarly, for

i€ [0,p—2] let ']I'E-1 denote the simple object of Ver, possibly considered as an object of
Ver,s with s > 1. Then Theorem implies
Proposition 4.42. For 0 <i<p—1 and m > 2, we have F(']I‘Em]) = TEmfl] except if m = 2
and i =p— 1, in which case F(Tgm]) = 0.
For a sequence of base p digits ay,as, ...,a, € [0,p — 1] let
Was . Gp=ap" "+ ..+ ap+a,

be the corresponding integer in base p. For a base p digit a let a* := p — 1 — a. By iterating
Proposition we get the following result (cf. Steinberg’s tensor product theorem [29]
3.17] and [5, Theorem 2.1 (ix)]):

Theorem 4.43. Leti; € [0,p—2], 49,...,i, € [0,p—1], and i = 4;...5, € [0,p" H(p—1) — 1]
the corresponding integer written in base p. Then the object L; := TE](@TE]@- . .®T£Z] € Veryn
is simple, and any simple object of Ver,n can be uniquely written in this form.ﬂ The projective
cover of L; is P, := P, =T, with
s=s5(i)=p" ' =1 +iyis...15;

in other words, L; = Lg. Moreover, the simple objects of Ver;n are the L; for even 1.

4The object L; should not be mixed up with the simple module over SLs(k) with highest weight ¢ which
we also denoted by L;. We hope this will not lead to confusion since the simple S Ly (k)-modules will not be

used from this point on.
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Thus, Theorem [.43] gives a new way of labeling the simple objects of Very., and the
transition between the two labelings is given by the formula L; = L. For example, for
p =2 we have iy = 0,50 5(i) = 2" —2 — 4,80 L; = Lon_5; for 0 <4 < 27! — 1. Also,
Lyn-1(p—9) = Lyn_o is the generator of sVec C Verpn.

Remark 4.44. For p = 2, the simple objects L[lm] were denoted in [5] by X,,_1,2 <m <n.
Thus for a subset S € [1,n — 1], the object Xg € Vergn = Ca,_o from [5] is L; where

;= Zkes 2n717k‘
Corollary 4.45. (i) The categorical dimensions of simple objects of Ver,n are given by the

formula
n

dim(L;) = [J(ix +1) € k.
k=1
(11) The Frobenius-Perron dimensions of simple objects of Ver,n are given by the formula
FPdim(L;) = [ Jlix + 1] -
k=1

Thus Ver;n is a categorification of the ring O, , with basis b; = [[;_,[ix + ]_]qpn—k for even
i€ 0, p"t(p—1)—1].
Proof. This follows since dim (7}) = j 4+ 1 and FPdim(T;) = [j + 1], in Veryn. O

Corollary 4.46. The Frobenius functor acts on the simple objects of Very. as follows. Let
0<r<p—2and0<b<p*'—1. Then if b > p"~* — p" 2, we have F(L,yn-1.) = 0.
Otherwise F(L,yn-14p) = Ll[)"fl] X L, if r is even and F(Lpn-14p) = (Lz[ﬂz ® LL"fl]) XL, oy
if v is odd.

Proof. This follows from Proposition m, Theorem m, [32, Example 3.8] and the fact that
F is a monoidal functor, see [24]. O

Remark 4.47. The following remark is a generalization to odd characteristic of [5], Remark
3.14. The category Ver, is filtered by Serre subcategories Ver,., r > 0, whose simple objects
are those occurring in V®/ j < r (where we recall that V' = T;). These categories are not
closed under tensor product, but we have partial tensor products Ver;n x Very. g Ver,.
with associativity isomorphisms satisfying the pentagon relation. Moreover, we claim that
the Frobenius functor F maps Ver,. to Ver),-, when n is large enough compared to r,
preserving this partial tensor product. Indeed, for simple objects this follows from Corollary
[4.46] and for arbitrary objects it follows since for a filtered object Y any composition factor
of F(Y') is also one of F(gr(Y')) (see [24], Proposition 3.6).

Example 4.48. Let p < a < 2p — 2. Then by Theorem the projective cover of
']T[ln_l} ® ']I‘Ln,]p is Topn-1_9_,. We have a nonzero morphism Topn-1_9_, @ Ty — Topn-1_9 — 1,

hence a nonzero morphism Tyyn-1 5 , — T,. Hence T[ln_l} ® T([ln_]p is a simple constituent
of T,. Similarly, using the nonzero morphism T, ® Tqp_9_, — To,—2 — 1, we see that the
simple object Tq,_5_, (see Lemma is both a subobject and a quotient object of T,. By
comparing the Frobenius-Perron dimensions we deduce that the object T, has composition
series
T, = [TprQfaa T[lnil] @ P]I‘afpv TprQfa]a
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generalizing Lemma [4.31

Corollary 4.49. The only braided tensor functor E : Ver,n — Veryn is isomorphic to the
identity. In particular the group of braided autoequivalences of the category Veryn is trivial.

Proof. By Corollary 4.7, braided (= symmetric) tensor functors E : Veryn — Ver,» corre-
spond to objects X € Veryn with A°X = 1, A’X = 0 and Q (X) = @, ,(X). Such an
object X must have Frobenius-Perron dimension ¢+ ¢~!, in particular, it is simple, since this
number is less than 2. Thus it follows from Corollary [£.45(ii) that X = L;. Thus there is a

unique braided tensor functor E up to an isomorphism, which must therefore be isomorphic
to the identity. 0

4.12. Tensor product of simple objects. Let us now compute the tensor product of
simple objects of Ver,» (in its Grothendieck ring). We start with the following result about
the tensor product T,, ® T, for 0 < m,r < p— 1.

Proposition 4.50. The tensor product T,, ® T, for1 < m,r < p—1 is given by the formula

Ty @ T, = @Im—T\SkSQ(p—Q)—m—er @ @p—lﬁkﬁm"’rTb
ifm-+r>p, and

T, ®T, = @lm—r\§k§m+er
if m+r < p, where the summation is over integers k such that m +r — k is even.

Proof. This follows immediately from Lemma [3.10] O

Corollary 4.51. The multiplication of simple objects in the Grothendieck ring Gr(Ver,n)
is given by the following recursive rule. Let n > 2, a = da'p+m, b = b'p + r, where
0<m,r<p—1and0<d,b <p"%(p—1)—1. Then for m +r > p we have

L,Ly =

> Ly + > (2 = Ok p1)Li | (LarLy)P U4

|m—r|<k<2(p—2)—m—r 2(p—1)—m—r<k<p—1
+ Y Lip(VELgLy) .
p<k<m-+r
and for m +r < p we have

L,L,= Z Ly (La/Lb/)[n_l],

Im—r|<k<m-+r

where V := Ty and the summation is over integers k such that m +r — k is even.

Proof. This follows from Proposition and Example [£.48 O

This allows one to quickly compute products in Gr(Ver,»), since the products L, Ly and
V Ly Ly are computed in the smaller category Ver,n-1.

Here is a somewhat more elegant way to reformulate Corollary .51} Let A be a unital
commutative Z, -ring ([22], Subsection 3.1). By a wunital Z-ring over A we will mean a ring

B D A with a free A-basis b;,i € I (where by = 1 for some element 0 € I), such that A is
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central in B and b;b; = >, Nl-lj-bk, where Ni’; are nonnegative elements of A. In this case B
is a unital Z,-ring in the sense of [22], Subsection 3.1, with basis a;b;, where a; is the basis

of A.

Corollary 4.52. For n > 1 the ring Gr(Veryn) is a unital Z,-ring over Gr(Veryn—1) with
basis L,,, 0 < m < p—1, and multiplication given by

LynL, = > Li + > 2= 0kp-0)Li+ Y, VL,

|m—r|<k<2(p—2)—m—r 2(p—1)—m—r<k<p—1 p<k<m-+r

Lole= ), L

|m—r|<k<m-+r

form+r >p and

form +r < p, where V = T[ln_l] € Gr(Veryn-1) and the summation is over integers k such
that m +r — k is even.

Example 4.53. Since Vers = sVec, the ring Gr(Very) is Z[V]/(V?—1) with basis 1, V. Thus
by Corollary the ring Gr(Very) has basis 1, Ly, Ly over Gr(Vers) with multiplication given
by
Li=1+ Ly, LiLy=2L,+V, L3 =2+ Ly+ VL.

So the basis of Gr(Verg) is 1, M; = V Ly, My = L, with multiplication given by

M} =1+ My, M{My =1+2M,, My =1+ M, + M.
This agrees with the data in Subsection [5.1]
4.13. The blocks of Ver,n.

Proposition 4.54. The objects T; and T; are in the same block if and only if the following
holds:

(a) i and j have the same parity;

(b) base p expansions of i + 1 and j + 1 have the same number of zeros at the end;

(c) the last nonzero base p digits of i + 1 and j + 1 are either equal or sum up to p.

Proof. This follows from Proposition [£.17] O
It now follows from Proposition that Ver,. has the following block structure.

Proposition 4.55. The category Ver,n has n(p — 1) blocks. More specifically, it has p — 1
blocks of size 1 formed by projective (simple) objects T; with i + 1 divisible by p"~', p — 1
blocks of size p — 1 formed by projective objects T; with i + 1 divisible by p"~2 but not p"~!,
p — 1 blocks of size p*> — p formed by projective objects T; with i + 1 divisible by p"~3 but not
p" 2, etc. In particular it has p — 1 blocks of mazimal size p"~1 — p"=2 formed by projective
objects T; with i + 1 not divisible by p; all these blocks are equivalent to each other by the

translation principle, see [29].

Observe that by Proposition the functor T+ St @ TW from Tepn-1_; to Tepn_y is
fully faithful; its image is generated by the objects T; such that ¢ + 1 is divisible by p, i.e.,
by the objects lying in the blocks not of maximal size. Thus we get the following statement:

Proposition 4.56. The blocks of the same size in the categories Very. (where n is allowed

to vary) are all equivalent to each other; in particular they have the same Cartan matrices.
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Remark 4.57. Let p = 2 and let Ver,, C Veran be the additive subcategory generated by T;
with odd 4. Then Very, acts on Ver,, by left multiplication. At the same time the category
Vergn-1 acts on Ver,, by right multiplication: X,Y +— X ® H(Y); clearly these two actions
commute. It follows from the discussion above that Ver,, considered as a module category
over Vergn-1 is equivalent to the regular module (i.e., to Vergn—1 considered as a module over
itself). This implies that there exists a tensor (but not braided) functor Vers,, — Versn-1; thus
the category Verj, can be described as the representation category of some triangular Hopf
algebra in Versn.—1. This can be considered as an a posteriori explanation of the construction
in [5].

4.14. Ver,» is a Serre subcategory in Ver,nix.

Proposition 4.58. Let p > 2. Then

(1) Any tensor subcategory C C Veryn1 containing Very. as a full subcategory coincides
with Veryn or with Verpnii.

(ii) The category Veryn is a Serre subcategory in Ver,n+x.

Proof. (i) Let X = Tyn-1_y € Verp.. This is a simple projective object. On the other hand,
in Ver,n+1 it is not projective and has projective cover Px.

Lemma 4.59. We have [Px : X| = 2.

Proof. By Corollary we have Px = Tynip,_o. Now [Px : X] = dim Hom(Px, Px) = 2 by
Proposition O

Now suppose Ver,» C C C Verpni1. Let Qx be the projective cover of X in C. Then we
have a diagram of surjective morphisms Px — Qx — X. It is clear that Qx is self-dual,
so by Lemma either Qx = Px or Qx = X. In the first case every indecomposable
projective in C, being a direct summand in Y ® Q)x for some simple Y € C, is projective
in Ver,n+1, which implies that C = Ver,.+1 (using the multiplication rule for simple objects
from Corollary . On the other hand, if Qx = X then similarly all projectives of Veryn
are projective in C, so we get C = Veryn.

(ii) It suffices to prove the statement for & = 1, in which case it follows from (i). O

Corollary 4.60. The only tensor subcategories of Ver,n are Verym and Ver];fm form <n.

Proof. For p = 2 this is proved in [5], Corollary 2.6, so let us consider the case p > 2.
It suffices to show that the only tensor subcategories of Ver;rn are Velr;rm for m < n. Let
C C Ver;L be a tensor subcategory. Let m be the largest integer such that C contains all
simple objects of Ver,". Then by Corollary , C cannot contain any other simple objects.
Thus C is contained in the Serre closure of Ver;m inside Ver;n. So it follows from Proposition

that C = Ver;rm. O

4.15. Ext! between simple objects. Let us describe a recursive procedure for computing
Ext! between simple objects of Ver,». We will focus on the case p > 2 since the case p = 2
is addressed in [5], Subsection 4.5. Recall that by Theorem @l the simple objects of Veryn
look like X ® T; where X € Verpn1 and 0 <@ < p— 1. Also by block considerations for
X,Y € Very,n1 we have

EXt(r/Lerpn (X ® T“Y ® TJ) = 0, m >0

unless i = j or i = p — 2 — j. Consider first the case i = j.
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Lemma 4.61. For each m we have a canonical isomorphism Ext’{}erpn (X®T)_1,Y®T,_1) =
Exty,  (X,Y).
P

O

Proof. This is an immediate consequence of Proposition [4.40}
Lemma 4.62. (i) If 0 < i < p — 2 then we have a canonical isomorphism
Extye,,, (X @ T;, Y @ T;) = Exty, , (X,Y).
(ii) If p> 2 and 0 < i < p — 2 then we have a canonical isomorphism
Extye,,, (X @ Ty, Y @ Ty) = Exty,, (X, Y).
Proof. (i) We have
Ext%rpn (XeT, YT, = Ext(,—”erpn (X, YT, ®T)).

Now, T; ® T; can be written as a direct sum of indecomposables, and by block considerations
the only direct summand which contributes to Ext® is 1. This implies the statement.
(ii) This follows from (i) and Proposition [4.58(ii). O

Now consider the case j = p — 2 — 7. In this case we can again write
Etherpn (X (029 Tia Y & T]) = EXt$erpn (X, Y & Tz & T])7

and by block considerations the only indecomposable direct summand in T; ® T; that con-
tributes to Ext® is T,_». Thus, it suffices to compute

Extye, , (X, Y @ Tpos).
To this end, note that T; ® T, = [T,_o, i, T,—2] (Lemma . Thus,
Extl, (X, Y @ [Tymy, T}, T,s)) =
=Ext(,, (X, YT, ®T,—1) =Exty, , (X®T,1,Y®T) =0
by block consideratiorfs. From the long exact sequeni:e it then follows that
Extle, , (X,Y @ T,_) = Homye,,, (X, Y @ [T, ")) = Homvyer ,, (X, Y @ V).
Finally, this Hom can be computed using the following proposition.

Proposition 4.63. Let X,Y € Veryn-1 and 0 <4,j < p—2. Then Hom(X®L;, Y QL;®V) =
0 unless |i — j| = 1. In the latter case, Hom(X ® L;,Y ® L; ® V) = Hom(X,Y).
Proof. We have

Hom(X ® L;,) Y ® L; ® V) =Hom(L; ® L; @ V.Y ® X™).

Now, the product L; ® L; ® V' decomposes as a direct sum of T; for 0 < j < 2p — 1. But by
block considerations for every object Z € Very.—1 C Ver,n, we have Hom(T;, Z) = 0 unless
j=0o0rj=2p—2 and

Hom(Ty,_», Z) = Hom(1, Z).

This implies the statement. O

Thus, we obtain the following proposition.
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Proposition 4.64. Letn > 2, p > 2, a=adp+m, b=Vp+r, where 0 < m,r <p-—1
and 0 < a',b < p"2(p—1) — 1. Then the following hold for Ext' between simple objects of
Verpn.

(i) Ext%,erpn(La, Ly) =0 unlessr=m orr=p—2—m.

(i) If r = m then Extye, , (La, Ly) = Extlv%n_l (L, Lyy).

(i) If r = p — 2 — m then Ext{,erpn (La, L) = 0 unless the last digit of o’ is < p—1
and b = a + 1 or the last digit of a’ is > 0 and V/ = o’ — 1. In the latter two cases,
Extvey,, (La; Lo) = k.

In other words, Ext%,erpn (Lo, Ly) # 0 if and only if a and b differ only in two consecutive

digits, of which the first ones differ by 1 and the second ones add up to p — 2, and in this
case Ext%,erpn (Lo, Ly) = k.

Remark 4.65. For p = 2 the fact that for any a, b, Ext{,erpn (La, Ly) is either 0 or k is proved
in [5], Proposition 4.12.

Example 4.66. 1. If p > 2 then Ext{,erpn (Lo, L) = 0 for all a.

2. Let n=2,p > 2. Then Ext%,erpn (Lq, Ly) = O unless a = kp+c—1land b = (k+2)p—c—1
orb=kp+c—landa=(k+2)p—c—lora=kp+c—landb=kp—c—1lorb=kp+c—1
and a = kp — ¢ — 1 for some 1 < ¢ < p — 1. In these cases, Exty,, (L4, Ly) = k. Note that
this agrees with the data in Subsection [5.1] ’

4.16. The Grothendieck ring of the stable category. Given a finite tensor category
C, one may consider the Grothendieck ring GrStab(C) of the stable category Stab(C), which
by definition is the quotient of Gr(C) by the ideal of classes of projective objects. It is clear
that as an abelian group, GrStab(C) is the cokernel of the Cartan matrix C' of C. Thus if C
is invertible then this ring is finite of order |det(C')]|.

In this section we compute the ring GrStab(C) for C = Ver,» and C = Ver,, for n > 2.E|
Note that for p > 2 we have GrStab(Ver,») = GrStab(Ver,)[u]/(u* — 1), so it suffices to
compute GrStab(Ver,).

Recall that ¢ = ¢™/?" and [a], = P

Proposition 4.67. (i) For p > 2 the ring GrStab(Ver,.) is isomorphic to Onp/([p"'],)-
(i) The ring GrStab(Veran) is isomorphic to O,y12/([2"7Y,).
(iii) The ring GrStab(Vers.) is isomorphic to O,a/((q¢+q )27 ],).

Proof. (i) Recall that Gr(Very,) = O,,,. Also, since

m—1
T(lgm ® Tpn_lfl = Tpn—1+m,1 EB @ifo mepn—171+i,

the ideal of projectives is generated by T,»-1_;. Therefore, the corresponding ideal in O, ), is
generated by the Frobenius-Perron dimension of T,.-1_1, which equals [p"~!],. This implies
the statement.

(ii) The proof is the same as (i), using that Gr(Versn) = O, 11 2.

(iii) The proof is the same as (ii), using that Gr(Ver},) & O, 5 and replacing Topn-1_; by
Ton1 =T, @ Ton-1_1 (as Ton-1_1 ¢ Vers,). O

SWe thank R. Rouquier for asking this question.
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Now we would like to compute these rings more explicitly, which is now a problem in
n—l] _ divides Si

¢ = pr— p, since
already ¢*" ' — ¢ 7" = e™/? — e~™/? divides p. Indeed, for p > 2 the norm of e™/? — e~ mi/P

equals —p, while e™/2 — ¢=™/2 = 2j obviously divides 2.

elementary number theory. First of all, note that [p
1

Moreover, for p = 2 tth number (¢+ ¢ 1)[2"7 ], divides 2. Indeed, m = —igiﬁ.
But the number z = 323 is a unit, since ¢> = L thus (1 +2)*" = —(1 — 2)*",

ie., P(x) = 3((1+ 2)* 4+ (1 —x)?") = 0, while P is a monic polynomial with integer
coefficients and constant term 1.

Thus, the above rings are F,-algebras. So in Proposition [£.67|i) the ring R in question is
the quotient of F,[¢*> + ¢~2] by the relations

(q— qfl)p"*fl =0, qf(pfl)p"’l(l + q2p”’1 4.+ q2(pfl)p"’1) = 0.

The second relation can be rewritten in characteristic p as (¢ — 6_1*1)(7"*1)1”"_1 = 0, hence it
follows from the first relation. Thus

with 2z := (¢ — ¢ 1)2.
In Proposition (ii) we similarly get

R =TFyfw)/(w” ", w*) = Fylw] /w7,

where w = ¢+ ¢~ L.
Finally, in Proposition [£.67|(iil) we get

R=T,[2]/(z*",2"") = Fyl2]/z"

with 2 := (¢ —¢ )2 =¢ + ¢ 2
Thus we obtain

—2

n—1_4
Proposition 4.68. (i) For p > 2 the ring GrStab(Ver},) is isomorphic to Fy[2]/2" = and

n—171

the ring GrStab(Ver,n) is isomorphic to [z, g]/(z”fﬂQ ~1).
(ii) The ring GrStab(Veran) is isomorphic to Fy[z]/22" 1.
(iii) The ring GrStab(Very,) is isomorphic to F,[z /22”*2.

Proposition 4.69. The determinant of the Cartan matriz of any block of Ver,n of size

P Hp—1) equals p*" .

Proof. By Proposition [£.56 all blocks of the same size have the same Cartan matrices. So
the determinant in question depends only on m; let us denote it by D,,. Then Proposition
[4.68 and Proposition [£.55] imply that

n—1

([] Dy ="

m=1
Thus DPt = pP" '@~ Also since C,,, is positive definite (Proposition M(iv)), D,, is a
positive integer. Thus D,, = p?" ', as claimed. O
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4.17. Incompressibility. Let D be a (not necessarily braided) tensor category.

Theorem 4.70. (i) Assume p > 2. Let E : Ver), — D be a (not necessarily braided) tensor
functor. Then E is an embedding (i.e., it is fully faithful).

(1) Let D be braided and E : Veryn — D be a braided tensor functor. Then E is an
embedding.

Remark 4.71. (i) In the language of [5, Definition 4.3] Theorem says that the category
Ver;rn is incompressible as a tensor category, and Ver,» is incompressible as a symmetric (or
braided) category.

(ii) Theorem m(l) is not true if Ver, is replaced by Very: since there exists a tensor
functor sVec — Vec, we have a non-injective tensor functor Ver,» = Ver;;n X sVec — Ver;n,
see Corollary

(iii) See [B, Theorem 4.4] for the case p = 2. Note that in this case Veran is incompressible
as a tensor category while Verd, is not. However, both are incompressible as symmetric (or
braided) categories.

Proof. (ii) easily follows from (i), so it suffices to prove (i). By replacing D with the image
of E we can assume that D is finite and FE is surjective. Moreover by Corollary we can
extend E to a tensor functor R : Verpn — D K sVec.

Lemma 4.72. (i) Assume i € [0,p — 1]. Then R(T;) is simple and for i > 0 it is not
isomorphic to an object from R(Verpn-1).

(11) Let a € [p—1,2p — 2] and let L be a simple object from R(Veryn-1) C D. Assume
Hom(R(T,),L) #0. Then a =2p —2, L =1 and Hom(R(T,), L) is one-dimensional.

Proof. (i) We employ induction in i. The base case i = 0 is clear. Assume R(T;1) is not
simple. Thus it has a nontrivial subobject N; clearly either FPdim(N) <  FPdim(T;1) or
FPdim(R(T;11)/N) < 2 FPdim(T;4,); since R(T;41) is self-dual, in either case we will have
a quotient M with FPdim(M) < 3 FPdim(T;;). By we have a nonzero morphism
R(T,) ® R(T;) — M, so we have a nonzero morphism R(T;) — R(T;) ® M. This must be
an embedding as R(T;) is simple by the induction assumption. We have

FPdim(R(T,) ® M/R(T;)) =

2gli +2 i+ 3]y —[i+1
_{2]qFPdim(M)_[i+l]q§w—[i—kl]q_[Z+ ]q2[@+ ]q<17
so it must vanish and FPdim(M) = [i[z]lq]q. But we claim that the number o := [i[;]qu =

% cannot be the Frobenius-Perron dimension of any object. Indeed, let g be the
Galois group element such that g(q!) = ¢* (it exists since the order of ¢* is a power of p).

Then g(¢*™**) = (=1)™¢™*2, so we have

|=ymgm -1 2+
o)) = | TEET = = ol [
as desired. Thus R(T;,;) must be simple and (i) is proved.
(ii) We already know that the statement holds for a = p — 1 by (i). For a € [p,2p — 2]
the object T, has 3 simple components: Ts,_5_, with multiplicity 2 and ']I‘[ln_l] ® Ty—p, see

Example m If L # 1 ora# 2p— 2 then Hom(R(Top—2-,),L) = 0, so we must have
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Hom(R(T!"™ @ T,_,), L) # 0 which implies Hom(R(T,_,), R(TV"" ") ® L) # 0 which is
impossible for a # p by (i) as R(T[ln_”) ® L € R(Veryn-1).

It remains to show that Hom(R(T,), R(TI" ")) = 0 and dim Hom(R(T,_»),1) = 1. For
the former we observe that T, = T; ® T,_; by (3.3)), so Hom(R(T,), R (T[" 1 )) # 0 would
imply that R(T,—1) C R(T; ® Tt 1), This is impossible for p > 5 since

FPdim(T,_,) > FPdim(T; ® T\"1);

it is also impossible for p = 3 since 0 < FPdim(T; ® T[n 1]) — FPdim(T,_;) < 1 in this
case. Finally, Hom(R(T,_2),1) is a direct summand of Hom(R(T,_1) ® R(T,—1)*,1) =
Hom(R(T,_1), R(T,-1)), so it is one-dimensional by (i). O

Lemma [4.72(i) implies that the restriction of R to Ver, C Ver,. is an embedding. Thus
Theorem is implied by the following result.

Proposition 4.73. Let R : Ver,n — D be a surjective tensor functor such that its restriction
to Ver, C Verpn is an embedding. Then R is an equivalence.

Proof. We proceed by induction in n. The base case n = 1 is immediate. By applying the
inductive assumption to the image of the restriction of R to Very.-1 we can assume that R
restricted to Ver,.-1 is an embedding.

It is known that the functor R sends projective objects to projective objects, see [22)
Theorem 6.1.16]. To prove the proposition it remains to show that R is fully faithful on
projectives. Note that it is faithful automatically by [22) Remark 4.3.10], so let us show that
it is full on projectives. Since Hom(Q1, Q2) = Hom(@Q; ® Q3, 1), it is sufficient to show that
for any projective P € Very. the map Hom(P,1) — Hom(R(P), 1) is surjective. We can
assume that P is indecomposable. Thus it is enough to show that for p"~! —1 <r < p" —2
we have Hom(R(T,), 1) = 0 except for the case r = 2p"~! — 2 when Hom(R(T,), 1) should
be one-dimensional, see Lemma [3.6] Let us write 7 = a + pb where p — 1 < 2p — 2 and
p"?—1<b<p!—2 By [(&7) we have Hom(R(T,),1) = Hom(R(T,), R(F(T;))*)
where R(F(T,)) € R(Ver,.-1) by definition of the functor H, see Theorem [4.35] Thus by
Lemma Hom(R(T,), R(F(T,))*) # 0 implies that a = 2p — 2 and any nonzero morphism
factorizes through 1. Using the inductive assumption we see that b = 2p" 2 — 2 and the
nonzero Hom space is one-dimensional. Thus the functor R is full on projectives, which

proves Proposition [£.73] d
Theorem is proved. U

5. EXAMPLES

5.1. The category Ver,:. The category Ver,, as already mentioned, is semisimple. The
simple objects are Ly, ..., L, 2, where Ly = 1 is the tensor 1dent1tyﬁ The tensor products

Ly =0
are determined by the formula Ly ® L, = ¢ Ly 1 ® Lypyr 0<m<p—2.
L, m=p—2

6Note that this labeling differs by a shift from the one in some other papers, for example [24], where the
simple objects of Ver, are denoted L1 =1, Lo, ..., L,_1.
51



The Frobenius-Perron dimension of L,, is %.

The category Ver,: is not semisimple, but has finite representation type. There are p — 1
semisimple blocks, corresponding to the projective simple modules L,_i, L1, ...
and p — 1 non-semisimple blocks, each of whose basic algebra is a Brauer tree algebra with
inertial index p — 1, so that there is no exceptional vertex. The tree is a straight line with p
vertices. Thus we obtain

7Lp2—17

Proposition 5.1. The non-semisimple blocks of Ver,2 are equivalent to the non-semisimple
block of the group algebra of the symmetric group of degree p.

These results can be obtained from Proposition and the results of Subsection [3.5]

Here is the structure of the tilting modules for p = 3 and p = 5, with n = 2. The ones
we need to use are T, with p"~ ! —1 < m < p"® — 2. These are the ones below the double
line. In these diagrams, we denote by [m] the simple module with highest weight m. This
information can be read off from the paper of Doty and Henke [I§].

To = [0] T = [1]
(1] 0]
Ta=[2]| Tz3= [3] Ty = [4]
p=3: (1] [0]
4] (3]
Ts =[5 | T = [0][6] | T7 = [1][7]
[4] (3]
Tp = [0] Ty = [1] Th = [2] Ts = [3]
(3] (2] (1] (0]
Ty = [4] T5 = [5] Ts = 6] T = [7] T = [8]
(3] (2] (1] (0]
8] (7] (6] 5]
To = [9] Tio = [0] [10] T = [1] [11] Tiz = [2] [12] Tig = [3] [13]
p=5: 8] (7] (6 (5]
[13] (12] [11] [10]
Tia = [14] | T15 = [5] [15] Tie = [6] [16] Tiz = [7] [17] Tig = [8] [18]
[13] (12] [11] [10]
[18] (17] [16] [15]
Tig =[19] | Too = [10] [20] | Tox = [11] [21] | Tho = [12] [22] | T2z = [13] [23]
(18] (17] [16] [15]

In general if pis odd, forp—1 <ap+b—1<p?—2, with1 <a<p—land0<b<p-—-1,

the structure is

Tap+b7 1=
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unless b = 0, in which case Typ1p—1 = [ap +b—1]. Also, if a = 1 then (a —2)p+b—1 <0,

and we omit this composition factor so that we are left with a uniserial module.
2

The simple modules for A = Endgr, ) (EBP 2T ) correspond to the indecomposable

m=p—1-+m

tilting modules T, with p — 1 < m < p* — 2. We label each simple module with the
isomorphism type of the top composition factor of the corresponding projective object T,, :=
F(T,,). So the simple corresponding to Ty,+4—1 is labelled L,,_p—1. This has the effect that
the simples are L; with 0 < ¢ < p*> —p— 1 (this agrees with the labeling in Subsection .
The structure of their projective covers is as follows. If ¢ = ap — 1 then L; is a projective
simple in a block of its own. The block containing L, ;1 with 1 <b < p — 1 also contains
the modules L(24+41)p+s—1, Which are the ones whose highest weights are in the same orbit of
the affine Weyl group under the dot action. The Brauer tree is as follows:

Lp—p—1 Lpyo— Lap—b—1 Lip—2)p—t—1  L(p—2)p+b-1
[ ] [ ] [ ] [ ]

Thus the structure of the projective indecomposables is:

Lp—p—1 Lptv—1 Lsp—p—1 Lp-2)p-v-1 Lp—2)ptv-1
Lptp—1 Lp—p—1 L3p—p-1 Lptb—1 L3pto—1 Lip—aypro-1 Lp—2)ptb—1 Lp—2yp—b-1
Ly p 1 Lpip1 L3p—p—1 Lp—2)yp—b-1 Lp—2yprb—1

Projective resolutions in this category are formed in the usual way by walking around the
Brauer tree, see Green [28]. In particular, we have

Proposition 5.2. If p is odd then the algebra Exty,, ,(1,1) is isomorphic to k[x, ] where
x is an even gemerator of degree 2p — 2 and & is an odd generator of degree 2p — 3 (thus

£ =0). In particular, the Hilbert series of this algebra is %

For p = 3, the tensor products in Ver,: are given by the following table, in which P,
denotes the projective cover of the simple module L,,.

Lo L1 L2 L3 L4 LS
Ly | Lo® L2 Py Ly | Ls® Ls Py
Lo P Lo Py | Ls Py Ls @ Ps
L3 Ly Ls Lo Ly Lo
Ly | Ls® Ls Py Ly | Lo® L2 Ps
Ls Py Ls ® Ps | L2 Py Ly ® Py

Note that Ljz satisfies A*(L3) = Lo and S?*(L3) = 0, so it generates sVec C Verg, and
tensoring with Lj acts as a parity change (recall that in general the generator of sVec C Ver,n
is Lpn—l(p,2)>.

For p = 5, we only list the tensor products of simples in Ver;;, together with their tensor

products with the parity change module L5, which satisfies A*(Ly5) = Lo, S*(Li5) = 0.
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Lo Lo Ly Lg Ls Lo L2 L4 Lis Lig
Lo ® L Lig® L
Lo 0 | Liop Le & Lsg Le ® Py L2 1o " | L14® Pia |L16 ® L1s| L16 ® Pis
@ Ly @ L1
Ly ® P L14 & P;
Ly| Ly ® P> : 0 Pg Ps @ P L4 L4 ® P12 1 10 Pig P1g @ P13
DS P @ P12
Lo®Lo® | Lo®Ls @ L¢® Ls ®
Le | Le @ Ls Py 0 2 ? * L6 ® Lig| .0 s Py ® Pi1g |L1o ® Li2| L12 © L1a
Lio® Li2 | L12® L1g Lie ® Lig
LoLie| 0PL® Le®Lio® | Pd P ® Lioe L
Ls| Le®Ps | Ps® Pg 2 : Lio® L14® |Ls ® L1s ° 10 ° s Li2® Lia| "° 14
Lis ® L1a Ps @ Pig Pig @ P1g @ P12
P> @ P12
Lio L2 Lyg Le @ L1s Ls @ L1g |Lo® Lio| L2 @ Li2 Ly @ L1a Le Ls
Lio® L Le®Ls® | Le ® Lo ® Lo®la® ) e
Lig| " Pl LuePy|° 8 6 10 Lo® L12| L4 ® L1o ® * 1 Le®Ls | L ® Pg
@ L4 Lie®Lis | Ps® Pis P> ® P12
Li2 ® L1s
Ly®L14®
Lis® P Ps ® Ps & La® Lia®
Lis|Lis@®Pa | 10 Py @ Pig 6 s La®Lig| 1 Po® P ® Pg Ps ® Py
@ P12 Pig @ P1g Py @ P12
Pio @ P2
Lig| L1 ® L1s Pyg Lio® Li2 | Li2® L14 Le Le @ Lg Py Lo@® Ly | Lo® Ly
Lio® L Lo® L
Lig| L16 ® P1s | Pie @ Pis | L12 ® L1a 10 1 Ls Le ® Py Ps @ Ps Lo® Ly 0 *
@ P12 D Py
’L15‘ L7 ‘ Lyg ‘ L1z ‘ L3 ‘ Ls ‘ L7 ‘ Lo ‘ Ly ‘ L3 ‘

5.2. The category \/'elr;s in the case p = 3. We now describe the category Ver;; in the
case p = 3. The relevant even indexed tilting modules have the following Loewy series.

(6] 4] [0]
(4] (10] [0] [6] (2] (4] [12]
Tz = [8] Tio = [10] Tiz = [4] [12] [4] Ty = [14] Tig = [0] [10] [16] [0]

(4] [6] [0] [10] (2] (12] [4]

(6] 4] [0]

[16] [12] [10]

(12] (14] (0] [18] [10] [16] (4] [12] [22]

Tig = [0] [18] Too = [2] [20] Top = [4] [12] [22] [12]  Toa = 0] [6] [10] [18] [24] [10]

(12] [14] (0] [18] [10] [16] (4] [12] [22]

[16] [12] [10]

Again we label the simples for A by the top composition factors of the tilting modules. So
here is a table of the correspondence:

Lo | Lo | Ly | Le | Ls | Lio | L12 | L1a | L1s
Tie | Tha | Tho | Tro | T8 | T2a | To2 | Too | Ths

These fall into three blocks. One is a semisimple block containing the projective simple
Lg, one is a block of finite representation type containing L, and L4, and the remaining
six simples, Lo, L4, Lg, L1o, L12, L1 lie in a single block of wild representation type. The

Cartan matrix is
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Ly Lis | Ls |

~
o
~
N
~
[=2]

Lo
Ly
Le
Lo
L2
Lig
Lo 2 1
L1y 1

Ls 1
This can be easily obtained from the results of Section 4.

The structure of the projective A-modules (obtained using a computer calculation) is as
follows (where the diagrams for the non-uniserial modules are in the sense of Alperin [I] or
Benson and Carlson [4]):

=N = O N
O - NN RN
OO = NN O
OM%H[\'}HE
S
m;&mo»—w»—b
w0
MMOOOHE
o

Lo Ly Lg
VRN RN |
Ly Li2 Ly Lg Lo Lio Ly
NN ! | | Le
Lo Lo Lig Lo Lia Ly L2 Ly Lio
N~ e ! o0 |
Lyo Ly Ly Lio Lo Le Ly
~N S ~N S I
Lo Ly Lg
Lo Ly2 Lis
VAN N |
Ly L2 Lis Lo Lo Lia L2
AL N RN |0 ! |
Lio Le Lo Lio L2 Ly Lo Ly Lo
~ A e ! |
L2 Ly Lo Lio Lis Lia L2
~N S ~N | S |
Lo L2 Lig

For the wild block, the basic algebra is given by the following quiver and relations:

VAN
LG\%/L4 . . L12$7/L16
AN
Lio

Relations: ae = 0, vf =0, ce =0,ea =0, ¢oc =0, ¢f =0, dod = 0, 6dé = 0, bgb = 0,
BbS =0, ad = be, fa = cd, vB = da, v = ab, ee = aa, fo = (1 + pb)cy.

Note that it follows from this presentation that Sbf¢ = Bbey + BbSbey = [bey, so fo =
¢y + Bbf¢. So the last relation can be replaced by ¢y = (1 — 8b) f¢. Moreover,

Bbcy = Bady = edab = ey pb

so ¢y and hence also f¢ commute with £b.

Table [1| describes the tensor products of the simples in Ver;g.
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Lo Lo Ly Lg Ls Lio L2 L1y L1
Lo Ly Lio Li2
Lo Ly @ Ly Lo Le Lg Ps @ Lg L1 Lia Lia & Lio Lis Pig
Lo Ly Lio L1
Ly Lo @ Lo Ly Lio Ly2
Ly Lo Lg & Lo & L Lio Py Li2 @ L14|L10 @ L16 P16 ® Lio Pis® Lo
Ly Ly Lio L2
Ly Lo L2 Lio
Le Lg L1o Le® Li2 | P2® Lsg Lis Lo Py Li6® La
Ly Lo L2 Lio
Ls Ps @ Ls Py P, @ Lg Fo @ Fo P Py P12 ® P1g Pio ® Pis
@ Ps @ Ls
L10 L4
Lio Li2 Li2® L1a Lis P Lo ® L2 Ly Lo Lg Le¢ ® Ls
L10 Ly
L12 Ly
Li2 Ly Lio ® Lis Lo Py Ly Lo® Lg Ly @ Ls Lio
L12 L4
Lo Lio Ly Lo
L14|L14 @ Lio Lis | P16 ® L2 Pia Pio@®Pia| LoLe | L2o®Ls |L2®Lg® FPs® Ly Py
L2 L1o Ly Lo
Lia Lo Ly Lo
Lis P Piu® Lo [L16® La | Pio® Pis | Le ® Lsg Lo Py Li6 ® Pio ® P16 ® Lg
L2 Lo Ly Lio
TABLE 1. Tensor products in Velr;r3
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