The geometry of diagonal groups

R. A. Bailey?, Peter J. Cameron®, Cheryl E. Praeger”, Csaba Schneider®

University of St Andrews, St Andrews, UK
b University of Western Australia, Perth, Australia
¢ Universidade Federal de Minas Gerais, Belo Horizonte, Brazil

Abstract

Diagonal groups are one of the classes of finite primitive permutation groups
occurring in the conclusion of the O’Nan—Scott theorem. Several of the other
classes have been described as the automorphism groups of geometric or combi-
natorial structures such as affine spaces or Cartesian decompositions, but such
structures for diagonal groups have not been studied in general.

The main purpose of this paper is to describe and characterise such struct-
ures, which we call diagonal semilattices. Unlike the diagonal groups in the
O’Nan—Scott theorem, which are defined over finite characteristically simple
groups, our construction works over arbitrary groups, finite or infinite.

A diagonal semilattice depends on a dimension m and a group 7. For m = 2,
it is a Latin square, the Cayley table of T', though in fact any Latin square
satisfies our combinatorial axioms. However, for m > 3, the group T emerges
naturally and uniquely from the axioms. (The situation somewhat resembles
projective geometry, where projective planes exist in great profusion but higher-
dimensional structures are coordinatised by an algebraic object, a division ring.)

A diagonal semilattice is contained in the partition lattice on a set 2, and
we provide an introduction to the calculus of partitions. Many of the concepts
and constructions come from experimental design in statistics.

We also determine when a diagonal group can be primitive, or quasiprimitive
(these conditions turn out to be equivalent for diagonal groups).

Associated with the diagonal semilattice is a graph, the diagonal graph,
which has the same automorphism group as the diagonal semilattice except
in four small cases with m < 3. The class of diagonal graphs includes some
well-known families, Latin-square graphs and folded cubes, and is potentially of
interest. We obtain partial results on the chromatic number of a diagonal graph,
and mention an application to the synchronization property of permutation
groups.
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1. Introduction

1.1. The landscape

In this paper, we give a combinatorial description of the structures on which
diagonal groups, including those arising in the O’Nan—Scott Theorem, act.

This is a rich area, with links not only to finite group theory (as in the
O’Nan—Scott Theorem) but also to designed experiments, and the combinatorics
of Latin squares and their higher-dimensional generalisations. We do not restrict
our study to the finite case.

Partitions lie at the heart of this study. We express the Latin hypercubes we
need in terms of partitions, and our final structure for diagonal groups can be
regarded as a join-semilattice of partitions. Cartesian products of sets can be
described in terms of the partitions induced by the coordinate projection maps
and this approach was introduced into the study of primitive permutation groups
by L. G. Kovécs [46]. He called the collection of these coordinate partitions a
“system of product imprimitivity”. The concept was further developed in [65]
where the same object was called a “Cartesian decomposition”. In preparation
for introducing the join-semilattice of partitions for the diagonal groups, we
view Cartesian decompositions as lattices of partitions of the underlying set.

Along the way, we also discuss a number of conditions on families of part-
itions that have been considered in the literature, especially the statistical lit-
erature.

1.2. Outline of the paper

As said above, our aim is to describe the geometry and combinatorics under-
lying diagonal groups, in general. In the O’Nan—Scott Theorem, the diagonal
groups D(T, m) depend on a non-abelian simple group T and a positive inte-
ger m. But these groups can be defined for an arbitrary group 7', finite or
infinite, and we investigate them in full generality.

Our purpose is to describe the structures on which diagonal groups act.
This takes two forms: descriptive, and axiomatic. In the former, we start with
a group 1" and a positive integer m, build the structure on which the group acts,
and study its properties. The axiomatic approach is captured by the following
theorem, to be proved in Section 5. Undefined terms such as Cartesian lattice,
Latin square, paratopism, and diagonal semilattice will be introduced later, so
that when we get to the point of proving the theorem its statement should be
clear. We mention here that the automorphism group of a Cartesian lattice is,
in the simplest case, a wreath product of two symmetric groups in its product
action, while the automorphism group of a diagonal semilattice (T, m) is the
diagonal group D(T,m); Latin squares, on the other hand, may (and usually
do) have only the trivial group of automorphisms.

Theorem 1.1. Let Q be a set with || > 1, and m an integer at least 2. Let
Qo, -, Qm be m+1 partitions of Q satisfying the following property: any m of
them are the minimal non-trivial partitions in a Cartesian lattice on 2.



(a) If m = 2, then the three partitions are the row, column, and letter part-
itions of a Latin square on §2, unique up to paratopism.

(b) If m > 2, then there is a group T, unique up to isomorphism, such that
Qo, - - -, Qm are the minimal non-trivial partitions in a diagonal semilattice

D(T,m) on .

The case m = 3 in Theorem 1.1(b) can be phrased in the language of Latin
cubes and may thus be of independent interest. The proof is in Theorems 4.11
and 4.5 (see also Theorem 4.10). See Section 4.1 for the definition of a regular
Latin cube of sort (LC2).

Theorem 1.2. Consider a Latin cube of sort (LC2) on an underlying set €2,
with coordinate partitions Py, P> and Ps, and letter partition L. Then the Latin
cube is reqular if and only if there is a group T such that, up to relabelling the
letters and the three sets of coordinates, 2 = T2 and L is the coset partition
defined by the diagonal subgroup {(t,t,t) |t € T}. Moreover, T is unique up to
group isomorphism.

Theorem 1.1 has a similar form to the axiomatisation of projective geometry
(see [84]). We give simple axioms, and show that diagonal structures of smallest
dimension satisfying them are “wild” and exist in great profusion, while higher-
dimensional structures can be completely described in terms of an algebraic
object. In our case, the algebraic object is a group, whereas, for projective
geometry, it is a skew field. Note that the group emerges naturally from the
combinatorial axioms.

In Section 2, we describe the preliminaries required. Section 3 revisits Carte-
sian decompositions, as described in [65], and defines Cartesian lattices. Sec-
tion 4 specialises to the case that m = 3. Not only does this show that this
case is very different from m = 2; it also underpins the proof by induction of
Theorem 1.1, which is given in Section 5.

In the last two sections, we give further results on diagonal groups. In
Section 6, we determine which diagonal groups are primitive, and which are
quasiprimitive (these two conditions turn out to be equivalent). In Section 7,
we define a graph having a given diagonal group as its automorphism group
(except for four small diagonal groups), examine some of its graph-theoretic
properties, and briefly describe the application of this to synchronization prop-
erties of permutation groups from [14] (finite primitive diagonal groups with
m > 2 are non-synchronizing).

The final section poses a few open problems related to this work.

1.3. Diagonal groups

In this section we define the diagonal groups, in two ways: a “homogeneous”
construction, where all factors are alike but the action is on a coset space; and
an “inhomogeneous” version which gives an alternative way of labelling the
elements of the underlying set which is better for calculation even though one
of the factors has to be treated differently.



Let T be a group with |T| > 1, and m an integer with m > 1. We define
the pre-diagonal group ﬁ(T7 m) as the semidirect product of 7™ by Aut(T) x
Sim+1, where Aut(T) (the automorphism group of T') acts in the same way on
each factor, and S,,41 (the symmetric group of degree m + 1) permutes the
factors.

Let (T, m + 1) be the diagonal subgroup {(¢,t,...,t) |t € T} of T™*1 and
H= 0(T,m+1) x (Aut(T) x Spy1). We represent ﬁ(T, m) as a permutation
group on the set of right cosets of H.IfTis finite, the degree of this permutation
representation is |7)™. In general, the action is not faithful, since §(7,m + 1)
(acting by conjugation) induces inner automorphisms of 7™+ which agree
with the inner automorphisms induced by Aut(T"). In fact, the kernel of the

~

D(T, m)-action is

K={(t,... taeT™" xAut(T)|teT and o
« is the inner automorphism induced by ¢~1},
and so K = T. Thus if T is finite, then the order of the permutation group
induced by D(T,m) is |D(T,m)|/|K| = |T|™(| Aut(T)| X [Sm+1])-
We define the diagonal group D(T, m) to be the permutation group induced
by ﬁ(T, m) on the set of right cosets of H as above. So D(T,m) = ﬁ(T, m)/I?
To move to a more explicit representation of D(T,m), we choose coset
representatives for 6(7,m + 1) in T™*1. A convenient choice is to number
the direct factors of T™+! as Ty, T4, . . ., Trm, and use representatives of the form
(1,t1,...,tm), with ¢; € T;. We will denote this representative by [t1,...,tm],
and let € be the set of all such symbols. Thus, as a set, €2 is bijective with T™.

Remark 1.3. Now we can describe the action of D(T, m) on € as follows.

(I) For 1 < i < m, the factor T; acts by right multiplication on symbols in
the ith position in elements of 2.

(IT) To acts by simultaneous left multiplication of all coordinates by the inverse.

This is because, for x € Ty, © maps the coset containing (1,t1,...,t,) to
the coset containing (x,t1,...,t,), which is the same as the coset con-
taining (1,27 Yy, ..., 27 ).

(IIT) Automorphisms of T" act simultaneously on all coordinates; but inner auto-
morphisms are identified with the action of elements in the diagonal sub-
group 6(T,m + 1) (the element (z,x,...,z) maps the coset containing
(1,t1,...,tm) to the coset containing (z,t1x,...,tmx), which is the same
as the coset containing (1,2~ 'tz,..., 27 t,,2)).

(IV) Elements of S, (fixing coordinate 0) act by permuting the coordinates in
elements of Q.

(V) Consider the element of S,,y; which transposes coordinates 0 and 1.
This maps the coset containing (1,t1,%2,...,t,) to the coset containing



(t1,1,t2...,tm), which also contains (1, tfl, tfltg, ooy 17 ). So the ac-
tion of this transposition is

[t1,tay o to] o [t 8 oy ooy 8 M)
Now S,,, and this transposition generate Sp,+1.

By (1), the kernel K of the E(T, m)-action on € is contained in the subgroup
generated by elements of type (I)—(III).

For example, in the case when m = 1, the set 2 is bijective with T'; the factor
Ty acts by right multiplication, Tj acts by left multiplication by the inverse,
automorphisms act in the natural way, and transposition of the coordinates
acts as inversion.

The following theorem states that the diagonal group D(T,m) can be viewed
as the full stabiliser of the corresponding diagonal join-semilattice D (T, m) and
the diagonal graph I'p (T, m) defined in Sections 5.1 and 7.1, respectively. The
two parts of this theorem comprise Theorem 5.7 and Corollary 7.2 respectively.

Theorem 1.4. Let T be a non-trivial group, m > 2, let D(T,m) be the diagonal
semilattice and T'p(T,m) the diagonal graph. Then the following are valid.

(a) The automorphism group of ©(T,m) is D(T,m).
(b) If (IT],m) ¢ {(2,2),(3,2),(4,2),(2,3)}, then the automorphism group of
Ip(T,m) is D(T,m).

1.4. History

The celebrated O’Nan—Scott Theorem describes the socle (the product of
the minimal normal subgroups) of a finite permutation group. Its original form
was different; it was a necessary condition for a finite permutation group of
degree n to be a maximal subgroup of the symmetric or alternating group of
degree n. Since the maximal intransitive and imprimitive subgroups are easily
described, attention focuses on the primitive maximal subgroups.

The theorem was proved independently by Michael O’Nan and Leonard
Scott, and announced by them at the Santa Cruz conference on finite groups in
1979. (Although both papers appeared in the preliminary conference proceed-
ings, the final published version contained only Scott’s paper.) However, the
roots of the theorem are much older; a partial result appears in Jordan’s Traité
des Substitutions [41] in 1870. The extension to arbitrary primitive groups is
due to Aschbacher and Scott [3] and independently to Kovécs [45]. Further
information on the history of the theorem is given in [65, Chapter 7] and [64,
Sections 1-4].

For our point of view, and avoiding various complications, the theorem can
be stated as follows:

Theorem 1.5. Let G be a primitive permutation group on a finite set Q). Then
one of the following four conditions holds:



(a) G is contained in an affine group AGL(d,p), with d > 1 and p prime,
and so preserves the affine geometry of dimension d over the field with p
elements with point set €);

(b) G is contained in a wreath product in its product action, and so preserves
a Cartesian decomposition of €);

(¢) G is contained in the diagonal group D(T,m), with T a non-abelian finite
stmple group and m > 1;

(d) G is almost simple (that is, T < G < Aut(T'), where T is a non-abelian
finite simple group). O

Note that, in the first three cases of the theorem, the action of the group
is specified; indeed, in the first two cases, we have a geometric or combinato-
rial structure which is preserved by the group. (Cartesian decompositions are
described in detail in [65].) One of our aims in this paper is to provide a sim-
ilar structure preserved by diagonal groups, although our construction is not
restricted to the case where T is simple, or even finite.

It is clear that the Classification of Finite Simple Groups had a great effect
on the applicability of the O’Nan—Scott Theorem to the study of finite primitive
permutation groups; indeed, the landscape of the subject and its applications
has been completely transformed by CFSG.

In Section 6 we characterise primitive and quasiprimitive diagonal groups as
follows.

Theorem 1.6. Suppose that T is a non-trivial group, m > 2, and consider
D(T,m) as a permutation group on Q = T™. Then the following are equivalent.

(a) D(T,m) is a primitive permutation group;

(b) D(T,m

(¢) T is a characteristically simple group, and if T is an elementary abelian
p-group, then ptm + 1.

) is a quasiprimitive permutation group;

Diagonal groups and the structures they preserve have occurred in other
places too. Diagonal groups with m = 1 (which in fact are not covered by our
analysis) feature in the paper “Counterexamples to a theorem of Cauchy” by
Peter Neumann, Charles Sims and James Wiegold [59], while diagonal groups
over the group 7' = C5 are automorphism groups of the folded cubes, a class of
distance-transitive graphs, see [17, p. 264].

Much less explicit information is available about related questions on infi-
nite symmetric groups. Some maximal subgroups of infinite symmetric groups
have been associated with structures such as subsets, partitions [15, 50, 51], and
Cartesian decompositions [27]. However, it is still not known if infinite symmet-
ric groups have maximal subgroups that are analogues of the maximal subgroups
of simple diagonal type in finite symmetric or alternating groups. If T' is a pos-
sibly infinite simple group, then the diagonal group D(T,m) is primitive and,
by [66, Theorem 1.1], it cannot be embedded into a wreath product in product
action. On the other hand, if ) is a countable set, then, by [51, Theorem 1.1],
simple diagonal type groups do lie in maximal subgroups of Sym(f2).



2. Preliminaries

2.1. The lattice of partitions

A partially ordered set (often abbreviated to poset) is a set equipped with a
partial order, which we here write as <. A finite poset is often represented by a
Hasse diagram. This is a diagram drawn as a graph in the plane. The vertices
of the diagram are the elements of the poset; if ¢ covers p (that is, if p < ¢ but
there is no element r with p < r < ¢), there is an edge joining p to ¢, with ¢
above p in the plane (that is, with larger y-coordinate). Figure 1 represents the
divisors of 36, ordered by divisibility.

Figure 1: A Hasse diagram

In a partially ordered set with order relation <, we say that an element c is
the meet, or infimum, of a and b if

e cxaandc<=b;
e for all d, d < a and d < b implies d < c.

The meet of a and b, if it exists, is unique; we write it a A b.
Dually, z is the join, or supremum of a and b if

e axzandb<ux;
e forall y,ifa <Xy and b x5y, then x < y.

Again the join, if it exists, is unique, and is written a V b.

The terms “join” and “supremum” will be used interchangeably. Likewise,
so will the terms “meet” and “infimum”.

In an arbitrary poset, meets and joins may not exist. A poset in which every
pair of elements has a meet and a join is called a lattice. A subset of a lattice
which is closed under taking joins is called a join-semilattice.

The poset shown in Figure 1 is a lattice. Taking it as described as the set of
divisors of 36 ordered by divisibility, meet and join are greatest common divisor
and least common multiple respectively.

In a lattice, an easy induction shows that suprema and infima of arbitrary
finite sets exist and are unique. In particular, in a finite lattice there is a unique
minimal element and a unique maximal element. (In an infinite lattice, the
existence of least and greatest elements is usually assumed. But all lattices in
this paper will be finite.)



The most important example for us is the partition lattice on a set ), whose
elements are all the partitions of 2. There are (at least) three different ways of
thinking about partitions. In one approach, used in [6, 20, 65], a partition of
is a set P of pairwise disjoint subsets of €2, called parts or blocks, whose union
is Q. For w in Q, we write Plw] for the unique part of P which contains w.

A second approach uses equivalence relations. The “Equivalence Relation
Theorem” [20, Section 3.8] asserts that, if R is an equivalence relation on a set {2,
then the equivalence classes of R form a partition of 2. Conversely, if P is a
partition of €2 then there is a unique equivalence relation R whose equivalence
classes are the parts of P. We call R the underlying equivalence relation of P.
We write £ =p y to mean that z and y lie in the same part of P (and so are
equivalent in the corresponding relation).

The third approach to partitions, as kernels of functions, is explained near
the end of this subsection.

The ordering on partitions is given by

P < @ if and only if every part of P is contained in a part of ().

Note that P < @ if and only if Rp C Rq, where Rp and Rg are the equivalence
relations corresponding to P and @, and a relation is regarded as a set of ordered
pairs.

For any two partitions P and @, the parts of P A @ are all non-empty
intersections of a part of P and a part of (). The join is a little harder to define.
The two elements «, § in € lie in the same part of PV @ if and only if there
is a finite sequence (wp,wa, . . .,wm,) of elements of Q, with wy = « and w,, = B,
such that w; and w;y1 lie in the same part of P if i is even, and in the same
part of @ if ¢ is odd. In other words, there is a walk of finite length from « to
in which each step remains within a part of either P or Q.

In the partition lattice on 2, the unique least element is the partition (de-
noted by E) with all parts of size 1, and the unique greatest element (denoted
by U) is the partition with a single part Q. In a sublattice of this, we shall call
an element minimal if it is minimal subject to being different from E.

(Warning: in some of the literature that we cite, this partial order is written
as »=. Correspondingly, the Hasse diagram is the other way up and the meanings
of A and V are interchanged.)

For a partition P, we denote by |P| the number of parts of P. For example,
|P| = 1 if and only if P = U. In the infinite case, we interpret |P| as the
cardinality of the set of parts of P.

There is a connection between partitions and functions which will be im-
portant to us. Let F': Q — T be a function, where 7 is an auxiliary set. We
will assume, without loss of generality, that F' is onto. Associated with F'is a
partition of 2, sometimes denoted by F', whose parts are the inverse images of
the elements of 7T; in other words, two points of 2 lie in the same part of F
if and only if they have the same image under F. In areas of algebra such as
semigroup theory and universal algebra, the partition F' is referred to as the
kernel of F.



This point of view is common in experimental design in statistics, where
Q) is the set of experimental units, 7 the set of treatments being compared, and
F(w) is the treatment applied to the unit w: see [7]. For example, an element
w in € might be a plot in an agricultural field, or a single run of an industrial
machine, or one person for one month. The outcomes to be measured are
thought of as functions on €2, but categorical variables like F' which partition 2
in ways that may affect the outcome are called factors. If F' is a factor, then
the values F(w), for w in Q, are called levels of F. In this context, usually no
distinction is made between the function F' and the partition F of Q which it
defines.
I F:Q - T and G: Q — S are two functions on (2, then the partition
F A G is the kernel of the function ' x G: Q — T x S, where (F x G)(w) =
(F(w), G(w)).

Definition 2.1. One type of partition which we make use of is the (right) coset
partition of a group relative to a subgroup. Let H be a subgroup of a group G,
and let Py be the partition of G into right cosets of H.

We gather a few basic properties of coset partitions.

Proposition 2.2. (a) If H is a normal subgroup of G, then Py is the kernel
(in the general sense defined earlier) of the natural homomorphism from
G toG/H.
(b) Py AN Pk = Pynk.
(C) Py V P = P(H,K)-
(d) The map H — Py is an isomorphism from the lattice of subgroups of G
to a sublattice of the partition lattice on G.

PROOF. (a) and (b) are clear. (c) holds because elements of (H, K) are com-
posed of elements from H and K. Finally, (d) follows from (b) and (c) and the
fact that the map is injective. O

Subgroup lattices of groups have been extensively investigated: see, for ex-
ample, Suzuki [79].

2.2. Latin squares

A Latin square of order n is usually defined as an n X n array A with entries
from an alphabet T of size n with the property that each letter in T" occurs once
in each row and once in each column of A.

The diagonal structures in this paper can be regarded as generalisations,
where the dimension is not restricted to be 2, and the alphabet is allowed to be
infinite. To ease our way in, we re-formulate the definition as follows. For this
definition we regard T' as indexing the rows and columns as well as the letters.
This form of the definition allows the structures to be infinite.

A Latin square consists of a pair of sets 2 and T', together with three func-
tions Fi, Fy, F3: Q — T, with the property that, if ¢ and j are any two of
{1,2,3}, the map F; x F;: Q — T x T is a bijection.



We recover the original definition by specifying that the (¢,7) entry of A
is equal to k if the unique point w of 2 for which Fj(w) = ¢ and Fy(w) = j
satisfies F3(w) = k. Conversely, given the original definition, if we index rows
and columns with T, then 2 is the set of cells of the array, and Fi, Fb, F3 map
a cell to its row, column, and entry respectively.

In the second version of the definition, the set T acts as an index set for
rows, columns and entries of the square. We will need the freedom to change
the indices independently; so we now rephrase the definition in terms of the
three partitions P; = F; (i = 1,2, 3).

Two partitions P; and P, of Q form a grid if, for all p;, € P, (i = 1,2),
there is a unique point of Q lying in both p; and p,. In other words, there is a
bijection F from P; x P to § so that F(p1,p2) is the unique point in p; N ps.
This implies that Py A P, = E and P; V P, = U, but the converse is not true.
For example, if Q = {1,2,3,4,5,6} the partitions P, = {{1,2},{3,4},{5,6}}
and P, = {{1,3},{2,5},{4,6}} have these properties but do not form a grid.

Three partitions Py, Py, P3 of Q form a Latin square if any two of them form
a grid.

This third version of the definition is the one that we shall mostly use in this
paper.

Proposition 2.3. If {Py, P», P3} is a Latin square on §, then |Py| = |P2| =
|Ps|, and this cardinality is also the cardinality of any part of any of the three
partitions.

PROOF. Let Fj; be the bijection from P; x P; to §, for ¢,j € {1,2,3}, i # j.
For any part p; of P;, there is a bijection ¢ between P, and p;: simply put
d(p2) = Fia(p1,p2) € p1 for each part ps of P5. Similarly there is a bijection v
between P3 and p; defined by 9(ps) = Fi3(p1,p3) € p1 for each part ps of Ps.
Thus | P3| = |Ps| = |p1], and ¢~ 1¢ is an explicit bijection from P, to P3. Similar
bijections are defined by any part ps of P, and any part ps of P;3. The result
follows. O

The three partitions are usually called rows, columns and letters, and de-
noted by R,C, L respectively. This refers to the first definition of the Latin
square as a square array of letters. Thus, the Hasse diagram of the three part-
itions is shown in Figure 2.

The number defined in Proposition 2.3 is called the order of the Latin square.
So, with our second definition, the order of the Latin square is |T|.

Note that the number of Latin squares of order n grows faster than the
exponential of n?, and the vast majority of these (for large n) are not Cayley
tables of groups. We digress slightly to discuss this.

The number of Latin squares of order n is a rapidly growing function, so
rapid that allowing for paratopisms (the natural notion of isomorphism for Latin
squares, regarded as sets of partitions; see before Proposition 2.6 for the defi-
nition) does not affect the leading asymptotics. There is an elementary proof
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Figure 2: A Latin square

based on Hall’s Marriage Theorem that the number is at least
nl(n— 1! 11 > (n/e)” /2

for a constant ¢. The van der Waerden permanent conjecture (proved by
Egorycev and Falikman [32, 34]) improves the lower bound to (n/c)”. An
elementary argument using only Lagrange’s and Cayley’s Theorems shows that
the number of groups of order n is much smaller; the upper bound is n™°&",
This has been improved to n(¢°8™” by Neumann [58]. (His theorem was condi-
tional on a fact about finite simple groups, which follows from the classification
of these groups.) The elementary arguments referred to, which suffice for our
claim, can be found in [20, Sections 6.3, 6.5].

Indeed, much more is true: almost all Latin squares have trivial paratopism
groups [23, 52], whereas the paratopism group of the Cayley table of a group of
order n is the diagonal group, which has order at least 6n2, as we shall see at
the end of Section 2.4.

There is a graph associated with a Latin square, as follows: see [12, 21, 62].
The vertex set is 2; two vertices are adjacent if they lie in the same part of
one of the partitions Py, Py, P3s. (Note that, if points lie in the same part of
more than one of these partitions, then the points are equal.) This is the Latin-
square graph associated with the Latin square. In the finite case, if |T| = n,
then it is a regular graph with n? vertices, valency 3(n — 1), in which two
adjacent vertices have n common neighbours and two non-adjacent vertices have
6 common neighbours. Any regular finite graph with the property that the
number of common neighbours of vertices v and w depends only on whether or
not v and w are adjacent is called strongly regular: see [12, 21]. Its parameters
are the number of vertices, the valency, and the numbers of common neighbours
of adjacent and non-adjacent vertices respectively. Indeed, Latin-square graphs
form one of the most prolific classes of strongly regular graphs: the number of
such graphs on a square number of vertices grows faster than exponentially.

We state a well-known theorem on these graphs, and sketch the proof. In
this, a clique is a set of vertices, any two adjacent; a mazimum clique means a
maximal clique (with respect to inclusion) such that there is no clique of strictly
larger size. Thus a maximum clique must be maximal, but the converse is not
necessarily true.

11



Proposition 2.4. A Latin square of order n > 4 can be recovered uniquely from
its Latin-square graph, up to the order of the three partitions.

ProOOF. If n > 4, then any clique of size greater than 4 is contained in a
unique clique which is a part of one of the three partitions P; for i = 1,2,3. In
particular, the maximum cliques are the parts of the three partitions.

Two maximum cliques are parts of the same partition if and only if they are
disjoint (since parts of different partitions intersect in a unique point). So we
can recover the three partitions P; (i = 1,2,3) uniquely up to order. O

This proof shows why the condition n > 4 is necessary. Any Latin-square
graph contains cliques of size 3 consisting of three cells, two in the same row,
two in the same column, and two having the same entry; and there may also be
cliques of size 4 consisting of the cells of an intercalate, a subsquare of order 2.

We examine what happens for n < 4.

e For n = 2, the unique Latin square is the Cayley table of the group Cs;
its Latin-square graph is the complete graph Kjy.

e For n = 3, the unique Latin square is the Cayley table of C53. The Latin-
square graph is the complete tripartite graph K3 3 3: the nine vertices are
partitioned into three parts of size 3, and the edges join all pairs of points
in different parts.

e For n = 4, there are two Latin squares up to isotopy, the Cayley tables
of the Klein group and the cyclic group. Their Latin-square graphs are
most easily identified by looking at their complements, which are strongly
regular graphs on 16 points with parameters (16,6,2,2): that is, all ver-
tices have valency 6, and any two vertices have just two common neigh-
bours. Shrikhande [78] showed that there are exactly two such graphs:
the 4 x 4 square lattice graph, sometimes written as Lo(4), which is the
line graph L(K, 4) of the complete bipartite graph K4 4; and one further
graph now called the Shrikhande graph. See Brouwer [16] for a detailed
description of this graph.

Latin-square graphs were introduced in two seminal papers by Bruck and
Bose in the Pacific Journal of Mathematics in 1963 [12, 18]. A special case
of Bruck’s main result is that a strongly regular graph having the parameters
(n?,3(n—1),n,6) associated with a Latin-square graph of order n must actually
be a Latin-square graph, provided that n > 23.

2.8. Quasigroups

A quasigroup consists of a set T with a binary operation o in which each of
the equations a ox = b and y o a = b has a unique solution z or y for any given
a,b € T. These solutions are denoted by a\b and b/a respectively.

According to the second of our three equivalent definitions, a quasigroup
(T, o) gives rise to a Latin square (F, Fy, F3) by the rules that Q = T x T and,
for (a,b) in Q, Fy(a,b) = a, F»(a,b) = b, and F3(a,b) = aob. Conversely, a Latin
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square with rows, columns and letters indexed by a set T induces a quasigroup
structure on T by the rule that, if we use the pair (Fy, F3) to identify  with
T'xT, then F5 maps the pair (a,b) to aob. (More formally, F (w)oFs(w) = F3(w)
for all w € .)

In terms of partitions, if a,b € T, and the unique point lying in the part of
P, labelled a and the part of P, labelled b also lies in the part of P3 labelled c,
then aob =c.

In the usual representation of a Latin square as a square array, the Latin
square is the Cayley table of the quasigroup.

Any permutation of T induces a quasigroup isomorphism, by simply re-
labelling the elements. However, the Latin square property is also preserved
if we choose three permutations a1, as, a3 of T' independently and define new
functions G, G2, G3 by G;(w) = (F;(w))a; for i = 1,2,3. (Note that we write
permutations on the right, but most other functions on the left.) Such a triple
of maps is called an isotopism of the Latin square or quasigroup.

We can look at this another way. Each map F; defines a partition P; of €,
in which two points lie in the same part if their images under F; are equal.
Permuting elements of the three image sets independently has no effect on the
partitions. So an isotopism class of quasigroups corresponds to a Latin square
(using the partition definition) with arbitrary labellings of rows, columns and
letters by T'.

A loop is a quasigroup with a two-sided identity. Any quasigroup is isotopic
to a loop, as observed by Albert [1]: indeed, any element e of the quasigroup
can be chosen to be the identity. (Use the letters in the row and column of a
fixed cell containing e as column, respectively row, labels.)

A different relaxation of the Latin square structure is obtained by applying
a permutation to the three functions Fy, Fy, F3. Two Latin squares (or quasi-
groups) are said to be conjugate [42] or parastrophic [77] if they are related by
such a permutation. For example, the transposition of F} and F5 corresponds
(under the original definition) to transposition (as matrix) of the Latin square.
Other conjugations are slightly harder to define: for example, the (F;, F3) con-
jugate is the square in which the (i, j) entry is k if and only if the (k,7) entry
of the original square is 3.

Combining the operations of isotopism and conjugation gives the relation of
paratopism. The set of paratopisms of a Latin square is a group under compo-
sition, referred to as the paratopism group of the Latin square. The same terms
are applied to quasigroups related in this way. In particular, we may consider
the paratopism group of a quasigroup. In the case of groups, a conjugation can
be attained by applying a suitable isotopism, and so the following result is a
direct consequence of Albert’s well-known theorem [1, Theorem 2].

Theorem 2.5. IfA and A’ are Latin squares, isotopic to Cayley tables of groups
G and G’ respectively, and if some paratopism maps A to A’, then the groups G
and G' are isomorphic. O

Except for a small number of exceptional cases, the paratopism group of a
Latin square coincides with the automorphism group of its Latin-square graph.
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Proposition 2.6. Let A be a Latin square of order n > 4. Then the auto-
morphism group of the Latin-square graph of A is isomorphic to the paratopism
group of A.

PROOF. It is clear that paratopisms of A induce automorphisms of its graph.
The converse follows from Proposition 2.4. O

A question which will be of great importance to us is the following: How do
we recognise Cayley tables of groups among Latin squares? The answer is given
by the following theorem, proved in [13, 36]. We first need a definition, which
is given in the statement of [28, Theorem 1.2.1].

Definition 2.7. A Latin square satisfies the quadrangle criterion, if, for all
choices of i1, i2, j1, j2, ), 95, j1 and jb, if the letter in (i1,71) is equal to the
letter in (4, 71), the letter in (i1, J2) is equal to the letter in (i}, j5), and the
letter in (ig, j1) is equal to the letter in (34, j;), then the letter in (ia, jo) is equal
to the letter in (i, j5).

In other words, any pair of rows and pair of columns define four entries in
the Latin square; if two pairs of rows and two pairs of columns have the property
that three of the four entries are equal, then the fourth entries are also equal.
If (T, o) is a quasigroup, it satisfies the quadrangle criterion if and only if, for
any ajp,ag,by,ba, al,ah, b, € T, if ag oby = a) ob), a3 0o by = a} o b}, and
ag o by = ab o b}, then ag o by = al o b},.

Theorem 2.8. Let (T,0) be a quasigroup. Then (T, o) is isotopic to a group if
and only if it satisfies the quadrangle criterion. O

In [28], the “only if” part of this result is proved in its Theorem 1.2.1 and
the converse is proved in the text following Theorem 1.2.1.

A Latin square which satisfies the quadrangle criterion is called a Cayley
matriz in [29].

If (T, 0) is isotopic to a group then we may assume that the rows, columns
and letters have been labelled in such a way that a ob = a~'b for all a, bin T.
We shall use this format in the proof of Theorems 2.11 and 4.11.

2.4. Automorphism groups

Given a Latin square A = {R,C, L} on a set Q, an automorphism of A is
a permutation of {2 preserving the set of three partitions; it is a strong auto-
morphism if it fixes the three partitions individually. (These are often called
paratopisms and isotopisms, as noted in the preceding section.) We will gen-
eralise this definition later, in Definition 2.18. We denote the groups of auto-
morphisms and strong automorphisms by Aut(A) and SAut(A) respectively.

In this section we verify that, if A is the Cayley table of a group T, then
Aut(A) is the diagonal group D(T,2) defined in Section 1.3.

We begin with a principle which we will use several times.
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Proposition 2.9. Suppose that the group G acts transitively on a set ). Let
H be a subgroup of G, and assume that

e H is also transitive on );
e G, = H,, for some a € Q).

Then G = H.

PROOF. The transitivity of H on €2 means that we can choose a set X of coset
representatives for G, in G such that X C H. Then H = (H,, X) = (G,, X) =
G. O

The next result applies to any Latin square. As noted earlier, given a Latin
square A, there is a loop @ whose Cayley table is A.

Proposition 2.10. Let A be the Cayley table of a loop QQ with identity e. Then
the subgroup SAut(A) fizing the cell in row and column e is equal to the auto-
morphism group of Q.

PROOF. A strong automorphism of A is given by an isotopism (p, o, 7) of @,
where p, o, and T are permutations of rows, columns and letters, satisfying

(ab)T = (ap)(bo)

for all a,b € Q. If this isotopism fixes the element (e, e) of €2, then substituting
a = e in the displayed equation shows that br = bo for all b € @), and so 7 = 0.
Similarly, substituting b = e shows that 7 = p. Now the displayed equation
shows that 7 is an automorphism of Q.

Conversely, if 7 is an automorphism of @, then (7,7,7) is a strong auto-
morphism of A fixing the cell (e, e). O

Theorem 2.11. Let A be the Cayley table of a group T. Then Aut(A) is the
diagonal group D(T,?2).

PRrROOF. First, we show that D(T,2) is a subgroup of Aut(A). We take Q =
T x T and represent A = {R,C, L} as follows, using notation introduced in
Section 2.1:

b (.’E,y) =R (U, 'U) if and only ifz= Uu;

e (z,y) =c (u,v) if and only if y = v;

o (2,y) =1 (u,v) if and only if 271y = u=tw.
(As an array, we take the (x,y) entry to be 27 !y. As noted at the end of
Section 2.3, this is isotopic to the usual representation of the Cayley table.)

Routine verification shows that the generators of D(T, 2) given in Section 1.3
of types (I)—(III) preserve these relations, while the map (z,y) — (y,z) inter-
changes R and C while fixing L, and the map (z,y) — (27!, 2~ y) interchanges
C and L while fixing R. (Here is one case: the element (a,b,c) in T% maps
(2,9) to (a=tab,a=tyc). If x = u then a~lwb = a~tub, and if 271y = u=tv
then (¢ tab) ta~lyc = (atub)~ta~twe.) Thus D(T,2) < Aut(A).

Now we apply Proposition 2.9 in two stages.

15



e First, take G = Aut(A) and H = D(T,2). Then G and H both induce
S3 on the set of three partitions; so it suffices to prove that the group of
strong automorphisms of A is generated by elements of types (I)—(III) in
D(T,2).

e Second, take G to be SAut(A), and H the group generated by translations
and automorphisms of T' (the elements of type (I)-(III) in Remark 1.3).
Both G and H act transitively on €2, so it is enough to show that the
stabilisers of a cell (which we can take to be (1,1)) in G and H are equal.
Consideration of elements of types (I)~(III) shows that H(; 1y = Aut(T),
while Proposition 2.10 shows that Gy 1) = Aut(T).

The statement at the end of the second stage completes the proof. O

It follows from Proposition 2.4 that, if n > 4, the automorphism group of
the Latin-square graph derived from the Cayley table of a group T of order n
is also the diagonal group D(T,2). For n < 4, we described the Latin-square
graphs at the end of Section 2.2. For the groups Cs, Cs, and C5 x Cs, the graphs
are Ky, K333, and L(Ky 4) respectively, with automorphism groups Sy, S3153,
and S4 1 Sy respectively. However, the automorphism group of the Shrikhande
graph is the group D(Cy,2), with order 192. (The order of the automorphism
group is 192, see Brouwer [16], and it contains D(Cy, 2), also with order 192, as
a subgroup.)

It also follows from Proposition 2.4 that, if T'is a group, then the automorph-
ism group of the Latin-square graph is transitive on the vertex set. Vertex-
transitivity does not, however, characterise Latin-square graphs that correspond
to groups, as can be seen by considering the examples in [86].

Finally, we justify the assertion made earlier, that the Cayley table of a group
of order n, as a Latin square, has at least 6n? automorphisms. By Theorem 2.11,
this automorphism group is the diagonal group D(T,2); this group has a quo-
tient S3 acting on the three partitions, and the group of strong automorphisms
contains the right multiplications by elements of 72

2.5. More on partitions
Most of the work that we cite in this subsection has been about partitions
of finite sets. See [8, Sections 2—4] for a recent summary of this material.

Definition 2.12. A partition P of a set 2 is uniform if all its parts have the
same size in the sense that, whenever I'y and I's are parts of P, there is a
bijection from I'; onto I's.

Many other words are used for this property for finite sets Q. Tjur [82, 83]
calls such a partition balanced. Behrendt [11] calls them homogeneous, but this
conflicts with the use of this word in [65]. Duquenne [31] calls them regular,
while Preece [68] calls them proper.

Statistical work has made much use of the notion of orthogonality between
pairs of partitions. Here we explain it in the finite case, before attempting to
find a generalisation that works for infinite sets.
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When ) is finite, let V be the real vector space R® with the usual inner
product. Subspaces V; and V, of V are defined in [82] to be geometrically
orthogonal to each other if V; N (Vi NVa)+ L Vo (ViNVa)t. This is equivalent
to saying that the matrices M; and Mj of orthogonal projection onto Vi and
V5 commute. If V; is the set of vectors which are constant on each part of
partition P; then we say that partition Pj is orthogonal to partition P if V; is
geometrically orthogonal to V5.

Here are two nice results in the finite case. See, for example, [6, Chapter 6],
[7, Chapter 10] and [82].

Theorem 2.13. For i = 1, 2, let P; be a partition of the finite set Q0 with
projection matriz M;. If Py is orthogonal to Py then the matrixz of orthogonal
projection onto the subspace consisting of those vectors which are constant on
each part of the partition Py V Py is My M. O

Theorem 2.14. If Py, P, and P are pairwise orthogonal partitions of a finite
set ) then Py V Py is orthogonal to Ps. O

Let S be a set of partitions of {2 which are pairwise orthogonal. A con-
sequence of Theorem 2.14 is that, if P, and P, are in S, then P; V P, can be
added to S without destroying orthogonality. This is one motivation for the
following definition.

Definition 2.15. A set of partitions of a finite set €2 is a Tjur block structure if
every pair of its elements is orthogonal, it is closed under taking suprema, and
it contains F.

Thus the set of partitions in a Tjur block structure forms a join-semilattice.

The following definition is more restrictive, but is widely used by statist-
icians, based on the work of many people, including Nelder [57], Throckmorton
[81] and Zyskind [88].

Definition 2.16. A set of partitions of a finite set 2 is an orthogonal block
structure if it is a Tjur block structure, all of its partitions are uniform, it is
closed under taking infima, and it contains U.

The set of partitions in an orthogonal block structure forms a lattice.

These notions have been used by combinatorialists and group theorists as
well as statisticians. For example, as explained in Section 2.2, a Latin square can
be regarded as an orthogonal block structure with the partition lattice shown
in Figure 2.

The following theorem shows how subgroups of a group can give rise to a
Tjur block structure: see [6, Section 8.6] and Proposition 2.2(c).

Theorem 2.17. Given two subgroups H, K of a finite group G, the partitions
Py and Pk into right cosets of H and K are orthogonal if and only if HK = KH
(that is, if and only if HK is a subgroup of G). If this happens, then the join
of these two partitions is the partition Py into right cosets of HK. O
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An orthogonal block structure is called a distributive block structure or a
poset block structure if each of A and V is distributive over the other.
The following definition is taken from [6].

Definition 2.18. An automorphism of a set of partitions is a permutation of
the underlying set that preserves the set of partitions. Such an automorphism
is a strong automorphism if it preserves each of the partitions.

The group of strong automorphisms of a poset block structure is a generalised
wreath product of symmetric groups: see [9, 24]. One of the aims of the present
paper is to describe the automorphism group of the set of partitions defined by
a diagonal semilattice.

In [25], Cheng and Tsai state that the desirable properties of a collection of
partitions of a finite set are that it is a Tjur block structure, all the partitions
are uniform, and it contains U. This sits between Tjur block structures and
orthogonal block structures but does not seem to have been named.

Of course, this theory needs a notion of inner product. If the set is infinite
we would have to consider the vector space whose vectors have all but finitely
many entries zero. But if V; is the set of vectors which are constant on each
part of partition P; and if each part of P; is infinite then V; is the zero subspace.
So we need to find a different definition that will cover the infinite case.

We noted in Section 2.1 that each partition is defined by its underlying
equivalence relation. If Ry and R, are two equivalence relations on €2 then their
composition R; o Ry is the relation defined by

w1(R1 o Ro)ws if and only if Jws € Q such that wy Riws and wsRows.

Proposition 2.19. Let P, and P, be partitions of Q with underlying equiva-
lence relations Ry and Ry respectively. For each part T' of Py, denote by Br the
set of parts of Py whose intersection with T' is not empty. The following are
equivalent. (Recall that Plw] is the part of P containing w.)

(a) The equivalence relations Ry and Ry commute with each other in the sense
that Rl o R2 = R2 o Rl.

(b) The relation Ry o Ry is an equivalence relation.

(¢) For all wy and wy in Q, the set Pilwi] N Palws] is non-empty if and only
if the set Polwi] N Pylws] is non-empty.

(d) Modulo the parts of Py A P, the restrictions of Py and P to any part of
PV Py form a grid. In other words, if I' and = are parts of P, and Ps
respectively, both contained in the same part of PV Py, then TNZ # ().

(e) For all parts T and A of Py, the sets Br and Ba are either equal or

disjoint.
(f) IfT is a part of Py contained in a part © of Py V Py then © is the union
of the parts of Py in Br. O

In the finite case, if P; is orthogonal to P, then their underlying equivalence
relations R, and Ry commute.

We need a concept that is the same as orthogonality in the finite case (at
least, in the Cheng—Tsai case).
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A C|D C|D
B E|F E|F

B
A

Figure 3: Partitions in Example 2.21

Definition 2.20. Two uniform partitions P and @ of a set Q (which may be
finite or infinite) are compatible if

(a) their underlying equivalence relations commute, and
(b) their infimum P A @ is uniform.

If the partitions P, Q and R of a set () are pairwise compatible then the
equivalence of statements (a) and (f) of Proposition 2.19 shows that PV @ and
R satisfy condition (a) in the definition of compatibility. Unfortunately, they
may not satisfy condition (b), as the following example shows, so the analogue
of Theorem 2.14 for compatibility is not true in general. However, it is true if we
restrict attention to join-semilattices of partitions where all infima are uniform.
This is the case for Cartesian lattices and for semilattices defined by diagonal
structures (whose definitions follow in Sections 3.1 and 5.1 respectively). It is
also true for group semilattices: if Py and Pk are the partitions of a group G
into right cosets of subgroups H and K respectively, then Py A Pk = Pynk,
as remarked in Proposition 2.2.

Example 2.21. Let Q consist of the 12 cells in the three 2 x 2 squares shown
in Figure 3. Let P be the partition of {2 into six rows, () the partition into six
columns, and R the partition into six letters.

Then PAQ = PANR = QAR = E, so each infimum is uniform. The squares
are the parts of the supremum P V Q). For each pair of P, Q and R, their
underlying equivalence relations commute. However, the parts of (PV Q) A R
in the first square have size two, while all of the others have size one.

3. Cartesian structures

We remarked just before Proposition 2.3 that three partitions of ) form a
Latin square if and only if any two form a grid. The main theorem of this
paper is a generalisation of this fact to higher-dimensional objects, which can
be regarded as Latin hypercubes. Before we get there, we need to consider the
higher-dimensional analogue of grids.

8.1. Cartesian decompositions and Cartesian lattices

Cartesian decompositions are defined on [65, p. 4]. Since we shall be taking
a slightly different approach, we introduce these objects rather briefly; we show
that they are equivalent to those in our approach, in the sense that each can be
constructed from the other in a canonical way, and the automorphism groups
of corresponding objects are the same.
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Definition 3.1. A Cartesian decomposition of a set §2, of dimension n, is a
set € of n partitions P,..., P, of Q such that |P;| > 2 for all ¢, and for all
pi € Pifori=1,... n,

lprN---Npn| =1.

A Cartesian decomposition is trivial if n = 1; in this case P is the partition of
) into singletons.

Proposition 3.2. Let {P1,..., P,} be an n-dimensional Cartesian decomposi-
tion of ). Then there is a well-defined bijection between Q and Py X --- X Py,
given by

W= (plv"'vp’n)

if and only if w € p; fori=1,...,n. O

For simplicity, we adapt the notation in Section 2.1 by writing =; for the
equivalence relation =p, underlying the partition P;. For any subset J of the
index set {1,...,n}, define a partition P; of 2 corresponding to the following
equivalence relation =p, written as =:

w1 EJWQ@(ViEJ) w1 =; wa.

In other words, Py = A..; P;.

ied
Proposition 3.3. For all J,K C {1,...,n}, we have

P;uk = Py ANPx, and Pjnx = PyV Pk.
Moreover, the equivalence relations =5 and =g commute with each other. [

It follows from this proposition that the partitions Py, for J C {1,...,n},
form a lattice (a sublattice of the partition lattice on ), which is anti-isomorphic
to the Boolean lattice of subsets of {1,...,n} by the map J — P;. We call this
lattice the Cartesian lattice defined by the Cartesian decomposition.

For more details we refer to the book [65].

Following [57], most statisticians would call such a lattice a completely
crossed orthogonal block structure: see [5]. It is called a complete factorial
structure in [4].

(Warning: a different common meaning of Cartesian lattice is Z™: for ex-
ample, see [72].)

The P; are the maximal non-trivial elements of this lattice. Our approach
is based on considering the dual description, the minimal non-trivial elements
of the lattice; these are the partitions Q1,...,Q,, where

J#i

and Q1,...,Q, generate the Cartesian lattice by repeatedly forming joins (see
Proposition 3.3).
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8.2. Hamming graphs and Cartesian decompositions

The Hamming graph is so-called because of its use in coding theory. The
vertex set is the set of all n-tuples over an alphabet A; more briefly, the vertex
set is A™. Elements of A™ will be written as a = (ay,...,a,). Two vertices a
and b are joined if they agree in all but one coordinate, that is, if there exists ¢
such that a; # b; but a; = b; for j # i. We denote this graph by Ham(n, A).

The alphabet A may be finite or infinite, but we restrict the number n to
be finite. There is a more general form, involving alphabets Aj,..., A,; here
the n-tuples a are required to satisfy a; € A; for ¢ = 1,...,n (that is, the
vertex set is A; X -+ X A,); the adjacency rule is the same. We will call this a
mized-alphabet Hamming graph, denoted Ham(A;, ..., A,).

A Hamming graph is connected, and the graph distance between two vertices
a and b is the number of coordinates where they differ:

d(a,b) = |{i | a; # b;}|.

Theorem 3.4. (a) Given a Cartesian decomposition of ), a mized-alphabet
Hamming graph can be constructed from it in a canonical way.
(b) Given a mized-alphabet Hamming graph on Q, a Cartesian decomposition
of Q can be constructed from it in a canonical way.
(¢) The Cartesian decomposition and the Hamming graph referred to above
have the same automorphism group.

ProOOF. Note that the trivial Cartesian decomposition of {2 corresponds to the
complete graph and the automorphism group of both is the symmetric group
Sym(€2). Thus in the rest of the proof we assume that the Cartesian decomposi-
tion in item (a) is non-trivial and the Hamming graph in item (b) is constructed
with n > 2.

(a) Let £ ={Py,...,P,} be a Cartesian decomposition of 2 of dimension n:
each P; is a partition of Q2. By Proposition 3.2, there is a bijection ¢ from
Qto Py X+ x Py: apoint a in § corresponds to (p1,...,pn), where p; is

the part of P; containing a. Also, by Proposition 3.3 and the subsequent
discussion, the minimal partitions in the Cartesian lattice generated by
Py, ..., P, have the form

Qi = /\ P;

j#i
fori=1,...,n;s0 a and b in  lie in the same part of Q; if their images
under ¢ agree in all coordinates except the ith. So, if we define a and b
to be adjacent if they are in the same part of @); for some i, the resultant
graph is isomorphic (by ¢) to the mixed-alphabet Hamming graph on
Py x---xP,.

(b) Let I be a mixed-alphabet Hamming graph on A; x --- x A,,. Without
loss of generality, |A;| > 1 for all ¢ (we can discard any coordinate where
this fails). We establish various facts about I'; these facts correspond to
the claims on pages 271-276 of [65].
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Any maximal clique in I" has the form
Cla,i)={be Ay x---x A, | bj = a; for j # i},

for some a € Q, 7 € {1,...,n}. Clearly all vertices in C(a,?) are adjacent
in . If b, c are distinct vertices in C'(a, i), then b; # ¢;, so no vertex outside
C(a,i) can be joined to both. Moreover, if any two vertices are joined,
they differ in a unique coordinate 4, and so there is some «a in €2 such that
they both lie in C'(a, 7) for that value of i. Let C' = C(a,i) and C’ = C(b, j)
be two maximal cliques. Put 6 = min{d(z,y) |z € C,y € C'}.

e If i = j, then there is a bijection 8: C' — C’ such that d(v,0(v)) = ¢
and d(v,w) = d+1 for vin C, win C" and w # 6( v). (Here 6 maps a
vertex in C' to the unique vertex in C’ with the same ith coordinate.)

o If i # j, then there are unique v in C' and w in C” with d(v, w) = ¢;
and distances between vertices in C' and C' are 6, § + 1 and § + 2,
with all values realised. (Here v and w are the vertices which agree
in both the ith and jth coordinates; if two vertices agree in just one
of these, their distance is § + 1, otherwise it is § 4 2.)

See also claims 3—4 on pages 273-274 of [65].

It is a consequence of the above that the partition of the maximal cliques
into types, where C(a, ) has type i, is invariant under graph automorph-
isms; each type forms a partition Q; of €.

By Proposition 3.3 and the discussion following it, the maximal non-trivial
partitions in the sublattice generated by @1, ..., Q, form a Cartesian de-
composition of ).

(c) This is clear, since no arbitrary choices were made in either construction.
O

We can describe this automorphism group precisely. Details will be given
in the case where all alphabets are the same; we deal briefly with the mixed-
alphabet case at the end.

Given a set Q2 = A", the wreath product Sym(A)S,, acts on Q: the ith factor
of the base group Sym(A)™ acts on the entries in the ith coordinate of points
of Q, while S,, permutes the coordinates. (Here S,, denotes Sym({1,...,n}).)

Corollary 3.5. The automorphism group of the Hamming graph Ham(n, A) is
the wreath product Sym(A) .S, just described.

PRrROOF. By Theorem 3.4(c), the automorphism group of Ham(n, A) coincides
with the stabiliser in Sym(A™) of the natural Cartesian decomposition £ of the
set A™. By [65, Lemma 5.1], the stabiliser of £ in Sym(A™) is Sym(A)1S,. O

In the mixed alphabet case, only one change needs to be made. Permutations
of the coordinates must preserve the cardinality of the alphabets associated with
the coordinate: that is, g € S,, induces an automorphism of the Hamming graph
if and only if ig = j implies |A;| = |A;| for all 4,5. (This condition is clearly
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necessary. For sufficiency, if |A;| = |A;|, then we may actually identify A; and
Aj)

So if {1,...,n} = IL U---U L, where I is the non-empty set of those
indices for which the corresponding alphabet has some given cardinality, then
Aut(Ham(A, ..., A,)) is the direct product of r groups, each a wreath product
Sym(A4;, ) ! Sym(Ix), acting in its product action, where iy is a member of Ij.

Part (c) of Theorem 3.4 was also proved in [65, Theorem 12.3]. Our proof
is a simplified version of the proof presented in [65] and is included here as
a nice application of the lattice theoretical framework developed in Section 2.
The automorphism group of the mixed-alphabet Hamming graph can also be
determined using the characterisation of the automorphism groups of Cartesian
products of graphs. The first such characterisations were given by Sabidussi [74]
and Vizing [85]; see also [40, Theorem 6.6]. The recent preprint [55] gives a self-
contained elementary proof in the case of finite Hamming graphs.

4. Latin cubes

4.1. What is a Latin cube?

As pointed out in [67, 69, 70, 71], there have been many different definitions
of a Latin cube (that is, a three-dimensional generalisation of a Latin square)
and of a Latin hypercube (a higher-dimensional generalisation). Typically, the
underlying set € is a Cartesian product € x Qg X - - - X Q,;,, where |Q;]| = Q] =
<o = |Qn]. As for Latin squares in Section 2.2, we often seek to relabel the
elements of 24, ..., ,, so that 2 = T™ for some set T. The possible conditions
are concisely summarised in [26]. The alphabet is a set of letters of cardinality
IT|* with 1 < a < m — 1, and the type is b with 1 < b < m — a. The definition
is that if the values of any b coordinates are fixed then all letters in the given
alphabet occur equally often on that restricted subset of €.

One extreme case has a = 1 and b = m — 1. This definition is certainly in
current use when m € {3,4}: for example, see [53, 56]. The hypercubes in [47]
have a = 1 but allow smaller values of b. The other extreme has a = m — 1 and
b = 1, which is what we have here. (Unfortunately, the meaning of the phrase
“Latin hypercube design” in Statistics has completely changed in the last thirty
years. For example, see [49, 80].)

Fortunately, it suffices for us to consider Latin cubes, where m = 3. Let Py,
P, and P; be the partitions which give the standard Cartesian decomposition
of the cube Q7 x Q9 x Q3. Following [71], we call the parts of P;, P, and Ps
layers, and the parts of Py A Py, P A P3 and P> A P lines. Thus a layer is a
slice of the cube parallel to one of the faces. Two lines ¢; and /5 are said to be
parallel if there is some {7, 5} C {1,2,3} with ¢ # j such that ¢; and ¢5 are both
parts of P; A P;.

The definitions in [26, 71] give us the following three possibilities for the case
that |Q;| =n for ¢ in {1, 2, 3}.

(LCO) There are n letters, each of which occurs once per line.
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Ja=1 fo=2 fo=1 fo=2
fi=1 A B fi=1 D C
fi=2 C D fi=2 B A

f3:1 f3=2

Figure 4: The unique (up to isomorphism) Latin cube of sort (LC2) and order 2

(LC1) There are n letters, each of which occurs n times per layer.
(LC2) There are n? letters, each of which occurs once per layer.

Because of the meaning of type given in the first paragraph of this section, we
shall call these possibilities sorts of Latin cube. Thus Latin cubes of sort (LCO)
are a special case of Latin cubes of sort (LC1), but Latin cubes of sort (LC2)
are quite different.

Sort (LCO) is the definition of Latin cube used in [6, 10, 30, 38, 53, 56],
among many others in Combinatorics and Statistics. Fisher used sort (LC1)
in [35], where he gave constructions using abelian groups. Kishen called this a
Latin cube of first order, and those of sort (LC2) Latin cubes of second order,
in [43, 44].

Two of these sorts have alternative descriptions using the language of this
paper. Let L be the partition into letters. Then a Latin cube has sort (LCO) if
and only if {L, P;, P;} is a Cartesian decomposition of the cube whenever ¢ # j
and {7,7} C {1,2,3}. A Latin cube has sort (LC2) if and only if {L, P;} is a
Cartesian decomposition of the cube for i =1, 2, 3.

The following definition is taken from [71].

Definition 4.1. A Latin cube of sort (LC2) is regular if, whenever ¢; and ¢,
are parallel lines in the cube, the set of letters occurring in ¢; is either exactly
the same as the set of letters occurring in ¢ or disjoint from it.

(Warning: the word regular is used by some authors with quite a different
meaning for some Latin cubes of sorts (LCO0) and (LC1).)

4.2. Some examples of Latin cubes of sort (LC2)

In these examples, the cube is coordinatised by functions f1, fo and f3 from
Q to 01, Qs and Q3 whose kernels are the partitions P;, P, and P3. For example,
in Figure 4, one part of P; is f;'(2). A statistician would typically write this
as “f; = 2”. For ease of reading, we adopt the statisticians’ notation.

Example 4.2. When n = 2, the definition of Latin cube of sort (LC2) forces
the two occurrences of each of the four letters to be in diagonally opposite cells
of the cube. Thus, up to permutation of the letters, the only possibility is that
shown in Figure 4.
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This Latin cube of sort (LC2) is regular. The set of letters on each line of
Py A P; is either {A, D} or {B,C}; the set of letters on each line of Py A Py is
either {A, B} or {C, D}; and the set of letters on each line of P> A Ps is either
{A,C} or {B, D}.

Example 4.3. Here Q = T3, where T is the additive group of Zs. For i = 1,
2 and 3, the function f; picks out the ith coordinate of (¢1,t2,t3). The column
headed L in Table 1 shows how the nine letters are allocated to the cells of the
cube. The Ps-layer of the cube with f3 = 0 is as follows.

fo=0 fo=1 fo=2
A D

fi=0 G
fi=1 1 C F
=21 E H B

It has each letter just once.
Similarly, the Ps-layer of the cube with f3 =1 is

f=0 fo=1 fpr=2

fi=0[ B E izl
h=1 @ A D
fi=2[ F T C

and the Ps-layer of the cube with f3 = 2 is

fo=0 fo=1 fo=2
C I

fi=0 F
=1 H B E
J1=2 D G A

Similarly you can check that if you take the 2-dimensional P;-layer defined by
any fixed value of f; then every letter occurs just once, and the same thing
happens for Ps.

In addition to satisfying the property of being a Latin cube of sort (LC2),
this combinatorial structure has three other good properties.

e It is a regular in the sense of Definition 4.1. The set of letters in any
Py A Py-line is {A,B,C} or {D,E,F} or {G, H,I}. For P; A P5 the letter
sets are {A, D, G}, {B,E,H} and {C, F, I}; for P, A P5 they are {A, E, I},
{B,F,G} and {C,D, H}.

e The supremum of L and P; A P» is the partition @) shown in Table 1.
This is the kernel of the function which maps (t1,%2,t3) to —t1 + t2 =
2t; + to. Statisticians normally write this partition as P?P,. Likewise,
the supremum of L and P; A P53 is R, which statisticians might write as
PZP;, and the supremum of L and P, A P3 is S, written by statisticians
as P22P3 The partitions Py, Py, P3, Q, R, S, Py APy, PP NP3, P, N P
and L are pairwise compatible, in the sense of Definition 2.20. Moreover,
each of them is a coset partition defined by a subgroup of 7.
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Pl /!
ST

>

Figure 5: Hasse diagram of the join-semilattice formed by the pairwise compatible partitions
in Example 4.3

e In anticipation of the notation used in Section 5.4, it seems fairly natural
to rename P, Py, P3, Q, R and S as Py1, Py2, Po3, P12, P13 and Pag, in
order. For each i in {0, 1,2, 3}, the three partitions Pj, which have i as
one of the subscripts, that is, ¢ € {j, k}, form a Cartesian decomposition
of the underlying set.

However, the set of ten partitions that we have named is not closed under
infima, so they do not form an orthogonal block structure. For example, the
set does not contain the infimum P3; A Q. This partition has nine parts of size
three, one of which consists of the cells (0,0,0), (1,1,0) and (2,2,0), as can be
seen from Table 1.

Figure 5 shows the Hasse diagram of the join-semilattice formed by these
ten named partitions, along with the two trivial partitions F and U. This dia-
gram, along with the knowledge of compatibility, makes it clear that any three
of the minimal partitions Py A Py, Py A P3, P, A P3 and L give the minimal part-
itions of the orthogonal block structure defined by a Cartesian decomposition
of dimension three of the underlying set 7°. Note that, although the partition
FE is the highest point in the diagram which is below both P53 and @, it is not
their infimum, because their infimum is defined in the lattice of all partitions of
this set.



F

partition Py P Q R S L

function f1 fo fs —fi+fo —fa+fi —fot+f3
value tl t2 t3 —tl + tg —t3 + tl —tQ + t3
0 0 0

NDNNNDNNNNNNDNRFE R OODODOOO OO
DN RPFPFOOOONNDNNDNRFE PP OOONNNRFRFRREFEOO
N ONFONFONRFONFONFONFONRFEODNF
QOO NNNHEFMFHFMEFREFOOONNNNNDN = FHRFEOOO
O NOFNOFNNOFNOFNOFFNOFNOHFNO
ONHF HFHFONNFEFOONRFFEFONNFEODONREFEFEFONDNRFEO
QAT TR IEQNAO~N~NTIQOMENTQ

Table 1: Some functions and partitions on the cells of the cube in Example 4.3

A|E|F D|B| I G
H|I|D E|C|G B
C|G|B FlA|H 1

Ol ==

C
A
E

Figure 6: A Latin cube of sort (LC2) which is not regular
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Example 4.4. Figure 6 shows an example which is not regular. This was
originally given in [75]. To save space, the three Ps-layers are shown side by
side.

For example, there is one P; A Ps-line whose set of letters is {A, E, F'} and
another whose set of letters is { A, F', H}. These are neither the same nor disjoint.

If we write the group operation in Example 4.3 multiplicatively, then cells
(t1,ta,t2) and (u1,us,us) have the same letter if and only if tl_ltg = ul_luQ
and t; '3 = uy 'uz. This means that (uy,uz,uz) = (x,,x)(t1,ts,t3) where
T = ultfl, so that (t1,t2,t2) and (u1, us,u3) are in the same right coset of the
diagonal subgroup 6(7), 3) introduced in Section 1.3.

The next theorem shows that this construction can be generalised to any
group, abelian or not, finite or infinite.

Theorem 4.5. Let T be a non-trivial group. Identify the elements of T® with
the cells of a cube in the natural way. Let 6(T,3) be the diagonal subgroup
{(t,t,t) | t € T}. Then the parts of the right coset partition Psir3) form the
letters of a regular Latin cube of sort (LC2).

PROOF. Let H; be the subgroup {(1,t2,t3) | to € T, t3 € T} of T3. Define
subgroups Hs and Hj similarly. Let ¢ € {1,2,3}. Then H; N6(7,3) = {1} and
H;6(T,3) = 6(T,3)H; = T®. Proposition 2.2 shows that Py, A P53 = E and
P,V Psr3) = U. Because H;6(T,3) = 6(T, 3) H;, Proposition 2.19 (considering
statements (a) and (d)) shows that {Pp,, P5r,3)} is a Cartesian decomposition
of T3 of dimension two. Hence the parts of Ps(r3) form the letters of a Latin
cube A of sort (LC2).

Put G2 = HiNHy and K15 = {(tl,tl,tg) | ti1 €T, tg € T} Then the parts
of Pg,, are lines of the cube parallel to the z-axis. Also, G12 N §(T,3) = {1}
and G126(T,3) = 6(T,3)G12 = Kia, so Propositions 2.2 and 2.19 show that
Pg,, N Psr3y = E, Pg,, V Psr3) = Pk,,, and the restrictions of Pg,, and
Ps(r3) to any part of Pg,, form a grid. Therefore, within each coset of K72, all
lines have the same subset of letters. By the definition of supremum, no line in
any other coset of K75 has any letters in common with these.

Similar arguments apply to lines in each of the other two directions. Hence
A is regular. t

The converse of this theorem is proved at the end of this section.

The set of partitions in Theorem 4.5 form a join-semilattice whose Hasse
diagram is the same as the one shown in Figure 5, apart from the naming of
the partitions. We call this a diagonal semilattice of dimension three. The
generalisation to arbitrary dimensions is given in Section 5.

4.8. Results for Latin cubes

As we hinted in Section 2.2, the vast majority of Latin squares of order at
least 5 are not isotopic to Cayley tables of groups. For m > 3, the situation
changes dramatically as soon as we impose some more, purely combinatorial,
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constraints. We continue to use the notation 2, Py, P, P3 and L as in Sec-
tion 4.1.

A Latin cube of sort (LCO) is called an extended Cayley table of the group T
if & = T3 and the letter in cell (t1,t2,t3) is t1tats. Theorem 8.21 of [6] shows
that, in the finite case, for a Latin cube of sort (LCO), the set {Py, Ps, P, L} is
contained in the set of partitions of an orthogonal block structure if and only if
the cube is isomorphic to the extended Cayley table of an abelian group. Now
we will prove something similar for Latin cubes of sort (LC2), by specifying a
property of the set

{P1, Py, P3,(PLANP)VL,(PLANP;)VL, (P, ANPs)V L}

of six partitions. We do not restrict this to finite sets. Also, because we do not
insist on closure under infima, it turns out that the group does not need to be
abelian.

In the next two lemmas, the assumption is that we have a Latin cube of
sort (LC2), and that {i,7,k} = {1,2,3}. Write

L9 =LV (P \P).

To clarify the proofs, we shall use the following refinement of Definition 4.1.
Recall that we refer to the parts of P; A P; as P; A Pj-lines.

Definition 4.6. A Latin cube of sort (LC2) is {4, j }-regular if, whenever £; and
{5 are distinct P; A Pj-lines, the set of letters occurring in ¢; is either exactly
the same as the set of letters occurring in ¢5 or disjoint from it.

Lemma 4.7. The following conditions are equivalent.

(a) The partition L is compatible with P; A\ P;.
(b) The Latin cube is {i,j}-regular.
c) The restrictions of P; A P;, Py and L to any part of LY form a Latin
J
square.
d) Every pair of distinct P; A\ P;-lines in the same part of LY lie in distinct
J
parts of P;.
e) The restrictions of P;, Py and L to any part of L' form a Latin square.
(e) : yp q
(f) The set {P;, Py, L'} is a Cartesian decomposition of 2 of dimension three.
(g) Each part of P; A Py A LY has size one.

PROOF. We prove this result without loss of generality for i =1, j = 2, k = 3.

(a)<(b) By the definition of a Latin cube of sort (LC2), each part of Py A Py
has either zero or one cells in common with each part of L. Therefore
Py AP, AL = FE, which is uniform, so Definition 2.20 shows that compat-
ibility is the same as commutativity of the equivalence relations underlying
Py APy and L. Consider Proposition 2.19 with P; A P, and L in place of
P, and P,. Condition (a) of Proposition 2.19 is the same as condition (a)
here; and condition (e) of Proposition 2.19 is the same as condition (b)
here. Thus Proposition 2.19 gives us the result.
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(a)=(c)

Let A be a part of L'2. If L is compatible with P; A P, then, because
Py AP, AL = E, Proposition 2.19 shows that the restrictions of P; A Py
and L to A form a Cartesian decomposition of A. Each part of P; has pre-
cisely one cell in common with each part of Py A Py, because { Py, P>, P3}
is a Cartesian decomposition of €2, and precisely one cell in common with
each part of L, because the Latin cube has sort (LC2). Hence the restric-
tions of P; A Py, P3 and L to A form a Latin square. (Note that P3 takes
all of its values within A, but neither P; A Py nor L does.)

Let ¢1 and /5 be distinct P; A P»-lines that are contained in the same part
A of L'2. Every letter which occurs in A occurs in both of these lines. If
{1 and /5 are contained in the same part of P;, then that P;-layer contains
at least two occurrences of some letters, which contradicts the fact that
L A P, = E for a Latin cube of sort (LC2).

Let A be a part of L'? and let A be a part of L inside A. Let p; and
ps be parts of P; and Ps. Then [p1 NA| = [p3sNA] = 1 by definition
of a Latin cube of sort (LC2). Condition (d) specifies that p; N A is a
part of Py A P». Therefore (p; N A) N ps is a part of Py A P A P3, so
[(p1NA)YN (ps NA)| = |(pr NA)Nps| = 1. Thus the restrictions of Py,
P3, and L to A form a Latin square.

Let A, p; and ps be parts of L2, P; and P; respectively. By the definition
of a Latin cube of sort (LC2), p; N A and p3 N A are both non-empty.
Thus condition (e) implies that [p; Nps N A| = 1. Hence {P, P, L'?} is
a Cartesian decomposition of dimension three.

This follows immediately from the definition of a Cartesian decomposition
(Definition 3.1).

If (d) is false then there is a part A of L'? which contains distinct Py A Ps-
lines ¢ and ¢ in the same part p; of P;. Let p3 be any part of P3. Then,
since {Py, P2, P3} is a Cartesian decomposition, |p3 N {1 = [p3Nts| =1
and so |p1 Np3 N A| > 2. This contradicts (g).

If (b) is false, there are distinct Py A Po-lines ¢1 and ¢ whose sets of letters
Ay and As are neither the same nor disjoint. Because A N Ay # 0, ¢1 and
¢y are contained in the same part of L12.

Let A € Ay \ A;. By definition of a Latin cube of sort (LC2), A occurs
on precisely one cell w in the P;j-layer which contains ¢;. By assumption,
w ¢ £1. Let £3 be the Py A Pp-line containing w. Then ¢3 and ¢ are in the
same part of L2, as are ¢; and f5. Hence ¢; and ¢ are in the same part
of L'? and the same part of P;. This contradicts (d). O

Lemma 4.8. The set {P;, L**, L7} is a Cartesian decomposition of Q if and
only if L is compatible with both P; A Pj and P; A Py,.
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Proor. If L is not compatible with P; A P;, then Lemma 4.7 shows that there is
a part of P; A P, A LY of size at least two. This is contained in a part of P; A Py.
Since P; A P, < L it is also contained in a part of L*. Hence {P;, L¥ L*}
is not a Cartesian decomposition of 2. Similarly, if L is not compatible with
P; A Py, then {P;, LY L**} is not a Cartesian decomposition of .

For the converse, Lemma 4.7 shows that if L is compatible with P; A P; then
{P;, P, LV} is a Cartesian decomposition of Q. Let A be a part of L, and let
L* be the restriction of L to A. Lemma 4.7 shows that P;, P, and L* form a
Latin square on A. Thus distinct letters in L* occur only in distinct parts of
P; A\ Py.

If L is also compatible with P; A Py, then Lemma 4.7 shows that each part
of L** is a union of parts of P; A Py, any two of which are in different parts of
P; and different parts of Py, and all of which have the same letters. Hence any
two different letters in L* are in different parts of L**. Since {P;, Py, L/} is a
Cartesian decomposition of §2, every part of P; A P has a non-empty intersection
with A, and so every part of L** has a non-empty intersection with A. Since
L < L** such an intersection consists of one or more parts of L* in A. We have
already noted that distinct letters in L* are in different parts of L**, and so it
follows that the restriction of L to A is the same as L*. Hence the restrictions
of P;, P, and L** to A form a Latin square on A, and so the restrictions of P;
and L* to A give a Cartesian decomposition of A.

This is true for every part A of L, and so it follows that {P;, LV, L'*} is a
Cartesian decomposition of €. O

Lemma 4.9. The set {P;, LV, L**} is a Cartesian decomposition of Q if and
only if the set {P; A Pj, P; A Py, L} generates a Cartesian lattice under taking
suprema.

Proor. If {P; A P;, P; N Py, L} generates a Cartesian lattice under taking
suprema then the maximal partitions in the Cartesian lattice are (P; A Pj) V
(P;APy), (P;AP;)V L and (P; A Py)V L. They form a Cartesian decomposition,
and are equal to P;, L¥J and L** respectively.

Conversely, suppose that {P;, L/, L*} is a Cartesian decomposition of .
The minimal partitions in the corresponding Cartesian lattice are P; A L%,
Py AL* and LY A L*. Now, L < LY and L < L%, so L < L% A L. Because
the Latin cube has sort (LC2), {P;, L} and {P;, L' A L**} are both Cartesian
decompositions of Q. Since L < L% A L**, this forces L = L% A L**.

The identities of the other two infima are confirmed by a similar argument.
We have P, A P; < P;, and P; A P; < LY, by definition of LY. Therefore
P, AP; < P; ALY, Lemmas 4.7 and 4.8 show that {P;, P, L'} is a Cartesian
decomposition of . Therefore { Py, P;,AL"} and { Py, P;AP;} are both Cartesian
decompositions of Q. Since P; A P; < P; A LY, this forces P; A P; = P; A LY.
Likewise, P; A P, = P; A L**. O

The following theorem is a direct consequence of Definitions 4.1 and 4.6 and
Lemmas 4.7, 4.8 and 4.9.
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Theorem 4.10. For a Latin cube of sort (LC2), the following conditions are
equivalent.

(a) The Latin cube is regular.

) The Latin cube is {1,2}-regqular, {1,3}-regular and {2, 3}-regular.

(¢) The partition L is compatible with each of Py A Py, Py A P3 and Py A Ps.

) Each Of {P17P2, P3}, {P17 L127L13}, {PQ, L12, L23} and {Pg, L13, L23} 18

a Cartesian decomposition.

(e) Fach Of the sets {Pl /\PQ,Pl/\Pg,PQ/\Pg}, {Pl/\PQ,Pl/\Pg,L},
{Py A Py, Py A P5,L} and {P, A\ P5, Py A P3, L} generates a Cartesian lat-
tice under taking suprema. O

The condition that { Py, Py, P3} is a Cartesian decomposition is a part of the
definition of a Latin cube. This condition is explicitly included in item (d) of
Theorem 4.10 for clarity.

The final result in this section gives us the stepping stone for the proof
of Theorem 1.1. The proof is quite detailed, and makes frequent use of the
relabelling techniques that we already saw in Sections 2.2 and 2.3.

Theorem 4.11. Consider a Latin cube of sort (LC2) on an underlying set €,
with coordinate partitions Py, Py and P3, and letter partition L. If every three of
PiANPy, PLAP3, P AP3 and L are the minimal partitions in a Cartesian lattice
on Q) then there is a group T such that, up to relabelling the letters and the three
sets of coordinates, Q = T3 and L is the coset partition defined by the diagonal
subgroup {(t,t,t) | t € T}. Moreover, T is unique up to group isomorphism.

PRrROOF. Theorem 4.10 shows that a Latin cube satisfying this condition must be
regular. As {Py, P, Ps} is a Cartesian decomposition of 2 and, by Lemma 4.7,
{P;, P;, L**} is also a Cartesian decomposition of Q whenever {4, j, k} = {1, 2,3},
the cardinalities of P, P», P3, L'?, L'3 and L?® must all be equal (using the
argument in the proof of Proposition 2.3). Thus we may label the parts of each
by the same set T. We start by labelling the parts of P, P, and Ps;. This
identifies Q with 73. At first, these three labellings are arbitrary, but they are
made more specific as the proof progresses.

Let (a,b,c) be a cell of the cube. Because Py A P» < L'2, the part of L2
which contains cell (a, b, ¢) does not depend on the value of ¢. Thus there is a
binary operation o from 7" x T to T such that a o b is the label of the part of
L'? containing {(a,b,c) | ¢ € T'}; in other words, (a,b,c) is in part a o b of L'2,
irrespective of the value of ¢. Lemma 4.7 and Proposition 2.3 show that, for
each a in T', the function b — aob is a bijection from T to T'. Similarly, for each
bin T, the function a — a o b is a bijection. Therefore (T, 0) is a quasigroup.

Similarly, there are binary operations x and ¢ on 7" such that the labels of
the parts of L'® and L?3 containing cell (a,b,c) are cx a and b ¢ ¢ respectively.
Moreover, (T, ) and (T, ¢) are both quasigroups.

Now we start the process of making explicit bijections between some pairs of
the six partitions. Choose any part of P, and label it e. Then the labels of the
parts of L'2 can be aligned with those of P, so that eob = b for all values of b.
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bl A 12
b2 v ¢

Figure 7: A 2 x 2 subsquare of the Latin square defined by (7', ¢)

In the quasigroup (T, *), we may use the column headed e to give a permutation
o of T to align the labels of the parts of P3 and those of L3 so that cxe = co
for all values of c.

Let (a, b, c) be a cell of the cube. Because {L, P;} is a Cartesian decomposi-
tion of the cube, there is a unique cell (e, b’, ¢') in the same part of L as (a, b, ¢).
Then

aob = eob =V,
cxa = cxe=co, and
boc = boc.
Hence
boc=(aob)o((cka)o™t) (2)

for all values of a, b and ¢ in T.

The quasigroup (7', ¢) can be viewed as a Latin square with rows labelled by
parts of P, and columns labelled by parts of Ps. Consider the 2 x 2 subsquare
shown in Figure 7. It has by oc;1 =\, by 0o ca =, baocy = v and by © co = ¢.

Let b3 be any row of this Latin square. Then there is a unique a in T such
that a o by = bs. By Equation (2),

bso((crxa)o™) = (aob))o((cixa)o ) =byoc; =N, and

bso((caxa)o™) = (aob))o((caxa)o ) =biocy=p.

The unique occurrence of letter v in column (c; x a)o ! of this Latin square is
in row by, where by = a o by, because

bio((crxa)o™)=(aoby)o((cixa)o ™) =byocy =v.

Now
bio((caxa)o ™) = (aoby)o((caxa)o™ ) =byocy = ¢.

This shows that whenever the letters in three cells of a 2 x 2 subsquare are
known then the letter in the remaining cell is forced. That is, the Latin square
(T, o) satisfies the quadrangle criterion (Definition 2.7). By Theorem 2.8, this
property proves that (7,¢) is isotopic to the Cayley table of a group. By [1,
Theorem 2], this group is unique up to group isomorphism.

As remarked at the end of Section 2.3, we can now relabel the parts of Ps,
P3 and L?® so that boc = b~'c for all b, ¢ in 7. Then Equation (2) becomes
b=tc= (aob) " ((cxa)o~t), so that

(aob)btc=(cxa)o™! (3)
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for all a, b, ¢ in T. Putting b = ¢ in Equation (3) gives
(aoc)o=cxa (4)
for all a, ¢ in T, while putting b = 1 gives
((aol)c)o =c*a
for all a, ¢ in T. Combining these gives
aoc=(aol)c=(cka)o ! (5)

for all a,c € T.

We have not yet made any explicit use of the labelling of the parts of P;
other than e, with eo1 = 1. The map a +— a o1 is a bijection from 7" to T, so
we may label the parts of P; in such a way that e=1andaol=a""' foralla
in 7. Then Equation (5) shows that aob=a~'b for all a, b in T

Now that we have fixed the labelling of the parts of P, P, and Ps, it is clear
that they are the partitions of T into right cosets of the subgroups as shown
in the first three rows of Table 2.

Consider the partition L?3. For a = (ay,b1,c1) and 8 = (ag, b, co) in T3,
we have (using the notation in Section 2.1)

L23 [a] = L23 [ﬁ] < Dbiocy=byoco
< bl_lcl = b2_102
<= « and (8 are in the same right coset of Ks3,

where Koz = {(t1,t2,t2) | t1 € T, to € T}. In other words, L?? is the coset
partition of T defined by Kos.

Since a o b = a~'b, a similar argument shows that L'? is the coset partition
of T3 defined by Klg, where K12 = {(tl,tl,tg) ‘ tl S T, t2 € T}

Equation (4) shows that the kernel of the function (¢, a) — c¢*a is the same
as the kernel of the function (¢,a) — a~le, which is in turn the same as the
kernel of the function (c,a) — ¢~ ta. It follows that L3 is the coset partition of
T3 defined by Klg, where K3 = {(tl,tg,tl) | t € T, to € T}

Thus the partitions P; and L% are the partitions of T° into right cosets of the
subgroups as shown in Table 2. Lemma 4.9 shows that the letter partition L is
equal to LY A L** whenever {i, j, k} = {1,2,3}. Consequently, L is the partition
into right cosets of the diagonal subgroup {(¢,t,t) | t € T'}. O

The converse of Theorem 4.11 was given in Theorem 4.5.

For {i,j,k} = {1,2,3}, let H; be the intersection of the subgroups of T
corresponding to partitions P; and L% in Table 2, so that the parts of P;AL7* are
the right cosets of H;. Then H; = {(1,¢,¢t) |t € T} and Hy = {(u,1,u) | u € T}.
If T is abelian then H1Ho = HyH, and so the right-coset partitions of H; and
Hy are compatible. If T is not abelian then Hy Hs # HoH; and so these coset
partitions are not compatible. Because we do not want to restrict our theory to
abelian groups, we do not require our collection of partitions to be closed under
infima. Thus we require a join-semilattice rather than a lattice.
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Partition Subgroup of T

P {(1,t27t3) | to €T, t3 € T}
Py {(tl,l,tg) | ti €T, tg € T}
Ps {(tl,tQ,l) | t, € T7 to € T}
L'? Ko = {(ti,t1,t3) |1 €T, t3€ T}
L3 Ki3 = {(tl,tg,tl) | ti1 €T, ty € T}
L Koy = {(tl,tg,tz) | ti1 €T, ty € T}

P NP H; = {(171,t)t6T}

Pl/\Pg H2 {(1,t,1)ZtET}

P, NP3 H, = {(t,l,l)ZtGT}
L 8(T,3) = {(ttt):teT)

Table 2: Coset partitions at the end of the proof of Theorem 4.11 and their infima

4.4. Automorphism groups

Theorem 4.12. Suppose that a reqular Latin cube M of sort (LC2) arises from
a group T by the construction of Theorem 4.5. Then the group of automorphisms
of M is equal to the diagonal group D(T,3).

PROOF (SKETCH). It is clear from the proof of Theorem 4.5 that D(T,3) is a
subgroup of Aut(M), and we have to prove equality.

Just as in the proof of Theorem 2.11, if G denotes the automorphism group
of M, then it suffices to prove that the group of strong automorphisms of M
fixing the cell (1,1,1) is equal to Aut(T).

In the proof of Theorem 4.11, we choose a part of the partition P, which
will play the role of the identity of T, and using the partitions we find bijections
between the parts of the maximal partitions and show that each naturally carries
the structure of the group 7. It is clear that any automorphism of the Latin
cube which fixes (1,1,1) will preserve these bijections, and hence will be an
automorphism of 7. So we have equality. (]

Remark 4.13. We will give an alternative proof of this theorem in the next
section, in Theorem 5.7.

5. Diagonal groups and diagonal semilattices

5.1. Diagonal semilattices

Let T be a group, and m be an integer with m > 2. Take (2 to be the
group T™. Following our convention in Section 1.3, we will now denote elements
of Q0 by m-tuples in square brackets.

Consider the following subgroups of :

e for 1 < i < m, T; is the ith coordinate subgroup, the set of m-tuples with
jth entry 1 for j # 4;

e T is the diagonal subgroup §(7T',m) of T™, the set {[t,¢,...,t] |t € T}.
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Let @Q; be the partition of € into right cosets of T; for i =0,1,...,m.

Observe that, by Theorem 4.11, the partitions P, A P3, Py A P3, P, A P3
and L arising from a regular Latin cube of sort (LC2) are the coset partitions
defined by the four subgroups Ty, Ty, T3, Tp of T2 just described in the case
m = 3 (see the last four rows of Table 2).

Proposition 5.1. (a) The set {Qo,-..,Qm} is invariant under the diagonal
group D(T,m).

(b) Any m of the partitions Qo, ..., Qm generate a Cartesian lattice on 2 by
taking suprema.

PrROOF. (a) It is clear that the set of partitions is invariant under right trans-
lations by elements of T and left translations by elements of the diagonal
subgroup Ty, by automorphisms of T' (acting in the same way on all coord-
inates), and under the symmetric group S,, permuting the coordinates.
Moreover, it can be checked that the map

[t1tas .oy tm] = (B0t oot M ]

interchanges Qg and (1 and fixes the other partitions. So we have the
symmetric group Sp,4+1 acting on the whole set {Qo,...,Qm}. These
transformations generate the diagonal group D(T, m); see Remark 1.3.
(b) The set T™ naturally has the structure of an m-dimensional hypercube,
and @, ..., Q,, are the minimal partitions in the corresponding Cartesian
lattice. For any other set of m partitions, the assertion follows because
the symmetric group S,,,+1 preserves the set of m + 1 partitions. O

Definition 5.2. Given a group 7" and an integer m with m > 2, define the
partitions Qo, Q1, ..., @, as above. For each subset I of {0,...,m}, put Q; =
Vicr Qi- The diagonal semilattice ©(T,m) is the set {Qr | I € {0,1,...,m}}
of partitions of the set T7.

Thus the diagonal semilattice © (T, m) is the set-theoretic union of the m+1
Cartesian lattices in Proposition 5.1(b). Clearly it admits the diagonal group
D(T, m) as a group of automorphisms.

Proposition 5.3. ©(T,m) is a join-semilattice, that is, closed under taking
joins. For m > 2 it is not closed under taking meets.

PRrROOF. For each proper subset I of {0,...,m}, the partition Q; occurs in the
Cartesian lattice generated by {Q; | i € K} for every subset K of {0,...,m}
which contains I and has cardinality m.

Let I and J be two proper subsets of {0, ...,m}. If [T U J| < m then there is
a subset K of {0,...,m} with |[K|=m and TUJ C K. Then Q;V Qs = QruJ
in the Cartesian lattice defined by K, and this supremum does not depend on
the choice of K. Therefore Q; V Q; € D(T,m).
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On the other hand, if TUJ ={0,...,m}, then

QIVQr=QoVQ1V- - VQum =@ VQ2V---VQ,=U.

Hence Q;VQy;=U, and so Q;rV Qs € D(T,m).
If m = 3, consider the subgroups

H=TyT1 ={[z,y,y] |,y €T} and K =TT5={[1,2,w]]|z,weT}.
If Py and Pk are the corresponding coset partitions, then
Py =Qo1y and P = Qq23),
which are both in (7, 3). Now, by Proposition 2.2,
Py N Pk = Punk,

where H N K = {[l,y,y] | v € T}; this is a subgroup of T™, but the coset
partition Pynx does not belong to © (T, 3). This example is easily generalised
to larger values of m. O

When T is finite, Propositions 5.1(b) and 5.3 show that ©(T,m) is a Tjur
block structure but is not an orthogonal block structure when m > 2 (see
Section 2.5).

We will see in the next section that the property in Proposition 5.1(b) is
exactly what is required for the characterisation of diagonal semilattices. First,
we extend Definition 2.18.

Definition 5.4. For i = 1, 2, let P; be a finite set of partitions of a set €;.
Then Py is isomorphic to Po if there is a bijection ¢ from 2 to 3 which induces
a bijection from P; to P which preserves the relation <.

Unfortunately, as we saw in Section 2.2, this notion of isomorphism is called
paratopism in the context of Latin squares.

The remark before Proposition 5.1 shows that a regular Latin cube of sort
(LC2) “generates” a diagonal semilattice (T, 3) for a group T', unique up to
isomorphism. The next step is to consider larger values of m.

5.2. The theorem

We repeat our axiomatisation of diagonal structures from the introduction.
We emphasise to the reader that we do not assume a Cartesian decomposition
on the set ) at the start; the m 4+ 1 Cartesian decompositions are imposed by
the hypotheses of the theorem, and none is privileged.

Theorem 5.5. Let Q be a set with Q| > 1, and m an integer at least 2. Let
Qo, .-, Qm be m+1 partitions of Q satisfying the following property: any m of
them are the minimal non-trivial partitions in a Cartesian lattice on ).
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(a) If m = 2, then the three partitions are the row, column, and letter part-
itions of a Latin square on §2, unique up to paratopism.

(b) If m > 2, then there is a group T, unique up to group isomorphism,
such that Qq, ..., Qy are the minimal non-trivial partitions in a diagonal
semilattice ®(T,m) on L.

Note that the converse of the theorem is true: Latin squares (with m = 2)
and diagonal semilattices have the property that their minimal non-trivial part-
itions do satisfy our hypotheses.

The general proof for m > 3 is by induction, the base case being m = 3. The
base case follows from Theorem 4.11, as discussed in the preceding subsection,
while the induction step is given in Subsection 5.5.

5.8. Setting up

First, we give some notation. Let P be a set of partitions of 2, and @ a
partition of 2. We denote by P/Q the following object: take all partitions
P € P which satisfy @ < P; then regard each such P as a partition, not
of ©, but of @ (that is, of the set of parts of Q). Then P /JQ is the set of these
partitions of Q. (We do not write this as P/Q, because this notation has almost
the opposite meaning in the statistical literature cited in Section 2.) The next
result is routine but should help to familiarise this concept.

Furthermore, we will temporarily call a set {Qo, ..., @} of partitions of
satisfying the hypotheses of Theorem 5.5 a special set of dimension m.

Proposition 5.6. Let P be a set of partitions of 2, and @ a minimal non-
trivial element of P.

(a) If P is an m-dimensional Cartesian lattice, then PJQ is an (m — 1)-
dimensional Cartesian lattice.

(b) If P is the join-semilattice generated by an m-dimensional special set Q,
and Q € Q, then P//Q is generated by a special set of dimension m — 1.

(¢) If P=D(T,m) is a diagonal semilattice, then P)JQ = D(T,m —1).

PROOF. (a) This follows from Proposition 3.3, because if @ = P; where I =
{1,...,m}\ {i} then we are effectively just limiting the set of indices to I.

(b) This follows from part (a).

(¢) Assume that P = D(T,m). Then, since Aut(P) contains D(T,m), which
is transitive on {Qo,. .., Qm}, we may assume that Q@ = Q,,. Thus PJQ
is a set of partitions of @Q,,. In the group T™*! x Aut(T) generated by
elements of types (I)—(III) in Remark 1.3, the subgroup T, generated by
right multiplication of the last coordinate by elements of T' is normal,
and the quotient is 7™ x Aut(T"). Moreover, the subgroups 7T; commute
pairwise, so the parts of Q; V Q,, are the orbits of T;T,,, (for i < m) and
give rise to a minimal partition in D (7T, m — 1). O
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5.4. Automorphism groups

In the cases m = 2 and m = 3, we showed that the automorphism group
of the diagonal semilattice ©(T,m) is the diagonal group D(T,m). The same
result holds for arbitrary m; but this time, we prove this result first, since it is
needed in the proof of the main theorem. The proof below also handles the case
m = 3.

Theorem 5.7. For m > 2, and any non-trivial group T, the automorphism
group of the diagonal semilattice D (T, m) is the diagonal group D(T,m).

PROOF. Our proof will be by induction on m. The cases m = 2 and m = 3 are
given by Theorems 2.11 and 4.12. However, we base the induction at m = 2, so
we provide an alternative proof for Theorem 4.12. So in this proof we assume
that m > 2 and that the result holds with m — 1 replacing m.

Recall from Section 1.3 that D(T', m) denotes the pre-diagonal group, so that
D(T,m) = E(T, m)/.f(\', with K as in (1). Suppose that o : D(T,m) — D(T,m)
is the natural projection with kero = K.

By Proposition 5.1, we know that D(T',m) is a subgroup of Aut(®(T,m)),
and we have to show that equality holds. Using the principle of Proposition 2.9,
it suffices to show that the group SAut(®(T,m)) of strong automorphisms of
D(T,m) is the group o(T™ ! x Aut(T)) generated by the images of the elements
of the pre-diagonal group of types (I)—(III), as given in Remark 1.3.

Consider @,,, one of the minimal partitions in (T, m), and let  be the set
of parts of Q,,. For i < m, the collection of subsets of Q which are the parts of
Qm inside a part of Q; V@, is a partition Q, of Q. Proposition 5.6(c) shows that
the @, are the minimal partitions of ®(7,m — 1), a diagonal semilattice on €.
Moreover, the group o(T},) is the kernel of the action of o(T™%! x Aut(T))
on Q. Further, since T,, N K =1, 0(T),) = T, = T. As in Section 1.3, let H
be the stabiliser in D(T,m) of the element [1,...,1]: then T,,, N H = 1 and so
T, acts faithfully and regularly on each part of Q..

So it suffices to show that the same is true of SAut(D(7', m)); in other words,
it is enough to show that the subgroup L of SAut(®(T,m)) fixing setwise all
parts of @,, and any given point « of  is trivial.

Any m of the partitions Qq, . . . , @, are the minimal partitions in a Cartesian
lattice of partitions of €. Let P;; denote the supremum of the partitions @ for
k ¢ {i,j}. Then, for fixed i, the partitions P;; (as j runs over {0,...,m}\ {i})
are the maximal partitions of the Cartesian lattice generated by {Q; | 0 <
j < mand j # i} and form a Cartesian decomposition of 2. Hence each point
of € is uniquely determined by the parts of these partitions which contain it
(see Definition 3.1).

For distinct 4, j < m, all parts of P;; are fixed by L, since each is a union of
parts of Q,,,. Also, for i < m, the part of P;,,, containing « is fixed by L. By the
defining property of the Cartesian decomposition {P;; | 0 < j < m and j # i},
we conclude that L fixes every point lying in the same part of P;;,, as a and this
holds for all ¢ < m.
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Taking a = [1,...,1], the argument in the last two paragraphs shows in
particular that L fixes pointwise the part Py,,[a] of Py, and the part Py, [a] of
P, containing «. In other words, L fixes pointwise the sets

Pom[a} = {[tl,. cosbm—1, 1] | t1,...,tm—1 € T} and
le[a] = {[tl,. .. ,tm_l,tﬂ | tl, N 7tm—1 € T}

Applying, for a given t € T, the same argument to the element o’ = [¢,1,...,1,%]
of Pyy,[a], we obtain that L fixes pointwise the set

Pom '] = {[t1,- s tm—1,t] | t1, s tm1 € T}.

Letting ¢t run through the elements of T, the union of the parts Pp,,[¢/] is Q,
and this implies that L fixes all elements of €2 and we are done. O

The particular consequence of Theorem 5.7 that we require in the proof of
the main theorem is the following.

Corollary 5.8. Suppose that m > 3. Let P and P’ be diagonal semilattices
isomorphic to D(T,m), and let Q and Q' be minimal partitions in P and P’,
respectively. Then each isomorphism ¢ : PJQ — P'JQ" is induced by an
isomorphism ¢ : P — P’ mapping Q to Q'.

PROOF. We may assume without loss of generality that P = P’ = D(T,m)
and, since Aut(D(T,m)) induces Sy, 1 on the minimal partitions Qo,...,Qm
of ®(T,m), we can also suppose that Q@ = Q' = Q,,. Thus PJQ = P')JQ" =
D(T,m —1). Let o : D(T,m) — D(T,m) be the natural projection map, as
in the proof of Theorem 5.7. The subgroup of Aut(D(T,m)) fixing @Q,, is the
image X = o(T™" % (Aut(T) x S,,)) where the subgroup Sy, of Sp,41 is the
stabiliser of the point m in the action on {0,...,m}. Moreover, the subgroup
X contains o(T},), the copy of T acting on the last coordinate of the m-tuples,
which is regular on each part of @,,. Put Y = o(T};,). Then Y is the kernel of
the induced action of X on P/ Q,,, which is isomorphic to D(T,m — 1), and so
X/Y = D(T,m — 1). Moreover since m > 3, it follows from Theorem 5.7 that
XY = Aut(D(T, m — 1)). Thus the given map ¢ in Aut(D(T,m — 1)) lies in
X/Y, and we may choose 1 as any pre-image of ¢ in X. O

5.5. Proof of the main theorem

Now we begin the proof of Theorem 5.5. As we remarked in Section 5.2, there
is nothing to prove for m = 2, and the case m = 3 follows from Theorem 4.11.
Thus we assume that m > 4, and assume that the main theorem is true for
dimensions m — 1 and m — 2. Given a special set {Qo,...,Qm} generating a
semilattice P, we know, by Proposition 5.6, that, for each i, P/Q; is generated
by a special set of dimension m — 1, and so is isomorphic to D (T, m—1) for some
group T. Now, T is independent of the choice of i; for, if PJQ; = D(T;,m —1),
and PJQ; = D(T;,m — 1), then, by Proposition 5.6(c),

’D(Ti,m — 2) = 'P//(QL \Y QJ) = ZD(T],m — 2),
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so by induction T; = T;. (This proof works even when m = 4, because it is the
reduction to m = 3 that gives the groups 7; and Tj, so that the Latin squares
D(T;,2) and ©(T},2) are both Cayley tables of groups, and so Theorem 2.5
implies that T; = T}.)

We call T' the underlying group of the special set.

Theorem 5.9. Let Q and Q' be special sets of dimension m > 4 on sets Q and
Q' with the same underlying group T. Then Q and Q' are isomorphic in the
sense of Definition 5.4.

ProOF. Let P and P’ be the join-semilattices generated by @ and Q' respect-
ively, where Q@ = {Qo,...,Qm} and Q@ ={Qy,...,Q.,}.

We consider the three partitions @)1, @2, and Q1 V Q2. Each part of Q1 V Q2
is partitioned by Q1 and Qs; these form a |T'| x |T| grid, where the parts of @
are the rows and the parts of ()2 are the columns. By the induction hypothesis
for m — 1 and m — 2, we claim that

e There is a bijection Fj from the set of parts of Q1 to the set of parts of
@, which induces an isomorphism from P/Q; to P’ /Q].

e There is a bijection Fy from the set of parts of ()2 to the set of parts of
QY% which induces an isomorphism from P /Q2 to P’ /Q%.

e There is a bijection Fjs from the set of parts of @1 V @2 to the set of
parts of Q] V Q4 which induces an isomorphism from P/(Q1 V @Q2) to
P’ J(Q} V QY); moreover, each of Fy and Fj, restricted to the partitions of
PJ(Q1V Q2), agrees with Fia.

The proof of these assertions is as follows. As each part of Q1 V@3 is a union
of parts of J1, the partition Q1 V Q2 determines a partition R; of ()1 which is a
minimal partition of P/Q;. Similarly Q] V Q% determines a minimal partition
Ry of P'JQ}. Then since P = P'JQ) = D(T,m — 1), by the induction
hypothesis, we may choose an isomorphism Fy : P/Q; — P’/Q} in the first
bullet point such that R; is mapped to R]. Now Fj induces an isomorphism
(PJ@Q1)JR1 — (P'JQ})/ R}, and since there are natural isomorphisms from

(PJQ1)/ Ry to PJJ(Q1VQ2) and from (P’ Q)R to P J(QyVQY), Fi induces

an isomorphism
Fia: PJ(Q1V Q2) = P'J(Q1V Q).

The join @7 V Q2 determines a partition Ry of Q2 which is a minimal part-
ition of PJQ2, and Q) V Q) determines a minimal partition R} of P’/Q5.
Further, we have natural isomorphisms from (P/Q2)// Rz to P//(Q1V Q2) and
from (P')Q5) /R, to P’ J(Q} V Q5), so we may view Fi as an isomorphism
from (P)/Q2)/ R to (P')/Q%)/Rs. By Corollary 5.8, the isomorphism Fio is
induced by an isomorphism from P/Q2 to P’ /Q%, and we take F5 to be this
isomorphism.

Thus, Fi2 maps each part A of Q1 V Q2 to a part A’ of Q] V Q%, and Fy
maps the rows of the grid on A described above to the rows of the grid on A/,
and similarly F5 maps the columns.
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Now the key observation is that there is a unique bijection F' from the points
of A to the points of A’ which maps rows to rows (inducing F;) and columns
to columns (inducing F5). For each point of A is the intersection of a row and
a column, and can be mapped to the intersection of the image row and column
in A/

Thus, taking these maps on each part of 1 V @2 and combining them, we
see that there is a unique bijection F':  — €’ which induces F; on the parts
of @1 and F3 on the parts of Q2. Since Fj is an isomorphism from P/Q; to
P’/ Q4, and similarly for F», we see that

F maps every element of P which is above either Q1 or Q3 to the
corresponding element of P’.

To complete the proof, we have to deal with the remaining partitions of P
and P’. We note that every partition in P has the form

Qr =\

iel

for some I C {0,...,m}. By the statement proved in the previous paragraph,
we may assume that I N {1,2} = @ and in particular that |I| < m — 1.
Suppose first that |I| < m — 2. Then there is some k € {0,3,...,m} such
that k& ¢ I. Without loss of generality we may assume that 0 ¢ I. Since
{Q1,...,Qm} generates a Cartesian lattice, which is closed under meet, we
have
Q1 = Qrugy N Qrugzy,

and since the partitions on the right are mapped by F' to Q’Iu{l} and Q'IU{Q},
it follows that F' maps Q; to Q7.

Consider finally the case when |I| = m — 1; that is, I = {0,3,4,...,m}. As
m > 4, we have 0,3 € I and may put J = I\ {0,3} = {4,...,m}. Then, for
i € {0,3}, |[JU{i}| = m — 2, so the argument in the previous paragraph shows
that F' maps Q ju(;) to Qf]u{z‘}' Since Q1 = Qjuqoy V Qyuysy, it follows that F'
maps @ to Q7. O

Now the proof of the main theorem follows. For let @ be a special set of
partitions of 2 with underlying group T'. By Proposition 5.1, the set of minimal
partitions in ® (7T, m) has the same property. By Theorem 5.9, Q is isomorphic
to this special set, so the join-semilattice it generates is isomorphic to D (7T, m).

6. Primitivity and quasiprimitivity

A permutation group is said to be quasiprimitive if all its non-trivial normal
subgroups are transitive. In particular, primitive groups are quasiprimitive, but
a quasiprimitive group may be imprimitive. If 7' is a (not necessarily finite)
simple group and m > 2, then the diagonal group D(T,m) is a primitive per-
mutation group of simple diagonal type; see [3], [45], or [65, Section 7.4]. In this
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section, we investigate the primitivity and quasiprimitivity of diagonal groups
for an arbitrary T'; our conclusions are in Theorem 1.6 in the introduction.

The proof requires some preliminary lemmas.

A subgroup of a group G is characteristic if it is invariant under Aut(G).
We say that G is characteristically simple if its only characteristic subgroups
are itself and 1. We require some results about abelian characteristically simple
groups.

An abelian group (T, +) is said to be divisible if, for every positive integer n
and every a € T, there exists b € T such that nb = a. The group T is uniquely
divisible if, for all a € T' and n € N, the element b € T is unique. Equivalently,
an abelian group T is divisible if and only if the map T' — T, = — nx is
surjective for all n € N, while T is uniquely divisible if and only if the same
map is bijective for all n € N. Uniquely divisible groups are also referred to as
Q-groups. If T is a uniquely divisible group, p € Z, ¢ € Z\ {0} and a € T,
then there is a unique b € T such that gb = a and we define (p/q)a = pb. This
defines a Q-vector space structure on T'. Also note that any non-trivial uniquely
divisible group is torsion-free.

In the following lemma, elements of T™*! are written as (to,...,t,) with
t; € T, and S,,41 is considered as the symmetric group acting on the set
{0,...,m}. Moreover, we let H denote the group Aut(T) x S,,41; then H
acts on Tt by

(to,...,tm)(@,’ir) - (tOW*“pv"'?tmﬂ’*lw) (6)

for all (to,...,tm) in T™ L o in Aut(T), and 7 in S,,1 1. The proof of state-
ments (b)—(c) depends on the assertion that bases exist in an arbitrary vector
space, which is a well-known consequence of the Axiom of Choice. Of course, in
special cases, for instance when T is finite-dimensional over [F,, or over QQ, then
the use of the Axiom of Choice can be avoided.

Lemma 6.1. The following statements hold for any non-trivial abelian charac-
teristically simple group T'.

(a) Either T is an elementary abelian p-group or T is a uniquely divisible
group. Moreover, T can be considered as an F-vector space, where F =T,
in the first case, while F = Q in the second case.

(b) Aut(T) is transitive on the set T\ {0}.

(c) Suppose that m > 2 and put

A=6Tm+1)={(t,....t) cT™ |tecT} and

I = {(to,...7tm) GT"H_I | Ztl :0}
=0

Then A and T are H-invariant subgroups of T™1. Furthermore, precisely
one of the following holds.
(i) T is an elementary abelian p-group where p | (m+1), so that A <T.
In particular, T /A is a proper H-invariant subgroup of T™ 1 /A.
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(ii) FEither T is uniquely divisible or T is an elementary abelian p-group
with pt (m + 1). Further, in this case, T =T @ A and T’ has no
proper, non-trivial H-invariant subgroup.

ProoF. (a) First note that, for n € N, both the image nT and the kernel
{t € T | nt = 0} of the map t — nt are characteristic subgroups of T.
If T is not a divisible group, then there exist n € N and a € T such that
a ¢ nT. Thus nT # T, and hence, since T is characteristically simple,
nI = 0. In particular, T' contains a non-zero element of finite order, and
hence T also contains an element of order p for some prime p. Since T
is abelian, the set Y = {t € T | pt = 0} is a non-trivial characteristic
subgroup, and so Y = T; that is, T is an elementary abelian p-group and
it can be regarded as an [F)-vector space.
Hence we may assume that 7' is a non-trivial divisible group. That is,
nT =T for all n € N, but also, as T is characteristically simple, {t € T' |
nt = 0} = {0} for all n € N. Hence T is uniquely divisible. In this case,
T can be viewed as a Q-vector space, as explained before the statement
of this lemma.

(b) By part (a), T can be considered as a vector space over some field F. If
a,b € T\ {0}, then, by extending the sets {a} and {b} into F-bases, we
can construct an F-linear transformation that takes a to b.

(¢) The definition of A and T' implies that they are H-invariant, and also
that, if T is an elementary abelian p-group such that p divides m+1, then
A < T, and so I'/A is a proper H-invariant subgroup of T™+!/A.
Assume now that either T' is uniquely divisible or T' is a p-group with
p{ m+1. Then T™*! = A @& T where the decomposition is into the
direct sum of H-modules. Tt suffices to show that, if a = (ag,...,am) is a
non-trivial element of I, then the smallest H-invariant subgroup X that
contains a is equal to I'. The non-zero element a of I' cannot be of the
form (b, ...,b) for b € T\ {0}, because (m+1)b # 0 whether T is uniquely
divisible or T' is a p-group with p { m+ 1. In particular there exist distinct
i,j in {0,...,m} such that a; # a;. Applying an element 7 in Sy, 1,
we may assume without loss of generality that ag # a;. Applying the

transposition (0,1) € S,,+1, we have that (a1, a9, az,...,a,) € X, and so
(ap,a1,a9,...,am) —(a1,ap,a2,...,ay,) = (ag —ay, a1 —aop,0,...,0) € X.
Hence there is a non-zero element a € T such that (a,—a,0,...,0) € X.

By part (b), Aut(T") is transitive on non-zero elements of 7" and hence
(a,—a,0,...,0) € X for all @ € T. As S,,41 is transitive on pairs of
indices ¢,5 € {0,...,m} with ¢ # j, this implies that all elements of
the form (0,...,0,a,0,...,0,—a,0,...,0) € T™F! belong to X, but these
elements generate I', and so X =T, as required. O

Non-abelian characteristically simple groups are harder to describe. A direct
product of non-abelian simple groups is characteristically simple. Every finite
characteristically simple group is of this form, but in the infinite case there is
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a bit more variety; the first example of a characteristically simple group not of
this form was published by McLain [54] in 1954, see also Robinson [73, (12.1.9)].

Now we work towards the main result of this section, the classification of
primitive or quasiprimitive diagonal groups. First we do the case where T is
abelian.

Lemma 6.2. Let G be a permutation group on a set ) and let M be an abelian
reqular normal subgroup of G. If w € Q, then G = M x G, and the following
are equivalent:

(a) G is primitive;

(b) G is quasiprimitive;

(¢) M has no proper non-trivial subgroup which is invariant under conjugation
by elements of G,,.

ProoOF. The product decomposition G = MG, follows from the transitivity of
M, while M N G, = 1 follows from the regularity of M. Hence G = M x G,,.
Assertion (a) clearly implies assertion (b). The fact that (b) implies (c) follows
from [65, Theorem 3.12(ii)] by noting that M, being abelian, has no non-trivial
inner automorphisms. Finally, that (c) implies (a) follows directly from [65,
Theorem 3.12(ii)]. O

To handle the case where T is non-abelian, we need the following definition
and lemma.

A group X is said to be perfect if X’ = X, where X’ denotes the commutator
subgroup. The following lemma can be found in [63, Lemma 2.3]. For X =
X1 x -+ x X}, a direct product of groups and S C {1,...,k}, we denote by mg
the projection from X onto [];c ¢ Xi.

Lemma 6.3. Let k be a positive integer, let X1, ..., Xi be groups, and suppose,
forie{1,...,k}, that N; is a perfect subgroup of X;. Let X = X1 x -+ x X},
and let K be a subgroup of X such that for all i, 7 with 1 <1 < j < k, we have
NiXNjgﬂ'{iJ}(K). Theanx---xngK. O

Now we are ready to prove Theorem 1.6. In this proof, G denotes the group
D(T,m) with m > 2. As defined earlier in this section, we let H = A x S,
where A = Aut(T) and S = S,,,1. Various properties of diagonal groups whose
proofs are straightforward are used without further comment.

PROOF OF THEOREM 1.6. We prove (a) = (b) = (¢) = (a).
(a)=(b) Clear.

(b)=(c) We show that T is characteristically simple by proving the contrapositive.
Suppose that NV is a non-trivial proper characteristic subgroup of 7. Then
N™*! is a normal subgroup of G, as is readily checked. We claim that
the orbit of the point [1,1,...,1] € © under N™*! is N™. We have to
check that this set is fixed by right multiplication by N™ (this is clear,
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and it is also clear that it is a single orbit), and that left multiplication of
every coordinate by a fixed element of N fixes N™ (this is also clear). So
D(T,m) has an intransitive normal subgroup, and is not quasiprimitive.

If T is abelian, then it is either an elementary abelian p-group or uniquely
divisible. In the former case, if p | (m+1), the subgroup I' from Lemma 6.1
acts intransitively on €2, and is normalised by H; so G is not quasiprimitive,
by Lemma 6.2. (The image of [0, ..., 0] under the element (¢g,...,t,,) € T
is [t1 —to, ta —to, - - . , tm —to], which has coordinate sum zero since —mty =
to. So the orbit of I' consists of m-tuples with coordinate sum zero.)

Assume that T is characteristically simple, and not an elementary abelian
p-group for which p | (m + 1).

If T is abelian, then it is either uniquely divisible or an elementary abelian
p-group with p { (m + 1). Then Lemma 6.1(c) applies; 7™ =T @ A,
where A is the kernel of the action of 7! on €, and I contains no proper
non-trivial H-invariant subgroup; so by Lemma 6.2, G is primitive.

So we may suppose that T is non-abelian and characteristically simple.
Then Z(T) = 1, and so T™*! acts faithfully on , and its subgroup
R = T™ (the set of elements of T™*! of the form (1,t,...,t,)) acts
regularly.

Let L = {(to,1,...,1) | to € T}. Put N = T+, Then RL = LR =
N =2 L x R. We identify L with Ty and R with T} X --- x T;;,. Then N is
normal in G, and G = NH.

Let w =[1,...,1] € Q be fixed. Then G,, = H and N, = I, where I is
the subgroup of A consisting of inner automorphisms of T'.

To show that G is primitive on €2, we show that G, is a maximal subgroup
of G. So let X be a subgroup of G that properly contains G,. We will
show that X = G.

Since S < X, we have that X = (X N (NA))S. Similarly, as N, A
X N(NA), we find that X N (NA) = (X NN)A. So X = (X NN)(AS)
(XNN)G,. Then, since G, is a proper subgroup of X and G,NN = N,,,
it follows that X N N properly contains N,. Set Xg = X N N. Thus there
exist some pair (i, j) of distinct indices and an element (ug, u1, ..., Up) in
Xo such that u; # u;. Since (u;',...,u; ') € X, it follows that there
exists an element (to,t1,...,tm) € Xo such that ¢; = 1 and ¢; # 1.
Since S 2 S,,,+1 normalises N, A and permutes the direct factors of N =
Ty x Ty X -+ x Ty, naturally, we may assume without loss of generality that
i =0and j = 1, and hence that there exists an element (1,¢1,...,%,) € X
with ¢; # 1; that is, Ty N mo1(Xo) # 1, where g1 is the projection from
N onto TO X Tl.

If ¢» € A, then 1 normalises X and acts coordinatewise on 7™%!; so
(L,tY,...,t%) € X, so that t¥ € Ty N1 (Xo). Now, {tV | ¢ € A}

generates a characteristic subgroup of T;. Since Tj is characteristically
simple, T7 < 79,1(Xp). A similar argument shows that Tp < 791 (Xo).

/A
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Hence Ty x Th = m,1(Xo). Since the group S = S,,41 acts 2-transitively
on the direct factors of N, and since S normalises Xy (as S < G, < X),
we obtain, for all distinct ¢, j € {1,...,m}, that m; ;(Xo) = T; x T} (where
m;,; is the projection onto T; x Tj).

Since the T; are non-abelian characteristically simple groups, they are
perfect. Therefore Lemma 6.3 implies that Xg = N, and hence X =
(X0A)S = G. Thus G, is a maximal subgroup of G, and G is primitive,
as required. O

7. The diagonal graph

The diagonal graph is a graph which stands in a similar relation to the
diagonal semilattice as the Hamming graph does to the Cartesian lattice. In this
section, we define it, show that apart from a few small cases its automorphism
group is the diagonal group, and investigate some of its properties, including its
connection with the permutation group property of synchronization.

We believe that this is an interesting class of graphs, worthy of study by
algebraic graph theorists. The graph I'p(T,m) has appeared in some cases:
when m = 2 it is the Latin-square graph associated with the Cayley table of T,
and when T' = Cj it is the folded cube, a distance-transitive graph.

7.1. Diagonal graph and diagonal semilattice

In this subsection we define the diagonal graph T'p(T, m) associated with a
diagonal semilattice ©(T,m). We show that, except for five small cases (four
of which we already met in the context of Latin-square graphs in Section 2.4),
the diagonal semilattice and diagonal graph determine each other, and so they
have the same automorphism group, namely D(T',m).

Let © be the underlying set of a diagonal semilattice ©(T, m), for m > 2 and
for a not necessarily finite group 7. Let Qq, ..., Q,, be the minimal partitions
of the semilattice (as in Section 5.1). We define the diagonal graph as follows:
the vertex set is (); two vertices are joined if they lie in the same part of ); for
some (unique) value of ¢, with 0 < 7 < m. Clearly the graph is regular with
valency (m+ 1)(|T| — 1) (if T is finite).

We represent the vertex set by T, with m-tuples in square brackets. Then
[t1,...,tm] is joined to all vertices obtained by changing one of the coordinates,
and to all vertices [zty,...,xt,,] for x € T, x # 1. We say that the adjacency of
two vertices differing in the ith coordinate is of type i, and that of two vertices
differing by a constant left factor is of type 0.

The semilattice clearly determines the graph. So, in particular, the group
D(T, m) acts as a group of graph automorphisms.

If we discard one of the partitions ;, the remaining partitions form the
minimal partitions in a Cartesian lattice; so the corresponding edges (those of
all types other than i) form a Hamming graph (Section 3.2). So the diagonal
graph is the edge-union of m+1 Hamming graphs Ham(7T, m) on the same set of
vertices. Moreover, two vertices lying in a part of @); lie at maximal distance m
in the Hamming graph obtained by removing Q;.
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Theorem 7.1. If (T, m) is not (Cs,2), (Cs,2), (Cy,2), (CaxCs,2), or (Ca,3),
then the diagonal graph determines uniquely the diagonal semilattice.

PrROOF. We handled the case m = 2 in Proposition 2.4 and the following com-
ments, so we can assume that m > 3.

The assumption that m > 3 has as a consequence that the parts of the
partitions @; are the maximal cliques of the graph. For clearly they are cliques.
Since any clique of size 2 or 3 is contained in a Hamming graph, we see that
any clique of size greater than 1 is contained in a unique maximal clique, which
has this form. (See the discussion of cliques in Hamming graphs in the proof of
Theorem 3.4.)

So all the parts of the partitions @); are determined by the graph; we need
to show how to decide when two cliques are parts of the same partition. We
call each maximal clique a line; we say it is an i-line, or has type i, if it is a
part of Q;. (So an i-line is a maximal set any two of whose vertices are type-i
adjacent.) We have to show that the partition of lines into types is determined
by the graph structure. This involves a closer study of the graph.

Since the graph admits D(T,m), which induces the symmetric group Sy,+1
on the set of types of line, we can assume (for example) that if we have three
types involved in an argument, they are types 1, 2 and 3.

Call lines L and M adjacent if they are disjoint but there are vertices x € L
and y € M which are adjacent. Now the following holds:

Let L and M be two lines.

e If L and M are adjacent i-lines, then every vertex in L is adja-
cent to a vertex in M.

e If L is an i-line and M a j-line adjacent to L, with i # j, then
there are at most two vertices in L adjacent to a vertex in M,
and exactly one such vertex if m > 3.

For suppose that two lines L and M are adjacent, and suppose first that
they have the same type, say type 1, and that z € L and y € M are on a line
of type 2. Then L = {[*,a2,as,...,an]} and M = {[*, b2, b3, ..., by]}, where x
denotes an arbitrary element of T'. We have as # by but a; = b; fori =3,...,m.
The common neighbours on the two lines are obtained by taking the entries %
to be equal in the two lines. (The conditions show that there cannot be an
adjacency of type i # 2 between them.)

Now suppose that L has type 1 and M has type 2, with a line of type 3
joining vertices on these lines. Then we have L = {[*,az2,as3,...,a,]} and
M = {[b1,*,b3,...,bn]|}, where ag # bs but a; = b; for ¢ > 3; the adjacent
vertices are obtained by putting * = by in L and * = ay in M. If m > 3, there
is no adjacency of any other type between the lines.

If m = 3, things are a little different. There is one type 3 adjacency between
the lines L = {[*, a2, ag]} and M = {[by, *, b3]} with a3 # b3, namely [b1, az, as]
is adjacent to [by, as,bs]. There is also one type-0 adjacency, corresponding to
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multiplying L on the left by bzaz': this makes [v, az,a3] adjacent to [by, v, b3]
if and only if bsaz Y4 = by and bsas Yay =y, determining = and y uniquely.

So we can split adjacency of lines into two kinds: the first kind when the
edges between the two lines form a perfect matching (so there are |T'| such
edges); the second kind where there are at most two such edges (and, if m > 3,
exactly one). Now two adjacent lines have the same type if and only if the
adjacency is of the first kind. So, if either m > 3 or |T'| > 2, the two kinds of
adjacency are determined by the graph.

Make a new graph whose vertices are the lines, two lines adjacent if their
adjacency in the preceding sense is of the first kind. Then lines in the same
connected component of this graph have the same type. The converse is also
true, as can be seen within a Hamming subgraph of the diagonal graph.

Thus the partition of lines into types is indeed determined by the graph
structure, and is preserved by automorphisms of the graph.

Finally we have to consider the case where m = 3 and T' = C5. In general,
for T'= C5, the Hamming graph is the m-dimensional cube, and has a unique
vertex at distance m from any given vertex; in the diagonal graph, these pairs
of antipodal vertices are joined. This is the graph known as the folded cube
(see [17, p. 264]). The arguments given earlier apply if m > 4; but, if m = 3,
the graph is the complete bipartite graph K4 4, and any two disjoint edges are
contained in a 4-cycle. O

Corollary 7.2. Except for the cases (T, m) = (Cs,2), (Cs,2), (CoxCs,2), and
(Co,3), the diagonal semilattice ® (T, m) and the diagonal graph T' p(T, m) have
the same automorphism group, namely the diagonal group D(T, m).

PROOF. This follows from Theorem 7.1 and the fact that I'p(Cy,2) is the
Shrikhande graph, whose automorphism group is D(Cy,2): see Section 2.4.
O

7.2. Properties of finite diagonal graphs

We have seen some graph-theoretic properties of I'p (7, m) above. In this
subsection we assume that T is finite and m > 2, though we often have to
exclude the case m = |T| = 2 (where, as we have seen, the diagonal graph is
the complete graph Ky).

The cliqgue number w(T') of a graph I' is the number of vertices in its largest
clique; the cligue cover number 6(T') is the smallest number of cliques whose
union contains every vertex; and the chromatic number x(T') is the smallest
number of colours required to colour the vertices so that adjacent vertices receive
different colours.

We already saw the following in the preceding subsection.

e There are |T|™ vertices, and the valency is (m + 1)(|T| — 1).

e Except for the case m = |T'| = 2, the clique number is |T|, and the clique
cover number is |T|™1.
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e I'p(T,m) is isomorphic to I'p (T, m’) if and only if m =m’ and T = T".

Distances and diameter can be calculated as follows. We define two sorts of
adjacency: (Al) is i-adjacency for ¢ # 0, while (A2) is 0-adjacency.

Distances in T'p(T, m). We observe first that, in any shortest path, adjacencies
of fixed type occur at most once. This is because different factors of T™!
commute, so we can group those in each factor together.

We also note that distances cannot exceed m, since any two vertices are
joined by a path of length at most m using only edges of sort (A1) (which form
a Hamming graph). So a path of smallest length is contained within a Hamming
graph.

Hence, for any two vertices t = [t1, ..., ty] and u = [ug, . . ., U], we compute
the distance in the graph by the following procedure:

(D1) Let di = di(t,u) be the Hamming distance between [t1,...,%,] and
[u1,...,Upn]. (This is the length of the shortest path not using a 0-
adjacency.)

(D2) Calculate the quotients uiti_l for i = 1,...,m. Let £ be the maximum
number of times that a non-identity element of 7" occurs as one of these
quotients, and set do = m — ¢ + 1. (We can apply left multiplication
by this common quotient to find a vertex at distance one from t¢; then
use right multiplication by m — £ appropriate elements to make the re-
maining elements agree. This is the length of the shortest path using a
0-adjacency.)

(D3) Now the graph distance d(u,v) = min{d;, ds}.

Diameter of I'p(T,m). Easy argument shows that the diameter of the graph is
m—+1—[(m+1)/|T|] which is at most m, with equality if and only if |T'| > m+1.
The bound m also follows directly from the fact that, in the previous procedure,
both d; and ds are at most m.

If |T) > m+1, let 1,t1,ta,...,t, be pairwise distinct elements of T'. It is
easily checked that d([1,...,1],[t1,...,tm]) = m. For clearly d; = m; and for
do we note that all the ratios are distinct so [ = 1.

Chromatic number. This has been investigated in two special cases: the case
m = 2 (Latin-square graphs) in [37], and the case where T is a non-abelian finite
simple group in [14] in connection with synchronization. We have not been able
to compute the chromatic number in all cases; this section describes what we
have been able to prove.

The argument in [14] uses the truth of the Hall-Paige conjecture due to
Wilcox [87], Evans [33] and Bray et al. [14], which we briefly discuss. (See [14]
for the history of the proof of this conjecture.)

Definition 7.3. A complete mapping on a group G is a bijection ¢ : G — G
for which the map ¢ : G — G given by ¥(z) = z¢(x) is also a bijection. The
map v is the orthomorphism associated with ¢.
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In a Latin square, a transversal is a set of cells, one in each row, one in each
column, and one containing each letter; an orthogonal mate is a partition of the
cells into transversals. It is well known (see also [28, Theorems 1.4.1 and 1.4.2])
that the following three conditions on a finite group G are equivalent. (The
original proof is in [60, Theorem 7].)

e G has a complete mapping;
e the Cayley table of G has a transversal;
e the Cayley table of G has an orthogonal mate.

The Hall-Paige conjecture [39] (now, as noted, a theorem), asserts the fol-
lowing:

Theorem 7.4. The finite group G has a complete mapping if and only if either
G has odd order or the Sylow 2-subgroups of G are non-cyclic. O

Now let T be a finite group and let m be an integer greater than 1, and
consider the diagonal graph I'p (T',m). The chromatic number of a graph cannot
be smaller than its clique number. It follows from the argument in the proof
of Theorem 7.1 and from inspecting the exceptional cases not covered in that
theorem that the clique number is |T'| unless m = 2 and |T'| = 2.

e Suppose first that m is odd. We give the vertex [t1,...,ty] the colour
UUg - - U, in T, where u; = t; if ¢ is odd and u; = ti_1 if 7 is even. If two
vertices lie in a part of ); with ¢ > 0, they differ only in the ith coordinate,
and clearly their colours differ. Suppose that [t1,...,t,] and [s1,..., Sm)
lie in the same part of Qg, so that s; = xt; for i = 1,...,m, where x # 1.
Put v; = s; if 7 is odd and v; = 8;1 if ¢ is even. Then v;v;41 = u;Uit1
whenever i is even, so the colour of the second vertex is

VIV Uy = VLU Uy = TULUD U,
which is different from that of the first vertex since = # 1.

e Now suppose that m is even and assume in this case that the Sylow 2-
subgroups of T are are trivial or non-cyclic. Then, by Theorem 7.4, T' has
a complete mapping ¢. Let 1 be the corresponding orthomorphism. We
define the colour of the vertex [ti,...,tn,] to be

t;ltgt??ltz; te t;fbl,gtm72t;1171w(tm)'

An argument similar to but a little more elaborate than in the other case
shows that this is a proper colouring. We refer to [14] for details.

With a little more work we get the following theorem, a contribution to the
general question concerning the chromatic number of the diagonal graphs. Let
Xx(T,m) denote the chromatic number of T'p (T, m).
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Theorem 7.5. (a) If m is odd, or if |T| is odd, or if the Sylow 2-subgroups
of T are non-cyclic, then x(T,m) = |T.
(b) If m is even, then x(T,m) < x(T,2).

All cases in (a) were settled above; we turn to (b).

A graph homomorphism from I" to A is a map from the vertex set of I' to
that of A which maps edges to edges. A proper r-colouring of a graph IT' is
a homomorphism from I" to the complete graph K,. Since the composition of
homomorphisms is a homomorphism, we see that if there is a homomorphism
from T to A then there is a colouring of T with x(A) colours, so x(T') < x(A).

Theorem 7.6. For any m > 3 and non-trivial finite group T, there is a homo-
morphism from T'p(T,m) to T'p(T,m — 2).

PROOF. We define a map by mapping a vertex [t1,ts,..., 1] of Tp(T,m) to
the vertex [tity 't3,t4,... ,tm] of Tp(T,m — 2), and show that this map is a
homomorphism. If two vertices of I'p(T,m) agree in all but position j, then
their images agree in all but position 1 (if j < 3) or j—2 (if j > 3). Suppose that

t; = ws; fori =1,...,m. Then tit; ‘t3 = xs1s, 's3, so the images of [t1,...,tn]
and [s1, ..., $y] are joined. This completes the proof. O
This also completes the proof of Theorem 7.5. O

The paper [37] reports new results on the chromatic number of a Latin
square graph, in particular, if |T| > 3 then x(7,2) < 3|T|/2. They also report
a conjecture of Cavenagh, which claims that x(7,2) < |T| 4+ 2, and prove this
conjecture in the case where T is abelian.

Payan [61] showed that graphs in a class he called “cube-like” cannot have
chromatic number 3. Since I'p(C3,2), which is the complete graph Ky, has
chromatic number 4, it follows from Theorems 7.5 and 7.6 that the chromatic
number of the folded cube I'p(C2,m) is 2 if m is odd and 4 if m is even. So the
bound in Theorem 7.5(b) is attained if T' = Cj.

7.8. Synchronization

A permutation group G on a finite set € is said to be synchronizing if, for any
map f: Q — Q which is not a permutation, the transformation monoid (G, f)
on () generated by G and f contains a map of rank 1 (that is, one which maps
Q to a single point). For the background of this notion in automata theory, we
refer to [2].

The most important tool in the study of synchronizing groups is the following
theorem [2, Corollary 4.5 ]. A graph is trivial if it is complete or null.

Theorem 7.7. A permutation group G is synchronizing if and only if no non-
trivial G-invariant graph has clique number equal to chromatic number. O

From this it immediately follows that a synchronizing group is transitive (if
G is intransitive, take a complete graph on one orbit of ), and primitive (take
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the disjoint union of complete graphs on the blocks in a system of imprimitivity
for G). Now, by the O’'Nan—Scott theorem (Theorem 1.5), a primitive permu-
tation group preserves a Cartesian or diagonal semilattice or an affine space, or
else is almost simple.

Theorem 7.8. If a group G preserves a Cartesian decomposition, then it is
non-synchronizing.

This holds because the Hamming graph has clique number equal to chromatic
number. (We saw in the proof of Theorem 3.4 that the clique number of the
Hamming graph is equal to the cardinality of the alphabet. Take the alphabet
A to be an abelian group; also use A for the set of colours, and give the n-tuple
(a1,...,ay) the colour a; +- - - +a,. If two n-tuples are adjacent in the Hamming
graph, they differ in just one coordinate, and so get different colours.) O

In [14], it is shown that a primitive diagonal group whose socle contains
m + 1 simple factors with m > 1 is non-synchronizing. In fact, considering
Theorem 1.6, the following more general result is valid.

Theorem 7.9. If G preserves a diagonal semilattice ®(T, m) with m > 1 and
T a finite group of order greater than 2, then G is non-synchronizing.

PROOF. If T is not characteristically simple then Theorem 1.6 implies that G is
imprimitive and so it is non-synchronizing. Suppose that T is characteristically
simple and let T be the diagonal graph I'p (7T, m). Since we have excluded the
case |T| = 2, the clique number of T' is |T|, as we showed in the preceding
subsection. Also, either T is an elementary abelian group of odd order or the
Sylow 2-subgroups of T' are non-cyclic, and so, by Theorem 7.5, x(I') = |T'|. Now
Theorem 7.7 implies that D(T, m) is non-synchronizing; since G < D(T, m), also
G is non-synchronizing. O

8. Open problems

Here are a few problems that might warrant further investigation.

For m > 3, Theorem 5.5 characterised m-dimensional special sets of part-
itions as minimal partitions in join-semilattices D (T, m) for a group T. However,
for m = 2, such special sets arise from an arbitrary quasigroup 7. The auto-
morphism group of the join-semilattice generated by a 2-dimensional special
set is the paratopism group of the quasigroup T' and, for |T'| > 4, it also co-
incides with the automorphism group of the corresponding Latin square graph
(Proposition 2.6).

Problem 8.1. Determine whether there exists a quasigroup, not isotopic to
a group, whose paratopism group is primitive. This is equivalent to requiring
that the automorphism group of the corresponding Latin square graph is vertex-
primitive; see Proposition 2.6.
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If T is a non-abelian finite simple group and m > 3, then the diagonal group
D(T,m) is a maximal subgroup of the symmetric or alternating group [48].
What happens in the infinite case?

Problem 8.2. Find a maximal subgroup of Sym(2) that contains the diagonal
group D(T,m) if T is an infinite simple group. If Q is countably infinite, then
by [51, Theorem 1.1], such a maximal subgroup exists. (For a countable set,
[27] describes maximal subgroups that stabilise a Cartesian lattice.)

Problem 8.3. Investigate the chromatic number x(7', m) of the diagonal graph
Tp(T,m) if m is even and T has no complete mapping. In particular, either
show that the bound in Theorem 7.5(b) is always attained (as we noted, this is
true for T'= () or improve this bound.

For the next case where the Hall-Paige conditions fail, namely T' = Cy, the
graph I'p(T,2) is the complement of the Shrikhande graph, and has chromatic
number 6; so, for any even m, the chromatic number of I'p(T,m) is 4, 5 or 6,
and the sequence of chromatic numbers is non-increasing.

If T is a direct product of m pairwise isomorphic non-abelian simple groups,
with m an integer and m > 1, then D(T, m) preserves a Cartesian lattice by [65,
Lemma 7.10(ii)]. Here T is not necessarily finite, and groups with this property
are called FCR (finitely completely reducible) groups. However there are other
infinite characteristically simple groups, for example the McLain group [54].

Problem 8.4. Determine whether there exist characteristically simple (but not
simple) groups 7' which are not FCR-groups, and integers m > 1, such that
D(T, m) preserves a Cartesian lattice. It is perhaps the case that D(T,m)
does not preserve a Cartesian lattice for these groups T'; and we ask further
whether D(T,m) might still preserve some kind of structure that has more
automorphisms than the diagonal semilattice.

Problem 8.5. Describe sets of more than m+1 partitions of 2, any m of which
are the minimal elements in a Cartesian lattice.

For m = 2, these are equivalent to sets of mutually orthogonal Latin squares.

For m > 2, any m+1 of the partitions are the minimal elements in a diagonal
semilattice D(T, m). Examples are known when T is abelian. One such family
is given as follows. Let T be the additive group of a field F' of order ¢, where
g>m+1;let F={ai,as,...,aq}. Thenlet W =F™. Fori=1,...,q, let W;
be the subspace spanned by (1,6%,(1227 . ,a;-”fl), and let Wy be the subspace
spanned by (0,0,...,0,1). The coset partitions of W given by these ¢ + 1
subspaces have the property that any m of them are the minimal elements in a
Cartesian lattice of dimension m (since any m of the given vectors form a basis
of W.) Note the connection with MDS codes and geometry: the 1-dimensional
subspaces are the points of a normal rational curve in PG(m — 1, F'). See [19].

For which non-abelian groups 7' do examples with m > 2 exist?
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Problem 8.6. With the hypotheses of Problem 8.5, find a good upper bound
for the number of partitions, in terms of m and T.

We note one trivial bound: the number of such partitions cannot exceed
m+|T| — 1. This is well-known when m = 2 (there cannot be more than |7 —1
mutually orthogonal Latin squares of order |T'|). Now arguing inductively as in
the proof of Proposition 5.6, we see that increasing m by one can increase the
number of partitions by at most one.
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