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ABSTRACT. The transporter systems of Oliver and Ventura and the localities of Chermak are
classes of algebraic structures that model the p-local structures of finite groups. Other than
the transporter categories and localities of finite groups, important examples include centric,
quasicentric, and subcentric linking systems for saturated fusion systems. These examples are
however not defined in general on the full collection of subgroups of the Sylow group. We study
here punctured groups, a short name for transporter systems or localities on the collection of
nonidentity subgroups of a finite p-group. As an application of the existence of a punctured
group, we show that the subgroup homology decomposition on the centric collection is sharp for
the fusion system. We also prove a Signalizer Functor Theorem for punctured groups and use it
to show that the smallest Benson-Solomon exotic fusion system at the prime 2 has a punctured
group, while the others do not. As for exotic fusion systems at odd primes p, we survey several
classes and find that in almost all cases, either the subcentric linking system is a punctured group
for the system, or the system has no punctured group because the normalizer of some subgroup
of order p is exotic. Finally, we classify punctured groups restricting to the centric linking system
for certain fusion systems on extraspecial p-groups of order p>.

1. INTRODUCTION

Let F be a fusion system over the finite p-group S. Thus, F is a category with objects
the subgroups of S, and with morphisms injective group homomorphisms which contain among
them the conjugation homomorphisms induced by elements of S plus one more weak axiom. A
fusion system is said to be saturated if it satisfies two stronger “saturation” axioms which were
originally formulated by L. Puig [Pui0O6] and rediscovered by Broto, Levi, and Oliver [BLO03b)].
Those axioms hold whenever G is a finite group, S is a Sylow p-subgroup of G, and Homz(P, Q) =
Homg (P, Q) is the set of conjugation maps ¢, from P to @ that are induced by elements g € G.
The fusion system of a finite group is denoted Fg(G).

A saturated fusion system F is said to be ezotic if it is not of the form Fg(G) for any finite
group G with Sylow p-subgroup S. The Benson-Solomon fusion systems at p = 2 form one family
of examples of exotic fusion systems [LO02,|AC10]. They are essentially the only known examples
at the prime 2, and they are in some sense the oldest known examples, having been studied in
the early 1970s by Solomon in the course of the classification of finite simple groups (although
not with the more recent categorical framework in mind) [Sol74]. In contrast with the case p = 2,
a fast-growing literature describes many exotic fusion systems on finite p-groups when p is odd.

In replacing a group by its fusion system at a prime, one retains information about conjugation
homomorphisms between p-subgroups, but otherwise loses information about the group elements
themselves. It is therefore natural that a recurring theme throughout the study of saturated fusion
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systems is the question of how to “enhance” or “rigidify” a saturated fusion system to make it
again more group-like, and also to study which fusion systems have such rigidifications.

The study of the existence and uniqueness of centric linking systems was a first instantiation
of this theme of rigidifying saturated fusion systems. A centric linking system is an important
extension category of a fusion system F which provides just enough algebraic information to
recover a p-complete classifying space. For example, it recovers the homotopy type of the p-
completion of BG in the case where F = Fg(G). Centric linking systems of finite groups are easily
defined, and Oliver proved that the centric linking systems of finite groups are unique [O1i04,/01i06].
Then, Chermak proved that each saturated fusion system, possibly exotic, has a unique associated
centric linking system [Chel3|. A proof which does not rely on the classification of finite simple
groups can be obtained through |Oli13,|GL16].

More generally, there are at least two frameworks for considering extensions, or rigidifications, of
saturated fusion systems: the transporter systems of Oliver and Ventura |[OV07] and the localities
of Chermak [Chel3]. In particular, one can consider centric linking systems in either setting.
While centric linking systems in either setting have a specific set of objects, the object sets in
transporter systems and localities can be any conjugation-invariant collection of subgroups which
is closed under passing to overgroups. The categories of transporter systems and isomorphisms
and of localities and isomorphisms are equivalent [Chel3, Appendix] and [GL21, Theorem 2.11].
However, depending on the intended application, it is sometimes advantageous to work in the
setting of transporter systems, and sometimes in localities. The reader is referred to Section [2] for
an introduction to localities and transporter systems.

In this paper we study punctured groups. These are transporter systems, or localities, with
objects the nonidentity subgroups of a finite p-group S. To motivate the terminology, recall that
every finite group G with Sylow p-subgroup S admits a transporter system Tg(G) whose objects
are all subgroups of S and Mory (P, Q) = Ng(P,Q), the transporter set consisting of all g € G
which conjugate P into ). Conversely, [OV07, Proposition 3.11] shows that a transporter system
T whose set of objects consists of all the subgroups of S is necessarily the transporter system
Ts(G) where G = Aut7 (1), and the fusion system F with which 7 is associated is Fg(G). Thus,
a punctured group 7 is a transporter system whose object set is missing the trivial subgroup, an
object whose inclusion forces 7 to be the transporter system of a finite group.

If we consider localities rather than transporter systems, then the punctured group of G is the
locality L y+(5)(G) C G consisting of those elements g € G which conjugate a nonidentity subgroup
of S back into S. This is equipped with the multivariable partial product w := (g1,...,9n) —
g1 -+ gn, defined only when each initial subword of the word w conjugates some fixed nonidentity
subgroup of S back into S. Thus, the product is defined on words which correspond to sequences
of composable morphisms in the transporter category 74 (G). See Definition for more details.

By contrast with the existence and uniqueness of linking systems, we will see that punctured
groups for exotic fusion systems do not necessarily exist. The existence of a punctured group for
an exotic fusion system seems to indicate that the fusion system is “close to being realizable” in
some sense. Therefore, considering punctured groups might provide some insight into how exotic
systems arise.

It is also not reasonable to expect that a punctured group is unique when it does exist. To
give one example, the fusion systems PSLs(q) with ¢ = 9 (mod 16) all have a single class of
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involutions and equivalent fusion systems at the prime 2. On the other hand, the centralizer of an
involution is dihedral of order 2(¢—1), so the associated punctured groups are distinct for distinct
q. Examples like this one occur systematically in groups of Lie type in nondefining characteristic.
Later will give examples of realizable fusion systems with punctured groups which do not occur
as a full subcategory of the punctured group of a finite group.

We will now describe our results in detail. To start, we present a result which gives some
motivation for studying punctured groups.

1.1. Sharpness of the subgroup homology decomposition. As an application of the ex-
istence of the structure of a punctured group for a saturated fusion system F, we prove that
it implies the sharpness of the subgroup homology decomposition for that system. Recall from
[BLOO3b, Definition 1.8] that given a p-local finite group (S, F, L) its classifying space is the
Bousfield-Kan p-completion of the geometric realisation of the category L£. This space is denoted
by L]}

The orbit category of F, see [BLOO03b, Definition 2.1], is the category O(F) with the same
objects as F and whose morphism sets Morp 7 (P, @) is the set of orbits of F(P, Q) under the
action of Inn(@Q). The full subcategory of the F-centric subgroups is denoted O(F¢). For every
j =0 there is a functor H7 : O(F)°P — Z,)-mod:

HI: P HI(P;T,), (P € O(F°)).

The stable element theorem for p-local finite groups |[BLO03b, Theorem B, see also Theorem 5.8]
asserts that for every j > 0,

HI(|L]);Fp) = lm # = lim  HI(P;Fp).
O(F¢) PEO(Fe)
The proof of this theorem in [BLOO03b] is indirect and requires heavy machinery such as Lannes’s
T-functor theory. From the conceptual point of view, the stable element theorem is only a shadow
of a more general phenomenon. By [BLOO03b|, Proposition 2.2] there is a functor

B: O(F¢) — Top

with the property that B(P) is homotopy equivalent to the classifying space of P (denoted BP)
and moreover there is a natural homotopy equivalence
|£| ~ hocolimB.
O(F*)
The Bousfield-Kan spectral sequence for this homotopy colimit [BK72, Ch. XII, Sec. 4.5] takes
the form
= ' W= HY(L):E,)
O(Fe)op

and is called the subgroup decomposition of (S, F,L). We call the subgroup decomposition sharp,
see [Dwy98], if the spectral sequence collapses to the vertical axis, namely E5’ = 0 for all ¢ > 0.
When this is the case, the stable element theorem is a direct consequence. Indeed, whenever F is
induced from a finite group G with a Sylow p-subgroup S, the subgroup decomposition is sharp

(and the stable element theorem goes back to Cartan-Eilenberg [CE56, Theorem XII.10.1]). This
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follows immediately from Dwyer’s work [Dwy98, Sec. 1.11] and [BLO03a, Lemma 1.3], see for
example [DP15, Theorem B].

It is still an open question as to whether the subgroup decomposition is sharp for every saturated
fusion system. We will prove the following theorem.

Theorem 1.1. Let F be a saturated fusion system which affords the structure of a punctured
group. Then the subgroup decomposition on the F-centric subgroups is sharp. In other words,
lim® # =0
O(Feyor

for everyi > 1 and j > 0.

We will prove this theorem in Section [3| below. We remark that our methods apply to any
functor H which in the language of [DP15] is the pullback of a Mackey functor on the orbit
category of F denoted O(F) such that H(e) = 0 where e < S is the trivial subgroup. In the
absence of applications in sight for this level of generality we have confined ourselves to the
functors H = H/.

1.2. Signalizer functor theorem for punctured groups. It is natural to ask for which exotic
fusion systems punctured groups exist. We will answer this question for specific families of exotic
fusion systems. As a tool for proving the non-existence of punctured groups we define and study
signalizer functors for punctured groups thus mirroring a concept from finite group theory.

Definition 1.2. Let (£, A, S) be a punctured group. If P is a subgroup of S, write Z,(P) for
the set of elements of P of order p. A signalizer functor of (L, A,S) (on elements of order p) is
a map 6 from Z,(S) to the set of subgroups of £, which associates to each element a € Z,(5) a
normal p’-subgroup 6(a) of Cz(a) such that the following two conditions hold:
e (Conjugacy condition) §(a%) = 0(a)? for any g € £ and a € Z,(S) such that a9 is defined
and an element of S.
e (Balance condition) §(a) N Cr(b) < 6(b) for all a,b € Z,,(S) with [a,b] = 1.

Notice in the above definition that, since (£, A, S) is a punctured group, for any a € S, the
normalizer N ({a)) and thus also the centralizer Cz(a) is a subgroup.

Theorem 1.3 (Signalizer functor theorem for punctured groups). Let (£, A,S) be a punctured
group and suppose 0 is a signalizer functor of (L,A,S) on elements of order p. Then

6= J 0@

x€Zp(S)

is a partial normal subgroup of L with OnsS=1.In particular, the canonical projection p: L —
L/© restricts to an isomorphism S — SP. Upon identifying S with SP, the following properties
hold:

(a) (£/O,A,S) is a locality and Fs(L/O) = Fs(L).

(b) For each P € A, the projection p restricts to an epimorphism Ng(P) — Nﬁ/@(P) with

kernel ©(P) and thus induces an isomorphism N, (P)/O(P) = Nﬁ/@(P).
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1.3. Punctured groups for families of exotic fusion systems. Let F be a saturated fusion
system on the p-group S. If £ is a locality or transporter system associated with F, then for each
fully F-normalized object P of £, the normalizer fusion system Nx(P) is the fusion system of the
group N (P) if £ is a locality, and of the group Aut,(P) if £ is a transporter system. This gives
an easy necessary condition for the existence of a punctured group: for each fully F-normalized
nonidentity subgroup P < S, the normalizer Nz(P) is realizable.

Conversely, there is a sufficient condition for the existence of a punctured group: F is of
characteristic p-type, i.e. for each fully F-normalized nonidentity subgroup P < S, the normalizer
Nz(P) is constrained. This follows from the existence of linking systems (or similarly linking
localities) of a very general kind, a result which was shown in [Henl9, Theorem A] building on
the existence and uniqueness of centric linking systems.

The Benson-Solomon fusion systems Fgo1(¢) at the prime 2 have the property that the normal-
izer fusion system of each nonidentity subgroup P is realizable, and moreover, Cr(Z(S)) is the
fusion system at p = 2 of Spin;(g), and hence not constrained. So Fge(q) satisfies the obvious
necessary condition for the existence of a punctured group, and does not satisfy the sufficient one.

Building on results of Solomon [Sol74], Levi and Oliver showed that Fgoi(q) is exotic [LO02,
Theorem 3.4], i.e., it has no locality with objects all subgroups of a Sylow 2-group. In Section
we show the following theorem.

Theorem 1.4. For any odd prime power q, the Benson-Solomon fusion system Fgoi(q) has a
punctured group if and only if ¢ = £3 (mod 8).

If ] is the nonnegative integer with the property that 2/+3 is the 2-part of ¢> — 1, then Fso (q) =
]-"301(32l). So the theorem says that only the smallest Benson-Solomon system, Fgq(3), has a
punctured group, and the larger ones do not. Further details and a uniqueness statement are
given in Theorem

When showing the non-existence of a punctured group in the case ¢ = +1 (mod 8), the Signal-
izer Functor Theorem plays an important role in showing that a putative minimal punctured
group has no partial normal p’-subgroups. To construct a punctured group in the case ¢ = £3
(mod 8), we turn to a procedure we call Chermak descent. It is an important tool in Chermak’s
proof of the existence and uniqueness of centric linking systems [Chel3| Section 5] and allows us
(under some assumptions) to “expand” a given locality to produce a new locality with a larger
object set. Starting with a linking locality, we use Chermak descent to construct a punctured
group L for Fgo(g) in which the centralizer of an involution is Cz(Z(S)) = Spin,(3).

It is possible that there could be other examples of punctured groups for Fg,1(3) in which the
centralizer of an involution is Spin;(q) for certain ¢ = 3'75¢; a necessary condition for existence
is that each prime divisor of ¢ — 1 is a square modulo 7. However, given this condition, we can
neither prove or disprove the existence of an example with the prescribed involution centralizer.

In Section [5 we survey a few families of known exotic fusion systems at odd primes to deter-
mine whether or not they have a punctured group. A summary of the findings is contained in
Theorem For nearly all the exotic systems we consider, either the system is of characteristic

p-type, or the centralizer of some p-element is exotic and a punctured group does not exist.
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In particular, when considering the family of Clelland-Parker systems |[CP10] in which each
essential subgroup is special, we find that O (C=(Z(S))/Z(S)) is simple, exotic, and had not ap-
peared elsewhere in the literature as of the time of our writing. We dedicate part of Subsection
to describing these systems and to proving that they are exotic.

Applying Theorem [1.1]to the results of Sections 4 and [§| establish the sharpness of the subgroup
decomposition for new families of exotic fusion systems, notably

e Benson-Solomon’s system Fgq1(3) [LO02],
e all Parker-Stroth systems [PS15],
e all Clelland-Parker systems |[CP10| in which each essential subgroup is abelian.

It also recovers the sharpness for certain fusion systems on p-groups with an abelian subgroup of
index p, a result that was originally established in full generality by Diaz and Park [DP15].

1.4. Classification of punctured groups over pr. In general, it seems difficult to classify all
the punctured groups associated to a given saturated fusion system. However, for fusion systems
over an extraspecial p-group of exponent p, which by [RV04] are known to contain among them
three exotic fusion systems at the prime 7, we are able to work out such an example. There is
always a punctured group £ associated to such a fusion system, and when F has one class of
subgroups of order p and the full subcategory of £ with objects the F-centric subgroups is the
centric linking system, a classification is obtained in Theorem Conversely, the cases we list
in that theorem all occur in an example for a punctured group. This demonstrates on the one
hand that there can be more than one punctured group associated to the same fusion system and
indicates on the other hand that examples for punctured groups are still somewhat limited.

Outline of the paper and notation. The paper proceeds as follows. In Section [2| we recall
the definitions and basic properties of transporter systems and localities, and we prove the Sig-
nalizer Functor Theorem in Subsection In Section |3 we prove sharpness of the subgroup
decomposition for fusion systems with associated punctured groups. Section [4] examines punc-
tured groups for the Benson-Solomon fusion systems, while Section [5| looks at several families of
exotic fusion systems at odd primes. Finally, in Section [f] classifies certain punctured groups over
an extraspecial p-group of order p? and exponent p. An Appendix |A sets notation and provides
certain general results on finite groups of Lie type that are needed in Section [4

Throughout most of the paper we write conjugation like maps on the right side of the argument
and compose from left to right. There are two exceptions: when working with transporter systems,
such as in Section [3] we compose morphisms from right to left. Also, we apply certain maps in
Section ] on the left of their arguments (e.g. roots, when viewed as characters of a torus). The
notation for Section [ is outlined in more detail in the appendix.
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2. LOCALITIES AND TRANSPORTER SYSTEMS

As already mentioned in the introduction, transporter systems as defined by Oliver and Ven-
tura [OV07] and localities in the sense of Chermak [Chel3| are algebraic structures which carry
essentially the same information. In this section, we will give an introduction to both subjects and
outline briefly the connection between localities and transporter systems. At the end we present
some signalizer functor theorems for localities.

2.1. Partial groups. We refer the reader to Chermak’s papers |Chel3] or [Chel5] for a detailed
introduction to partial groups and localities. However, we will briefly summarize the most im-
portant definitions and results here. Following Chermak’s notation, we write W (L) for the set of
words in a set £, and & for the empty word. The concatenation of words ui,...,ur € W(L) is
denoted by uj; oug o --- o ug.

Definition 2.1 (Partial Group). Let £ be a non-empty set, let D be a subset of W(L), let
II: D — £ be amap and let (—)~': £ — £ be an involutory bijection, which we extend to a map
()WL) = WL, w=(g1,...,g5) —w = (gkfl, .. ,gfl).

We say that L is a partial group with product IT and inversion (—)~! if the following hold:
e £ CD (i.e. D contains all words of length 1), and

uov € D = u,v € D;

(so in particular, @ € D.)
e II restricts to the identity map on L;
e yovow €D = uo(II(v)) ow € D, and II(u o v o w) = II(u o (II(v)) o w);
eweD = wloweDandII(w ! ow)=1 where 1 :=II().

Note that any group G can be regarded as a partial group with product defined in D = W(G)
by extending the “binary” product to a map W(G) — G, (91,92, ---,9n) = 9192 In-

For the remainder of this section let £ be a partial group with product II: D — L
defined on the domain D C W([).

Because of the group-like structure of partial groups, the product XY of two subsets X and Y
of L is naturally defined by

XY ={ll(z,y): z € X, y € Y such that (z,y) € D}.
Similarly, there is a natural notion of conjugation, which we consider next.
Definition 2.2. For every g € L we define
D(g)={z € L] (9" x,9) € D}.

The map c¢4: D(g9) — £, x +— 29 = II(g %, z, g) is the conjugation map by g. If H is a subset of
L and H C D(g), then we set
HI={h9 | h € H}.
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Whenever we write 29 (or HY), we mean implicitly that x € D(g) (or H C D(g), respectively).
Moreover, if M and H are subsets of £, we write Naq(#H) for the set of all ¢ € M such that
H C D(g) and HY9 = H. Similarly, we write Caq(#) for the set of all g € M such that # C D(g)
and h9 = h forall he H. f M C L and h € L, set Cpq(h) := Cp({h}).

Definition 2.3. Let H be a non-empty subset of £. The subset H is a partial subgroup of L if
e gcH =g 'eH; and
e weDNW(H) = II(w) € H.

If H is a partial subgroup of £ with W(#H) C D, then H is called a subgroup of L.

A partial subgroup N of L is called a partial normal subgroup of £ (denoted N < L) if for all
geLandneN,
neD(g) = n e N.

We remark that a subgroup H of L is always a group in the usual sense with the group
multiplication defined by hg = II(h, g) for all h,g € H.

2.2. Localities. Roughly speaking, localities are partial groups with some some extra structure,
in particular with a “Sylow p-subgroup” and a set A of “objects” which in a certain sense deter-
mines the domain of the product. This is made more precise in Definition [2.5| below. We continue
to assume that £ is a partial group with product II: D — £. We will use the following notation.

Notation 2.4. If S is a subset of £ and g € L, set
Sy :={se€SND(g): s7 € S}.

More generally, if w = (g1,...,9,) € W(L) with n > 1, define S,, to be the set of elements
s € S for which there exists a sequence of elements s = sq, $1,...,8, € S with s;_1 € D(g;) and

9i o, -
sity=s;foralli=1,... n.

Definition 2.5. We say that (£, A, S) is a locality if the partial group L is finite as a set, S is a
p-subgroup of £, A is a non-empty set of subgroups of S, and the following conditions hold:

(L1) S is maximal with respect to inclusion among the p-subgroups of L.

(L2) For any word w = (f1,...,fn) € W(L), we have w € D if and only if there exist
Py,...,P, € A with
(x) P1 CD(fi)and P, = P foralli=1,...,n.

(L3) The set A is closed under passing to £-conjugates and overgroups in S, i.e. A is overgroup-
closed in S and, for every P € A and g € £ such that P C S;, we have P9 € A.

If (£,A,S) is a locality, w = (f1,..., fn) € W(L), and Fy,..., P, are elements of A such that
(%) holds, then we say that w € D via Fy,..., P, (or w € D via I}).

It is argued in |[Henl9, Remark 5.2] that Definition is equivalent to the definition of a
locality given by Chermak [Chelb| Definition 2.8] (which is essentially the same as the one given
in |Chel3| Definition 2.9]).

Example 2.6. Let M be a finite group and S € Syl,(M). Set F = Fg(M) and let A be a
non-empty collection of subgroups of S, which is closed under F-conjugacy and overgroup-closed
in S. Set
LAM):={geG:SNSYe A} ={g e G:3IP € A with PY < S}
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and let D be the set of tuples (g1,...,9,) € W(M) such that there exist Py, Pi,..., P, € A
with P, = P;. Then LA(M) forms a partial group whose product is the restriction of the
multivariable product on M to D, and whose inversion map is the restriction of the inversion map
on the group M to LA(M). Moreover, (LA(M), A, S) forms a locality.

In the next lemma we summarize the most important properties of localities which we will use
throughout, most of the time without reference.

Lemma 2.7 (Important properties of localities). Let (£, A,S) be a locality. Then the following
hold:

(a) Nz(P) is a subgroup of L for each P € A.

(b) Let P € A and g € L with P C Sy. Then Q := P9 € A, Nz(P) C D(g) and

cg: Ng(P) = Ng(Q), x — a9

18 an isomorphism of groups.
(¢c) Let w=(g1,--.,9n) € D via (Xo,...,X,). Then

Cg1 [ IR chn = CH(’lU)
is a group isomorphism Np(Xo) — Ne(Xp).

d) For every g € L, we have S, € A. In particular, S, is a subgroup of S. Moreover,

g g

Sy = Sg-1 and cg: Sy — S, x +— x9 is an injective group homomorphism.

e) For every g € L, cg: D(g) = D(g™1), x — 29 is a bijection with inverse map c,—1.

() Yy g 9: D(g g j P cq

(f) For any w € W(L), Sy, is a subgroup of S with Sy, € A if and only if w € D. Moreover,
w € D implies Sy < Stiw)-

Proof. Properties (a),(b) and (c) correspond to the statements (a),(b) and (c) in [Chel5, Lemma 2.3]
except for the fact stated in (b) that @ € A, which is however clearly true if one uses the definition
of a locality given above. Property (d) holds by [Chel5, Proposition 2.6(a),(b)] and property (e)
is stated in [Chel3| Lemma 2.5(c)]. Property (f) corresponds to Corollary 2.7 in |Chel5|. O

Let (£, A, S) be a locality. Then it follows from Lemma [2.7(d) that, for every P € A and every
g € L with P C Sy, the map ¢;: P — P9, — 29 is an injective group homomorphism. The
fusion system Fg (L) is the fusion system over S generated by such conjugation maps. Equivalently,
Fs(L) is generated by the conjugation maps between subgroups of S, or by the conjugation maps
of the form ¢4: Sy — S, — 29 with g € L.

Definition 2.8. If F is a fusion system, then we say that the locality (£, A,.S) is a locality over
Fif F = Fs(L).

If (£,A,S) is a locality over F, then notice that the set A is always overgroup-closed in S and
closed under F-conjugacy.

Lemma 2.9. Let (L,A,S) be a locality over a fusion system F and P € A. Then the following
hold:
(a) For every ¢ € Homz(P,S), there exists g € L such that P < Sy and ¢(x) = x9 for all
z € P.
(b) Nx(P) = Fnyp)(Nc(P)).



Proof. For (a) see Lemma 5.6 and for (b) see Lemma 5.4 in [Hen19]. O

Suppose (LT, AT, S) is a locality with partial product IIT: DT — £*. If A is a non-empty
subset of AT which is closed under taking £T-conjugates and overgroups in S, we set

LY|a:={feL':3P e Asuch that P C D*(f) and P/ < S}

and write D for the set of words w = (f1,..., fn) such that w € D% via Py,..., P, for some
Py,...,P, € A. Note that D is a set of words in £7|an which is contained in DT. It is easy
to check that L£T|n forms a partial group with partial product II*|p: D — L*|a, and that
(Lt]a, A, S) forms a locality; see [Chel3, Lemma 2.21] for details. We call LT | the restriction
of LT to A.

2.3. Morphisms of localities. Throughout this subsection let £ and £’ be partial groups with
products IT: D — £ and II': D’ — L' respectively.

Definition 2.10. Let 8: £ — £, g — ¢° be a map. By abuse of notation, we denote by § also
the induced map on words

W(L) = W(L), w=(f1,....fn) —~w’ = 5

and set D? = {w?: w € D}. We say that 8 is a homomorphism of partial groups if

(1) D C D'; and

(2) I(w)? = II'(w?) for every w € D.
If moreover D? = D’ (and thus $ is in particular surjective), then we say that [ is a projection
of partial groups. If 5 is a bijective projection of partial groups, then [ is called an isomorphism.

Definition 2.11. Let (£,A,S) and (£, A/, S’) be localities and let 3: £ — L' be a projection of
partial groups. We say that 3 is a projection of localities from (L, A, S) to (L', A’, S") if, setting
AP ={PP | P € A}, we have A® = A’ (and thus S% = §).

If 3 is in addition bijective, then 3 is a called an isomorphism of localities. If S = S’, then an
isomorphism of localities from (£, A, S) to (L', A/} S) is called a rigid isomorphism if it restricts
to the identity on S.

The notion of a rigid isomorphism will be important later on when talking about the uniqueness
of certain localities attached to a given fusion system. We will now describe some naturally
occurring projections of localities. Suppose (£, A,S) is a locality and A is a partial normal
subgroup of L. A coset of N in L is a subset of the form

Nf:={II(n, f): n € N such that (n, f) € D}

for some f € L. Unlike in groups, the set of cosets does not form a partition of £ in general.
Instead, one needs to focus on the mazimal cosets, i.e. the elements of the set of cosets of N in
L which are maximal with respect to inclusion. The set £/AN of maximal cosets of N in £ forms
a partition of £. Thus, there is a natural map

B: L— LIN

sending each element g € £ to the unique maximal coset of ' in £ containing g. Set £ := L/N

and D := D? := {w”: w € D}. By |Chel5, Lemma 3.16], there is a unique map II: D — £ and a
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unique involutory bijection £ — L, f — ?71 such that £ with these structures is a partial group,
and such that 3 is a projection of partial groups. Moreover, setting S := S% and A := {P?: P ¢
A}, the triple (£, A, S) is by [Chel5}, Corollary 4.5] a locality, and 3 is a projection from (£, A, S)

to (£,A,S). The map S is called the natural projection from £ — L.

The notation used above suggests already that we will use a “bar notation” similar to the one
commonly used in finite groups. Namely, if we set £ := £/N/, then for every subset or element P
of £, we will denote by P the image of P under the natural projection 3: £ — L. We conclude
this section with a little lemma needed later on.

Lemma 2.12. Let (£, A, S) be a locality with partial normal subgroup N'. Setting L := L/N, the
preimage of S under the natural projection equals N'S.

Proof. For every s € S, the coset Ns is by Lemma 3.7(a) and Proposition 3.14(c) in [Chel5]
maximal. Thus, for every s € S, we have 5 = N's. Hence, the preimage of S = {5: s € S} equals

UsESNS:NS‘ O

2.4. Transporter systems. Throughout this section, fix a finite p-group .S, a fusion system F
over S, and a collection A of nonidentity subgroups of S which is overgroup-closed in S and closed
under F-conjugacy. As the literature about transporter systems is written in left-hand notation,
in this section, we will also write our maps on the left hand side of the argument. Accordingly we
will conjugate from the left.

The transporter category Tg(G) (at the prime p) of a finite group G with Sylow p-subgroup
S is the category with objects the nonidentity subgroups of S and with morphisms given by the
transporter sets Ng(P, Q) = {g € G | 9P < Q}. More precisely, the morphisms in 7g(G) between
P and @ are the triples (g, P, Q) with g € Ng(P, Q). We also write Ta(G) for the full subcategory
of Ts(G) with objects in A.

Since we conjugate in this section from the left, for P,Q < S and g € Ng(P,Q), we write ¢4
for the conjugation map from P to @ given by left conjugation, i.e.

cg: P—=Q, x— .

Definition 2.13. |OV07] A transporter system associated to F is a nonempty finite category T
having object set A together with functors

Ta(S) —— T —L— F

satisfying the following axioms.

(A1) e is the identity on objects and p is the inclusion on objects;
(A2) For each P,Q € A, the kernel

E(P) :=ker(ppp: Autr(P) — Autz(P))

acts freely on Mory(P, Q) by right composition, and ppg is the orbit map for this action.
Also, E(Q) acts freely on Mory (P, Q) by left composition.
(B) For each P,Q € A, epg: Ns(P,Q) — Mory (P, Q) is injective, and the composite ppg o
ep sends s € Ng(P, Q) to ¢y € Homz(P, Q).
11



(C) For all p € Mory(P,Q) and all g € P, the diagram
.0

P
ep,p(9) l i €Q.@(p(¢)(9))
P Q

—_—
p

commutes in 7.

(I) €5,5(S) is a Sylow p-subgroup of Autr(S5).

(IT) Let ¢ € Isor(P,Q), let P < P < S, and let Q < @ < S be such that g oepp(P)op! <
€0.0(Q). Then there exists ¢ € Mory(P, Q) such that @ o epp(l) =€ga(l)owp.

If we want to be more precise, we say that (7, ¢, p) is a transporter system.

A centric linking system in the sense of [BLOO03b] is a transporter system in which A is the set
of F-centric subgroups and E(P) is precisely the center Z(P) viewed as a subgroup of Ng(P) via
the map ep p. A more general notion of linking systems will be introduced in Subsection

Definition 2.14. Let (T, ¢€,p) and (77, €, p') be transporter systems. An equivalence of categories
a: T — T is called an isomorphism if

e app(epp(P)) = e’a(P) a(P)(a(P)) for all objects P of T, and
e apglepo(l)) = e’a(P) Q(Q)(l) for all objects P,Q of T.

2.5. The correspondence between transporter systems and localities. Throughout this
subsection let F be a fusion system over S.

Every locality (£, A, S) over F leads to a transporter system associated to F. To see that we
need to consider conjugation from the left. If f,z € £ such that (f,z, f~!) € D (or equivalently
z € D(f1)), then we set fz := II(f,z, f~!) = 2/ '. Similarly, if f € £ and H C D(f~!), then
set

= = {Jz: x € H}.

Define Ta (L) to be the category whose object set is A with the morphism set Morz, (1) (P, Q)
between two objects P,Q € A given as the set of triples (f, P,Q) with f € £ such that P C D(f~!)
and /P < Q. This leads to a transporter system (Ta(£), €, p), where for all P,Q € A, ep,q is the
inclusion map and ppg sends (f, P,Q) to the conjugation map P — Q, z +— fr.

Conversely, Chermak showed in [Chel3, Appendix] essentially that every transporter system
leads to a locality. More precisely, it is proved in [GL21, Theorem 2.11] that there is an equivalence
of categories between the category of transporter systems with morphisms the isomorphisms and
the category of localities with morphisms the rigid isomorphisms. The definition of a locality
in [GL21| differs slightly from the one given in this paper, but the two definitions can be seen to
be equivalent if one uses firstly that conjugation by f € £ from the left corresponds to conjugation
by f~! from the right, and secondly that for every partial group £ with product II: D — £ the
axioms of a partial group yield D = {w € W(L): w~! € D}.

We will consider punctured groups in either setting thus using the term “punctured group”

slightly abusively.
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Definition 2.15. We call a transporter system 7T over F a punctured group if the object set of
T equals the set of all non-identity subgroups. Similarly, a locality (£, A, S) over F is said to be
a punctured group if A is the set of all non-identity subgroups of S.

Observe that a transporter system over F which is a punctured group exists if and only if a
locality over F which is a punctured group exists. If it matters it will always be clear from the
context whether we mean by a punctured group a transporter system or a locality.

2.6. Linking localities and linking systems. As we have seen in the previous subsection,
localities correspond to transporter systems. Of fundamental importance in the theory of fusion
systems are (centric) linking systems, which are special cases of transporter systems. It is therefore
natural to look at localities corresponding to linking systems. Thus, we will introduce special
kinds of localities called linking localities. We will moreover introduce a (slightly non-standard)
definition of linking systems and summarize some of the most important results about the existence
and uniqueness of linking systems and linking localities. Throughout this subsection let F be a
saturated fusion system over S.

We refer the reader to [AKO11] for the definitions of F-centric and F-centric radical subgroups
denoted by F¢ and F respectively. Moreover, we will use the following definition which was
introduced in [Hen19).

Definition 2.16. A subgroup P < S is called F-subcentric if O,(N£(Q)) is centric for every
fully F-normalized F-conjugate ) of P. The set of subcentric subgroups is denoted by F?.

Recall that F is called constrained if there is an F-centric normal subgroup of F. It is shown
in [Henl9, Lemma 3.1] that a subgroup P < S is F-subcentric if and only if for some (and thus
for every) fully F-normalized F-conjugate @) of P, the normalizer Nx(Q) is constrained.

Definition 2.17. e A finite group G is said to be of characteristic p if Cq(Op(G)) < Op(G).
e Define a locality (£, A, S) to be of objective characteristic p if, for any P € A, the group
N (P) is of characteristic p.
e A locality (£,A,S) over F is called a linking locality, if F C A and (£, A,S) is of
objective characteristic p.
e A subcentric linking locality over F is a linking locality (£, F*%,S) over F. Similarly, a
centric linking locality over F is a linking locality (£, F¢,S) over F.

If (£,A,S) is a centric linking locality, then it is shown in [Henl9, Proposition 1] that the
corresponding transporter system 7a (L) is a centric linking system. Also, if (£, A, S) is a centric
linking locality, then it is a centric linking system in the sense of Chermak [Chel3|, i.e. we have
the property that Cr(P) < P for every P € A.

The term linking system is used in |[Henl9] for all transporter systems coming from linking
localities, as such transporter systems have properties similar to the ones of linking systems in
Oliver’s definition [Oli10] and can be seen as a generalization of such linking systems. We adapt
this slightly non-standard definition here.

Definition 2.18. A linking system over F is a transporter system 7T over F such that F C
obj(T) and Auty(P) is of characteristic p for every P € obj(T). A subcentric linking system over

F is a linking system 7T whose set of objects is the set F* of subcentric subgroups.
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Proving the existence and uniqueness of centric linking systems was a long-standing open
problem, which was solved by Chermak [Chel3|. Building on a basic idea in Chermak’s proof,
Oliver |Olil3]| gave a new one via an earlier developed cohomological obstruction theory. Both
proofs depend a priori on the classification of finite simple groups, but work of Glauberman and the
third author of this paper [GL16] removes the dependence of Oliver’s proof on the classification.
The precise theorem proved is the following.

Theorem 2.19 (Chermak |Chel3], Oliver [Olil13], Glauberman-Lynd [GL16]). There ezists a cen-
tric linking system associated to F which is unique up to an isomorphism of transporter systems.
Similarly, there exists a centric linking locality over F which is unique up to a rigid isomorphism.

Using the existence and uniqueness of centric linking systems one can relatively easily prove
the following theorem.

Theorem 2.20 (Henke [Henl9]). The following hold:

(a) If F C A C F? such that A is overgroup-closed in S and closed under F-conjugacy,
then there exists a linking locality over F with object set A, and such a linking locality is
unique up to a rigid isomorphism. Similarly, there exists a linking system T associated to
F whose set of objects is A, and such a linking system is unique up to an isomorphism
of transporter systems. Moreover, the nerve |T| is homotopy equivalent to the nerve of a
centric linking system associated to JF.

(b) The set F* is overgroup-closed in S and closed under F-conjugacy. In particular, there
exists a subcentric linking locality over F which is unique up to a rigid isomorphism,
and there exists a subcentric linking system associated to F which is unique up to an
isomorphism of transporter systems.

The existence of subcentric linking systems stated in part (b) of the above theorem gives often
a way of proving the existence of a punctured group. The fusion system F is said to be of
characteristic p-type, if Nx(Q) is constrained for every non-trivial fully F-normalized subgroup
Q of S. Equivalently, F is of characteristic p-type, if F° contains the set of all non-identity
subgroups of S. Indeed, if F is of characteristic p-type but not constrained, then the set F*
equals the set of all non-identity subgroups. So in this case there exists a “canonical” punctured
group over F, namely the subcentric linking locality (or the subcentric linking system if one uses
the language of transporter systems).

2.7. Partial normal p’-subgroups. Normal p’-subgroups are often considered in finite group
theory. We will now introduce a corresponding notion in localities and prove some basic properties.
Throughout this subsection let (£, A,.S) be a locality.

Definition 2.21. A partial normal p’-subgroup of L is a partial normal subgroup N of £ such
that N'N S = 1. The locality (£, A,S) is said to be p’'-reduced if there is no non-trivial partial
normal p’-subgroup of L.

Remark 2.22. If (£,A,S) is a locality over a fusion system F, then for any p’-group N, the
direct product (£ x N,A,S) is a locality over F such that N is a partial normal p’-subgroup

of Lx N and (£ x N)/N = L; see [Henl7| for details of the construction of direct products of
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localities. Thus, if we want to prove classification theorems for localities, it is actually reasonable
to restrict attention to p’-reduced localities.

Recall that, for a finite group G, the largest normal p’-subgroup is denoted by O, (G). Indeed,
a similar notion can be defined for localities. Namely, it is a special case of [Chel5, Theorem 5.1]
that the product of two partial normal p’-subgroups is again a partial normal p’-subgroup. Thus,
the following definition makes sense.

Definition 2.23. The largest normal p'-subgroup of £ is denoted by O,/ (L).

We will now prove some properties of partial normal p’-subgroups. To start, we show two
lemmas which generalize corresponding statements for groups. The first of these lemmas gives a
way of passing from an arbitrary locality to a p’-reduced locality.

Lemma 2.24. Set £ := L/Oy(L). Then (L,A,S) is p'-reduced.

Proof. Let N be the preimage of O, (L) under the natural projection £ — £. Then by [Chel5,
Proposition 4.7], N is a partial normal subgroup of £ containing O, (L£). Moreover, N NS C
N NS = 1, which implies N NS C Oy(L) and thus N NS C Oy(L) NS = 1. Thus, N
is a partial normal p’ subgroup of £ and so by definition contained in O, (L). This implies

Op(L)=N=1. O
Lemma 2.25. Given a partial normal p'-subgroup N of L, the image of Oy (L) in L/N under the
canonical projection is a partial normal p'-subgroup of L/N . In particular, if L/N is p'-reduced,

then N = Oy (L).

Proof. Set £ := L/N. Then by |Chel5, Proposition 4.7], O, (L) is a partial normal subgroup of
L. By Lemma the preimage of S equals N'S. As N' C O,/(L), the preimage of Oy (L) NS
is thus contained in O, (L) N (N'S). By the Dedekind Lemma [Chel5, Lemma 1.10], we have
Oy (L)YN(NS) = N(Oy(L£)NS) = N. Hence, Oy (L)NS =1 and O, (L) is a normal p/-subgroup
of £. If L= L/N is p'-reduced, it follows that O, (£) =1 and so Oy (L) = N. O

We now proceed to prove some technical results which are needed in the next subsection.
Lemma 2.26. If N is a partial normal p'-subgroup of L, then f € Car(Sy) for every f € N.

Proof. Let f € N, set P := Sy and let s € P. Then P/ < S and thus Pf* < S. Moreover,
P$ = P. Thus, w = (s71, f71,s,f) € D via P/*. Now IT(w) = (f1)f =s"1s/ e N NS =1
and hence s/ = s. As s € P was arbitrary, this proves f € Cy(P). O

Lemma 2.27. If N is a non-trivial partial normal p’ subgroup of L, then there exists P € A such
that Ny (P) = Cn(P) # 1. In particular, if Op (Ng(P)) =1 for all P € A, then Oy (L) = 1.

Proof. Let N be a non-trivial partial normal p’-subgroup and pick 1 # f € N. Then P := Sy € A
by Lemma [2.7(e), and it follows from Lemma that 1 # f € Cy(P). As Ny(P) is a normal
p/-subgroup of N (P) and P is a normal p-subgroup of N (P), we have Cy(P) = Nj/(P). Hence,
Cn(P) = Ny (P) # 1 is a normal p’-subgroup of N, (P) and the assertion follows. O

Corollary 2.28. If (L, A,S) is a linking locality or, more generally, a locality of objective char-
acteristic p, then Oy (L) = 1.
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Proof. If, for every P € A, the group N, (P) is of characteristic p, then it is in particular p'-
reduced. Thus, the assertion follows from Corollary O

2.8. A signalizer functor theorem for punctured groups. In this section we provide some
tools for showing that a locality has a non-trivial partial normal p’-subgroup. Corresponding
problems for groups are typically treated using signalizer functor theory. A similar language will be
used here for localities. We will start by investigating how a non-trivial partial normal p’-subgroup
can be produced if some information is known on the level of normalizers of objects. We will then
use this to show a theorem for punctured groups which looks similar to the signalizer functor
theorem for finite groups, but is much more elementary to prove. Throughout this subsection let
(L,A,S) be a locality.

Definition 2.29. A signalizer functor of (L,A,S) on objects is a map from A to the set of
subgroups of £, which associates to P € A a normal p’-subgroup ©(P) of N, (P) such that the
following conditions hold:

e (Conjugacy condition) ©(P)J = ©(PY) for all P € A and all g € £ with P < S,.
e (Balance condition) ©(P) N Cr(Q) = O(Q) for all P,Q € A with P < Q.

As seen in Lemma given a locality (£,A,S) with O, (L) # 1, there exists P € A with
Oy (Nz(P)) # 1. The next theorem says basically that, under suitable extra conditions, the
converse holds.

Proposition 2.30. If © is a signalizer functor of (L,A,S) on objects, then

= e

PeA

is a partial normal p'-subgroup of L. In particular, the canonical projection p: L — E/@ restricts
to an isomorphism S — SP. Upon identifying S with S?, the following properties hold:

(a) (£/O,A,S) is a locality and Fs(L/O) = Fg(L).

(b) For each P € A, the restriction Nz(P) — N, ,5(P) of p has kernel ©(P) and induces an

£/®
isomorphism Nz (P)/©(P) = NL/G(P)

Proof. We proceed in three steps, where in the first step, we prove a technical property, which
allows us in the second step to show that Oisa partial normal p’-subgroup, and in the third step
to conclude that the remaining properties hold.

Step 1: We show z € ©(S,) for any x € ©. Let = € ©. Then by definition of ©, the element
x lies in ©(P) for some P € A. Choose such P maximal with respect to inclusion. Notice that
[P,z] = 1. In particular, P < S, and [Ng,(P),z] < ©(P)N Ng(P) = 1. Hence, using the balance
condition, we conclude =z € ©(P) N Cr(Ng,(P)) = O(Ng,(P)). So the maximality of P yields
P = Ng,(P) and thus P = S,. Hence, z € @(S ) as required.

Step 2: We show that Oisa partial normal p’-subgroup of £. Clearly O is closed under i inversion,
since O(P) is a group for every P € A. Note also that II(@) = 1 € ©asl e O(P) for
any P € A. Let now (z1,...,7,) € DNW(O) with n > 1. Then R := S, . € A by
Lemma [2.7(f). Induction on i together with the balance condition and Step 1 shows R < S,
and z; € O(S5;,) < O(R) < Cr(R) for each i = 1,...,n. Hence, II(z1,22,...,2,) € O(R) C o.
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Thus, Oisa partial subgroup of £. Let x € © and f € £ with (f~Y,z,f) € D. Then X :=
S(f-14,) € A by Lemma (f) Moreover, X/~' < S,. By Step 1, we have z € ©(S,), and
then by the balance condition, z € O(X f 71). It follows now from the conjugacy condition that
xf e @(Xfil)f =0(X) C o. Hence, Oisa partial normal subgroup of £. Notice that ons = 1,
as O(P)N S = O(P) N Ng(P) =1 for each P € A. Thus, © is a partial normal p/-subgroup of L.
Step 3: We are now in a position to complete the proof. By [Chel5| Corollary 4.5], the quotient
map p: L — L/ Oisa homomorphlsm of partial groups with ker(p) = o. Moreover, setting AP :=
{Pr: P € A}, the triple (£/©, A?, 57) is a locality. Notice that p|g: S — S is a homomorphism
of groups with kernel S N © =1 and thus an isomorphism of groups. Upon identifying S with
SP, it follows now that (E/(:), A, S) is a locality. Moreover, by [Henl9, Theorem 5.7(b)], we have
Fs(L) = Fs(£/O). So (a) holds. Let P € A. By |[Chel5, Theorem 4.3(c)], the restriction of p to
a map Ng(P) — Nﬁ/e( ) is an epimorphism with kernel Ns(P)N©. For any # € Ns(P)N O,
we have P < S, and then = € ©(S,) < ©(P) by the balance condition and Step 1. This shows
N;(P)N© = 6(P) and so (b) holds. O

Remark 2.31. If P,Q, R € A such that P < Q < R and the balance condition in Definition [2.29]
holds for the pairs P < Q and Q < R, then

O(P)NC(R) =0(P)NC(Q)NCr(R) =0(Q) N Cr(R) = O(R),
i.e. the balance condition holds for the pair P < R.

The following proposition is essentially a restatement of [Hen19, Proposition 6.4], but we will
give an independent proof building on the previous proposition.

Proposition 2.32. Let (L, A,S) be a locality such that, setting
O(P) := Oy (Ng(P)) for every P € A,

the group Nr(P)/O(P) is of characteristic p for every P € A. Then the assignment O is a
signalizer functor of (L, A, S) on objects and Oy (L) equals 0 :={O(P): P € A}. In particular,
the canonical projection p: L — C/@ restricts to an isomorphism S — SP. Upon identifying S
with S?, the following properties hold:

(a) (£/O, A, S) is a locality of objective characteristic p.

(b) Fs(£/©) = Fs(L).

(¢) For every P € A, the restriction Np(P) — Nﬁ/@(P) of p has kernel ©(P) and induces

an isomorphism Nz (P)/O(P) = Nﬁ/e(P)

Proof. We remark first that, as any normal p’-subgroup of Nz (P) centralizes P and O, (Cz(P))
is characteristic in Cz(P) I N (P), we have O(P) = O (C(P)) for every P € A.

We show now that the assignment O is a signalizer functor of £ on objects. It follows from
Lemma (b) that the conjugacy condition holds. Thus, it remains to show the balance condition,
ie. that ©(Q) = ©(P) N Cr(Q) for any P,Q € A with P < (. For the proof note that P
is subnormal in Q. So by induction on the subnormal length and by Remark [2.31] we may
assume that P < Q. Set G := Ng(P). Then Q < G and Cr(Q) = Cq(Q). As G/O(P) =
G/Op (G) has characteristic p, it follows from [KS04, 8.2.12] that O (Ng(Q)) = Oy (G)NNg(Q) =
Op (G) N Cq(Q). Hence, ©(Q) = Oy (Cr(Q)) = Oy (Ca(Q)) = Op(Na(Q)) = Oy (G) N Ca(Q) =
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O(P)NCr(Q). This proves that the assignment © is a signalizer functor of (£, A, S) on objects.
In particular, by Proposition the subset

6:=Jew

PeA

is a partial normal p/-subgroup of £. Moreover, upon identifying S with its image in £/ @, the
triple (£/0, A, S) is a locality and properties (b) and (c) hold. Part (c) and our assumption yield
(a). Hence, by Corollary we have O,y (E/(:)) = 1. So by Lemma we have © = Op (L)
and the proof is complete. O

The next purely group theoretical lemma will be useful for applying Proposition [2.32] Recall
that a finite group G with Sylow p-subgroup T is called p-constrained if Cr(O,(G)) < O,(G).

Lemma 2.33. If G is a p-constrained finite group, then G/Oy(G) is of characteristic p.

Proof. Writing T' for a Sylow p-subgroup of G and setting P := O,(G), the centralizer Cr(P)
equals Z(P) and is thus a central Sylow p-subgroup of Cg(P). So e.g. by the Schur-Zassenhaus
Theorem [KS04, 6.2.1], we have C(P) = Z(P) x Oy (Ca(P)) = Z(P) x Oy(G). Set G =
G /Oy (G), write C for the preimage of Cz(P) in G and N for the preimage of Ng(P) in G. As
POy (G) is a normal subgroup of N with Sylow p-subgroup P, a Frattini argument yields N =
NN (P)POy (G) = NN(P)Op(G). As Oy (G) < C < N, it follows now from a Dedekind argument
that C' = N¢(P)Oy(G). Observe now that [P, No(P)] < PN Oy(G) = 1. So N¢(P) < Cg(P)
and C = Ng(P) < Cg(P) < P. Thus, G has characteristic p. O

We now turn attention to the case that (£, A,S) is a punctured group and we are given a
signalizer functor on elements of order p in the sense of Definition [1.2] in the introduction. We
show first that, if 6 is such a signalizer functor on elements of order p and a € Z,(S), the subgroup
(a) depends only on (a).

Lemma 2.34. Let (£,A,S) be a punctured group and let 6 be a signalizer functor of (L, A,S)
on elements of order p. Then 0(a) = 6(b) for all a,b € I,(S) with (a) = (b).

Proof. If (a) = (b), then [a,b] = 1 and 0(a) C Cr(a) = Cr(b). So the balance condition implies
O(a) = 0(a) N Cr(b) C 6(b). A symmetric argument gives the converse inclusion 6(b) C 6(a), so
the assertion holds. d

Theorem [I.3]in the introduction follows directly from the following theorem, which explains at
the same time how a signalizer functor on objects can be constructed from a signalizer functor on
elements of order p.

Theorem 2.35 (Signalizer functor theorem for punctured groups). Let (L, A, S) be a punctured
group and suppose 0 is a signalizer functor of (L, A, S) on elements of order p. Then a signalizer
functor © of (L,A,S) on objects is defined by

OP):=| () 6) | NCc(P) for all P € A.
x€Z,(P)
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In particular,

6= Joer= (J 9

PeA 2€T,(S)
is a partial normal p’ subgroup of L and the other conclusions in Proposition hold.

Proof. Since 6(x) is a p’-subgroup for each = € Z,(S), the subgroup ©(P) is a p’-subgroup for
each object P € A. Moreover, it follows from the conjugacy condition for 6 (as stated in Defi-
nition that ©(P) is a normal subgroup of N (P), and that the conjugacy condition stated
in Definition holds for ©; to obtain the latter conclusion notice that Lemma (b) implies
Cr(P)9 = Cr(PY) for every P € © and every g € L with P < §,.

To prove that © is a signalizer functor on objects, it remains to show that the balance condition
O(P)NCr(Q) = O(Q) holds for every pair P < @ with P € A. Notice that P is subnormal in @
whenever P < ). Hence, if the balance condition for © fails for some pair P < @ with P € A
then by Remark it fails for some pair P < @Q with P € A. Suppose this is the case. Among
all pairs P < @ such that P € A and the balance condition fails, choose one such that Q is of
minimal order.

Notice that P < @, as the balance condition would otherwise trivially hold. So as 1 # Py :=
Cp(Q) € A and Py < P, the minimality of |Q)| yields that the balance condition holds for the pair
Py < P,ie. ©(F)NCe(P)=©O(P). If the balance condition holds also for Py < @, then

0(Q) = 6(R) NCL(Q) = () NC(P)NCL(Q) = O(P) N CL(Q)

and thus the balance condition holds for P < @ contradicting our assumption. So the balance
condition does not hold for Py < ). Therefore, replacing P by Py, we can and will assume from
now on that P < Z(Q).

It is clear from the definition that ©(Q) < ©(P) N Cr(Q). Hence it remains to prove the
converse inclusion. By definition of ©(Q), this means that we need to show ©(P)NCr(Q) < 0(b)
for all b € Z,,(Q). To show this fix b € Z,(Q). As P € A, we have P # 1 and so we can pick
a € Z,(P). Since P < Z(Q), the elements a and b commute. Hence, the balance condition for ¢
yields

O(P)NC(Q) < 0(a) NCr(b) < O(b).
This completes the proof that © is a signalizer functor on objects.

Given P € A, we can pick any z € Z,(P) and have ©(P) C 6(x). Hence, © := Upea ©(P) is
contained in Uxezp( gy 0(z). The converse inclusion holds as well, as Lemma implies 0(x) =
O((z)) for every x € Z,(S). The assertion follows now from Proposition [2.30] O

3. SHARPNESS OF THE SUBGROUP DECOMPOSITION

3.1. Additive extensions of categories. Let C be a (small) category. Define a category Cig
as follows, see [JM92, Sec. 4]. The objects of Cy; are pairs (/,X) where [ is a finite set and
X: I — obj(C) is a function. A morphisms (I,X) — (J,Y) is a pair (o,f) where 0: I — J is a
function and f: I — mor(C) is a function such that (i) € C(X(i), Y (co(i)). We leave it to the
reader to check that this defines a category.

There is a fully faithful inclusion C C Cyy by sending X € C to the function X: {@} — obj(C)

with X (@) = X. We will write X (not boldface) to denote these objects in Cyy.
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The category Cr has a monoidal structure [[ where (I, X)]][(/,Y) e (ITIJ,X]]Y). One

checks that this is the categorical coproduct in Cp;. For this reason we will often write objects of
Ci1 in the form Hie ; Xi where X; € C. Also, when the indexing set I is understood we will simply
write X instead of (I, X).

When (I,X) is an object and J C I we will refer to (J,X|;) as a “subobject” of (I,X) and
we leave it to the reader to check that the inclusion is a monomorphism, namely for any two
morphisms f,g: Y — X|;, if incl%b of = incl%b o g then f = g. One also checks that

(3.1) en(J[ X v) =[] cxiy),

el i€l
cu(X, [Ty =] ex.vo).
i€l el

Definition 3.1 (Compare [JM92, p. 123]). We say that C satisfies (PB xp) if the product of
each pair of objects in C exists in Cy; and if the pullback of each diagram ¢ — e < d of objects in
C exists in Cyj.

Definition 3.2 (Compare [JM92, p. 124 and Lemma 5.13]). Assume that C is a small category
satisfying (PB x11). A functor M : C°? — Ab is called a proto-Mackey functor if there is a functor
M, : C — Ab such that the following hold.

(a) M(C) = M,(C) for any C € obj(C).

(b) For any isomorphism ¢ € C, My(p) = M(p™1).

(¢) By applying M and M, to a pullback diagram in Cyy of the form

Zi Pi
Hz‘e[ Bi —D

C—*-=F
where B;,C, E € C, there results the following commutative square in Ab

i Ma(pd)
Dicr M(B;) ———— M(D)

@iM(wi)T
M(C)

We remark that every pullback diagram in Cy; defined by objects in C is isomorphic in Cy to a
commutative square as in (c) in this definition.
Given a small category D and a functor M : D — Ab, we write

H*(D; M) % Jim*M.
D

for the derived functors of M. We say that M is acyclic if H*(D; M) = 0 for all i > 0.

Proposition 3.3 (See [JM92| Corollary 5.16]). Fiz a prime p. Let C be a small category which

satisfies (PB x11) and in addition
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(B1) C has finitely many isomorphism classes of objects, all morphism sets are finite and all
self maps in C are isomorphisms.
(B2) For every object C € C there exists an object D such that |C(C,D)| # 0 mod p.

Then any proto-Mackey functor M: CP — Z,y-mod is acyclic, namely H(CP, M) = 0 for all
1> 0.

3.2. Transporter categories. Let F be a saturated fusion system over S and let T be a trans-
porter system associated with F (Definition 2.13). By [OV07, Lemmas 3.2(b) and 3.8] every
morphism in 7 is both a monomorphism and an epimorphism. For any P,Q € obj(7) such
that P < @ denote Li(‘g = epg(e) € Morr(P, Q). We think of these as “inclusion” morphisms in
T. We obtain a notion of “extension” and “restriction” of morphisms in 7 as follows. Suppose
¢ € Mory(P,Q) and P’ < P and Q' < Q and ¢ € Mory (P, Q') are such that ¢ o}, =13, 0 1.
Then we say that ¢ is a restriction of ¢ and that ¢ is an extension of 1. Notice that since
Lg, is a monomorphism, given ¢ then its restriction v if it exists, is unique and we will write
P = 90|?,;. Similarly, since L];/ is an epimorphism, given 1, if an extension ¢ exists then it is
unique. By [OV07, Lemma 3.2(c)], given ¢ € Mory(P, Q) and subgroups P’ < P and Q' < Q
such that p(p)(P’) < @', then ¢ restricts to a (unique morphism) ¢’ € Mory(P’, Q). We will use

_ Q
this fact repeatedly. In particular, every morphism ¢: P — @ in T factors uniquely P 4 p Li) Q
where ¢ is an isomorphism in 7 and P = p(p)(P).
For any P, Q € obj(T) set

Kpg={(A,a): A< P, Acobj(T), a € Morr(4,Q)}.

This set is partially ordered where (A, ) < (B, ) if A < B and a = |4. Since Kpg is finite we
may consider the set Kp& of the maximal elements.
For any x € Ng(P,Q) we write Z instead of epg(x). There is an action of @ x P on Kpg
defined by
(y,2) - (4,0) = (wAz"  JoaoZ ™), (zeP yeqQ).
This action is order preserving and therefore it leaves K}élg‘ invariant. We will write WE}X for
the set of orbits. For any P,Q € T we will choose once and for all a subset

KEg € KE
of representatives for the orbits of @ x P on Kpg'.

Lemma 3.4. For any (A,a) € Kpgq there exists a unique (B,[) € KpE such that (A, a) <
(B, B).

Proof. We use induction on [S : A]. Fix (4,a) € Kpq and (B1,41) and (Bz, B2) in KB such
that (A, a) = (B, ;). Thus, f1]a = o = P2|a. We may assume that A < B; since if say A = By
then (B, 51) = (Ba, f2) and maximality implies (B, 1) = (Ba, 52).

For i = 1,2 set N; = Np,(A). Then N; contain A properly and we set D = (N1, N2). Then
A< D. Set T =a(A) and T = Ng(T). For i = 1,2, if x € N; then Axiom (C) of [OV07, Def.
3.1] implies

a0l = ((Biln) o #N)a = Bi@)|G o Bila = Bil@)[§ o
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Notice that f§;(z) € Ng(T), so Axiom (II) of Definition implies that o extends to § €
Mor(D, Q). Since for i = 1,2 the morphisms Lgi : A — Nj; are epimorphisms in 7, the equality
Biln, © Lﬁ" =a=04=(|n,)o0 L]Xi shows that 0|y, = fi|n,. Now we have (N;, Bi|n,) < (D,0)
and (Nj, Bi|n,) = (Bi, B;) in Kpg. Since |A| < |N;| the induction hypothesis implies that (B;, §;)
is the unique maximal extension of (N, 5;|n;) for each i = 1,2, and both must coincide with the
unique maximal extension of (D, d). It follows that (B, 51) = (Bs, 52). O

The orbit category of T is the category O7 with the same set of objects as 7. For any
P,Q € OT the morphism set Moro7(P, @) is the set of orbits of Mory (P, Q) under the action
of @ =€0,0(Q) € Morr(Q, Q) via postcomposition. See [OV07, Section 4, p. 1010]. Axiom (C)
guarantees that composition in OT is well defined. Given ¢ € Mory (P, Q) we will denote its
image in Morp7(P, Q) by [¢].

We notice that every morphism in O7 is an epimorphism, namely for every [a] € Moro7 (P, Q)
and [5], [y] € Moro7(Q, R), if [B] o [@] = [7] o [a] then [F] = [y]. This follows from the fact that
every morphism in 7 is an epimorphism.

Consider P, () € obj(OT) such that P < . Precomposition with [Lg] gives a “restriction” map

res

MOI"@7’<Q, S) — MOI‘OT(P, S)

Observe that @ acts on Moro7 (P, S) by precomposing morphisms with [Z|5] for any « € Q. This
action has P in its kernel by Axiom (C) of transporter systems.

Lemma 3.5. (a) For any P,Q € obj(OT) such that P < @Q the map Morpr(Q,S) —
Morop7 (P, S) induced by the restriction [¢] — [¢|p], gives rise to a bijection

(3.2) res: Moror(Q, S) — Moror (P, $)@/F
(b) For any P € OT we have |Moror(P,S)| # 0 mod p.

Proof. (a) First, observe that if [¢] € Moro7(Q, S) then [¢|p] is fixed by @/P by Axiom (C),
hence the image of res is contained in Moro7 (P, S)?/F. Now suppose that [¢] € Moror (P, S)9/F
and set P = p(p)(P). Since [¢] is fixed by Q/P this exactly means that for every € Q there
exists y € Ng(P) such that o z|5 = g/]\xzé];; o ¢ and Axiom (II) implies that ¢ extends to
¥: @@ — S. This shows that the map res in is onto Moro7 (P, S)Q/P. It is injective because
[Lg] is an epimorphism in OT.

(b) Use induction on [S : P]. If P = S then €gg(S) is a Sylow p-subgroup of Auty(S) =
Mor7(S,S) and therefore |Moro7(S,S)| # 0 mod p. Suppose P < S and set @ = Ng(P). Then
@ > P and since Q/P is a finite p-group, [Moror (P, S)| = [Moror (P, S)9/F| mod p. It follows

from part (a) and the induction hypothesis on [S : @] that |[Moro7(P,S)| # 0 mod p. O
In the remainder of this subsection we will prove that OT satisfies (PB xp).
Definition 3.6. For P,Q € OT let P X Q be the following object of OTr;
rrQ= J] L

(L) eKBes
Let m: PXQ — P and mp: PX @ — Q be the morphisms in O7y; defined by 7 = Z(LJ\)[LILD}

and Ty = Z(L,A) [)\]
22



Proposition 3.7. PX Q is the product in OTyy of P,Q € obj(OT).
Proof. 1t follows from (3.1) that it suffices to show that

(771*7772*)

O'TH (R, PKX Q) MOI‘()T(R, P) X MOI‘@T(R, Q)
is a bijection for any R € obj(OT). Write m = (714, T24).
Surjectivity of m: Consider [p] € Moro7(R, P) and [¢] € Morpor(R, Q). Set A = p(p)(R).
Then A < P and there exists an isomorphism ¢ € Mory(R, A) such that ¢ = (£ o @.
Set a = ¢ o (¢)~! € Mory(4,Q). Then (4,a) € Kpg. Choose (B, ) € Kpg' such that
(A,a) 2 (B, B). There exists a unique (L, A) € Kp7 and some z € P and y € @ such that

(L,A) = (y,2) - (B, ) = (IBSC LgoBo(zlp) )
Set p = (z]%) o 1§ 0o ¢ € Mory(R, L). It defines a morphism [u]: R — P X Q in OTy via the
inclusion (L, \) € PX(Q. We claim that 7([u]) = ([¢], [¢]), completing the proof of the surjectivity
of m. By definition of my: PXQ — P and m3: PX Q — Q,

mu((u)) = (i) o[u] = [ o @[B) 0 cf 0 @] = [(@l%) 0 @] = [(@[P) 0 ¥] = l¢]
moe([u]) = Mol =F torou =[G oro(@f)ofog]
= [Boudo@=laog]=[y]
Injectivity of w: Suppose that h,h' € OTi(R, P X Q) are such that w(h) = 7(h'). From

there are (L, \), (L', \') € K¥E and ¢ € Morr(R, L) and ¢’ € Mory(R, L') such that h = [¢]

and h' = [¢/] via the inclusions L,L’ C P X Q. The hypothesis w(h) = m(h’) then becomes
[P o] =L o¢] and [Ao ] = [N o ¢']. Thus,

(3.3) o =F0Fop for some z € P
Noyp =7oloyp for some y € Q.
Set A = p(p)(R) and A" = p(¢')(R). There are factorizations ¢ = % o @ and ¢’ = 5, 0 ¢/ for
isomorphisms ¢ € Mory(R, A) and ¢’ € Mory (R, 4") in 7. We get from (3.3)) that %, o ¢/ =
7|k o ¢. From this we deduce that A’ = rAz~! and that ¢/ = :’15|ﬁ/ o @. The second equation in
B-3) gives
Nodii =gorosox 1[4,

We deduce that (A", N|a) = (y,x) - (A, \|a). Clearly (A", N|a) <X (L', N) and (A, \4) < (L, )
S0 Lemma implies that (L', ') = (y,z) - (L, A). Since (L, \) and (L', \') are elements of KE&
and are in the same orbit of @ x P it follows that (L,\) = (L’ X). In particular x € Np(L), and
it follows from ) that ¢/ = T o and that A =7 o Aoz~ ! (since ¢ is an eplmorphlsm in 7).
By Axiom (II) of Deﬁnltlon . there exists an extension of A to a morphism A: (L ) = @ in
T. Notice that (L,xz) C P so the maximality of (L, \) implies that = € L. Since ¢’ = T o ¢ we
deduce [¢'] = [¢] namely h = h' as needed. O

Definition 3.8. Let P L R < Q be morphisms in OT. Let U(f,g) be the subobject of P X Q
obtained by restriction of P X Q: KpE (LA E obj(OT) to the set

I:{(LJ\)G PG folil=g0 N}
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Let m: U(f,9) — P and mo: U(f,9) — @ denote the restrictions of m1: PX @ — P and
me: PRQ — Q to U(f,9).

Proposition 3.9. Given any P ENy Q@ in OT the construction of U(f,g) in Definition
B B
is the pullback of P and Q along f and g in OT. Moreover, the pullback of P 5 R el Q is

IT enp

ze(Q\R/P)T

where x runs through representatives of the double cosets such that Q* NP = ™ 'Qx N P is an
object of T.

Proof. Tt follows from ({3.1]) that in order to check the universal property of U = U(f, g) it suffices

to test objects T € OT. Suppose that we are given morphisms T M{P and T M) () which

satisfy f o [p] = g o [¢)]. We obtain T M) P X @ which factors T ML cCcPK Q@ for some
(L,A) € Kpg- Then

fomlLoh= fomol(gl[¥]) = folg]
gomlpoh=gomo (lg],[¢]) =go ]

Since h is an epimorphism in O7 and since f o [p] = g o [¢)] by assumption, it follows that
fom|L = gom|r which is the statement f o [1F] = g o [A]. This precisely means that (L,\) € I
where I is defined in hence h = ([¢], [¢]) factors through U and clearly m o h = [p] and
mg o h = [¢]. Since the inclusion U C P X @ is a monomorphism in O7Tyy, there can be only one
morphism h: T'— U such that m o h = [p] and 79 o h = [¢p]. This shows that U = U(f, g) is the
pullback.

Now assume we are given P — R < Q. The indexing set of the object U(f,g) consists of
(L,A) € Kp§ such that (B = [[,g o A], namely Lg o\ = 7| for some € Ng(L,Q), which
is furthermore unique. Since Lg is a monomorphism, this implies that \ = i:\\g Since (L, \) is
maximal, L = Q%N P. We obtain a map U (£, Lg) — (Q\R/P)7 which sends (L, \) to Px(@ with
x € Ng(L,Q) described above. This map is injective because if QrP = Qz'P are the images
of (L,\) and (L', \) then 2’ = gzp for some p € P and ¢ € Q and it follows that L' = p~'Lp
and that A = 2|9 and X = #/|%, and therefore A = §o X o p|£', so (L, A) and (L, V') are in the
same orbit of @ x P, hence they must be equal. It is surjective since for any Pz@ € (Q\R/P)r
we obtain a summand in U(:%, LS) which is equivalent in Kpg to (L, \) with L = Q* N P and
A=79. O

3.3. The A-functors. Let I" be a finite group and M a (right) I'-module. Let p be a fixed prime
and let O,(I") be the full subcategory of the category of I'-sets whose objects are the transitive
I'-sets whose isotropy groups are p-groups. Let Fjr: O,(I')°®? — Ab be the functor which assigns
M to the free orbit I'/1 and 0 to all orbits with non-trivial isotropy. Define ( [JMO95|, Definition

5.3))

NE M) imt By (= HYO,0) Fap)).

Op(I)op
These functors have the following important properties.
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Lemma 3.10. Suppose that M is a Z,)[T']-module.

(a) If Cr(M) contains an element of order p then A*(T'; M) = 0.
(b) If T'/Cr(M) has order prime to p then A*(T'; M) =0 for all x > 1.

Proof. Point (a) is [JMO95, Proposition 6.1(ii)]. Point (b) follows from [JMO95, Proposition
6.1(ii)] when p divides |Cp(M)| and from [JMO95, Proposition 6.1(i) and (iii)] when p does not
divide |Cr(M))]. =

Observe that p: T — F reflects isomorphisms. Hence the isomorphism classes of objects of T
and of O7T are F-conjugacy classes.

A functor ®: OT°P — Ab is called atomic if there exists @ € obj(7) such that ® vanishes
outside the F-conjugacy class of ). The fundamental property of A-functors is that they calculate
the higher limits of atomic functors:

Lemma 3.11 ( [OV07, Lemma 4.3]). Let T be a transporter system associated with a fusion system
F over S. Let ®: OT°P — Z,)-mod be an atomic functor concentrated on the F-conjugacy class
of Q. Then there is a natural isomorphism

H*(OT®; @) = A" (Autor(Q); 2(Q))-

We remark that the result holds, in fact, for any functor ® into the category of abelian groups
(indeed, the proof given by Oliver and Ventura only uses [OV07, Proposition A.2]).

Notice that p: 7 — F induces a functor p: OT — O(F). We will write OT° for the full
subcategory of T spanned by P € T which are F-centric.

Corollary 3.12. Let T be a transporter category for F. Let ®: O(F)°P — Zpy-mod be a functor
and set ® = ® o p. Then ® is a functor OT°P — Zpy-mod and let U be the restriction of ® to
OT¢€. Then the restriction induces an isomorphism

H*(OT®, ®) — H*((OT°)°P; ).

Proof. Let ®': OT°P — Z,)-mod be the functor obtained from ® by setting ®'(Q) = 0 for all
Q € obj(T \ T° and ®(Q) = ®(Q) otherwise. This is a well defined functor since the F-

centric subgroups are closed to overgroups. It is a standard check that the bar constructions
REFERENCE of @' and that of ¥ are equal. It follows that

H*(OT, ') = H*((OT°)°, W).

It remains to show that H*(OT°P,®) = H*(OT°P, ).

Suppose that @ € obj(7\7°) has minimal order. Set M = ®(Q) and let Fpy: OTP — Z;,)-mod
be the induced atomic functor. The minimality of ) implies that there is an injective natural
transformation Fj; — ®. By possibly replacing it with an F-conjugate, we may assume that
Q is fully centralised in F. Since @ is not F-centric, choose some z € Cg(Q) \ Q. Its image
in I' = Autp7(Q) is a non-trivial element (since z ¢ Q) of order p-power. It acts trivially on
®(Q) because its image in Outz(Q) is trivial (since the image of Cs(Q) in Autz(Q) is trivial)
and because ® = ® o p. Lemma [3.10[a) implies that A*(Autor(Q), ®(Q)) = 0. It follows from
Lemma [3.1T]and the long exact sequence in derived limits associated with the short exact sequence
0— Fyy — @ — ®/Fy — 0 that H*(OTP, ®) = H*(OT°P,®/Fy). But ®/F) is obtained from
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® by annihilating the groups ®(Q’) for all Q" in the F-conjugacy class of Q. We may now apply
the same process to ®/F); and continue inductively (on the number of F-conjugacy classes in
T\ T°) to show that H*(OT°P,®) = H*(OT°P,®’) as needed. O

Proof of Theorem[1.1} Let F be a saturated fusion system over S which affords a punctured
group 7. That is, 7 is a transporter system associated to F with object set A containing all the

non-trivial subgroups of S.
Let H7: O(F)°P — Z,)-mod be the functor

Hi: P HI(P;Fp)

and let M7: OT°P — Z()-mod be the pullback of H7 along OT LN O(F). Our goal is to show
that for every j > 0,

HY(O(F)°P;H) =0 for all i > 1.

Choose a fully normalised P € obj(7). Since Ng(P) is a Sylow p-subgroup of Auty(P),
see [OVO07, Proposition 3.4(a)], it follows that Cg(P) is a Sylow p-subgroup of the kernel of
Aut7(P) — Autz(P) and hence Cs(P)/Z(P) is a Sylow p-subgroup of the kernel of Autpr(P) —
Outx(P). Thus, if P is F-centric this kernel has order prime to p so [BLO03a, Lemma 1.3] implies
the first isomorphism in the display below, while Corollary gives the second.

H*(O(F€)Ps #Y) = H*((OT€)°Ps M) = H*(OT°P; MY).

It remains to show that H*(OT°P; M7) = 0 for all j > 0 and all * > 1.

Assume first that j > 1. We will show that M7 is a proto-Mackey functor for OT .

The transfer homomorphisms give rise to a (covariant) functor HZ: O(F) — Z(p)-mod where
P — HI(P;F,) and to any ¢ € F(P,Q) we assign tr(y): H/(P;F,) - H’(Q;F,). Its pullback to
OT via p gives a covariant functor M!:OT > 7 p)~MoD.

Now, OT satisfies (PB xp1) by Propositions and Clearly, M7 and M have the same
values on objects; this is the first condition in Definition The transfer homomorphisms have
the property that if ¢: P — @ is an isomorphism then trg (¢) = H/(¢~1;F,). This is the second
condition in Definition The factorisation of morphisms in 7 as isomorphisms followed by
inclusions imply that any pullback diagram P’ ENy Q' in OT is isomorphic to one of the

R
form P @) R <[L—Q Q. IfU =U([.E], [Lg]) is the pullback (Definition , then, by Proposition
U= er(Q\ R/P)y Q* N P where x runs through representatives of double cosets such that
Q" NP # 1 (since obj(7) is the set of all non-trivial subgroups of S). Since j > 1 we have that
HI({1};F,) =0 so D.oco\r/p), HI(Q*NP;F,) = D.co\r/p HI(Q* N P;Fp). Mackey’s formula
gives the commutativity of the diagram

>w trgxmp(cl-)

D.co\r/p), H(Q° N P;Fy)
> resgzﬂPT Ttrg
HI(P;F,) R

resp
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This shows that the third condition in Definition also holds and that M7 is a proto-Mackey
functor. Now, Condition (B1) in Proposition clearly holds for OT and (B2) holds by Lemma
It follows that H*(OT°P; M7) = 0 for all i > 1 as needed.

It remains to deal with the case j = 0. In this case H° is the constant functor with value Fp.
Thus, Outx(P) acts trivially on F,, for any P € F*. It follows from Lemma [3.10(b) that if P = S
then A'(Outz(S),F,) =0 for all i > 0, and if P < S then Outz(P) contains an element of order
p so A*(Outx(P),F,) = 0. Now [BLOO3b, Proposition 3.2] together with a filtration of H° by
atomic functors show that H is acyclic. O

4. PUNCTURED GROUPS FOR Fg1(q)

The Benson-Solomon systems were predicted to exist by Benson [Ben94|, and were later con-
structed by Levi and Oliver [LO02,LO05]. They form a family of exotic fusion systems at the prime
2 whose isomorphism types are parametrized by the nonnegative integers. Later, Aschbacher and
Chermak gave a different construction as the fusion system of an amalgamated free product of
finite groups |[AC10]. The main result of this section is the following theorem.

Theorem 4.1. A Benson-Solomon system Fsoi(q) over the 2-group S has a punctured group if
and only if ¢ = £3 (mod 8). If ¢ = £3 (mod 8), there is a punctured group L for Fso(q) which
is unique up to rigid isomorphism with the following two properties:
(1) Co(Z(5)) = Sping(3), and
(2) L|a is a linking locality, where A is the set of F-subcentric subgroups of S of 2-rank at
least 2.

4.1. Notation for Spin, and Sol. It will be usually be most convenient to work with a Lie
theoretic description of Spin,. The notational conventions that we use in this section for algebraic
groups and finite groups of Lie type are summarized in Appendix [A]

4.1.1. The mazimal torus and root system. Let p be an odd prime, and set
H = Sping(FF,).
Fix a maximal torus T of H, let X(T) = Hom(T, fF;) = 73 be the character group (of algebraic

homomorphisms), and denote by V' = R ®z X (7T') the ambient Euclidean space which we regard
as containing X (T). Let X(T) C X(T) be the set of T-roots. Denote a T-root subgroup for the
root a by
Xo ={za(N) | A€ Fp}.

As H is semisimple, it is generated by its root subgroups |GLS98, Theorem 1.10.1(a)]. We assume
that the implicit parametrization x4 () of the root subgroups is one like that given by Chevalley,
so that the Chevalley relations hold with respect to certain signs ¢, g € {1} associated to each
pair of roots [GLS98, Theorem 1.12.1].

We often identify ¥(T') with the abstract root system
Y={teitej,+e;|1<i,j<3}CR?
of type Bs, having base II = {1, ag, g} with

Q] = €1 —€2, Q2 =¢€3—€3 Q3 =e€3,
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where the e; are standard vectors. Write XV = {a" | a € ¥} for the dual root system, where
aV =2a/(a, ).

Instead of working with respect to the «;, it is sometimes convenient to work instead with a
different set of roots {3;} C X:

B1=ai, P2=a1+2a+203=e1+e, [3=o03.

This is an orthogonal basis of V' with respect to the standard inner product (, ) on R3. An
important feature of this basis is that for each 7 and j,

(4.1) SN {kBi +18j | k.l € Z} = {8, £},

a feature not enjoyed, for example, by an orthogonal basis consisting of short roots. In particular,
the Bj-root string through f; consists of ; only. This implies via Lemma (4), that the
corresponding signs involving the 3; that appear in the Chevalley relations for H are

(4.2) Cgiﬁj =1if1 75 j, and CB;.8:; = —1.

4.1.2. The torus and the lattice of coroots. We next set up notation and state various relations
for elements of T'. Let

ho(\) €T and na(X) € N5 (T)

be as given in Appendix |A| as words in the generators z,(\). By Lemma and since H is of
universal type, there is an isomorphism ZXV ® F,* — T which on simple tensors sends a’ @\ to

ha(X), and the homomorphisms h, : IF; — T are injective. In particular, as IV = {aY, oy, oy}
is a basis for ZX", we have T = hq, (JF;) X Ry, (I?;) X hag (IF‘;) Define elements z and z; € T by

21 =ha,(—1) and 2z = hay(—1)

Thus, z and z; are involutions. Similar properties hold with respect to the (;’s. Recall that
Bi =« for i = 1,3. Since By = o) + 20 + oy, Lemma[A.2](3) yields

h,32(_1) = hal(_l)haz((_l)Q)hOts(_l) = Z1%.
In particular,
(4.3) hg, (—=1)hg,(=1)hg, (1) = 212122 = 1.

However, as Z-span of the 8)’s is of index 2 in ZX" and every element of I?; is a square, we still
have

(4.4) T = hg, (F )hs, (F) hg, (F)).

So the hg,(F,)* generate T, but the product is no longer direct.
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4.1.3. The normalizer of the torus and Weyl group. The subgroup

W = (0, (1), 710, (1), nag (1)) < N5 (T)

projects onto the Weyl group
W= <wa1awa27wa3> 2091832 Cy xSy

of type B3 in which the w,, are fundamental reflections. Also, W NT is the 2-torsion subgroup
{t €T |t> =1} of T. A subgroup similar to W was denoted “W” in [AC10, Lemma 4.3]. Tt is
sometimes called the Tits subgroup |[GLS98, Remark 1.12.11].

Let

Y = Carjaztas € {£1},
and fix a fourth root i € F); of 1. (This notation will hopefully not cause confusion with the use

of i as an index.) Define elements wy, T € NE(T) by
wo = ng, (=7)ng,(Dng, (1) and 7 = naytas(1)hs, (—i)hs, (1), (7).
It will be shown in Lemma that wp and 7 are commuting involutions and that wg inverts T.
4.1.4. Three commuting SLo’s. Let
L = <)?Bi’)?_ﬁi>7
for i = 1,2,3. Thus, L; = SLs (IFp) for each i by the Chevalley relations, again using that H is

of universal type when i = 3. A further consequence of (4.1)) is that the Chevalley commutator
formula |[GLS98, 1.12.1(b)] yields

[Li,Lj] =1 forall i#j.
For each i, L; has unique involution hg,(—1) which generates the center of L;. By (4.3), the center

of the commuting product LiLoLg is (z, z1), of order 4. By (4.4), T'< L1 Lo Ls.

4.1.5. The Steinberg endomorphism and Spin,(q). We next set up notation for the Steinberg
endomorphism we use to descend from H to the finite versions. Let ¢ = p® be a power of p. Let
e € {£1} be such that ¢ = ¢ (mod 4), and let k be the 2-adic valuation of ¢ — e.

The standard Frobenius endomorphism ¢ of H is determined by its action 24(A\)¢ = 24 () on
the root groups, and so from the definition of the n, and h, in , also 14 ()¢ = ng(W\P) and
ha(N)¢ = ho(NP). Write ¢, conjugation map induced by wp, as usual, and define

¢ ife=1
g =
Py, ife=—1.
Then o is a Steinberg endomorphism of H in the sense of [GLS98, Definition 1.15.1], and we set
H := Cy(0) = Spinz(q).
Given that wp inverts T, the action of o on T is given for each ¢ € T by
17 =19,
and hence

Colo)={teT |t =t} =(Cp.)?
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Likewise,

CT(chO) = (Cq+e)3-

Finally, let p = pq € I@;j be a fixed element of 2-power order satisfying ;¢ = —u and powering
to the fourth root i, and we set

¢ = hg, (@)hp, (W) hs, (1) € T.

4.1.6. A Sylow 2-subgroup. We next set up notation for Sylow 2-subgroups of H and H along
with various important subgroups of them. Let

S == TQOOWS,,
where Ty denotes the 2-power torsion in 7 and where /WS = (Nay (1), Nagtas (1), Mag(1)). Set

Define subgroups
Z<U<E<ALS
by
Z={(z2), U={(z,z1), E=/{(z7z2,e), and A= E(wy).

Then Z = Z(S), U is the unique four subgroup normalin S, and E = {t € T |t* =1} ={t € T |
t?2 = 1}. It will be shown in Lemma that wp € S, and hence A < S.
We also write

Ts=TnNS,
thus, Ts = Oz(T) = (Cyr)? is the 2¥-torsion in T, a Sylow 2-subgroup of T'.

4.2. Conjugacy classes of elementary abelian subgroups of H and H. We state and prove
here several lemmas on conjugacy classes of elementary abelian subgroups of H and H, and on
the structure of various 2-local subgroups. Much of the material here is written down elsewhere,
for example in [LO02] and [AC10|. Our setup is a little different because of the emphasis on the
Lie theoretic approach, so we aim to give more detail in order to make the treatment here as
self-contained as possible.

The first lemma is elementary and records several initial facts about the elements we have
defined in the previous section. Its proof is mainly an exercise in applying the various Chevalley
relations defining H.

Lemma 4.2. Adopting the notation from §§/.1, we have
(1) Z(H) = Z = (2); -
(2) the elements wo and T are involutions in Ng(T) — T, and ¢ € Ts has order 2!, powering
mto B —U;
(3) wo inverts T; and

(4) lwo, 7] = le, 7] = 1.
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Proof. (1): It is well known that Z(H) has order 2. We show here for the convenience of the
reader that the involution generating Z(H) is z = hqy(—1). We already observed in § that

z is an involution. For each root a € 3, the inner product of a with as is an integer, and so
(a, a3) = 2(a, a3) € 2Z. By Lemma [A.2(1), ha,(—1) lies in the kernel of a. Thus, the centralizer

in H of ha,(—1) contains all root groups by Proposition and hence C; (hg,(—1)) = H.
(2): We show that wy is an involution. Using equations (A.6) and , we see that

(4.5) [ng,(£1),ns,(£1)] = 1 for each i, j € {1,2,3}.
Sowgzlbyand .

We next prove that 7 is an involution. Recall

T = Nas+as (1)h51 (_i)hﬁz (l)hﬂ3 (Z) '

First, note that na,1a5(1)% = 2. To see this, use (A7) to get naytas(1)? = haytas(—1). Then
use (a2 + a3)V = 2as + 2a3 = 20 + o and Lemma[A.2(3) to get

na2+a3(1)2 = hoé2+a3(_1)2 = haz(_l)Qhas(_l) = hoé3(_1) =z

as desired. Next, the fundamental reflection wq,1q, interchanges $; and (B2 and fixes (3, so
Nastaz (1) inverts hg, (—i)hg, (i) by conjugation and centralizes hg, (i) by (A.5]). Hence,

= Nag+as (1)2(h51 (_i)h,32 (i)hﬁs (i))"o2tes M (hﬁl (_i)h/BQ (i)hﬂa (4))
= Naytas(1)?he, (1) = 22 = 1.

We show c¢ is of order 2! and powers into E — U. Recall that k is the 2-adic valuation of ¢ — e,
and that Cx(0) = (Cy—c)®. The latter has Sylow 2-subgroup of exponent 2¥. But ¢ € Cz(0) since

o € € € (4.3)
” = hg, () hg, (1) gy (1) = hg, (—=p)hgy (=) by (— 1) = ha, (1) b, (1) s (1) = c.
So ¢ has order at most 2*. On the other hand,
I—1 . . .
& = hg, (Z)h52 (l)hﬁs ().
As in § we have hg, (i) = ha, (i) hay (i2)hag (i), and so
-1
? = ha1(_1)h02(_1)h0¢3(_1)'

Since H is of universal type and U = (hq,(—1), hay(—1)), it follows from Lemma 2) that
A eE-U , and hence ¢ has order 2! as claimed. In particular, this shows ¢ € Tk.

It remains to show that wp,7 € S in order to complete the proof of (2). For each o € X, we
have [no(£1),¢] = 1 by (A1), while [ng, (£1),wo] = 1 for i = 1,2,3 by and ([£.2). Also,
hg, (£i)hg, (£i)hs, (i) € E < H by ([£3). These points combine to give wg € H, 7¢ = 7, and
7€ S. As [wo, 7] = 1 by (4) below, we see 7 € H, so indeed 7 € HN S = S. Finally,

n51(1)nﬁ2(’7)n53(1) = nﬁl(1)nﬂ1(1)na2+a3(1)n53(1) €S

and this element represents the same coset modulo F as wg does by (A.7)) and (4.5)). Since £ < S,

it follows that wg € S.
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(3): Since {1, B2, B3} is an orthogonal basis of V', the image wg, wg,wg, in W of wy acts as minus
the identity on V. In particular, it acts as minus the identity on the lattice of coroots 7z C V.
This implies via Lemma Mél) that wp inverts 7', and so (3) holds.

(4): Showing [wp, 7] = 1 requires some information about the signs appearing in our fixed Cheval-

ley presentation. First,

2(a1, a0 + 3)
, 9 +a3) = = -2
(B, ) (a2 + ag, ag + a3)

So by Lemma [£1(3)
Ch1,02+0a3Ch2,a04+az = (f1)<51,a2+o¢3) = (—1)_2 =1,

and hence cg, ay+a; = 7 def CB,aa+as- Lhe root string of as + ag = ez through B3 = e3 is

€3 — €2, €3,€3 + €2 SO
Chyantas = (1) = —1

by Lemma [A1(4). S0 7ay1as(1) inverts each of ng, (—y)ng,(1) and ng, (1), by (A.6). Using
(W0, Nag+as(1)] € E, hg, (£i)hg, (£i)hg, (i) € E, and (4.5)), we thus have

[wo, 7] = [wo, hgy (=) hp, (D), ()] [wo, g taq (1)]/81 (e (D30
[’wo,h ( )hBQ( )hﬁ3( )][wo,na2+a3(1)]
=
=

wo na2+a3(1)]
ng ( )TL52(1), na2+a3(1)]”63(1) [77,53(1), n012+063(1)]
= (np, (=), (1)?)"% Wng (1)
=Np (7)2n52 (_1)2”’53 (1)2
= Z1R1%%
= 1.
Finally, since [¢, na,+as(1)] =1 by (A.5), we have [c, 7] = 1. O
For any group X, write &(X) for the elementary abelian subgroups of X of order 2¥ and
é1(X,Y) for the subset of & (X) consisting of those members containing the subgroup Y. Denote
by X° the connected component of X.

We next record information about the conjugacy classes and normalizers of four subgroups
containing Z.

Lemma 4.3. Let B = Nz(U) and B = Ny (U). Write B® for the connected component of B.
(1) &(H,Z)=UH, and
B (Lilala)(r) and B°=Cop(U) = InLal
where T interchanges L1 and Lo by conjugation and centralizes Ls. Moreover Z(EO) =U.
(2) &(H,Z)=U", and
B = (L1LaL3){(c,T) and Cy(U) = (L1L2L3){(c),
where L; = C; (o), and where ¢ € Nz (L1LaL3) acts as a diagonal automorphism on each

L;
L;.
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Proof. Viewing H classically, an involution in H /Z has involutory preimage in H if and only if
it has —1-eigenspace of dimension 4 on the natural orthogonal module (see, for example, |[AC10,
Lemma 4.2] or [LO02, Lemma A.4(b)]). It follows that all noncentral involutions are H-conjugate
into U, and hence that all four subgroups containing Z are conjugate. Viewing H Lie theoretically
gives another way to see this: let V be a four subgroup of H containing Z, and let v € V — Z. By
e.g. [Spr09, 6.4.5(ii)], v lies in a maximal torus, and all maximal tori are conjugate. So we may
conjugate in H and take v € F. Using Lemma (1) below for example, N (T)/CNE(T)(E) =Sy
acts faithfully on E and centralizes Z, so as a subgroup of GL(E) it is the full stabilizer of the
chain 1 < Z < E. This implies NE(T) acts transitively on the nonidentity elements of the
quotient E/Z, so v is N5 (T)-conjugate into U.

We next use Proposition to compute B. Recall that
U= <Z7 Zl> = <h6¥3(_1)7 hal(_1)>

and that z = ha,(—1) is central in H by Lemma (1) So C5(U) = Cg(hay(—1)). By Proposi-
tion and inspection of X,

C-(U)° = (T, X4 | (o, ai) is even)
= <T7)7(ioz | ac {61,B27/83}>~
Further, T < L1 LyL3 by (4.4), so

(46) CE(U)O = ()?BL,X_& | (S {17273}> = Elf/?i?)

as claimed.

We next prove that Cy(U) is connected. Since Cz(U) = Cp(z1), this follows directly from
a theorem of Steinberg to the effect that the centralizer of a semisimple element in a simply
connected reductive group is connected, but it is possible to give a more direct argument in this
special case. By Proposition

and we claim that CNF; (T)(U) < Cz(U)°. By ([@#.6), Ne_(wye (T)/T is elementary abelian of order

8. On the other hand, CN,(
H
of transvections on E of order 4 with center Z and axis U. The element wg of N (7)) inverts T'
and is trivial on E by Lemma (3) It follows that |NCE(U) (T))T| = |NCE(U)O(T)/T|, and so

NCE(U) (T) = NC';I(U)O(T)' Thus,

T)(U )/T stabilizes the flag 1 < Z < U < E, and so induces a group

CN;[@)(U) - NCﬁ(U) <T) - NC;;(U)O(T) < C*(U)O7

completing the proof of the claim. By (4.6))

(4.7) C5(U) = L1 LyLs.
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For each A € Fp, we have

Similarly, z_,(A\)" = z_p,(i"2(=\)) = z_p,(\). So as L3 = (x14,(\)), we have [L3, 7] =
1. Finally, since wq,+q; interchanges (51 and B2, and since T normalizes all root groups, T
interchanges L; and Lo. In particular, 7 interchanges the central involutions hg,(—=1) = z; and
hg,(—1) = 221 of Ly and La. This shows 7 acts nontrivially on U, and hence

completing the proof of (1).
By (1), Cz(U) is connected, so |GLS98, Theorem 2.1.5] applies to give &(H, Z) = UM, Let
L; = C; (o) for i = 1,2,3, and set B° = LiLoL3 < H. Since w € Ng(U) — Cu(U), we

have Cg(U) = Cp.(0). Let B denote the direct product of the L;, and let & be the Steinberg
endomorphism lifting o[, along the isogeny B — B° given by quotienting by ((—1, —1, —1)) (see,
e.g. [GLS98, Lemma 2.1.2(d,e)]). Then C5(6) = L1 x Lz x L3. So by [GLS98, Theorem 2.1.8]
applied with the pair B, ((—=1,—1,—1)) in the role of K, Z, we see that B° is of index 2 in
Cu(U) with Cg(U) = B°(Cy(U)NT) = B°T. The element ¢ = hg, (1)hg, (1)hs, (1) € T lifts
to an element ¢ € B with [¢,6] = (—1,—1,—1) by definition of p, and so ¢ € Cy(U) — B®
by |GLS98, Theorem 2.1.8]. Finally as each L; is generated by root groups on which ¢ acts
nontrivially, ¢ acts as a diagonal automorphism on each Lj;. O

Next we consider the H-conjugacy classes of elementary abelian subgroups of order 8 which
contain Z.

Lemma 4.4. The following hold.

(1) N (E) = Nz(T) and C(E) = T (wo).
(2) Ny(E) = Ny(T) and Cy(E) = T{wp).

(3) No(T)/T = Cy x Sy = Ny(T)/T.

Proof. Given that wg inverts T' (Lemma (3)) part (1) is proved in Proposition
By (1), B B
Nu(E) = Ngz(E)NH = Nz(T)NH = Nu(T),

while N (T) < Ng(H NT) = Ng(T). These combine to show the inclusion Ng(E) < Ng(T).
But Ny (T) < Np(FE) since E = Q;(02(T)) is characteristic in 7. Next, by (1),

Cu(E) = Cr(E)NH =T(wo) N H = (T N H){wo)

with the last equality as wy € H by Lemma [4.2)(2). This shows Cy(E) = T (wy).
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For part (3) in the case of H, see Section We show part (3) for H. First, by (1) and (2),

(4.8) Nu(T) = Cy_3(0) = Oy (0) = Nia(E) = Ny (T).

In the special case € = 1, o centralizes W, which covers W = N i (T)/T. Using (4.8)), this shows

Ny(T) = Ng(T) projects onto W with kernel TN C,_ (@) =T. So Ny(T)/T = W in this
H
case.

In any case, Two generates the center of NE(T)/T, s0 g7g~' € T for each g € NE(T). Since T

is connected, for each such ¢ there is ¢t € T with t =7t = ¢°¢~! by the Lang-Steinberg Theorem,
and hence tg € CNE(T)(U)
so arguing as in the previous paragraph, we have Ny (T)/T = W. O

. This shows each coset T'g contains an element centralized by &, and

Lemma 4.5. Let d = cwg and E' = U(d) < S. Then &(H, Z) is the disjoint union of EX and
E'™ . Moreover, there is a o-invariant mazimal torus T' of H with E' = {t € T' | t> = 1} such
that the following hold.
(1) O (Cu(E)) = Ox(T) = (C(q_e)/Qk)g, and Ng(T)/T = Cqy x Sy acts faithfully on the
r-torsion subgroup of T for each odd prime r dividing q — €;
(2) Ox(Cu(E")) = Ox(T") = (Clgte,2)*, and Ny (T")/T" = Cy x Sy acts faithfully on the
r-torsion subgroup of T" for each odd prime r dividing q + €; and
(3) Cu(E") =T'(w)) for some involution w(, inverting T".

Proof. By Lemma wp is an involution inverting T and hence inverting ¢. So d is an involution,
and indeed, E’ is elementary abelian of order 8.

Part of this Lemma is proved by Aschbacher and Chermak [AC10, Lemma 7.8]. We give
an essentially complete proof for the convenience of the reader. Let X e {Eo,ﬁ }, and write

X = Cx(0). The centralizer C3(E) = T(wp) is not connected, but has the two connected

components T and Twg. Thus, there are two C)f((a)—conjugacy classes of subgroups of X conjugate
to E in H |[GLS98, 2.1.5]. A representative of the other X-class can be obtained as follows. Since
X is connected, we may fix by the Lang-Steinberg Theorem ¢ € X such that wy = ¢g¢~'. Then
g% = wog. In the semidirect product X (o), we have 69 = owy. Now as T'(wp) is invariant under
owo, it follows that (T'(w))9 is o-invariant. Indeed by choice of g, we have 97 = t7%09 for each
t € T, ie., the conjugation isomorphism T(wg) —% T9 (w§) intertwines the actions of ocwy on
T{(wo) and o on T9(wf). Then E and E9 are representatives for the X-classes of subgroups of X
conjugate in X to E, and

(4.9) XNT9 = Cs,(0) = Cqlowg) = {t € T | 79 = 1} = (Cyro)®.

The above argument shows we may take g € B° even when X = H. By Lemma m, B° is

a commuting product LyLyLz with L; & SLy(F,) and Z(B°) = U. Also, B® = J/(j) where J
is a direct product of the L;’s and j the product of the unique involutions of the direct factors
. Thus, each involution in B° — U is of the form f) fof3 for elements f; € L; of order

4. But L; is transitive on its elements of order 4. Hence, all elementary abelian subgroups of B°
of order 8 containing U are B°-conjugate. Now F is contained in the normal subgroup LiLsLs of

Cy(U), while E’ is not since d lies in the coset L1LoLgc. It follows that E9 is Cy(U)-conjugate
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to E'. Hence, ¥ and E’ are representatives for the X-conjugacy classes of elementary abelian
subgroups of X of order 8 containing Z.

Fix b € Cy(U) with E9%® = E'. Set T' = T9 and T' = Crg(0), and wy, = wgb. By (4.9),
Oy (T") is as described in (a)(ii), and w} inverts 7. Now Ny (T)/T = Cy x Sy by Lemma [1.43).
Since Twy generates the center of NE(T )/T, it follows by choice of g and |Car85, 3.3.6] that
Ny (T9)/T9 = Ny(T)/T, and hence Ny (T")/T" 2 Ny (T)/T because b € H.

Fix an odd prime r dividing g — € (resp. ¢+ ¢), and let T} (resp. 7)) be the r-torsion subgroup
of T (resp. T9). Then T, < T (resp. T < T’). Since NH(T)/T (resp. Nﬁ(fgb)/fgb) acts
faithfully on 7). (resp. 7T.) by Proposition it follows that the same is true for Ny (T')/T (resp.
Ny (T')/T"). This completes the proof of (1) and (2), and part (3) then follows. O

4.3. Conjugacy classes of elementary abelian subgroups in a Benson-Solomon system.
In this subsection we look at the conjugacy classes and automizers of elementary abelian subgroups
of the Benson-Solomon systems. We adopt the notation from the first part of this section, so S is
a Sylow 2-subgroup of H = Spin,(q), Z = Z(5) is of order 2, and E is the 2-torsion in the fixed
maximal torus T of H.

Lemma 4.6. Let F = Fgoi(q) be a Benson-Solomon fusion system over S. Then
(1) &(8) = 27, and Nx(Z) = Cr(Z) = Fs(H).
(2) For Ts =T NS, Outr(Ts) = Autg(Ts) = C2 x GL3(2), and Outr(Ts{wp)) = GL3(2)
acts naturally on Ts/®(Tg) and on E.

Proof. Part (1) follows from the construction of Fgo1(q). The structure of Outz(Ts) also follows
by the construction, especially the one of Aschbacher and Chermak [AC10, Section 5]. For a proof
of the structure of Outz(Ts(wo)), we refer to Lemma 2.38(c) of [HL1§]. O

We saw in Lemma that H has two conjugacy classes of elementary abelian subgroups
of order 8 containing Z. As far as we can tell, Aschbacher and Chermak do not discuss the
possible F-conjugacy of E/ and E’ explicitly, but this can be gathered from their description of
the conjugacy classes of elementary abelian subgroups of order 16. Since we need to show that E
and E’ are in fact not F-conjugate, we provide an account of that description.

On p.935 of [AC10], T is denoted Ro. As on pg.935-936, write Ry = Nz (Ts(wo)) = (Cors1)3.
Thus, Ts has index 8 in R;, and R;/Tys is elementary abelian of order 8. Fix a set

{ze| e € E}

of coset representatives for Tg in R;, with notation chosen so that 1 = 1 and :L'gk =e € F for
each e € E — {1}, and write

A, = A%,
Since wy inverts T, A, = E(towo) where t, := .2
E < Tg and [Ts,wo] = ®(Ts) there are bijections

{ATs |e € B} — Ts/®(Ts) — E

= [xe, wo] € Ts also powers to e € E. Since

given by ATS s t.®(Ts) — e = tzkil. These maps are Autr(Ts(wp))-equivariant, Inn(Ts(wp))
acts trivially, and hence by Lemmal4.6{(2), Autz(Ts(wo)) has two orbits on &3 (Ts(wo)) = U.cp ALS

with representatives A = Ay and A, with e # 1.
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Lemma 4.7. &(S) is the disjoint union of A{ and AL, where e is any nonidentity element of

E. All Ae with e # 1 are Autz(Ts(wo))-conjugate, and Autr(Ae) = Caug(a.)(e) for each e € E.

Proof. This is Lemma 7.12(c) of |[AC10], except for the statement on Autz(Ts(wp))-conjugacy,
which is contained in the setup on p.936 of that paper and observed above. U

Lemma 4.8. &(S) is the disjoint union of EZ and E', and we have Autz(E) = Aut(E) and
Autz(E') = Aut(E").

Proof. Assume to get a contradiction that E and E’ are Fgo1(q)-conjugate. Since F is normal in S,
it is fully Fso1(g)-normalized, so there is ¢ € Hom gz, () (Cs(E'), Cs(E)) with E'Y = E by [AKO11,
1.2.6]. By Lemma post-composing with an element Autz(Ts(wp)), which normalizes E, we
may take ¢ with AY = A.. But then U¥Y < E and ¢ = e by Lemma so BF¥ = FE a
contradiction. Now we appeal to |[AC10, Lemma 7.8] for the structure of the F-automorphism
groups. U

4.4. Proof of Theorem We now turn to the proof of Theorem[4.1] As an initial observation,
note that if £ is a punctured group for Fgei(¢’) for some ¢’ = 3 (mod 8), then C(Z) is a group
whose 2-fusion system is isomorphic to that of Spin,(¢’). With the help of a result of Levi and
Oliver, it follows that O (Cr(Z)/0(Cr(Z))) = Sping(q) for some odd prime power ¢ = +3
(mod 8) (Lemma . Lemma below then gives strong restrictions on ¢g. Ultimately it
implies that ¢ = 3'76? for some a > 0 with the property that ¢> — 1 is divisible only by primes
which are squares modulo 7. Although there are at least several such nonnegative integers a with
this property (the first few are 0,1,2,3,5,7,8,13,15,...), we are unable to to determine whether
a punctured group for Fg.(g) exists when a > 0.

Lemma 4.9. Let G be a finite group whose 2-fusion system is isomorphic to that of Spin;(q’) for
some odd ¢'. Then G /Oy (G) = Sping(q){p) for some odd q with va(qg*> — 1) = va(q’? — 1), and
where @ induces a field automorphism of odd order.

Proof. Tt was shown by Levi and Oliver in the course of proving Fg.(¢) is exotic that 0% (G/Ox (G))
is isomorphic to Spin;(q) for some odd ¢ [LO02, Proposition 3.4]. If S” and S are the corresponding
Sylow 2-subgroups, then S” and S are isomorphic by definition of an isomorphism of a fusion sys-
tem. If k and &’ are one less than the valuations of ¢ —1 and ¢’>—1, then the orders of S and S’ are
24+3k and 2413 50 k = k’. The description of G/Oy (G) follows, since Out(Spin,(q)) = C,, x Cy,
where ¢ = p™ and C), is generated by a field automorphism. O

The extension of Spin;(q) by a group of field automorphisms of odd order has the same 2-fusion
system as Spin;(g), but we will not need this.

Lemma 4.10. Let q be an odd prime power with the property that GL3(2) has a faithful 3-
dimensional representation over F, for each prime divisor v of ¢> — 1. Then each such r is a
square modulo 7, and q = 3+ for some a > 0. In particular, ¢ = 3 (mod 8).

Proof. Set G = GL3(2) for short. We first show that GL3(2) has a faithful 3-dimensional repre-
sentation over F, if and only if r is a square modulo 7. If » = 2, 3, or 7, then as |SL3(3)| is not
divisible by 7 and G = PSLo(7) = Q3(7), the statement holds. So we may assume that p does

not divide |G|, so that F,GL3(2) is semisimple. Let V' be a faithful 3-dimensional module with
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character ¢, necessarily irreducible. From the character table for GL3(2), we see that ¢ takes
values in F,.((1 ++/=7)/2). By |Fei82, 1.19.3], a modular representation is writable over its field
of character values, so this extension is a splitting field for V. Thus, V is writeable over F, if and
only if —7 is a square modulo r, which by quadratic reciprocity is the case if and only if r is a
square modulo 7.

Now fix an odd prime power ¢ with the property that ¢ — 1 is divisible only by primes which
are squares modulo 7. Since ¢(q —1)(q+ 1) is divisible by 3 and 3 is not a square, we have ¢ = 3!
for some I. Now ¢ — 1 and ¢ + 1 are squares, so ¢ = 1 or 3 (mod 7). Assume the former. Then 6
divides 1, so ¢ = 3! = 1 (mod 5). But then ¢ —1 is divisible by the nonsquare 5, a contradiction.
So the latter holds, [ = 1 + 6a for some a > 0, and hence ¢ = 3 (mod 8). O

Lemma 4.11. Let H = Spin,(3) and Z = Z(H). If P > Z is a 2-subgroup of H of 2-rank at
least 2, then N (P) is of characteristic 2.

Proof. Let P < S with Z <V < P and V a four group. By Lemma (2), we may conjugate in
H and take V = U, and Cy(U) = L1LoLs{c), where ¢ induces a diagonal automorphism on each
L; = SLy(3). Thus, O2(Cy(U)) is a commuting product of three quaternion subgroups of order
8 which contains its centralizer in Cy(U), and hence Cy(U) is of characteristic 2.

Recall that Ny (P) is of characteristic 2 if and only if Cy(P) is of characteristic 2 and that the
normalizer of any 2-subgroup in a group of characteristic 2 is of characteristic 2 (see, e.g. [Hen19,
Lemma 2.2]). It follows that Ng, /) (P) is of characteristic 2, so Cy(P) = Cg, ) (P) is of
characteristic 2, so Ny (P) is of characteristic 2. O

We may now prove the main theorem of this section.

Proof of Theorem[{.1. ( = ): Let F := Fgoi(¢') for some odd prime power ¢’. Suppose first
that ¢ = +1 (mod 8), where we argue by contradiction. Fix a locality (£,A,S) on F with A
the set of nonidentity subgroups of S. Among all such localities, take one where £ is of minimum
cardinality. Write Z = Z(S) as before, and set G := Nz(Z) = C(Z) for short.

Consider the case Oy (G) = 1. Set H = 0¥ (G). As L is a locality on Fsoi(¢'), Fs(G) =
Fs(Ng(Z)) is isomorphic to the 2-fusion system of Nx(Z), namely to the fusion system of
Spin;(¢’). By Lemma H = Spin,(q) for some odd prime power ¢ = £1 (mod 8). We
identify H with the group defined in Section and we adopt the notation of Sections [4.1
In particular H has Sylow 2-subgroup S, € € {£1} is such that ¢ = € (mod 4), and F; := F
and F_; := FE’ are the representatives for F-conjugacy classes of elementary abelian subgroups
of order 8 in S (Lemmas and . For § = +1, let Ty be the maximal torus containing Ej of
Lemma@ For each positive integer r dividing ¢ —de, write T, for the r-torsion in Ts. Moreover,
set Ts s =TsNS. Thus, Ty s = Ts = T} 9+ is homocyclic of order 238 and T 15 =FE_1.

Now fix § and let N = N.(T5 ). By Lemmas 2) and [4.5((3),

Cy(Es) = Ts(w),
where w is an involution inverting Ty. In particular, since
Oy(T5) = [02(T5), (w)] < [CH(Es), Cr(Es)]
and 0% (G) = H, we have

Cr(Es) = 0% (Cu(Es)) = 0% (Ca(Es))
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Also, Cr(Es) = Cg(FEs) as Fs contains Z. It follows that C(FEs) = O (C(Fs)) is normal in
N/:(Eé), S0

(4.10) O (CH(Es)) is normal in Nz (Es).
Next we show
(4.11) N = Ng(Es).

We may assume Ts5g > Es, and so 0 = 1, T5 g = Ts, and Es = E. Certainly Nz (Ts) < Nz(E).
For the other inclusion, note Nz(F) acts on Cy(E) by so it acts on Ty since Ty is the
unique abelian 2-subgroup of maximum order in Cy(E). Thus, Nz(E) < Ng(Ts), completing the
proof .

Let r be a prime divisor of ¢ — de. By and , Ts, is normal in N, so Cn(T5s,) is
normal in N. Set N = N/Cn(Tjs). Then as L is a locality on Fso1(q), we have N 2 Autz(Ts.g)
Cy x GL3(2) when 6 = 1 by Lemma (2)7 while N = Autz(Tss) = GL3(2) when § = —1 by
Lemma (because T_1 ¢ = E_1). By Lemma for a parabolic subgroup X = Cy x S4 or
Sy of N at the prime 2, we have X N Cn(T5,) = 1. So Cn(T5,s) = 1 as this subgroup is normal
in N, and thus Cn(T5,) = Cn(Tss). It follows that GL3(2) < N acts faithfully on Tj, = C2.
Since this holds for each § = £1 and prime r, Lemma implies that ¢ = 3 (mod 8), and this
contradicts our original assumption.

We are reduced to showing Oo/(G) = 1. Set 8(a) = Oz (Cr(a)) for each involution a € S.
By Lemma (b), 0 is conjugacy invariant. Let a,b € S be two distinct commuting involutions.
By conjugacy invariance, to verify balance, we can assume b =z and a =u € U — Z. Set X =
Oo (Cr(u))NG, an odd order normal subgroup of C(U), and use bars for images modulo Oy (G).

By a Frattini argument C(U) = Cg(U) = C5(U), so X is normal in the latter group. However,
G is an extension of H by a cyclic group generated by a field automorphism ¢ of odd order by
Lemmal[4.9, We may take ¢ to be standard, that is, acting on the root groups via z4(X) — za (")
with 7 odd. Each component L; & SLs(q) of C@((_f ) is generated by a root group and its opposite
(Section , it follows that ¢ acts nontrivially as a field automorphism on each such L;, and
hence X < 02 (Cx(U)) < Ox(L1LyL3) = 1. Equivalently, X = O (Cr(u)) NG < Oy (G). This
shows that the balance condition holds. For each P € A, set

oP)=| (] 6@) |nCe(P).

IEIQ(P)

Then by Theorem © defines a signalizer functor on subgroups. By Theorem 0 =
Upea ©(P) is a partial normal subgroup of £, and L/ O is again a punctured group for Fso1(q).
By minimality of |£], we have © = 1, and in particular O« (G) = 1. This completes the proof of
the forward direction of the theorem.

(<=): Let now F = Fgo1(3) and H = Cr(Z) = Fs(H) with H = Spin;(3). Set
A ={P € F?| P is of 2-rank at least 2},

and Ay = {P € A| P > Z}. Then A is closed under F-conjugacy and passing to overgroups

by [Henl9|. So it is also closed under H-conjugacy.
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Neither H" nor F¢" contains a subgroup @ of S of 2-rank 1. Indeed, assume @ is such. Suppose
first that @ is cyclic, or generalized quaternion of order at least 16. Then Aut(Q) is a 2-group.
So since @ is centric, Ng(Q)/Q = Auts(Q) = Autr(Q), for example, has a normal 2-subgroup,
so @ is not radical. Assume @ is quaternion of order 8. As U is a normal subgroup of S, we have
QU< Z=2Z(S) <Q,s0U < Ng(Q). But Ng(Q) is a 2-group containing @ self-centralizing
with index 2, and so Ng(@Q) is quaternion or semidihedral of order 16. But neither of these groups
has a normal four subgroup, a contradiction.

Each element of F" UH contains Z. Also F* C H® by |[Henl9, Lemma 3.16]. Thus, we have
shown

(4.12) FTUHT C Ay CACF CH.

The hypotheses of [Hen19, Theorem A] are thus satisfied, so we may fix a linking locality £ on F
with object set A, and this £ is unique up to rigid isomorphism.

We shall verify the conditions (1)-(5) of [Chel3| Hypothesis 5.3] with Z in the role of “T” and
H in the role of “M”. Conditions (1), (2) hold by construction. Condition (4) holds since Z
is normal in H and Fg(Ng(Z)) = H by [LO02]. To see condition (3), first note that Z is fully
normalized in F because it is central in S. Let Z’, Z” be distinct F-conjugates of Z. Then (Z', Z")
contains a four group V. By Lemma [£.3|2), V is F-conjugate to U, and Ox(N£(U)) € F¢is a
commuting product of three quaternion groups of order 8. Thus, V € A, and hence (7', Z") € A.
So Condition (3) holds. It remains to verify Condition (5), namely that Nz(Z) and La,(H) are
rigidly isomorphic. By and Lemma L, (H) is a linking locality over H with Az as
its set of objects.

On the other hand, by [Chel3, Lemma 2.19], N.(Z) is a locality on ‘H with object set Az, in
which Ny, (z)(P) = Cn,(p)(Z) for each P € Az. As L alinking locality, N (P) is of characteristic
2, and hence the 2-local subgroup Ny, (z)(P) of Nz(P) is also of characteristic 2. So again this
together with gives that N, (Z) is a linking locality over H with object set Az. Thus,
by [Henl9, Theorem A], we may fix a rigid isomorphism \: La,(H) — Nz(Z) and complete the
proof of (5).

So by [Chel3, Theorem 5.14], there is a locality £ over F with object set

AT :={P < S| Z? < P for some p € Homz(Z, S)},

such that £¥|po = £, and £ is unique up to rigid isomorphism with this property. Since each
subgroup of S contains an involution, and all involutions in S are F-conjugate (by Lemmal[4.6{1)),
AT is the collection of all nontrivial subgroups of S. Thus, LT is a punctured group for 7. [

5. PUNCTURED GROUPS FOR EXOTIC FUSION SYSTEMS AT ODD PRIMES

In this section, we survey some of the known examples of exotic fusion systems at odd primes
in the literature, and determine which ones have associated punctured groups.

Let F be a saturated fusion system over the p-group S. A subgroup @ of S is said to be F-
subcentric if Q) is F-conjugate to a subgroup P for which O,(Nz(P)) is F-centric. Equivalently,
by [Henl9, Lemma 3.1], @ is F-subcentric if, for any fully F-normalized F-conjugate P of @), the

normalizer Nx(P) is constrained. Write F* for the set of subcentric subgroups of F. Thus, F*
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contains the set of nonidentity subgroups of S if and only if F is of characteristic p-type (and F*
is the set of all subgroups of S if and only if F is constrained).

A finite group G is said to be of characteristic p if Cq(O,(G)) < O,(G). A subcentric linking
system is a transporter system L° associated to F such that Obj(£®) = F* and Autgs(P) is of
characteristic p for every P € Obj(L*). By a theorem of Broto, Castellana, Grodal, Levi and
Oliver [BCG™05], the constrained fusion systems are precisely the fusion systems of finite groups
of characteristic p. The finite groups of characteristic p, which realize the normalizers of fully
normalized subcentric subgroups, can be “glued together” to build a subcentric linking systems
associated with F. More precisely, building on the unique existence of centric linking systems, the
first author has used Chermak descent to show that each saturated fusion system has a unique
associated subcentric linking system.

For each of the exotic systems JF considered in this section, it will turn out that either F is of
characteristic p-type, or S has a fully F-normalized subgroup X of order p such that Nz(X) is
exotic. In the latter case, there is the following elementary observation.

Lemma 5.1. Let F be a saturated fusion system over S. Assume there is some nontrivial fully
F-normalized subgroup X such that Ng(X) is exotic. Then a punctured group for F does not
exist.

Proof. If there were a transporter system L associated with F having object set containing X,
then Aut,(X) would be a finite group whose fusion system is Nz (X). O

We restrict attention here to the following families of exotic systems at odd primes, considered
in order: the Ruiz-Viruel systems [RV04], the Oliver systems [Olil4], the Clelland-Parker systems
[CP10], and the Parker-Stroth systems [PS15]. The results are summarized in the following
theorem.

Theorem 5.2. Let F be a saturated fusion system over a finite p-group S.

(a) If F is a Ruiz-Viruel system at the prime 7, then F is of characteristic 7-type, so has a
punctured group.

(b) If F is an exotic Oliver system, then F has a punctured group if and only if F occurs in
cases (a)(i), (a)(iv), or (b) of [Olil4, Theorem 2.8].

(c) If F is an exotic Clelland-Parker system, then F has a punctured group if and only if each
essential subgroup is abelian. Moreover, if so then F is of characteristic p-type.

(d) If F is a Parker-Stroth system, then F is of characteristic p-type, so has a punctured
group.

Proof. This follows upon combining Theorem 2.20/or Lemmal5.1| with Lemmal[5.4] Proposition
Propositions [5.9] and and Proposition [5.12], respectively. O

When showing that a fusion system is of characteristic p-type, we will often use the following
elementary lemma.

Lemma 5.3. Let X be a fully F-normalized subgroup of S such that Cs(X) is abelian. Then

Nz(X) is constrained.
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Proof. Using Alperin’s Fusion Theorem [AKO11}, Theorem 1.3.6], one sees that C's(X) is normal
in Cr(X). In particular, Cx(X) is constrained. Therefore, by [Henl9, Lemma 2.13], Nz(X) is
constrained. 0

5.1. The Ruiz-Viruel systems. Three exotic fusion systems at the prime 7 were discovered by
Ruiz and Viruel, two of which are simple. The other contains one of the simple ones with index
2.

Lemma 5.4. Let F be a saturated fusion system over an extraspecial p-group S of order p> and
exponent p. Then Nx(Z(S)) = Ng(S). In particular, F is of characteristic p-type.

Proof. Clearly Nz(S) C Ng(Z(S)). Note that Nx(Z(S)) is a saturated fusion system over S
as well. So by [RV04, Lemma 3.2], if a subgroup of S is centric and radical in Nz(Z(S)), then
it is either elementary abelian of order p? or equal to S. Moreover, by |[RV04, Lemma 4.1], an
elementary abelian subgroup V of order p? is radical in Nz(Z(S)) if and only if Aut#(V) contains
SLa(p). However, if Autz(V') contains SLa(p), then it does not normalize Z(.S). This implies that
S is the only subgroup of S which is centric and radical in Nx(Z(S)). Hence, by Alperin’s Fusion
Theorem |[AKO11, Theorem 1.3.6], we have Nx(Z(S)) € Nx(S) and thus Ng(Z(S)) = Nx(5).
In particular, Nx(Z(S)) is constrained. If X is a non-trivial subgroup of F with X # Z(S), then
Cs(X) is abelian. So it follows from Lemma that F is of characteristic p-type. O

In Section [6] it is shown that for the three exotic Ruiz-Viruel systems, the subcentric linking
system is the unique associated punctured group whose full subcategory on the centric subgroups
is the centric linking system.

5.2. Oliver’s systems. A classification of the simple fusion systems F on p-groups with a unique
abelian subgroup A of index p is given in [Oli14,/COS17,OR20a]. Here we consider only those
exotic fusion systems in which A is not essential in F, namely those fusion systems appearing in
the statement of [Olil4, Theorem 2.8].

Whenever F is a saturated fusion system F on a p-group S with a unique abelian subgroup A
of index p, we adopt Notation 2.2 of |Olil4]. For example,

Z:Z(S), ZQIZQ(S), S = [S,S], Z():ZmS/, and A():ZS/,

and also
H={Z(z)|xeS—A} and B={Z(zx)|zeS— A}

Lemma 5.5. Let F be a saturated fusion system on a finite p-group S having a unique abelian
subgroup A of indez p.
(a) If P < S is F-essential, then P € {A} UH UB, |Ng(P)/P| = p, and each o €
Nauty(p)(Auts(P)) extends to an automorphism of S.
Assume now in addition that A is not essential in F.
(b) If Op(F) =1, then FENH # B, Zy = Z is of order p, S' = Ag is of indezx p* in S, and
S has mazximal class.
(c) If P € HU B is F-essential, then P = Cg or pi“ according to whether P € H or P € B,
and O (Outz(P)) = SLao(p) acts naturally on P/[P,P].

(d) If P € F*NH, then each o € Npy - (p)(Z) extends to an automorphism of S.
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(e) A subgroup P < S is essential in Nx(Z) if and only if P € F¢NB.
(f) There is x € S — A such that Ao(zx) is Autz(S)-invariant.

Proof. Parts (a), (b), and (f) are shown in [Olil4, Lemma 2.3,2.4], and (c) follows from [Oli14}
Lemma 2.7]. Suppose as in (d) that P € F* N H. By (c¢), Autz(P) is a subgroup of GLy(p)
containing SLy(p), and the stabilizer of Z in this action normalizes O (C ~(P)(Z)) = Autg(P).
So (d) follows from (a).

It remains to prove (e). If P € F°N B, then as Z = [P, P] is Autz(P)-invariant in this case,
Outy,(z)(P) = Outz(P) has a strongly p-embedded subgroup, and so P is essential in Nz(Z).
Conversely, suppose P is Nx(Z)-essential. By (a) applied to Nx(Z), P € {A}UHUB and Outg(P)
is of order p, so by assumption NoutNF(Z>(p)(OutS(P)) is strongly p-embedded in Outy, (z)(P)
by [AKO11, Proposition A.7]. Now each member of Npy, (p)(Auts(P)) extends to S by (a), so Z
is Naut,(p)(Auts(P))-invariant. Thus, Noy;.(p)(Outs(P)) = NOuth(Z)(p)(Outg(P)) is a proper
subgroup of Outxz(P), and hence strongly p-embedded by [AKO11, Proposition A.7] again. So P
is essential in F. By assumption P # A, and P ¢ H by (d). So P € B. O

For the remainder of this subsection, we let 7 be a saturated fusion system on a
p-group S with a unique abelian subgroup A of index p. Further, we assume that
Op(F) =1 and A is not essential in F.

We next set up some additional notation. Fix an element x € S — A such that Ag(zx) is
Autz(S)-invariant, as in Lemma [5.5(f). Since O,(F) = 1, S is of maximal class by Lemmal[5.5|(b).
In particular Z = Zj is of order p, A/Ag is of order p, and S’ = Ay, so we can adopt [Olil4,
Notation 2.5]. As in [Olil4, Notation 2.5], define H; and B; to be the S-conjugacy classes of the
subgroups Z(za') and Zy(xa’) for i = 0,1,...,p — 1, and set

M, =H1U---UH, and B, =B U ---UB,,

so that H = Ho U H. and B = By U B..
Set
A= (Z/pZ)* x (Z/pZ)* and A;={(r,7") | r € (Z/pZ)*}.
Define p: Autz(S) — A and ji: Outxz(S) — A by ([a]) = u(a) = (1, s), where

(xAp)* =z"Ap and 2% =2°

The following lemma looks at the image of homomorphisms analogous to u and 7 which are
defined instead with respect to Nx(Z)/Z and Cr(Z)/Z.

Lemma 5.6. Assume |S/Z| = p™ with m > 4. Let £ € {Nr(Z),Cr(Z)}, and let us be the
restriction of u to Autg(S). Let pg/z: Autg;z(S/Z) — A be the map analogous to p but defined
instead with respect to S/Z. Then

Im(pg/z) = {(r,sr™") | (r,5) € Im(pg)}

In particular, if ITm(ug) = A, then Im(ug/z) = A. And if Im(ug) = A; for some i, then
Im(pe/z) = Ai—1, where the indices are taken modulo p — 1.
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Proof. This essentially follows from |[COS17, Lemma 1.11(b)]. By assumption, £/Z is a fusion
system over a p-group S/Z of order at least p*. So A/Z is the unique abelian subgroup of S/Z of
index p by [Olil4, Lemma 1.9]. Since S is of maximal class, so is the quotient S/Z. In particular,
Z(S/Z) is of order p, so we can define pg/; as suggested with Z in the role of z and gZ in the
role of z, where g € Zy — Z is a fixed element.

Let a € Autg(S) with pu(a) = (r,s), let & be the induced automorphism of S/Z, and let
t € (Z/pZ)* be such that a®Ag = a’Ay (which exists since A and Ay are Autz(S)-invariant
and |A/Ap| = |Zy| = p). By [COS17, Lemma 1.11(b)], a acts on the i-th upper central quotient
Zi(8)/Z;_1(S) by raising a generator to the power tr™~% for i = 1,...,m — 1. Thus, s = tr™~!
and (92)® = ¢g*Z = ¢ *Z. Hence, pg/z(@) = (r,sr~h). Conversely if pg,z(@) = (r,5), then
pe(a) = (r,5r). [

In the following proposition, we refer to Oliver’s systems according to the itemized list (a)(i-iv),
(b) given in [Olil4, Theorem 2.8].

Proposition 5.7. Assume F is one of the exotic systems appearing in Theorem 2.8 of [Olil])].
Write |S/Z| = p™ with m > 3.
(a) F is of characteristic p-type whenever F¢ C H. In particular, this holds if F occurs in
case (a)(i), (a)(iv), or (b).
(b) If F is in case (a)(ii) and m > 4, then Nx(Z) is exotic. Moreover, F is of component
type, and Cr(Z)/Z is simple, exotic, and occurs in (a)(iv) in this case. If F is in case
(a)(ii) with m = 3 (and hence p = 5), then Nx(Z)/Z is the fusion system of 5>GLa(5),
and F s of characteristic 5-type.
(c) If F is in case (a)(iii), then Nx(Z) is exotic. Moreover, F is of component type with
Cr(Z)/Z is simple, exotic, and of type (a)(i).

Proof. Each of Oliver’s systems is simple on S with a unique abelian subgroup A of index p which
is not essential, so it satisfies our standing assumptions and the hypotheses of Lemmas [5.5| and
and we can continue the notation from above. In particular, Zy = Z is of order p, S’ = Ay,
and S is of maximal class.

For each fully F-normalized subgroup X < S of order p and not equal to Z, Cg(X) is abelian:
if X < A this follows since Cg(X) = A (X is not central), while if X £ A, this follows since
Ca(X) = Z by Lemma [5.5(b). Thus Nz(X) is constrained in this case by Lemma Hence F
is of characteristic p-type if and only if Nz(Z) is constrained. By Lemma/[5.5(e), if 7¢ C H, then
Nz(Z) has no essential subgroups. By the Alperin-Goldschmidt fusion theorem [AKO11] 1.3.5],
each morphism in Nr(Z) extends to S, and hence S is normal in Nx(Z). So if F¢ C H, then
Nz (Z) is constrained.

Case: F occurs in (a)(i), (a)(iv), or (b) of [Olil4, Theorem 2.8]. We have F¢ C H

precisely in these cases. So F is of characteristic p-type.

Case: F occurs in (a)(ii). Here, m = —1 (mod p — 1), u(Outz(S)) = A, and F¢ = By U H,.

By assumption F is exotic, so as F is the fusion system of 2Dy (q) when p = 3, we have p > 5.
Let £ € {Nx(2),Cx(Z)}and set F = Nx(Z2)/Z, F1 = Cx(Z)/Z,and S = S/Z, so that F; < F

is a normal pair of fusion systems on S. By Lemma (e), the set of Nx(Z)-essential subgroups

is F¢N B. A straightforward argument shows that the set of Cr(Z)-essential subgroups is then
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also F¢N B, and that factoring by Z induces a bijection between the set of essential subgroups of
€ and of £. Thus, £¢ = By, where By = {P | P € Bo}.

Subcase: m > 4. Since S has order p*, we know that A is the unique abelian subgroup of S of
index p by [Olil4, Lemma 1.9].

We will prove that & is reduced. Since |S| > p*, the subgroup
Since O,(€) is contained in every E-essential subgroup, we have O
Lemma ( ), Z2 is not Autg(P)-invariant for any P € By, and hence Zg
invariant for any P € By. So O,(€) = 1.

Next, since Im(u) = A in the present case, we have Im(ug) = A when &€ = Nx(Z) since the
Auty,(2)(S) = Autz(S). When € = Cx(Z), the E-automorphism group of ' is the centralizer of
Z in Autz(S). By definition of the map p, this means

Im(pe) ={(r,1) | r € (Z/pZ)*} = Ao

So in any case, Im(pg) > A_y by Lemma [5.6]

We next show that OP(£) = €. By |Olil4, Proposition 1.3(c,d)], the focal subgroup of & is
generated by [P, Autg(P)] for P € ByU{S}, and OP(€) = £ if and only if foc(£) = S. Since P is a
natural module for O (Autg(P)) 22 SLy(p) for each P € By (Lemma [5. ( )), the focal subgroup
of & contains (By) = Ag(Z). Thus, foc(€) = S if and only if a € [S, Autg(S)]. But we just saw
that Im(ug) > A_1. Further, if @ is an £-automorphism of S with pug(a) = (r,7~1), then for the
class t € (Z/pZ)* with (adg)® = a'Ag, we have r~! = tr™~2 by [COS17, Lemma 1.11(b)], and
hence t = =™, Asm+1=0 (mod p—1) and p > 5, we have —(m — 1) Z 0 (mod p —1). So
Autg(S) acts nontr1v1ally on A/Ap, and hence foc(€) = S.

We next show that O (£) = F; using Lemma 1.4 of |Olil4]. Since F; is a normal subsystem
of F on S, it follows from [AKO11, Theorem 1.7.7] that OF'(€) is a subsystem of Fj. So it
will be sufficient to show that O (F;) = Fy. Set P = Z(S)(Z) = Zy(Z) € By, and let @ be
an Fi-automorphism of S. Since Ag(Z) is a-invariant, it follows that & preserves the S-class
By under conjugation, and so upon adjusting @ by an inner automorphism of S (which doesn’t
change the image of & under pz ), we can assume that & normalizes P. The restriction of @ to

(z) is not normal in S.
) < NBo = Z(S). By
Z(S) is not Autz(P)-

Zs
(€

P acts via an element of SLy(p) on P since Im(uz, ) = A_1, and so this restriction is contained
in OF'(Autz, (P)). Thus, OP (F) = F; by Lemma 1.4 of [Oli14].

Thus, Fi is reduced. Step 1 of the proof of [Olil4, Theorem 2.8] then shows that F is the
unique reduced fusion system with the given data, and then Step 2 shows that F; is simple. So F;
is exotic and occurs in case (a)(iv) of Oliver’s classification, since m—1 = -2 # 0,—1 (mod p—1).

It remains to show that Nz(Z) is exotic. For this it suffices to show that Nz(Z)/Z = F is
exotic. For suppose Nr(Z) is realizable by a group G with Sylow p-subgroup S. Then Z is
normal in the fusion system of G, and so Ng(Z) also realizes Nx(Z). Hence, Ng(Z)/Z realizes
Nr(Z)/Z. B

Assume to get a contradiction that F is realizable. We will verify the hypotheses of [DRV07,
Proposition 2.19] for F. Let T < S be a nontrivial, strongly F-closed subgroup. Since Fj is a
subsystem of F on S, T is strongly Fj-closed. By [Olil4, Theorem 2.8], either T = Ay(z) or

= S. In particular, T is nonabelian. Also, since Z(T) = Z(S) by Lemma b), it follows
that T is centric and does not split as a direct product of two of its proper subgroups. Thus,
by [DRV07, Proposition 2.19], F = Fg(G) for some finite group G' with Sylow subgroup S and
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with F*(G) simple. Let Gg = O (G). Then Fy := F5(Gp) is normal subsystem of F on S, so
F1 C Fp by |[AKO11, Theorem 1.7.7]. The hyperfocal subgroup of Fy contains the hyperfocal
subgroup of Fi, which is S. Thus, OP(Go) = Go. Since Op/((?o) = Go = OP(Gp) and the outer
automorphism group of F'*(Gy) is solvable by the Schreier conjecture, it follows that Go = F*(Gy)
is simple.

Now set T' = Ag(Z) = (Bo). Then T is indeed strongly Fo-closed and proper in S. By a result
of Flores and Foote [FF09], stated as in [AKO11, 11.12.12], we have p = 3 = |T| = p™~2, and this
contradicts m > 4. Therefore, F is exotic.

Subcase: m = 3. Since m = —1 (mod p—1), we have p = 5. So S is extraspecial of order 5% and
exponent 5. We saw above that ¢ = By, which is of size 1 in this case. That is, there is a unique
essential subgroup, Z(S)(z), which is therefore Aut z(S)-invariant. By the Alperin-Goldschmidt
fusion theorem, this subgroup is normal in F. So F is constrained, it is isomorphic to the fusion
system of 52G'Lo(5) by Lemma [5.6/and [Olil4, Lemma 2.6(c)], and F is of characteristic 5-type.

This completes the proof of (b).

Case: F occurs in (a)(iii). Then m = 0 (mod p — 1), F¢ = Ho U B,, and Im(pu) = A. Set
F =Nx(Z)/Z and F| = Cx(Z)/Z. Similarly to the previous case, we can show F¢ = Ff = {P |
P € B.}. Denote this set by By, and let £ € {F, F;}. Since m > 3, we have p > 5, and hence
in fact m > 4. In particular, A is the unique abelian subgroup of S, A is not essential in £, and
O,(€) =1 by the same argument as in the previous case.

We can see that OP (F) = OV (F) = F using Im(pg, ) = A1 and Lemmaas in the previous
case. Also as the previous case, the focal subgroup of £ contains (B,), which this time is equal to
S. So OP(€) = £. We've shown Fj is reduced, and so F; is simple by Steps 1 and 2 of the proof
of [Oli14, Theorem 2.8]. As |S/Z(S)| = p™ ! and m — 1 = —1 (mod p — 1), it follows that F;
occurs in case (a)(i) of Oliver’s classification. In particular, Fi is exotic.

As in the previous case, to show Nz(Z) is exotic it will be sufficient to show that F is exotic.
Suppose instead that F is realizable. As before, we use [DRV07, Proposition 2.19] to see that
F is realizable by an almost simple group G, and then get that Gy = Op/(@) is simple. Let
Fo = F5(Gp). Then Fy is a normal subsystem of F; on S, so Fj = or' (Fo) € Fo. Further,
Fo # F| since we saw earlier that | is exotic. We are thus in the situation of Theorem A
of [OR20b]. By that theorem, there is n > 2 and a prime power ¢ with ¢ # 0,+1 (mod p)
such that G = PSLE(q), PSpan(q), Qant1(q), or PQQinJrQ(q). Since m > 4, no member of
B={P|P < B}isnormal in S. So A is the unique Fy-centric abelian subgroup which is normal
in S. By [OR20b, Proposition 4.5], we have Aut z (A)/Oy (Autz (A)) = Sy, where & is such that
Sy has Sylow p-subgroup of order p. Hence, Aut 7 (A) has a strongly p-embedded subgroup. This
contradicts the fact that A is not essential in Fy and completes the proof. O

5.3. The Clelland-Parker systems. We now describe the fusion systems constructed by Clel-
land and Parker in [CP10]. Throughout we fix a power ¢ of the odd prime p and set k :=F,. Let
A := A(n, k) be the irreducible module of dimension 2 < n+1 < p over k for SLs(q); for example,
A can be taken to be the space of homogeneous polynomials of degree n with coefficients in k.
There is an action of D := k* x GLa(k) on A that extends that of SLa(k); we write G for the
semidirect product DA. Let U be a Sylow p-subgroup of D and let S := S(n,k) := UA be the

semidirect product of A by U.
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The center Z := Z(S) is a one-dimensional k-subspace of A and by |[CP10, Lemma 4.2(iii)], we
have

(5.1) Ca(X) = Z(S) for each subgroup X not contained in A.

The second center Z3(S) is a 2-dimension k-subspace of A. Let R = ZU and Q = Z2(S)U. Then
R = ¢% and Q is special of shape ¢'*2. Let Hg be the stabilizer in GL3(k) of a one dimensional
subspace, and identify its unipotent radical with R. Let Hg be the stabilizer in GSp4(k) of a
one dimensional subspace and identify the corresponding unipotent radical with @. It is shown
in [CP10] that Ng(R) is isomorphic to a Borel subgroup GLs(k), and that Ng(Q) is isomorphic
to a Borel subgroup of GSp4(k). This allows to form the free amalgamated products

F(l,n,k,R) = G*N@(R) HR

and
F(1,n,k,Q) := G *n,0) Hg-
Set
F(l,n,k,R) = Fs(F(1,n,k,R))
and

F(l,n,k,Q) = Fs(F(1,n,k,Q)).
More generally, for each X € {R,Q} and each divisor r of ¢ — 1, subgroup F(r,n,k,X) of
F(1,n,k, X) of index r, which contains O (G) and O (Hx). They set then

F(r,n,k, X) = Fs(F(r,n, k, X)).

As they show, distinct fusion systems are only obtained for distinct divisors r of (n +2,q — 1)
when X = R, and for distinct divisors r of (n,q — 1) when X = Q. By |[CP10, Theorem 4.9], for
all n > 1 and each divisor r of (n +2,q — 1), F(r,n,k, R) is saturated. Similarly, F(r,n,k, Q)
is saturated for each n > 2 and each divisor r of (n,q — 1). It is determined in Theorem 5.1,
Theorem 5.2 and Lemma 5.3 of [CP10| which of these fusion systems are exotic. It turns out
that F(r,n,k, R) is exotic if and only if either n > 2 or n = 2 and ¢ ¢ {3,5}. Furthermore,
F(r,n, k,Q) is exotic if and only if n > 3, in which case p #3 asn <p— 1.

For the remainder of this subsection, except in Lemma we use the notation
introduced above.

For the problems we will consider here, we will sometimes be able to reduce to the case r =1
using the following lemma.

Lemma 5.8. For any divisor v of ¢ — 1, the fusion system F(r,n,k,R) is a normal subsystem
of F(1,n,k, R) of index prime to p, and the fusion system F(r,n,k,Q) is a normal subsystem of
F(l,n,k,Q) of index prime to p.

Proof. For X € {R,Q}, the fusion systems F(r,n,k, X) and F(1,n,k, X) are both saturated by
the results cited above, As F(r,n,k, X) is a normal subgroup of F(1,n,k, X), it is easy to check
that F(r,n,k, X) is F(1,n,k, X)-invariant. As both F(1,n,k, X) and F(r,n,k, X) are fusion
systems over S, the claim follows. O

Proposition 5.9. F(r,n,k, R) is of characteristic p-type for all 1 < n < p—1 and for all divisors

T 0f<n+27q_1)
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Proof. Fix 1 <n < p—1 and a divisor r of (n+2,q —1). Set F = F(1,n,k, R). By Lemma [5.8]
F(r,n,k, R) is a normal subsystem of F of index prime to p. So by [Henl9, Proposition 2(c)], it
suffices to show that F is of characteristic p-type. By [CP10, Lemma 5.3(i,ii)], F is of realizable
and of characteristic p-type when n = 1, so we may and do assume n > 2.

Using the notation above, set F; = Fg(G), S2 = Ng(R), and Fo = Fs,(Hg). The fusion
system F is generated by F; and Fy by |[CP10, Theorem 3.1], and so as F; and F2 are both
constrained with O,(F1) = A and O,(F2) = R, it follows that F is in turn generated by Autz, (4),
Autz, (9), Autr,(R), and Autz,(S2). However, the last automorphism group is redundant, since
Npp,(S2) = Ng(R) induces fusion in F;. Hence

(5.2) F = (Autr (S),Aut}-l (A),Aut]:Q(R».

Observe also that the following property is a direct consequence of (5.1):

(5.3) If X < S with X € Z, then either X < A and Cs(X) = A, or |Cs(X)| < ¢%

We can now show that F is of characteristic p-type. Let first X € F/ such that X ¢ Z. We
show that Nx(X) is constrained. If X is not F-conjugate into A or into R, then every morphism
in Nx(X) extends by to an automorphism of S. So Nr(X) = Ny, (s)(X). As Nz(95) is
constrained, it follows thus from [Henl9, Lemma 2.11] that Nz(X) is constrained. So we may
assume that there exists an F-conjugate Y of X with Y < Aor Y < R. We will show that Cs(X)
is abelian so that Nz(X) is constrained by Lemma Note that |Cs(X)| = |Cs(Y)| as X is
fully normalized and thus fully centralized in F. Since X is not contained in Z = Z(.5), we have
in particular Y € Z. If Y < A, then A < Cg(Y) and, since X is fully centralized and n > 2,
|Cs(X)| > |Cs(Y)| = |A] > ¢%. So by (5.3), Cs(X) = A is abelian. Similarly, by (5.3), if X < A4
then Cg(X) = A is abelian. Thus we may assume ¥ < Rand X € A. Then R < Cs(Y) and
implies ¢ > |Cs(X)| = |Cs(Y)| = |R| = ¢*. So the inequalities are equalities, Cs(Y) = R and
|Cs(X)| = ¢°. By the extension axiom, there exists ¢ € Homz(Cg(Y),Cs(X)). So it follows that
Cs(X) € R” is abelian. This completes the proof that Nz(X) is constrained for every X € F7
with X € Z.

Let now 1 # X < Z. It remains to show that Nz(X) is constrained. If Nz(X) C Nz(5), then
again by |[Henl19, Lemma 2.11], Nx(X) = Ny, (5)(X) is constrained since Nx(S) is constrained.
We will finish the proof by showing that indeed Nz(X) C Nx(S). Assume by contradiction that
Nz(X) € Nz(S). Then there exists an essential subgroup E of Nx(X). Observe that Z < E,
since E is Nx(X)-centric. As Autg(E) is not normal in Auty, (z)(E), there exists an element of
AutNF(Z)(E) which does not extend to an F-automorphism of S. So by , FE is F-conjugate
into A or into R. Assume first that there exists an F-conjugate E of E such that £ < A. Property
yields that RN A = Z. So E is conjugate to £ < A via an element of Autg, (S) by .
Thus, as Cs(E) < E, we have A < Cs(E) < E. Hence A = E by (B-3). As A is Autg (9)-
invariant, it follows F = A. Looking at the structure of G, we observe now that Ng(X) = Ng(S)
and so Autg(A) is normal in Auty,(x)(A4) = Naue,a)(X) = Nautz, (4) (X). Hence, A cannot
be essential in Nx(X) and we have derived a contradiction. Thus, E is not F-conjugate into A.

Therefore, again by (5.2), E is conjugate into R under an element of Autz, (5). Let o € Aut g, (5)
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such that E* < R. As Cs(E) < E, we have then Cg(E®) < E®. Since R is abelian, it follows
= R. Thus, we have

AutN]:(X) (E)a = NAut]:(E) (X)a = NAut]:(R) (Xa)

As 1 # X® < Z% = Z < R and Autz(R) = Autg,(R) acts k-linearly on R, Ny, (r)(X?)
has a normal Sylow p-subgroup. Thus, Auty, (x)(E) = Nau,(r)(X®) has a normal Sylow p-
subgroup, contradicting the fact that F is essential in Nxz(X). This final contradiction shows
that Nz(X) C Nz(S) is constrained. This completes the proof of the assertion. O

Our next goal will be to show that F := F(r,n,k, Q) does not have a punctured group for
n > 3 (i.e. in the case that F is exotic). For that we prove that, using the notation introduced
at the beginning of this subsection, Nx(Z)/Z is exotic. The structure of Nx(Z)/Z resembles the
structure of F(r,n—1, k, R) except that the elementary abelian normal subgroup of index ¢ is not
essential. Indeed, it will turn out that the problem of showing that Nx(Z)/Z is exotic reduces to
the situation treated in the following lemma, whose proof of part (c) depends on the classification
of finite simple groups.

Lemma 5.10. Fiz a power q of p as before. Let S be an arbitrary p-group such that S =U x A
splits as a semidirect product of an elementary abelian subgroup A with an elementary abelian
subgroup U. Assume |U| = q, and |A| = ¢" for some 3 < n < p—1. Set P := Z(S)U,
T := [S,S|U, and let F be a saturated fusion system over S. Assume the following conditions

hold:
(i) ( ) has order q, [S,S] £ Z(S), and Z(S) = Ca(u) for every 1 #u € U.
(ii) OF (Autz(P)) = SLa(q) and P is a natural SLy(q)-module for O (Autz(P)),
(iii) F is generated by Autz(P) and Autr(S),

(iv) Autz(S) acts irreducibly on A/[S,S], and

i
(v) there is a complement to Inn(S) in Autxz(S) which normalizes U.
Then the following hold:

(a) The non-trivial strongly closed subgroups of F are precisely S and T'.
(b) Neither S nor T can be written as the direct product of two non-trivial subgroups.
(c) F is exotic.

Proof. Observe first that (iii) implies that P is fully normalized. In particular, Auts(P) €
Syl,(Autz(P)). As Z := Z(S) has order g, it follows from (ii) that Z(S) = Cp(Ns(P)) =
[P, Ng(P)] < [S,S]. In particular, P < T. We note also that Cg(P) = P as Ca(U) = Z(S) by
(1).

To prove (a), we argue first that 7" is strongly closed. Observe that T is normal in S, since T
contains [S, S]. As [S, S] is characteristic in S, it follows thus from (v) that T"is Aut z(.S)-invariant.
Thus, as P < T, (iii) implies that 7" is strongly closed in F. Let now Sy be a non-trivial proper
subgroup of S strongly closed in F. Since Sy is normal in S, it follows 1 # Sy N Z(S) < P. By
(ii), Autz(P) acts irreducibly on P. So P < Sy. Hence, [S,S] = [4,U] < [S, P] < [S, So] < So
and thus T = [S,S|U = [S,S]P < Sp. Suppose T' < Sp. As U < Sp < § = AU, we have
So = (SoNA)U and thus [S,S] < So N A < A. So Autz(S) does not act irreducibly on A/[S, 5],

contradicting (iv). This shows (a).
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For the proof of (b) let S* € {S, T} and assume by contradiction that S* = S; x Sy where Sy
and So are non-trivial subgroups of S*. Notice that in either case Z = Z(S*) by (i). Moreover,
again using (i), we note that [S1,S1] X [S2,52] = [5,5] £ Z = Z(S). So there exists in either
case i € {1,2} with [S;,5;] £ Z and thus S; N A £ Z. We assume without loss of generality
that Sy N A £ Z. Setting S* = S*/Z, we note that S; N A is a non-trivial normal subgroup
of S*, and intersects thus non-trivially with Z = Z(S*). Hence, ((S1 N A)Z) N Zo(S*) £ Z
and so S1 N AN Z3(S*) £ Z. Choosing s € (S1 N AN Z3(5*))\Z, we have s € Ng(P)\P as
ANP =7 and [s, P] < [Z2(5%),P] < Z < P. Using (ii) and Cg(P) < P, it follows Z = [P, s].
So Z = [P,s] < [P,S1] < S1 as P < S* and S is normal in S*. Since Ss is a non-trivial normal
subgroup of S*, we have So N Z = Sy N Z(S*) # 1. This contradicts S; N Se = 1. Thus, we have
shown that S* cannot be written as a direct product of two non-trivial subgroups, i.e., property
(b) holds.

Part (c) follows now from a combination of results in the literature, some of which use the
classification of finite simple groups. Most notably, we use the Schreier conjecture, Oliver’s work
on fusion systems over p-groups with an abelian subgroup of index p |Olil4], and the work of
Flores—Foote [FF09] determining the simple groups having a Sylow p-subgroup with a proper
non-trivial strongly closed subgroup. To argue in detail, assume that F is realizable. By (b),
neither S nor 7' can be written as a direct product of two non-trivial subgroups. By (a), S and
T are the only non-trivial strongly closed subgroups. The subgroup T' is F-centric since T is
strongly closed and P < T is self-centralizing in S. Clearly, S is F-centric. So as F is realizable,
it follows from |[DRVO7, Proposition 2.19] that F = Fg(G) for some almost simple group G
with S € Syl,(G). Set Go = O¥(G) and Fy := Fs(Gyp). Notice that SLy(q) = O (Autz(P))
is contained in Fy, so in particular, S is not normal in Fy. As T is strongly closed in F, T
is also strongly closed in the subsystem Fy of F. Hence, if Gy were simple, then by the work
of [FF09], we would have p = 3 = |T'|. (We refer the reader to [AKO11, Theorem 12.12], which
summarizes for us the relevant part of the work of Flores—Foote.) Clearly |T'| > p, so Gg is not
simple. Observe that F*(Gy) = F*(G) and Gy is almost simple, since G is almost simple. Since
the outer automorphism group of any simple group is solvable by the Schreier conjecture (see
e.g. |GLS98, Theorem 7.11(a)]), it follows that G has a normal subgroup of prime index. So
since Gy = Oi”/(Go), Gp has a normal subgroup N of index p. Then S N N is strongly closed.
Hence SN N =T and p = |Go/N| = |S/T| = q. Hence we are in the situation that S has an
abelian subgroup of index p. Since T is the only proper non-trivial strongly closed subgroup, we
have T'= F*(G) N S.

Set Gy := F*(G) and F; := Fr(G1). Notice that Z2(S) < Ng(P) and |Ng(P)/P| =q = p by
(ii). As [S,S] is normal in S, we have Z := Z5(S)N[S,S] £ Z. As Z =PnNAand Z < [S, 5] < A,
it follows that Z ¢ P and Ng(P) = ZP < [S,S]P = T. Since T is strongly closed in F, this
implies that Ng(P*) < T for every F-conjugate P* of P. Let P* be an F-conjugate of P. As
Gy = O”(Gy), the morphisms in O (Autz(P*)) = (Auts(P*)A"#(P)) lie in Fi. So Autz, (P*)
is isomorphic to a subgroup of GLy(p) containing SLy(p) and has thus a strongly p-embedded
subgroup. Since Cs(P) < P and P77 = PAYWF(9) the subgroup P* is Fj-centric. Hence, P* is
essential in Fj. Since Ng(P) < T and |S : T| = p, this shows PS5 splits into p T-conjugacy classes,
all of which are essential in F;. On the other hand, [S,S] is not essential in F by (iii), so [S, 5]
is not essential in F7 either.
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Next we reach a contradiction when n > 4. Since we can choose P* € P% \PT, and since
[S,S] = T N A is an abelian subgroup of T of index p and order p"~! with n — 1 > 3, it follows
now from [Olil4, Lemma 2.7(a)] applied with F; in place of F that n—1 = —1 (modp—1). Since
n < p— 1, this implies n — 1 = p — 2. However, since F; is the fusion system of the simple group
G1 = F*(G), [Olil4, Lemma 1.6] gives p = 3. So n = 2 which contradicts our assumption.

Finally, suppose n = 3. Then T is extraspecial of order p? and exponent p, and F; has exactly
p essential subgroups of index p, namely the members of P* (the only other subgroup of index
p in T being [S, S], which is not essential). But there is no saturated fusion system over 7" with
exactly p essential subgroups by the classification of Ruiz and Viruel [RV04, Tables 1.1, 1.2]. This
contradiction completes the proof of (c¢) and the lemma. O

Recall that F(r,n,k, Q) is realizable in the case n = 2 and thus has a punctured group. So
the case n > 3, which we consider in the following proposition, is actually the only interesting
remaining case.

Proposition 5.11. Let 3 < n < p—1 (and thus p > 5), let r be a divisor of (n,q — 1), and
set F = F(ryn,k,Q). Then Nr(Z) and Nzx(Z)/Z are exotic. In particular, F does not have a
punctured group.

Proof. By Lemma F does not have a punctured group if Nx(Z) is exotic. Moreover, if Nz (Z)
is realized by a finite group G, then Nz(Z) is also realized by Ng(Z), and Nx(Z)/Z is realized
by Na(Z)/Z. So it is sufficient to show that Nx(Z)/Z is exotic.

Recall from above that S = S(n,k), A = A(n,k) and Z := Z(S). Set Fi = Fs(G) and
Fo = Fs,(Hg) with So = Ng(Q). Suppose first » = 1. Then one argues similarly as in the
proof of Proposition that F = (Autg, (S), Autr (A), Aut£,(Q)). Namely, F is generated by
F1 and F by |[CP10, Theorem 3.1], and so as F; and F» are both constrained with O,(F;) = A
and O,(F2) = Q, it follows that F is in turn generated by Autr, (A), Autz (S), Autr,(Q),
and Autr,(S2). However, the last automorphism group is redundant, since Ny, (S2) = Ng(Q)
induces fusion in F;. So indeed F = (Autz, (5), Autr, (A), Autr,(Q)) if r = 1. This implies
Autg (S) = Aut£(S), Autr(A) = Autx, (A) and (as Ng(Q) = Ny (S2)) Autz(Q) = Aut g, (Q).
Moreover, the set of F-essential subgroups comprises A and all Autx(S)-conjugates of ). On
easily checks that a normal subsystem of F of index prime to p has the same essential subgroups
as F itself, for any saturated fusion system JF. So as, for arbitrary r, by Lemma F is a
normal subsystem of F(1,n, k, Q) of index prime to p, it follows that, in any case, the F-essential
subgroups are A and the Autg, (5)-conjugates of (). Since there is a complement to S in Ng(.S)
which normalizes U and thus @, the Autr, (S)-conjugates of @) are precisely the S-conjugates of
Q. So, for arbitrary r, we have

(5.4) F = (Autx(S), Autr(A), Aut#(Q)).

Moreover, Autz(S) < Autg, (5), Autr(A) < Autr, (4), and Aut£(Q) < Autr,(Q). Recall also
that OF' (Hg) < F(r,n, k, Q) and thus SLa(q) = OF (Aut£,(Q)) < Autz(Q).

Note that Autr(Q) normalizes Z and lies thus in Nx(Z). We will show next that Nr(Z) is
generated by Autz(S) and Autr(Q). By the Alperin-Goldschmidt fusion theorem, it suffices to

show that every essential subgroup of Nz(Z) is an Autz(5)-conjugate of ). So fix an essential
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subgroup E of Nx(Z) and assume that E ¢ QA" As Cg(E) < E, wehave Z < E. f E< A
then E = A. However, Autr(A) < Autr, (A) = Autg(A4) and one observes that S is normal in
Ng(Z). So Auty,(z)(A) = Nautr(4)(Z) has a normal Sylow p-subgroup, which contradicts F
being essential. Assume now that E < Q. Suppose first Z < Z(FE). The images of the maximal
abelian subgroups of @) are precisely the 1-dimensional k-subspaces of Q/Z. As Autz(Q) fixes Z
and acts transitively on the one-dimensional k-subspaces of Q/Z, we see that Z(FE) is conjugate
into Z5(S) = AN Q under an element of Autz(Q). So replacing F by a suitable Autz(Q)-
conjugate, we may assume Z(E) < ANQ. As Z < Z(E), it follows then from that £ < A.
As Cs(E) < F and A € @, this is a contradiction. So we have Z = Z(E). As [E,Q] < [Q,Q] < Z,
it follows Autg(F) < C := C’AutNF(Z)(E)(E/Z(E)) N CAuth<Z>(E)<Z(E))- However, C' is a normal
p-subgroup of Auty, (z)(E). Thus, as £ is radical in N»(Z), we have Autq(F) < C < Inn(E). As
Cs(F) < E, it follows E = @ contradicting the choice of E. So we have shown that E lies neither
in A nor in @. Since the choice of E was arbitrary, this means that F is not Autz(S)-conjugate
into A or Q. So by , every F-automorphism of E extends to an F-automorphism of S. This
implies that Autg(£) is normal in Autz(E) and thus in Auty, z)(EF). Again, this contradicts E
being essential. So we have shown that Nr(Z) is generated by Autz(S) and Autrz(Q).

Set S =S8/Z and F = Nx(Z)/Z. We will check that the hypothesis of Lemma is fulfilled
with 7, S, A, U and Q in place of F, S, A, U and P. Part (c) of this Lemma will then
imply that Nx(Z)/Z is exotic as required. Notice that |U| = |U| = ¢, |A] = ¢"*! and |A| =
q". As Q = Zy(S)U, we have Q@ = Z(S)U. By [CP10, Lemma 4.2(i)&(iii)], hypothesis (i) of
Lemmam holds. Recall that Op/(AutHQ (Q)) = SLa(q) lies in Nx£(Z). In particular, hypothesis
(ii) in Lemma holds with F and @ in place of F and P. Since we have shown above
that Nz(Z) is generated by Autz(S) and Autz(Q), it follows that F fulfills hypothesis (iii) of
Lemma Observe that there exists a complement K of S in Ng(S) which normalizes U.
Then Aut£(S) < Autg(S) = Inn(S)Autg (S). Thus Aut£(S) = Inn(S)(Autx (S)NAut£(S)) and
Autg (S) N Autz(S) is a complement to Inn(S) in Autz(S) which normalizes U. This implies
that hypothesis (v) of Lemma holds for F.

It remains to show hypothesis (iv) of Lemma for F. Equivalently, we need to show that
Autz(S) = Auty,(z)(S) acts irreducibly on A/[S, S]. For the proof, we use the representations
Clelland and Parker give for G and Hg, and the way they construct the free amalgamated product;
see pp. 293 and pp. 296 in |[CP10|. Let £ be a generator of k*. We have

1 0 0 0
0 &t o /

g = 0 0 f 0 e OoF (HQ) < NF(T,n,k,Q) (Z)
0O 0 01

In the free amalgamated product F(1,n,k,Q), the element g € Hg is identified with

<17 <(1) g) 70A(n,k‘)> € NG(Q)7

and this element can be seen to act by scalar multiplication with " on y"™ € A = A(n, k) and
thus on A/[S,S]. Asn < p—1 and £ has order ¢ — 1, the action of g on A(n,k)/[S,S] is

thus irreducible. Hence, the action of Autz(S) on A/[S,S] is irreducible. This shows that the
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hypothesis of Lemma is fulfilled with F in place of F, and thus F = Nx(Z)/Z is exotic as
required. ]

5.4. The Parker-Stroth systems. Let p > 5 be a prime and m = p —4. Let A = A(m,F))
and D be as in §§5.3] The Parker-Stroth systems are fusion systems over the Sylow subgroup of
a semidirect product of Q by D, where Q is extraspecial of order p!*(®=3) and of exponent p, and
where Q/Z(Q) = A as a F,D-module. Set Z := Z(S) and observe that Z = Z(Q) is of order p,
while Z5(S) < @ is elementary abelian of order p?.

The fusion systems are generated by Autr(Q), Autz(S) = Inn(S)Cp—1, and Autz(W) =
SLo(p), where W is a certain elementary abelian subgroup of S of order p?. We refer to [PS15|
p.317] for more details on the embedding of W in S, where our W is denoted Wj. For our
purposes, we just need to know that

(5.5) WnNQ=Wn2ZyS)=Z(5),
and thus
(5.6) W is not Autz(5)-conjugate into Q.

which is deduced from the description of the embedding together with [PS15, Lemma 2.3(iii)].

Proposition 5.12. Fach Parker-Stroth system is of characteristic p-type, and so has a punctured
group in the form of its subcentric linking system.

Proof. Let Y be a subgroup of order p in S. Fix an essential subgroup E of Cx(Y) and a Cr(Y)-
automorphism « of E. Then E > Y Z(S5), and hence if Y is not Z, then Q;(Z(F)) is of rank at
least 2.

Assume first that Y £ Q. Then Cp,z(Y) is of order p, so Cqo(Y') is elementary abelian (of
order p?). Hence Cg(Y) is abelian in this case, and so Cx(Y) is constrained, when saturated.

Assume next that Y < @ but Y £ Z. Then Cg(Y) is abelian when p = 5 as then m = 1 and
Y/Z is its own orthogonal complement with respect to the symplectic form on Q/Z. We may
therefore assume p > 7. When p > 7, this centralizer is nonabelian. Indeed, when p > 7, we have
two cases. Either Y £ Z5(S) and Cs(Y) =Y x Qo where Qo is extraspecial of order pit®=5 or
Y < Z3(S) and Cs(Y) =Y x QoU, where U = SN D. To see this, we refer to the definition of the
symplective form defining @ on [PS15, p.312] and note that Z3(S) = ((0,1), (X™,0)) < A x F,
in the notation there.

Since Y is in @ but not in Q N W = Z(S) by and assumption, we know that Y is not
in W. Now E contains Y Z(S) = C}, x C), and F is contained in Cs(Y') < Q. It follows that F
is not (Autz(5), Autr(Q))-conjugate into W. So each morphism in a decomposition of « lies in
Autz(Q) or Autz(S). Hence, since p > 7, @ is the Thompson subgroup of S and so is invariant
under Autr(S). We conclude that a extends to Q. So @ < E since o was chosen arbitrarily and
E is essential. It follows that F = @ since @ is of index p in S. Thus, @ is normal (and centric)
in Cx(Y). Therefore, Cx(Y) is constrained.

Assume finally that Y = Z. Suppose first that E is (Autz(S), Autz(Q))-conjugate into W. As
W is not contained in @, neither is any (Autz(S), Autz(Q))-conjugate of E. Hence, in this case,
E is in fact Autxz(S)-conjugate into W, and so conjugate to W, since as any Autz(S)-conjugate

of E contains its centralizer in S. We may therefore assume that £ = W. As each member of
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Autz(S) fixes Y, there exists a (Autz(S), Autz(W))-decomposition of « each member of which
fixes Y. However, each member of Ny, w)(Z) extends to S, whence a extends to S. Since «
was arbitrary, this contradicts the choice of E essential.

Thus in all cases, Cr(Y) is constrained. We conclude that the Parker-Stroth systems are of
characteristic p-type and therefore have a punctured group. O

6. PUNCTURED GROUPS OVER p}ﬁz

The main purpose of this section is to illustrate that there can be several punctured groups
associated to the same fusion system, and that the nerves of such punctured groups (regarded as
transporter systems) might not be homotopy equivalent to the nerve of the centric linking system.
Indeed, working in the language of localities, we will see that there can be several punctured groups
extending the centric linking locality. This is the case even though we consider examples of fusion
systems of characteristic p-type, and so in each case, the subcentric linking locality exists as the
“canonical” punctured group extending the centric linking locality. On the other hand, we will
see that in many cases, the subcentric linking locality is indeed the only p’-reduced punctured

group over a given fusion system. Thus, “interesting” punctured groups seem still somewhat rare.

More concretely, we will look at fusion systems over a p-group S which is isomorphic to pfz.

Here pr denotes the extraspecial group of order p? and exponent p if p is an odd prime, and
(using a somewhat non-standard notation) we write p}r“ for the dihedral group of order 8 if p = 2.
Note that every subgroup of order at least p? is self-centralizing in S and thus centric in every
fusion system over S. Thus, if F is a saturated fusion system over S with centric linking locality
(L,A,S), we just need to add the cyclic groups of order p as objects to obtain a punctured group.
We will again use Chermak’s iterative procedure, which gives a way of expanding a locality by
adding one F-conjugacy class of new objects at the time. If all subgroups of order p are JF-
conjugate, we thus only need to complete one step to obtain a punctured group. Conversely, we
will see in this situation that a punctured group extending the centric linking locality is uniquely
determined up to a rigid isomorphism by the normalizer of an element of order p. Therefore,
we will restrict attention to this particular case. More precisely, we will assume the following
hypothesis.

Hypothesis 6.1. Assume that p is a prime and S is a p-group such that S = p}r“ (meaning

here S = Dg if p = 2). Set Z := Z(S). Let F be a saturated fusion system over S such that all
subgroups of S of order p are F-conjugate.

It turns out that there is a fusion system F fulfilling Hypothesis if and only if p € {2,3,5,7};
for odd p this can by seen from the classification theorem by Ruiz and Viruel [RV04] and for
p = 2 the 2-fusion system of Ag is known to be the only fusion system with one conjugacy class
of involutions. For p € {5,7} our two theorems below depend on the classification of finite simple
groups.

Assume Hypothesis One easily observes that the 2-fusion system of Ag is of characteristic
2-type. Therefore, it follows from Lemma that the fusion system JF is always of characteristic
p-type and thus the associated subcentric linking locality is a punctured group. As discussed in
Remark this leads to a host of examples for punctured groups £ over F which are modulo

a partial normal p’-subgroup isomorphic to a subcentric linking locality over F. One can ask
54



whether there are more examples. Indeed, the next theorem tells us that this is the case if and
only if p = 3.

Theorem 6.2. Under Hypothesis there exists a punctured group (LT,A",S) over F such
that LT /Oy (L) is not a subcentric linking locality if and only if p = 3.

It seems that for p = 3, the number of 3’-reduced punctured groups over F is probably also
severely limited. However, since we don’t want to get into complicated and lengthy combinatorial
arguments, we will not attempt to classify them all. Instead, we will prove the following theorem,
which leads already to the construction of interesting examples.

Theorem 6.3. Assume Hypothesis . Suppose that L' is a punctured group over F such
that LT |ze is a centric linking system over F. Then L is p'-reduced. Moreover, up to a rigid
isomorphism, L1 is uniquely determined by the isomorphism type of Ny+(Z), and one of the
following holds.

(a) LT is the subcentric linking system for F; or

(b) p =3, F is the 3-fusion system of the Tits group F4(2)" and N+ (Z) = 3Sg; or

(¢) p = 3, F is the 3-fusion system of Ru and of Jy, and N,y+(Z) =2 3#Aut(A4g) or an

extension of 3L3(4) by a field or graph automorphism.

Conversely, each of the cases listed in (a)-(c) occurs in an example for L.

Before beginning the proof, we make some remarks. The 3-fusion systems of Ru and Jy are
isomorphic. For G = Ru and S a Sylow 3-subgroup of G, one has Ng(Z(S)) = 3#Aut(A4s)
|GLS98, Table 5.3r], so the punctured group £* in Theorem (C) is the punctured group of
Ru at the prime 3 (for example, since our theorem tells us that £ is uniquely determined
by the isomorphism type of N,.+(Z)). Using the classification of finite simple groups, this can
be shown to be the only punctured group in (b) or (c) that is isomorphic to the punctured
group of a finite group. For example, when G = Jy, one has Ng(Z(S)) & (6Ma3) - 2. The 3-
fusion system of 6May is constrained and isomorphic to that of 3Msy; = 3L3(4) and also that of
3Mio = 3(A¢.2), where the extension Ag.2 is non-split (see |GLS98, Table 5.3c]). If we are in the
situation of Theorem [6.3|(c) and N,+(Z(S)) is an extension of 3L3(4) by a field automorphism,
then N +(Z(S)) is a section of Ng(Z(S)). Also, for G = 2F4(2), the normalizer in G of a
subgroup of order 3 is solvable [Mal91} Proposition 1.2].

As remarked already above, for p € {2,5, 7}, there are also saturated fusion systems over S, in
which all subgroups of order p are conjugate. For p = 5, the only such fusion system is the fusion
system of the Thompson sporadic group. However, the Thompson group is of local characteristic
5, and thus its punctured group is just the subcentric linking locality. For p = 7, Ruiz and Viruel
discovered three exotic fusion systems of characteristic 7-type, in which all subgroups of order
7 are conjugate. As our theorem shows, for each of these fusion systems, the subcentric linking
locality is the only associated punctured group extending the centric linking system. We will now
start to prove Theorem [6.2] and Theorem [6.3]in a series of lemmas.

If Hypothesis holds and LT is a punctured group over F, then My := N+ (Z) is a finite
group containing S as a Sylow p-subgroup. Moreover, Z is normal in My. These properties are
preserved if we replace My by M := My/O, (M) and identify S with its image in M. Moreover,

we have O, (M) = 1. We analyze the structure of such a finite group M in the following lemma.
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Most of our arguments are elementary. However, for p > 5, we need the classification of finite
simple groups in the form of knowledge about the Schur multipliers of finite simple groups to
show in case (b) that p = 3.

Lemma 6.4. Let M be a finite group with a Sylow p-subgroup S =2 p}ﬁrQ. Assume that Z = Z(S)
is normal in M and Oy (M) = 1. Then one of the following holds.

(a) S <M and Cp(S) < S, or

(b) p=3, S F*(M), and F*(M) is quasisimple with Z(F*(M)) = Z.

Proof. Assume first that S < M. In this case we have [S, E(M)] = 1 and thus SN E(M) <
Z(E(M)). So by [Asc93| 33.12], E(M) is a p’-group. Since we assume O,/ (M) = 1, this implies
E(M)=1and F*(M) = Op(M) = S. Therefore (a) holds.

Thus, for the remainder of the proof, we will assume that S is not normal in M, and we will
show (b). First we prove

(6.1) E(M) # 1.

Suppose E(M) =1 and set P = O,(M). Note that Z < P. As Oy (M) =1, we have P = F*(M),
so Cpr(P) < P and P # Z. As we assume that S is not normal in M, we have moreover P # S.
If P is elementary abelian of order p?, then M/P acts on P and normalizes Z, thus it embeds
into a Borel subgroup of GLa(p). If p = 2 and P is cyclic of order 4 then Aut(P) is a 2-group.
So S is in any case normal in M and this contradicts our assumption. Thus holds.

We can now show that

(6.2) p divides |Z(K)| for some component K of M.

First note that p divides |K| for each component K of M. For otherwise, if p doesn’t divide | K|
for some K, then 1 < K < Op(E(M)) < Oy (M) =1, a contradiction.

Supposing is false, Z(E(M)) is a p’-group and thus by assumption trivial. Hence, E(M) is
a direct product of simple groups. Since Z is normal in M, [Z, E(M)] = 1 and thus ZNE(M) = 1.
As the p-rank of M is two and p divides |K| for each component K, there can be at most one
component, call it J, which is then simple and normal in M. As p divides |J| and J is normal in
M, it follows that SN .J # 1. But then [SNJ,S] < JNZ =1andso SNJ = Z is normal in J, a
contradiction. Thus, holds.

Next we will show that

(6.3) K = F*(M) is quasisimple with S < K and Z(K) = Z.

To prove this fix a component K of M such that p divides |Z(K)|. Then p divides |K|/|Z(K)|
by [Asc93| 33.12]. If S is not a subgroup of K, then K/Z(K) is a perfect group with cyclic Sylow
p-subgroups, so Z(K) is a p’-group by [Asc93, 33.14], a contradiction. Therefore S < K. If there
were a component L of M different from K, then we would have [SNL,L] < [K,L] =1, ie. L
would have a central Sylow p-subgroup. However, we have seen above that p divides the order
of each component, so we would get a contradiction to [Asc93, 33.12]. Hence, K = F*(G) is the
unique component of M. Note that O, (Z(K)) < Oy (M) =1 and thus Z(K) is a p-group. Since
[Z, K] = 1, this implies Z = Z(K). Thus holds.

To prove (b), it remains to show that p = 3. Assume first that p = 2 so that S = Dg. Then
Aut(9) is a 2-group and thus Nk (S) = SCk(S). Hence, with K = K/Z, we have Nz (S) =

56



C(S). Therefore, K has a normal p-complement by Burnside’s Theorem (see e.g. [KS04} 7.2.1]),
a contradiction which establishes p # 2.

For p > 5, we appeal to the account of the Schur multipliers of the finite simple groups given in
Chapter 6 of [GLS98|] to conclude that, by the classification of the finite simple groups, K/Z(K)
must be isomorphic to L,,(q) with p dividing (m,q — 1), or to U,,(q) with p dividing (m, ¢ + 1).
But each group of this form has Sylow p-subgroups of order at least p*, a contradiction. U

Lemma 6.5. Assume Hypothesis and let (L1, A" S) be a punctured group over F. Then the
following hold:
(a) If P € AT with |P| > p?, then N+ (P) is p-constrained.
(b) Ifp # 3 then, upon identifying S with its image in LT /Oy (LT), the triple (LT /Oy (LT), AT, S)
15 a subcentric linking locality over F.

Proof. If P € A" with |P| > p?, then S = Ng(P) is a Sylow p-subgroup of N+ (P). As P is
normal in N+ (P) and Cs(P) < P, it follows that N +(P) is p-constrained. Thus (a) holds.
Assume now p # 3. As all subgroups of order p are by assumption F-conjugate, we have by
Lemma [2.7(b) and Lemma 2.9(a) that N+ (P) = M := N +(Z) for every P € A* with |P| = p.
Moreover, by Lemma M /O, (M) has a normal Sylow p-subgroup and is thus in particular p-
constrained. Hence, using (a) and Lemma [2.33] we can conclude that N+ (P)/Op (Ng+(P)) is of
characteristic p for every P € A™. Hence, by Proposition the triple (LT /O, (L), AT, S) is
a locality over F of objective characteristic p. Since AT = F* by Lemma part (b) follows. O

Note that Lemma [6.5] proves one direction of Theorem whereas the other direction would
follow from Theorem Therefore, we will focus now on the proof of Theorem and thus
consider punctured groups which restrict to the centric linking system. If £V is such a punctured
group, then we will apply Lemma to Ny+(Z). In order to do this, we need the following two
lemmas.

Lemma 6.6. Let M be a finite group with a Sylow p-subgroup S = pfr“. Assume that Z = Z(S)
is normal in M and Cp (V) < 'V for every subgroup V of S of order at least p*>. Then Oy (M) =1.

Proof. Set U = O, (M). As Z is normal in M, it centralizes U. So S = S/Z acts on U. Let
x € S — Z(S). Then setting V = (x, z), the centralizer C;(V') contains the p’-group Cy(Z). So
our hypothesis implies Cy7(z) = 1. Hence, by [KS04, 8.3.4](b), U = (Cy(z) : & € S7) = 1. O

Lemma 6.7. Assume Hypothesis and let (LT, AT, S) be a punctured group over F such that
LY\ xe is a centric linking locality over F. If we set M := N+ (Z) the following conditions hold:

(a) S is a Sylow p-subgroup of M and Z is normal in M,
(b) Fs(M) = Nz(Z) = Nz(S), and
(c) Cym (V) <V for each subgroup V of S of order p?.

Proof. Property (a) is clearly true. Moreover, by Lemmal[2.9(b) and Lemmal5.4] we have Fg(M) =
Nz(Z) = Nx(S), so (b) holds. Set A = F¢. By assumption £ := L] is a centric linking locality.
So by [Hen19| Proposition 1(d)], we have Cr (V) C V for every V € A. Hence, for every subgroup
V e A, we have Cpy (V) C Cp+(V) = Cr(V) C V, where the equality follows from the definition
of L= LT|a. As every subgroup of S of order at least p?> contains its centralizer in S, each such

subgroup is F-centric. Therefore (c) holds. O
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Lemma 6.8. Assume Hypothesis and let (LT,AT,S) be a punctured group over F such that
L := LT |ze is a centric linking locality over F. Set M := Ny+(Z). Then one of the following
conditions holds:

(a) S <M, the group M is a model for Nrp(Z) = Nx(S), and (L*T,AT,S) is a subcentric
linking locality over F.

(b) p =3, F is the 3-fusion system of the Tits group *Fy(2)" and M = 3Ss; or

(¢c) p =3, F is the 3-fusion system of Ru and of Jy, and M = 3#Aut(Ag) or an extension
of 3L3(4) by a field or graph automorphism.

Moreover, in either of the cases (b) and (c), Nouy(s)(Outz(S)) is a Sylow 2-subgroup of Out(S) =
GL2(3), and every element of Ny (s)(Autz(S)) extends to an automorphism of M.

Proof. Set A = F¢. By Lemma and Lemma we have Oy (M) = 1, Fs(M) = Nr(Z) =
Nz(S) and Cp(S) < S. In particular, if S < M, then M is a model for Nx(Z) = Nx(S). For
any P € A, the group N+ (P) = Nz (P) is of characteristic p. As AT = AU Z7, if S < M, the
punctured group (L1, A", S) is of objective characteristic p and thus (a) holds.

So assume now that S is not normal in M. By Lemma we have then p =3, K := F*(M)
is quasisimple, S < K and Z = Z(K). Set M := M/Z and G := K. Let 1 # T € S. Then the
preimage V of (Z) in S has order at least 32. Thus, by Lemma (c), we have Cp (V) < V. A
3'-element in the preimage of Cq(Z) = Cg(V) in K acts trivially on V and Z = Z(K). Thus, it
is contained in Cp/ (V) < V and therefore trivial. Hence, we have

(6.4) Cq(@) =S forevery 1 #7 € S.

Notice also that G is a simple group with Sylow 3-subgroup S, which is elementary abelian of
order 32. Moreover, Autg(S) is contained in a Sylow 2-subgroup of Aut(S) =2 G'Ly(3), and such

a Sylow 2-group is semidihedral of order 16. In particular, if Autg(S) has 2-rank at least 2, then
Autg(S) contains a conjugate of every involution in Aut(S), which is impossible because of ((6.4)).

Hence, Autg(S) has 2-rank one, and is thus either cyclic of order at most 8 or quaternion of order

8 (and certainly nontrivial by [KS04} 7.2.1]). By a result of Smith and Tyrer [ST73|, Autg(S) is
not cyclic of order 2. Using (6.4), it follows from [Hig68, Theorem 13.3] that G = La(9) = Ag if

Aut(9) is cyclic of order 4, and from a result of Fletcher [Fle71, Lemma 1] that G = L3(4) (and

thus Autg(S) is quaternion) if Autg(S) is of order 8.
It follows from Lemma (b) that Autys(S) = Autz(S). Since Cps(S) = Z and Cg(S) = S by
(6.4), we have Autg(S) = Ng(S)/Ca(S) = Nk (S)/S = Autg(S)/Inn(S) = Outk(S). Hence,

Outg(S) = Autg(S) =2 Outg (S) < Outypy(S) = Outx(S).

As p = 3 and F has one conjugacy class of subgroups of order 3, it follows from the classification
of Ruiz and Viruel that F is one of the two 3-fusion systems listed in [RV04), Table 1.2], i.e. the
3-fusion system of the Tits group or the 3 fusion system of Jy.

Consider first the case that F is the 3-fusion system of the Tits group 2Fy(2), which has
Outz(S) = Dg. Then Out(S) cannot be quaternion, i.e. we have Outg(S) = Cy and G = As.
So conclusion (b) of the lemma holds, as Sg is the only two-fold extension of Ag whose Sylow
3-normalizer has dihedral Sylow 2-subgroups. By [RV04, Lemma 3.1], we have Out(S) = GL2(3).

It follows from the structure of this group that Ngy(s)(Outz(S)) = SDie is a Sylow 2-subgroup
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of Out(S). As M = 3Sg has an outer automorphism group of order 2, it follows that every element
of Naut(s)(Autz(S5)) extends to an automorphism of M.

Assume now that F is the 3-fusion system of Jy, so that Outxz(S) = SD16. An extension of
3Ag with this data must be 3#Aut(Ag). Suppose now Autg(S) = Qg and G = L3(4). Then M
must be a two-fold extension of L3(4). However, a graph-field automorphism centralizes a Sylow
3-subgroup, and so M must be an extension of L3(4) by a field or a graph automorphism. Hence,
(c) holds in this case. If (c) holds, then Outs(S) = Out£(S) = SDqg is always a self-normalizing
Sylow 2-subgroup in Out(S) = G'La(3). In particular, every element of Ny (s)(Autz(S5)) extends
to an inner automorphism of M. This proves the assertion. O

Note that the previous lemma shows basically that, for any punctured group (L, AT, S) over
F which restricts to a centric linking locality, one of the conclusions (a)-(c) in Theorem [6.3 holds.
To give a complete proof of Theorem [6.3] we will also need to show that each of these cases actually
occurs in an example. To construct the examples, we will need the following two lemmas. The
reader might want to recall the definition of LA (M) from Example

Lemma 6.9. Let M be a finite group isomorphic to 3Ss or 3#Aut(Ag) or an extension of 3L3(4)
by a field or graph automorphism. Let S be a Sylow 3-subgroup of M. Then S =2 3i_+2 and, writing
A for all subgroups of S of order 3%, we have LA(M) = Ny (S). Moreover, Fs(M) = Fs(Ny(S)).

Proof. 1t is well-known that M has in all cases a Sylow 3-subgroup isomorphic to 3?2. By
definition of LA (M), clearly Nps(S) € LA(M). Moreover, if g € LA(M), then there exists P € A
such that P9 < S. Note that Z := Z(S)<M and M := M/Z has a normal subgroup K isomorphic
to Ag or L3(4). Denote by K the preimage of K in M. Then S < K and by a Frattini argument,
M = KNy (S). Hence we can write g = kh with k € K and h € Nj;(S). In order to prove
that g € Np(S) and thus LA (M) C Nps(S), it is sufficient to show that & € Njs(S). Note that
Pk = (P9)"™ < S. As S is abelian, fusion in K is controlled by N7(S). So there exists z € K
such that kz—1 € C=(P). As K = Ag of L3(4) and P is a non-trivial 3-subgroup of K, one sees
that Cz=(P) = S. Hence kz~! € S and k € Nj(S). This shows La(M) = Np(S). By Alperin’s
fusion theorem, we have Fg(M) = Fs(La(M)) = Fs(Na(S)). O

Lemma 6.10. Assume Hypothesis . If (L,A,S) is a centric linking locality over F, then
Nr(Z) = Ng(S). In particular, Np(Z) is a group which is a model for Nz(S).

Proof. By Lemma we have Nx(Z) = Nz(S). So Z <SS is a fully F-normalized subgroup such
that every proper overgroup of Z isin A and O,(Nz(Z)) = S € A. Hence, by [Henl9, Lemma 7.1],
Ng(Z) is a subgroup of £ which is a model for Nz(Z) = Nz(S). Since Nz(S) € Ng(Z) is by
Lemma [2.9(b) a model for N£(S), and a model for a constrained fusion system is by [AKO11]
Theorem I11.5.10] unique up to isomorphism, it follows that Nz(Z) = N.(S). O

We are now in a position to complete the proof of Theorem [6.3]

Proof of Theorem [6.3 Assume Hypothesis By Lemma for every punctured group (L1, A", S)
over F which restricts to a centric linking locality, one of the cases (a)-(c) of Theorem holds.
It remains to show that each of these cases actually occurs in an example and that moreover the
isomorphism type of N+ (Z) determines (L1, A", S) uniquely up to a rigid isomorphism.
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By Lemma we have Nx(Z) = Nz(S) and F* is the set of non-trivial subgroups of S.
Hence, the subcentric linking locality (L%, F*,S) over F is always a punctured group over S.
Moreover, it follows from Lemma [2.9(b) that Ngs(Z) is a model for Nx(Z) = N#(S) and thus
S is normal in Ngs(Z) by |[AKO11, Theorem II1.5.10]. So case (a) of Theorem occurs in
an example. Moreover, if (£* A1 S) is a punctured group such that £*|a is a centric linking
locality and Ng=(Z) = Ngs(Z), then Ng«(Z) has a normal Sylow p-subgroup and is thus by
Lemma a subcentric linking locality. Hence, by Theorem (£*, AT, S) is rigidly isomorphic
to (L%, F*,S).

We are now reduced to the case that p = 3 and we are looking at punctured groups in which
the normalizer of Z is not 3-closed. So assume now p = 3. By the classification of Ruiz and
Viruel [RV04], F is the 3-fusion system of the Tits group or of Js. Let M always be a finite group
containing S as a Sylow 3-subgroup and assume that one of the following holds:

(b’) F is the 3-fusion system of the Tits group 2F(2)’ and M = 3Sg; or
(¢’) F is the 3-fusion system of Js, and M = 3#Aut(Ag) or an extension of 3L3(4) by a field
or graph automorphism.

In either case, one checks that Cy(S) < S. Moreover, if (b’) holds, then Outz(S) = Dg and
Ny (S) = 3?2 : Dg. As Out(S) = GL2(3) has Sylow 2-subgroups isomorphic to SDig and
moreover, SDjg has a unique subgroup isomorphic to Dg, it follows that Outys(S) and Outz(.S)
are conjugate in Out(.S). Similarly, if (¢’) holds, then Outz(S) = SDig and Outys(S) are both
Sylow 2-sugroups of Out(S) and thus conjugate in Out(S). Hence, Ny, (S) is always isomorphic
to a model for Nx(S) and, replacing M by a suitable isomorphic group, we can and will always
assume that Njz(S) is a model for Nx(S). We have then in particular that Nz(S) = Fs(Na(5)).

Pick now a centric linking system (£, A, S) over S. By Lemma Ng(Z) is a model for
Nz (S). Hence, by the model theorem |[AKO11, Theorem II1.5.10(c)], there exists a group iso-
morphism A: Ng(Z) — Ny (S) which restricts to the identity on S. By Lemma we have
Ny (S) = LA(M) and Fg(M) = Fs(Np(S)) = Ne(S) = Nx£(Z). Note that Njs(S) and La (M)
are actually equal as partial groups and the group isomorphism A can be interpreted as a rigid
isomorphism from Nz (Z) to La(M). So Hypothesis 5.3 in |Chel3| holds with Z in place of T
Since A = F¢ is the set of all subgroups of S of order at least 32 and as all subgroups of S of order
3 are F-conjugate, the set A+ of non-identity subgroups of S equals AU Z”. So by [Chel3, The-
orem 5.14], there exists a punctured group (L*(X), AT, S) over F with N+ (y)(Z) = M. Thus we
have shown that all the cases listed in (a)-(c¢) of Theorem [6.3| occur in an example.

Let now (£*, AT, S) be any punctured group over F such that £’ := £*|a is a centric linking
locality and Ng«(Z) = M. Pick a group homomorphism ¢: M — M* := Ng-(Z) such that
S% = 8. Then ¢|g is an automorphism of S with (p|g) " Autys(S)¢|s = Autys«(S). Recall that
Fs(M) = Nx(S), Moreover, by Lemma [2.9(b), we have Fg(M*) = Nr(Z) = N#(S). Hence,
Autp(S) = Autz(S) = Autys+(S) and ¢|s € Nawy(s)(Autz(S)). So by Lemma there exists
¥ € Aut(M) such that ¥|s = ¢|s. Then u:= 1)~ 1y is an isomorphism from M to M* = N «(Z)
which restricts to the identity on S = Ng(Z). Moreover, by Theorem there exists a rigid
isomorphism 3: £ — £’. Therefore by [Chel3, Theorem 5.15(a)], there exists a rigid isomorphism
from (L*t(A\),AT,S) to (£*,A*,S). This shows that a punctured group (£*,A™,S) over F,
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which restricts to a centric linking locality, is up to a rigid isomorphism uniquely determined by
the isomorphism type of N +(Z). O

Proof of Theorem[6.3. Assume Hypothesis If p # 3, then it follows from Lemma that
LT /Oy (L") is a subcentric linking locality for every every punctured group (£1,A™,S) over
S. On the other hand, if p = 3, then Theorem gives the existence of a punctured group
(LT, AT, S) over F such that Oy (L") =1 and N +(Z) is not of characteristic p, i.e. such that
LT /Oy (L") is not a subcentric linking locality. O

APPENDIX A. NOTATION AND BACKGROUND ON GROUPS OF LIE TYPE

We record here some generalities on algebraic groups and finite groups of Lie type which
are needed in Section [4f Our main references are [Car72], [GLS98|, and [BMO19], since these
references contain proofs for all of the background lemmas we need.

Fix a prlme p and a semisimple algebraic group G over F Let T be a maximal torus of
G, W = N- ( )/T the Weyl group, and let X (T') = Hom(T, IF'X) be the character group. Let
Xo = {7a(\) | A € F,} denote a root subgroup, namely a closed T-invariant subgroup isomorphic
IF The root subgroups are indexed by the roots of T, the characters a € X (T) with z(\)! =
Zo(a(t)N) for each t € T. The character group X (T') is written additively: for each a, 8 € X (T)
and each t € T, we write (o + (8)(t) = a(t)B3(t). For each n € Né(f), o€ X(T),and t € T we

write ("a)(t) = a(t™) for the induced action of N (T) action on X (T).

Let 3(T) be the set of T-roots o € X (T), and let V = R ®z X (T) be the associated real inner

product space with WW-invariant inner product (,). We regard X (T) as a subset of V', and write

wq € W for the reflection in the hyperplane a™.

For each root o € X(T') and each \ € IFX let 4()\), ha(N) € (X4, X ) be the images of the

elements [ = ', [3,2:] under the homomorphism SLy(F,) — G which sends [19] to z,(u)
and [} Y] to z_q(v). Thus
(A.1) na(A) = 2a(MN)z_o (A Dza(N)  and  ha(A) = na(1) Tna(N),

and n, (1) represents w, for each a € ¥. We assume throughout that parametrizations of the
root groups have been chosen so that the Chevalley relations of |[GLS98, 1.12.1] hold.

Although Z( ) is defined in terms of characters of the maximal torus 7T it will be convenient
to identify ¥(T) with an abstract root system ¥ inside some standard Euclidean space R, (,),
via a W-equivariant bijection which preserves sums of roots [GLS98| 1.9.5]. We’ll write also V/
for this Euclidean space. The symbol II denotes a fixed but arbitrary base of 3.

The maps hg: FX — T, defined above for each 3 € %, are algebraic homomorphisms lying in
the group of cocharacters XV(T) := Hom(FIf,T). Composition induces a W-invariant perfect
pairing X (T) ®z XY(T) — Z defined by a @ h + (a, h), where (a, h) is the unique integer such
that a(h()\)) = M*" for each A € I?X Since X contains a basis of V', we can identify V* with
R ®z XY(T), and view XV(T) C V* via this pairing. Under the identification of V with V* via
v+ (—,v), for each 8 € X there is ¥ € V such that (—, %) = (—, hg) in V*, namely the unique

element such that (8, 8) = 2 and such that wg is reflection in the hyperplane ker((—, 8Y)). Thus,
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when viewed in V in this way (as opposed to in the dual space V*), 3¥ = 23/(3, ) is the abstract
coroot corresponding to 3. Write X = {8Y | 8 € £} C V for the dual root system of 3.
If we set {a, B) = (a, 8Y) = 2(cr, B)/(, B) for each pair of roots a, 3 € ¥, then

(A2) <Oé, 6> = <Oé, hﬁ)
where the first is computed in ¥, and the second is the pairing discussed above. Equivalently,
(A.3) Ta(p)PN = 2, (AP )

for each o, § € ¥, each u € I?p, and each \ € I[:’;
Additional Chevalley relations we need are

(A.4) 2a(N)™ N = 2y () (Ca,8N),
(A5) ha(/\)nﬂ(l) = hw/g(a) ()‘)7
(A6) na()‘)nﬁ(l) = hwg(oz) (Ca,,é’)‘))
(A.7) na(1)? = ho(—1).

’LUﬁ(Oé) = a— <Oé,ﬁ>,8,

is the usual reflection in the hyperplane 8, and where the c,, 3 € {£1}, in the notation of [GLS98,
Theorem 1.12.1], are certain signs which depend on the choice of the Chevalley generators. This
notation is related to the signs 7, g in [Car72, Chapter 6] by ¢, 5 = 18,4-

Important tools for determining the signs c, g in certain cases are proved in [Car72, Proposi-
tions 6.4.2, 6.4.3], and we record several of those results here.

Lemma A.1. Let o, 8 € X be linearly independent roots.
(1) caa =—1 and c_q o = —1.
(2) c_ap = Cap-

(3) CapCuy(ays = (—1)\@P).
(4) If the B-root string through o is of the form

a—8B,...,a,...,a+ sp

for some s > 0, that is, if « and B are orthogonal, then cop = (—1)°.
Proof. The first three listed properties are proved in Proposition 6.4.3 of [Car72]. By the proof
of that proposition, there are signs ¢; € {£1} such that ¢, g = (—1)523::%, whenever the 3-root
string through « is of the form o —sg,...,a,...,a+rB3. When « and § are orthogonal, we have

r—s={a,8) =0, and hence o3 = (~1)". )

Lemma A.2. The following hold.
(1) For each o, 8 € ¥, we have

a(hg(N)) = A,
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(2) The mazimal torus T is generated by the ho(\) for a € ¥ and )\ € IF‘;. If G is simply
connected, and A\, € F); are such that [Locrm Pa(Aa) =1, then Ao = 1 for all o € I1. Thus,
T = H ha(ﬁ;;()a
acll

and he, is injective for each «.
(3) If B,u1, ..., a5 € X and ny, ..., ng € Z are such that 8 = niay + -+ + ngay, then

hp(X) = hay (A™) - - hay (A™).
(4) Define
®: 28 xFyf — T by ®(a’,\) = ha(N).
Then ® is bilinear and Z[W -equivariant. It induces a surjective Z[W]-module homomor-
phism ZXV @7 F — T which is an isomorphism if G is of universal type.

Proof. (1) is the statement in and is part of [GLS98, Remark 1.9.6]. We refer to [BMO19|
Lemma 2.4(c)] for a proof, which is based on the treatment in Carter [Car72, pp.97-100]. Part
(2) is proved in [BMO19, Lemma 2.4(b)], and part (3) is [BMO19, Lemma 2.4(d)]. Finally, part
(4) is proved in [BMO19 Lemma 2.6]. O

Proposition A.3. For each subgroup X < T,

Cg(X) = C4(X)°Cy_ 7, ().

The connected component Cé(X)O s generated by T and the root groups X, for those roots o € %

whose kernel contains X. In particular, if X = (hg(X\)) for some f € ¥ and some X € IF‘; having
multiplicative order r, then

Ca(X)? =(T,Xo|a € X, r divides (o, B)).

Proof. See [BMO19, Proposition 2.5], which is based on [Car85, Lemma 3.5.3]. The refer-
enced result covers all but the last statement, which then follows from the previous parts and
Lemma [A.2)(1), given the definition of r. O

Proposition A.4. Let G be a simply connected, simple algebraic group over IF’p, let T be a
mazimal torus of G, and let T, = {t € T | t" = 1} with r > 1 prime to p. Then one of the
following holds.

(a) Co(Ty) =T and N4(T,) = N5(T).

(b) r=2,Cx(T;) = T (wy) for some element wy € N@(T) inverting T, and Ng(T;) = Ng(T),

(c) r =2, and G = Span(F,) for somen > 1.

Proof. By Lemma 2) and since G is simply connected, the torus is direct product of the
images of the coroots for fundamental roots:

(A.8) T = ] ha(E)).
acll
Thus, if X € IF‘; is a fixed element of order r, then T, is the direct product of (h,(\)) as « ranges

over II.
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We first look at Cz(T)°, using Proposition By Lemma (1), T, is contained in the
kernel of a root 8 if and only if B(ha())) = AP =1 for all simple roots a, i.e., if (8, a) is
divisble by r for each fundamental root . Let X, be the set of all such roots 5. For each a € II,
the reflection w, sends a root 5 to 5 — (B, a)a. Hence § € 3, if and only if w,(5) € X, since
(—, —) is linear in the first component. Since the Weyl group is generated by wq, a € 11, it follows
that X, is invariant under the Weyl group. By [Hum?72, Lemma 10.4C], and since G is simple,
W is transitive on all roots of a given length, and so either %, = @, or X, contains all long roots
or all short ones. Thus, by [Hum72, Table 1], we conclude that either ¥, = &, or r = 2, each
root in II N Y, is long, and each o € II not orthogonal to S is short and has angle 7/4 or 37 /4
with 8. Now by inspection of the Dynkin diagrams corresponding to irreducible root systems, we
conclude that the latter is possible only if ¥ = Ay = C1, Cs, or C3. Thus, either Cé(T,n)O =T or
(c) holds.

So we may assume that Cz(7)° = T. Now NG(T) < Ng(T)) since T, is characteristic in T'.

As Cx(T;)° = T, also T is normalized by Ng(T7), so NG(T) = N~(T,). For r > 3, it follows

G
from [BMO19, Lemma 2.7] that Cy. T,) = T, completing the proof of (a) in this case.
G

@)\

Assume now that » = 2 and (a) does not hold. Let B := Cw(T2) < W = NG(T)/T. To
complete the proof, we need to show B = (—1y/) or else (c¢) holds. Here we argue as in Case 1 of
the proof of [BMO19| Proposition 5.13].

Let A = ZXV be the lattice of coroots, and fix \ € IF'; of order 4. The map ®y: A — T
defined by ®)(a") = ha()) is a W-equivariant homomorphism by Lemma (3) Since G is
simply connected, this homorphism has kernel 4A, image Ty, and it identifies A/2A with T5, by
Lemma [A.2]2).

Since B acts on Ty and centralizes Ts, we have [Ty, B] < Ty < C’T(B), so B acts quadratically
on Ty. Since B acts faithfully on Ty by (a), it follows that B is a 2-group.

Assume that B # (—1y). If B is of 2-rank 1 with center (—1y) then by assumption there
is some b € B with b> = —1y. In this case, b endows V with the structure of a complex
vector space, and so b does not centralize A/2A, a contradiction. Thus, there is an involution
b € B which is not —1y. Let V = Vi & V_ be the decomposition of V' into the sum of the
eigenspaces for b, and set AL = ANVy. Fix v € A, and write v = v + v_ with vy € V.
Then 2v_ = v —v® = [v,b] € V_.N2A = 2A_. Sov_ € A_, and then vy € A,. This shows
that A = Ay @& A_ with Ay # 0. The hypotheses of [BMO19, Lemma 2.8] thus hold, and so
G = Spgn(Fp) for some n > 2 by that lemma. O
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