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ABSTRACT. We study the deformation theory of the Stanley-Reisner rings
associated to cluster complexes for skew-symmetrizable cluster algebras of
geometric and finite cluster type. In particular, we show that in the skew-
symmetric case, these cluster complexes are unobstructed, generalizing a result
of Ilten and Christophersen in the A, case.

We also study the connection between cluster algebras with universal coef-
ficients and cluster complexes. We show that for a full rank positively graded
cluster algebra A of geometric and finite cluster type, the cluster algebra A"V
with universal coefficients may be recovered as the universal family over a par-
tial closure of a torus orbit in a multigraded Hilbert scheme. Likewise, we show
that under suitable hypotheses, the cluster algebra A"V may be recovered as
the coordinate ring for a certain torus-invariant semiuniversal deformation of
the Stanley-Reisner ring of the cluster complex.

We apply these results to show that for any cluster algebra A of geometric
and finite cluster type, A is Gorenstein, and A is unobstructed if it is skew-
symmetric. Moreover, if A has enough frozen variables then it has no non-
trivial torus-invariant deformations. We also study the Grobner theory of the
ideal of relations among cluster and frozen variables of A. As a byproduct we
generalize previous results in this setting obtained by Bossinger, Mohammadi
and N4jera Chévez for Grassmannians of planes and Gr(3,6).
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1. INTRODUCTION

1.1. Unobstructed Simplicial Complexes. The dual n-associahedron is the
simplicial complex whose vertices are the diagonals in a regular n-gon, and whose
faces are given by collections of pairwise non-crossing diagonals. This simplicial
complex K is dual to the so-called Stasheff polytope. Ilten and Christophersen
prove in [CI14] that the dual associahedron K has the remarkable property of being
unobstructed, that is, the second cotangent cohomology T?(Sx) is zero, where Sx
is the Stanley-Reisner ring of K. See §2.1] and §2.2] for definitions.

In general, when a simplicial complex I is unobstructed, the projective scheme
Proj Sic corresponds to a smooth point of the Hilbert scheme parametrizing pro-
jective schemes with the same Hilbert polynomial as Si. This can be a very useful
tool for studying Hilbert schemes, see for example [CI16]. The desire to better
understand why the dual associahedron is unobstructed, and to find other natural
examples of unobstructed simplicial complexes, is the starting point for this paper.

1.2. Unobstructed Cluster Complexes. The perspective we take in this paper
is that the dual n-associahedron is the cluster complex for any cluster algebra of
type A, [FZ03c]. See §241 and §25l for definitions and notation for cluster algebras
and the associated cluster complexes. We emphasize here that throughout the
paper, all cluster algebras we consider are of geometric type. Our first result is the
following:

Theorem 1.2.1 (Theorem B.I.T and Remark B1.2). Let A be a cluster algebra of
finite cluster type. Then its cluster complex K is unobstructed if and only if A is
skew-symmetric.

In particular, we recover that the dual associahedron is unobstructed, making use
of “cluster theoretic” arguments. While it is possible to prove this theorem using
purely combinatorial arguments, we believe the most natural proof is the one we
present here, which makes use of categorification.

In addition to the above unobstructedness result, we are also able to give a
concrete description of the space of first order deformations T (Sx) for K the cluster



DEFORMATION THEORY FOR FINITE CLUSTER COMPLEXES 3

complex of any skew-symmetrizable cluster algebra A of finite cluster type. See
Theorem [3.2.2]

1.3. Universal Coefficients. The remaining results of the paper revolve around a
fundamental geometric relationship that we will establish between a cluster algebra
A of finite cluster type and the Stanley-Reisner ring Sk of its cluster complex K.
Recall that to any cluster algebra of finite cluster type A, there is an associated
cluster algebra A"V with universal coefficients, see Definition The algebra
A" i an algebra over a polynomial ring K[t1,...,t,], where p is the number of
cluster variables of A. Geometrically, this corresponds to a family

Spec(A™Y) — AP.
This leads to our second result:

Theorem 1.3.1 (Theorem [5.2.1R)). Let A be a cluster algebra of finite cluster type.
The fiber over zero of Spec A — AP is the scheme cut out by the Stanley-Reisner
ideal of the cluster complex K.

A key ingredient for this theorem is the folklore result that for cluster algebras of
finite type (with non-invertible frozen variables), the extended cluster monomials
form a basis (see Theorem [L3T]). This statement is a consequence of the machinery
of [GHKK1S].

Under some additional assumptions on A, we are able to give new interpretations
of the cluster algebra A"V, The first shows that under appropriate hypotheses,
A" may be constructed from A by essentially acting on A by a torus:

Theorem 1.3.2 (Theorem B.2.TH]). Let A be a positively graded cluster algebra
of finite cluster type and full rank. Then the family Spec A™Y — AP arises as
the restriction of the universal family for a multigraded Hilbert scheme to a partial
closure of the torus orbit of the point corresponding to the algebra A.

An equivalent result was shown by Bossinger, Mohammadi, and Néajera Chavez
[BMNC21] in the special cases when A is the coordinate ring of the Grassmannian
Gr(2,n) or Gr(3,6), see Remark [5.3.6

In our second interpretation of A", we show that under appropriate hypothe-
ses, A"V can be reconstructed from the cluster complex K (and a little extra data)
via deformation theory. We say that a cluster algebra A has enough frozen variables
if properties TO* and T1 are satisfied, see Definitions and [6.1.1)

Theorem 1.3.3 (Theorem [6.3.2). Let A be a cluster algebra of finite cluster type
with p cluster and q frozen variables, and assume it has enough frozen variables.
Let T be the torus of the ambient space for the cluster embedding Spec A C APT4,
and H C T the mazimal subgroup fizing Spec A. Then there is a canonical T-
equivariant H-invariant semiuniversal deformation )) — AP of (Spec Si) x A, and
it may be canonically identified with the family Spec A™Y — AP,

The slightly more general statement of Theorem [6.3.2 may be applied even when A
does not have “enough” frozen variables. See §I.7 for an example illustrating the
reconstruction of A™Y from K.

1.4. Applications. We may apply the theorems of the previous subsection to ob-
tain new information about some algebraic properties of a cluster algebra of finite
cluster type.
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Corollary 1.4.1 (Corollary B.2T3)). Let A be a cluster algebra of finite cluster
type. Then A is Gorenstein.

This was previously known in the case that A has no frozen variables, see the
discussion following Corollary £.2.13]

Corollary 1.4.2 (Corollaries 5.3.0] and [6.3.6). Let A be a cluster algebra of finite
cluster type.
(1) If A is skew-symmetric, then T*(A) = 0.
(2) If A has full rank and satisfies the T1 property, then T*(A)? =0, with H
as in Theorem [L.3.3

We also obtain information about the Groébner fan for the ideal I4 of relations
among the cluster and frozen variables of A (see §5.1]).

Corollary 1.4.3 (Corollary 532)). The Grobner fan of 14 has a mazimal dimen-
sional cone C corresponding to the Stanley-Reisner ideal Ixc. This cone may be
described explicitly. If A has full rank (respectively full Z-rank), the cone C is
simplicial (respectively smooth) modulo lineality space.

1.5. Future Directions. The interaction between the representation theory of as-
sociative algebras and the theory of cluster algebras is broad and fruitful. On the
one hand, various fundamental concepts in cluster theory such as seeds, exchange
relations, mutations, etc. can be categorified using module categories over associa-
tive algebras (see for example [BMR.T 06, TY0S] [Kel10, [Kel12, [NCT9]). On the other
hand, various ideas and constructions within cluster theory admit a far reaching
generalization within representation theory, giving rise to cluster-tilting theory and
7-tilting theory (see [AIR14] BMO06), [Tre21]).

Given any finite dimensional associative algebra A over a field K we can consider
its 7-tilting complex A(A). This is a simplicial complex that generalizes the cluster
complex arising in cluster theory. Its vertices are the indecomposable support 7-
tilting A-modules; faces are given by collections of indecomposable support 7-tilting
modules whose direct sum remains support 7-tilting. The 7-tilting finite algebras
are those algebras A such that A(A) has only a finite number of vertices. In this
case, Demonet, Iyama and Jasso showed in [DIJ19] that the geometric realization
of A(A) is a sphere; this mirrors the situation for cluster complexes of finite type.

We believe that this striking similarity is not a coincidence. In the spirit of
this paper, we thus propose studying the deformation theory of Stanley-Reisner
rings of 7-tilting complexes associated to 7-tilting finite algebras. In particular, we
suggest a systematic study of first order deformations, obstructions, and semiuni-
versal deformations. We expect to produce many more examples of unobstructed
simplicial complexes in this way, explaining in particular some of the sequences of
unobstructed simplicial complexes appearing in [CI14] via unstarring. Moreover,
our hope is that we can construct via deformation theory an analogue of the “clus-
ter algebra with universal coefficients” in the setting of 7-tilting finite algebras with
unobstructed 7-tilting complex. It would be especially interesting to compare the
(commutative) algebras that we obtain in this way with Caldero-Chapoton alge-
bras [CILFS15| [GLFS21], as these also provide a generalization of cluster algebras
beyond the cluster setting.

Finally, we would like to extend this work to the setting of cluster algebras
of infinite cluster type. However, Theorem [[.3.3] cannot be true as stated in the
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case of infinite cluster type. Indeed, cluster monomials do not form a basis for
cluster algebras of infinite cluster type, but they do still parametrize the standard
monomial basis for Sx. Nonetheless, one can imagine that the different approaches
to the construction of canonical bases for cluster algebras might be helpful to adapt
Theorem [[.3:3] to this setting [Lus00), [GLS11] [GLS12, [GHKK18| [Qin19].

1.6. Organization. We begin in §2] by recalling preliminaries and fixing notation.
In particular, we introduce simplicial complexes, relevant notions from deformation
theory, cluster algebras, and cluster complexes. None of this material is new.

In §3] we prove our first new results, showing that cluster complexes K for skew
symmetric cluster algebras of finite cluster type are unobstructed, and giving a
description of T(Sk). Both these results rely heavily on Altmann and Christo-
phersen’s work on cotangent cohomology for Stanley-Reisner schemes [AC04, [ACT0].
The other essential ingredient is Lemma [B.1.5] which describes the intersection be-
haviour of certain links of the cluster complex /.

In §4 we recall the notions of principal and universal coefficients for cluster
algebras, as well as Grabowski’s work on gradings of cluster algebras [Gral5]. We
relate the degrees of cluster variables to g-vectors (Corollary [2.4)), characterize
positively graded cluster algebras in terms of their g-fan (Remark [4.2.6]), and show
that one can always add frozen variables to any cluster algebra of finite cluster type
to obtain a positive grading (Lemma [L.ZT0). We also use the results of [GHKKIS]
to prove the folklore result that any cluster algebra of finite type (with non-invertible
frozen variables) has a basis given by extended cluster monomials (Theorem A.3]).

In §5l we dive into the connection between A"V and the multigraded Hilbert
scheme parametrizing multigraded ideals with the same multigraded Hilbert func-
tion as the ideal of relations among the cluster and frozen variables of A. After
fixing notation in §5.1] we state and prove the main result in this direction in §5.2
The main ingredients are previous results on universal cluster algebras [FZ07, §12],
the use of torus actions (or equivalently multigradings), and the basis of extended
cluster monomials. In §5.3] we apply these results to study the Grobner theory of
I4.

Finally, in §6 we study the relationship between A"V and the semiuniversal
deformation of the Stanley-Reisner scheme (Spec Sk ) x A?. For this, we first need
to analyze the differential for the characteristic map of the family Spec A" — AP,
and understand the behaviour of derivations on the Stanley-Reisner ideal I.

Throughout the paper, we follow a running example of a cluster algebra of type
Ag, see Examples 247 253, B.2.4, A.1.10, £2.17 6.1.5, 5.2.14, £33 6.1.4 6.2.3]
and We also consider an example of type G2 immediately following in §I.7
Macaulay2 code for both examples is found in Appendix [Al

1.7. An Example: G5. To conclude the introduction, we consider the example of
the cluster algebra A of type G2 with trivial coefficients. There are exactly eight

cluster variables vy, ...,vs, and they are related by the exchange relations
Vi—1Vit1 = 0 + 1 1 even,
Vi—1Vi4+1 = ’Uig +1 7 odd.

Here, indices are taken modulo 8. The cluster complex K is the boundary of an
octagon. Letting z; be the variable corresponding to the vertex v; of the cluster
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complex K, the Stanley-Reisner ideal Ik is generated by

2i%i42, 2i%i+3 t=1,...,8

ZjRj44 jzl,...,4.

In this example, A does not have “enough” frozen variables (as it does not have
any at all). We may nonetheless proceed as follows. The space T(Sx) of first
order deformations is infinite dimensional, but by Lemma [6.1.6, the image of the
characteristic map of Spec A"V — A® in T1(Sk) consists of exactly the first order
deformations given by the perturbation of Ix generated by

Zi—1%i4+1 — tizi 7 even,
Zio1Zip1 — tiz) i odd;
ZiRi+3, ZjRj+4

modulo (t1,...,ts)%.
One may compute a lifting of this family over A® (using e.g. the Macaulay2
package VersalDeformations [IIt12]) to obtain

Zi—1ziy1  —tiz —titatitatypativstive i even;
Zi—1%i+1 —tiz? —ti+2t?+3t12+4t?+5ti+6 ) Odd;
2i%it3 —tiv1tive2?,, —tiyat?, stivetivrZita 1 odd;
2i%i—3 —ti_1ti—2z? o —tiat? sti—gti—72i—a 1 odd;
ZiZit4 —ti—1ti—oti—32zi—2 —tip1tirotiy3zite i odd;
ZiZit4 —ti 1t} o320 —ti+1t?+2tz‘+32i+2 — 3ti—otipo(ti---ts) i even.

See §A Tlfor Macaulay2 code computing this family. In this instance, the hypotheses
of Theorem [6320] are fulfilled. Furthermore, one may check that the above family
is an exchange minimal family (see Definition [6.3.1]). By Theorem [6.3.20] we may
thus conclude that the above family is the universal cluster algebra A" for A.

Specializing all deformation parameters to 1, we obtain a presentation of the
cluster algebra A:

Zi—1%i+1  —Zi -1 i even;
Zi—1%i4+1 —Z? -1 7 Odd,
Zi%i+3 _Zi2+2 —Zi4+4 ) Odd;
ZiZi—3 —Ri_o TRi—4 ) Odd;
2iZiya —Zi—2  —Ziy2 1 odd;
ZiRi+4 —RZi—2 TZi+2 — 3 17 even.

We recover the exchange relations, but also additional relations between non-
exchangeable cluster variables. In fact, the polynomials we have written down
form a Grobner basis (with initial ideal Ix).
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2. PRELIMINARIES

Throughout, K is an algebraically closed field of characteristic zero. Unless
otherwise stated, all tensor products are over K.

2.1. Simplicial Complexes and Stanley-Reisner Rings. A simplicial complex
is a collection K of subsets of some fixed finite set, such that if f € IC, then every
subset of f is also in K. Elements of K are called faces of K. Faces of K consisting
of a single element are called vertices; faces with two elements are edges. We denote
by V(K) the union of all vertices of IC (and will write V if K is clear from context).
We note that K is a subset of P(V(K)), the power set of V(K).

To any simplicial complex K, one may construct its Stanley-Reisner ideal

I,c_<sz|f€&T3(V)\IC>§K[zUIveV]

vef
and its Stanley-Reisner ring
Sk = K[zv | S V]/I)c.

Since Ix is a monomial ideal, the ring Sk has a natural grading by ZY. See [Sta96]
for more details on Stanley-Reisner rings.

A simplicial complex K is a flag complex if all minimal non-faces have two ele-
ments, or equivalently, the ideal Ix is generated by quadrics. We call the minimal
non-faces of a flag complex non-edges.

Given a face f of IC, the link of f in K is the simplicial complex

k(f,K)={geK | fng=0and fUg € K}.
Given two simplicial complexes K, K’ with distinct vertex sets, their join is
KxK'={fuf |fek, f ek}
On the side of Stanley-Reisner rings, this corresponds to taking the tensor product:
Skxkr = Sk ® Sker.

To any simplicial complex K we may associate a topological space known as its
geometric realization:

|/C|—{@:V—>R| supp(a) € K and Za(v)_l}.

veV

Here supp(a) = {v € V | a(v) # 0}. We say that K is an n-sphere if |K] is
piecewise-linear homeomorphic to the boundary of |B({0,...,n + 1})|.
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2.2. Cotangent Cohomology for Flag Complexes. For any commutative K-

algebra S, there is a complex Lf/ £ of free S modules called the cotangent complex,
see e.g. [And71l pp 34]. The ith cotangent cohomology of S is

T(S) = H'(Homg(L3'*, 5)).

We will be particularly interested in T for 4 < 2, which may be understood in more
concrete terms. For example, the module T°(S) is just the module Derg(S, S) of
K-linear derivations of S to itself.

The module 7*(S) may also be understood quite concretely. Consider a presen-
tation

0—-I—-R—-S5—0

of S with R a polynomial ring. We may identify the module T*(S) with the
quotient of Hompg (7, .S) by the image of Derk (R, S) under the natural map [Har10,
§1.3]. Elements of T(S) are in bijection with isomorphism classes of first order
deformations of S: flat K[e]/e2-algebras S whose reduction modulo € is S.

When S is graded by an abelian group M, the S-modules T¢(.S) inherit a natural
M-grading. In particular, taking a homogeneous presentation R — S, we may
represent a degree u element of T'(S) by an R-homomorphism I — S sending
elements of degree v to degree v + u.

The module T?%(S) also has a concrete description, for which we refer the reader
to [Har10, §1.3]. Non-zero elements of T2(S) give obstructions to lifting deforma-
tions of S to higher order. In particular, if 7%(S) = 0, any deformation of S can be
extended to arbitrary order. See [Harl(] for a general introduction to deformation
theory.

For K a simplicial complex, we will write T%(K) := T%(Sx).

Definition 2.2.1. A simplicial complex is unobstructed if T?(K) = 0.

The Si-modules T%(K) inherit the natural ZY-grading of Sk. Altmann and
Christophersen [AC04] give a combinatorial description for the graded pieces T%(K).
for ¢ € ZY. We will not give a full account of this description here, but instead
provide only the details necessary for our purposes.

We will always write ¢ € ZY uniquely as ¢ = a — b with a,b € Zgo having
disjoint supports a,b C V. -

Theorem 2.2.2 ([AC04]). For any simplicial compler K and i = 1,2, TH(K)e =0
unlessa € K, b € {0,1}Y, b # 0, and b is contained in the set of vertices of Ik(a, K).
Furthermore, if a # 0, there is a natural isomorphism

THK)e = T'(1k(a, K))_pb-

In this paper, we will be particularly interested in cotangent cohomology for flag
simplicial complexes that are spheres.

Proposition 2.2.3. Let K be a flag complex that is a sphere. Assume that for any
non-edge {u,v}, lk(u, ) N1k(v, K) is either empty or contractible. Then for any
b e {0,1}V,

K i K is a O-sphere and b=V

0 otherwise

Tt (K)p {
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Proof. We begin by noting that T (K) is a quotient of Hom(Ix, Sx). Since K is
a flag complex, I is generated by quadrics. It follows that if T*(K)_y, # 0, the
support b satisfies |b] < 2 with b ¢ K if |b| = 2.

Since K is a sphere, [ACI0, Lemma 4.3] implies that T (K)_p vanishes if b is a
vertex, so we may reduce to the case that b = {u, v} is a non-edge. Furthermore,
by loc. cit. dimT*(K)_p < 1, so it only remains to characterize when T (K)_p
vanishes.

By [ACI0, Theorem 4.6], T (K)_p, # 0 if and only if K is the join of b := B(b) \
{b} with a sphere L. The complex L is necessarily lk(u, K)Nlk(v, K). If this complex
is contractible, then L is not a sphere, and T*(K)_p # 0. If lk(u, K) N lk(v, K) is
not contractible, then by assumption it is empty. Thus, T}(K)_p # 0 if and only
if I = 0b. The statement of the proposition follows. O

Proposition 2.2.4. Let K be a flag complex that is a sphere of dimension at least
two. Then K is unobstructed if the following conditions are met:

(1) For every non-empty face f of K, Ik(f,K) is unobstructed; and
(2) For any non-edge {u,v}, Ik(u, ) Nlk(v, K) is either empty or contractible.

Proof. This follows from [CI14l Proposition 4.3]. O

Remark 2.2.5. Proposition 2.2.4]is not true in general if K is a 1-sphere. In fact,
if K is the boundary of an m-gon, then I is unobstructed if and only if m < 5
[AC04] Example 17].

We will make use of the following lemma:

Lemma 2.2.6 ([CI14, Proposition 1.3]). Let S and S’ be K-algebras. Then for all
i>0,

TH(S®S)=T(S) oS aT(S)®S.

2.3. Semiuniversal Deformations. We again refer the reader to [Harl0O] for
details on deformation theory. For invariant and equivariant deformations, see
[Rim&0].

Suppose that S is a quotient of a polynomial ring K[z1,..., z,] by an ideal I.
Let Y = SpecS C A™. Let T be the maximal subtorus of (K*)™ which sends Y to
itself, and H any subgroup of T. Recall that an H -invariant deformation of Y over
a base Z is an H-invariant cartesian diagram

Y — )Y
SpecK —— 7
where 7 is flat, and H acts trivially on Z. Such a deformation is embedded if

Y C A" x Z, 7 is just the projection, and the map Y — )Y — A™ x Z is the natural
inclusion induced by Spec K — Z.
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A morphism of H-invariant deformations from 7’ : )/ - Zton:Y — Z' is a

pair (¢, ¢) of H-invariant morphisms making
Y

SpecK
| / ¢ \

into a commutative diagram whose outside square is Cartesian. An isomorphism

Z Z

is a morphism such that ¢, ¢ are both isomorphisms. For embedded deformations
7', 7, a morphism of embedded deformations is a morphism (¢, 5) such that 5 is
compatible with the inclusions )’ C A" x Z', ¥ C A" x Z, and the map A" x Z' —
A™ x Z induced by ¢. The map 5 is uniquely determined by ¢, so we will often
just refer to ¢ : Z' — Z as a morphism of embedded deformations.

For any H-invariant deformation 7 : ) — Z of Y with P € Y the image of
SpecK, there is a natural map of K-vector spaces

TpZ — THS)H

sending any tangent vector n € TpZ to the isomorphism class of the first order
deformation obtained by pulling back 7 along the morphism SpecKl[e]/e? — Z
corresponding to 1. We call this map the characteristic map for the deformation .

Definition 2.3.1. An H-invariant deformation 7 : Y — Z of Y is semiuniversal if
for any other H-invariant deformation 7' : Y — Z’ of Y with Z’ the spectrum of

a local Artinian ring, there is a morphism (¢, ¢) from 7’ to 7, and the differential
of ¢ at the distinguished point is uniquely determined[]

Under the condition that the H-invariant part T*(S)# of T1(S) is finite dimen-
sional, there is a semiuniversal H-invariant deformation 7 :) — Z of Y = Spec S.
We will call Y and Z respectively the semiuniversal family and the semiuniversal
base space. There is a canonical identification of T1(S)# with the tangent space
of Z at P. By [Rim80], a semiuniversal deformation can be constructed so that it
is also T-equivariant. Furthermore, in this setting it can always be constructed as
an embedded deformation. Such an embedded T-equivariant deformation can be
constructed algorithmically by lifting first-order perturbations of the elements of I
to higher and higher order [Ste95, [t12] in a homogeneous fashion.

In general, there are two points of discomfort:

(1) Y and Z are in general formal schemes;

(2) Although any two semiuniversal deformations are isomorphic after passing
to a formal completion, the isomorphism is not canonical. Likewise, the
embedding of the semiuniversal family is not in general canonical.

1Technically7 we have defined what it means to be formally semiuniversal. However, since this
is the only notion of semiuniversality we are considering, we omit the word “formally”.
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However, in this paper we will always find ourselves to situations in which neither
of these points is an issue.

Remark 2.3.2 (Algebraicity). Suppose that T contains a one-parameter subgroup
A acting on A" with non-negative weights such that 7'(S)¥ has only strictly neg-
ative degrees with respect to A\. Then the above algorithmic construction will end
after a finite number of steps [Ste95] pp 132], guaranteeing that we can take ) and
Z to be algebraic, not just formal objects.

Remark 2.3.3 (Uniqueness). Let 7 : Y — Z be a T-equivariant H-invariant semi-
universal deformation. Consider any T-equivariant automorphism ¢ of this family;
this induces a T-equivariant automorphism of Z whose differential is the identity.
Under appropriate hypotheses on the T-action on T'(S)*, we may conclude that
¢ is the identity. This is the case, for example, if the degree of any homogeneous
element of 71 (S)H is an indecomposable element of the semigroup generated by all
degrees of T*(S)H. In such instances, any T-equivariant semiuniversal deformation
m: Y — Z'is induced from Z by a unique T-equivariant map Z' — Z.
We may obtain a unique T-equivariant embedding of ) if we additionally require
(1) p:Hom(I,S)# — T'(S)H has a unique T-equivariant section;
(2) The degree of any homogeneous element of T!(S) is an indecomposable
element of the semigroup generated by all degrees of T1(S)#;
(3) Any nontrivial homogeneous element in the kernel of p is not in the semi-
group generated by all degrees of T(S)%.

Indeed, any two H-invariant small extensions of an embedded family ) over the
spectrum of a local Artinian K-algebra differ by an element of Hom(Z, S). The
first condition guarantees that a T-equivariant ) is uniquely determined up to first-
order. The latter two conditions guarantee that any T-equivariant lifting to higher
order must be unique.

Definition 2.3.4 (Property T0). The ideal I C K|z1,..., z,] = R satisfies property
TO (with respect to H C T) if the image of Derg (R, S)¥ in Hompg(I, S) is zero.

Concretely, I satisfies property TO (with respect to H) if for every 1 < i < n and
every monomial z¢ € R such that z* and z; have the same H-degree,
z0f
82@
We remark that property TO implies the first and third conditions in Remark 2.3.3]
since property TO is equivalent to saying that the kernel of p is zero.

Remark 2.3.5 (Standard Action). Assume that T2(S) = 0. Then a semiuniver-
sal base space Z for Y is (the formal completion of) AP, where p is the dimension
of T*(S)H. Indeed, because of the vanishing of T2, there are no obstructions to
lifting deformations to higher and higher order. In general, this identification is not
canonical. See Remark for a criteria to take Z and ) to be algebraic.

In the T-equivariant setting above, the T-action on Y induces a T action on this
affine space AP. For a coordinate t of AP corresponding to an element of T(S)¥
of degree a, T acts on t with weight —a. In particular, the action of T on AP has
a dense orbit if and only if T*(S)# has a basis of semiinvariant functions whose
degrees are linearly independent. In this case, we will say that T induces a standard
action on Z.

el forall fel.
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2.4. Cluster Algebras. A cluster algebra is an integral domain equipped with a
particular combinatorial structure. In the literature cluster algebras are usually
defined as algebras over QQ, however, in this work we consider cluster algebras
defined over K. Since we are assuming that the characteristic of K is zero, a cluster
algebra over K can be obtained from a cluster algebra over QQ by taking the tensor
product (over Q) with K. The reader is referred to [FZ02, [FZ03a, [FZ07, [FWZ16),
FWZ17, FWZ21] for more details on the general theory.

For positive integers n and m let Mat,, . (Z) denote the set of n x m matrices
with integer entires. A square matrix B = (b;;) € Maty,xn(Z) is skew-symmetrizable
if there exists di,...,d, € Zxo such that d;b;; = —d;bj; for all ¢, ;. If we can take
di,...,d, to be 1 we say that B is skew-symmetric.

From now on, we fix positive integers n and m such that n < m. We further fix
a field F isomorphic to the field of rational functions over K in m variables.

Definition 2.4.1. A labeled seed of geometric type in F is a pair (X, E), where

e X =(x1,...,2m,) is an m-tuple of algebraically independent elements of F
such that F = K(z1,...,2m);
e B € Mat,, xn(Z) is such that its top nxn submatrix B is skew-symmetrizable.

We adopt the following nomenclature: n is the rank of (X, E)E, B is an extended
exchange matriz, B is an exchange matriz, X is an extended cluster, the n-tuple
x:= (x1,...,2y) is a cluster and Tp41, ..., Ty, are the frozen variables.

In this paper we will only consider labeled seeds of geometric type. Hence, we
will simply refer to these as seeds.

Remark 2.4.2. To any exchange matrix B we can associate a weighted directed
graph I'(B) as follows. We take the graph I'(B) to be the graph whose vertices are
{1,...,n}, with an edge from ¢ to j if and only if b;; > 0. The weight of such an
edge is cij = |bij| - |bji]. In case B is skew-symmetric I'(B) can be thought of (and
will be referred to) as a quiver (the weights correspond to the square of the number
of arrows between the vertices).

Definition 2.4.3. Consider any exchange matrix B. The graph I'(B) decomposes
into connected components I'1, ..., 'x. We let B; be the submatrix of B whose row
and column indices are among the vertices of I';. We call By, ..., By the connected
components of B and say that B is indecomposable if I'(B) is connected.

For k € {1,...,n}, the mutation in direction k of a seed (X, B) is the new seed
ux(X, B) = (X', B’), defined as follows:
e The new extended cluster is X' = (21, ..., k-1, T}, Tht1, - - - , Tm) Where
(2.4.4) oy, = [[ b+ [ "
7:bi >0 7:bi <0

An expression of the form (Z4.7]) is called an exchange relation and the
monomial zpz), is the associated exchange monomial.
e The new extended exchange matrix B’ = (b};) is defined by the following
rule
—bij ifi:kOl”jZk,

U
(245) bl] T {bU + Sgn(bik)max(bikbkju O) else;

20bserve that this notion of rank has nothing to do with the rank of B or B.
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1 ifx <0,
where, for x € R we let sgn(z) :=¢ 0 ifz =0,
1 ifx>0.

One can show that (X', B') as constructed above is again a seed.

Two seeds are mutation equivalent if they can be linked to each other by a finite
number of mutations. This is an equivalence relation in the set of seeds in F since
W is an involution, that is, we have

p(un(X, B)) = (X, B).

Moreover, if (X', B') is a seed mutation equivalent to (X, B) then X' is of the form
(@), T, Tnt1,. .., Tm) for some x} € F.

In order to parametrize the cluster variables and the (extended) exchange ma-
trices associated to A(X, B) we label the seeds mutation equivalent to (X, B) as
follows. We consider the n-regular tree " whose edges are labeled by the muta-
ble directions 1,...,n, so that the n edges incident to each vertex carry different
labels. Since p is an involution we can assign (in different ways) a seed (X,, B,) to
every vertex v of " in such a way that if v and v’ are vertices of T" joined by an
edge labeled with &k then ()AEU/,EU/) = g (Xy, Ev) Any such labeling is completely
determined by choosing an initial vertex vy of T and setting (Xy,, By,) = (X, B).
We fix once and for all the choice of vg. Moreover, we let

Xp = (T1ws -« oy Trnsw)-

Observe that x;,, = x; for all n < i <m and every vertex v of T".

Definition 2.4.6. Let (X, B) be a seed in F. The cluster algebra A(X,B) (of
geometric type, over K) is the K-subalgebra of F generated by the elements of all
the extended clusters X, in the seeds mutation equivalent to (X, B). The elements
Tip Tor i@ < m of the clusters constructed in this way are the cluster variables of
A(X, B). We call (X, B) the initial seed and the elements of the cluster x the initial
cluster variables. If m > n we say that the cluster algebra A(X, £~3) has coefficients
and p41,...,Zy will be called the frozen variables.

Example 2.4.7 (Running Example). We consider the cluster algebra A associated
to the seed

0 1
N -1 0
B=| 1 1 X = (213,214, 51, S2, 83)-
-1 -1
1 -1

The frozen variables are s1, s2, s3. The cluster variables of A are

S2%14 + S153
13, T14, Toq 1= I
13

51713 + 5253 ) 21385 + 21453 + $18283

I3y i =—m ——————————— To5 1=
T14 T13T14

This cluster algebra is obtained from the coordinate ring of the Grassmannian
Gr(2,5) in its Pliicker embedding by setting z12 and 45 to be s1, xa23 and z15 to
be S92, and T34 = S3.
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(r)y——
FIGURE 1. The weighted graph I'(B) for Example 2.4.7]

The weighted directed graph I'(B) associated to the exchange matrix B is pic-
tured in Figure[I[l We will follow this example throughout the entire paper. (|

Remark 2.4.8. In the literature, cluster algebras as introduced in Definition [2.4.0]
are called skew-symmetrizable cluster algebras of geometric type over K. We call
a cluster algebra skew-symmetric if one (or equivalently all) of its seeds (X, B) has
skew-symmetric exchange matrix.

Remark 2.4.9. In the literature, cluster algebras with frozen variables 41, ..., Zm
are often defined as algebras over the ring K[azf}rl, ..., mEY, that is, the cluster al-
gebra also contains the inverse of each of the frozen variables. For our purposes, it
is important that we do not follow this convention.

Remark 2.4.10. Let B be an extended exchange matrix (of size m x n). It is
straightforward to show that B can be extended (non-uniquely) to an m x m skew-
symmetrizable matrix B'. There is a canonical inclusion of A(B) into A(B’). Thus,
any cluster algebra with frozen variables may be thought of as a subalgebra of a
cluster algebra with no frozen variables, with the subalgebra generated by a subset
of the cluster variables.

Up to a canonical isomorphism, A(X, E) is independent of X. Therefore, we will
frequently write A(B) instead of A(X, B). The set of cluster variables associated

to A(X, B) will be denoted by V(X, B). We will write V(B) or simply V to denote
this set if the initial seed is clear from the context.

Theorem 2.4.11 (The strong Laurent phenomenon [FWZ16, Theorem 3.3.6]).

Let (X', B') be a seed mutation equivalent to (X, B) and let X' = (h,...,z)) be
the corresponding cluster. Then the cluster algebra A(X, B) is a Kxpt1, ..., Tm]-
subalegbra of K[xp i1, ..., xm][2Eh, .. 2/F1.

Definition 2.4.12. A cluster algebra is of finite cluster type if its set of cluster
variables is a finite set. Otherwise it is of infinite cluster type.

Remark 2.4.13. Observe that the strong Laurent phenomenon has the following
geometric interpretation. If A(f?) is of finite cluster type then we can consider
Spec(A(B)). By definition this an irreducible scheme over Spec(K). By The-
orem ZZITl we can consider Spec(A(B)) as a scheme over Spec(K[t]), for any
t C{zni1,-. - Tm}

The Cartan counterpart of an exchange matrix B is the square matrix A(B) =
(ai;) of the same size given by a;; = 2 if i = j and a;; = —|b;;| if i # j. A Cartan
matrix A(B) is indecomposable if T'(B) is connected; an indecomposable Cartan
matrix is of finite type if all the principal minors of A(B) are positive. It is a classic
fact in the theory of Lie algebras that indecomposable Cartan matrices of finite
type are classified by Dynkin diagrams.
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Theorem 2.4.14 (Finite type classification [FZ03a]). A cluster algebra A is of
finite cluster type if and only if A has an extended exchange matriz B such that for
each connected component B; of B the Cartan matriz A(B;) is of finite type.

2.5. The Cluster Complex. To any cluster algebra A = A(f?) we can associate

a simplicial complex IC(A) = KC(B) called the cluster complex.

e The set vertices of KC(B) is the set of cluster variables V associated to A(B);
e A subset of cluster variables {u1,...,u;} is a face of K(B) if and only if
there exists a cluster u containing w1, ..., u; as entries.

Cluster variables belonging to a common face of IC(E) are called compatible.

It follows directly from the above definition that this complex is a flag complex.
Likewise, it is straightforward to verify that if B and B’ are extended exchange
matrices that can be related by iterated mutation, then K(B) and K(B') are canon-
ically isomorphic. A much deeper fact is that the cluster complex only depends on
the mutable part of an extended exchange matrix. In other words, we have that
K(B) is canonically isomorphic to K(B). This is an instance of the synchronic-
ity phenomenon in cluster patterns studied in [Nak21b] and follows directly from
[CL20l Proposition 6.1].

Theorem 2.5.1. [CL20] Let V(B) = {zipn | 1 < i < n,v € (T")o} and V(B) =
{Ziw | 1 < i < myv e (T")o} be the sets of cluster variables of A(B) and A(B),
respectively. Then the assignment xi,, — Ziy establishes a bijection from V(B) to

V(B). In particular, two cluster variables x;,, and ;.. are compatible if and only
if Ty and T, are compatible.

In [FZ03(] the authors study cluster complexes associated to cluster algebras of
finite cluster type. In particular, they introduced a beautiful approach to under-
stand the compatibility of cluster variables in terms of the associated root system.
For cluster algebras of type A the associated cluster complex is the simplicial com-
plex dual to the boundary of the classical associahedron, also known as the Stasheff
Polytope. More generally, we have the following:

Theorem 2.5.2 ([EZ03d, Corollary 1.11]). Let A(B) be a cluster algebra of rank
n and finite cluster type. Then the cluster complex K(B) is an (n — 1)-sphere.

Example 2.5.3 (Continuation of Running Example[ZZ4.7)). We consider the cluster
algebra A from Example 247 This is a cluster algebra of type As. The cluster
complex K for A is the boundary of a pentagon, with vertices labeled as pictured
in Figure O

3. COTANGENT COHOMOLOGY FOR CLUSTER COMPLEXES
3.1. Unobstructedness.

Theorem 3.1.1. Let K be the cluster complex of a skew-symmetric cluster algebra
A of finite cluster type. Then K is unobstructed, that is, T*(K) = 0.

Remark 3.1.2. The skew-symmetric cluster algebras of finite cluster type are
exactly those with a seed (X, B) such that the Cartan counterpart of each connected
component of B corresponds to a simply laced Dynkin diagram, that is, of type
ADE. However, for cluster algebras having a seed whose exchange matrix has a
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Z13
T14

&35

Z24

Z25
FIGURE 2. The cluster complex K from Example 2.4.7

connected component whose Cartan counterpart corresponds to a non-simply laced
Dynkin diagram, one can see that T2(K) # 0. In the rank 2 case this follows from
Remark and the fact that a cluster complex of type By or Cs is a hexagon
(see Example [6.377) and of type G2 is an octagon (see Example [[7). Cluster
complexes of rank 2 arise as links of certain faces of cluster complexes of higher
rank (see Lemma BI4 below). Combining this with Theorem shows that
skew-symmetrizable but non-skew-symmetric cluster complexes of arbitrary rank
are obstructed. In fact, we will see that there is a “geometric” reason for this, see

Example [6.3.7

Although we are proving the theorem for skew-symmetric cluster algebras, we
will later use several of the following lemmas without this restriction.

Lemma 3.1.3. Let By, ..., By be the connected components of a skew-symmetrizable
matriz B. Then
K(B) = K(By) % -+ - * K(By).

Proof. This follows from the definition of the cluster complex. Any sequence of
mutations at indices in B; do not change the B; for j # ¢. Likewise, none of
the associated cluster variables are changed. Hence, any cluster variable created
by iterated mutation in one component is compatible with any other created by
iterated mutation in some other component. (I

Lemma 3.1.4. Let (X, B) be a seed and f € K(B) a subset of the elements of x.
Let B’ be the matrix obtained from Q(B) by removing the rows and columns indezed
by {i| z; € f}. Then

Ik(f,K(B)) = K(B).
Proof. Tt is clear from the definition of the cluster complex that K(B’) can be
identified with a subcomplex K’ of Ik(f, K(B)). By [CL20, Theorem 6.2], any two
clusters containing a given fixed subset of cluster variables can be linked to each

other via mutations that do not involve any exchange of the fixed cluster variables.
It follows that K’ is the entire link. O

The following lemma is key:

Lemma 3.1.5. Let A be a cluster algebra of finite cluster type such that some (or

equivalently all) seeds (X, B) satisfy that T(B) is connected. For any two vertices
u,v of K(A) that do not form an edge,

k(u, K(A)) Nlk(v, £(A))

is either contractible or empty.
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In the A,, case, this lemma is proven combinatorially in [CI14] Lemma 5.2]. For
the B,,, C,, and D,, cases, one may prove the lemma similarly using a combinatorial
model for the type B, C, and D associahedra [FZ03c, Propositions 3.15 and 3.16].
It remains to check the Fg, E7, Eg, Fy and G5 cases. Here, we will instead provide
a uniform proof using categorification. We refer the reader to [BMR' 06l [Dem1T],
FK10, [Kell0] for background and notation.

Proof of Lemma 313 In view of [Demlll Theorem 4.47] and [GLSI0, Theorem
2.1] there is a triple (C, G, T) that categorifies a cluster algebra of geometric type
A(C,G, T) whose cluster type is the same as A (see [Demlll §3.5 and §4.3]). Here
the category C is a Frobenius categorification of a skew-symmetric cluster algebra
A(C) of geometric and finite cluster type, G is a finite group acting on C, the
action is 2-Calabi-Yau and 7 is a G-stable cluster-tilting subcategory of C. In
the skew-symmetric case G is the trivial group and A(C) = A(C,G, T). Since the
cluster complex is independent of the choice of coefficients it is enough to show
the statement for A(C,G,T). We now consider the equivariant category CG in the
sense of [Dem11] §2]. The properties of CG that we will use are the following.

e The category CG is Hom-finite, Krull-Schmidt, Frobenius and stably 2-
Calabi-Yau. In particular, Ext;o(X,Y) = Homg (Extiq (Y, X),K) for all
objects X and Y of CG;

e there is a bijection v — T, between the set of cluster and frozen variables
associated to A(C,G,T) and the isomorphism classes of indecomposable
objects of CG. Under this bijection frozen variables correspond to the
classes of the indecomposable projective-injective objects;

e two cluster variables u and v of A(C,G,T) are compatible if and only if
Extoe(Tu, Ty) = 0. Moreover, if Homeg(Ty,Ty) # 0 then u and v are
compatible, where CG is the triangulated category obtained from CG by
quotienting out the morphisms that factor through projective objects.

The first two points are contained in [Demll]. The last one is well-known in
the skew-symmetric case and can be extended to the skew-symmetrizable one
using the fact that Homeg(Ty, Ty) € Home(F(T,), F(T,)) and Extpg(Tu, Ty) C
ExtS(F(T,), F(T,)), where F : CG — C is the forgetful functor.

Consider non-compatible cluster variables u and v of A(C,G,T) and set K =
K(A(C,G,T)). Then

Exti(To,Tu) #0  and  Extig(Tu,Ty) # 0.

Let0 T, - EFE —-T,—0and 0 =T, - E' — T, — 0 be non-zero elements of
Exte(Tu, T,) and Extpo(Ty, Ty, respectively.

Assume first that both E and E’ are projective. Then T, 2 T,,[1] and T, = T,,[1]
in CG, where [1] : CG — CG is the suspension functor. This implies that T,
is isomorphic to T,[2]. We claim this can only happen if I'(B) has a connected
component that consists of a single vertex, in which case it is easily verified that
k(u, K(A)) Nlk(v, C(A)) = 0.

Indeed, we can identify C with a cluster category associated to a connected
Dynkin quiver. Namely, C & ’DZQ /1] o 77, where ’DZQ is the derived category of a
Dynkin quiver and 7 is its Auslander-Reiten translation. Since the action of G pre-
serves bipartite slices of C, we have that F'(T,) is a sum of indecomposable objects
lying in the same bipartite slice of C. In particular, if F/(T,) is invariant under [2]
then an indecomposable summand Wof F(T,) corresponds to an indecomposable
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object of DZQ such that 72 o [1] o 771(W) = 7W/[1] lies in the same bipartite slice
of DbQ as W. This is only possible if the Coxeter number of the Dynkin diagram
underlying @ is 2. Therefore @ is of type A;, and I'(B) must consist of a single
vertex.

We may thus assume that at least one of £ and E’ has non-projective indecom-
posable summands. So without loss of generality let £ = P & Z, where P is pro-
jective and Z is non-zero and has no projective direct summands. Let T%,,..., T},
be the indecomposable direct summands of Z satisfying that Homeg (T, T%,) and
Homeg(T%,, T.) are non-zero. Observe that there is at least one such summand since
T, = Z — T, — T,[1] is a non-zero element of Ext}q(Ty, Ty) = Extpo (T, Ty) (ve-
call that projectives vanish in CG). Therefore, Extoq (T, Ts,) and Extpq(Ts,, Ty)
vanish. In particular, every z; is compatible with both u and v, so z; € lk(u, K) N
lk(v, KC). We now claim that

k(u, K) Nlk(v, ) = P({z1,...,2s}) * £,

where K’ is a sub-complex of K and B({z1,...,2s}) is the standard simplex with
vertices z1,...,2s. For this, it is sufficient to show that every z; is compatible
with every element y € lk(u, K) Nlk(v, £). We apply the functor Homeg (T, —) to
0—1T,— FE — T, — 0 to obtain the exact sequence

Exteq(Ty, Ty) — Bxtoq(Ty, E) — Extee(Ty, T)
Since y is compatible with both v and u we have that
Extiq(Ty, Ty) = 0 = Extto(T,, Ty).

Therefore, Exté (T, E) = 0 which implies that Extgq (T, T:,) = 0 for all i. The
result follows.
(]

Proof of Theorem[31.1. We will proceed by induction on the rank of the cluster
algebra A. In the rank one case, K is a O-sphere. One checks directly that T2(K) =
0. In the rank two case, K is the boundary of a square (type A; x A1) or of a
pentagon (type As). Here, we are using that A is skew-symmetric. In both cases,
one again checks directly that T2(K) = 0.

For the induction step, suppose first that A has a seed (X, E) with I'(B) discon-
nected. By the induction hypothesis along with Lemmas and B.1.3] we may
conclude that I is unobstructed. _

Suppose instead that every (or equivalently, some) seed (X, B) has I'(B) con-
nected. It follows by Theorem 2414 that T'(B) is a finite Dynkin diagram for
some exchange matrix B. In this case, we will apply Proposition 2.2.4] to show the
induction step. To check hypothesis () of the proposition, we note that Lemma
[B14 shows that any link of K is a cluster complex for a cluster algebra A’ of
smaller rank. Hypothesis () is then fulfilled by the induction hypothesis. To check
hypothesis (2) of Proposition [Z22Z.4], we simply apply Lemma

The theorem follows by induction. O

3.2. First Order Deformations. Let K be the cluster complex of a cluster al-
gebra A of finite cluster type. We will now give a description of T!(K) using the
language of seeds. Consider any seed (X, B) be a seed of A. Recall that the elements
of the cluster x all appear as vertices of some face of the complex K.
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Definition 3.2.1. Let (X, B) be a seed of A, and Q a subset of the elements of
x = (x1,...,@,). A cluster variable zj in the cluster x is Q-isolated if
(1) =z is not in Q; and
(2) after removing the vertices of T'(B) corresponding to elements of €2, the
vertex k of I'(B) has no neighbors.

Theorem 3.2.2. Every graded piece of TY(K) is either 0- or 1-dimensional. The
degrees ¢ = a — b with non-zero T* may be constructed exactly as follows: given a
seed (X, E), a subset  of the elements of x, and an Q-isolated cluster variable xy,
let a be any non-negative vector with support Q, and let b € {0,1}Y have support

{zk,x},}. Here x}, is defined as in (2244).

Proof. By Theorem 222, T (K)a_1 # 0 implies that a € K and b is contained in
the set of vertices of 1k(a, K). In such situations,

TYK)acp = T (Ik(a, K))—p.

Since a € K, there is a seed (X, B) with € := a a subset of the elements of x.

By Lemma B.T4] we may identify 1k(Q, ) with K(B’) where B’ is the matrix
obtained from B by removing the rows and columns corresponding to elements of
Q2. Decomposing B’ into connected components Bj, ..., B}, we further obtain

(2, K) = K(B)) - -+ K(B)
by Lemma B.1.3] By Lemma 2.2.6, we conclude that
T (K)a-b = P T (K(B)))-b.

Note that at most one term 7 (K(B!))_p is non-zero, as b is contained in the
vertices of at most one of the K(Bj).

Suppose that b is contained in the vertices of K(B}). Since I'(B}) is connected
and A(B]) is of finite cluster type, we may apply LemmaB.T5 Hence, for any non-
edge {u,v} of K' = K(Bj]), the intersections of lk(u, K') and 1k(v, K') is either empty
or contractible. Since K’ is also a spherical flag complex, we may use Proposition
to determine T (K') _p.

To have T (K')_p = K, we must have that K’ is a zero-sphere, and b consists of
the two vertices of this sphere. The condition that K’ is a zero-sphere is fulfilled
exactly when B} has rank one, that is consists of a single row and column k.
This is the same thing as saying that the cluster variable xj is 2-isolated. The
condition that b consists of the two vertices of the sphere is the same as saying that

b= {x, )}
In all other cases, T*(K')_, = 0. The claims in the statement of the theorem
follow. g

Remark 3.2.3. Suppose that T*(K)a_p is non-zero. Then the generator for this
graded piece is the image of the homomorphism 1 € Hom(Ix, Sx) that sends 2P to
z2, and every other minimal generator of I to zero. Indeed, the degree forces the
condition that every other generator of I be sent to zero.

Example 3.2.4 (Continuation of Running Example [Z53]). Let A be the cluster
algebra from Example2.4.7 Its cluster complex K is described in Example2.5.3] By
Theorem BII] K is unobstructed. Furthermore, we may apply T*(K) to compute
the non-zero degrees of 7!(K). Each cluster of A just consists of two variables, so



DEFORMATION THEORY FOR FINITE CLUSTER COMPLEXES 20

supp(a) supp(b)

T14 r13,T24
T24 T14,225
T25 X24, T35
Z3s5 €25, T13
T13 I35,T14

TABLE 1. Support of T1(K) for Example B.2.4]

for any cluster {x1,z2}, z1 is Q@ = {z2}-isolated (and vice versa). Making use of
K, we see that T1(K)a_p # 0 if and only if a,b have support as in Table [[, and
b e {0,1}V. O

4. COEFFICIENTS, GRADINGS, AND BASES OF CLUSTER MONOMIALS

4.1. Principal and Universal Coefficients. Let B € Mat,,xn(Z) be an ex-
tended exchange matrix. Its principal extension is the extended exchange matrix
BP'n obtained from B by attaching a copy of the n x n identity matrix I,, at its
bottom. This can be represented as follows:

~prin . E

B = S MathXn(Z).

I,

Definition 4.1.1. The cluster algebra with principal coefficients associated to B
is A(BPTin),

In order to distinguish this case from others, we denote the new frozen variables
of A(Ep““) by y; = Ty for 1 <i < n. By the strong Laurent phenomenon 2.4.17]
A(BP ) s a K[yi, . . . , yn]-subalgebra of K[y1,. .., yn][Zni1, . - - 2] [zE), ..., 2]
Any cluster variable of A(Ep““) can be written as z;,, for some 1 <7 < n and a
vertex v of T".

Remark 4.1.2. Cluster algebras with principal coeflicients were initially defined
[FZ07], Definition 3.1] in the case of m = n, that is, no frozen variables. However, as
mentioned in 2410, we may view A(B ~) as a subalgebra of a rank m cluster algebra
A(B') with no frozen variables. Then A(B p““) is a subalgebra of A((B')Pr), and
we may apply structural results on A((B’)P"™) (and the related concepts of F-
polynomials and g-vectors) to deduce similar results for A(Epri“). We tacitly do
this in the following.

We now recall some of the fundamental results about cluster algebras with
principal coefficients. It follows from [FZ07, Corollary 6.3, Proposition 5.1].and
[GHKKIS, Theorem 5.11] that a cluster variable (or a frozen variable) b, " of

A(BP") has the following shape
(4.1.3) 2 = g a I (G, ),

;v
where,

® gi,....,.gm €Zand g; > 0foralln <j <m;
e F;., is a polynomial in Z[yi, ..., y,] with constant term equal to 1;
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e for 1 < j <n we take g, :yjnyilx?”.
Definition 4.1.4. Let x;, be a cluster or frozen variable of A(f?) The g-vector
of @;., (with respect to the initial seed of A(BP'*)) is the vector

g(xi;'u) = (glu cee 7gm) €L x ZgO_n7

where g; is as in @IL3) for 27" For each vertex v of T the g-matrix G, is the
m X m square matrix whose ith column is g(x;,,). Polynomials F;,, as in ([LI13)
are called F-polynomials.

Since by Theorem [2.5.1] there is canonical bijection x;, — :vf;zin between the sets

of cluster variables of A(B) and A(BP"™), g(z;.,) only depends on the cluster or
frozen variable z;;,, and not directly on %, v.

Remark 4.1.5. In the literature, g(x;.,) as we have defined it is often called the
(extended) g-vector of zP™ (as opposed to z;,). On the other hand, with the

;v ) )
conventions adopted in Definition lET.4 the g-vector of zP." is g(xb."), which

;v ;v
prin
;0

lives in Z™*™ (as opposed to Z™). However, notice that if x is mutable then

the last n entries of g(;vf;}in) are zero.

Remark 4.1.6. We observe that the F-polynomials and the g-vector of a cluster
variable depends on the choice of an initial seed and the vertex vy of T labeling
the initial seed of A(Ep““). In this paper, whenever we talk about F-polynomials
or g-vectors we assume that the aforementioned choices have been taken once and
for all.

Remark 4.1.7. The fact that the last m —n entries of a g-vector are non-negative
follows from the sign-coherence of g-vectors proved in the skew-symmetric case in
[DWZ10] and in full generality in [GHKK18]. Indeed, any g-matrix of B obtained by
iterated mutation in the indices 1,...,n must contain the g-vectors of the frozen
variables Tpny1,...,T;,. We have that g(zy) = (0k;)72;. In particular, given
n < j < m we have that the jth entry of g(z;) is positive and by sign-coherence
the jth entry of all the g-vectors of A(Epri“) are non-negative.

Corollary 6.3 of [FZ07] asserts that Fj., € Z[y1,. . .,ym] (working in A((B')Pr»),
see Remark However, using the mutation rule of F-polynomials appearing
in [FZ0T, Proposition 5.1] and the fact that to reach v we never mutated in the
directions n + 1,...,m, we can conclude that the variables y,+1,...,¥ym do not
appear in Fj.,.

In many cases, the F-polynomial F},, can also be used to compute g(z;.,).

Conjecture 4.1.8. [FZ07, Conjecture 6.11] Suppose that F;,, is not identically
equal to 1. Then the g-vector g(zi.v) = (91, - -, 9gm) is given by

m -1 1
H Ugl - Fi;'U|Tr0p(u1,...,um)(u1 3oy U )
[ m bs1 m b .
i=1 Fi;v|Tr0p(u1,~~~7um)(ns:1 Us™ s ’Hs:l ussn)
Here the specialization to Trop(ui,. .., u,,) means we are working in the tropical

semifield, see e.g. [FZ07, Definition 2.2].

Conjecture [A.1.8 is true whenever A(E) is of finite cluster type [FZ07, Corollary
10.10).
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Although A(BP'") depends on our choice of seed, we may also add coefficients
in a way that is independent of the seed choice:

Definition 4.1.9 ([FZ07, §12], [Reald]). Let B be an extended exchange matrix

of finite cluster type. The cluster algebra with universal coefficients A" (B) is the
cluster algebra associated to B™, where

~ i B
B'Llnlv —
< Us )

and Up is the matrix whose rows are the g-vectors of the cluster variables of A(B"Y).

Up to canonical isomorphism, A"™V(B) is independent of the choice of seed, and
we will simply write A"V, This definition agrees with the original definition of
a universal cluster algebra [FZ07, §12], see [Reald]. We see from the above that
A"V s obtained from A by adding in p frozen variables t = t1,...,t,, where p is
the number of cluster variables of A.

Example 4.1.10 (Continuation of Running Example B:24). Let A be the cluster
algebra from Example [Z4.7] One computes its g-vectors to be

g(z25) = (-1,0,0,2,0) g(z13) = (1,0,0,0,0)
g(w24) = (=1,1,0,1,0) g(zs5) = (0,-1,0,1,1)
g(714) = (0,1,0,0,0) g(s1) =(0,0,1,0,0)
g(s2) = (0,0,0,1,0) g(s3) =(0,0,0,0,1).

The projection of these g-vectors to the first two coordinates is pictured in Figure
One computes that, up to permutation of the rows, the matrix Up used in the
extended exchange matrix for the cluster algebra with universal coeflicients is

0 -1
0 1
1 -1
1 0
-1 0
Taking frozen variables t1,...,t5, we obtain the following exchange relations for

AuniV:
X24T35 = t153%25 + tal55182
X14T35 = t251%13 + t1135283
T14T25 = t382%24 + t2t45§
T13T25 = t481735 + t3t5s)
13%24 = t582014 + t1145183.

d

4.2. Positively Graded Cluster Algebras. We will consider Z?-gradings on

A(B) such that every cluster variable is homogeneous. Observe that this is equiva-
lent to the condition that all the exchange relations are homogeneous. A systematic
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FIGURE 3. Projection of g-vectors for Example A.1.10

study of these gradings was initiated in |[Gral5] and we follow this approach. Al-
though we allow frozen variables, our discussion essentially follows from that of
[Gral5l §3].

Definition 4.2.1. A graded seed is a triple (X, B, D), where (X, B) is a seed in F
and D € Mat,, x4(Z) such that B D = 0.

Assume that (X, B, D) is a graded seed and let D; € Z% be the ith row of D. For
1 < i <m we can declare degp(z;) := D; to be the degree of the variable x; of X.
Since (%, B, D) is a graded seed the right hand side of the exchange relation (ZZ.4)
is homogeneous with respect to this grading. Therefore, we can use the exchange
relation to determine the degree of the cluster variable z} and obtain a graded seed
(X', B',D'), where (X', B') = (X, B). We can iterate this process to obtain a well
defined] degree deg p(x) € Z4 for every cluster variable z of A(X, B). The way the
grading changes under mutation is encoded by the following class of matrices.

Definition 4.2.2. Let B be an extended exchange matrix. Consider a sign € €
{+,—}and k € {1,...,n}. Let E. = (e;;) be the m x m matrix given by
5y itk #j
€ij = -1 1fZ:j:k,
max(0, —eb;,) ifi#j=k.

Observe that e;; depends on B although we are not incorporating this dependence
into the notation.

For a mutable index k € {1,...,n} the graded seed uk(i,E,D) is (i’,é',D'),
where (X', B') = (X, B) and

D' = (Ex+)'D = (E_)'D.

Observe that it is indeed the case that (Ej )T D = Ej _ D since the kth column
of BT coincides with the kth column of Eyy+—Eg .

As before, given an initial assignment (X, , By, , Dy, ) of a graded seed to a fixed
vertex vy of ", by applying iterated mutations we have a graded seed (X, Ev, D,)
for every vertex v of ¥*. We assume that an initial assignment is fixed once and

for all. The following result follows from [GHKKIS| Theorem 5.11], see also [NZ12]
and [Kell2, §5.6].

Lemma 4.2.3. Suppose that v is a vertex of ™ connected to vy by edges carrying
the labels kg, . .., k., where the edge labeled by k; connects the vertices v; with v;q1
and vy41 = v. Recall that for a vertex v € ", G, is the matrix whose columns are

3Tt is a nontrivial fact that this is indeed well defined since we can reach the same cluster
variable by different mutation sequences.
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g-vectors for the extended cluster at v. Then there exists a choice of signs eo, ..., &r
such that

C""U - Eko,é‘o e Eir7€r'

Corollary 4.2.4. Let (X, B, D) be the initial graded seed associated to a vertez v
of T and (X, By, D,) the graded seed associated to a vertex v of T*. Then

deg(xi;'u) = 8i;v - D.

Proof. By definition, the vectors deg(z1,v), - . ., deg(Xmv) € Z¢ are the rows of D,,.
By Lemma 2.3 we have that Gy, = Ek, ¢, - - - Ek,. ., for a choice of signs ey, . .., &,.
In particular, we have that

Dy=E[ . - E} D
= (Eko.e0 - 'Ekr.,sr)TD
=GTD.
The result follows. O

Definition 4.2.5. A cluster algebra A(f?) is positively graded if it admits a Z-
grading such that every cluster variable is homogeneous of positive degree.

Remark 4.2.6. By [GHKKIS8, Theorem 2.13, Corollary 5.9] the cluster complex
K(B) can be realized as a simplicial fan AT (B) in Z™ (every choice of initial seed of
A = A(B) gives rise to a realization). We call A*(B) the g-fan since the maximal
cones of AT (f?) are precisely the cones spanned by the columns of the g-matrices
G, where v ranges on all the vertices of v € T". From this perspective, Corollary
A2 implies the following: A cluster algebra A(E ) is positively graded if and only if
there exists a vector D € Z™ such that BT D = 0 and the g-fan A*(B) is contained
in the open half space {v € R™ |v-D > 0}.

Observe that if a cluster algebra of finite cluster type A(f? ) is positively graded,
then n < m [Gralf, §4].

Lemma 4.2.7. Let w be a cluster variable of A(x,B) and w be the correspond-
ing cluster variable of A(;(,E) under the bijection of Theorem [2.51l Denote by
g(w) = (g1(w),. .., gn(w)) the g-vector of w with respect to (x, B) and by g(w) =
(g1(1D), . . ., gm (1)) the g-vector of W with respect to (X, B).
(1) Then g;(w) = gj(w) for all 1 < j < n.
(2) Assume Conjecture[.1.8 holds and w does not belong to the initial cluster.
Then there exists a mutable index k < n such that for any frozen index
n<j<m, —bjy <g;(w).

Proof. Ttem [ follows from the mutation formula for g-vectors contained in [FZ07,
Proposition 6.6].

We proceed to show item[2l Assume that w = z;,, and @ = &;;,, for some mutable
index ¢ and some vertex v of . Since we are assuming that z;,, is non-initial the
F-polynomial Fj., is not identically equal to 1. This follows from the combination of
[GHKK18, Theorem 1.12, Theorem 1.3] and [Nak2lal Theorem 6.16]. Since we are
assuming that Conjecture [L. 1.8 holds then we can compute g(Z;.,) as the exponent
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of the monomial

-1 _
(428) ﬁ u(h(w) — E;U|Tr0p(u1,...,um)(u1 7un1) )
i=1 ' E;U|Tr0p(u1,~~~,um)(1_[:;1 ug“, R HT:I ugm)

Recall that F;,, € Zly1,...,yn]. Since Fj, is not identically equal to 1, the
variable y; appears in Fj, for some 1 < k& < n. Consider any n < j < m. If
bjr > 0, we are done, since we know that g;(w) > 0 for all j > n.

Suppose instead that b;; < 0. By our assumption that y; appears in Fj.,, a
power of the monomial []-, uls+ = u?jk HS# ubsk appears in Fj,,. Since bj, < 0,
the exponent of u; in

m m

F‘i;v|Trop(u1,...,um)(H uls)Sla cee H ul;sn)
S

s=1 =1

is less than or equal to bj.
On the other hand, as noticed earlier, u; does not appear in Fj.,. Hence u; does
~1

not divide Fi;U|Tmp(ul)m7um)(ufl, ...,u1). From these facts we conclude that the

exponent of u; in []"; u‘gi(w) is at least —bjx, and thus —bji, < g;(w). O
Remark 4.2.9. Conjecture 6.11 of [FZ07] holds for any cluster algebra of finite
cluster type, see [FZ0T, Corollary 10.10]. Hence we can apply item (2] of Lemma
427 to any cluster algebra of finite cluster type.

Lemma 4.2.10. Let .A(E) be a cluster algebra of finite cluster type. Then we can
add rows to B to obtain a larger exchange matriz BY such that A(B%) admits a
positive grading. Moreover, we can do this in a way such that all the frozen variables
and the initial cluster variables have degree 1.

Proof. Consider the g-vectors associated to A(B). All these are vectors in Z™. Let
g(w) = (g1(w), ..., gm(w)) denote the g-vector of a cluster variable w with respect
to a fixed choice of initial seed (X, B). Let ¢ = ming,ep{> i, gi(w)} — 1. We
proceed to construct B by adding n rows (corresponding to new frozen indices) to

B. For every mutable index k € {1,...,n} we add one new frozen index k' = m+k
and a new row (b1, ...,bky) given by
oo [0 itk
MiT =l ifj =k

Observe that the triple (X, B’,(1,...,1)) might not be a graded seed since the
product (1,...,1) - B’ might not be zero. However, we can always consider a
graded seed (X, B*,(1,...,1)) obtained from (¥',B’,(1,...,1)) by adding still
yet another row to B’ , corresponding to a new frozen index m + n + 1. Denote by
1:=(1,...,1) € Z™m*t"*+! the grading vector of this graded seed. By Lemma A2
we know that for every cluster variable wt of A(B1), its g-vector (computed with
respect to (X7, BT)) is of the form (gi(w™"),..., gmni1(wT)), where the first m
entries coincide with the g-vector of a cluster variable of A(E ), and the last entries
are non-negative. Moreover, if w* is non-initial then by Lemma we know
that gr (wt) > —bgk = |c|, where k is a mutable index and ¥’ = m + k as above.
Now recall that g;(w™) > 0 for all frozen indices j. Putting these facts together we
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obtain the following inequalities for non-initial w™:
gw) 12 gu(wh) + ) gi(w") = e[+ gi(wh) = 1.
i=1 i=1

The result now follows from Corollary [£.2.41 O

Example 4.2.11 (Continuation of Running Example [LT10). We continue our
discussion of the cluster algebra A from Example[ZZ7 Let D be the matrix whose
transpose is (1,1,1,1,1). Then clearly B".D = 0, and we thus obtain a Z-grading
on A. Multiplying D by the g-vectors of the cluster variables of A (see Example
[ETT10), we obtain that all cluster variables have degree 1 € Z. In particular, the
cluster algebra A has a positive grading. (|

Remark 4.2.12. The above discussion of gradings on cluster algebras via graded
seeds can be extended to include gradings by any abelian group, not just Z¢, see
[GP18, §2.1]. When the grading group is finitely generated, this corresponds to
considering actions on Spec.A of general diagonalizable groups as opposed to just
algebraic tori. For this, it is helpful to slightly rephrase things. We may interpret
the grading matrices D from above as encoding a homomorphism

D" .zm — 74
More generally, we may consider homomorphisms
v Z™ = M

where M is any abelian group. The condition that 7 defines a grading on A
now becomes that ~ vanishes on the Z-linear rowspan of B, or equivalently, that

v o B(Z™) = 0.
The map ~ tells us the degrees of any cluster or frozen variable in the initial
extended cluster X. After mutating at some mutable index k € {1,...,n}, the

mutated version of v is given by
Y =yoEy 1 =v0FE_.

Example 4.2.13. Consider a cluster algebra A of type Bz, with exchange matrix

~ 0 1
Bon-( % 1).

A possible grading for A is given by the homomorphism v : Z? — Z/27Z with
v(e1) =1 and y(e2) = 0.

The cluster algebra A has six cluster variables z1, ..., xg which are related via
the exchange relations

Ti—1Tit1 = a:f +1 1 even

Tic1Tit1 =2 + 1 7 odd.
Here indices are Eaken modulo 6. The variables x1,xz5 are in the cluster with
exchange matrix B. The grading constructed via v assigns degree 1 € Z/27Z to all

x; with 4 odd, and 0 to all x; to 7 even. It is clear that the exchange relations are
homogeneous with respect to this grading. O
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4.3. Cluster Monomials. Let A be a cluster algebra. A cluster monomial is any
monomial in the cluster variables of A such that all cluster variables appearing as a
factor belong to a common cluster. An extended cluster monomial is the product of
a cluster monomial with any monomial in the frozen variables. A Laurent-extended
cluster monomial is the product of a cluster monomial with any Laurent monomial
in the frozen variables.

We can extend the definition of the g-vector of a cluster variable for Laurent-
extended cluster monomials as follows. Let V and W be the cluster and frozen
variables of A. For a Laurent-extended cluster monomial [], ., ,,, 2% we set

g < H w““) = Zamg(:v) ezm™.

zeVUW
In this subsection, we prove the following folklore result:

Theorem 4.3.1. Let A be a cluster algebra of finite cluster type. The cluster
monomials of A form a basis over the polynomial ring in the frozen variables.
Equivalently, the extended cluster monomials form a basis over K.

It was stated without proof that for cluster algebras of classical type, the Laurent-
extended cluster monomials form a K-basis after tensoring with the ring of Laurent
polynomials in the frozen coefficients [FZ03b, Theorem 4.27]. Theorem A3l was
proven for cluster algebras of finite cluster type with trivial coefficients in [CKOS,
Corollary 3]. Theorem 31| implies that any cluster algebra of finite cluster type
may be obtained from the universal one via base change, see [FZ07, Remark 12.11]

The main ingredient is the following lemma, which follows from [GHKKIS]:

Lemma 4.3.2. Let A(B) be a cluster algebra of finite cluster type with trivial
coefficients. Let A’ be the algebra obtained from A(B"™Y) by adding principal coef-
ficients s1,...,8,, and adjoining 81_1, ...,s, Y. Then the cluster monomials of A’
form a K[t][sT!, ..., sE]-basis of A’

r n

Proof. To prove this statement we rely on the results of [GHKKIS8| §8 and §9]. The
reader is referred to [GHKTH, [GHKKIS] for a thorough treatment of the objects
we consider in this proof. Throughout we use the following notation. If B is an
extended exchange matrix we let Ql(f?) be the cluster variety associated to (the
fixed data corresponding to) B in the sense of [GHKI5, §2], and 2(B)pmn be the
corresponding cluster variety with principal coefficients. We note that in loc. cit.
the authors add principal coefficients for not only cluster variables in an initial
seed (as we do in Definition [LI.1]) but also the frozen variables. These principal
coefficients corresponding to frozen variables are irrelevant for our discussion, as
they do not appear in any exchange relations. We will thus stay consistent with
Definition E.T1] and only add principal coefficients for non-frozen variables. We
also note that in [GHKKIS], the g-fan (as introduced in our Remark 220 also
contains directions coming from the g-vectors of the multiplicative inverses of frozen
variables. More precisely, each chamber of the g-fan is the cone generated by a
maximal collection of compatible Laurent-extended cluster monomials.

We let 2((B) be the partial compactification of 2(B) given by setting the frozen
variables to zero and denote by le(é) the Langlands dual cluster variety. Using
the above notation, A’ is the ordinary cluster algebra of ﬁ(B““iV)prin. We will show
using [GHKKIS, Corollary 9.18] that the upper cluster algebra A” of A(B™Y) i,



DEFORMATION THEORY FOR FINITE CLUSTER COMPLEXES 28

has a K[t][s,..., s !]-basis given by the cluster monomials. Since the upper
cluster algebra contains A’, and all cluster monomials are contained in A’, the
claim of the lemma will follow.

First we show that the two assumptions of the corollary are satisfied: the variety
2V (B"™Y) i, has enough global monomials, and every frozen variable of A(B"Y)
has an optimized seed. The first condition follows at once from Propositions 8.16
and 8.25 of [GHKKIS|. Indeed, since A(B) has finite cluster type, the g-fan for
2A(B"Y) pyin is the product of a complete fan (the g-fan for A(B)) with RPF™,
where p is the number of cluster variables of A(B). In particular, the g-fan for
(B i is large.

The property that every frozen variable of A(B"™V) has an optimized seed is
equivalent to the property that for every frozen index j there is a matrix in the mu-
tation class of BV such that its jth row has non-negative entries (see [GHKKIS,
Definition 9.1]). This existence is clear since the jth row of the matrices in this
mutation class can be identified with the set of the different g-vectors of a fixed
cluster variable of A(B') with respect to all the different (labeled) seeds in A(B*).
See Definition In particular, this set contains a canonical basis vector of Z".

In order to apply [GHKKIS| Corollary 9.18], we must also show that the cone =
of [GHKK18|, Corollary 9.17] is contained in the convex hull of the set © of loc. cit.
But the set © contains all integral points of the corresponding g-fan, so as noted
above, this will contain all of R*™? x R™. In fact, since this g-fan covers the entire
ambient space, © consists of exactly the integral points of the g-fan.

We now apply [GHKKIS, Corollary 9.18] to (B""),;,. Since © consists of
the integral points of the g-fan, we can conclude that A” has a K-basis given by
the Laurent-extended cluster monomials whose g-vectors lie in a rational polyhe-
dral cone = C R™ x RP x R™. Here, the factor R? corresponds to the universal
coefficients, and the latter R™ comes from the principal coefficients. Moreover,
from the description of Z in [GHKKIS, Corollary 9.17] and our choice of partial
compactification, it follows that = C R™ x RY ; x R™, so the basis of A" only con-
tains products of cluster monomials with monomials in K[t][si", ..., sF!]. Since
Laurent-extended cluster monomials are linearly independent ([FWZ21, Theorem
6.8.10] in the finite cluster type case), and A" contains every product of a cluster
monomial with K[t][si}, ..., s ], we obtain that A" has the desired basis. O

r n

We may now complete the proof of the theorem:

Proof of Theorem[{.3.1] The linear independence of the cluster monomials is [FZ07,
Theorem 11.2]. Thus, it remains to show that they span the cluster algebra.
To that end, let A’ be as in Lemma for A(B), where B is an exchange
matrix for A. By Lemma E332 the cluster monomials of A’ form a basis over
K[t][si?,..., s = K[t][s*].

Let V be the set of cluster variables for A and W the set of frozen variables.
Let I§* and IS denote the ideals of respectively K[z, | v € VUW] and K[z, | v €
V][t][s*!] generated by the expressions obtained from the exchange relations (2.2.4)
by substituting z, for the cluster or frozen variable v. Here we are using the bijection
between cluster variables of A4 and A" of Theorem 2571

By e.g. [FWZ21l Theorem 6.8.10], we may obtain A (or A’) by taking the quo-
tient of K[z, | v € VUW)] (or K[z, | v € V][t][s*}]) by the saturation of I§¢ (respec-
tively 1) with respect to the product [], ., z,. Furthermore, by the universal
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property of A(B"™Y) (cf. [FZ0T7, Definition 12.3]) there is a ring homomorphism
K[t] = K[z | w € W] such that for the induced map

p:Klzy |veV][t][st] = K[z, |v € VUW]

sending s; to 1 we have
T =pIG).

By an abuse of notation, we will call a monomial of K[z, | v € V] a cluster mono-
mial if the cluster variables corresponding to its factors form a cluster monomial in
A (or equivalently A’).

To prove the claim, we must show that any monomial z* € K[z, | v € V] can
be written as a K[z, | w € W]-linear combination of cluster monomials, modulo
the saturation I4 of I§*. By Lemma 3.2 we can write z% as a K[t][s*!]-linear
combination of cluster monomials, modulo the saturation I’; of IG. That is,

(H zfj) (z* — Zflzﬁl) eIy

veV

for some k > 0, where z% are cluster monomials and f; € K[t][s*']. Applying p,

we obtain
(H ) (2 = S o)) € I

veV
and we see that z% is indeed a K[z, | w € W]-linear combination of cluster mono-

mials, modulo 4.
O

5. UNIVERSAL COEFFICIENTS AND HILBERT SCHEMES

5.1. The Cluster Embedding. Let A be a cluster algebra of finite cluster type,
with V the set of cluster variables and W the set of frozen variables. Since A is
generated by the cluster and frozen variables, we obtain a presentation

0=I4—=K[zy |[vEVUW] - A—0

by sending the z, to the corresponding cluster and frozen variables. The ideal I 4
includes the exchange relations (2.44)), but in general has additional generators.

Geometrically, the above presentation gives rise to the so-called cluster embed-
ding

Spec A C APTY

where p = #V and ¢ = m —n = #W. Set T = (K*)P™ and let H C T be the
maximal subgroup of T whose elements send Spec A to itself in this embedding.
This inclusion of tori induces a surjection degy : ZPTY — M to the character
group M of H. Since H preserves Spec A, the map degy gives an M-grading of
the cluster algebra A. In general, H could be disconnected; equivalently, M could
contain torsion.

Proposition 5.1.1. Let (X, E) be a seed of A. This induces an isomorphism of
the cokernel of B with M, the character group of H.

Proof. Let M’ be the cokernel of B. We thus obtain a map Z™ — M’. This gives a
grading of K[z] as follows. The degree of the variable z,, corresponding to the initial
cluster element z; is the image of the ith basis vector. Using the procedure of §4.2]
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(in particular Remark [£212), this determines the degrees of all the variables z,,
and by construction, A is homogeneous with respect to this grading. It is clear from
construction that any other grading must factor through this one, so we conclude
that M’ is indeed isomorphic to M, the character group of H. (I

Definition 5.1.2 (cf. [FWZ17, §4.3.7]). A cluster algebra A has full Z-rank if for
some (or equivalently for every) seed (X, B), the rows of B span Z™. We say it has
full rank if for some (or equivalently for every) seed (X, B), B has full rank.

Corollary 5.1.3. Suppose that A has full rank. Then H is a torus if and only if
A has full Z-rank.

Proof. The property of H being a torus is equivalent to M being torsion-free.
By Proposition [5.1.1] this is equivalent to B having torsion-free cokernel. Under
the assumption that A4 has full rank, this is clearly equivalent to .4 having full
Z-rank. ]

The presentation of A above lifts canonically to a presentation of A"™V:
(5.1.4) 0 = Lyuniv = K[z, t | v € VUW] = A™Y - 0.

It follows from the discussion of §4.2] that the map degy : ZPT? — M also makes
A"V Mooraded. In this grading, each coefficient ¢; has degree 0, and the degree
of a cluster or frozen variable of A" is the same as the degree of the variable of
A to which it specializes.

Geometrically, we have

Spec AV 4 APHT x AP

with the vertical arrow a projection, and Spec A™V a H-invariant subvariety of
APTT x AP,

Example 5.1.5 (Continuation of Running Example L.2TT]). Let A be the cluster
algebra from Example 247 We have p = 5 and ¢ = 3, and thus obtain an
embedding of Spec A in A8. The exchange matrix B has full Z-rank. Identifying
M with the cokernel of B and choosing as a basis the images of the third, fourth,
and fifth standard basis vectors, we obtain an isomorphism of M with Z3. Under
this identification, the grading matrix D is given by

-1 1 1 0 O
D' = 1 -1 01 0
1 1 0 0 1

and the degrees of the variables z, are as follows:

degy(x25) = (1,1,-1) degy(x13) = (—1,1,1)
degy(x24) = (2,—1,0) degy(x35) = (—1,2,0)
degy(r14) = (1,-1,1) degy(s1) = (1,0,0)
degy(s2) = (0,1,0) degy(s3) = (0,0,1).

We observe that the map Z3 — Z obtained by summing the three coordinates
recovers the positive Z-grading of Example L2111 O
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5.2. The Hilbert Scheme. Assume that A is positively graded. Let ’H,ﬁ denote
the multigraded Hilbert scheme whose closed points parametrize H-invariant sub-
schemes of APT9 with the same M-graded Hilbert function as Spec A. Equivalently,
HHA parametrizes M-graded ideals J of K[z] such that K[z]/J and K[z]/I4 have
the same M-graded Hilbert function. This is a projective scheme; see [HS04] for
details. Clearly the cluster algebra A corresponds to a point of Hi{ , which we
denote by [A].

The multigraded Hilbert scheme comes equipped with a universal family U —
HH, where the fiber of U over a geometric point P € H is exactly the subscheme
of APT4 corresponding to P. We note that the action of T = (K*)PT4 on APTY
induces an action of T on Hi{ .

We now relate A"V to the Hilbert scheme ’Hf :

Theorem 5.2.1. Let A be a cluster algebra of finite cluster type, and let KC be the
cluster complez of A.
(1) There is an action of T on AP = SpecK[t] so that Spec A*™V is a T-
invariant subvariety of APT4 x AP,
(2) The specialization of A™V at t = 0 is the Stanley-Reisner ring Sicepow) -
(8) Assume that A is positively graded. Then there is a T-equivariant morphism

¢ : SpecK[t] — H

such that Spec A"V is the pullback of the universal family U along ¢. More-
over, ¢ is injective with injective differential.

(4) Suppose that A is positively graded and of full rank. Let W be the unique
torus invariant chart of m - 'HZ containing the torus fixed point corre-
sponding to Iic.pw)- Then ¢ is an immersion with image W. In particular,
the family

Spec A"V — Spec K[t]

is canonically isomorphic to the restriction of U — Hﬁ to W.

We proceed by first proving a number of lemmas. Throughout, we use the
assumption of a positive grading on A4 primarily to ensure the existence of ’Hf .

Lemma 5.2.2. Assume that A is positively graded. There is a natural morphism
¢ : SpecK[t] = HH such that Spec A"V is the pullback for the universal family U.

Proof. By Theorem 3.1l A"V is a free module over K[t] with basis given by
certain monomials in the cluster and frozen variables. It follows that for any P €
SpecK[t], the fiber of Spec A"V at P has the same M-graded Hilbert function
as M. By the universal property of Hi{ , there is thus a unique morphism ¢ :
SpecK[t] — HH such that Spec A"V is the pullback for the universal family &/. O

Lemma 5.2.3. Assume that A is positively graded. Then the morphism ¢ is in-
jective.

Proof. Consider geometric points P # P’ € AP, and suppose ¢(P) = ¢(P’). Let
1 <i < p be such that ¢;(P) # t;(P’). By [FZ07, Lemma 12.7 and Lemma 12.8],
there is a pair of exchangeable cluster variables z,x’ such that in the universal
cluster algebra,
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where g € (t; | j # i), cu is an extended cluster monomial, and s is a different
monomial in the frozen variables. Indeed, the only way to have a; = ag is if
a1 = az = 1. This is impossible since A is positively graded.

Equation (5.24]) translates into an element

(5.2.5) fi=2g 2o — i Zay — 9+ Zag € I guniv.

Here z,, and z,, are the monomials in the z, mapping to a; and as. The fact
that ¢(P) = ¢(P’) means that f;(P’) must be in the specialization I(P) of I quniv
to P. Thus, we obtain that f;(P) — f;(P’) is in I(P). This implies that in the
specialization of A" to P, a non-zero multiple of a; can be expressed in terms
of ap. This contradicts the fact that a basis of A" is given by extended cluster
monomials (Theorem A3.T]).

We conclude that instead ¢(P) # ¢(P’). O

Lemma 5.2.6. Assume that A is positively graded. Then the differential of ¢ is
injective everywhere.

Proof. Consider a geometric point P € Spec K[t] with coordinates (s1,...,sp). The
corresponding maximal ideal m C KJt] is m = (¢; —s;). The point ¢(P) corresponds
to an ideal I(P) C K[z]. This is obtained by specializing the ideal I quniv to P.

We will use the identification of Ty pyH4 with Hom(I(P),K[z]/I(P))o, see
e.g. [HS04, Proposition 1.6]. Here we are taking degree 0 elements with respect
to the M-grading. Consider the tangent vector 7; at P in direction ¢;. To describe
the element t; € Hom(I(P),K[z]/I(P))o corresponding to d¢(n;), consider any
f € I(P). Then there exists f € I qunwv such that f reduces modulo m to f. We
may write

f=f+ti—s)f +g
for some f’ € K[z] and g € ((t; — si)%,t; — s; | j # i). Then 9;(f) is the image of
/' in K[z]/I(P).

The polynomial f; from (B235) belongs to I gumiv. Let f;(P) be its reduction

modulo m, viewed as an element of K[z]. We see

fi= filP) = (ti = $i)2a, — 9+ %as
for some ¢’ € (t; — s, | j # 4). With notation as in the preceding paragraph, we
thus have ¢;(f;) = za,. Furthermore, for j # i we have that ¢;(f;) is a multiple
of the image of z,, modulo I(P) (and possibly zero). Since the extended cluster
monomials form a basis (Theorem [£.3.7]), there is no way to express 1; as a linear
combination of the {t;};;. The claim of the lemma follows. O

Lemma 5.2.7. Assume that A is positively graded and has full Z-rank. There is
a morphism of tori p : Spec K[t=!] — T making the morphism ¢ : Spec K[t] — HZ
into a torus equivariant morphism.

Proof. Let (X, £~3) be a seed of A. There is a corresponding seed of A"V with
extended exchange matrix f}““i"; the first m rows of Buniv agree with those of £~3,
but there are additional rows corresponding to the universal coefficients t. In fact,
there are exactly p additional rows, since the number of universal coefficients agrees
with the number of almost positive roots of the corresponding root system [FZ07,
Lemma 12.8], and this in turn agrees with the number of cluster variables [FZ07,
Lemma 11.1].
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We now consider any D € Mat,,;, such that

(Bmivyr ( _l;p ) _o.

Note that D necessarily exists since we are assuming that the rows of B generate

AL
;L D
v-(4)

Following §4.2] the matrix
defines a grading on A"V, In particular, every cluster and frozen variable has a
degree in ZP. We now assign these same degrees to the variables z, and z,,, forget-
ting about the universal coefficients. Note that the ideal I4 is not homogeneous
with respect to this grading.

Let T be the torus Spec K[t*1]. Using the above grading, we obtain a map of tori
p: T — T. We now consider the action of T on [A] € HH under p. By construction,
the one-parameter subgroup A of T dual to the ith universal coefficient t; acts under
p in the exchange relations for A exactly as t; does. More specifically, if s is the
canonical coordinate for A, after acting by A (via p) on any exchange relation of A
and rescaling the exchange relation uniformly by a power of s, the power of s in
each monomial agrees with the power of ¢; in the corresponding monomial of the
exchange relation of A"V, N

Any fiber of Spec A" over P € T C SpecK|t] is determined by the specializa-
tion of the exchange relations to the point P. It follows that the restriction of ¢ to
T is torus equivariant. It is a straightforward exercise to show that any morphism
of varieties with torus action X — Y that is equivariant on a dense open subset is
equivariant on all of X; the claim follows. O

Proof of Theorem [5.2.1. Assume first that A is positively graded. By Lemma [5.2.2]
we have seen that there is a natural morphism ¢ : Spec K[t] — Hi{ . Moreover, it
is injective with injective differential by Lemma and Lemma

Before proving the claims of the theorem in general, we continue with the as-
sumption that A is positively graded and additionally assume that is has full Z-rank.
Then ¢ is torus equivariant by Lemma[5.2.7l Since ¢ is equivariant and the torus is
acting transitively on AP, ¢(AP) is contained in the closure of the torus orbit T.[A].

Since ¢ is injective, we obtain that dim ¢(AP) = dim SpecK[t]. As noted in the
proof of Lemma [5.2.7] dim Spec K[t] = p. On the other hand, the dimension of the
torus orbit T.[A] is

dimT — dim T = (p+¢) —dimH = (p+q) —q=p.

Indeed, the dimension of H is equal to the rank of the cokernel of B for an extended
seed B of A; since B has full rank this is m —n = ¢. We conclude that o(AP) is
equal to the closure of the torus orbit T.[A]. Since A is positively graded, H4 is
projective, so ¢(AP) is a projective (potentially non-normal) toric variety, and ¢ is
a toric morphism.

It follows that the image of ¢ is an affine T-invariant chart of the orbit closure
of [A]. Since ¢ has injective differential at its torus fixed point by Lemma [5.2.6 it
follows by Lemma [5.2.8 below that ¢ is an isomorphism onto its image.
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We may thus identify Spec A™Y — AP with the restriction of U — ’H,ﬁ to W.
This latter family is naturally T-equivariant. Since W is a T-invariant subvariety
of the Hilbert scheme, we obtain a T-equivariant structure on the family

Spec AU 5 AP

as well.

Continuing in this special case of full Z-rank, we now show that P = ¢(0) is the
point of H# corresponding to Icopowy- Let I(P) be the ideal corresponding to P.
We notice that P is a torus fixed point of H, so I(P) must be a monomial ideal.
Again by Theorem E3.T] the monomials in z, from compatible cluster and frozen
variables form a K-basis for K[z]/I(P). It follows that I(P) = Ic.pw) as desired.
We have thus proven all claims of the theorem when A is positively graded of full
Z-rank.

We now drop the assumption that A is positively graded of full Z-rank. We
can certainly add frozen variables to A to obtain a new cluster algebra A’ of full
Z-rank. By Lemma £.2.T0] we can assume that we have done this in a way so that
A’ is also positively graded. We have shown that the statements of Theorem [5.2.1]
thus apply to A’. In particular, the family

Spec(A')™Y — AP

is T’-equivariant, where T’ is the diagonal torus on AP*?. Here, ¢’ — ¢ is the
number of frozen variables we added. Furthermore, the fiber over 0 in this family
is Spec Sx.p (). Here W' is the set of frozen variables for A’.

We may obtain Spec A" by intersecting Spec(A’)"™v C AP with the ¢/ — ¢
hyperplanes z, = 1 for those v € W' \ W, that is, setting the additional frozen
variables to 1. The torus T embeds as a subtorus of T’, and since it acts trivially
on z, for v € W'\ W, we obtain a T-action on Spec A"V, With regards to this
action, the family Spec A"V — AP is T-equivariant by construction. This implies
that in the positively graded case, the morphism ¢ is T-equivariant.

Finally, we note that the fiber over 0 of this family is obtained from the fiber
over 0 of Spec(A")"V — AP by setting 2z, = 1 for those v € W' —W. This is clearly
Spec Sicap(w) as desired.

It remains to consider claim M in the cases where A has full rank, but not full
Z-rank. Similar to the case of full Z-rank, we obtain that the dimension of T.[A4] is
p, so again ¢(AP) is the closure of T.A. Since by the above ¢ is T-equivariant, we
see that it acts on AP with a dense orbit. We may again appeal to Lemma to
conclude that ¢ is an isomorphism. This shows claim [l (Il

Lemma 5.2.8. Let W be an affine variety. Suppose an algebraic torus T acts on
AP and W, both with dense orbits. Let f : AP — W be a dominant T-equivariant
morphism, with the differential df injective at 0. Then f is an isomorphism.

Proof. See [CLS11] for details on toric varieties. The variety W may be constructed
as Spec K[S] for some affine semigroup S, and the morphism f is induced by a map
of semigroups g : S — Z%. Since f is dominant, g must be injective, so we may
identify S with a submonoid of Z.

The differential being injective at 0 is equivalent to the induced map of cotangent
spaces mf(o)/m?c(o) — mp/mZ being surjective, where mg is the maximal ideal of

0 € AP, etc. Notice that mg/m32 has a basis given by the images of the characters
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corresponding to the standard basis of Z% . Since the map of cotangent spaces
takes monomials to monomials, its surjectivity implies that S must contain the
standard basis of Z . But then S = Z%, and the claim follows. O

Remark 5.2.9. Instead of considering A"V, we may consider the algebra
Agniv = Auniv ®K[t] K[til]

where we have inverted all the universal coefficients. Then Spec A"V fibers over
(K*)? instead of A?. When A is positively graded and has full rank, Spec AV is
the restriction of the universal family U to the torus orbit T.[A]. In fact, one is
able to prove this much simpler statement without making use of the machinery
of [GHKKIS] (in the form of Theorem E31). Indeed, using the full rank of A
and an argument similar to that of Lemma [5.2.7 the family Spec AU — (K*)P
is equivariant with a transitive action on the base. As such, the map must be flat,
and all fibers must be irreducible. It follows by dimension reasons that the fiber
over (1,...,1) is Spec.A, and we thus obtain obtain a corresponding morphism
(K*)P — T.[A]. The rest of the argument is similar to the proof of Theorem [L31]

In the proof of Theorem [5.2.1], we used the existence of A", along with some
of its specific properties. However, we suspect that one should be able to show
directly that the universal family over the orbit T.[.A] satisfies the universal prop-
erties required of A"V, Going a step further, we believe that one should be able
to obtain a similar identification in the infinite cluster type case. Here, the torus
acting would be infinite dimensional, since there are infinitely many cluster vari-
ables. This is a necessary feature of the infinite cluster type case, since we know
from [Reald] that there are infinitely many universal coefficients in this case.

In many infinite cluster type cases, A is nonetheless generated by a finite number
of cluster variables. Instead of considering the cluster embedding, we could consider
one coming from a finite number of cluster variables. Let T’ be the torus of the
ambient space. As noted above, we cannot recover AV as the universal family
over T’.[A]. It would be interesting to identify the subfamily of AV obtained in
this way.

Extending from Spec A" to Spec A" presents significantly more difficulty in
the infinite cluster type case, since Theorem 3.1l will no longer be true in general.
However, in good situations, A"V will still have a theta basis in the sense of
[GHKKIS]. We expect that the fiber over zero of the family Spec A™Y — Spec K[t]
will no longer come directly from the cluster complex, but will instead be related
to the scattering diagram for A.

Remark 5.2.10. Consider any cluster algebra A of finite cluster type. As noted in
the proof of Theorem [(.2.1] it is always possible to add additional frozen variables
so that the new cluster algebra has full Z-rank. Furthermore, by Lemma £.2.10] it
is always possible to do this in a way so that the new cluster algebra A’ admits a
positive grading.

Example 5.2.11. It is straightforward to check that many classical examples of
cluster algebras of finite cluster type are positively graded and of full Z-rank:
(1) The polynomial ring in 2(n + 1) variables (type A,) [FWZ21, Example
6.1.2];
(2) The coordinate ring of the Grassmannian Gr(2,n + 3) of 2-planes in K"*+3
in its Pliicker embedding (type A,) [FWZ21, Example 6.3.1];
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(3) The coordinate rings of the Grassmannians Gr(3,6) (type D), Gr(3,7)
(type Eg), and Gr(3,8) (type Eg) in their Pliicker embeddings [Sco06]
[FWZ21], Theorem 6.7.8].

A nice example of a cluster algebra of type D,, is the coordinate ring of the Schubert
divisor of Gr(2,n+2) in its Pliicker embedding (type D,,) [FWZ21l Example 6.3.5].
However, this example is not of full Z-rank. Instead, we may consider

(4) The cluster algebra of type D,, described in [FWZ17, Example 5.4.11] with
n + 2 frozen variables.

This cluster algebra does satisfy the hypotheses of Theorem [5.2.1l The coordinate
ring of the Schubert divisor may be obtained by specializing two of the frozen
variables to 1. We may also consider non-simply laced examples:

(5) The coordinate ring of Gr(2,n + 2) in its Pliicker embedding with type B,
cluster structure [FZ03al Proposition 12.11];

(6) The coordinate ring of the Segre embedding P™ x P™ C P27 with type
C,, cluster structure [FWZ21, Example 6.3.4].

Both of these examples are also positively graded and of full Z-rank. O

Remark 5.2.12. Assume that A is a positively graded cluster algebra of finite
cluster type, but for some (or equivalently all) seeds, the extended exchange matrix
B is rank deficient. Then the conclusion of Theorem [B.2.1] that Spec AWV —
Spec K[t] may be identified with the universal family over a partial closure of T.[A]
cannot be true. Indeed, since B is rank deficient, the dimension of H is strictly
larger than m — n = q. We thus have

dimT.[A] =p+¢—dim H < p.
Since dim Spec K[t] = p, the claim follows.
We record the following algebraic consequence of Theorem [5.2.71

Corollary 5.2.13. Let A be a cluster algebra of finite cluster type. Then A is
Gorenstein.

See [MRZ1§| for a related result for lower bound algebras. We also note that in
the special case of A having no frozen variables, the possible singularities of A have
been classified in [BEMS21]. It follows from loc. cit. that cluster algebras of finite
cluster type with no frozen variables are Gorenstein.

Proof of Corollary [5.2.13. We may add frozen variables to obtain a positively graded
cluster algebra A’ of full Z-rank. If we can show that A’ is Gorenstein, then it fol-
lows that A is also Gorenstein, since A is a complete intersection in A" (obtained
by setting additional frozen variables equal to 1). Hence, in the following we may
assume that A is positively graded of full Z-rank.

The ring Si.pow) is Gorenstein since K is a sphere, see [Sta96, §IL.5]. By
Theorem B.2.1P Spec Sic.q(w) is a complete intersection in Spec AV 50 it follows
from the definition of Gorenstein that A"V is also Gorenstein along t = 0. By
Theorem [F.2.1H every T-orbit closure of Spec A™ " intersects the special fiber over
t = 0. Since the non-Gorenstein locus of Spec A™V is closed, T-invariant, and
avoids the fiber over t = 0, it follows that the non-Gorenstein locus of Spec A"V
is empty. Thus, A" is Gorenstein.
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To conclude, we observe that since A is a complete intersection in A" (obtained
by setting t; = ... =1t, = 1), A inherits the Gorenstein property from A"V, O

Example 5.2.14 (Continuation of Running Example BIH). Let A be the cluster
algebra from Example 247 Since A has full Z-rank, we obtain that A" (cf.
Example LT.10) is the coordinate ring of the universal family over an open subset
of m Specializing to t = 0, we obtain the Stanley-Reisner ring Sk for the
cluster complex K of Example The torus T is acting on the parameters t;

with the following weights:

=(-1,0,1,1,0,0,0,—1

=(0,-1,0,1,1,-1,0,0
(

(t1)
(t2)

degr(ts) = (1,0,-1,0,1,0,—1,0
(ta)

= O = —

degy(ts) = (0,1,1,0,—1,0, —1,0).

Here, we have ordered the cluster and frozen variables as xo5 ,213, T24, T35, 14,
S1, 52, S3. O

5.3. Connection to Grobner Theory. Our Theorem[(.2.Tlis connected to Grobner
theory for cluster algebras as we now explain. See [Stu96] for an introduction to
Grobner theory.

Let J C K[z1,..., 25| be an M-graded ideal with each graded piece a finite dimen-
sional K-vector space. We may thus consider the Hilbert scheme H ; parametrizing
M-graded ideals with the same multigraded Hilbert function as J. In particular,
J gives a point [J] of this Hilbert scheme. Let T be the diagonal torus acting on
SpecK[z] = A® and let Ny = Z°® be its cocharacter lattice. The action of T on
SpecK]z] induces an action on H ;. The setting of Theorem 2] is exactly the
special case where J = I 4 and M is the grading induced by the stabilizer of T on
Spec A.

Returning to the general setting, consider the orbit closure Y = m C Hy. This
is a quasi-projective, potentially non-normal toric variety. Let T be the image of T
in Aut(Y); we denote the character lattice of this torus by Ngz. The normalization

of Y corresponds to a fan % in the R-vector space associated to N5, see e.g. [CLS11].
The map T — T induces a map

77:N’J1‘—>Nﬁ.

Let ¥ be the preimage in R® of ¥ under the map of real vector spaces associated
to 1. The following is well-known to experts:

Proposition 5.3.1. The fan X is the Grébner fan of J.

Proof. Two weight vectors in Z° lie in the interior of the same maximal dimensional
cone of the Grobner fan of J if and only if the initial ideals of J with respect to
these weight vectors is the same monomial ideal. This is equivalent to requiring
that the limits in H; of the images under n of the corresponding one-parameter
subgroups are equal. But this is equivalent to requiring that the images under n
of these one-parameter subgroups lie in the interior of the same maximal cone of
3. O
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We now return to the special situation of Theorem .21l Let degp be the map
assigning to any cluster or frozen variable v € YV UW the degree in ZPT4 of z,. We
extend this in the obvious way to a map on the extended cluster monomials of A.

Corollary 5.3.2. Let A be a cluster algebra of finite cluster type, with ideal I 4 as
(1) The Grobner fan of I4 contains a mazimal cone C corresponding to the
monomial ideal Tic,pow)-
(2) The cone C is dual to the cone of ZPTY generated by all

degp(z - 2') — degpaq € ZPH
where x, ', a1 appear in an exchange relation
z- -2 = a1 + a2

such that aq,aq are extended cluster monomials, and ao only depends on
the frozen variables.

(3) Assume that A is positively graded of full rank. Modulo the lineality space,
the cone C is a simplicial cone. Moreover, if A has full Z-rank, C is smooth
modulo lineality space.

Proof. We first prove all claims of the theorem in the special case that A is positively
graded and of full rank. Let ¥ be the fan describing the normalization of the closure
of T.[A] in HH. By Theorem [5.2.1H] there is a maximal cone C of ¥ corresponding
to Icupow)- Applying Proposition 537 the preimage under 7 of C in the Grébner
fan ¥ is the desired cone C. This shows the first claim.

Again by Theorem B.2.1H we know that the cone C is smooth, since it corre-
sponds to a smooth chart of m In particular, the generators of the rays of
C are linearly independent. It follows that the cone C', modulo lineality space, is
simplicial.

Let us now additionally assume that A has full Z-rank. By Corollary 5.1.3] this
implies that H is a torus, or equivalently, that M is torsion free. The torus T may
be identified with T/H, so we have an exact sequence of character groups

0— Mz —ZPtT - M —0

where M5 is the character lattice of T. Since M is torsion free, this sequence splits,
and we dually obtain a section of the map 7 : Ny — N5. This implies that C' is
smooth modulo lineality space.

For the second claim of the corollary, we consider the cone CV dual to C. The
generators of CV are the degrees (in Mz) of the universal coefficients 21,...,1,.
Since M5 is a sublattice of ZP*9, we will view these degrees as elements of the
latter lattice. By [FZ07, Lemma 12.7 and Lemma 12.8], these degrees are exactly
of the form degyp(z - 2') — degy a1, subject to the conditions in the statement of the
corollary. Since we obtain C' by taking the dual of the image of CV in RP*4, the
final claim follows.

We now return to the general setting of A being an arbitrary cluster algebra
of finite cluster type. By Lemma £2.T0] we can add frozen variables to obtain a
positively graded full rank cluster algebra A’. Since A’ is positively graded, the
Grobner cone C” for A’ contains in its interior a weight w' € ZZ;B‘I,. The initial
term with respect to w’ of each element of I 4 is in Ticay oty and does not involve
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any of the extra frozen variables. Projecting w’ to w € ZZL?, it follows that the
initial terms with respect to w of each element of I 4 is in IE*%(W)- It follows that
Iic.p(w) 1s an initial ideal of 14, and the first claim of the corollary follows.

For the second claim of the corollary, it is straightforward to verify that the
elements listed in the claim must lie in CV, the dual cone of C. We now show that
they generate CV. To that end, let o be the cone generated by these elements. Let
w € RPTINgY. Extend w to the unique element w’ € RPH by giving all coordinates
corresponding to a new frozen variable value 0. Then from the description of the
Grobner cone C' for A’, we see that w’ € C'. It follows by the discussion of the
preceding paragraph that w € C. Hence ¢ C C, and we conclude that CV C o.
The claim now follows. O

Example 5.3.3 (Continuation of Running Example[5.2.14)). For the cluster algebra
of Example2.4.7] the Grobner cone C' corresponding to I .q(wy) is the cone dual to
the degrees of the t; from Example One computes that C is the cone whose
lineality space is spanned by the rows of

-11 0 01 0 0 1

0 2 -1 2 0 0 1 1

1 1 1 11111

and has positive directions generated by the rows of

-11 0 0 1 0 00
1 -1 1 0 O 00O
o 1 -1 1 0 000
o o 1 -1 1 000
1 0

0o 0 1 -1 00

We are again ordering variables as o5 ,r13, 24, T35, T14, S1, S2, S3. We see
immediately that this cone is in fact smooth modulo lineality space, as Corollary
5.3.2 predicts. ]

In general, if A has full rank but not full Z-rank, the cone C of Corollary [5.3.2]
may not be smooth, as the following example shows.

Example 5.3.4 (Pullback of Gr(2,6)). Consider the cluster algebra A associated
to the seed

X:( r13, T14, Ti5, Y12, Y23, Y34, Y45, Ys6, Y16 )

Note that A has full rank, but not full Z-rank. It is straightforward to check that
A may be obtained from the coordinate ring of Gr(2,6) by replacing each frozen
Pliicker variable x;(;41) with yf(Hl).

Although the Grobner cone C for I4 is simplicial modulo lineality space, we
claim it is not smooth. Indeed, this equivalent to seeing that the dual cone CV
is not smooth. We may describe primitive generators for the rays of CV as in
Corollary[5.3.21 This gives 9 rays in Z!®, which we may encode as the columns of a
15 x 9 matrix. The first 9 rows correspond to the cluster variables. Since omitting

the frozen variables from A leads to a cluster algebra of non-full rank, it follows
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that the determinant of the top 9 x 9 submatrix vanishes (cf. Remark B.2T2).
On the other hand, since the variables y;; are always appearing in any exchange
relation with a power divisible by two, it follows that any other maximal minor of
this matrix is divisible by 2. Hence CV is not smooth. (Il

We record another algebraic consequence of our results:

Corollary 5.3.5. Let A be a skew-symmetric cluster algebra of finite cluster type.
Then T?(A) = 0.

Proof. By Corollary [5.3.2 there is a K*-equivariant family over A with special
fiber Spec(Si.p(wy) and all other fibers isomorphic to Spec(A). The claim now
follows from semi-continuity of 72 and Theorem B.1.11 O

Remark 5.3.6. In [BMNC21], Bossinger, Mohammadi, and Ndjera Chévez show
that for the coordinate rings of Gr(2,n + 3) and Gr(3,6), one may obtain the
corresponding cluster algebras with universal coeflicients via a construction from
Grobner theory. In light of Example B.2.T1] our Theorem [(.2.7]is a generalization
of this, as we now explain.

Given a weighted homogeneous ideal J of a polynomial ring K|[z] and a maximal
cone C' in the Grébner fan of J, the authors of [BMNC21] construct a flat family
over A® whose generic fiber is V(J) [BMNC2I] Theorem 3.14]. The cluster algebras
with universal coefficients A"V are then realized for Gr(2,n + 3) and Gr(3,6) by
applying this construction to a well-chosen cone of the Grobner fan for the ideal
I4 of the appropriate cluster algebra A [BMNC2I, Theorem 1.3, Theorem 1.4].
That this construction agrees with A"V is verified by an explicit combinatorial
computation.

A careful study of the flat family of [BMNC21] reveals that it may be constructed
as follows. With notation as in the beginning of this section, the choice of C
determines a torus fixed point P of H ;. Consider the T-orbit closure in #H s of [J].
There is a unique affine torus-invariant chart W of this orbit closure that contains
P. Let d be the number of connected components of the stabilizer T|;); this is equal

to the number of connected components in a fiber of the map of tori T — T.

The flat family of [BMNC21] may be identified with the pullback of the universal
family over H; to the Cox torsor over a degree-d cover of the normalization of W.
To check this, it suffices to show that the restriction of the family from [BMNC21]
to (K*)® C A® has the desired form. But on this open set, the family of [BMNC21]
is relatively easy to describe; we leave it to the reader to check the details.

In the instances where A is a positively graded cluster algebra of full Z-rank and
finite cluster type, we showed in the course of the proof of Theorem [(.2.1] that the
chart W is just a copy of affine space AP. Hence, it agrees with the Cox torsor of
its normalization. Furthermore, by Corollary 5.1.3 it follows that d = 1. We thus
recover [BMNC21], Theorem 1.3, Theorem 1.4].

Suppose instead that A is only of full rank, but not full Z-rank. In such cases,
the construction of [BMNC21] cannot produce the universal cluster algebra, since
their family arises by pulling back along (among other things) a degree d cover for
some d > 1.
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6. UNIVERSAL COEFFICIENTS AND DEFORMATIONS

6.1. The Characteristic Map. By Theorem 3.1l the family Spec A" — AP
is flat, and by Theorem [5.2.T] the fiber over 0 is Spec Si.q (). Thus, this family
is a deformation of Y = Spec Si.qpw). Our next goal will be to relate AWV to
the semiuniversal deformation of Y. Before doing this, we need to analyze the first
order deformations induced by A"V,

Definition 6.1.1 (Property T1). We say a matrix B = (bi;j) € Maty, xn(Z) fulfills
property T1 if the following holds:

For every 1 < j < n and every w in the Z-span of the columns of B satisfying
w; = 0 and

(6.1.2) w; > 41~ max(0,big) i <y bi; #0
— max((), bzg) else
for all ¢ # j, it follows that either w = 0 or w = —B; := (=b1j,..., —bm;)-

We say that a cluster algebra A fulfills property T1 if every extended exchange
matrix fulfills property T1.

Remark 6.1.3. Suppose that w = 0 satisfies (61.2]) for some fixed j. It follows
that b;; is non-negative for i < n. Likewise, suppose that w = —B; satisfies (6.1.2)
for some fixed j. It follows that b;; is non-positive for i« < n. In these situations,
the vertex j of the graph I'(B) is respectively a sink or a source.

Example 6.1.4 (Continuation of Running Example[5.3.3)). We check the T1 prop-
erty for the extended exchange matrix B from Example 247 Consider first j = 1.
For w to be in the Z-span of the columns of B and satisfy w; = 0, w must be a mul-
tiple of the first column of B. Imposing ([B.1.2) for j = 1 imposes the (in)equalities

we > 1, wg > —1,wy > 0, ws > —1.

The only way to satisfy this is by taking w as the —1 times the first column of B.
Consider instead j = 2. For w to be in the Z-span of the columns of B and
satisfy wg = 0, w must be a multiple of the second column of B. Imposing (6.1.2)
for j = 0 imposes the (in)equalities
w1 Z 07 w3 Z _17w4 Z 05w5 Z 0.

The only way to satisfy this is by taking w = 0.

We thus see that property T1 is satisfied for B. One may similarly check that
the four other extended exchange matrices for A also satisfy property T1. Hence,
the cluster algebra A satisfies property T1. ([

Let A be a cluster algebra of finite cluster type. We say A has an isolated vertex
if for some (or equivalently every) extended exchange matrix B = (bi;) of A, there
is an index 1 < k < n such that b;; = 0 whenever ¢ = k or j = k. Note that if A is
positively graded, it cannot have an isolated vertex.

Let J = Ix.pown). As in the proof of Lemma 52,6, there is a natural map
To Spec K[t] — Hom(J, K[z]/J)o. Indeed, using the notation in the proof of Lemma
(20 the ideal J is just the ideal I(0). Here the degree 0 part of Hom(J, K[z]/.J)
is taken with respect to the M grading. Composing this with the surjection
Hom(J,K[z]/J) — T*(K[z]/J), we obtain the characteristic map

Ty SpecK[t] — T + POW)H.
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Here TY(K +B(W))H denotes the H-invariant elements of 7.
The main proposition of this subsection shows the importance of the T1 property:

Proposition 6.1.5. Let A be a cluster algebra of finite cluster type with no iso-
lated vertices. Then the characteristic map To Spec K[t] — TH(K + BOW))H is an
isomorphism if and only if A satisfies property T1.

To prove the proposition, we will first consider several lemmas:

Lemma 6.1.6. Let A be a cluster algebra of finite cluster type with no isolated
vertez.
(1) The characteristic map Ty Spec K[t] — TH(K * BOW))H is injective.
(2) The image of the characteristic map consists precisely of the graded pieces
THK *BOW))e for ¢ = a— b, where 2P = z, - 2,/ for exchangeable cluster
variables x,x’, and the exchange relation for x,x’ has the form

- =a1+ as

for extended cluster monomials oy, such that a is the ZYYYV degree of
a1, and ag only involves frozen variables.

Proof. Even though A is not necessarily positively graded, we will use the discussion
and notation from (524 and the proof of Lemma (specializing to P = 0).
Using Theorem B.2.1] we now know that I(0) = J = Ix.pow). In particular,
Hom(J,K[z]/J) has a “fine” grading by ZY“"V. In the proof of Lemma [F.2.6
we saw that the image of the tangent vector n; : SpecK[t;]/t? — SpecK]t] is a
particular element t; € Hom(J,K][z]/J)o which sends z, - z» to ay for a certain
exchangeable pair {z,z’}. Let a be the degree of the monomial in z corresponding
to a1, and b the degree of z; - z,-. Then the graded piece of 1; of degree a — b is
the homomorphism sending z, - z, to a1, and all other exchange pair generators of
J to 0. Here we are using that a; and ag from (524 are not equal; this follows
from the assumption that A has no isolated vertex.

We claim that the image of (¢;)a_p in T (K+B(W)) is non-zero. Indeed, consider
any seed (X, B) with o = a, in the cluster X and 2/ = x}, obtained via mutation
of this seed at k. Let Q) be the set of cluster variables appearing in a;. It follows
from the exchange relation ([B.24]) that k is Q-isolated. By Lemma and the
fact that TH(K[z, | w € W]) = 0, THK +BW)) 2 THK) @ K[z, | w € W]. By
Theorem THK *B(W)) thus has a non-zero element of degree a — b, and by
Remark [3:2.3] that element is exactly (1;)a—b-

We have thus seen that each of the image of each of the v; in T1(K » B(W))H
has a non-zero homogeneous component, and the degrees of these components are
pairwise disjoint. It follows that the map Ty Spec K[t] — TH(K) is injective.

Moreover, since the family Spec A™V — SpecK|t] is T-equivariant, each v; is
necessarily homogeneous. It follows that 1; = (¢i)a—b. The description of the
degrees of the image now follows from (5.2.4]) and the above discussion. O

Consider some degree ¢ = a — b for which TH(K = B(W)) # 0. The degree ¢
is constructed exactly as in Theorem B.2.2] except that a may also have support
involving the frozen variables W. We wish to understand what it means for this
degree to be H-invariant. This is the same thing as requiring that it be of degree
zero with respect to the M-grading. We write ¢ = 0 in the M-grading when this is
the case.
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Lemma 6.1.7. The degrees ¢ = a — b arising as in Theorem [32.2 from the seed
(X, B) with TY(K * BW))e # 0, ¢ = 0 in the M-grading, and b = {zp, z}} are
in bijection with those w € Z™ such that w is in the Z-span of the columns of E,
wg = 0, and w satisfies 012 for j =k and all i # j. The positive part a is given
by a,, = w; + max(0, by).

Proof. Let (X, £~3) be a seed giving rise to the degree ¢ as in Theorem [B.2.2] that
is, b has support {xy,z)} for some cluster variable z) of x, x) is Q-isolated for
some subset {2 of the elements of x, and the support of a is the union of { with a
subset of W. Recall from §5.1] that we can identify M with the cokernel of B. The
M-degree of z;, - 2,/ is the same as the degree of
m
max(0,b;x)
x; :
i=1
On the other hand, a monomial
m
I1=

=1

(S

having M-degree zero is equivalent to requiring that (dy,...,d,)" is in the Z-span
of the columns of B. Putting this together, we conclude that ¢ = a — b has degree
zero if and only if the element w € Z™ with

w; = &, — max(0, b;)

is in the Z-linear column span of B.

Let €' consist of those z; such that 7 < n and b;; # 0. The condition that z; be
Q-isolated is exactly the condition that ' C €. This translates to the condition
that a,, > 1 for those i such that ¢ < n and b;x # 0. Combining this with the
above discussion, we arrive at the statement of the lemma. ([

Lemma 6.1.8. Let A be a cluster algebra of finite cluster type with extended ex-
change matriz B. Fiz a vertex j that is a sink or a source of T'(B). Then there
exists a sequence of mutations avoiding j and its neighbors leading to an exchange
matriz B’ such that every vertex of T'(B') is a sink or a source.

Proof. 1t is enough to treat the case where A has no frozen variables and is con-
nected. We may assume moreover that j is a source, the sink case being analogous.
Let ¢ be the number of neighbors of j.

We claim that if we remove j from I'(B) we obtain a graph with ¢ connected
components. Assume to the contrary that there are fewer connected components.
Then there would be at least two neighbors of j, say ¢ and k, that belong to the
same component. Consider a minimal subgraph in this component containing both
¢ and k. By adding back the vertex j (and the corresponding edges), we obtain a
non-oriented cycle as a full graph of I'(B). However, this contradicts A being of
finite cluster type by [FZ03al Proposition 9.7]. Hence, I'(B) has exactly ¢ connected
components after removing j.

To prove the lemma, it remains to check that while working on a component of
T'(B)\{j}, we can perform mutations avoiding the unique neighbor & of j contained
in that component in order to make this neighbor k a sink. This follows at once
from [FZ07, Proposition 11.1 (1)] and [CL20, Theorem 6.2]. O
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Proof of Proposition[6.1.5 First, suppose that there exists a seed (X, E), an index
1<j<n,and w € Z" in the Z-column span of B satisfying w; = 0 and (612)
for all ¢ # j but such that w # 0 and w # —B,;. By Lemma [6.1.7 there is an
H-invariant element of T*(K * $3(W)) which is the image of the homomorphism
sending z; Zg! O

w;i+max(0,b;;)

2y,

i=1
However, since w # 0 and w # —Bj, this monomial is not one of the monomials
appearing in the exchange relations for {zy, z} }, and as such, this element of T (K *
PB(W)) cannot be in the image of the map in question.

Conversely, let us suppose that for every seed (i,é), B satisfies property T1.
By Lemma [6.1.6, the map Ty Spec K[t] — T1(K + B(OWV))H being an isomorphism
is equivalent to showing that dim 7' (K x B(W))H < p. We will do this by showing
that to every element in a basis of T(K * B(W))¥, we may associate a distinct
universal coefficient ¢;.

To that end, consider any degree ¢ with T1(K * B(W))c # 0 and ¢ = 0 with
respect to the M grading. Suppose that this T'! element comes from the seed (X, E),
with b = {zg, 2. }. This degree ¢ corresponds to w € Z" as in the statement of
Lemma [6T7 with a,, = w; + max(0,b;). Since we are assuming that the T1
property is satisfied, either w = 0 or w = —B;.

By Remark[6.1.3] the vertex k of T'(B) is a sink or a source. By Lemma [6.1.8] we
may find a sequence of mutations in vertices distinct from k and its neighbors that
allow us to replace the seed (X, B) with a new seed (X', B') where every vertex of
I'(B’) is a sink or a source. We may thus assume from the start that without loss
of generality, I'( B) has every vertex a sink or a source. In the language of [FZ07],
this seed lies on the bipartite belt of the cluster complex.

Thus, to the degree ¢, we may associate a universal coefficient coming from the
pair {zy, z} } as described in [FZ07, Lemma 12.7 and Lemma 12.8]. There is a single
such coeflicient, unless k is both a sink and a source in I'(B), in which case there
are two. Similarly, by the above discussion, the T1 property guarantees that for
any pair {xy, z},}, there is only one H-invariant element of T of with b = {zy, 2} },
unless k is both a sink and source of I'(B), in which case there are two. This proves
the proposition. ([l

Remark 6.1.9. Let A be a full rank cluster algebra, and suppose that one of its
extended exchange matrices B satisfies the T1 property. If we add additional frozen
variables to A, then the new extended exchange matrix B corresponding to B will
still satisfy the T1 property. Indeed, we can view B’ as having the same first m
rows as E, with m’ — m additional rows. Fix 1 < j < n. Consider any element
w of Z™ in the Z-linear column span of B’ satisfying E12) for the matrix B’ to
Z™. Projecting to Z™, we see that the first m coordinates of w are either all 0, or
all —b;;. Since B has full rank, there is a unique way to obtain the projection of
w as a linear combination of the columns of E; w itself must be that same linear
combination of the columns of B’. Tt follows that either w = 0 or w; = —by; for all
i. Hence, B’ fulfills property T1.
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Proposition 6.1.10. Let A be a cluster algebra of finite cluster type. Then we
can always add additional frozen variables to A so that the new cluster algebra A’
is positively graded and satisfies property T1.

Proof. By adding frozen variables, we can without loss of generality assume that
A has full rank and is positively graded, see Lemma

Let B be an extended exchange matrix of A such that property T1 is not satisfied.
Let j be an index for which there exists an element w in the Z-linear column span
of B satisfying ([@.I1.2) but such that w # 0, —B;. We note that since A is positively
graded, only finitely many such w exist.

We may write w uniquely as a Z-linear combination w = ), A;- B; of the columns
of E, and by assumption, we must have A, # 0 for some k with k£ # j. We add a
new coefficient z,,41 by adding a row to the matrix B and setting

1 1=k, A\ <0
bimsyi =49 —1 i=kANx>0.
0 i #k

Taking w' = )", \; - B] where B are the columns of this new matrix B’, we see that
w' does not satisfy [G12). It follows that there is one less obstruction to B’ satis-
fying the T1 property as there is for £~3.~ Thus, we can continue adding coefficients
until we arrive at an exchange matrix B’ that does satisfy the T1 property.

We may now do the same thing at all the other (finitely many) extended exchange
matrices of A. By Remark [6.1.9] once we have added enough frozen variables so
that one exchange matrix satisfies T1, adding further coefficients doesn’t destroy
this property. Finally, we may add more frozen variables if necessary so that A’
again becomes positively graded (Lemma[L2ZT0). Again, by Remark[E.T.9) this will
not destroy the T1 property. (I

Example 6.1.11. It is straightforward to show that any positively graded cluster
algebra of type A; or Ay will always satisfy the T1 property for every extended
exchange matrix. This is no longer the case for type Ags, as the following example
demonstrates.

Consider the matrix

0 -1 0
1 0 -1
=~ 0 1 0
B= -1 0 1
1 0 -2
0 0 1

Taking 5 = 1, the element w = (0,0,0,0,—1,1)" is in the column span of B
and satisfies ([G.1.2)), showing that the T1 property is not fulfilled for this matrix.
Furthermore, one may check that it is possible to endow the cluster algebra A(E)
with a positive grading. (|

Remark 6.1.12. Instead of looking at exchange matrices directly, one may verify
property T1 by looking at all exchange monomials xy, - 2, for a cluster algebra
A, as we now describe. Consider a homogeneous element of T1(K x B(W))H. By
Theorem[3.2.2] its negative part corresponds to some exchange monomial xy-xj,. Its
positive part corresponds to an extended cluster monomial 2. Again by Theorem
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B:2.2 each cluster variable appearing in % must be compatible with both z; and
x},. Furthermore, considering the exchange relation for zy, },, any cluster (but not
frozen) variable appearing on the right hand side of (Z44) must be a factor of
x®: this corresponds to k being -isolated. Here we are using the fact that for
every exchange pair, there is a unique exchange relation [FZ03a, Theorem 1.11].
Finally, the M-degrees of 2* and zj, - =}, must agree in order for this element to be
H-invariant.

In light of Lemma [6.1.7, verifying the T1 property for every extended exchange
matrix of A is equivalent to showing that for every exchange monomial zj, -z},
the only extended cluster monomials z® satisfying the conditions of the previous
paragraph are exactly one of the two monomials on the right hand side of the
exchange relation (2:4.4]). See Example for a demonstration of this criterion.

Example 6.1.13. One may show that for each of the cluster algebras (1)—(6) listed
in Example[5.2.17] the T1 property holds. Furthermore, property T1 also holds for
the D, case of the Schubert divisor of Gr(2,n + 2).

For the individual cases Gr(3,6), Gr(3,7), and Gr(3,8) we checked this using a
computer calculation. For the other families of examples, one may use the approach
of Remark We show how this works in the D,, case of the Schubert divisor
of Gr(2,n + 2) [FWZ2Il Example 6.3.5]. The other cases are similar.

Following the notation of [FZ03al, §12.4], the cluster and frozen variables for the
Schubert divisor are

Tah = T3 1<a,b<2n, a+#b;
Taa = Taa I<a<mn
Tog = Taa 1<a<n
where @ is the remainder of a +n modulo 2n. The frozen variables are exactly the
Zap where |a —b| = 1 modulo 2n. Taking ey, ..., e, as the standard basis for VAES
we may define a grading via
degy zap = degz j; = degy xq, = degy v = €4 + € 1<a,b<n, a#b;
degy Tag = €0 + €4 1<a<n
degy Tag = —€0 + €4 1<a<n.
There are five types of exchange relations, which we consider in turn. Each of
these is homogeneous with respect to the above grading. We will view the numbers

1,...,2n as the labels for the vertices of a 2n-gon, arranged in counter-clockwise
order. We will always work modulo 2n.

(1) For a,b,c,d,a in counterclockwise order,
TacTbd = TabTed + LadThe-

Consider any corresponding T element. Since any x.q is not frozen, any
perturbation of x,.xp¢ must involve it. The product of the remaining vari-
ables in the perturbation must have degree e; + e.. The monomials of
this degree are Ty, Tiz, T 3Tz, and T,;Tee. The latter two monomials are
incompatible, and xpz is incompatible with z,4. Thus, the only possible
perturbation is zg,qxp. as desired.

(2) For a,b,c,a in counterclockwise order,

TacZ,; = TabTac + ZagTaaloc-
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Consider any corresponding T' element. The perturbation must involve
TaaTag; the product of the remaining variables in the perturbation must
have degree e, + e.. The monomials of this degree were listed in case [
above. As noted, the latter two are incompatible, and xpz is incompatible
with z,5z. Thus, the only possible perturbation is x.gT.z%s. as desired.

(3) For a,b,a in counterclockwise order,

Taalyy = Tab + Typ-
Consider any corresponding T element. The perturbation must be x4,

T3, OF TagT,y, but the latter is incompatible.
(4) For a,b,c,a in counterclockwise order,

TaaThe = TabTcz Taclyy
Consider any corresponding T' element. The perturbation must involve
both z.z and z,;. The product of the remaining variables in the pertur-
bation must have degree e, — ep. The only possibility is Z,gz. But this is
incompatible with z.z, so there can be no perturbation at all.
(5) For a,b,c,a in counterclockwise order,

Taalie = TabTce + IaETbE
This is similar to case[d]
We have thus verified for each exchange relation that any corresponding element

of TH(K +B(W))H must have the form described in Remark It follows that
the T1 property holds for this example. O

6.2. Derivations. To construct a canonical T-equivariant family with prescribed
characteristic map, we will need control over the embedded deformations induced
by derivations. We again consider a cluster algebra A of finite cluster type. Let H
be the quasitorus fixing Spec A in its cluster embedding, with character group M.
We will use other notation as in §5.11 In particular, we have the cluster complex K
of A.

Consider the Stanley-Reisner ideal J = Ix,qpw). For a cluster variable v € V
and a monomial z* € K[z], we say that the derivation

(v, @) := z“ - 9 € Derg (Kz], K[z])
02y
is J-non-trivial if its image in Homg{,)(J, Skp(w)) is non-zero. We say that d(v, )
is exchangeable if its image in Homg(,) (J, Siceq(w)) acts non-trivially on some mono-
mial z, - z,, € J, where w is exchangeable with v.
More concretely, O(v, a) is J-non-trivial if there exists a cluster variable w such
that

(6.2.1) Zy - 2w € J and Zw 2% ¢ J.
It is exchangeable if ([E2.1]) is satisfied for some cluster variable w that is exchange-

able with v.

Remark 6.2.2. It is possible to see which cluster variables v and w are exchange-
able by only inspecting the cluster complex K. Indeed, v and w are exchangeable
if and only if {v,w} ¢ K and there exists a face f € K with f U {v} and f U {w}
being maximal faces of K.
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Let & C ZYYY be the semigroup generated by the degrees of the non-trivial
pieces of the image of the characteristic map

To Spec K[t] — T (K« BOWV)) .
Here we are taking degrees with respect to the T-action, and denote degree by degy.

Definition 6.2.3 (Property T0*). We say that 4 satisfies property T0* if for every
cluster variable v and every monomial z® such that

(6.2.4) degp 2% — degp 2, € G,
if O(v, 2%) is J-non-trivial, then it is exchangeable.

We will say that A satisfies property TO if J satisfies property TO with respect
to H (cf. Definition Z34]). Clearly, if A satisfies property TO, then it satisfies
property TO*. Indeed, in this context, property TO says that if degy z* = degy 2y
and zy, - 2 € J, then z,, - 2% € J for any w with z, - 2z, € J. Since the condition
EZ4) implies that degy z* = degy 2y, it follows that such 9(v,z*) cannot be
J-non-trivial.

Example 6.2.5 (Continuation of Running Example [6.1.4). We continue our dis-
cussion of the cluster algebra A from Example 22471 Property T0* is automatically
satisfied, since for this example if z, - z,, € J, then v and w are exchangeable.

Nonetheless, let us analyze this example further. The semigroup & is generated
by the opposites of the degrees of the ¢; listed in Example B.2.14 On the other
hand, up to cyclic permutations of the first five entries, the degrees of J-non-trivial
derivations are of the form

(_17*507*507*5*7*)5 (_15*70507*5*7*5*)7 (_1507*507*7*7*3*)'

Here, * means any non-negative integer. It is straightforward to check that none of
these degrees can lie in &, that is, Equation (6.2.4]) is never satisfied.

So in this example, property TO* is satisfied for two reasons: all non-comparable
cluster variables are exchangeable, and no J-non-trivial derivations have degree in
G. O

Proposition 6.2.6. Let A be a cluster algebra of finite cluster type.
(1) If A" is obtained from A by adding frozen variables and A satisfies property
TO or TO*, then A’ satisfies the same property.
(2) It is possible to add frozen variables to A so that the resulting cluster algebra
satisfies property TO (and in particular, property TO*).

Proof. Using Theorem 2.5.1] we may and will identify the cluster variables of A
and A’. Likewise, letting W’ be the frozen variables for A’, we may view W as a
subset of W’. We have a natural projection ZY“W' — ZVIW,

Fix a cluster variable v € V. Consider a monomial z® for A’. We may write
this as z% - h, where 2% is a monomial whose terms correspond to frozen and cluster
variables of A, and h only involves the additional frozen variables of A’. Let &’ C
ZYY' be the semigroup generated by the degrees of the image of the characteristic
map for A’. This surjects onto &. If degy 2o — degr z, € &, then degpz® —
degr 2z, € 6.

Suppose that there exists a cluster variable w such that z* satisfies EZT). Then
so does z%, and so there exists an exchangeable variable w’ such that 2% satisfies
©2.1) with respect to w’. But then clearly z* does as well, since h involves only



DEFORMATION THEORY FOR FINITE CLUSTER COMPLEXES 49

frozen variables. This proves the first claim for the TO* case. The TO case is similar
and left to the reader.

We now consider the second claim. Since T acts on Spec A" by Theorem B.2.1]
we know that after adding enough frozen variables, we may assume that all cluster
variables of A have distinct M-degrees. Furthermore, we may add frozen variables
such that for any exchange matrix B, B still has full rank after omitting any two
rows. Thus we may assume that the M-degree of any cluster variable is also distinct
from the M-degree of any frozen variable.

By iterated application of Lemma {210 we may arrive at a situation such
that the M-degree of a cluster variable cannot be written as a sum of the M-
degrees of more than one cluster or frozen variable. Thus, we may assume that if
degy z» = degy 2¢, then z* = z,, for w some cluster or frozen variable. But by the
previous paragraph, we conclude that w = v. Since the derivation z, - 9/0z, is not
J-non-trivial, we conclude that property T0 holds. ([l

Example 6.2.7. For cluster algebras of type A,, B, Cp, and D,, A always
satisfies property TO0*. For A, this is obvious, since every pair of incomparable
cluster variables is exchangeable. For the other classical types, it is straightforward
to verify that every J-non-trivial derivation d(v, 2%) is also exchangeable by using
the combinatorial models and exchange relations of [FZ03al §12]. This holds for all
derivations J(v, %), not just those satisfying Equation (6.24)).

On the other hand, let A be the cluster algebra of type G2 with trivial coefficients.
It is no longer true that every J-non-trivial derivation is exchangeable. Indeed,
in this case, the cluster complex K is an octagon. Label the vertices 1,...,8 in
counterclockwise order. Thus, 1 is exchangeable with 3 and 7, 2 with 4 and 8, etc.
Taking 2% = z5, we note that z1 - 25 € Ik, 25 - 25 ¢ Ix. However, we also have
23+ 25 € I and 27 - z5 € I, so (21, 25) is J-non-trivial but not exchangeable.

Nonetheless, any cluster algebra of type G» still satisfies property T0*. Indeed,
in the case of no frozen variables, it is straightforward to check that if (v, z®) is
J-non-trivial, then Equation ([6.2:4) cannot be satisfied.

O

Based on the above example, we make the following conjecture:

Conjecture 6.2.8. Property T0* is satisfied for any cluster algebra of finite cluster
type.

In fact, we suspect that something stronger is true:

Conjecture 6.2.9. Let A be a cluster algebra of finite cluster type. For any
J-non-trivial derivation 9(v, z%), Equation (6.24]) cannot be satisfied.

Clearly Conjecture [6.2.9 implies Conjecture [£.2.8. To verify Conjecture B.2.8] it
suffices by Example [6.2.7 to check the cases of Fg, E7, Es and F;. See Remark
[6.3.5] for consequences of Conjecture [6.2.9

6.3. Exchange Minimal Deformations. We continue with the notation of the
previous section. We wish to identify a canonical deformation of
Y = Spec SIC*’I)(W) Q Aerq

whose characteristic map has the same image as the image of the characteristic
map for the family Spec A"™ — AP.
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To that end, we will introduce the notion of exchange minimality. Let m be the
maximal ideal of K[t]. Fix a homogeneous subspace V of T (K x B(W)).

Definition 6.3.1 (Exchange Minimality). Let 7 : ) — Spec K[t]/m**! be a T-
equivariant H-invariant embedded deformation of Y. Let J be the ideal of Y in
APT % Spec K[t]/mF+1,

e Suppose k = 1. We say the deformation 7 is 1-exchange minimal (with
respect to V) if the characteristic map of 7 is injective with image V.

e Suppose k > 1. We say the deformation 7 is k-exchange minimal (with
respect to V) if the reduction of 7 modulo m* is (k — 1)-exchange minimal,
and for every exchangeable pair v,w, z, - 2, has a lift to J /mFt with
the fewest number of non-zero terms among all possible lifts in all (k — 1)-
exchange-minimal families.

e We say that a T-equivariant H-invariant embedded deformation 7 : ) — AP
of Y is exchange minimal (with respect to V') if for every & > 0, its reduction
modulo m**1 is k-exchange minimal.

We now state our main result of this section:

Theorem 6.3.2. Let A be a cluster algebra of finite cluster type with no isolated
vertex. Let V. C TY(K + BW))H be the image of the characteristic map of the
family Spec A™V — AP,

(1) If A satisfies property TO0*, there is a unique (up to canonical embedded
isomorphism) exchange-minimal deformation w:Y — AP of Y. There is a
canonical T-equivariant isomorphism ¢ : AP — AP under which the family
Spec AY™Y 5 AP s canonically identified with 7.

(2) If additionally A satisfies property T1, the above family 7 is semiuniversal.
In particular, the family Spec A™Y — AP may be identified with a canonical
H -invariant semiuniversal deformation of Y.

Proof. By Theorem [B.2.2] and Remark 3.2.3] there is a canonical K-vector space
decomposition

Hom(J, Sic.som) = T (K « BOV)¥ & D

where D is the image of DerK(K[z],S,C*m(W))H. Under this decomposition, any
homogeneous T element only affects a single minimal generator of J, and that
generator is always coming from an exchangeable pair of cluster variables. The
module D further decomposes as

D=Dsa D,

where Dg consists of the graded pieces of D whose degrees lie in &. By property
TO0*, any non-trivial homogeneous element of Dg necessarily affects at least one
minimal generator of J coming from an exchangeable pair of cluster variables.
Furthermore, each homogeneous piece of Hom(J, Sx.pwy) (With respect to the
7YY _grading) is at most one-dimensional.

Let ) be any k-exchange-minimal deformation, and let )’ = Spec A", Con-
sider their ideals J and J'. Since exchange-minimal deformations have injective
characteristic maps with image V', and ) also has injective characteristic map by
Lemma[5.2.6, Y and )’ modulo m? are isomorphic as abstract deformations, differ-
ing by a unique linear automorphism ¢ of A?. By applying the automorphism ¢, we
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may reduce to the case that the characteristic maps of ) and )’ are equal. After

this reduction, we claim that modulo mF*1, ) = )’ as embedded deformations.
Suppose that we have shown that )) and )’ agree after reducing by m¢ for some

1 < ¢ < k. Then there are some t* € m* and homogeneous 1; € Hom(.J, SIC*EB(W))H

such that the minimal T-equivariant lifts of any z, -2, € J to J and J' differ modulo
{+1
m“" by

D (2 - 20)

K2

where a; = (ai1,..., ;) € ZP satisfies Ej aj; = L. The T-equivariance imposes
the condition that each v¢; has degree contained in &, and thus either belongs to
THE =« BOW))H or to Ds.

We claim that all ¢»; must be zero. In the case £ = 1, the T-equivariance imposes
that any non-zero t; must belong to T (K * B(W))H. But these 1; must also be
zero, since otherwise the characteristic maps would not agree.

We may thus assume that ¢ > 2. Consider first some 0 # 1 € T (K = BW)).
Then ¥(z, - 2) # 0 for exactly one pair exchangeable pair {v,w}, and adding
t® - (zy - 2y) to the exchange relation will introduce some non-zero multiple of
a monomial t* - z2. Moreover, it follows from Theorem and the assumption
£ > 2 that t®-2® cannot be one of the monomials appearing in the exchange relation
of A"V for v, w. Taking any 1; = v would thus violate the assumption that ) is
k-exchange minimal.

Hence, we may assume that each v; € Dg. Consider thus some non-zero ¢ € Dg.
By property T0*, we find at least one exchangeable pair {v,w} for which adding
tY - Y(zy - 2y) to the exchange relation will introduce some non-zero multiple of
a monomial t* - z2. This monomial cannot already appear in the corresponding
exchange relation of A" since it will necessarily involve z, or z,. The same
applies to all other exchangeable pairs {v', w’} on which ¢ acts non-trivially. Again,
taking 1»; = ¥ would thus violate the assumption that ) is (k+1)-exchange minimal.
We conclude that ) and )’ agree modulo m“‘l, and thus by induction that ) = )’
modulo m**1,

It follows that )’ is exchange minimal, and any other exchange minimal defor-
mation is canonically isomorphic to it. The claims in the first statement of the
theorem follow. The claims in the second statement follow from Proposition [G.1.5]
and the fact that a deformation over a smooth base whose characteristic map is an
isomorphism is semiuniversal. ([

Example 6.3.3 (Continuation of Running Example [6.2.5). We consider the clus-
ter algebra A from Example 2247 for the final time. We have verified that prop-
erties T1 (Example [G.T.4) and T0* (Example [.2.5) are satisfied. We may thus
apply Theorem [6.3.2] and reconstruct the universal cluster algebra A"V (Example
[4I110) as the canonical exchange minimal H-invariant semiuniversal deformation
of Spec Sicapw)- See §JA2 for an explicit Macaulay2 computation doing this. [

Remark 6.3.4. In the context of Theorem [6.3.2] if A satisfies property T1 but not
necessarily property TO0*, it is still true that Spec A"™Y — AP is a T-equivariant
H-invariant semiuniversal deformation of Y. However, without additional assump-
tions, we only know how reconstruct this family via deformation theory up to a
non-canonical isomorphism.
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More generally, if we do not even assume that A satisfies property T1, it is still
true that in a formal neighborhood of the origin, the family Spec A"V — AP is for-
mally (non-canonically) isomorphic to a subfamily of any T-equivariant H-invariant
semiuniversal deformation of Y. Indeed, Spec A"V — AP is T-equivariant, flat, and
the characteristic map is injective.

Remark 6.3.5. Assume that A is a positively graded cluster algebra of full rank
and finite cluster type. By Theorem[5.2.1] it follows that the T-action on the family
Spec AV — AP has a standard action on the base AP (cf. Remark 2.3.5). This
implies
(1) The non-zero degrees of the image V of the characteristic map
AP = THE = PW)H

are linearly independent;
(2) There exists a one-parameter subgroup A of T acting non-negatively on the
cluster variables, and on V with strictly negative weights.

If we assume that property T1 holds, then by Proposition [6.1.5] V' can be iden-
tified with all of T (K * B(W))H. By Remark 2.3.3] this guarantees a canonical
T-equivariant map from AP to any T-equivariant semiuniversal base space.

If we additionally impose the condition that any J-non-trivial derivation has
degree lying outside of &, then by the same remark, we obtain a canonical embedded
isomorphism between the family Spec A" — AP and any embedded T-equivariant
H-invariant semiuniversal deformation 7 of Y. In such situations, we don’t need
to concern ourselves with the notion of exchange minimality; the T-equivariant
structure is already enough to deliver a canonical embedded isomorphism. We note
that it is always possible to arrive in this situation by adding additional frozen
variables, see Propositions and [6.1.10, noting that condition T0 implies there
are no J-non-trivial derivations at all.

We obtain the following Corollary of Theorem

Corollary 6.3.6. Let A be a positively graded cluster algebra of full rank and finite
cluster type. Assume further that A satisfies the T1 property. Then TY(A)H =0,
that is, Spec A has no H-invariant deformations.

Proof. By Theorem [6.3.2] the family Spec A" — AP is an H-invariant semiuni-
versal deformation for A. By Theorem B.2.TH] the T-action on AP has a dense orbit,
so the family Spec A" — AP is isomorphic to the trivial family on a dense open
set. Any of the corresponding fibers is just isomorphic to Spec A.

By openness of versality [Art74], it follows that the family Spec A"V — AP
contains a semiuniversal family for the fiber Spec A over t = 1. But since the family
is isomorphic to the trivial family over (K*)? C AP, it follows that T (A)# =0. O

Example 6.3.7 (Obstructedness for B,, and C,,). We consider the cluster complex
KC of a cluster algebra of type Bs or Cy. Following [FZ03al §12.3], vertices of K
correspond to orbits of diameters of a 6-gon under rotation by 180 degrees. Cluster
variables are compatible if the corresponding orbits of diameters do not cross. The
cluster complex is thus the hexagon pictured in Figure [, where we have labeled
cluster variables by choosing an element of the corresponding orbit of diameters.
The space T} (K) is infinite dimensional. Using Theorem B.2.2] one may compute
that the first order deformations of Sk, viewed as perturbations of the generators
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T14 Z13
T24 T36

Tas X35
FIGURE 4. The cluster complex for By and Co

of Ik, are given by

o0 oo o0
k) k k) k k) k
13735 + Z 56 ks 35024 + Z 1) ks, T24713 + Z £k,

k=1 k=1 k=1
o0 oo o0
(k) .k (k) .k (k) .k
714736 + E 13 T35 36725 + E t35 T35, T25%14 + E tog Toy-
k=1 k=1 k=1

Here, the tz(-f) are the deformation parameters.

Consider now the images Vi and V¢ of the characteristic maps for the cluster
algebras Ap and Ac of types Bs and Cy with no frozen variables. Using the
exchange relations of [FZ03al §12.3] and Lemma [E.1.6] we obtain that Vz and
Ve are respectively spanned by the first order deformations corresponding to the
parameters

2) (2) ,2) L) 1) L1
Vb : tgﬁ),tg;,t§4),t§3),tg5),tg4)
D (1) (1) L(2) .(2) L2
Vo : tgﬁ),t%,t§4),t§3),té5),t§4).

Since Property TO* is satisfied for Ag and A¢, we may apply Theorem and
recover A‘é“iv and .Ag“i" from the total spaces Yp and Yo of canonical exchange
minimal deformations (with respect to Vp and V).

Suppose that the cluster complex I were unobstructed. Then the semiuniversal
deformation of Y = Spec Sk would have smooth base space, and we would be able
to find a (formal) family over a smooth base which would specialize to both Spec Ap
and Spec A¢. Given the stark distinction between the exchange relations for types
By and Cs, this seems highly improbable. Thus, we expect the cluster complex K
to be obstructed, and indeed, this is the case.

A semiuniversal deformation ) — Z of Sk has been described in [AC10, Propo-
sition 6.6]. For the choices made in loc. cit. the equations for the base Z are given
by the vanishing of the 2 x 2 minors of

Y
tl 1S
Note in particular that the base space is not smooth; this is possible only since
T?(K) # 0. Specializing to the subspaces V4 or Vg of T1(K), the obstructions
vanish (as we know they must by Theorem [6.3.2)). Somewhat remarkably, although
the semiuniversal base space is not smooth, it is still irreducible.
This example might seem somewhat artificial: the Dynkin diagrams of type Ba

and Cy are after all isomorphic. Indeed, the obstruction to having Spec Ap and
Spec A¢ appear as fibers in a family over a smooth base arose from our insistence
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on labeling the vertices for K as we did. However, for n > 3, B,, and C,, are no
longer isomorphic. Similar to the case n = 2, we view the obstructedness of the
cluster complex for n > 3 as arising due to the “incompatibility” of types B, and

Ch.
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APPENDIX A. MACAULAY2 CODE FOR EXAMPLES

A.1. Example from §1.7.

i1

ol

ol

i2

: loadPackage "VersalDeformations"

VersalDeformations

: Package

: R=QQ[x_1,x_2,x_3,x_4,x_5,x_6,x_7,x_8,Degrees=>entries id_(ZZ"8)];

i3 :

03 :

i4 :

i5

o5 :

i6 :

06 :

i7

i8

08

J=ideal {x_1*x_3,x_3*x_5,x_5*x_7,x_T*x_1,x_2%x_4,x_4*x_6,x_6%x_8,
X_8*x_2,x_1%x_4,x_2*%x_5,x_3*x_6, x_4*x_7,x_b*x_8,x_6*x_1,x_T7*x_2,
x_8*x_3,x_1%x_5,x_2%x_6,x_3*x_7,x_4*x_8}; --SR ideal for cluster complex

Ideal of R
L={{-1,1,-1,0,0,0,0,0},{0,0,-1,1,-1,0,0,0},

{0,0,0,0,-1,1,-1,0},{-1,0,0,0,0,0,-1,1},
{0,-1,3,-1,0,0,0,0},{0,0,0,-1,3,-1,0,0},

{0,0,0,0,0,-1,3,-1},{3,-1,0,0,0,0,0,-1}}; -- degrees of characteristic map
til=matrix {apply(L,i->CT"1(i,J))}; -- image of characteristic map
20 8
Matrix R <--- R
t2=CT"2(J); -- obstruction space
64 12

Matrix R <--- R

(F,R,G,C)=versalDeformation(gens J,-t1,t2);

: matrix entries transpose sum F -- generators of lifted ideal

| -t_2t_3"2t_4t_6t_7-x_2t_1+x_1x_3

| -t_1t_3t_4"2t_Tt_8-x_4t_2+x_3x_5

| -t_172t_2t_4t_5t_8-x_6t_3+x_5x_7

| -t_1t_272t_3t_5t_6-x_8t_4+x_1x_7

| -t_373t_4"3t_6t_7"2t_8-x_3"3t_5+x_2x_4
| -t_1"3t_4"3t_5t_7t_8"2-x_5"3t_6+x_4x_6
| -t_173t_2"3t_5"2t_6t_8-x_7"3t_7+x_6x_8
| -t_273t_3"3t_5t_6"2t_7-x_1"3t_8+x_2x_8
| -x_5t_3"2t_4t_6t_7-x_3"2t_1t_5b+x_1x_4
| -x_1t_3t_4"2t_7t_8-x_3"2t_2t_5+x_2x_5
| -x_7t_1t_4"2t_Tt_8-x_572t_2t_6+x_3x_6
| -x_3t_1"2t_4t_5t_8-x_5"2t_3t_6+x_4x_7
| -x_1t_1"2t_2t_5t_8-x_7"2t_3t_7+x_5x_8
| -x_5t_1t_2"2t_5t_6-x_7"2t_4t_T7+x_1x_6
| -x_3t_272t_3t_5t_6-x_1"2t_4t_8+x_2x_7
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| -x_7t_2t_372t_6t_7-x_1"2t_1t_8+x_3x_8 |
| -x_3t_1t_2t_5-x_7t_3t_4t_7+x_1x_5 |
| =3t_1t_2"2t_3t_4"2t_5t_6t_7t_8-x_4t_2"3t_5t_6-x_8t_4"3t_7t_8+x_2x_6 |
| -x_5t_2t_3t_6-x_1t_1t_4t_8+x_3x_7 |
| -3t_1"2t_2t_3"2t_4t_5t_6t_7t_8-x_6t_3"3t_6t_7-x_2t_1"3t_5t_8+x_4x_8 |

A.2. Running Example [6.3.3] of type As.

il : loadPackage "VersalDeformations"
ol = VersalDeformations
ol : Package

i2 : R=QQ[x_25,x_13,x_24,x_35,x_14,s_1,s_2,s_3,
Degrees=>{{1,1,-1},{-1,1,1},{2,-1,0},{-1,2,0},{1,-1,1},{1,0,0},{0,1,0},{0,0,1}}1;

i3 : J=ideal{x_24*x_35,x_35*x_14,x_14*x_25,x_25*x_13,x_13%x_24}; -- SR ideal
03 : Ideal of R

i4 : (F,R,G,C)=versalDeformation(gens J,-CT~1({0,0,0},J),CT~2({0,0,0},J3));
i5 : matrix entries transpose sum F -- generators of lifted ideal

o5 = -s_1s_2t_2t_b-x_2bs_3t_1+x_24x_35

|

| -s_2s_3t_1t_3-x_13s_1t_2+x_35x_14
| -s_172t_2t_4-x_24s_2t_3+x_25x_14

| -s_272t_3t_5-x_35s_1t_4+x_25x_13

| -s_1s_3t_1t_4-x_14s_2t_b+x_13x_24
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